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Abstract

Grammatical Evolution is a technique for evolving structured solutions using a genotype-
to-phenotype mapping based on formal grammar. Optimization is typically performed on
the genotype values. However, the use of permutations to guide mapping has been shown
to improve solution performance. Traditionally, the focus has been on single-level optimiza-
tion of the genotype values or the order in which codons are consumed during mapping.
This motivates the use of a bilevel approach that enables the simultaneous optimization of
genotype values and their ordering. This paper proposes a bilevel Grammatical Evolution
approach called BiGE, in which the upper level optimizes the genotype values, whereas
the lower level optimizes the order in which these same values are used in the mapping
process. The approach was implemented using both Depth-First (DF) and Breadth-First (BF)
mapping processes, which are the canonical mapping strategies in Grammatical Evolution.
The proposed approach was evaluated on the Symbolic Regression Problem and compared
with state-of-the-art approaches under identical experimental conditions. Statistical tests
were performed to determine whether significant differences existed among the compared
approaches. The results revealed statistically significant differences, indicating that incor-
porating a bilevel optimization strategy into the mapping process can improve the quality
of the generated solutions

Keywords: grammatical evolution; mapping process; bilevel optimization; symbolic
regression

MSC: 68W50

1. Introduction
Evolutionary Computation (EC) encompasses evolutionary optimization techniques

inspired by the principles of natural evolution, such as selection and inheritance. EC has
been used to address a wide range of tasks, including the automatic generation of structures
that must satisfy specific constraints [1,2]. In this context, it is not sufficient to explore the
search space arbitrarily; therefore, several techniques have been developed to efficiently
guide the search process toward feasible solutions. An important approach focuses on
incorporating domain knowledge into the process, enabling the generation of solutions
that comply with specific rules.
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Among these approaches, Grammatical Evolution (GE) [3,4], a variant of Genetic
Programming (GP), combines evolutionary search with formal grammars to incorporate
domain knowledge. Through the use of grammars, GE enables the automatic construction
of solutions that satisfy syntactic rules while embedding domain knowledge into the search
process. Unlike general-purpose evolutionary or swarm-based algorithms such as Genetic
Algorithms (GAs), Particle Swarm Optimization (PSO), or Differential Evolution (DE), GE
explicitly separates the genotype from the phenotype. More importantly, GE provides
a well-defined grammar-guided process whose behavior can be isolated, modified, and
studied. GE has the following main components [5]: the problem instance to be solved, a
Grammar (G) that specifies the syntactic rules that determine how solutions are constructed,
a Search Engine (SE) responsible for evolving candidate solutions, and a Mapping Process
(MP) that translates genotypes into phenotypes according to grammatical rules. These
elements have been studied separately as they affect the performance of GE [3,4,6,7]. Given
the influence of GE’s components on its performance, this work focuses on improving the
MP. This proposal is inspired by πGrammatical Evolution (πGE) [8], which proposes using
one part of the genotype as normal and using the other part to choose the expansion order.
This process can be assessed as bilevel optimization, as it implies two decisions: the value
of the codon and the order in which these codons are used.

The Bilevel Programming Problem (BLPP) generalizes the Stackelberg leader–follower
game [9]. In bilevel optimization, the upper-level problem (leader) is constrained by the set
of solutions of a lower-level optimization problem (follower). The objective is to optimize
(minimize or maximize) a given function subject to constraints related to an optimal solution
set of another optimization problem.

Some algorithms, such as the Memetic Algorithm (MA), share similarities with the
BLPP [10,11]. In both the BLPP and the MA, multiple optimization processes are involved;
however, they differ in their objectives. The MA combines a local search process that
improves convergence with a global search strategy, such as an evolutionary algorithm; the
local search does not represent an independent optimization problem but instead serves as
an intensification mechanism. BLPP, on the other hand, is distinguished by a hierarchical
leader–follower structure in which the best answer to a lower-level optimization problem
determines the solution to the upper-level problem.

Although previous studies have shown that the MP has a significant effect on the
performance of GE [6–8], most existing approaches modify the mapping order through
fixed strategies or random permutations. These approaches demonstrate that the codon
consumption order is relevant; however, they do not explicitly formulate the interaction
between codon values and codon consumption order as two interdependent optimiza-
tion problems.

This research proposes a bilevel optimization strategy for the MP in GE, designated
BiGE, which the interaction between genotype values and their mapping order as a BLPP.
The lower level optimizes the permutation that determines the codon consumption or-
der during the MP, and the upper level optimizes the genotype values. Therefore, the
lower level is an independent optimization problem whose resolution directly affects the
evaluation of the upper level, rather than a local improvement process.

The flexibility of GE, derived from the use of formal grammars, allows it to be applied
to a wide range of problems. In this work, the Symbolic Regression Problem (SRP) [12]
is used to validate the proposed approach, as it provides a suitable scenario to analyze
the impact of the MP on GE’s performance. The SRP is the process of searching for a
mathematical expression that best fits a given data set without making prior assumptions
about the structure of the model. The search space consists of all possible mathematical
expressions that can be built by combining basic expressions, making it a highly challenging
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problem. In this context, the MP plays a crucial role in translating genotype values into
syntactically valid expressions. In addition, the SRP is a widely used benchmark problem
for Evolutionary Computation (EC), particularly for GP [13], owing to these characteristics.

The proposed approach is evaluated against state-of-the-art methods under the same
experimental conditions to ensure a fair comparison, using the same number of function
calls and instances. The results show that incorporating a bilevel optimization approach into
the MP improves the quality of the solutions and enables this process to the classical MPs.

The main research question addressed in this work is as follows: can an MP be
improved by simultaneously optimizing codon values and the order in which they are
consumed using a bilevel optimization framework?

To address this research question, the present study makes the following main contri-
butions to the literature:

1. A bilevel optimization strategy where the genotype and the codon consumption order
are modeled as interconnected optimization problems;

2. BiGE, a new strategy for GE’s MP to optimize codon values and their order of con-
sumption modeled as a bilevel optimization problem;

3. A comparison between BiGE and state-of-the-art GE approaches using classical SRP
instances;

4. A statistical analysis using the Friedman test and the post hoc Nemenyi test, along with
an ablation study to evaluate the contribution of each level to the overall performance
of the proposed approach.

The remainder of this article is organized as follows. Section 2 presents a review of
the literature on GE and recent developments, the SRP and its relevance in GP, recent
approaches in BLPP, and recent research on GE components. Section 3 describes the
proposal. Section 4 presents and interprets the results obtained with the proposed approach.
Finally, Section 5 presents the conclusions and describes potential future work.

2. Literature Review
This section presents a review of the relevant literature on GE, bilevel optimization,

and related research that provides the foundation for this work.
GE is an algorithm that allows the construction of solutions that meet specific rules.

It is a flexible tool for finding different types of structures depending on the problem and
the grammar used, and it has been applied in diverse situations. One of the most popular
uses is the design of topologies for Artificial Neural Networks (ANNs), in which the more
complex the problem is, the more difficult it is to find the correct topology and parameters.
The goal is to find the best topology and parameter configuration without requiring expert
knowledge. For example, in [14], GE and a Genetic Algorithm (GA) are used to create
simpler ANN topologies that achieve higher accuracy; in [15], the authors present a new
method for neural network evolution that evolves both the network topology and the
network parameters. Similarly, GE has been used to create topologies of other types of
ANNs, such as Convolutional Neural Networks (CNNs) [16].

Beyond topology design, other studies focus only on hyperparameter optimization
for CNNs. For instance, Ref. [17] proposes HyperGE, a two-stage model for automatically
tuning hyperparameters driven by GE. In the first stage, the algorithm analyzes the behavior
during evolution;then, using this analysis in the second stage, the grammar is refined and
the search space reduced. Another example is a study [15] that proposes using GE that
first focuses on finding a promising interval for the optimal parameters and later uses a
standard optimization technique to train the network using this interval.

In the field of Automated Machine Learning (AutoML), specifically in automatic work-
flow composition, GE has proven to be a tool capable of efficiently designing workflow

https://doi.org/10.3390/math14132279

https://doi.org/10.3390/math14132279


Mathematics 2026, 14, 2279 4 of 18

structures to optimize the structure and hyperparameters [18]. Along the same line of
research, Ref. [19] proposes an AutoML approach that generates and optimizes machine
learning pipelines with complex directed acyclic graph (DAG) structures using heuris-
tic search guided by context-free grammars. GE has also been used to design different
heuristics and hyper-heuristics, such as evolutionary multi-objective optimization and
hyper-heuristics (MOHHs) [20].

A relevant benchmark in this field is the SRP, which has been widely used as a
benchmark to evaluate GP and GE algorithms [12,21]. Its relevance lies in the need to
evolve the structure and parameters of mathematical functions without assuming a specific
function. These characteristics make the SRP a suitable problem for these algorithms,
since it takes advantage of the genotype-to-phenotype MP to generate syntactically valid
expressions. The SRP has been addressed using different methods; recently, it has gained
popularity in the field of Machine Learning (ML) [22]. For example, in [23,24], this problem
is assessed using transformers. In particular, in GE, it has been a tool for analyzing the
performance of different proposals. For instance, in [25,26], the authors introduced AutoGE,
a framework designed to help in the automatic configuration of GE parameters, with
special emphasis on grammar design. Similarly, Ref. [27] proposed WebGE, a user interface
that allows the use of GE and Differential Evolution (DE), specifically developed to address
the SRP.

The BLPP is defined as a mathematical program in which an optimization problem
contains another optimization problem as a constraint. This problem is useful in scenarios
involving nested decision processes, where the solution to an upper-level problem depends
on the response of a lower-level problem. This has motivated the development of tools to
solve this type of problem [28–30]. The BLPP has gained attention in computer science for
its ability to model complex tasks. Moreover, the BLPP has been successfully applied in
ML, in tasks such as hyperparameter optimization [31–34] or reinforcement learning [35].
In [36], a framework is proposed in which neural networks are used to approximate value
functions within a mixed-integer framework to efficiently solve the BLPP. This shows that
it is possible to model ML problems using bilevel optimization.

Within GE, one important component is the MP, which is responsible for mapping a
genotype to a phenotype using a grammar. This MP has been studied, and several proposals
have been made to carry it out. Classical techniques include Depth-First (DF) [4], Breadth-
First (BF) [37], and πGE [8]. Because MP significantly influences the performance of GE, it
has been studied to improve its performance. For example, Ref. [7] proposes incorporating
the use of permutations for codon selection into the standard process, showing that random
permutations in the MP help to achieve better results. Taking this into account, Ref. [6]
proposes a new approach to intensify the solution by using permutation heuristics to
guide the codon selection order. The reviewed studies indicate that the MP is not a
neutral component of GE; rather, the order in which codons are consumed can directly
affect the structure and quality of the generated phenotypes. Classical strategies define a
deterministic MP, while πGE and the permutation-based approaches show that modifying
the order in which the codons are consumed can improve performance. However, existing
studies mainly treat the MP as a predefined rule or an encoded mechanism. This motivates
the proposed bilevel approach where the first level focuses on optimizing the value of the
codons and the second focuses on optimizing the permutation.

3. Methods
3.1. Grammatical Evolution

GE is a variant of GP that incorporates a formal grammar to guide the generation
of valid solutions and delimits the search space. This algorithm is inspired by biological
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evolutionary processes, in which populations of individuals adapt to their environment
through various mechanisms such as selection, mutation, and crossover. In the context of
GE, each individual in a population is represented by a genotype, which is usually a string
of integers that is later transformed into a phenotype through a MP. This phenotype is a
representation that corresponds to a candidate solution to the problem being addressed.
The MP is carried out by following a set of syntactic rules defined by the grammar, ensuring
that the generated solutions are syntactically correct and therefore valid within the space of
possible solutions. Figure 1 illustrates the general workflow of an MP. Given a genotype and
a grammar, a derivation tree is constructed by expanding non-terminal symbols according
to grammatical rules. From this tree, the phenotype is obtained as a valid expression that
represents a candidate solution.

Figure 1. The MP combines the genotype and the grammar to construct a derivation tree. The leaves
of this tree, highlighted in red, are then used to generate the phenotype.

3.2. Bilevel Optimization Problem

The proposed approach is inspired by the original Bilevel Programming Problem
(BLPP) [9] and is implemented within the MP. In this process, two independent decisions
are made: selecting codon values of the genotype and determining the order in which
these codons are consumed during grammar expansion. This interaction could be seen as a
hierarchical decision structure that can be modeled as a BLPP. In this proposal, the upper-
level objective FU(x, y) optimizes the codon values of the genotype, and the lower-level
objective FL(x, y) determines the order in which these values are used in the MP. Formally,

min
x∈S

FU(x, min
y∈Sn

FL(x, y)) (1)

subject to
y ∈ Sn (2)

x ∈ [0, 255] (3)

where the notation is defined as follows:
FL : {x} × Sn −→ R+ is the objective function of the lower level;
FU : S× Sn −→ R+ is the objective function of the upper level;
y denotes the permutation that controls the codon consumption order;
x is the genotype;
S is the search space;
Sn is the set of all n-element permutations.
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Each genotype value, or codon, is restricted to the range [0, 255], following the tradi-
tional GE representation in which codons are encoded as 8-bit integers [3,38]. This bound
is not dictated by the formal grammar itself. During mapping, a codon selects a production
rule through Equation (5). Consequently, increasing the codon range would not expand
the set of selectable productions but would increase the number of codon values that map
to the same production alternatives, potentially adding redundancy to the search space.

3.3. Proposed Bilevel Grammatical Evolution Approach

Canonical GE works on single-level optimization, for example, optimizing the codon
values of the genotype or the order in which these values are used. In this proposal, a
bilevel optimization approach was implemented within the MP, in which the two levels
focus on optimizing genotype values and order, respectively.

Figure 2 shows the general workflow of BiGE. The upper-level searches for the best
values for the integer genotype and, for each candidate solution, applies the lower-level
optimization, searching for the best permutation that maps the genotype to the phenotype
using the grammar, and evaluates its performance on the problem.

Figure 2. General schema of the proposed approach for GE using bilevel optimization.

3.3.1. Upper Level

The upper level optimizes the codon values of the genotype. Algorithm 1 shows the
corresponding pseudocode. The notation is as follows:

• Grammar G is the grammar corresponding to each instance of the problem;
• f is the problem instance.
• n_var is the genotype size.
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• UL_xl and UL_xu are the upper and lower bounds of the genotype values in the
upper level.

• UL_pop_size is the population size in the upper level.
• Operators for the GA algorithm in the upper level:

– Sampling IntegerRandom;
– Crossover TwoPoint;
– Mutation Polynomial for discrete values;
– Generations UL_n_gen.

• LL_xl = 0 and LL_xu = n_var− 1 are the upper and lower bounds of the genotype
values in the lower-level. This genotype is a permutation.

• LL_pop_size is the population size in the lower level.
• Operators valid for permutations for the GA algorithm of the lower level:

– Sampling PermutationRandomSampling;
– Crossover OrderCrossover;
– Mutation InversionMutation;
– Generations LL_n_gen.

Algorithm 1 Upper-level algorithm

Require: Grammar G, objective function f , n_var
Upper-level parameters: UL_pop_size, UL_n_gen, UL_xl, UL_xu
Lower-level parameters: LL_pop_size, LL_n_gen, LL_xl, LL_xu
Operators:
IntegerRandomSampling, TwoPointCrossover, PolynomialMutation
PermutationRandomSampling, OrderCrossover, InversionMutation

Ensure: BestGenotype, BestPer, BestFitness
1: Pop← InitializePopulation(UL_pop_size)
2: for gen = 1 to UL_n_gen do
3: for each x in Pop do
4: (Fitnessx, Perx)← LowerLevel(

x, G, f ,
PermutationRandomSampling
OrderCrossover, InversionMutation
LL_n_gen, LL_pop_size)

5: end for
6: New_Pop←UL_GA(

IntegerRandomSampling,
TwoPointCrossover,
PolynomialMutation)

7: end for
8: best← argminx∈Pop Fitness(x)
9: return (BestGenotype, BestPer, BestFitness)

3.3.2. Lower Level

The lower level optimizes the order in which the codon values are taken using a
permutation. Algorithm 2 shows the corresponding pseudocode. The permutation Per
controls the order in which the codons of the genotype x are consumed during the MP.

The function MappingProcess(x, Per) is based on [6]; it only modifies the order in
which the codons are consumed. For example, given a genotype x = [7, 10, 45, 5] and a
permutation Per = [3, 1, 4, 2], the codons are consumed in the order [45, 7, 5, 10] during
mapping. The grammar and the non-terminal expansion mechanism remain unchanged.
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Algorithm 2 Lower-level algorithm

Require: x, Grammar G, objective function f
Operators:
PermutationRandomSampling, OrderCrossover, InversionMutation
Lower-level parameters: LL_n_gen, LL_pop_size

Ensure: BestPer, BestFitness
1: n← length(x)
2: Per_pop← InitializePopulation(LL_xl, LL_xu, LL_pop_size)
3: for gen = 1 to LL_n_gen do
4: for each Per in Per_pop do
5: phenotype←MappingProcess(x, Per)
6: Fitness_Per ← Evaluate(phenotype)
7: end for
8: Per_pop←LL_GA(

PermutationRandomSampling,
OrderCrossover, InversionMutation)

9: end for
10: best← argminPer∈Per_pop Fitness(Per)
11: return BestPer, BestFitness

In this study, the stopping criterion is defined by the number of function evaluations.
To ensure a fair comparison with the other methods, all approaches were executed under
the same evaluation budget of 250,000 function evaluations. It should be noted that, despite
having the same evaluation budget, the proposed BiGE incurs additional computational
overhead because selection, crossover, and mutation operators are executed at both the
upper and lower optimization levels. Equation (4) shows how the number of function
evaluations is calculated for the proposed bilevel approach.

Function_Calls = ULgen ×ULpop_size ×
(

LLgen × LLpop_size
)

(4)

3.4. Grammar

The grammar defines the rules and restrictions to form valid phenotypes for the
specific problem. Specifically for GE, it is common to use the Backus–Naur Form (BNF–
Grammar). Different grammars were used for each function:

• Grammar 1 for functions F1 to F8.
• Grammar 2 for functions F9 to F10.
• Grammar 3 for functions Keijzer1 and Keijzer2.
• Grammar 4 for functions Keijzer3 to Keijzer5.
• Grammar 5 for function Keijzer6.

Since previous GE studies on SRP have employed this specific set of grammars, we
adopted the same set to ensure a fair comparison with the literature. Accordingly, the
analysis in this article focuses on improving the MP rather than grammar design.

It is important to note that protected versions of the exponential and logarithmic oper-
ators were used to avoid numerical instability and undefined evaluations. The protected

exponential operator was defined as pexp =
1

1 + e−x , and the protected logarithm operator

as plog(x) = log(1 + |x|).

3.5. Mapping Process

The MP is the procedure for creating a derivation tree using the grammar and the
genotype, mapping the genotype into a phenotype. This process is guided by Equation (5).

next_productionrule = codon_value % num_productionrules (5)
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⟨start⟩ |= ⟨expr⟩
⟨expr⟩ |= (⟨expr⟩⟨op⟩⟨expr⟩) | ⟨pre⟩(⟨expr⟩) | ⟨var⟩
⟨var⟩ |= 1 | x
⟨pre⟩ |= exp | log | sin | cos
⟨op⟩ |= * | / | + | -

Grammar 1: Grammar for functions F1 to F8.

⟨start⟩ |= ⟨expr⟩
⟨expr⟩ |= (⟨expr⟩⟨op⟩⟨expr⟩) | ⟨pre⟩(⟨expr⟩) | ⟨var⟩
⟨var⟩ |= 1 | x | y
⟨pre⟩ |= exp | log | sin | cos
⟨op⟩ |= * | / | + | -

Grammar 2: Grammar for functions F9 to F10.

⟨start⟩ |= ⟨expr⟩
⟨expr⟩ |= (⟨expr⟩⟨op⟩⟨expr⟩) | ⟨var⟩
⟨op⟩ |= * | / | + | -
⟨var⟩ |= x | 1

Grammar 3: Grammar for functions Keijzer1 and Keijzer2.

⟨start⟩ |= ⟨expr⟩
⟨expr⟩ |= (⟨expr⟩⟨op⟩⟨expr⟩) | ⟨var⟩
⟨var⟩ |= 1 | x | y
⟨op⟩ |= * | / | + | -

Grammar 4: Grammar for functions Keijzer3 to Keijzer5.

⟨start⟩ |= ⟨expr⟩
⟨expr⟩ |= (⟨expr⟩⟨op⟩⟨expr⟩) | ⟨var⟩
⟨op⟩ |= + | - | * | /
⟨var⟩ |= x⟨c⟩ | 1
⟨c⟩ |= 0 | 1 | 2 | 3 | 4 | 5 | 6 | 7 | 8 | 9

Grammar 5: Grammar for function Keijzer6.

https://doi.org/10.3390/math14132279
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This work utilizes the two most popular MPs in GE: Depth-First [4], considered the
standard MP for GE, which begins with the start symbol and makes the expansion by taking
the leftmost non-terminal symbol available in the derivation tree, and Breadth-First [37],
which uses an expansion process slightly different from Depth-First. The expansion is done
by expanding all the non-terminals at the same level (from left to right) before moving to
the next level in the derivation tree.

4. Results
4.1. Experimental Setup

The SRP was selected to validate the proposed approach. Table 1 shows the bench-
mark functions used in the experiments.The proposal was compared with state-of-the-art
methods that also solve the SRP using GE, such as the GE_opt_3 method proposed in [6]
and the classical GE mapping processes DF, BF, and πGE. To ensure a fair comparison with
these approaches, the benchmark suite employed in this work corresponds to Nguyen F1 to
Nguyen F10 [39] and Keijzer1 to Keijzer6 [40], which are commonly used in the classical GE
symbolic regression literature. These benchmark functions allow direct comparison with
previously reported results. Nevertheless, more recent benchmark collections for SRP have
been proposed [41]. In future work, the proposed BiGE approach will be evaluated in these
newer benchmark suites to further assess its capacity for generalization.

Table 1. Symbolic regression functions used as instance set, chosen to compare the proposal with [6].

Function Expression

Nguyen F1 f (x) = x3 + x2 + x

Nguyen F2 f (x) = x4 + x3 + x2 + x

Nguyen F3 f (x) = x5 + x4 + x3 + x2 + x

Nguyen F4 f (x) = x6 + x5 + x4 + x3 + x2 + x

Nguyen F5 f (x) = sin(x2) cos(x)− 1

Nguyen F6 f (x) = sin(x) + sin(x + x2)

Nguyen F7 f (x) = log(x + 1) + log(x2 + 1)

Nguyen F8 f (x) =
√

x

Nguyen F9 f (x, y) = sin(x) + sin(y2)

Nguyen F10 f (x, y) = 2 sin(x) cos(y)

Keijzer1 f (x) = 0.3x sin(2πx)

Keijzer2 f (x) = 1 + 3x + 3x2 + x3

Keijzer3 f (x, y) =
8

2 + x2 + y2

Keijzer4 f (x, y) =
x4 − x3 + y2

2− y

Keijzer5
f (x, y) =

x3

5 + y3

2− y− x

Keijzer6
f (x1, . . . , x10) = 10.59x1x2 + 100.5967x3x4 − 50.59x5x6

+ 20x1x7x9 + 5x3x6x10

Both the upper and lower levels used a GA as a search engine for GE. The pymoo
library, version 0.6.1.1 [42] was used for the GA implementation, and the Python version
used was 3.11.9.

Table 2 presents the parameters used in the experiments. The parameter values used
in the experiments were taken from [6]. This choice was made to ensure a fair comparison
under the same experimental conditions and computational budget, taking into account the

https://doi.org/10.3390/math14132279

https://doi.org/10.3390/math14132279


Mathematics 2026, 14, 2279 11 of 18

bilevel behavior of the proposed approach. In this work, no additional parameter tuning was
performed. The goal of this study was not to identify the optimal parameter configuration
for BiGE but to isolate the effect of the proposed bilevel mapping strategy under the same
conditions used in previous studies. The size of the upper-level population and the number
of generations were intentionally kept small, since each upper-level individual performs a
complete lower-level optimization process. Increasing these parameters would significantly
increase the computational cost. Early stopping was not employed, as a fixed computational
budget was required to maintain a fair comparison among the compared algorithms.

Table 2. Parameter settings for the upper and lower levels.

Parameter Upper Level Lower Level

Population size 10 (per level)
Number of generations 10 250
Dimensions 100 (per level)
Search engine Genetic Algorithm (both levels)

Selection operator Random Integer Random Permutation
Crossover operator Two-Point Crossover Order Crossover

Mutation operator Polynomial Mutation
(discrete) Inversion Mutation

Total function evaluations 250,000 (total across both levels)

Evaluation Metric

For the experiments presented in this work, both FU and FL were instantiated using
the Root Mean Square Error (RMSE) of the generated symbolic expression. Thus, both
optimization levels use the same fitness measure, but they operate on different decision
variables. The upper level optimizes the genotype values, whereas the lower level optimizes
the codon-consumption permutation used during the MP. The corresponding equation is
shown in Equation (6).

RMSE =

√
1
n

n

∑
i=1

(ti − yi)2 (6)

where the terms are defined as follows:
n is the number of data points;
yi is the real value;
ti corresponds to the obtained value.

4.2. Results

A total of 33 independent runs were performed for each instance and MP using the
proposed BiGE approach. The mean value and standard deviation of each set of runs were
calculated and are reported in Table 3 for the compared methods.

Some instances are more complex because they generate wider and more irregular
search spaces, which can lead the algorithm to converge to different local optima. This
may explain the large standard deviations observed in instances such as Nguyen F7 and
Keijzer6. Although the population size may also contribute to the observed variability, all
compared methods were executed with the same population size and evaluation budget.
Therefore, the variance cannot be attributed exclusively to the proposed bilevel framework.
Nevertheless, BiGE achieves competitive performance across all instances.

Table 4 presents the median results obtained with the proposed approach, in the
column for BiGE, and the compared methods.
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Table 3. GE and πGE consists of the canonical MPs; GE_opt_3 [6] is an approach based on intensifica-
tion codon selection; and BiGE corresponds to the proposed bilevel approach. Results are reported
as the mean ± standard deviation. The best mean is in bold for each instance.

Breadth-First Depth-First
πGE

Instance GE GE_opt_3 BiGE GE GE_opt_3 BiGE

Nguyen F1 5.79E−03± 2.13E−02 7.76E−03± 2.02E−02 3.09E−03± 1.04E−02 5.36E−03± 1.82E−02 7.14E−03± 2.10E−02 3.42E−03± 9.29E−03 5.14E−02± 4.81E−02
Nguyen F2 3.50E−02± 5.45E−02 3.19E−02± 4.72E−02 1.84E−02± 1.67E−02 3.95E−02± 4.29E−02 3.51E−02± 4.12E−02 2.80E−02± 2.15E−02 6.55E−02± 5.98E−02
Nguyen F3 7.39E−02± 6.92E−02 7.40E−02± 7.32E−02 5.52E−02± 7.46E−02 8.71E−02± 6.94E−02 8.36E−02± 6.60E−02 6.92E−02± 8.08E−02 1.11E−01± 7.32E−02
Nguyen F4 1.40E−01± 1.50E−01 1.16E−01± 1.14E−01 6.11E−02± 3.20E−02 1.39E−01± 9.56E−02 1.43E−01± 9.73E−02 5.88E−02± 2.00E−02 8.77E−02± 6.74E−02
Nguyen F5 6.99E−02± 4.98E−02 7.88E−02± 4.27E−02 7.25E−03± 4.02E−03 5.05E−02± 3.92E−02 5.07E−02± 3.53E−02 1.13E−02± 6.24E−03 1.54E−02± 1.06E−02
Nguyen F6 4.48E−02± 4.16E−02 5.25E−02± 4.06E−02 3.13E−02± 1.50E−02 3.82E−02± 3.22E−02 4.02E−02± 4.41E−02 3.33E−02± 1.90E−02 7.65E−02± 3.48E−02
Nguyen F7 2.35E−01± 8.67E−02 2.47E−01± 8.28E−02 1.48E+00± 6.00E+00 2.21E−01± 8.73E−02 2.14E−01± 7.88E−02 2.60E−01± 4.85E−01 8.59E−01± 9.69E−01
Nguyen F8 1.17E−01± 4.09E−02 9.51E−02± 4.12E−02 1.14E−02± 2.40E−02 9.40E−02± 3.96E−02 9.26E−02± 3.50E−02 1.39E−02± 2.17E−02 3.09E−02± 4.84E−02
Nguyen F9 8.13E−02± 5.07E−02 6.60E−02± 5.55E−02 4.33E−02± 1.86E−02 5.92E−02± 5.29E−02 5.60E−02± 6.28E−02 2.78E−02± 2.25E−02 8.72E−02± 4.82E−02
Nguyen F10 7.70E−02± 5.84E−02 5.96E−02± 4.38E−02 2.62E−02± 1.52E−02 5.00E−02± 3.38E−02 4.73E−02± 2.76E−02 3.03E−02± 1.61E−02 5.86E−02± 4.87E−02
Keijzer1 6.88E−02± 2.44E−02 7.33E−02± 2.22E−02 6.48E−02± 8.18E−03 7.19E−02± 2.53E−02 6.72E−02± 2.29E−02 6.19E−02± 6.66E−03 1.10E−01± 2.36E−02
Keijzer2 5.04E−03± 2.94E−02 3.21E−16± 3.40E−17 5.24E−16± 4.89E−17 3.10E−16± 2.90E−17 3.16E−16± 5.15E−17 4.66E−16± 5.82E−17 4.37E−16± 5.18E−17
Keijzer3 3.93E−01± 1.96E−02 4.04E−01± 2.39E−02 4.02E−01± 5.82E−02 4.03E−01± 2.42E−02 4.05E−01± 2.96E−02 3.96E−01± 5.03E−02 4.72E−01± 4.01E−02
Keijzer4 6.76E−01± 8.73E−04 6.76E−01± 2.16E−03 2.25E−01± 2.63E−02 6.76E−01± 8.60E−04 6.76E−01± 6.99E−04 2.48E−01± 4.80E−02 3.06E−01± 9.66E−02
Keijzer5 4.23E−01± 4.17E−03 4.24E−01± 3.40E−03 1.03E−01± 5.55E−02 4.26E−01± 3.70E−03 4.25E−01± 3.87E−03 1.07E−01± 4.80E−02 1.14E−01± 5.99E−02
Keijzer6 3.94E+00± 3.49E+00 3.01E+00± 2.17E+00 4.51E+00± 2.39E+00 2.70E+00± 1.64E+00 3.27E+00± 1.42E+00 1.44E+00± 9.64E−01 1.51E+01± 2.28E+00

Table 4. Median results for each instance. The results for GE_opt_3 are taken from [6], while BiGE
corresponds to the proposed bilevel approach, and GE and πGE consists of the canonical MPs. The
best results are in bold.

Breadth-First Depth-First
πGE

Instance GE GE_opt_3 BiGE GE GE_opt_3 BiGE

Nguyen F1 0.00E + 00 5.83E− 17 1.11E− 16 0.00E + 00 6.21E− 17 1.11E− 16 4.74E− 02
Nguyen F2 0.00E + 00 1.56E− 16 1.70E− 02 3.29E− 02 3.13E− 02 2.48E− 02 5.38E− 02
Nguyen F3 5.77E− 02 5.87E− 02 4.50E− 02 8.20E− 02 6.51E− 02 5.37E− 02 9.23E− 02
Nguyen F4 1.18E− 01 1.02E− 01 5.99E− 02 1.43E− 01 1.30E− 01 6.01E− 02 5.71E− 02
Nguyen F5 5.72E− 02 8.45E− 02 6.79E− 03 4.92E− 02 4.61E− 02 9.34E− 03 1.26E− 02
Nguyen F6 3.33E− 02 3.27E− 02 3.19E− 02 2.30E− 02 2.30E− 02 3.22E− 02 7.57E− 02
Nguyen F7 2.63E− 01 2.93E− 01 9.74E− 02 2.54E− 01 2.23E− 01 9.44E− 02 6.53E− 01
Nguyen F8 1.07E− 01 1.03E− 01 5.28E− 03 9.50E− 02 9.38E− 02 8.55E− 03 1.78E− 02
Nguyen F9 6.63E− 02 6.46E− 02 4.43E− 02 3.58E− 02 3.58E− 02 2.37E− 02 7.84E− 02
Nguyen F10 5.26E− 02 5.16E− 02 2.88E− 02 4.39E− 02 4.39E− 02 3.66E− 02 4.36E− 02
Keijzer1 6.07E− 02 6.07E− 02 6.36E− 02 6.07E− 02 6.07E− 02 6.36E− 02 1.26E− 01
Keijzer2 0.00E + 00 3.07E− 16 5.19E− 16 2.95E− 16 2.95E− 16 4.64E− 16 4.08E− 16
Keijzer3 3.81E− 01 4.08E− 01 3.86E− 01 4.08E− 01 4.04E− 01 3.86E− 01 4.86E− 01
Keijzer4 6.77E− 01 6.77E− 01 2.18E− 01 6.77E− 01 6.77E− 01 2.18E− 01 3.32E− 01
Keijzer5 4.22E− 01 4.23E− 01 7.92E− 02 4.27E− 01 4.25E− 01 1.24E− 01 7.92E− 02
Keijzer6 2.52E + 00 2.55E + 00 4.04E + 00 2.45E + 00 2.94E + 00 1.57E + 00 1.56E + 01

Although BiGE achieved competitive performance across most benchmark instances,
canonical GE obtained better results on Nguyen F1 and Nguyen F2. These functions cor-
respond to relatively simple symbolic regression problems with limited search spaces,
where high-quality solutions can often be identified efficiently without requiring additional
optimization of the mapping process. In such cases, the bilevel optimization strategy
may introduce exploratory overhead that provides little additional benefit. Overall, the
results suggest that the advantages of BiGE become more evident as problem complex-
ity increases, particularly in instances characterized by larger search spaces and more
challenging genotype-to-phenotype mappings.

The proposed method achieved competitive results across all benchmark instances.
However, different behavior was observed for Keijzer6 depending on the mapping strategy.
Under the BF MP, BiGE showed lower performance than the canonical approaches, whereas
under the Depth-First mapping process, it achieved the best median result. This suggests
that the interaction between permutation optimization and the mapping strategy plays a
more important role in this benchmark than in the other instances.

The same number of function calls was used for all algorithms to ensure a fair compar-
ison. The Friedman test was applied to the median performance values obtained by each
algorithm across the benchmark instances to determine whether statistically significant
differences existed among the compared methods. If there existed a significant difference, a
Nemenyi post hoc test was used to determine which algorithm was different. The Friedman
statistic was 15.999 with a p-value of 0.013754. Since the p-value was below the significance
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level of 0.05, there was sufficient evidence to conclude that at least one of the algorithms
had a statistically significant difference. Next, a Nemenyi post hoc test was performed to
determine which algorithms differed in performance.

Table 5 shows the post hoc test ranking of the algorithms evaluated. The BiGE
algorithm had the best performance for both MPs. Figure 3 shows the convergence of the
upper level of the proposed approach in some instances using both MPs, and Figure 4
shows the convergence of the lower level in the same instances. The proposed method
obtained competitive results in all cases except Keijzer6, in which it performed poorly
under the BF MP. This behavior warrants further analysis.

Table 5. Nemenyi post hoc test ranking. The prefix DF refers to the Depth-First MP, and BF refers to
the Breadth-First MP. The proposed method is in bold and italics.

Algorithm Ranking

DF_BiGE 2.84375
BF_BiGE 2.87500
BF_GE 4.00000
DF_GE_opt_3 4.06250
DF_GE 4.46875
BF_GE_opt_3 4.59375
πGE 5.15625

(a) (b)

(c) (d)

Figure 3. Convergence of the proposal for the upper level on instances NguyenF5 (a), NguyenF9

(b), Keijzer4 (c), and Keijzer6 (d) for the Breadth-First and Depth-First mapping processes. The plot
presents the median fitness across generations in the upper level, with the shaded area indicating the
standard deviation.
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(a) (b)

(c) (d)

Figure 4. Convergence of the proposal for the lower level on instances NguyenF5 (a), NguyenF9 (b),
Keijzer4 (c) and Keijzer6 (d) for the BF and DF MPs. The plot presents the median fitness across
generations in the lower level.

4.3. Ablation Study

An ablation study (AS) [43] was conducted to assess the contribution of each opti-
mization level to the overall performance of the proposed BiGE algorithm. The purpose of
this analysis is to determine whether the improvements achieved by BiGE with the DF MP
are primarily associated with the upper level, the lower level, or the interaction between
both levels.

Table 6 presents the configurations considered in the AS. Four variants were evaluated:
the full BiGE configuration, a variant combining random upper-level optimization with
guided lower-level optimization, a variant combining guided upper-level optimization
with random lower-level optimization, and a fully random configuration—all of them using
the MP DF. Each configuration was executed independently 33 times on all benchmark
functions listed in Table 1.

Table 6. Configurations used in the ablation study.

Method Upper Level Lower Level

BiGE Guided Guided
BiGE-UL-Random Random Guided
BiGE-LL-Random Guided Random
BiGE-Random-Random Random Random

Table 7 shows the obtained results with each instance at each configuration for AS. The
results obtained in these experiments were analyzed using the non-parametric Friedman
test to determine if there were significant performance differences between the evalu-
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ated configurations. The Friedman test yielded a statistic of 30.7350 with a p-value of
9.66E− 07, indicating significant differences among the tested configurations. Since sig-
nificant differences were detected, the Nemenyi post hoc test was applied to identify the
configurations responsible for them. Table 8 presents the average rankings obtained using
the Nemenyi test.

Table 7. Results of the tested configurations. The median of 33 independent experiments is reported
for each configuration.

BiGE BiGE-UL-Random BiGE-LL-Random BiGE-Random-Random

1.11E− 16 1.11E− 16 9.98E− 02 9.70E− 02
2.48E− 02 2.33E− 02 1.45E− 01 1.49E− 01
5.37E− 02 6.39E− 02 1.73E− 01 1.90E− 01
6.01E− 02 6.95E− 02 4.57E− 02 4.57E− 02
9.34E− 03 1.15E− 02 2.97E− 02 2.90E− 02
3.22E− 02 3.50E− 02 6.95E− 02 8.20E− 02
9.44E− 02 9.52E− 02 5.17E− 01 6.05E− 01
8.55E− 03 8.85E− 03 3.43E− 02 3.70E− 02
2.37E− 02 3.60E− 02 4.37E− 02 4.37E− 02
3.66E− 02 2.58E− 02 5.02E− 02 5.02E− 02
6.36E− 02 6.20E− 02 7.88E− 02 7.88E− 02
4.64E− 16 4.81E− 16 4.78E− 16 5.13E− 16
3.86E− 01 3.86E− 01 5.08E− 01 5.08E− 01
2.18E− 01 2.18E− 01 3.32E− 01 3.32E− 01
1.24E− 01 1.35E− 01 1.68E− 01 1.41E− 01
1.57E + 00 1.93E + 00 1.95E + 01 2.01E + 01

Table 8. Nemenyi post hoc test ranking for the ablation study.

Configuration Ranking

BiGE 1.40625
BiGE-UL-Random 1.90625
BiGE-LL-Random 3.18750
BiGE-Random-Random 3.50000

The results indicate that the complete BiGE configuration achieved the highest overall
ranking, providing evidence that jointly optimizing genotypic values and codon consump-
tion order plays a key role in the performance gains achieved by the proposed approach.

5. Conclusions
GE is a flexible and powerful tool that relies on the use of a grammar and an MP to

generate solutions. In this work, a bilevel optimization approach was introduced into the
MP of GE. This proposal is inspired by the πGE MP, which uses a pair of codons, one of
them controlling the expansion order. This proposal incorporates permutations, which
have previously demonstrated improvements in performance.

The proposed BiGE approach was evaluated on the SRP using 16 widely used bench-
mark instances, and its performance was compared against state-of-the-art methods. The
experimental results show that the proposal achieves competitive performance and obtains
the best median performance in most benchmark instances. Furthermore, the close agree-
ment between mean and median values suggests consistent behavior across independent
runs. Although higher variance was observed in some challenging benchmark instances,
the overall results indicate that the proposed method is robust and capable of maintaining
competitive performance across problems with different characteristics.
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It is important to note that these improvements were achieved while maintaining the
same number of function evaluations, ensuring a fair comparison with existing approaches.
Additionally, the proposed bilevel approach can be applied to both BF and DF mappings.

Some benchmark instances remain challenging for all approaches, suggesting inherent
difficulty in their search spaces. An interesting behavior can be observed in the Keijzer6

instance. The results indicate a limitation under the BF MP. This instance involves complex
interactions among variables, which significantly increases the search space. In this scenario,
the permutation optimization step may introduce additional exploration that can slow the
convergence. This behavior suggests that future work could investigate adaptive strategies
to regulate search intensity during the permutation optimization process.

Although some benchmark instances showed relatively high variability across indepen-
dent runs, the statistical analysis indicates that the proposed approach remains competitive
and achieves the best overall ranking among the evaluated methods.

Overall, the results indicate that introducing a bilevel optimization perspective into
GE constitutes a promising method for the MP and maintains the same function-evaluation
budget used by competing approaches. Future work may explore its application to other
problem domains.
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