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Abstract

In this paper, we establish new Milne-Mercer-type inequalities via Atangana—Baleanu
conformable fractional integral operators for differentiable functions whose derivatives
in absolute value are h-convex. First, we derive a novel identity involving the Atangana—
Baleanu conformable fractional integral operators. Then, by employing the properties
of h-convex functions and fractional integral operators, several new inequalities of the
Milne-Mercer type are obtained. The results presented in this paper extend and generalize
various previously known inequalities, including classical Milne inequalities, Riemann-—
Liouville fractional integral inequalities, and conformable fractional integral inequalities.
Moreover, several special cases are discussed to demonstrate the generality and appli-
cability of the obtained results. The findings provide new refinements in the theory of
fractional integral inequalities and contribute to the development of convex analysis within
fractional frameworks.

Keywords: Milne-Mercer inequality; Atangana—Baleanu fractional integral; conformable
fractional integral; h-convex function; fractional inequalities
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1. Introduction

Integral inequalities constitute an important branch of mathematical analysis and
have attracted considerable attention due to their wide applications in numerical integra-
tion, approximation theory, optimization, and differential equations. Among the most
influential inequalities are the Hermite-Hadamard, Jensen, Mercer, Simpson, Ostrowski,
and Milne inequalities, which provide effective tools for estimating integrals and measuring
approximation errors.

The concept of convexity plays a central role in the development of such inequalities.
In recent years, several generalized convexity classes have been introduced to obtain more
flexible and comprehensive inequalities. Among them, h-convex functions form a broad
framework that includes many important subclasses such as ordinary convex functions,
P-convex functions, and s-convex functions as special cases. The theory of h-convexity was
systematically investigated by Varosanec and has since become a useful tool for establishing
generalized integral inequalities.

On the other hand, fractional calculus has emerged as a powerful mathematical dis-
cipline for modeling memory and hereditary effects appearing in various scientific and
engineering phenomena. Classical fractional operators such as the Riemann-Liouville
and Caputo operators have been extensively studied. However, these operators possess

Mathematics 2026, 14, 2278

https:/ /doi.org/10.3390/math14132278


https://crossmark.crossref.org/dialog?doi=10.3390/math14132278&domain=pdf&date_stamp=2026-06-26
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0001-7427-3974
https://doi.org/10.3390/math14132278

Mathematics 2026, 14, 2278

2 0f 23

singular kernels, which may limit their applicability in certain physical models. To over-
come this difficulty, Atangana and Baleanu introduced a new class of fractional operators
with non-singular and non-local kernels, now known as the Atangana-Baleanu fractional
operators [1,2]. These operators have generated significant interest and have led to nu-
merous investigations concerning fractional differential equations and fractional integral
inequalities [3-5].

Motivated by the success of AB operators, several authors established new integral
inequalities in the AB fractional setting. For example, Set et al. [5,6], Butt et al. [3,7],
Kashuri [8], Karim et al. [9], Kermausuor and Nwaeze [10], and Kermausuor et al. [4]
derived various Hermite-Hadamard-, Mercer-, and Ostrowski-type inequalities involving
Atangana-Baleanu fractional integral operators. In particular, Jiu et al. [11] established
Jensen—Mercer-type inequalities in the framework of Atangana-Baleanu fractional oper-
ators, while Tariq et al. [12,13] developed several Simpson-Mercer-type and modified
integral inequalities in the same setting.

Recently, Milne-type inequalities have received increasing attention due to their close
relationship with numerical quadrature formulas and approximation theory. Djenaoui and
Meftah [14] established Milne-type inequalities for differentiable s-convex functions in the
classical setting. Subsequently, Budak et al. [5] obtained fractional Milne-type inequalities
involving Riemann-Liouville fractional integrals. Later, Celik et al. [15] extended these
results to conformable fractional integral operators. More recently, Munir et al. [16]
investigated Milne-type inequalities for several classes of generalized convex functions,
while Haider et al. and Budak et al. further developed Milne-type inequalities in tempered
and generalized fractional settings.

The combination of Mercer-type techniques with fractional operators has also proved
fruitful. Mercer’s celebrated refinement of Jensen’s inequality [17] has inspired numer-
ous Mercer-type integral inequalities. Very recently, Benaissa and Sarikaya [18] estab-
lished Milne-Mercer-type inequalities for h-convex functions and demonstrated that
Mercer-type arguments can produce sharper and more flexible estimates than classical
Milne inequalities.

Nevertheless, despite the rapid development of both Atangana—-Baleanu fractional
inequalities and Milne-Mercer-type inequalities, there remain very few results concern-
ing Milne-Mercer-type inequalities involving Atangana-Baleanu conformable fractional
integral operators. In particular, to the best of our knowledge, no study has investigated
Milne-Mercer-type inequalities for h-convex functions within the framework of Atangana—
Baleanu conformable fractional integrals.

Since the Atangana-Baleanu operator incorporates non-singular memory effects while
the conformable parameter provides additional flexibility in describing fractional behavior,
combining these two structures is mathematically meaningful and leads to a broader family
of fractional inequalities.

The purpose of this paper is therefore to establish new Milne-Mercer-type inequalities
via Atangana—Baleanu conformable fractional integral operators for differentiable functions
whose derivatives in absolute value are h-convex. First, a new identity associated with the
ABConf fractional operator is derived. Then, by combining the Jensen-Mercer inequality
with the h-convexity property, several new Milne-Mercer-type inequalities are established.

To better illustrate the novelty of the present work, Table 1 compares the proposed
framework with several closely related Milne-type inequalities available in the literature.
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Table 1. Comparison of the present work with related Milne-type inequalities.
Comparison with Existing Literature and Main Contributions
Mercer . Conformable

Reference Refinement h-Convexity =~ AB Kernel Operator
Budak et al. [19] No No No No

Celik et al. [15] No No No Yes
Benaissa and

Sarikaya [18] Yes Yes No No
Present paper Yes Yes Yes Yes

As shown in Table 1, the present paper simultaneously combines Mercer refinement,
h-convexity, Atangana—Baleanu non-singular kernels, and conformable fractional operators
within a unified framework. Based on this framework, the main contributions of the paper
are as follows. First, a new identity involving Atangana—Baleanu conformable fractional
integral operators is established. Second, new Milne-Mercer-type inequalities are derived
for differentiable functions whose derivatives in absolute value are h-convex. Third, the ob-
tained results recover and extend several previously known inequalities, including classical
Milne inequalities, Riemann-Liouville fractional inequalities, conformable fractional in-
equalities, Atangana—Baleanu fractional inequalities, and Milne-Mercer-type inequalities
as particular cases. These recoveries demonstrate the flexibility, applicability, and unifying
nature of the proposed approach.

The remainder of this paper is organized as follows. Section 2 presents the main
results together with their proofs. Section 3 discusses special cases and recoveries of known
inequalities. Section 4 provides numerical verification and gap-sensitivity analysis. Finally,
concluding remarks and future research directions are provided in Section 5.

Definition 1. A function f : [a,b] — R is called convex on [a,b] for all (x,y) € [a,b] and
t € [0, 1] if it satisfies the following inequality:

fltx+ (1 =ty) <tf(x) + (1 =Hf(y)

holds.

Definition 2. Let h : [a,b] — R be a non-negative function, h # 0. We sat that f : [a,b] — Ris
an h-convex function, if f is non-negative and for all x,y € [a,b], A € (0,1) we have

fltx+ (1 =t)y) <h(t)f(x) + (1= 1)f(y).

If the inequality is reversed, then f is said to be h-concave.
By setting

1. h(t) = t, Definition 2 reduces to convex function.

2. h(t) =1, Definition 2 reduces to P-convex.

3. h(t) = t5, Definition 2 reduces to s-convex function.

In 2003, Mercer [17] introduced a refined version of the classical Jensen inequality,
now known as the Jensen-Mercer inequality, stated as follows.
For a convex mapping f : [a,b] — R, the following inequality holds for each x; € [a, b]:

n

f<a+b— i‘{u]-x]) < fa)+ f(b) = }_uif (x;),
=

=1

where uj € [0,1] and 3 4 uj = 1.
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Milne’s formula, which is of the open type, is parallel to Simpson’s formula, which is
of the closed type, since they are held under the same conditions.
Suppose that f : [a,b] — R is a four times continuously differentiable mapping on

a,b)andlet || f¥| = su (4)(#)| < 0. Then the following inequality holds:
(a,b) Hf p g inequality
a,b

HOO

- (T52) s2] - 2, [ roa] < TG o)

Recently, Atangana and Baleanu proposed a new fractional derivative operator which

also over comes this deficiency. Atangana and Baleanu introduced the derivative operator
both in the Caputo-Fabrizio and Riemann-Liouville sense:

Definition 3 ([1]). Let f € H'(a,b), 7 € [0,1] and b > a. Then the new fractional derivative is
defined as

B t _
e, o0(5(0) = L [ 0)ey [ -7 as
Definition 4 ([1]). Let f € H'(a,b), 7 € [0,1] and b > a. Then the new fractional derivative is
defined as

ABRﬂDW[f(t)] = 1B(_'7’)7;t /ﬂtf(s)ls,7 [1_77;7(1& —S)W]ds.

In the same paper, they give the corresponding Atangana—Baleanu fractional integral
operator as follows.

Definition 5 ([1]). Let f € H'(a,b), 7 € [0,1] and b > a, then its fractional integral operator
with non-local kernel is defined as

AR I = ol F (0 + gtk [ A= s,

where T' (1) is the Gamma function.

Definition 6 ([1]). Let f € H'(a,b), n € [0,1] and b > a, then the right-hand side of AB-
fractional integral operator is

AB _1-y U b -l
o IHFO) = o f O+ porimg )= 0" ds

Besides the development of Atangana—Baleanu fractional operators, another active
research direction concerns conformable fractional operators. The conformable approach
introduces an additional parameter that preserves many useful properties of classical
calculus while retaining the non-local characteristics of fractional analysis.

Due to their simple structure and analytical flexibility, conformable fractional operators
have been successfully applied in fractional differential equations, approximation theory,
and integral inequalities.

In particular, they provide an effective bridge between classical and fractional frame-
works and often yield more tractable representations than traditional fractional operators.

Motivated by these advantages, Jarad et al. [20] introduced conformable fractional
integral operators, which extend the classical Riemann-Liouville fractional integrals by
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incorporating a conformable parameter. These operators have subsequently become an
important tool for establishing various fractional integral inequalities.

Definition 7 ([20]). The fractional conformable integral operator I | f(x) and If, f(x) of order
B € C,Re(B) > 0and a € (0,1] are given by

B 1 gt 1 '(t—a)"‘—(s—a)“'ﬁ’_1
CENO=tg ) s .| SO

and

" b r b* Eti b* 14
(le'f)(t)_r(lﬁ)/t (b 1)104_( = (bs) ] f(s)ds.

— 8 14

For a = 1, the previous operators are reduced to Riemann-Liouville fractional opera-
tors with order > 0 as follows:

1 t _
(]f+f)(t):m/u(t—s)ﬁ Yf(s)ds, t>a,

and

1P 5 (t):i h(s—t)ﬁflf(s)ds, t <b.
I'(B) Ji

The beta-Euler function (-, -) is defined for any p, g > 0 as follows:

1
B(p.q) = /0 (1—y)Tyrldy.

In 2022, Djenaoui and Meftah [14] presented a Milne’s inequality for convex functions
with Riemann integral as follows:

@1 (550) +2ro) - 51 [ | <2

In 2023, Budak et al. [19] established a fractional Milne-type inequality for convex

(7@ + 17 ®)).

functions using Riemann-Liouville integral operators:

HEE —f(“ ) warw)| - ZEENI () + (1, ) @)]|

4+ 1) :
< W(V ()| +|f'(®)]).

In 2024, Celik et al. [15] showed that the Milne-type inequality for conformable
fractional integral as follows:

‘3;3 [Zf(a) —f(a;b) +2f(b)]
2 ) (152) 05 (12

o [(3B(B+1,%) +a
< %‘”( (W) )(If’(a>|+!f/<b>|)

where «, > 0, B(+,-) and I are Euler Beta and Gamma functions, respectively.
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In 2026, Benaissa and Sarikaya [18] presented the Milne-Mercer inequality for
h-convex function:

‘;{2f(a+b—y)—f(a+b—x;ry)+2f(a+b—x)}

< %Hf’(ﬁb—y)!+|f’(a+b—x)|] /01@—(1—#))“) {h(t)uh(;)hu—t)]dt

fora > 0,p € (0,1] and x,y € [a,b] where x < y and |f’| is a h-convex mapping on [4, b].

Throughout the paper, we use the following parameters:

Let 0 <a <b,and f : [a,b] — R be a function such that the involved integrals exist.

1 € [0,1] denotes the Atangana—-Baleanu (AB) fractional order; « € (0,1] denotes the
Conformable parameter.

B(n) > 0is the AB normalization function satisfying B(0) = B(1) = 1.

We denote by I'(-) the Gamma function and by E,(-) the one-parameter
Mittag-Leffler function.

In [21], Lo denoted the new operator with AB-conformable fractional integrals.

Definition 8. Let f : [a,b] — R be a function and n € [0,1],a € (0,1]

We denote by
ABConf 1T {F(1)}
_ 1y (I G SN N Gt St Gt 8 KPR
Bwy“”+3www>4<s@1a{ | s

and
ABConf, i £()}

1 /LB S ) R V) i K
5 O+ 50 s w—g““[ 2 } f(s)ds.

Remark 1. Let 17 € [0,1] and set &« = 1. Then for all s € [a, b]

(4B ) (£ ()} = (A2 1) (),

(45ons, 1) (£} = (M- 1) £(1)).

Remark 2. Let a € (0,1] and set y = 1. Using B(1) = 1and I'(1) = 1, we obtain

ABConf | [laff(p)} = ./ﬂt mf(s)ds,

and

ABConfb_ Il'“{f(t)} - /tb (b_ls)l_txf(s)ds.

That is, ABCo"f[L#{ £(#)} coincides with the conformable integral of order 1 with
parameter «.
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Remark 3. If a = 1and 7 = 1, then ABCOf [V L £ (1)} integral reduces the classical (Riemann)
integral over the same endpoints.

Remark 4. Since 0 < a < 1, the factor (s — a)’kl is locally integrable near s = a. Moreover,
0 < 7 < 1implies that the factor [(t — a)" — (s — a)“]"il remains integrable near s = t. Hence
the Atangana—Baleanu conformable fractional integral operators introduced in Definition 8 are well
defined for every f € L'([a, b]).

2. Main Result

Lemma 1. Let f : [a,b] = Rwith0 <a <b,n € [0,1] and « € (0,1] and f is differentiable
and f' € LY. Then the following identity is valid for Atangana—Baleanu conformable fractional
integral operators:

m—+n

>+2f(a+bn)} (n —m)”

1
3[2f(a+bm)f(a+b 7(77)1"(17)

2 1a(1— )
B(11)
*20”7_106'7 [ABCO”fa+b_mTM+I;7,a{f(a + b— m)} +ABCOYlf g+b—%71’7dx{f(a + bh— 1’1)}}

- Sl 50 3 (3]
s () e )
Proof. Step 1. By using integration by parts.

= Lo [(8)ee (5]

8f(a+b—m) 2f(a+0b— 1)

3(n—m) 3(n—m)
_nEm/Olf(a—i-b— [(T)m

Step 2. By changing variable x = a4+ b — K%)m + (%)n] , we get

[fla+b—n)+ f(a+b—m)]

i (1 > t” ) (=[] (—a) ()" .

8f(a+b—m) 2f(a+b—"F")

L =

3n—m)  3(n—m)
2uy  [atb—m 2 |2(x—(atb-—"51)) o
T n—m a+b— 1 xn*m n—m
2(atb—m)— (a+b=2%2)\* (2= (@rb-22))\ ]
x n—m a n—m :
8f(atb—m) 2f(at+b—"5")
Sn—m)  3n—m)
2a17+1“17,7 a+b—m 1

R

[(at+b—m)—(at+b—22)]" —[x— (a+Db—22)]"

X

n—1
] f(x)dx
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Step 3. By Definition 8, the definition of AB-Conf-fractional intergals, then we have

8f(a+b—m) 2f(a+b—2f")

h = 3(n—m) 3(n—m)
L()2* 1 (1 — 1)
+ (n—m)"””l fla+b—m)
B(p)T (17)2*a 4pcon ,
(n_m)lxﬂ+l ’ fu—‘rb—mTJr”JrI’?a{f(a‘I»bim)}‘
Similarly, let

12:/01 BJr (1(1t)“)'7]f’(a+b Klzt)er (1;t)nDdt.

By integration by parts and changing variable x = a+b — [(%) m+ (%) n] , we get

8f(a+b—n) 2f(a+b—"5")
~ 3(n—m) 3(n—m)

(o= [ (F)m+ (7))
xip[1—(1=6)"" (=) (1 — ¥ (=1)dt
_8f(a+b—n)  2f(a+b-"3")

3(n—m) 3(n—m)

2ay  [atbn [((aer m+n>_x)r1

n—m Jatb—rn n—m

X[( ((a+b— m+")m(a+b—n))>“_< ((a+b-— m+")—x)>”‘rlf(x) =

n— n—m

L =

+

_8flatb—n)  2f(atb—"5")
3(n—m) 3(n—m)
gy patb—tgt 1
(= m)"H Jaron [ — ) — 2]

[(a+b—"4) — (a+b—n)]"— [(a+b— ) —

a1
ad ] f(x)dx.

By Definition 8, the definition of AB-Conf-fractional intergals, then we have
_8f(a+b—n)  2f(a+b—"5")
L = +
3(n—m) 3(n—m)
an+1,1 1—
D)2 e U)f(a—i—b—n)
(
)

n— )IXI’]+1

B(n)T (17)2"* o
(1’1 )aiy+1

ABCONS e P fa b ),
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an+1

Now, I} — I and multiplying by %, using the definition of AB-Conf-fractional
intergals, we get

8f(a+b—m) 2f(a+b— 1)

h = 3(n—m)  3(n—m)
L()2* 1 (1 — 1)
i (n —m)"It! flatb—m)
B T 20411—4-1 n
(7(7;1 _(12)0417““ ABconfqub—W”W{f(“ +b—m)}.
(11 _m)oaerl
EEONDN
! m+n (n—m)*"
= g{zf(a—i—b—m)—f(a—l—b— 5 )+2f(ﬂ+b—”) B()T(n)

2011 (1 — )
W[f(a+bfn)+f(a+bfm)}

_pan—=1,1 [ABConf”+b_MTM+I;7,a {fla+b—m)} ABConf arho - "*{fla+b— n)}] .
O

Theorem 1. Let f : [a,b] = Rwith0 < a < b,y € [0,1] and a € (0,1] and assume that
h:[0,1] — [0,00). If f is differentiable, f' € L'([a,b]), and |, then the following Milne~Mercer-
type inequality for ABConf fractional operator holds:

(n—m)™

B(m)T'(n)

’1[2f(a+b—m)—f(a+b— mn
3 2
29~ e (1 — 1)
B(1)
_2zx17—1a;7 [ABConfa+b7%ﬂ+In,a{f(a +b— m)} +ABCOnf a+b7"’T+"71;7,a{f(a +b— 1’1)}} ‘

>+2f(a+b—n)

[f(a+b—n)+ f(a+b—m)]

(1’1 o m)ai7+1
4B(11)T' (1)

lr@ro-ml [n(3))5-0

+h(1>’;+(1—(1— B k(1 — £)| dt

+f(a+b— m|/ ()’ — -y
+h(2>’;+(1—(1—t)“)’7 (1—t)dt}.

foralla <m < n<b.

()]

<1t>|+] Iy

Ol

|h(1—1t)] + ’;L(lt“)”

Proof. By Lemma 1 and applying the triangle inequality, we have
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‘;[Zf(a—i—b—m)—f(a—i—b— m;”) +2f(a+b—n)} ;(;)r(;)

241171 (1 — 1)
B(17)
_200771“7] |:ABConfa+b7%+Iq,a{f(a +b— m)} +ABCOHf [2+b7m2j_17],a{f(a +b— Tl)}} ‘

W{/@l — (1 —t4)" f’((l—t)(a—l—b—mz—kn>+t(a+b—m))‘dt
+/01%+(1—(1—t)“)” f’(t(ﬂ+b—n)+(1—t)<a+b—m;”))‘dt}

[fla+b—n)+ fla+b—m)

4
3

IN

)Dﬂ]+1 4

(n=m)™ [y mAEn\ [ A e _
1
+]f’(a+b—m)|/0 ‘;L—(l—t"‘)” |h(t)| dt
111
#f b= |+ == o)
+f’<a+b—m;rn> /O1 %Jr(l—(l—t)”‘)’7 h(1— t)|dt

(Tl _ m)ﬂély+1

~ 4B(NT(n)

é—(l—t"‘)”

1
<[5

+|f’(u+b—m)|/01‘§—(l—t“)’7

{h(i) [|f'(a+b—n)|+|f(a+b—m)]

h(1 - t)| dt

[h(t)] dt

|1 (t)] di

+|f’(a+b—n)|/ol‘;+ (1-@a1-1n%"

+h(;> [(|f(a+b—n)|+]|f(a+b—m)|] /01‘;+ (1— 1= |h(1—t)|dt

(Tl _ m)ﬂﬂ]+1

EOno
firass-mi [u(z)[5-a-rr

+h(;> ’; +(1-1-n9"

Hraro-ml [n(3){|3-a-ey

+h(;>’;+(1(1t)"‘)'7 h(lt)dt}.

[h(t)]

=0+ |+ (1= -0

h(1 - t)| dt

(1— %)

o)}

4
|h(1—t)|+‘3—

O

Theorem 2. Let f : [a,b] — Rwith0 < a < b,y € [0,1] and a € (0,1] and assume that
h:[0,1] — [0,00). f is differentiable and f' € L. If |f'|V is an h -convex mapping on [a,b],
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then for a < m < n < b the following Milne—Mercer-type inequality for ABConf fractional
operator holds:

m+n (n—m)""

B(m)T'(n)

’;{Zf(a%—b—m)—f(a%—b—
29 e (1 — 1)
B(1)
_2zx17—1“;7 [ABConfa+b7%ﬂ+In,a{f(a +b— m)} +ABCOnf a+b7"’T+"71}7,a{f(a +b— 1’1)}} ‘

n—m)*t N
< S {</01 “)

[iaro-mi(f Jra-on(3) +oar)’

) +2(a+b-n)

[fa+b—n)+ f(a+b—m)]

4

-y

3+ 1—(=p7)

([
. [|f’(a+b—n)|(/01 = on(3 ) +o|ar)’

+\f’(a+b—m)|(/olh(1 —t)h(i)dt)él }

wherep>1with%+%:1.

Proof. By Lemma 1 and using Holder’s inequality with Jensen—-Mercer’s inequality and
the convexity of |f’|?, we have

m+n (n—m)™

()T (n)

‘;[Zf(aerm)f(aer
B(17)
QW [ABCOS e P flak b )} AR D fa b= )] |

>+2f(a+bn)}

[fla+b—n)+ fla+b—m)

(n—m)¥r+t (g1
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Remark 5. Throughout this paper, it is assumed that the function (h) is non-negative and that the
fractional parameters satisfy the admissible conditions introduced in the preliminaries. Consequently,
every weighting function and kernel term involved in the right-hand side of Theorems 1 and 2 is
non-negative. Hence, the corresponding integrals define positive quantities, guaranteeing that the
derived inequalities provide valid upper bounds.

3. Special Cases and Corollaries

In this section, we present several special cases and corollaries of the main results
obtained in Section 2. These results show that the inequalities derived in this paper
generalize many known results in the literature.

Corollary 1 (Classical Integral Case). If we take x = 1 and n = 1, then the Atangana—Baleanu
conformable fractional integral operator reduces to the classical Riemann integral:

’;{Zf(ava—m)—f(a%—b—m;—n) F2f(atb—n)|(n—m)
a+b—m

O

< (n —4m)2

x{|f’(a+b—n)|/01h(;>’;+t‘|h(1—t)|—|— ’;+t‘|h(t)|
+h(;>’;+t‘|h(l—t)|dt

—|—|f’(a+b—m)|/01h(;>’;+t‘|h(1—t)|+ ’;+t‘|h(t)|

+h(;> '; + t‘|h(l - t)|dt}.
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Corollary 2 (Conformable Fractional Integral Case). If we take 1 = 1, then the Atangana—

Baleanu conformable fractional integral operator reduces to the conformable fractional integral
operator for h-convex as follows:

‘;[Zf(a—f—b—m)—f(a—i—b—m;—n)+2f(a+b—n)](n—m)”‘

- [§+brn2+n+1“{f(“+b—m)} +C ,Hnl"‘{f(a%—b—n)}] ‘

(1’1 _ m)terl

- 4

{]f a+b—n)]/ < >’ +t*
w(Rf-o-e

+|f'(a+b— m|/ ()' + |h(1—t)|+‘1+t“

+h<2>‘§—(1—t)“ )|dt}.

Corollary 3 (Atangana-Baleanu Fractional Integral Case). If we take x = 1, then the Atangana—

Baleanu conformable fractional integral operator reduces to the Atangana—Baleanu fractional integral
operator for h-convex as follows:

4

|h<1—t>|+\—<1—t> (1)

)| dt

(1]

H R R S R oy
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+h<)‘;+t’7 (1 — )] dt
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+h<2)‘;+t’7 h(lt)dt}.

Corollary 4 (Convex Function Case). If we choose h(t) = t, then the class of h-convex functions

reduces to the class of convex functions. Therefore, the inequalities obtained in this paper reduce to
Milne—Mercer-type inequalities for convex functions:

(1]

1
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Corollary 5 (P-convex Function Case). If we choose h(t) = 1, then the class of h-convex
functions reduces to the class of P-convex functions.
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Corollary 6 (s-convex Function Case). If we choose h(t) = t°, then the class of h-convex
functions reduces to the class of s-convex functions:
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The results obtained in this paper generalize several previously known inequalities.
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W
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3

In particular, by choosing appropriate values of the parameters a and #, the inequali-
ties reduce to classical Milne inequalities, conformable fractional integral inequalities,
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and Atangana-Baleanu fractional integral inequalities. Therefore, the results presented in
this paper unify and extend many existing results in the literature.

4. Numerical Verification
In response to the need for a more quantitative comparison, we examine Theorem 1
by using the gap
Gap = RHS — LHS.

For illustration purposes, the values « = 0.4,0.6,0.8, and 1.0 are selected as representa-
tive sample points from the admissible interval (0, 1]. The theoretical results remain valid
for all admissible « € (0, 1].

Numerical Example A. Let

f(x)=¢* [ab]=103, m=05 n=2

h(t) = 1, and B(y) = 1. Then h(t) = 1 corresponds to the P-convex case. Table 2 and
Figure 1 show the sensitivity with respect to « when 17 = 0.9 is fixed. Table 3 and Figure 2

show the sensitivity with respect to 7 when a = 0.8 is fixed.

Table 2. Gap sensitivity for Theorem 1 with f(x) = e*, h(t) = 1, and fixed 7 = 0.9.

« LHS RHS Gap = RHS — LHS
0.4 2.705013 15.836448 13.131436
0.6 2467191 16.667896 14.200705
0.8 2279530 17.627033 15.347504
1.0 2125261 18.703467 16.578206

Sensitivity for f(x) = e*

17.5 A
15.0 A //‘

12.5
o —8— LHS

=)

E 10.0 - RHS
—&— Gap

7.5 1

5.0 A
25 &— —— Y
0.4 0.5 0.6 0.7 0.9 1.0

a

Figure 1. Sensitivity of LHS, RHS, and Gap for f(x) = e*, h(t) = 1, and fixed = 0.9.

Table 3. Gap sensitivity for Theorem 1 with f(x) = e, h(t) = 1, and fixed « = 0.8.

Ui LHS RHS Gap = RHS — LHS
0.4 0.406360 6.848099 6.441739
0.6 1.055640 11.168180 10.112541
0.8 1.856272 15.539727 13.683455
1.0 2.701759 19.594768 16.893008
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Sensitivity for f(x) = e*

20.0 1

—8— LHS
17.5_ RHS
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15.0 1
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g
§1Q0-
7.5 1
5.0
257 .___/‘__//‘
0.0 A1
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0.4 0.5 0.6 0.7 0.8 0.9 1.0

n
Figure 2. Sensitivity of LHS, RHS, and Gap for f(x) = ¢*, h(t) = 1, and fixed &« = 0.8.

From Tables 2 and 3, the inequality is valid for all displayed values of « and # since
the gap remains positive. When 7 = 0.9 is fixed, among the tested values of «, the smallest
gap occurs at @ = 0.4. When a = 0.8 is fixed, among the tested values of #, the smallest gap
occurs at 7 = 0.4. Thus, in this example, increasing either « or 7 tends to enlarge the gap
and produces a looser estimate.

Numerical Example B. Let

fx)=@1+x)?° [ab]=[03], m=05 n=2 h(t)=1 B(y) =1

Then |f'(x)| = 3(1 + x)? is convex and non-negative on [0, 3]; hence it is also P-convex.

This example tests Theorem 1 for a polynomial function with a larger derivative magnitude.
The results in Tables 4 and 5, together with Figures 3 and 4, again confirm that Theorem 1

holds for all tested parameters. Compared with Example A, the gaps are larger because the

derivative magnitude of (1 + x)° on the relevant interval is larger than that of ¢*. Among the

tested parameter values of « and 7, smaller values lead to smaller gaps, showing that these

parameters act as sensitivity parameters in the numerical tightness of the estimate.
Numerical Example C. Let

and choose h(t) = t. Since h(t) = t corresponds to the classical convex case, Theorem 1 can
be applied. For « = 0.8 and 77 = 0.8, the left-hand side and right-hand side of Theorem 1
are computed as

LHS = 0.009218, RHS = 0.098689.

Table 4. Gap sensitivity for Theorem 1 with f(x) = (1 + x)3, h(t) = 1, and fixed 7 = 0.9.

% LHS RHS Gap = RHS — LHS
04 8.284315 51.345262 43.060947
0.6 7.228487 54.271510 47.043023
0.8 6.361781 57.588609 51.226829
1.0 5.616920 61.273691 55.656772
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Sensitivity for f(x) = (1 + x)3
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0.4 0.6 0.7 0.9 1.0
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Figure 3. Sensitivity of LHS, RHS, and Gap for f(x) = (1+ x)3, h(t) = 1, and fixed 7 = 0.9.

Table 5. Gap sensitivity for Theorem 1 with f(x) = (1 + x)3, h(t) = 1, and fixed « = 0.8.

7 LHS RHS Gap = RHS — LHS
0.4 0.690623 22.616052 21.925429
0.6 2.577643 36.687868 34.110224
0.8 5.032182 50.849738 45.817556
1.0 7.705294 63.928013 56.222719
Sensitivity for f(x) = (1 + x)3
—e— LHS
601 RHS
—&— Gap
50
40 A
(9]
3
T 30
20
10 -

0.4

0.6 0.7
n

0.9 1.0

Figure 4. Sensitivity of LHS, RHS, and Gap for f(x) = (1+ x)3, h(t) = 1, and fixed « = 0.8.

Hence LHS < RHS, which verifies the validity of Theorem 1 in the convex setting.

Tables 6 and 7, together with Figures 5 and 6, show the corresponding sensitivity with

respect to « and 7.

Table 6. Gap sensitivity for Theorem 1 with f(x) = e*, h(t) = t, and fixed = 0.8.

o LHS RHS Gap = RHS — LHS
0.4 0.038385 0.142406 0.104021
0.6 0.020135 0.118426 0.098291
0.8 0.009218 0.098689 0.089471
1.0 0.002655 0.082354 0.079699
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Figure 5. Sensitivity of LHS, RHS, and Gap for f(x) = e*, h(t) = t, and fixed = 0.8.
Table 7. Gap sensitivity for Theorem 1 with f(x) = e*, h(t) = t, and fixed « = 0.8.
i LHS RHS Gap =RHS — LHS
0.4 0.008538 0.072355 0.063817
0.6 0.000274 0.091296 0.091021
0.8 0.009218 0.098689 0.089471
1.0 0.015824 0.096941 0.081117

Sensitivity for f(x) =e*, h(t) =t

0.10 4
S A
. 0.06 A >— LHS
= RHS
2
0.04 1 —&— Gap
0.02
too \/‘
0.4 0.5 0.6 0.7 0.8 0.9 1.0

n
Figure 6. Sensitivity of LHS, RHS, and Gap for f(x) = e, h(t) = t, and fixed « = 0.8.

Tables 6 and 7 demonstrate that the convex case h(t) = t also yields positive gaps for
all tested parameter values. Hence the proposed inequality is not restricted to the P-convex
choice h(t) = 1.

Numerical Example D. Let

and choose h(t) = t'/2. Then h(t) = t'/? represents a typical s-convex structure with
s =1/2. Fora = 0.8 and 7 = 0.8, we obtain
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LHS = 0.009218, RHS = 0.155814.

Therefore LHS < RHS, confirming that Theorem 1 remains valid for s-convex func-
tions. Tables 8 and 9, together with Figures 7 and 8, present the sensitivity with respect to a
and 7.

Table 8. Gap sensitivity for Theorem 1 with f(x) = ¢*, h(t) = t!/2, and fixed = 0.8.

1% LHS RHS Gap = RHS — LHS
04 0.038385 0.225162 0.186777
0.6 0.020135 0.187036 0.166901
0.8 0.009218 0.155814 0.146597
1.0 0.002655 0.130042 0.127387

Sensitivity for f(x) = eX, h(t) =t

—o— LHS
0.20 - RHS
—h— Gap
0.15 A
(9]
E
O
> 0.10
0.05 -
T T T T T T T
0.4 0.5 0.6 0.7 0.8 0.9 1.0

a
Figure 7. Sensitivity of LHS, RHS, and Gap for f(x) = e, h(t) = t1/2, and fixed 7 = 0.8.

Sensitivity for f(x) = eX, h(t) = t1?

0.16 A
" —
0.14 1 ——
0.12 A
0.10 A
o —8— LHS
= 0.08 1 RHS
O
> —h— Gap
0.06 A
0.04 A
0.02 ~
0.4 0.5 0.6 0.7 0.8 0.9 1.0

n
Figure 8. Sensitivity of LHS, RHS, and Gap for f(x) = e*, h(t) = t'/2, and fixed a = 0.8.

The positive gaps in Tables 8 and 9 confirm that the estimate remains valid in the
s-convex case. Compared with the convex case /(t) = t, the weighting function h(t) = t!/2
changes the size of the upper bound and therefore affects the numerical tightness of
the inequality.
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Table 9. Gap sensitivity for Theorem 1 with f(x) = e*, h(t) = t1/2, and fixed « = 0.8.
Ui LHS RHS Gap = RHS — LHS
0.4 0.008538 0.115008 0.106470
0.6 0.000274 0.144494 0.144220
0.8 0.009218 0.155814 0.146597
1.0 0.015824 0.152845 0.137021

Discussion

Examples A-D demonstrate that the proposed inequalities remain applicable for
several important subclasses of h-convex functions. In particular,

h(t) =1
corresponds to the P-convex case, and
h(t) =t
reduces to the classical convex case, while
h (t) — {1/2

represents an s-convex structure. These examples illustrate that the obtained results are
not restricted to a single convexity model and can be applied to a broad family of h-
convex functions.

5. Conclusions

In this paper, we established new Milne-Mercer-type inequalities via Atangana—
Baleanu conformable fractional integral operators for differentiable functions whose deriva-
tives in absolute value are h-convex. A new identity associated with the ABConf fractional
integral operator was first derived. By combining this identity with the Jensen—-Mercer
inequality and the h-convexity of |f’|, we obtained new Milne-Mercer-type bounds.

The obtained results extend several known inequalities involving classical, Riemann—
Liouville, conformable, and Atangana-Baleanu fractional integral operators. The special
cases show that suitable choices of the parameters «, 77, and / recover familiar convex, P-
convex, and s-convex forms. Therefore, the present approach provides a unified framework
for treating Milne-Mercer-type inequalities in a broader fractional setting.

The numerical examples inserted between Theorems 1 and 2 provide a quantitative
verification of the proposed estimate by using the gap RHS — LHS as the main measure
of tightness. For both f(x) = ¢* and f(x) = (1 + x)3, the computed gaps are positive for
all tested parameters, confirming the validity of Theorem 1. The tables and figures also
show that the conformable and AB parameters influence the tightness of the inequality.
In the tested cases, smaller displayed values of & and # produce smaller gaps, whereas
larger parameter values lead to looser upper bounds. Hence the additional parameters
should be viewed as providing a flexible fractional framework, while the sharpness of the
resulting estimate must be assessed through the gap rather than through the left-hand
quantity alone.

The numerical examples inserted between Theorems 1 and 2 further reveal that the
conformable parameter « and the fractional order # play an important role in controlling
the tightness of the obtained bounds. The sensitivity analysis shows that varying these
parameters changes the size of the gap RHS — LHS, thereby influencing the effectiveness of
the estimate. In particular, smaller tested values of & and # generally lead to tighter bounds,
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whereas the limiting case & — 1 naturally recovers the corresponding Atangana—Baleanu
fractional setting. These observations demonstrate that the ABConf framework not only
unifies several existing fractional inequalities but also provides additional flexibility for
adjusting the balance between fractional effects and numerical tightness.

Future research may investigate sharper versions of the present inequalities under
stronger convexity assumptions, develop analogous results for other fractional operators,
and apply the obtained bounds to numerical quadrature error estimates, approximation
theory, and fractional differential equations.
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