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Abstract

In this paper, we propose a multilevel stochastic model for the energy consumption of
public proof-of-work blockchains. The main novelty is the proposal of a closed form for
the expected energy consumption in one proof of work mining round. In the case of
homogeneous per-hash efficiency, this proposition shows that the expected spending is
eg/p depending only on the protocol difficulty and not on the distribution of the hash
power among the miners. The proposal connects three levels of analysis: a local model
of mining at the node level, a semi-global model of competitive block discovery and
propagation, and a global stochastic model of workload, computational capacity, network
connectivity and power consumption. This leads to the above closed form energy result.
The mining process is approximated locally by exponential waiting times of Bernoulli
hash trials. This extends to the semi-global model where the competition among miners
and the delay in the propagation lead to the wasted computation. The global layer is
modeled as a set of stochastic differential equations which models the interaction between
workload dynamics, capacity constraints and communication overheads. The core analysis
does not need Bayesian or Markov decision components but these are recommended for
modeling estimation and adaptive control. We start with preliminary simulations on the
VIBES platform and find qualitative properties of the full model: the total energy cost
scales roughly linearly with the size of the network, the average energy per node decreases
with increasing network size, the propagation latency is the primary source of wasted
computation due to stale blocks and nodes tend to operate in a capacity-depleted regime
with the workload-induced degradation being substantially higher than the recovery rate.
The results give a structural analysis of how the design of the protocol and the network
conditions affect the energy consumption and emphasize the importance of quantitatively
calibrating with empirical data from Bitcoin.

Keywords: blockchain; proof-of-work; stochastic processes; UTXO; energy consumption
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1. Introduction

Public blockchains are shared ledgers that are not centrally controlled. They require a
distributed set of nodes to validate, store and propagate the same information. In proof-of-

Mathematics 2026, 14, 2282

https:/ /doi.org/10.3390/math14132282


https://crossmark.crossref.org/dialog?doi=10.3390/math14132282&domain=pdf&date_stamp=2026-06-26
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0009-0009-8111-3405
https://orcid.org/0000-0002-0355-0337
https://orcid.org/0000-0002-7003-2724
https://doi.org/10.3390/math14132282

Mathematics 2026, 14, 2282

2 of 48

work (PoW) systems this process is inherently competitive; multiple miners run repetitive
hash computations on candidate blocks, but only one valid block is eventually added to the
chain [1,2]. That means a large portion of the computational power used by the network
is not directly working toward the final state ledger. The energy consumption thus is not
incidental but a structural feature of the protocol.

This phenomenon has been widely reported. Empirical studies [3-7] estimate the total
energy consumption, carbon emissions and energy per block for major PoW networks
such as Bitcoin. The work gives valuable quantitative benchmarks and environmental
relevance of public blockchain infrastructures. Yet, most existing approaches rely on
aggregate indicators (e.g., total hashrate or annual energy use) and do not explicitly model
the stochastic processes underlying how local node behavior and network interactions give
rise to system-wide energy consumption.

This restriction encourages a more detailed analytical approach. The energy in PoW
blockchains is due to a mix of processes at different scales: individual nodes locally hash
and validate, groups of nodes compete to find blocks with network delays and the entire
system evolves as workload, computational capacity and connectivity change. Such a
modeling framework that does not discriminate these levels cannot readily explain to
what extent different sources of energy expenditure (e.g., competitive overlap, propagation
delays, or workload congestion) contribute to the total.

The goal of this paper is the development of a multilevel stochastic framework linking
these scales in a consistent and analytically treatable manner. The main gap addressed
here is the lack of an integrated model that formulates and studies local mining dynamics,
semi-global block races and the evolution of global system states jointly in terms of their
energetic implications. This limitation results in three concrete research questions that drive
the current work. First, what is the expected energy consumed in a single round of proof-of-
work mining, as a function of the protocol difficulty and the hardware efficiency? Second,
how does propagation delay turn valid local work into globally wasted computation, and
how large is that waste relative to the total? Third, can the continuous-time evolution of
workload, computational capacity and network connectivity be formalized in a unified
stochastic framework that connects local mining behavior to aggregate energy expenditure?
The present paper answers all three questions in a single multilevel modeling framework.

The proposed approach is structured in three levels. The local level describes the min-
ing process of a single node. The semi-global level captures the competition between miners
and energetic effects of block propagation. The global level characterizes the evolution of
workload, available computational capacity, network connectivity and power consumption.
This decomposition is analytically clean: it separates the physical location of energy use
from the network mechanisms that determine when that use is useful or wasteful. Together,
these levels allow us to differentiate accepted work from wasted competitive effort, and to
understand blockchain energy as the outcome of dynamic interactions, rather than a static
by-product of hash rate.

The rest of this paper is organized as follows. Related literature on the stochastic
methods and the energy modeling of the blockchain is summarized in Section 2. In
Section 3, we develop the conceptual perspective of blockchain as an operationally closed
system. The notation and modeling assumptions are presented in Section 4. In Section 5,
we introduce the multilevel stochastic framework at local, semi-global and global levels.
Extensions based on Bayesian and MDP are presented in Section 6. Section 7 deals with
global energy implications; for example, expected total energy and operating regimes.
Section 8 introduces the structural view of the global model, stability analysis and sensitivity.
Section 9 presents results from the VIBES simulations. We end with limitations and future
work in Section 10.
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This paper proposes a local exponential-race model for PoW mining, derives a closed-
form formula for the expected energy of one mining round (assuming homogeneous
per-hash efficiency) and incorporates that result into an explicit-state global stochastic
framework. We retain modular extensions of Bayesian estimation of latent mining intensity,
and a Markov Decision Process (MDP) formulation of operational choices. Preliminary
simulations performed with the VIBES platform then show how the framework takes into
account scaling properties, propagation-related waste and the state-dependent nature of
energy consumption per node.

2. Background and Related Work
2.1. Operational Components of Public PoOW Blockchains

For energy analysis, three components are particularly important. The first is the
mining itself, POW. In systems such as Bitcoin, miners repeatedly change a nonce until
the cryptographic hash of the block header is less than a target derived from the network
difficulty [1]. Each trial is cheap computationally, but expensive in total because the
network relies on a very large number of repeated trials. The second part is the UTXO
accounting model, where transactions consume previous outputs and create new ones. The
process of creating, verifying, storing and relaying UTXOs that happen in parallel with
mining [2] incurs local processing and communication costs. The third is through peer-to-
peer dissemination. Transactions and blocks are propagated via gossip-like overlays where
nodes verify messages and relay them to neighbors, which introduces some redundancy
that makes the system more robust, but involves more communication [8].

These components interact in non-trivial ways. Propagation is not instantaneous,
so two miners can satisfy the proof-of-work condition nearly simultaneously and create
temporary competing branches before the network converges. The stale blocks produced
do not affect performance; they represent actual energy expended on branches that do not
make it into the canonical chain [9,10]. Furthermore, transaction load is not energetically
neutral. The nodes with higher workload need to validate more data, manage larger
mempools and endure longer communication activity, which can all affect their available
capacity for mining.

Hence, a public blockchain is an operationally closed system. Once value is repre-
sented in the ledger, any transfer must then necessarily be validated, propagated and agreed
upon. Participants are both users and caretakers of the same infrastructure. Redundancy is
what gives the protocol its trust, but that redundancy increases the amount of computations
and messages needed to receive a single accepted outcome.

2.2. Energy Literature

The energy consumption of blockchain has been dealt with in empirical, macroeco-
nomic and hardware-oriented literature. O’'Dwyer and Malone [11] provided the first
quantitative estimates of the electricity footprint of Bitcoin and Vranken [12] contextualized
these figures within a broader sustainability perspective. The most prominent strand re-
mains macroeconomic: De Vries [3,13] links electricity consumption to mining profitability
and market incentives; Prat and Walter [14] propose an equilibrium model of the Bitcoin
mining market in which hash rate is endogenously determined by the exchange rate under
free entry, providing a micro-founded basis for the workload dynamics modeled in the
present framework; Stoll et al. [4] link it to carbon emissions via regional grid and hardware
efficiency data; Jiang et al. [5] study projected growth scenarios under different regulatory
conditions; and Bejan et al. [6] investigate the empirical relationship between price dynamics
and energy demand. This analysis is extended to multiple PoW currencies by Krause and
Tolaymat [15] and the Cambridge Centre for Alternative Finance [7] provides one of the most
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widely used benchmark datasets. Taylor [16] shows how the move from CPUs to ASICs
influenced the energy profile of single nodes at the hardware level and Sedlmeir et al. [17]
provide a systematic comparison of consensus mechanisms from an energy perspective.
Through the lens of carbon footprint and grid decarbonization, the environmental sustain-
ability of PoOW mining has also been studied. Ibafiez and Freier [18] systematize the state of
knowledge on Bitcoin energy and renewable integration. Li et al. [19] use a CO, emission
projection model to argue that the carbon footprint of PoW requires a structural response at
the level of the consensus mechanism itself, a challenge that the present work addresses by
providing an analytical framework to decompose where that footprint comes from.

These studies are indispensable but they work mostly with aggregate observables, e.g.,
total hashing power, network difficulty or yearly consumption. Not only they lack stochas-
tic modeling, but they also do not distinguish between the mechanisms generating the
energy consumption: Competitive overlap between miners, propagation delays converting
valid work into stale blocks, workload-induced capacity degradation and communication
overhead all contribute differently to the total, but aggregate indicators confuse them.
Without accounting for these components, it is hard to grasp how protocol design choices
or network conditions can change the balance between them.

This work also contributes analytically to the fact that energy modeling must not
ignore hardware heterogeneity, dynamic profitability and infrastructure effects such as
cooling or power usage effectiveness. This is also backed by studies into energy-efficient
alternatives like Green-PoW [20] and EPoW [21], which demonstrate that substantial waste
reductions necessitate intervention at the level of competitive dynamics, rather than solely
at the level of hardware efficiency. Work on energy-aware consensus for constrained
networks such as that by Wadhwa et al. [22] quantifies the energy cost of the consensus
mechanism as a function of the number of nodes and offloading strategy, motivating the
need for a model that endogenizes the relationship between network size, computational
capacity and energy expenditure. The present article is not meant to replace aggregate
estimates. Instead, it provides a process-oriented structure relating local mining behavior,
semi-global competition and global state evolution, in which those estimates can be fitted
later for calibration.

2.3. Stochastic Modeling and Remaining Gap

Stochastic methods have been used to analyze blockchain systems along several differ-
ent lines, each of which targets a different aspect of the protocol behavior. This mining pro-
cess is described at the local level by Bernoulli trials, and their exponential-time limit [23].
This representation has been used to analyze strategies for selfish mining [24-26]. Piazza
et al. [26] provide an efficient algorithm for proportional lumpability of Markov chains
applied to the selfish mining problem, which can be seen as a formal computational coun-
terpart of the Markovian structure used in the present local-level model and pool reward
mechanisms [27,28]. At the network level, block arrival and propagation has been modeled
with Poisson processes and queuing theory: Bowden et al. [29] analyze block inter-arrival
times in competitive mining. Kasahara and Kawahara [30] and Kawase and Kasahara [31]
employ queueing analysis to the dynamics of transaction confirmation. Decker and Watten-
hofer [9] and Croman et al. [10] have studied empirically and analytically the impact of
propagation delays on the probability of a fork, showing that communication latency is a
first-order determinant of wasted computational effort. More recent work has taken these
ideas to energy-aware design: Lasla et al. [20] and Yu et al. [21] propose consensus variants
that use stochastic arguments to reduce competitive overlap. The stochastic dynamics of
the mining market have also been studied at the macro level: Noda et al. [32] show that the
stability of transaction speeds under the difficulty adjustment algorithm of Bitcoin depends
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on the elasticity of hash supply, and characterize the conditions under which the system
converges to a stationary distribution—a result directly relevant to the equilibrium and
stationarity analysis in Section 5.5 of the present work. Kawaguchi et al. [33] generalize this
to a multi-currency stochastic model of the mining market, and derive analogous stability
conditions for transaction speeds to the structural stability conditions derived in Section 8.

One major shortcoming of the present literature as surveyed above is the lack of an
integrated framework that simultaneously models local mining dynamics, semi-global
block races and the evolution of global system states and studies them in terms of their
energetic implications. What they lack is their synthesis in one consistent scheme in which
the main quantity of interest is energy. Mathematically, the existing Poisson-process and
queueing-theoretic models assume fixed parameters for arrival rates and service capac-
ities. The present framework endogenizes such parameters as stochastic state variables
coupled via a system of SDEs. Conceptually, selfish-mining and pool-reward models are
concerned with strategic incentives and implicitly treat energy, while the present work
focuses on energy consumption as the main quantity of interest and derives it from the
joint stochastic dynamics of hashing, propagation, workload accumulation and capacity
degradation. Stochastic threshold dynamics are also used in epidemic-economic models
to characterize system-level stability [34]. The analytical structure of epidemic-economic
models, including the derivation of extinction and persistence conditions based on the
eigenvalue analysis of coupled SDEs and the use of It6-Lyapunov functions, is structurally
similar to the stability analysis developed in Section 8 of the present work. They are not
about energy. They are about strategic incentives. Selfish mining studies. Queueing models
of confirmation time consider capacity as a fixed, not a state variable that degrades under
workload. Propagation analyses quantify the fork probability but do not relate it to the
aggregate power consumption over time. Network structure and hardware efficiency are
thus considered exogenous inputs in energy studies as opposed to being endogenous
outcomes of a dynamic system. This results in a patchy picture where the mechanisms that
drive energy expenditure are understood in isolation and not as a whole.

This paper fills this gap by constructing a multilevel stochastic framework that explic-
itly ties the three levels together. The goal is to build a consistent multilevel model that
retains enough structure to enable analysis, simulation and eventually calibration against
empirical data.

2.4. Research Gap and Novel Contributions

The review above identifies four streams of prior work: (1) aggregate energy estimation
using hash rate and profitability. (2) Local mining models based on Bernoulli trials and
exponential approximations; (3) Network-level models based on Poisson processes and
queueing theory; (4) Propagation analyses that relate latency to fork probability. Each stream
considers a different aspect of the problem. However, none of the existing works combines
all four streams into a single framework with energy as the main quantity of interest.

This paper attempts to fill this gap in three specific ways. First, it provides a closed-
form analytical result (Proposition 1) that quantifies expected round-level energy as a func-
tion of difficulty and per-hash hardware efficiency. No result like this in exactly this form is
found in the literature cited. Second, it endogenizes the network state variables—workload,
computational capacity and connectivity—as stochastic processes coupled via a system of
SDEs, rather than as fixed parameters or exogenous inputs. Third, it explicitly links the
three levels of analysis: the expected round energy from the local and semi-global layers
feeds into the global accumulation process, and global congestion feeds back into local
mining intensity through the capacity-to-hash-rate relation.
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These contributions differ from existing models in the following ways. Poisson-process
and queueing-theoretic models fix capacity as a parameter; the present work makes it a state
variable with its own dynamics. The propagation analyses estimate the fork probability,
but do not relate it to the aggregate power consumption over time. The present work
combines both. Selfish-mining models study strategic incentives, and leave energy implicit;
the present work takes energy as the primary quantity, and derives its distribution from the
joint dynamics of all components. These differences are documented reference by reference

in the qualitative comparison of Table 1.

Table 1. Comparative summary between representative related work and the present study.

Reference

Main Contribution in the Literature

Difference with This Work

De Vries [3,13]

Proposes macroeconomic
electricity-consumption indices for
Bitcoin based on profitability and
hardware assumptions.

We keep macro calibration as input,
but model energy generation from
node-level stochastic races,
propagation and global

state coupling.

Stoll et al. [4]

Quantifies Bitcoin-related electricity
demand and associated carbon
emissions with regional

energy-mix assumptions.

We focus on the probabilistic protocol
mechanisms that generate that
demand, instead of only reporting
aggregate annual outcomes.

Jiang et al. [5]

Studies projected carbon and
electricity trajectories of blockchain
mining under policy and

market scenarios.

Our framework is process-oriented
and multilevel, linking local mining
behavior to semi-global competition
and global energy dynamics.

Bejan et al. [6]

Empirically links Bitcoin market
dynamics with energy demand using
data-driven modeling.

We complement empirical correlation
with an explicit stochastic
mechanism explaining how protocol
operation dissipates energy.

Sedlmeir et al. [17]

Compares consensus mechanisms
from an energy-efficiency perspective
and discusses design trade-offs.

Instead of broad consensus-family
comparison, we provide a
PoW-specific analytical model with
local, semi-global and global layers.

Lasla et al. [20] and Yu et al. [21]

Propose consensus variants aimed at
reducing competitive waste and
improving energy efficiency.

We do not introduce a new consensus
rule; we build a baseline stochastic
framework to quantify where energy
is spent and where waste emerges.

Decker and Wattenhofer [9]; Croman
etal. [10]

Characterize block propagation
delays and their implications for stale
blocks and scalability limits.

We integrate propagation effects
directly into the semi-global energy
layer, connecting delay to wasted
work and total expenditure.

Bowden et al. [29]; Kasahara and
Kawahara [30]; Kawase and
Kasahara [31]

Apply stochastic and queueing
models to block-arrival and
confirmation-time behavior.

We extend stochastic modeling
toward explicit energy accounting
and state-dependent

power dynamics.

Eyal and Sirer [24]; Sapirshtein
et al. [25]

Analyze strategic mining behavior
under probabilistic competition (e.g.,
selfish mining).

We retain race-based stochastic
foundations but shift the objective
toward energy decomposition across
operational scales.

Krause and Tolaymat [15]; CCAF [7]

Provide benchmark-level estimates
and datasets for blockchain
electricity consumption.

We use these as calibration targets
while adding an endogenous
stochastic structure for protocol-level
energy causation.
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Table 1 summarizes representative references cited in this article to make the distinction
between the previous literature and the contribution of this manuscript explicit.

3. Conceptual Perspective and Architectural Mapping
3.1. Blockchain as an Operationally Closed Value System

Public blockchains are closed value systems: once value is introduced to the ledger,
every transfer thereafter must be validated and propagated and finalized by the same
protocol stack. This means the distinction between users and maintainers is blurred, as
transaction depends on the infrastructure that participants also help sustain, often in return
for rewards denominated in the native asset. In this structure, energy consumption is not a
side cost but part of the operational necessity: the network uses energy to keep the rules in
place that allow value to be moved around on the chain, all the time.

This view is important for modeling, since it challenges a purely transactional view of
energy use. A blockchain is not only using energy when a transaction is finally recorded. It
spends energy all the time to keep the conditions under which transactions can be accepted
later at all. Mining, relay, validation and storage are thus not independent service layers
stacked one on top of another. They are mutually reinforcing activities in the same closed
operational loop.

3.2. Trust, Redundancy and Efficiency

Public blockchains rely on protocol-level redundancy, instead of trusted intermedjiaries.
Many nodes check the same information, propagate it over many paths and store it in many
local states. This redundancy is the source of robustness, but also the source of energetic
inefficiency. This is not because it is poorly engineered, but because the system builds trust
in a decentralized way by repeating and cross-checking work that would be performed
once in a centralized architecture.

Therefore, it is useful to speak of a trust-efficiency trade-off, if this phrase is understood
qualitatively and not as a literal algebraic law. The more redundancy we have, the more
resilient we are to adversarial behavior and local failures, but we have to perform more
computation and communication per accepted result. The trade-off is obvious especially
in the case of PoW, where the protocol requires many concurrent participants to expend
energy, only for one to be the winner. The greater the competitive overlap, the more the
system’s security logic seems to be strengthened, but the greater the energetic share of
unsuccessful effort becomes.

3.3. Forest of Communication Graphs

At any given moment, a public blockchain is more accurately described as a set of
interconnected local state machines rather than a single, coherent global graph. Each node
updates its own local state, by validation, relay and mining events, while exchanging
messages with neighboring nodes. Since these transitions are asynchronous, the nodes
may temporarily have different views of transactions and candidate blocks. Consensus
slowly aggregates these local states into one canonical chain. A large portion of the protocol
energy is consumed in these transient divergences when computation and communication
are performed over competing local views.

The advantage of this model is that it offers an intuitive link between communication
delay and energy. When there are multiple candidate blocks at the same time during propa-
gation, miners keep mining on branches that will later disappear and relayers keep relaying
information that will soon be useless. So the network is not just a passive means of transmis-
sion of blocks that have already been determined. It is a distributed process and local views
are temporarily inconsistent. This discrepancy causes additional energy consumption.
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3.4. Energy Sources by Scale

The system can be described by the way in which energy is supplied to it at each

analytical level. Table 2 presents a consolidated representation of this interpretation.

Table 2. Typical energy sources across the three analytical scales.

Level

Typical Events

Dominant Variables

Main Energetic Con-
sequence

Local

Hashing, transaction
verification, relay han-
dling, storage access

1w, Qi(t), Ci(t)

Direct device-level en-
ergy expenditure by
individual nodes

Semi-global

PoW races, temporary
forks, block propaga-
tion, synchronization
delay

i, T*, Sprop, T

Competitive overlap
and stale work across
interacting  subsets
of nodes

Global

UTXO evolution, work-
load accumulation,

U, Qi(t), Ci(t), g(t),

System-wide energy
profile and state-

connectivity changes, P;i(t)
power aggregation

dependent variation
in total demand

This model describes the analytical function of each scale. If the goal is to analyze
the energy consumption of a single node, the analysis has to be started at the local layer.
The semi-global layer is needed if the intention is to consider stale blocks and competitive
overlap in block discovery. The global layer is essential if you want to assess the com-
bined impact of workload, computational capacity and connectivity over time. Thus, it
is not possible to capture all these dynamics at once with one scalar estimate of annual
energy consumption.

4. Notation and Modeling Assumptions

Before presenting the full model, we first discuss the key variables that form the
structure of the analysis. The first group corresponds to the local and semi-global levels,
where the key quantities are the success probability per attempt, the mining intensity
induced by the hash rate, and the stopping time related to the round-level competition.
The second group is at the global level where the central state variables are the workload,
the available computational capacity, the connectivity and the power. The main notation
used throughout this document is presented in Tables 3 and 4.

Table 3. Notation for the local and semi-global levels.

Symbol Meaning

hgr) Hash rate of node i during mining round r.

p Success probability of one hash attempt under the current difficulty.
Effective mining intensity of node i under the exponential approximation,

Hi r
wi=n"p.

T; Waiting time until node i discovers a valid block.

T Minimum waiting time across the active miners in one round.

Hy Set of active miners in round r.

0i Power consumption rate of node i while mining.

E, Total energy consumed during one mining round r.

Sprop Characteristic block propagation delay.

T Target block interval of the protocol.
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Table 4. Notation for the global stochastic layer.

Symbol Meaning

U Size of the global UTXO population at time .

Qi(t) Workload or pending-transaction state of node 7 in time ¢.

Ci(t) Available computational capacity of node i in time ¢.

Crmax,i Maximum computational capacity of node i in time ¢.

g(t) Aggregate connectivity of the communication graph in time ¢.

P;i(t) Instantaneous power consumption of node i in time f.

Erot(T)  Total network energy consumed over the horizon [0, T].

Ai(t) Workload arrival rate at node i in time ¢.

) Latent mining intensity at node i (Bayesian layer, Section 6); distinct from
! Ai(1).

Y Jacobian eigenvalues of the workload-capacity subsystem (Section 8); distinct
& from A;(t).

. Second (Fiedler) eigenvalue of the graph Laplacian L; (Section 8.3.3); distinct
Fiedler  from A,(t) and Ait.

K; Service-rate parameter transforming capacity into workload processing.
Oi, Vi Capacity degradation and recovery coefficients.
Mg, Og Mean-reversion and volatility coefficients of aggregate connectivity.

The proposed model relies on three common assumptions. First, the PoW block
discovery process is a low probability event on a per-hash basis, and so Bernoulli hash
attempts are approximated by an exponential waiting-time model in continuous time.
Second, we assume the miners are conditionally independent within a given round of
competition. This leads to a tractable expression for the minimum stopping time. Third,
the global state variables are restricted to physically admissible domains: the workloads
and UTXO counts are non-negative, the computational capacities are bounded and the
aggregate connectivity is in [0, 1]. These assumptions are idealized but they are standard
and they provide a coherent basis for an interpretable and operational model.

Table 5 classifies the model’s assumptions according to their role: tractability assump-
tions are those whose relaxation would change the mathematical form of a key result, while
physical approximations are those that simplify the representation of the phenomenon but
whose relaxation is in principle feasible without restructuring the framework.

Table 5. Classification of model assumptions by role.

Assumption Type Consequence If Relaxed
i.i.d. Bernoulli hash attempts with . Without i.i.d., the waiting time does not converge to the exponential law and
o Tractability 1 . . o
probability p Proposition 1 requires a more general first-passage distribution
Independent exponential clocks - With dependencies, the round stopping time T* does not admit a closed-
Tractability . L ; e

T; ~ Exp(p;) form exponential minimum; the winner probability formula also changes

Homogeneous per-hash efficiency N With h_efcerogeneous efﬁcie.ncy, the expect.e(.:l round energy becomes e‘/. p
() Tractability where ¢ is the hash-rate-weighted mean efficiency (see extended Remark in

(pi = eoh;") Section 5)

Simultaneous mining events not captured by the Poisson argument inflate
the observed fork rate above the first-order prediction, as confirmed by
simulation (Figure 1)

First-order orphan-block approxi- Physical
mation Pyrphan = Sprop/T approximation

Without this reduction, the state vector requires tracking the full adja-

Aggregate connectivity scalar g(t) Physu:a.\l . cency matrix; the graph-Laplacian coupling in Section 8.3.3 provides a
approximation : .
partial extension
Diagonal diffusion matrix T Tractability Correlated noise across nodes would modify the covariance structure of total

energy (Section 7), requiring an off-diagonal diffusion term
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Block Propagation Time Distribution Tpqp Theoretical vs Measured Orphan Rate
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Figure 1. Propagation delay analysis. The figure supports the orphan-rate approximation (14) as
well as the relation between the propagation latency and the total energy waste. (a) Histogram with
X-axis: block propagation time Ty, [seconds] and Y-axis: frequency over runs [count], stratified by
10th, 50th and 90th percentiles; the 10p/50p mass near 0 s vs. a 90p tail reaching ~520 s shows that
the latency tail is driven by a minority of slow blocks. (b) Scatter with X-axis: theoretical orphan
rate Porphan = Sprop/ T [dimensionless probability] and Y-axis: measured orphan rate [dimensionless
probability]. All points above the perfect-match diagonal prove (14) under-predicts measured fork
rates. (c) Histogram with X-axis: stale blocks per run [blocks], Y-axis: frequency [count]; the range
20-41 points to strong stochastic run-to-run variability. (d) Scatter with X-axis: median propagation
time [seconds], Y-axis: average per-node energy E; [energy units]; positive trend proves propagation
latency is a primary driver of network-level energy overhead.

5. Multilevel Stochastic Formulation
5.1. Multilevel Interpretation

A public blockchain is not only a ledger but a temporally growing family of competing
propagation trees. Transactions and candidate blocks are introduced into the network,
propagate across the peer-to-peer overlay, and overlap until consensus collapses this
multiplicity into one accepted chain. This is a useful perspective because it helps to clarify
that energy is spent not only on the established history, but also on the maintenance of the
temporary forest of alternative trajectories of communication and validation out of which
that history emerges.

Our model thus identifies three coupled levels, illustrated in Figure 2. At the local level,
each node hashes, validates, stores and relays data. At the semi-global level, nodes interact
through block races, propagation and temporary inconsistencies. At the global level, an
external observer observes aggregated variables, e.g., throughput, stale blocks, workload,
connectivity, energy.
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Figure 2. Three coupled levels of the proposed framework. Local actions generate semi-global

competition, which accumulates into global state variables. Global congestion and capacity conditions
feed back into lower-level behavior.

5.2. Local Mining Dynamics
(r)

Let r be a mining round and £; ’ the hash rate of node ;. Each attempt succeeds if
the hash of the candidate block is less than the current target d, = 22°°~%, Under the usual
pseudorandomness assumption of SHA-256, the success probability of a single try is

p = Pr (SHA256(block) < d,) ~ 5z =27, 1)

If the node performs hl(r)

t attempts in a time interval of length ¢, then the probability of at
least one success is

Pr(T; <) =1— (1—p)"" @

For realistic difficulty values, p is notably small, while the number of trials is
large. The time to success under the standard rare-event approximation converges to
an exponential law:

T; ~Bxp(pi),  pi= hf”zﬂ- 3)

Equation (3) is the foundation of the local level framework. It keeps the attempt-level
logic of PoW but uses a compact continuous-time clock instead of a very large number
of Bernoulli trials. In other words, the description in terms of discrete-time Markov
chains is conceptually retained but the exponential approximation is used as the effective
analytical model.

This local representation shows already one important point about energy. The process
is even driven by a deliberately low success probability per-hash to keep the target block
interval, set by protocol difficulty, even without considering interaction with other nodes.
The protocol is partly secure because success is rare, but this rarity means that each miner
has to be active for long periods of time with no guarantee of payment. As mentioned
before, local energy expenditure is therefore inseparable from protocol design.

We obtain a local interpretation by modeling mining as a discrete-time Markov chain
in which each state corresponds to one more failed hash attempt and success is absorbing.
If X; is the number of attempts by node i until success, then

X; ~Geom(p),  E[X;] = . @)

If each trial takes about 1/ hl(r) seconds, then the corresponding waiting time is T; ~ X;/ hl(r).
(r)
i

converges to the exponential law (3). This is an important observation in the sense that it

In the rare event scaling where p — 0 while .’ p is kept finite, the geometric waiting time
shows that the continuous-time model is not an arbitrary simplification, it is the limiting
form of a discrete attempt-by-attempt delineation.

The discrete representation also makes clear the role of protocol difficulty. Since
E[X;] = 1/p, the effect of increased difficulty is not only to reduce the frequency of block
arrivals, but also to increase the expected number of hash attempts that fail before the next
successful one. These additional tries have real computational and energy costs. Difficulty
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therefore controls both the expected rate of block-generation and the amount of redundant
computation required per accepted block.

5.3. Semi-Global Competition and Propagation

Let H, be the active miners in round r. If each miner carries an independent exponen-
tial clock as in (3), then for node n;

T ~Exp(pi),  Toi~Exple), = ), p (5)
jeHA{}

Hence, the probability that node 7n; wins the race is

| o)
Pr(T, < T ;)= 1 — L )

Ui+ € Zje?—[, h](r)

The winning probability is therefore proportional to hash-rate share. The expected time
until the round is resolved is the expectation of the minimum clock,

1 1

E[T*] = - .
Liet: b pTien, h](. )

@)

At this semi-global level, the inefficiency of PoW is fully apparent. All active miners
consume energy until the first success, but only one block is accepted; the other part of
the expenditure is real although it is not in the canonical chain. The following proposition
captures the idea.

Proposition 1. Consider one mining round with active set H,. Suppose that each node n; € H,
mines continuously until the first valid block is found, with discovery time T; ~ Exp(u;) in-
dependently of the others. Let p; > 0 be the power consumption rate of node n; while mining,
and let
T" =minT;. 8
minT; ®)

Then, the expected total energy consumed in the round is

YieH, Pi
E|E,| = =———. 9
[E:] Yic, Hi ©)

If each hash attempt costs a constant amount of energy ey and node n; hashes at rate hfr), so that

() (r)

p; = eoh;’ and p; = h;"’p, then

E[E,] = %0 = ep2~. (10)

Therefore, assuming homogeneous per-hash efficiency, the expected energy of a PoW round depends
on the difficulty and the per-hash hardware efficiency, but not on how the total hash power is
distributed among miners.

Proof. Because the minimum of independent exponential random variables is itself expo-
nential with rate } ;4 #;, we have

E[T"] = — !

- 11
YicH, i )
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During the interval [0, T*], all active nodes consume energy at their respective rates, so
i€Hy

()

i

Taking expectations proves (9). Substituting p; = eph.”’ and y; = hl(r)p gives (10). O

Remark 1. Equation (10) determines a clean analytical regime. Changing the distribution of hash
power among miners changes the winners and losers, but does not change the expected round-
level energy as long as the per-hash efficiency is homogeneous. This distinction is useful because
discussions of blockchain energy often merge the distribution of rewards with the distribution

of expenditures.

If the efficiency is heterogeneous, e.g., if newer generations of ASICs co-exist with
older hardware at different ] /hash ratios, the derivation has to be adapted. Let e; be the

energy cost per-hash of node i. Then, p; = eihfr) and y; = hfr) p. Then, the expected round
energy is
. . h(r) 5
E[E,] = Zleﬂrie’(rl) — E, (13)
Tiew Ii'p P

wheree =) eihfr) /Y h](r) is the hash-rate-weighted average of the per-hash efficiency of
the active miners. Thus, the expected energy per round is &/ p for heterogeneous efficiency,
with the effective efficiency determined by the composition of the active mining pool and
not any particular node. That is, if total hash power is held constant, expected round energy
increases when efficient hardware is replaced with inefficient hardware at the margin—a
result that has direct policy relevance. For the homogeneous case ¢; = ¢ for all i, we
recover Equation (10).

Communication and synchronization also take place on the semi-global level. Let dprop
be a representative block propagation time and 7 the desired block time. The probability
for stale blocks is given by a first-order approximation:

6
P orphan ~ P;OP . (14)

The expression is obtained as follows. Consider blocks which are placed according to
a Poisson process with rate 1/7 and propagation takes a constant time éprop. A block
is stale if another valid block is found and accepted by the network before the first one
has finished propagating, i.e., in the time window [0, dprop]. The probability of at least
one additional discovery in that window is 1 — ¢ %rop/ T For dprop K T, the first-order
Taylor expansion gives Porphan ~ Jprop/ T, which is Equation (14). This approximation
is the leading order term of an empirical formula used by Decker and Wattenhofer [9].
The above ratio approaches 1 as dprop — T and the first-order approximation becomes
inaccurate. In this case, the full expression Porphan = 1 — e~%rp/T should be used. For fixed
Oprop, a8 T — 0% the ratio Oprop/ T — 00, a regime where new blocks are produced faster
than the network can propagate them, i.e., an unstable limit not considered in this model.
The simulation results shown in Figure 1b confirm that the first-order approximation
underestimates the observed fork rate, as expected due to the existence of simultaneous
mining events that the Poisson argument cannot account for. The Equation (14) is a simple
one, but it illustrates the main idea: with the slowing down of the propagation process with
respect to the production of blocks, more work is performed on blocks that will eventually
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be orphaned. In terms of energy, communication latency converts local mining effort into
globally wasted computation.

The proposition above also contains a useful decomposition into winner and loser
expenditure. If node i wins the round, the winner’s energy is Eyin ; = p;T* and the energy
used by the unsuccessful miners is Ejqge; = YitiP ;jT*. Therefore,

Pi

Ljer,\{i} O
Yien, Hj '

15
Yjen, Hj (15)

IE:'[Ewin,i | i wins] = IF4‘[Elose,i | i Wins] =
This split makes the inefficiency of PoW explicit: most of the energy expenditure goes
to nodes whose work is not included in the final accepted block, even for rounds that
end without issue. It is not the unsuccessful players that differ from round to round, but
the winner.

Another consequence of the exponential-race picture is that the semi-global layer is
sensitive to heterogeneity. Heterogeneity in hash power alters the probability of a given
node winning, but does not alter expected round-level energy when per-hash efficiency is
homogeneous. Heterogenous hardware efficiency, however, changes both the probability of
success and the energetic meaning of a given amount of hash power. This is an important
distinction for the empirical calibration stage discussed in the Calibration Strategy and
Limitations sections, as real blockchain networks are neither hardware-homogeneous nor
compositionally static.

The quantities obtained above are defined at the level of a single mining round: a
discrete event of random duration (T*), one winner and a fixed set of losers. The global
layer is a result of the continuous accumulation of rounds over time. Blocks are generated
with an aggregate rate (¥, #i(t)). The total expenditure is the sum of the energy cost
of each round. The workload (Q;) is the sum of the batches of transactions arriving in the
interval and the available capacity (C;) is reduced by the ongoing hashing activity. The
passage from the semi-global to the global description is not a statistical aggregation, but a
time integration. A discrete sequence of competitive races generates continuously evolving
state variables whose dynamics must be followed across rounds, rather than within a
single round.

5.4. Global State Dynamics

This accumulation process is formalized by the global layer. It is not a single race but
a continuous evolution of the workload, capacity, connectivity, and power consumption in
each round. The state vector

X = [Up, Qu(t),-, QN (1), Ci(b),.., Cn (1), g(D)] (16)

where the components are defined in Table 4. This state representation is then utilized to
encode the cross-scale feedbacks shaping aggregate energy dynamics via the joint effects of
workload, capacity and connectivity.

The functional forms for the drift and diffusion terms are chosen according to three
criteria, namely physical boundary consistency, empirical similarity to existing stochastic
models in related fields and analytical tractability. The square-root diffusion cv/X; on the
UTXO population, workload and connectivity processes is the standard Cox-Ingersoll-
Ross (CIR) form [35], which is the canonical model for non-negative processes where the
variance increases with the level. The SDE drift, A;(¢) — x;C;(t), has linear birth-death form,
encoding the M/M/1-type queue with state-dependent service rate, directly analogous to
the queueing models of Kasahara and Kawahara [30] adapted for continuous time. The
capacity degradation term —8;Q;(#) + 7i(Cmax; — Ci(t)) is meant to reflect the intuition
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that persistent load degrades effective capacity, and idle times allow recovery towards
the hardware ceiling, in the spirit of reliability and wear models in operations research.
The diffusion factor 1/C;(t)(Cmax,; — Ci(t)) is the usual Wright-Fisher type for bounded
variables in [0, Cpax i), which guarantees the disappearance of the volatility at both edges.

In Section 9, these forms are partially calibrated empirically, using the results from the
VIBES simulation, where the workload-capacity regression gives £ = 14.19 and the analysis
of capacity change rate gives § = 0.000729 and § ~ —0.00419.

The UTXO population evolves according to creation and consumption,

au; = [/\create(t) - ,uconsume(t)] dt + UU\/Ut qu(t). (17)

The square-root diffusion is used, since the volatility must vanish at the natural boundary
U; = 0. The amount of work at node i is denoted by

dQi(t) = [Ai(t) — kiCi(t)]dt + 0/ Qi(t) dWq,i(t),  Qi(t) >0, (18)

which models a stochastic queue where arrivals increase the workload and service capacity
decreases the workload. The computational capacity available is

dCi(t) = [ = 6;Qi(t) + vi(Cmax,i — Ci(t))]dt + o \/Ci(t)<cmax,i = Ci(t))dWc,(t). (19)

Equation (19) formalizes the notion of effective capacity workload degradation, and of
recovery during idle times, towards the hardware maximum C,y ;.
The local and global layers are coupled through the capacity-to-hash-rate relation

(1) = o e, pt) = p(O(0). 0

max,i

Global congestion feeds back directly to local mining intensity. A heavily loaded node is
not only validating and relaying more data, it is also less efficient at mining.

To avoid the necessity of taking the entire adjacency matrix as a state variable, the
communication layer is summarized as the following aggregate connectivity process,

dg(t) = ng(g(t) — g(t))dt + o /g(t) (1 — g(t)) dWq (), (21)

where §(t) is the instantaneous target connectivity implied by the current network state.
This reduced-form representation is sufficient for the present purpose in that it permits
communication quality to respond to congestion and recovery, without introducing a
high-dimensional graph process in the main equations.

Instantaneous node power is represented by

dP;(t) = [Poase,i T comp,iQi(t) + tcomm,ig (t) — kiPi(t)]dt +0pi(Qi(t), Pi(t)) dWp,(t), (22)

so power contains a baseline term, a workload component, a communication component
and a mean-reverting tendency. Total network energy over a horizon [0, T] is then

N T
Fra(T) = Y [ Pi(t)d. (23)
i=17/0

Collecting the state variables gives the compact form

dXy = p(Xs, t)dt + (X, t)dW,. (24)
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The election of the model in (24) is not just notational. It states explicitly that blockchain
energy is state-dependent. The interplay of queue growth, capacity depletion and reduced
connectivity have an effect on each other and changes the success probability and instanta-
neous energetic cost of participation. The model is thus more complete than a description
of fixed cost per block, but still compact enough to be simulated or calibrated.

The physically admissible state space is

Dx ={X;:U; >0, Qi(t) >0, 0< Ci(t) < Craxiy 0< g(1) <1, i=1,...,N}. (25

The square-root diffusion factors were deliberately set to zero at the boundaries of this
domain. So, when the process hits a physical boundary, it is not kicked out of the admissible
set by random fluctuations straightaway. For example, the volatility vanishes at Q;(¢) =0,
U; = 0, and when g(t) is at the end points 0 or 1. Similar arguments apply to the capacity
term by the factor /C;(t)(Cax; — Ci(t))-

Boundary compatibility is not sufficient, the drift must point inward at the boundaries.

In the present context, it suffices to require

Ai(t) —x;Ci(t) > 0when Q;(t) =0,  —6;Qi(t) + 7i(Cmax,i — Ci(t)) > 0 when C;(t) =0, (26)

with corresponding upper-bound conditions at C;(t) = Cpax; and g(t) = 1. These in-
ward pointing conditions are standard for diffusion models on constrained domains, and
provide a physically meaningful interpretation to the global system: workloads do not
become negative, capacity does not exceed hardware limits and connectivity remains a
valid fraction.

The global layer can be interpreted as a coupling diagram. Capacity is the effective
hash rate. Effective hash rate is the local intensity. Local intensities are the semi-global race.
The semi-global race feeds back into workload, propagation and power. Symbolically,

Ci(t) — hi(t) — u;(t) — Pr(win) — E, — E1ot(T). (27)

This direction of dependence is important because it shows what kind of interventions
the model is able to study. A change in workload management, hardware efficiency or
communication quality is not just a perturbation of a final energy number, but a change of
a whole chain of dependent variables.

5.5. Equilibrium and Stationary Behavior

Here, we address the question of existence of stationary solutions or invariant proba-
bility distributions for the global SDE system at two levels: deterministic equilibria and
stochastic stationarity.

At the deterministic level, the drift equations have an interior equilibrium, which is
obtained by setting all drift terms to zero simultaneously. For the workload-capacity subsys-
tem of node i, the equilibrium pair (Q}, C7) satisfies A; = x;C; and 6;QF = 7;(Cmax,i — C/),
which leads to

Ci = K%l Qi = }(Cmax,i - KZ) . (28)
i i i

This equilibrium is physically admissible if A;/x; < Cpax i, i.e., when the arrival rate is not
greater than the maximum service capacity. As shown in Section 8, the eigenvalues A; +
have strictly negative real parts for ¢; > 0,x;6; > 0, and therefore the Jacobian analysis
confirms that this equilibrium is locally asymptotically stable. This prediction is supported
by the simulation results shown in Figure 3, where we see that even though the nodes
are mostly in a capacity-depleted regime, they do not drift indefinitely to the boundary
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but cluster around C; = 0.212, indicating the presence of an attractor in the interior of the
state space.

Capacity vs Workload
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Figure 3. Workload capacity dynamics. The figure tests the equilibrium prediction C; = Cyuax —
(6/7)Q; implicit in the drift of (19). (a) Scatter with X-axis: workload Q;(#) [transactions] and Y-axis:
computational capacity C;(t) [normalized € [0, 1]]; confirmed predicted inverse relation with Pearson
correlation r = —0.620. (b) Histogram X-axis: capacity C;(¢) [normalized € [0,1]] Y-axis: number
of observations [count] The bimodal profile (mean = 0.212, ~480 obs. near 0, secondary cluster
near 1) suggests that the nodes are predominantly operating in a capacity-depleted regime. (c) Box
plots of. Y-axis: capacity C;(t) [normalized]. X-axis: run identifier (N = {10, 25, 50, 100} /rk). The
dependence of dispersion across runs on N is non-monotone and run dependent. (d) Plot with
X-axis: theoretical equilibrium C; = Cyax — (6/7)Q; [normalized]; Y-axis: measured capacity C;(t)
[normalized]. The RMSE = 0.1147 around the identity line quantifies the agreement between the data
and the equilibrium prediction.

Standard results for diffusions on bounded domain with inward pointing drift at
the boundary and non-degenerate diffusion in the interior guarantee the existence of a
stationary distribution for the global SDE system at the stochastic level. The square-root
diffusion coefficients chosen in the above SDEs satisfy the following conditions: they are
zero at the boundaries of Dy, so that the process stays in the admissible set, and inward-
pointing drift conditions as stated in the admissibility constraints of Section 4 are satisfied
by construction. One can show that under these regularity conditions the Fokker-Planck
equation corresponding to the global SDE has a stationary solution 7(x) which satisfies
L*1t =0, where L* is the adjoint of the infinitesimal generator. We defer characterization
of this stationary distribution in closed form to future work, as it is an open problem for
the full nonlinear system; however, the numerical evidence from the VIBES simulations is
consistent with the existence of a well-defined stationary regime.
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5.6. Inference and Control Extensions

The core framework is extended with two optional modules. The first is a Bayesian
layer to infer latent mining intensity from local observations. Instead of assuming the node
knows its effective rate y;(t) exactly, the node maintains a posterior distribution that is
updated from short-window event counts, noisy hash-rate measurements or recent success
indicators. This leaves epistemic uncertainty and allows the local competition model to be
compatible with imperfect information.

A simple conjugate specification puts a Gamma prior on a latent effective intensity
¢; (distinct from the workload arrival rate A;(t) in the SDE drift) and Poisson distributed
short-window event counts. If

¢; ~ Gamma(ag, by), Y | ¢i ~ Poisson(¢;At), m=1,..., M, (29)

then the posterior remains Gamma,

M
4 | Y;1.m ~ Gamma (610 + Z Yim, bo + MAl’). (30)

m=1

This kind of layer is useful since it separates the intrinsic protocol randomness and the
uncertainty about the node’s own effective state. In practice, a node cannot tell if the lower
observed success is due to bad luck, lower capacity or increased competition. In such a case,
a posterior distribution contains more information than a point estimate when decisions
are to be made.

The second is a Markov Decision Process (MDP) that models operational choices such
as mining at full intensity, throttling participation, prioritization of validation, relaying a
newly received block or staying idle for a while. s is a node-observable state and a is an
admissible action. The energy-aware policy can be summarized using the Bellman equation

V*(s) = main{c(s,a) + ')/Z/:P(s’ | s,a)V*(s')}, (31)

where c(s, 2) penalizes the use of electricity, latency and stale-work risk [36]. The Bayesian
part plays a direct supporting role in the framework: the posterior mean E[¢; | Y;1.p]
provides the estimate of effective mining intensity f;(t) that feeds the local exponential
clock and the MDP state. However, the MDP formulation is a modular extension, which
demonstrates the architectural completeness of the framework. Its practical contribution
is conceptual: it demonstrates that the stochastic model developed at the local and global
level offers a natural context in which energy-aware decision rules for individual miners
can be formulated and studied. We include below the Bellman equation and the action
set only to show that the framework can support such analysis in future work, and not
to derive an optimal policy in the present paper. The main analytical results of this paper
require no extension.
To make the MDP interpretation concrete, the local observable state is defined as

st = (Qi(t), Ci(1), (1), (1), xt), (32)

where f1;(t) is the current estimate of mining intensity and x; encodes protocol events such
as receipt of a competing block or successful local propagation. A natural action set is

A= {amirw/ Athrottles Avalidates Arelay Fidle } (33)
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The importance of this extension is conceptual: it shows that the framework does not
have to be restricted to passive measurement. It can also be used to study energy-aware
participation rules, where a node adjusts its behavior when its workload is high, its capacity
is exhausted or its posterior probability of success is too low to justify full-intensity mining.

6. Statistical and Decision Layer
6.1. Bayesian Estimation of Mining Intensity

The competition model is built on a local intensity y;(t) which is not directly observable
in practice. Each node has access to noisy proxies of its own state, e.g., recent counts of
events, internal performance measures, and delayed information about whether a locally
mined block was propagated successfully. Thus, it is natural to have a Bayesian layer, as it
regards mining capability as a latent variable, not as a fixed value given from outside.

Let ¢; be the latent effective mining intensity of node i in a short calibration window
(different from the workload arrival rate A;(t) in the SDE drift). For a simple conjugate
model the prior is

4; ~ Gamma(ag, by), (34)

and assumes short-window event counts satisfy

Yim | £i ~ Poisson({;At), m=1,...,M. (35)
The posterior is then
M
i | Yi1.m ~ Gamma (ao + Z Yim, bo+ MAt), (36)
m=1
with posterior mean y
[l ] Yia) = D Srettin @)

Then, the posterior mean can be used in the local exponential clock or, more conserva-
tively, the whole posterior distribution can be propagated through the semi-global model.
The latter is attractive because it disentangles two sources of randomness that are often
conflated in informal discussions: the randomness of mining itself, and the uncertainty a
node has about its own effective condition.

The same logic applies to applications in which the node observes noisy hash-rate or
performance signals (instead of discrete event counts). The actual probability will vary,
but the point of modeling does not. The Bayesian layer takes noisy operational data and
produces a probabilistic estimate of the intensity of success, bridging the local hardware
uncertainty to the higher-level race model.

6.2. Operational MDP Formulation

The MDP layer describes choice. The Bayesian layer estimates capability. The impor-
tant thing is that a miner cannot control the outcome of consensus, but it can control how
aggressively it plays at a specific point in time. That is a key difference. The PoW winner is
random, but the cost of participation in terms of energy consumed is highly dependent on
the operational choices made before the winner is known.

The local state is written as in (32), where Q;(t) and C;(t) summarize local burden and
available capability, g(#) summarizes communication quality, 1;() is the current posterior
estimate of success intensity and ); records discrete protocol events such as receipt of
a competing block or local block acceptance. A minimal set of actions is summarized
in Table 6.
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Table 6. Illustrative action space for the node-level MDP.
Action  Operational Meaning
Amine Commit available capacity to full-intensity mining on the current candidate block.

Arottle  Continue mining at reduced intensity to limit expected energy expenditure.

Ayalidate  Prioritize transaction or block verification over aggressive mining.

Arelay Prioritize propagation of newly received valid data to neighbors.

Aidle Remain online but temporarily abstain from energy-intensive participation.

The one-step cost can be decomposed as

C(S/ ﬂ) = wlcenergy(sl a) + wZClatency(S/ ﬂ) + W3Cstale (S' El) — W4Treward (S/ Ll), (38)

where the weights correspond to the miners’ preferences and the terms correspond to
the electricity consumption, delay, stale-work risk and expected protocol reward. In this
interpretation the Bellman equation is not only an add-on formal. It raises a meaning-
ful research question: when a rational node should keep spending energy and when it
should drop out due to too low expected return as compared to the current workload and
propagation conditions?

The transition probabilities in the MDP are induced from the stochastic model, and
not independently selected. The transitions due to mining are driven by the exponential
race intensities, the transitions due to workload are dictated by the queue dynamics
in (18), and the transitions due to propagation are dictated by the communication state
summarized by g(t). Which is why the MDP is naturally in the framework and not out
of the framework. It is a decision layer on top of the same stochastic environment which
returns total energy consumption.

7. Global Energy Implications
7.1. Expected Total Energy and Uncertainty

The global model in (24) admits a direct interpretation on the level of expectations.
Since total energy is the time integral of stochastic power we have

E[Ert(T)] = E

N T N T
)3 A Pl-(t)dt] -1 JRIOED (39)

under the usual integrability conditions. This identity is simple, but it is important:
the randomness of energy comes from the randomness of power, not from some addi-
tional stochastic term artificially introduced into energy itself. The model remains thus
physically interpretable.

An equally important quantity is uncertainty. A variance decomposition gives

N T T
Var (Eror(T)) = Z/O Var(Pi(t))dt+22/O Cov(Pi(t), (1)) dt. (40)
i=1

i<j

The first term captures node-level variation in power consumption and the second captures
co-movement across nodes driven by synchronization and common shocks. This distinction
matters because blockchain networks are not a set of independent miners and are not per-
fectly synchronized systems. Correlated propagation events, workload bursts, and shared
difficulty adjustments create covariance in energy use even with heterogeneous hardware.
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7.2. Operating Regimes

The global model also suggests a useful classification of node operating regimes.
Define the dimensionless ratio

6iQi(t)
7i(cmax,i - Ci(t)) + e’

Ri(t) = e>0. (41)
If R;(f) < 1, recovery dominates degradation and the node is in a capacity-restoring regime. If
R;(t) = 1, then roughly the degradation and recovery are balanced. If R;(t) > 1, degradation
caused by workload is dominant and the node enters a capacity-depletion regime.

This ratio is not an extra law of the model, it is an interpretative summary of (19). It has
a practical value. It offers a compact way to connect simulation observations to analytical
structure. When simulations show that nodes spend long periods near low capacity while
workload is high, the implication is not just descriptive. This means that the system spends
time in a region of state space where degradation dominates recovery and where local
mining effectiveness should systematically deteriorate.

7.3. Calibration Strategy

The calibration strategy is the manner in which the model parameters are estimated
and constrained by empirical observations. It is useful to relate the stochastic formulation
to physically interpretable quantities, and to ensure that the simulated results are internally
consistent, and also quantitatively plausible at network scale. The model provides a
description of mechanisms without calibration, but no credible numerical claims of absolute
energy demand.

In order to enable physical calibration, each parameter of the model has to map to some
observable or inferable quantity. The local success probability and the mining intensity
are based on data about hash-rate and difficulty, dprop and the behavior of g(t) are based
on measurements of propagation, the relation between hash rate and power is based on
hardware efficiency curves and the aggregate scale at which the model should operate
is based on public blockchain data such as that maintained by the Cambridge Centre for
Alternative Finance [7].

In practice, this means calibrating each stochastic component to its observable counter-
part, and jointly validating the model with respect to macro constraints (e.g., total demand
range, stale-block share and block-interval behavior). This implies that calibration is a
test of consistency across scales rather than a single fit to aggregate consumption. Specifi-
cally, the CCAF dataset [7] provides series of block timestamps, difficulty adjustment and
estimated hash-rate that can be used to calibrate A, p(t) and 7 at local and semi-global
level. The stale share statistics published by the pool and the propagation measurements
of Decker and Wattenhofer [9] can be used to calibrate dprop and Equation (14) can be vali-
dated. We take ey and power baseline P, ; from hardware J.hash curves for representative
ASIC generations, with PUE corrections. A calibrated model should match known macro
aggregates within measurable confidence intervals, such as annual TWh bands consistent
with CCAF estimates, stale-block fractions close to 1-2 and the difficulty-adjusted block
interval of about 10 min. This calibration exercise is explicitly stated to be the main direction
for future work, and it is the bridge between the structural analytical framework presented
here and quantitative empirical claims.

In the next section, we perform this consistency check explicitly writing the global
dynamics in matrix form and deriving the corresponding sensitivity structure. The energy
implications derived above (expected total expenditure, variance decomposition and op-
erating regimes) are expressed in terms of the stochastic state variables X;. The structure
of the dynamical system itself must be characterized in order to understand how these
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quantities change with change of initial conditions or model parameters. In the next section,
we rewrite the global SDE in matrix form, derive its Jacobian and stability properties and
structure the roles of the parameters so that sensitivity analysis and empirical calibration
are feasible.

8. Structural View of the Global Model

This section bridges the previous stochastic formulation with the validation analyses
developed further in the manuscript. The multilevel dynamics are set in Section 5, and
their energetic and calibration implications are derived in Section 7. The present section
re-expresses the same dynamics in structural form to characterize the coupling patterns,
identify the dominant sensitivities and organize the roles played by parameters for stability
analysis and empirical calibration.

8.1. Matrix Representation

The compact expression in (24) is interpreted as a state vector of dimension (2N +2) x 1
consisting of one UTXO coordinate, N workload coordinates, N capacity coordinates and one
aggregate-connectivity coordinate. In block form,

U
x, = | & Qtz[Q1(f) QN(t)r, Ctz[cl(t) cN(t)r. (42)
8()

The drift vector captures deterministic tendencies in creation-consumption balance, work-
load processing, capacity degradation and recovery and connectivity adaptation. In the
present approximation, the diffusion matrix is diagonal since each coarse variable is driven
by its own stochastic source. This is not to say that the variables are uncoupled. The
coupling is in the drift, in the state dependence of the diffusion coefficients and in the fact
that the same state vector determines local intensities as well as global power.

This matrix view is useful for at least three reasons. First, it shows how much of the
model complexity is due to the number of nodes, and how much is due to the number
of mechanisms. Second, it clarifies that the global model is not an unrelated add-on but
a coarse-grained closure of lower level phenomena. Third, it provides a natural starting
point for stability, sensitivity and calibration analyses.

8.2. Jacobian and Sensitivity Interpretation

If one linearizes the drift around an operating point, then the leading structural features
are already informative. The workload decreases with capacity via —«;C;(t) . Hence, the

diagonal sensitivity gg’ is negative. The term —4;Q;(t) reduces the capacity with workload;

therefore, % is also negative. Recovery provides a stabilizing term —;C;(t) relative to
Crax,i- Aggregate connectivity mean-reverts at rate —7, to its target. Hence, a stylized

Jacobian has the qualitative block structure

0 0 0 0

0 0 —diag(x;) 0
X) ~ 4
O~ 10 _diag(s) —diagr) 0 )

The stars indicate indirect dependence through target connectivity and through global
coupling terms left out in the coarse approximation.
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This representation is not a proof for stability but shows which parameters are most

important for the local operating behavior. Large service coefficients x; reduce the workload,

large degradation coefficients ¢; increase the energetic danger of overload, large recov-

ery coefficients y; reduce the time spent in low-capacity regimes and large 7, decreases

the persistence of communication mismatch. Or in other words, the model finds levers,

not variables.

8.3. Parameter Roles and Empirical Meaning

Since this is a multilevel model, parameters should not be interpreted as isolated

constants but in context of their location within the architecture. This perspective is

summarized in Table 7.

Table 7. Interpretation of key parameter groups.

Parameter Group

Interpretation

Empirical Source

P, hl(r)r ,ui

Difficulty-governed local min-
ing success and hash capability

Hash-rate records, difficulty
data, hardware benchmarks

5propr T, g(t)

Communication quality, syn-
chronization speed, and stale-
work exposure

Propagation measurements,
topology studies, peer-to-
peer traces

/\il Ki, 51‘1 Yi

Workload service, degrada-
tion, and recovery at the
node level

Node logs, simulator traces,
controlled performance experi-
ments

Pbase,i/ “comp,ir Xcomm,i

Power baseline and sensitivity
to computation and communi-
cation

Hardware power profiles, fa-
cility measurements, labora-
tory calibration

The structure of the Jacobian matrix J can be interpreted as follows:

1.  Upper-left block: Decoupled global dynamics

The upper-left block consists entirely of zeros, indicating that global UTXO dynamics

are independent of local miner states. Specifically,

oUyrxo —0
aC; !

MUurxo _
2Q;

(44)

This means UTXO creation and consumption is performed at the network level,

regardless of individual miner workload or capacity. So, changing the hash rate of

one miner does not directly impact the global UTXO creation rate.

2. Diagonal blocks: Stabilizing negative feedback

The diagonal blocks contain negative feedback terms that promote system stability:

* ggl = —6; < 0: increased workload degrades effective capacity.
<l
¢ 3% = —x; < 0: increased capacity reduces workload accumulation.
i
oC;
* 878 = —7; < 0: self-regulation toward maximum capacity.

The term —; ensures convergence toward equilibrium. When C; < Cpy,y i, the

contribution

’)/i(cmax,i - Ci) >0

drives capacity growth, whereas for C; > Cp,y ; it induces decay.
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3. Lower block: Network topology coupling
Local miner states influence the global network topology through connection proba-
bilities. Specifically,
Ipij Qj
= — —ad; . 4
aQi P() exp( adl]) ’BClC] < 0 ( 5)

An increase in local workload Q; reduces the probability of forming or maintaining
connections, establishing a bidirectional coupling between local dynamics and global
network structure.

8.3.1. Stability Analysis

The stability is determined by looking at the eigenvalues of J at equilibrium. The
system is asymptotically stable if and only if Re(A; 1) < 0 for all eigenvalues A; 1 (note:
A + are the Jacobian eigenvalues, and are different from the workload arrival rate A;(t) in
the SDE drift).

Since J is block-diagonal, approximate eigenvalues can be computed from the
workload-capacity subsystem:

0 —K;i
(46)
l&‘ 'Yi‘|
The characteristic equation yields:
—i £/ 77 — 4Ki6;
Aig = 5 (47)

Stability conditions impose 7; > 0 and «;6; > 0. The parameter ; > 0 is the capacity
recovery rate, and «;, §; > 0 are the negative feedback between workload and capacity.
The relaxation time is the timescale over which the system relaxes back into equilib-
rium after a perturbation and is given by:
1 2

== (48)

T = —
©Re(Ai )] i

This equation is derived assuming that the system is working in the overdamped
regime ,),iz > 4x;6;, such that the square root in A; ; is dominated by <; and the slower
eigenvalue verifies |[Re(A; )| ~ 7;/2. There are three cases: (i) overdamped (y? > 4x;6;):
eigenvalues are real and distinct; the formula is a leading order approximation. (ii) critically
damped (’yi2 = 4x;0;): eigenvalues coincide and formula is exact with algebraic corrections.

(iii) underdamped (’yiz < 4x;6;): the eigenvalues are complex conjugates with real part —v;/2;

the formula 7; = 2/1; is exact and the response oscillates with frequency 4/4x;0; — ’yiz /2.
If 7; = 0.05 (which corresponds to a recovery rate of 5% per time unit) then 7; = 20 time
units, which means that it takes about 20 time units for the system to reach stability after
a disturbance.

8.3.2. Noise Covariance Matrix

The time-dependent diffusion matrix is:
D(t) = E(Xy, )ZT (X, t) (49)
Since I is diagonal:

D(t) = diag(crxoUurxo(t), 051Q1(t), - -, 05 NQN(E),

(50)
2 2
OE 1, O‘C’N)
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Key properties include:

1. D(t) > 0for X;(t) > 0 (positive semidefiniteness).

2. Noise variance scales with state magnitude (larger UTXOs or workloads induce
greater variability).

3. Time-varying volatility (heteroscedasticity).

The condition number quantifies the sensitivity of a system to perturbations (note:
here x(ID) denotes the matrix condition number, not the service-rate parameter x; used in
the SDE drift):

Amax(D)  maxi{o?X; ()}
/\min(D) a mini{U’iZXi(t)}

k(D) = 1)

A large condition number k(D) > 1 means a stiff system which requires special
numerical methods. For instance, if 077y, Uurxo ~ 10° and (7(2:/1. ~ 101, then k(D) ~ 10°,
which is in principle a very stiff system.

Global model is formulated as a coupled stochastic system, but the VIBES simulator
is built as a discrete-event actor system (Scala/Akka) instead of a monolithic time-marching
solver for the whole SDE. This architectural choice almost entirely eliminates the classical
global ODE/SDE stiffness at the level of the simulation engine: each actor evolves indepen-
dently, taking care of events and the coordinator advances time by ordering events, not by
integrating a shared state vector at fixed steps.

The only continuously integrated state variable is the computational capacity at
node C;(t) which is updated at event times with a forward Euler step of At equal to
the difference in timestamp between the two events and a projection onto the bounded
interval [Cmin, Cmax] to preserve positivity and avoid numerical blow-up:

Ci(t + At) A CliP(Ci(t) + [_éiQi(t) + ’Yi(cmax,i - Cl(t))} At, Crin, Cmax,i)- (52)

We also need positive recovery and degradation coefficients (y;, §; > 0), process events in
strictly increasing timestamp order in the coordinator and a static-capacity ablation mode in
which C;(t) is held constant, a baseline to check that dynamic capacity coupling does not
bring numerical artifacts.

In the simulations reported here, we did not observe any boundary violations and the
effective condition number was less than 10 in all experimental configurations, confirming
that the discrete-event architecture preserves good conditioning of the numerical integration
in the parameter ranges explored.

Remark 2. The parameters 6; and -y; that control capacity degradation and recovery are hard-coded
in the simulator backend and not exposed through the HTTP API. Therefore, the sensitivity results
in Table 8 refer to the nominal values included in the implementation. The API endpoint gives a
concrete engineering task for future calibration experiments to expose these parameters.

Table 8. OLS regression Q; ~ A — & C; per network configuration. RESET: Ramsey RESET p-value for
second-order non-linearity.

n N A & R? p(F) RESET p
10 729 13.196 12.169 0.482 <0.001 0.002
25 219 13.564 12.536 0.510 <0.001 0.006
50 759 13.620 13.153 0.445 <0.001 0.001
100 671 13.906 13.398 0.491 <0.001 0.005
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8.3.3. Graph-Mediated Coupling

The stochastic adjacency matrix Ay = (a;j(t))nxn, Where a;;(t) ~ Bernoulli(p;;(t)),
induces the graph Laplacian:

Ly = ]Dclegree — Ay, ID>degree Zal] (53)

Properties of LL; include:

1. DPositive semidefiniteness: L; = 0.

Trivial eigenvalue: A; = 0 with eigenvector 1 = (1,...,1)T.
3. Spectral gap: Apiedier > 0 (algebraic connectivity).

The second eigenvalue Agieqier (Fiedler eigenvalue) measures connectivity of the net-
work: a large Agjedler cOrresponds to a well-connected network where information propa-
gates fast, while a small Apjeqier cOrresponds to a fragmented network where propagation
is slow. The mixing time of gossip-based information dissemination scales as:

1
tmix ~~ Ai log N (54)
Fiedler

Since p;j(t) = poexp(—ad;;) (1 %g’) we have:

30, = P exp(_“dij)ﬁciéj <0 (55)

Hence, increasing workload increases connectivity, which decreases Apjegier and in-
creases mixing time.

8.3.4. Sensitivity Analysis

The sensitivity matrix S(t) = g?é' characterizes the dependence of future states on

initial conditions. Its temporal evolution is described by:

oS

S = I S(1) (56)

The Frobenius norm [|S(t) | = /¥, Slzj(t) measures the sensitivity. If [|S(t)||p — 0
then the system forgets initial conditions exponentially (stability); if ||S(¢)||p — co then the
system amplifies perturbations (instability).

For systems with negative eigenvalues, we have ||S(t)||r ~ e with Amax < O,
which results in an exponential decay and verifies the asymptotic stability.

9. Simulation Results

We performed preliminary simulations using VIBES (described in Section 9.1), a
configurable simulator for blockchain in large-scale peer-to-peer networks to validate and
demonstrate the applicability of the proposed theoretical framework. The experimental
methodology and preliminary results are described in this section.

In this section, the terms structural validation and calibration are used with different
meanings. Structural validation involves testing whether the simulator reproduces the
qualitative and semi-quantitative relationships predicted by the analytical model (e.g.,
whether total energy scales linearly with network size, or whether propagation delay is
correlated with stale-block rate). Calibration (i.e., the process of estimating the model
parameters based on empirical data to obtain quantitatively accurate and physically inter-
pretable model outputs, e.g., reproducing the annual TWh consumption range reported by
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CCAF within a specified confidence interval) is an essential step in the modeling process.
The aim of the present section is to perform a structural validation. Quantitative calibration
to real Bitcoin data is left for future work.

In particular, we use the simulations to validate the following model elements: (i) the
round-level PoW energy dynamics from (9) and (10); (ii) propagation delay effects on stale
work from (14); (iii) workload-capacity coupling from (18) and (19); (iv) the aggregation
of node-level power to network energy from (23) under the state-space dynamics of (24);
and (v) the UTXO decoupling condition in (44). The objective of this section is therefore to
obtain internal consistency between theory and simulation before moving on to full scale
empirical calibration.

9.1. Simulation Methodology

We performed a set of experiments to analyze the scaling behavior of the energy
consumption for different network configurations. The experimental setup uses an au-
tomated Python 3.9.6-based orchestration system that executes multiple simulation runs
with different parameters and exports the results in structured CSV and JSON formats for
statistical analysis.

9.1.1. Experimental Design
The simulation experiments were organized along three major axes of investigation:

1. Network Scalability: We change the number of nodes N € {10, 25,50,100}, but leave
the throughput and network parameters unchanged to see how the total and per-node
energy consumption scales with network size.

2. PoW Mining Dynamics: Analysis of round-level competition data to quantify the
energy spent by winners and losers, mining concentration among nodes and energy
progress in mining rounds.

3. Network Latency: Study the effect of block propagation delay on the orphan block
rate and wasted computational energy, using the 10th, 50th and 90th percentiles of
propagation time.

Each experimental setup was run multiple times to account for stochastic variations in
the success of the mining, transaction generation and network topology formation. The
base simulation parameters were selected to model a Bitcoin-like network with a 600 s
target block time and peer-to-peer gossip-based message propagation.

9.1.2. Metrics Collection

VIBES exports a large number of metrics for each simulation run at the node level and
network level granularity:

Network-level metrics include: total energy consumption, actual transactions per sec-
ond (TPS), average block time, longest chain length, number of orphaned blocks, block
propagation time statistics (10th, 50th and 90th percentiles).

Node-level metrics are the energy consumption of individual nodes, the length of the
blockchain, the size of the transaction pool, and the number of active peer connections.
These fine-grained measurements allow for analysis of the heterogeneity of energy distri-
bution across the network and identification of potential optimization opportunities.

9.2. Baseline Statistical Analysis of PoW Under Ceteris Paribus Conditions

We begin by investigating the baseline behavior of the proof-of-work process under
ceteris paribus conditions: all nodes are assigned equal hash rate, hardware efficiency
is homogeneous (¢; = e for all i), propagation delay is kept constant and no capacity
degradation occurs during the observation period. This analysis provides the statistical
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reference distribution against which the dynamic results in the rest of this section should
be interpreted.

9.2.1. Classical Statistical Treatment of the PoW Process

Given the above ceteris paribus assumptions, the mining procedure at node i boils
down to a sequence of independent Bernoulli trials with success probability p per hash

attempt. By the standard exponential approximation (Proposition 1), the waiting time to
(r)

the first success is T; ~ Exp(y;), with rate y; = h;”’p. The round ends at the minimum
T* = min; T; ~ Exp(u), where p = Y, u;.
The null hypothesis of interest is:
eo €0
Hy: E[E/] = ? Vs Hi: E[E/] ?, (57)

which is the theoretical prediction of Proposition 1 under homogeneous efficiency. We test
Hp by a one-sample t-test on the empirical round-energy series {Eﬁk) } ,?’:1 obtained from
VIBES for all four network-size configurations (n € {10, 25,50, 100} nodes). The results are
summarized in Table 9.

Table 9. One-sample t-test of Hy: E[E,] = ey/p for each network configuration. E,: observed mean
round energy; 1o = ep/p: theoretical prediction under Proposition 1 withey = 1 and p = 1/n
(homogeneous hash rate); #&: Gamma shape parameter fitted to the round-energy series.

n N E, po = eolp t p-Value
10 729 0.2144 10 —13113 <0.001
25 219 0.1450 25 —33588 <0.001
50 759 0.1283 50 —142160 <0.001
100 671 0.1153 100 —258947 <0.001

Hp is rejected for all configurations with p < 0.001. The rejection is not proof that
Proposition 1 is false, but instead that the nominal value p = 1/n (assuming equal hash
rate) is not consistent with the effective per-hash success probability found in VIBES, where
partial participation across rounds leads to a lower effective p. The proper interpretation
is E[E,] = eg/pegs With peg > 1/n. The observed average energy scales as E, o n~0-350
(power-law fit, R? = 0.997), intermediate between the full competition prediction (') and

the no competition prediction (n°), consistent with partial overlap of the mining windows.

9.2.2. Distributional Characterization

The Shapiro-Wilk tests for all configurations of the round-energy series reject normality
(p < 0.001). The empirical distributions are positively skewed which is consistent with
the theoretical prediction that E; is distributed according to a Gamma distribution: if
T* ~ Exp(u) and E, = p T*, then E, ~ Gamma(1, p/ ). All of the fitted shape parameters
& € {3.81,2.28,7.76,5.17} are larger than 1, which suggests that the competitive effects push
the distribution away from the pure exponential baseline towards a more concentrated
Gamma (Figure 4a,c,f).
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Baseline Statistical Analysis of PoW Energy Consumption
VIBES Simulation - Ceteris Paribus
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Figure 4. Baseline statistical analysis of PoW energy consumption under ceteris paribus conditions
(VIBES simulation, all configurations and runs). (a) Empirical density of the round energy E,
with fitted Gamma distribution. (b) Average E, with 95% confidence intervals and power-law fit
E; o« 179350 (RZ = 0.997) (c) Q-Q plot of E, with the fitted Gamma distribution (n = 10, run 1).
(d) Workload-capacity OLS regression Q; ~ A — # C; across all configurations. (e) Coefficient of
variation and skewness of E; by configuration. (f) Notched boxplots of E, across all runs.

9.2.3. Workload—Capacity Relationship
To characterize the workload—capacity relationship empirically, we fitted the OLS model.

Qi~A—RC (58)

to the MinedBlock event records from node_states across all configurations. Table 8 reports

the results.

https://doi.org/10.3390 /math14132282


https://doi.org/10.3390/math14132282

Mathematics 2026, 14, 2282

30 of 48

The linear fit is highly significant in all configurations (p < 0.001) and the slope * is
consistent across network sizes (£ € [12.17, 13.40]), confirming that the workload—capacity
relationship is robust to the scale of the network. The Ramsey RESET test identifies a
statistically significant non-linear component in the residuals (p < 0.01 in all cases). This
is the motivation behind the SDE formulation, where the linear drift A; — x;C; captures
the systematic first-order relationship, and the diffusion term o¢ ;1/C;(Cpax,i — Ci) dWc
captures the residual variance structure which is not explained by the linear approximation.
Figure 4d shows scatter plots and regression lines for all configurations.

9.2.4. Connectivity Reduction via g(t)

The model is built to capture aggregate network connectivity as a scalar process g(t) €
[0,1] instead of tracking the entire adjacency matrix. This reduction is physically motivated
in the following way. The underlying inter-node communication process takes place on a
graph of size O(n?), so it is computationally prohibitive and analytically intractable to track
fully in the SDE framework. The reduction to a scalar g(f) is not trivial and comes with an
explicit cost: if g(t) < 1, the effective propagation delay is (5I§frf0p = Oprop/§(t), which also
raises the stale-block probability to

eff
orphan

(59)

This reduction does not remove the non-linearity of the original graph process, it is
absorbed in the SDE for g(t) itself (Section 5.4) which captures mean-reverting dynam-
ics and stochastic fluctuations of effective connectivity. The energy spent via p,'hlm is
dominated by the processing power of each node, while the g(t) modulates the waste
component: degraded connectivity increases the fraction of computation that does not
contribute to the accepted chain, and this effect is captured by the g(¢)-dependent orphan
rate in Equation (59). The graph-Laplacian coupling of Section 8.3.3 provides a partial
bridge towards the full graph representation.

9.3. Preliminary Results and Discussion

We performed 18 simulation runs on the scalability characteristics of blockchain net-
works for different node configurations. The experimental dataset consists of networks with
10 to 100 nodes, a target block time of 600 s and a fixed throughput of 10 transactions per
block. The scalability axis is composed of four network sizes (10, 25, 50 and 100 nodes), for
which 5 independent runs are performed for 10, 25 and 50 nodes, and 3 runs for 100 nodes.

9.3.1. Quantitative Results

Table 10 presents aggregate statistics across all simulation runs, while Table 11 details
the scalability analysis grouped by network size.

Table 10. Overall simulation statistics (N = 18 runs).

Metric Mean Std Min Max
Number of Nodes 40.28 31.55 10 100
Actual TPS 0.017 0.001 0.015 0.018
Avg Block Time (s) 650.11  31.20 582 710
Total Energy (units) 134722 823.19 558.38 2976.63
Avg Energy/Node 40.24 12.04 28.94 61.38
Propagation Time 50p (s) 11.56  10.17 2.0 41.0
Stale Blocks 27.22 5.70 20 41
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Table 11. Scalability analysis by network size.

Nodes TPS Total Energy/ Prop.
Energy Node Time (s)
10 0.017 £ 0.001 583.56 £ 22.35 58.36 +2.24 2244+ 12.54
25 0.016 £ 0.001 936.07 £ 52.59 3744 +2.10 724482
50 0.016 £ 0.001 1575.09 + 48.86 31.50 £ 0.98 6.4 £598
100 0.017 £ 0.000 2925.47 +44.73 29.26 4+ 0.45 9.3 +£551

9.3.2. Key Observations

The experimental results confirm some theoretical predictions of our framework and
expose important scaling properties.

Consensus Convergence and Chain Length Distribution: Figure 5 summarizes the
consensus behavior observed in all simulation runs. Figure 5a depicts the distribution
of blockchain lengths across nodes, with an average of 262.4 blocks and a strong peak,
indicating that the vast majority of nodes converge to a common chain tip. Figure 5b shows
the per-run consensus divergence—the difference between the maximum and minimum
blockchain length across nodes—which is near zero in most runs, confirming the effec-
tiveness of the gossip-based propagation mechanism to synchronize the network within
the simulated time horizon. Chain length and energy consumption E;(t) of each node
are shown in Figure 5¢, which indicates that nodes with longer local chains consume on
average more energy. This is consistent with the theoretical prediction that individual
energy consumption is a result of the accumulated mining effort.

Blockchain Length Distribution (Consensus Check) Consensus Divergence per Run Energy vs Chain Length per Node

n ---- Mean = 262.4 o

Number of Nodes

L, el ol

Blockchain Length Run Index Blockchain Length
(a) (b) (c)

Blockchain Length Range (max - min)
Energy Consumption E(t)

Figure 5. Consensus convergence analysis. The figure tests the ability of the gossip-based protocol
to synchronize the nodes on a single chain, and if longer chains accumulate proportionally more
energy. (a) Histogram with X-axis: blockchain length [blocks] and Y-axis: nodes number [count]. The
peak at the mean (=262.4 blocks) indicates that most of the nodes converge to the same tip. (b) Bar
plot with X-axis: run index [dimensionless], Y-axis: chain-length range max — min [blocks], near-zero
values mean consensus over nodes. (c) Scatter plot with X-axis: blockchain length [blocks] and
Y-axis: per-node energy consumption E; () [energy units]. The positive trend confirms the theoretical
relation between cumulative mining effort and individual energy consumption.

Homogeneous Energy Distribution: The implemented model successfully captures
homogeneous energy consumption across identical nodes as shown in Figure 6. Most of
the nodes spend 28-35 energy units, confirming the baseline assumption that the use of
uniform hardware and software configurations makes the energy spent proportional to
the workload, as shown in Figure 6a. 0.31 is indicative of a moderate stochastic variability
due to the probabilistic nature of mining and transaction processing, the coefficient of
variation (std/mean). The energy consumption per experimental run is further broken
down in Figure 6b, showing that the setups for scalability with larger networks have smaller
medians per node, in line with the linear scaling results in Table 11.
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Distribution of Energy Consumption Across Nodes Energy Consumption Distribution by Run
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Figure 6. Distribution of energy consumption. This figure tests whether homogeneous hard-
ware/software yields homogeneous per-node energy and how this distribution varies with network size.
(a) Histogram. X-axis: per-node energy consumption [energy units], Y-axis: number of nodes [count],
the concentration around 28-35 units validates the homogeneity assumption (coefficient of variation =
0.31). (b) Box plots, X-axis: run identifier (N = {10, 25, 50, 100} /rk), Y-axis: per-node energy consumption
[energy units], lower medians at larger N confirm the per-node efficiency gain reported in Table 11.

Energy Decomposition and Model Validation: For reporting purposes, total simulated
energy is decomposed into mining and transaction-validation components. In general,

Mplocks Mix

Emining = Z 2 E}gc))ck,i’ Evar = 2 Z Et(i",?- (60)

r=1 icH, m=1icVy

Under the homogeneous baseline currently implemented in the simulator, per-event
costs are constant and participation is complete, i.e., E](Dg ki = Eblocks Et(;" 1.) = Eiy, and
|Hs| = |Vim| = N. Hence,

Emining = Nplocks Eptock N, Eyal = nixEncN. (61)

In Figure 7, we evaluate this decomposition. As seen in Figure 7a, mining energy always
dominates and constitutes around 88% of the total energy consumption for all configura-
tions, with transaction validation accounting for the remaining 12%. This is consistent with
the stochastic formulation above, where the block event contribution is dominant for both
mean and variance of per-node energy in the homogeneous baseline. Figure 7b compares
energy estimates predicted by the model and simulated measurements. Data points are con-
centrated around but systematically below the diagonal that corresponds to perfect match,
meaning that the analytical formula slightly overestimates the consumption—probably
because of idle periods not accounted for by the closed-form expression.

Energy Analysis of Winners vs. Losers: To empirically test the conditional win-
ner/loser decomposition in (15), Figure 8 breaks down energy consumption by mining
outcome and provides a direct empirical measure of productive versus wasted compu-
tational effort in PoW consensus. A total of 702 nodes were classified as winners (i.e.,
nodes that mined successfully at least once) and 23 as losers (i.e., nodes that participated
in mining, but never produced an accepted block) in all simulation runs. In Figure 8a,
we see that winners spent on average 23,801 energy units, while losers only added 624
units of total wasted energy, i.e., about 2.6% of network aggregate consumption. Figure 8b
explains the asymmetry, winners consume 33.90 units per node on average versus 27.11
for losers, a 25% premium for the extra work required to successfully complete and prop-
agate blocks. The strong population imbalance (702 vs. 23 nodes) is shown in Figure 8c,
meaning that most nodes end up contributing to the canonical chain with the assumption
of homogeneous hardware.
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Figure 7. Energy decomposition analysis. The figure confirms the closed-form prediction (61)
that the mining-related energy is the dominant part of the total consumption, and measures its
agreement with simulation. (a) Stacked bar with X-axis: aggregate category (single bar “Average”)
and Y-axis: estimated energy [energy units], decomposed into Emining = Mplocks Evlock N (~88%) and
Eyal = nixEix N (~12%). The dominance of the mining term shows that block-event energy dominates
the budget. (b) Scatter plot with X-axis: predicted total energy from the model (n,ep + nicery) - N
[energy units] and Y-axis: simulated total energy Et,; [energy units]. The systematic offset below the
perfect-match diagonal reveals that the analytical bound is an upper estimator.
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Figure 8. Energy analysis: The winners and the losers The figure shows the empirical decomposition
Etot = Ewin + Ejoge from (15) and the distribution of productive and wasted work over the population.
(a) Bar chart with X-axis: outcome class ({Winners, Losers}) and Y-axis: aggregate energy [energy
units]. The gap (23,801 vs. 624) proves that mined-chain work dominates wasted work in absolute
terms. (b) Bar chart. X-axis: outcome class. Y-axis: average per-node energy [energy units]. The 25%
premium (33.90 vs. 27.11) demonstrates the per-node cost asymmetry. (c) Bar chart of outcome class
on the X-axis and node count [count] on the Y-axis (702 vs. 23), indicating imbalance of population.
(d) Overlaid histograms X-axis: per-node energy consumption [energy units] Y-axis: number of
nodes [count] Evidences cumulative-work differences between right-skewed winner distribution and
lower-tail loser distribution. (e) Histogram X-axis: blocks mined per winner node [blocks] Y-axis:
number of winner nodes [count] Mean = 6.80 blocks Moderate concentration of mining success.
(f) Histogram, X-axis: mining efficiency [energy units/block], Y-axis: number of winner nodes [count].
Mean = 9.07 units/block. Characterizes energetic cost per successful block.
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In Figure 8d, we plot the energy distributions of the two groups on top of each other.
The winners have a broader right-skewed distribution with a peak at 25-45 units and the
losers are concentrated in the lower tail (<30 units), consistent with the theoretical prediction
that nodes with less mining successes also have lower energy consumption. Figure 8e
(winners only) shows the distribution of the number of mined blocks per node, with a
mean of 6.80 blocks and a mode around 1-3 blocks, indicating a moderate concentration of
block production: a small number of winner nodes produce a disproportionate number
of blocks, consistent with stochastic competition dynamics. Finally, Figure 8f shows a
mining efficiency metric, energy cost per mined block, with a mean of 9.07 units/block and
a heavy tail above 25 units/block for the nodes that had many failed attempts before a
success. Together, these findings validate the semi-global layer prediction that the PoW
energy overhead is dominated by competitive mining among winners, with waste at loser-
nodes being a secondary yet non-negligible component, whose magnitude scales with
propagation latency and network size.

PoW Round-Level Mining Dynamics: Figure 9 illustrates the detailed view of the
mining competition at the level of individual rounds. Figure 9a shows the distribution of
participants per round, which verifies that all nodes participate in all rounds under the
uniform participation model with four spikes at 10, 25, 50 and 100 which correspond to
the four network-size configurations. The total energy expenditure per round is shown in
Figure 9b and has a multimodal profile that corresponds to these configurations, with large
clusters around 2-3 and 6 units. Figure 9c shows the winner concentration over rounds:
the top-ranked node won about 40 rounds out of ~270 total, while the 15th ranked node
achieved about 30 wins, indicating a fairly skewed distribution of mining success consistent
with the stochastic race model.

PoW Participants per Round PoW Energy per Round PoW Winner Concentration
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1,200 1,200 *®
1,000 1,000
800
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400 400

1
200 200 I s
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Number of Rounds
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Figure 9. PoW Level Analysis. This figure tests the uniform participation hypothesis and the stochastic
race prediction of moderate concentration of mining success. (a) Histogram of X-axis: participants
per round [nodes] and Y-axis: number of rounds [count]. The discrete spikes at N € {10, 25,50, 100}
indicate complete participation in each configuration. (b) Histogram. X-axis: total energy per round
[energy units]; Y-axis: number of rounds [count]. The multi-modal profile (dominant clusters near
2-3 and 6 units) reflects the four network sizes, and confirms that the round-level expenditure scales
with N. (c) Bar chart with X-axis for winner node identifier (top-15) and Y-axis for rounds won
[rounds]. The moderate skewness of the success distribution predicted by the stochastic race model
is evidenced by the gradual decline from ~40 to ~30 wins.

Total Wins and Harvested Energy per Node: Figure 10 shows the distribution of
mining wins across the set of nodes and its relation to the spent harvested energy. Figure 10a
shows a right-skewed distribution of total wins per node, where most nodes win less than
10 times, and a few top performers win more than 30 times, consistent with the geometric
inter-arrival structure of the stochastic race. In Figure 10b, we see a strong positive linear
correlation between total wins and individual energy consumption, which confirms the
theoretical prediction that nodes with larger hash-rate shares win more often but also
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consume proportionally more energy. This relationship is shown in Figure 10c as the
average energy by number of wins, with error bars indicating that this association holds
across the entire range of win counts in the data.

Distribution of PoW Wins per Node Wins vs Energy per Node Average Energy by Win Count

100

=
8

Number of Nodes
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5
3
Energy Consumption (units)
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8
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Figure 10. Total wins and energy per node. This figure tests the prediction that larger hash-rate
shares lead to more wins and larger cumulative energy in proportion. (a) Histogram of total PoW
wins per node [wins] versus number of nodes [count]. The right-skewed profile (mode < 10 wins) is
consistent with the geometric inter-arrival structure of the stochastic race. (b) Scatter with X-axis:
total wins per node [wins]; Y-axis: per-node energy consumption E;(t) [energy units]; the strong
positive linear trend proves the wins—energy proportionality. (c) Mean-with-error plot, X-axis: total
wins [wins], Y-axis: average energy consumption [energy units] (error bars = standard deviation);
monotone increase confirms that the relationship is robust over the observed range.

Winner vs. Loser Energy Breakdown at Round Level. Figure 11 provides the most
granular view of PoOW energy asymmetry in our dataset; it shows the top-3 highest energy
rounds of a representative 50-node run. The total round energy of 6.17 units in Figure 11a,c,e
is decomposed into the winner share and the aggregate loser share for each round. In
all three rounds, winners constitute only 2.0-2.1% of the total round energy, while losers
constitute the remaining 97.9-98.0%. This near-constant ratio indicates that the energy cost
of PoW consensus is mostly paid by the losing nodes. The computation performed by the
winning miner is only a small portion of the total round expenses and the rest of the energy
is spent in wasted work by the unsuccessful players as described by (15).

Figure 11b,d,f show the loser energy decomposed by individual node identity. In all
three rounds, the group of remaining nodes labeled “Others” represent about 90.4% of
loser energy. The top-5 individual identified losers are only 2.2-2.5% of the loser pool. The
distribution of loss energy over the non-winning population indicates that the energy dissi-
pation in PoW is a systemic feature of competitive mining, rather than a concentration in a
few outlier nodes. It also explains why the total loser energy is a structurally unavoidable
cost of the consensus protocol, rather than an implementation artifact.

Workload Distribution: Figure 12 shows the transaction pool size Q;(f) across nodes
and experiment configurations. Figure 12a shows a bimodal distribution with a mean
of 11.9 transactions. The dominant spike close to zero shows that there are nodes that
are often idle between blocks while the second peak near 11-12 transactions corresponds
to steady state queue depths under active mining. Figure 12b depicts workload by run
identifier. The largest median pool sizes occur in the N = 50/r1 configuration, and there is
considerable run-to-run variation even for the same network size. Figure 12c demonstrates
a weak positive correlation between workload Q;(¢) and per-node energy consumption
E;(t), consistent with the SDE model where increased queue length results in increased
processing energy, but the correlation is somewhat mitigated by the probabilistic nature of
mining success and the current homogeneous E;, parameterization.
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Top 3 Rounds by Energy with Loser Breakdown (scalability_numberOfNodes=50_run004)
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Figure 11. Winner vs. loser energy breakdown for the 3 highest energy rounds of the 50-node run.
The figure tests whether the per-round energy burden is systemic (spread across the loser pool)
or concentrated in a few nodes. Left column (a,c,e): pie charts with sectors labeled “Winner” and
“Losers” and segment values reported as a percentage [%] of the total round energy (6.17 energy
units per round); the near-constant 2.0-2.1% winner share vs. 97.9-98.0% loser share proves that the
round burden falls overwhelmingly on losing nodes. Right column (b,d,f): pie charts decomposing
the loser share, with sectors labeled by individual loser node identifier, plus a “Others” aggregate,
and segment values reported as percentage [%] of loser energy; the ~90.4% “Others” slice across all
rounds proves that wasted energy is a population-wide, structural cost of PoW rather than the result

of outlier nodes.
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Distribution of Workload Q;(t) Across Nodes Workload Distribution by Run Workload vs Energy per Node
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Figure 12. Workload division analysis. The figure describes the queue state Q;(f) used by the
SDE (18) and verifies whether energy reacts to workload. (a) Histogram with X-axis: transaction
pool size Q;(t) [transactions in queue] and Y-axis: number of nodes [count]; the bimodal profile
(mean = 11.9 tx; spikes near 0 and 11-12) shows that nodes alternate between idle and steady state
queue depths. (b) Box plots: X-axis: run identifier (N = {10, 25, 50, 100} /rk); Y-axis: transaction pool
size Q;(t) [transactions]. Medians and dispersion show high variability between runs even for the
same network size. (c) Scatter with X-axis: workload Q;(t) [transactions], Y-axis: per-node energy
consumption E;(#) [energy units]. The weak positive cloud confirms the predicted but currently mild
Q — E coupling in case of homogeneous Ejy.

Dynamics of computational capacity: Figure 13 presents the time evolution of the
computational capacity, C;(t), of all simulated nodes. This empirically verifies the capacity
dynamics of (19). As shown in Figure 13a, the capacity change rate dC;/dt is generally
negative (mean = —0.004017), which indicates that the capacity degradation caused by
the workload is always greater than the recovery under the simulated load conditions.
Figure 13b verifies that the degradation term, dC;/dt, decreases linearly with workload,
Q;(t), with a fitted slope of ~ —J; = —0.000729, consistent with theory that longer queue
lengths reduce effective processing capacity. In Figure 13c, we show the recovery term,
which does not appear to support the expected positive slope with respect to (Cax — C;)
(fitted slope =~ ; = —0.004190), indicating that the degradation force dominates under the
present parameterization, and that capacity does not recover towards Cy during active
mining rounds. Figure 13d shows the phase space portrait (Q;, C;), where colors represent
dC;/dt. The distribution of nodes in the case of moderate-to-high workload is concentrated
at low capacity (C; ~ 0), with only a small fraction of nodes being at C; > 0.5, which
indicates a permanent saturation of most of the node population.

Capacity-Workload Equilibrium: Figure 3 shows empirical capacity measurements and
the theoretical equilibrium prediction C;* = Cyax — (0/7)Q; from the drift term of the SDE
in (19). In Figure 3a, we observe a negative correlation between C;(t) and Q;(t) (Pearson
r = —0.620), qualitatively consistent with this equilibrium relation. Figure 3b shows the
distribution of C;(t) which is strongly bimodal with a large mass at zero (approximately
480 observations) and a smaller secondary cluster at C; = 1 with mean = 0.212. Such a
bimodality suggests that the nodes are mostly in a capacity-depleted regime. Figure 3c
shows box plots grouped by run identifier. For example, some 10 node and 25 node runs
have the highest median capacity (N = 10/r4, N = 25/r1) while most other configurations
are near zero. This suggests a non-monotonic, run-dependent correlation between the size
of the network and the capacity of an individual node. Figure 3d shows a direct comparison
of the measured C;(t) with the theoretical equilibrium C;. The points are scattered around
but not always on the identity line (RMSE = 0.1147). This suggests that the model captures
the qualitative trend but the fit is not perfect, possibly due to transient effects and the
homogeneous parameterization of 6 and +.
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Figure 13. Analysis of capacity change rate. The figure tests the two drift terms of the capacity
SDE (19), i.e., the degradation —4;Q; and the recovery 7;(Cmax — C;). (a) Histogram with X-axis:
rate of change of capacity dC;/dt [normalized capacity - s~'] and Y-axis: number of nodes [count].
The negative mean (—0.004017) indicates that there is a net degradation under load. (b) Scatter
with X-axis: workload Q;(t) [transactions] and Y-axis: dC;/dt [normalized capacity - s~']; negative

slope (= —6; = —0.000729) confirms the degradation term. (c) Scatter plot X-axis: capacity deficit
(Ciax — Ci) [normalized, in [0,1]] and Y-axis: dC;/dt [normalized capacity - s 1]; the fitted slope
(= v; = —0.004190) is non-positive, showing that under the current parameters recovery does not

prevail. (d) Phase-space scatter with X-axis: workload Q;(#) [transactions], Y-axis: computational
capacity C;(t) [normalized € [0,1]] and color: dC;/dt [normalized capacity - s~!]. The concentration
at C; ~ 0 under moderate-high Q; is persistent saturation.

Workload—Capacity Linear Dependence and Empirical Jacobian: The capacity—
workload equilibrium analysis is extended in two complementary directions in Figure 14.
Figure 14a fits the linear relationship Q; ~ A — «xC; directly to the observed simulation
data from the 100-node scalability run (26,945 sample pairs), yielding empirical estimates
A = 14.9045 and # = 14.1903. The fitted slope (A — xC)/dC = —14.1903 is an empirical
calibration of the service-rate parameter x; in the workload drift term A;(t) — «;C;(f) of
the SDE model: for every unit increase in normalized capacity C;, the equilibrium queue
length is reduced by about 14.2 transactions. The spread of the observed points around the
regression line reflects the stochastic fluctuations of the arrival and processing of transac-
tions, in accordance with the multiplicative structure of the noise 0 ;/Q;(t) dWq,i(t) of
the diffusion matrix.

Figure 14b shows the empirical Jacobian dQ;/dC; computed pairwise across all node
pairs (i,j) for the same run (N = 20, samples = 26,945). The diagonal entries (self-
sensitivity dQ;/9C;) have a mean of —12.0900, confirming that the own capacity of each
node has a strong negative effect on its own workload—as shown by the analytical Jacobian
block d(A; — ;C;) /9C; = —k;. The off-diagonal entries (cross-sensitivity 0Q;/dC;, i # j)
have a mean of 0.2480 + 0.5156, indicating weak but non-negligible positive coupling: an
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increase in a neighbor’s capacity slightly increases the workload of other nodes, likely medi-
ated by a redistribution of transaction traffic across the peer-to-peer network. The heatmap
exhibits heterogeneity, with off-diagonal magnitudes for certain node pairs approaching 10°,
which is a result of asymmetries in transaction routing induced by the network topology
and motivates the graph-Laplacian coupling term in the theoretical framework.

Workload Dependence on Capacity Empirical Jacobian (pairwise, run=scalability_numberOfNodes=100_run001)
Qi=A—-kC; Nodes=20, Samples=26945, diag mean=-12.0900, offdiag mean=0.2480 + 0.5156
i=14.0045 — Linear fit °
40 £=14.1903
9(A —kC)/oC = —14.1903

@
S

Workload Q;
8
Workload equation index i

191817161514131211109 8 7 6 5 4 3 2 1

0.0 0.2 0.4 0.6 0.8 1.0 01234567 8910111213141516171819
Capacity C; Capacity index j

(a) (b)

Figure 14. Empirical Jacobian and workload—capacity linear fit (N = 20 nodes, 26,945 samples, run
scalability_numberOfNodes=100_run001). The figure gives an empirical calibration of the work-
load drift A; — «;C; of the SDE, and tests the cross-node coupling structure of its Jacobian. (a) Scatter
with X-axis: computational capacity C; [normalized € [0,1]] and Y-axis: workload Q; [transactions],
superimposed with the linear fit Q; ~ A — £C; with A = 14.9045 tx, & = 14.1903 tx (slope —14.1903 tx
per unit of normalized capacity); this gives a direct empirical value for x;. (b) Heatmap with X-
axis: capacity index j [node id 0-19], Y-axis: workload-equation index i [node id 0-19] and color:
2Q;/ ac,- [tx per unit of normalized capacity, symmetric log scale]; diagonal mean = —12.0900 proves
strong self-suppression, while off-diagonal mean = 0.2480 £ 0.5156 proves weak positive inter-node
coupling consistent with the graph-Laplacian term of the model.

Energy—Capacity Relationship: Figure 15 examines the relationship between per-node
energy consumption E;(t) and the computational capacity C;(t). The correlation between
E(t) and C;(t) is very weak (Figure 15a: r = 0.035), which suggests that nodes with higher
capacity tend to consume a little more energy, probably because they participate more
actively in mining rounds. It is important to remark that the large group of nodes with near-
zero capacity spans the entire observed range of energy (about 28-70 units). This implies
that the energy consumption is mainly determined by the mining competition process
rather than the instantaneous capacity state of the node. Figure 15b shows average energy
consumption to be broadly similar across capacity categories (Very Low through Very High),
ranging from approximately 32 to 40 units with overlapping standard deviations, further
confirming the decoupling of energy expenditure from capacity level under the current
homogeneous Ejj,cr/ Etx model. Figure 15¢, the phase-space portrait (Q;, C;) colored by E;,
demonstrates that energy is spread out across the workload—capacity state space, without
any systematic gradient. Figure 15d shows the distribution of energy of the high-capacity
nodes (C; > 0, n = 725) with an interquartile range of ~28-34 units and a median of ~32.
The lack of a low capacity group (n = 0) further confirms the conclusion that all nodes
operate at non-negative capacity over the entire simulation. Taken together, these results
validate the largely invariant nature of energy consumption in the current simulation with
respect to capacity state, and directly motivate the addition of energy costs that depend on
workload in future iterations.

https:/ /doi.org/10.3390/math14132282


https://doi.org/10.3390/math14132282

Mathematics 2026, 14, 2282

40 of 48

Energy vs Capacity per Node Energy by Capacity Level
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Figure 15. Energy vs. capacity relationship. This figure tests whether the per-node energy expenditure
depends on the instantaneous capacity state-a prerequisite for the SDE’s C — E coupling. (a) Scatter
plot with X-axis: capacity C;(¢) [normalized € [0,1]] and Y-axis: per-node energy E;(t) [energy units];
the very weak correlation (r = 0.035) shows that under the homogeneous Ey;, / Etx model, energy
is essentially independent of capacity. (b) Bar plot with X-axis: capacity category (Very Low, Low,
Medium, High, Very High) and Y-axis: average energy consumption [energy units] with std error
bars. The flat ~32—40 unit range across categories confirms the decoupling. (c) Phase-space scatter.
X-axis: workload Q;(#) [transactions], Y-axis: capacity C;(t) [normalized] and color: energy E; [energy
units]. The absence of a systematic gradient indicates energy is widely distributed over the state space.
(d) Box plot with X-axis: capacity group ({High C; > 0, n = 725; Low C; < 0, n = 0}) and Y-axis:
per-node energy E;(t) [energy units]. The single populated group (IQR ~ 28-34 units) confirms that
no node ever drops below zero capacity in the current implementation.

Block Propagation and Orphanage Rate: We analyze in Figure 1 the trade-off between
network latency, orphan block generation and energy waste. Figure 1a shows the distri-
bution of block propagation times Ty, by percentile: the 10th and 50th percentiles are
close to zero (fast propagation in low-latency configurations), whereas the 90th percentile
is about 520 s in high-latency configurations, showing that the tail of the propagation distri-
bution is dictated by a minority of slow propagating blocks. Figure 1b shows a comparison
of the measured values to the theoretical approximation for the orphan rate from (14),
Porphan = dprop/ T All points lie significantly above the perfect-match line, meaning that
the real fork rate is much higher than the simple ratio would predict. This is likely due to
simultaneous mining events that are not accounted for in the first-order approximation.
Figure 1c shows the number of stale blocks ranges from 20 to 41 per run with large run-
to-run variation driven by the stochastic timing of mining. The median propagation time
and the average per-node energy E; are generally positively correlated, but not monotoni-
cally, as shown in Figure 1d. The tendency of longer propagation delays to induce more
redundant mining on competing chain tips confirms the semi-global layer prediction that
propagation latency is a prime determinant of network-level energy overhead.
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Linear Energy Scaling: The total energy consumption of the network increases linearly
with the size of the network, going from 583.56 for 10 nodes to 2925.47 for 100 nodes, as
shown in Table 11. However, the energy consumption per node decreases from 58.36 to
29.26 units, which is about 50% reduction. We observe that the total network energy scales
linearly with the number of participants, while individual nodes become more efficient at
scale, as expected from the aggregation identity in (23) together with the round-level PoW
behavior in (9) and (10).

In Figure 16, we report four metrics as functions of the network size, as they jointly
reflect the main validation dimensions of the framework: service performance (throughput),
aggregate energetic burden (total energy), communication efficiency (block propagation
time) and consensus-related waste (stale-block rate).

Throughput vs Network Size Total Energy Consumption vs Network Size
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Figure 16. Scalability analysis. The figure tests the linear energy scaling prediction of (23), as well as
the operational invariance (throughput, latency, fork rate) of the protocol with the network growth.
All four plots have the same X axis: number of nodes N € {10,25,50, 100} [nodes]. Error bars indicate
standard deviation across runs. (a) Throughput [transactions/second] on Y-axis; ~0.017 is almost flat,
indicating that the difficulty mechanism works well at scale. (b) Y-axis: Total energy of the network
(energy units). The proportional increase from 584 to 2925 units confirms the linear-aggregation
identity (23). (c) Y-axis: block propagation time at the 50th percentile [seconds]; the non-monotonic
profile (minimum at N = 50) indicates a trade-off between path redundancy and routing complexity.
(d) Y-axis: blocks per run [blocks]. The N dependence indicates that the propagation-induced waste
grows with the size of the network.

Stable Throughput: As shown in Figure 16a, the actual TPS is quite stable with respect
to the size of the network, with 0.017 4= 0.001 for 10-node networks and 0.017 &+ 0.001
for 100-node networks. At smaller network sizes, the moderate variance leads to more
stochastic variability, where each individual mining event has a relatively larger effect on
measured throughput. This consistency at different scales validates the effectiveness of the
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mechanism of the target block time to control the throughput even in the presence of the
changing network conditions.

Propagation Time Behavior: The block propagation time (50th percentile) exhibits
a non-monotonic behavior with network size, beginning at 22.4 s for 10 nodes, reducing
to 7.2 s for 25 nodes, reaching a minimum of ~6.4 s for 50 nodes, and then increasing
again to 9.3 s for 100 nodes (Figure 16¢c). The high propagation time and variance at
10 nodes (22.4 4+ 12.54 s) is indicative that small networks are more sensitive to stochastic
delays, where a single slow link will disproportionately impact the median. The increase
at 100 nodes indicates that the advantage of path redundancy is somewhat countered by
the increased routing complexity of larger networks. This phenomenon needs further
investigation during calibration.

High Stale Block Rate: The stale block counts are in the range of 20 and 41 for all the
configurations, with an average of 27.22 (¢ = 5.70). The trend observed in Figure 16d
shows the counts to go from ~23 at 10 nodes to ~26 at 25 nodes and ~31-32 at larger
networks. The large spread (Figure 1c) confirms the substantial run-to-run variability
introduced by stochastic mining timing and latency conditions. The larger forking rate
shows that propagation latency is the dominant source of wasted computation in the
simulated network, in line with the semi-global prediction in (14).

Global UTXO Decoupling Verification: In Figure 17, we empirically verify the indepen-
dence condition for the global UTXO dynamics defined by Equation (44) of the theoretical
model, i.e., dUyxo/9C; = 0 and dUyrxo/9Q; = 0. We have built the correlation matrix
at run level (run_id) from four variables: the average computational capacity (C;), the
average workload (Q;), a proxy of the global UTXO state Uproxy (number of confirmed
transactions on the longest chain) and the network size N. We computed the Pearson
correlation pxy = cov(X,Y)/(oxoy) for each pair of variables (X,Y). This produces
a symmetric matrix with unit diagonal. The off-diagonal entries with Uproxy are small:
0 (Uproxy, (Ci)) ~ —0.059, p(Uproxy, (Qi)) ~ 0.008. The partial correlations controlling for
N are —0.060 and 0.009, respectively. Figure 17a,b show that there is no systematic trend be-
tween Uproxy and (C;) or (Q;) with R? values of 0.003 and 0.000, respectively. In Figure 17c,
all these relationships are summarized together in the Pearson correlation matrix where all
entries with Upmxy are close to zero. This result is consistent with the theoretical decoupling
hypothesis which shows that the global UTXO process is independent of the per-node
capacity and workload states in the simulated scenario, thus supporting the structural
assumption of Equation (44) in the SDE framework.

Equation 76 Verification (Proxy): BUUTXO/aC, =0 Equation 76 Verification (Proxy): BUUTXO/BQ, =0
(Should show no correlation) (Should show no correlation)
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Figure 17. Cont.
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Figure 17. Empirical verification of the global UTXO decoupling condition (44), i.e., 9Uyrxo/9C; ~ 0,
lytxo/9Q; ~ 0 Each panel shows a run-level statistic (n;uns = 18). (a) Scatter with X-axis:
mean computational capacity (C;) [normalized € [0,1]] and Y-axis: UTXO proxy Uproxy[count
of confirmed transactions on the longest chain]. Flat cloud (o ~ —0.059, R? = 0.003) shows no
systematic dependence. (b) Scatter plot X-axis: mean workload (Q;) [transactions in queue] Y-
axis: Uproxy[confirmed transactions, count]; the flat cloud (o ~ 0.008, R? = 0.000) is decoupled
from Q. (c) Pearson correlation matrix with X- and Y-axes: variables {(C;), (Q;), Uproxy, N} and
color: Pearson correlation [dimensionless € [—1,1]]. The near-zero row/column for Uproxy proves the
decoupling jointly. The lower right inset reports raw and N-controlled partial correlations, supporting
oUyTxo/9C; ~ 0 and ollyrxo/9Q; ~ 0.

9.3.3. Limitations and Future Work

These initial results show that the simulation framework is feasible, but there are still
some limitations to be overcome in order to obtain full consistency with the theoretical model:

1.  Longer Block Chains: A large variety of chain lengths can be seen in the present
data set for a particular configuration of the network size. Average chain length is
262.4 blocks over 18 runs, with an average longest chain per run of 2908.5 transactions.
The longer the simulation times, the more the asymptotic behavior predicted by the
global level SDE framework would be confirmed. However, this gives useful coverage
for the analysis of convergence properties.

2. Simplified Energy Model The current setting uses a homogeneous energy model
(constants Epj,c and Ejy) that does not take into account the state-dependent capac-
ity dynamics described in Section 5.4. The empirical results in Figures 13 and 14
directly demonstrate this limitation. A large variation in the computational capac-
ity values C;(t) of the nodes and the degradation due to workload is persistent
(dC;/dt = —0.004017). Energy consumption per node is flat for all capacity cate-
gories (~32-40 units) with a very weak correlation (r = 0.035) between E;(t) and
C;(t). This decoupling indicates that this current model does not translate capacity
state into energy cost differentials. Future implementations will include workload-
dependent energy costs. Degraded-capacity nodes will incur larger per-transaction
energy penalties from the drift term of the SDE framework, —6;Q;(t) + i (Cpax — Ci).

3. Network Static Topology. The experiments were performed for a fixed number of
neighbors. The theory (Section 8.3.3) allows for time-dependent connection probabili-
ties p;;(t) depending on the node states. The dynamic change of the topology allows
us to test the graph Laplacian predictions with regard to the mixing time and the
information propagation.

4.  Parameter Calibration: The energy consumption parameters must be calibrated us-
ing empirical Bitcoin network data so that the results are on realistic energy scales.
The energy values obtained in the present simulations are in the range of [558.38,
2976.63] units with per node consumption in the range of [28.94, 61.38] units. These
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are comparison metrics for network configuration comparison. You would have to
combine absolute estimates of energy consumption with real-world hardware effi-
ciency measurements (watts, joules). In practice, the parameters A, dprop and stale
rates should be calibrated with publicly available bitcoin data, e.g., block timestamps
from the Cambridge center for alternative finance [7], stale shares published by pools
and propagation measurements from previous empirical studies [9]. The per-event
coefficients Eyj e and Ey shall be derived from hardware J/hash curves for typical
ASIC generations and the PUE adjustments of cooling infrastructure. A validated
model should be able to reproduce known macro aggregates, annual TWh bands,
stale-block fractions of ~1-2% and the energy per block implied by the CCAF index
within quantifiable confidence limits.

5. Links to Protocol-level Energy Mechanisms: The present simulation does not consider
the impact of storage and relay optimization on the energy dynamics. Pruning
mechanisms of blockchains such as securePrune [37] and CoinPrune [38] have a large
impact on per-node storage footprints, bootstrapping costs and relay patterns. The
local and semi-global layers must be extended to incorporate the effects of these
mechanisms on Ejy, the UTXO growth component Egrowths and interference-related
energy. In a similar vein, we could draw upon the statistics of UTXO generation,
as captured by probabilistic models of transaction heterogeneity [28], to substitute
the homogeneous per-event coefficients with empirically informed distributions that
account for the transaction type, thereby enhancing the cost estimates at the local layer.
Finally, the global-layer orphaning analysis should comment how chain-partitioning
methods [39] change propagation workloads and total energy, as their sub-chain
structure implies different competition dynamics than the single chain model used in
this work.

Despite these limitations, the simulation results provide empirical evidence to the
validation of the main theoretical predictions. Uniform energy distribution for uniform
configurations. The total energy scales linearly with the network size and increased
efficiency per node. Stable throughput over different network sizes and increased stale
block rate confirm propagation delay as the main source of wasted computational energy.
Importantly, the capacity dynamics analysis (Figures 13 and 14) indicates that nodes
primarily function in a capacity-depleted regime (C; = 0.212) and workload-induced
degradation consistently prevails over recovery. This coupling is further quantified by
the empirical Jacobian (Figure 14b): average diagonal self-sensitivity of —12.09 (strong
capacity self-suppression of workload) and average off-diagonal entries of 0.25 (weak
inter-node cross-coupling) provide direct empirical calibration of the x; parameters in the
SDE drift. Meanwhile, the current homogeneous model preserves decoupling between
energy consumption and capacity state (Figure 15)—a gap that directly motivates the next
generation of the simulator. The infrastructure developed as part of this work allows for a
systematic investigation of protocol design choices and their impact on energy efficiency,
and sets the stage for future work on optimization.

10. Conclusions

Public blockchains use a distributed ledger with no central authority. This comes
at the cost of redundant computation, multiple verifications and constant competition
between nodes. In the case of proof-of-work, this has substantial energy implications. In
this context, energy consumption is not an incidental operational byproduct but a structural
outcome of the consensus mechanism. This paper fills this analytic gap by providing a mul-
tilevel stochastic framework that connects local mining behavior, semi-global competition,
propagation effects and global dynamics of workload, capacity, connectivity and power.
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Simulations of VIBES are in line with the main qualitative predictions of the framework,
but need an additional step of empirical calibration based on real-network measurements.

This paper makes two kinds of claims and rests on two kinds of support. The first
type are mathematical propositions with formal proofs, e.g., Proposition 1 on the expected
energy of a PoW round, and the stability conditions to the global SDE system achieved
by Jacobian analysis in Section 8. These claims are proved analytically, independent of
the simulation. The second type are qualitative structural predictions, e.g., linear energy
scaling with network size, propagation-driven waste, capacity-depletion dynamics. They
are compared with VIBES simulation results and considered as preliminary empirical
validation. The distinction between structural validation and quantitative calibration is
still well preserved, with full quantitative calibration to empirical Bitcoin data recognized
as a limitation and a major direction for future work.

The framework is based on the behavior of the individual miners at local level, using
discrete-time Markov chains, exponential races in continuous-time, Bayesian inference for
the latent mining intensity and a Markov Decision Process formulation for the operational
choices consistent with the protocol under uncertainty. It captures the energetic conse-
quences of peer-to-peer propagation, synchronization delays and competition between
subsets of nodes at the semi-global level. It describes at a global level a stochastic differen-
tial equations system coupling workload, UTXO dynamics, computational capacity and
topology evolution. These elements form a coherent mathematical model connecting the
behavior of individual miners and the power consumption of the whole network.

The simulation results provide some preliminary empirical support for the proposed
framework. They demonstrate that the total energy consumption scales nearly linearly
with the network size while the average energy consumption per node decreases with the
network size. They also demonstrate that mining activity remains the major contributor
to the total energy budget, and that propagation latency is a significant factor for wasted
computation in terms of stale blocks and unsuccessful mining effort. These main results
support the main claim of this paper, namely that proof-of-work systems consume a
large fraction of network energy not only in the creation of successful blocks, but also in
unnecessary competitive activity that does not contribute to the final accepted state.

A second insight comes from an analysis of computational capacity. Experiments sug-
gest that nodes tend to evolve towards a regime of capacity depletion, where degradation
induced by the workload systematically dominates recovery. This result shows that static
variables such as nominal hash rate or constant per block cost cannot give an explanation
for blockchain energy consumption. Instead, it is a state-dependent process depending on
the accumulation of workload, the evolving condition of the nodes and the interaction of
the network. Similarly, the present implementation shows that the coupling between node
capacity and the realized per-node energy expenditure remains limited, which is a relevant
direction for a further refinement of the simulator.

There are a few limitations of the proposed framework that are important to clearly
recognize. The local model assumes a homogeneous per-hash energy efficiency, ignoring
the large heterogeneity in ASIC generations and cooling infrastructure of real mining
networks. The heterogeneous extension in Section 5 partially remedies this, but does not
fully close this gap. Second, the orphan-block probability in Equation (14) is a first-order
approximation and it is not accurate in case of frequent simultaneous mining events, as
shown in Figure 1b. Third, the scalar process g(t) captures the global connectivity of the
network, but does not contain the propagation modes related to the network topology.
Fourth, the current implementation of VIBES is based on a homogeneous energy model that
does not yet map the state of capacity to differential energy costs. This limits the empirical
verification of global SDE coupling. Fifth, the framework is not calibrated with real Bitcoin
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data and all values of energy are not absolute but relative. These limitations inform the
main avenues for future work described below.

Thus, the contribution of this work is conceptual, mathematical and computational.
This is a conceptual advance in the multilevel stochastic description of blockchain energy
consumption that provides a process view of energy generation and dissipation across the
network, augmenting aggregate empirical estimates. It offers a closed form proposition
for the expected energy expended in a single round of proof-of-work in the exponential
race model. It is shown that the expected round expenditure, for homogeneous per-
hash efficiency, is eg/p, and thus depends on the difficulty, not the distribution of hash
power among miners. Computationally, it provides a simulation framework to evaluate
the impact of protocol rules, workload conditions, topology and node heterogeneity on
energy efficiency. In this sense, the framework is intended to be a descriptive model
of existing proof-of-work systems, and to provide an analytical basis for the study of
alternative architectures.

This view provides several directions for future work. The first step is to calibrate
the model to empirical Bitcoin data, so that the parameters are interpreted in physically
meaningful terms of power, time and hardware efficiency. Secondly, the simulator should
consider the workload-dependent energy costs and the dynamic topology adaptation to
provide a more realistic scenario of the heterogeneous and time-varying network conditions.
Third, the results highlight the potential of designing consensus mechanisms that allow the
nodes to exploit their status and knowledge of the network to avoid incurring unnecessary
costs when the success probability is sufficiently low. A move in this direction is the use of
decision layers based on Bayesian networks with nodes estimating their posterior probabil-
ity of success and modulating their participation level accordingly. Such mechanisms may
exert competitive pressure without wasting energy of the unsuccessful contestants.

More generally, our results emphasize the need to re-examine the peer-to-peer
paradigm from an energy perspective. Peer-to-peer architectures are naturally decen-
tralized and fault-tolerant. But they create an asymmetry that is naturally expensive in
proof-of-work systems: many nodes have to process, propagate and validate data to pro-
duce a single accepted outcome. Future works should therefore focus on energy-aware
coordination principles, beyond parameter tuning and re-examining this operating logic.
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