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Abstract

In this paper, we establish a novel Petrovič-type inequality together with new integral iden-
tities for multiplicatively superquadratic functions within the framework of multiplicative
calculus. By employing these foundational results, we derive midpoint- and trapezoid-type
inequalities for this class of functions, including their fractional analogues formulated
via multiplicative Riemann–Liouville fractional operators. The theoretical findings are
supported through detailed numerical computations and graphical illustrations, support-
ing the theoretical results. Furthermore, the applicability of the developed inequalities is
demonstrated through representative examples involving special means and the modified
Bessel function of type I, thereby highlighting the analytical significance and practical
relevance of the obtained results.
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1. Motivation and Background
The fundamental role of inequalities associated with convex functions has been rec-

ognized since the early stages of mathematical analysis. Over time, these inequalities
have emerged as essential tools that significantly influence the advancement of numer-
ous contemporary areas of mathematics. Consequently, they have attracted sustained
and substantial attention in the mathematical literature due to their theoretical depth and
wide-ranging applications. Some famous results for such estimations consist of Hermite–
Hadamard, midpoint, trapezoid, Simpson or Jensen inequalities, etc.

Let Υ : I ⊂ R → R be a convex mapping defined on the interval I of real numbers
and ϑ, υ ∈ I, with ϑ < υ. The double inequality presented below is commonly cited in the
literature as the Hermite–Hadamard inequalities [1]:

Υ
(

ϑ + υ

2

)
≤ 1

υ − ϑ

∫ υ

ϑ
Υ(κ)dκ ≤ Υ(ϑ) + Υ(υ)

2
. (1)
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In the theory of convex functions, the Hermite–Hadamard inequalities constitute a cor-
nerstone result for estimating the integral mean. It provides sharp two-sided bounds for
the integral mean of a convex function and simultaneously guarantees the integrability
of such functions on closed intervals. This property is of substantial theoretical interest,
as several classical mean inequalities can be derived directly from Hadamard’s inequality
through appropriate choices of particular convex functions Υ. Inequalities of this type
constitute fundamental tools in mathematical analysis and have far-reaching implications
across diverse domains of pure and applied mathematics. In the literature, the absolute
value of the difference in the second part of the (1) inequalities is recognized as the trape-
zoidal inequality, first established by Dragomir and Agarwal in 1998 [2]. Subsequently,
in 2004, Kirmaci introduced the absolute value of the difference in the first part of the (1)
inequalities, which is commonly referred to as the midpoint inequality [3].

Motivated by the desire to obtain sharper estimates and to extend these results be-
yond classical convexity, several generalized convexity notions have been introduced.
Among them, superquadratic functions stand out for their richer geometric structure and
their effectiveness in refining Jensen- and Hermite–Hadamard-type inequalities. We there-
fore turn to the theory of superquadraticity, beginning with a brief review of the geometric
interpretation of convex functions. Let (ϑ, Υ(ϑ)) and (υ, Υ(υ)) be two points on the graph of
a function Υ on or below the chord connecting the endpoints for every ϑ, υ ∈ I, with ϑ ≤ υ.
Symbolically, it is expressed as

Υ(κ) ≤ Υ(υ)− Υ(ϑ)
υ − ϑ

(κ − ϑ) + Υ(ϑ), (2)

for every ϑ ≤ κ ≤ υ. Alternatively, for a function Υ : I → R, we say that Υ possesses a
supporting line at a point ϑ ∈ I, if there exists a real number Cϑ such that

Υ(κ) ≥ Υ(ϑ) + Cϑ(κ − ϑ), (3)

for every κ ∈ I. The collection of all such Cϑ is referred to as the subdifferential of Υ at
the point ϑ, and it is designated by ∂Υ. In essence, the subdifferential describes the slopes
of all lines that support the graph of Υ from below. Therefore, if Υ is convex, then the
subdifferential ∂Υ is non-empty at all interior points of its domain.

From this perspective, Abramovich et al. [4] extended the above concept to what they
termed superquadratic functions.

Definition 1. A function Υ : [0, ∞) −→ R is called superquadratic provided that for every ϑ ≥ 0,
there exists a constant Cϑ ∈ R such that the inequality

Υ(κ) ≥ Υ(ϑ) + Cϑ(κ − ϑ) + Υ(|κ − ϑ|), (4)

holds ∀κ ≥ 0. Thus, for a superquadratic function, we require that Υ lies above its tangent line
plus a translation of Υ itself.

Remark 1. If the function Υ is superquadratic, then its negation −Υ is subquadratic. Consequently,
the inequality in (4) is reversed.

Example 1. The function Υ(κ) = κn defined for κ ≥ 0 and n ≥ 2 is superquadratic, whereas it
is subquadratic when 0 ≤ n < 2. In this context, Cκ = nκn−1. Moreover, equality holds in (4),
when n = 2.
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The following lemma is based on the definition of superquadraticity, and any function
which fulfills the conditions mentioned in this lemma is considered as superquadratic, such
that the functions Υ(κ) = κ2 lnκ for κ > 0 and sign(n− 2)κn for n ≥ 1 are superquadratic.

Lemma 1. Suppose that Υ : [0, ∞) → R is continuously differentiable and satisfies Υ(0) ≤ 0.
If Υ′ is superadditive, or if the function Υ′(κ)

κ is non-decreasing on (0, ∞), then Υ is superquadratic.

The concept of superquadratic functions, along with a fundamental description, was
formulated by Abramovich and his colleagues in [4,5]. Condition (4) is seemingly more
effective than the usual convexity criterion. The above-mentioned claim is valid for a
superquadratic function provided it is non-negative, but it is worth noting that if Υ assumes
negative values, it may be considered a weaker function in terms of its superquadraticity.
Therefore, if Υ is superquadratic and non-negative, then Υ is convex and increasing, as
demonstrated in [4]. More precisely, a randomly selected superquadratic function satisfies
the three subsequent requirements mentioned in Lemma 2:

Lemma 2 ([4]). Let Υ be a superquadratic function, then

1. Υ(0) ≤ 0.
2. If Υ is differentiable at κ > 0 and Υ(0) = Υ′(0) = 0, then Υ′(κ) = Cκ .
3. Υ is termed as convex if Υ ≥ 0 and Υ(0) = Υ′(0) = 0.

The following result provides a sufficient condition under which convexity (or concav-
ity) implies superquadraticity (or subquadraticity).

Lemma 3 ([4]). If Υ is convex (or concave) and satisfies Υ(0) = Υ′(0) = 0, then Υ is su-
perquadratic (or subquadratic). However, the converse of this statement does not necessarily hold.

Remark 2. Subquadraticity does not necessarily imply concavity; in fact, some subquadratic
functions are convex. For instance, the function Υ(κ) = κn, where κ ≥ 0 and 1 ≤ n < 2, serves
as a clear example of a function that is both subquadratic and convex.

One of the key definitions of a superquadratic function is the extension of Jensen’s
inequality, given in its most basic form. Thus, the subsequent definition also applies to a
superquadratic function [5].

Definition 2. A function Υ : [0, ∞) −→ R is called superquadratic if the inequality

Υ((1 − γ)ϑ + γυ) ≤ (1 − γ)[Υ(ϑ)− Υ(γ|ϑ − υ|)]
+ γ[Υ(υ)− Υ((1 − γ)|ϑ − υ|)] (5)

holds, ∀ ϑ, υ ≥ 0 and 0 ≤ γ ≤ 1.

Multiplicatively superquadratic function is another class of superquadraticity, intro-
duced by Krnić et al. [6]. It is also termed as logarithmically superquadratic function.
The definition of such a function that forms the foundation of this study is given below:

Definition 3. A function Υ : [0, ∞) → (0, ∞) is called multiplicatively superquadratic, if the
inequality

Υ((1 − γ)ϑ + γυ) ≤ [Υ(ϑ)]1−γ[Υ(υ)]γ

[Υ(γ|ϑ − υ|)]1−γ[Υ((1 − γ)|ϑ − υ|)]γ (6)
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holds, ∀ ϑ, υ ≥ 0 and 0 ≤ γ ≤ 1.

A function Υ is called multiplicatively superquadratic if the function logΥ exhibits
superquadratic behavior. If a function Υ is multiplicatively subquadratic, then the inequal-
ity (6) flips. Only positive-valued functions can exhibit multiplicatively superquadraticity.
If Υ is multiplicatively superquadratic, then Υ(0) ≤ 1.

Let us state some important results related to the multiplicatively superquadratic
function.

Theorem 1 ([6]). Let Υ : [0, ∞) → (0, ∞) be a multiplicatively superquadratic, then

Υ((1 − γ)ϑ + γυ) ≤ [Υ(ϑ)]1−γ[Υ(υ)]γ, (7)

holds, ∀ ϑ, υ ≥ 0 and 0 ≤ γ ≤ 1. It is worth noting that Υ possesses the property of multiplicative
convexity.

Remark 3. As previously established, the power function g(κ) = κn is superquadratic for n ≥ 2
and subquadratic for 0 < n ≤ 2. Consequently, the function Υ(κ) = exp{κn} is multiplicatively
superquadratic when n ≥ 2, whereas it is multiplicatively subquadratic for 0 < n ≤ 2. Observe that
Υ takes values in the interval [1, ∞). Therefore, in light of Theorem 1 and the preceding discussion,
it follows that the function Υ(κ) = exp{κn} is convex for n ≥ 2. On the other hand, it is well
known that the power function Υ(κ) = κn is convex on [0, ∞) for all n ≥ 1, since g(κ) = κn is
convex on this domain under the same condition.

Additional information on superquadratic functions, together with examples, proper-
ties, and applications to inequalities, can be found in the cited references [7–10].

While superquadratic functions provide a powerful refinement of convexity and lead
to sharper integral inequalities in the classical additive setting, further improvements and
alternative formulations can be achieved by employing non-additive analytical frameworks.
In this context, multiplicative calculus emerges as a natural and effective tool for extending
superquadratic inequalities beyond the traditional setting.

Innovative developments in mathematical analytical tools frequently transform associ-
ated fields. Multiplicative calculus, also known as non-Newtonian calculus, was introduced
in 1967 by Grossman and Katz [11]. This innovative method substitutes multiplicative and
divisional operators for the linear operations found in traditional calculus. Nonlinear pro-
cesses like geometric growth and exponential dynamics are well modeled by this approach.
Its multiplicative derivative is described as follows:

Υ∗(κ) = lim
h→0

(
Υ(κ + h)

Υ(κ)

) 1
h

. (8)

Here, Υ(κ) is a positive function; therefore, Υ(κ+h)
Υ(κ) > 0 for sufficiently small h. The

function Υ∗(κ) is differentiable if and only if the following limit exists. A nonzero value of
the limit corresponds geometrically to the instantaneous logarithmic growth rate, indicating
the degree of exponential variation. A brief review of the classical derivative is presented
to set the stage for the multiplicative derivative (8).

Υ′(κ) = lim
h→0

Υ(κ + h)− Υ(κ)
h

. (9)

The multiplicative derivative is built upon the replacement of subtraction with division
and multiplication with exponentiation. This construction yields the following connec-
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tion between Υ∗ and the classical derivative Υ′, provided Υ has positive values and is
differentiable at κ.

Υ∗(κ) = exp
{
(ln Υ)′(κ)

}
. (10)

Thus, Υ∗ can be interpreted as the exponential of the ordinary derivative of ln Υ. This
intrinsic duality naturally leads to defining the multiplicative integral in an exponential
form. Accordingly, Bashirov et al. [12] formulated the multiplicative integral as

∫ υ

ϑ
(Υ(κ))dκ = exp

{∫ υ

ϑ
ln Υ(κ)dκ

}
, (11)

Here,
∫ υ

ϑ (Υ(κ))
dκ indicates the product-based accumulation of infinitesimal contributions

along [ϑ, υ], assuming Υ(κ) > 0. It should be noted that the superscript dκ plays the role of
an exponential infinitesimal and is not a differential element; hence, it is essentially different
from the term dκ used in the classical integral

∫ υ
ϑ (Υ(κ))dκ. The former is associated with

infinitesimal exponentiation in a multiplicative framework, whereas the latter reflects the
infinitesimal increment characteristic of additive summation.

Through the exponential reconstruction of logarithmic integration outcomes, the mul-
tiplicative integral yields an accumulation process governed by the geometric mean. Re-
placing the linear superposition characteristic of Riemann integration with a multiplicative
framework allows for accurate modeling of exponential trends commonly found in biologi-
cal and financial systems. As an illustrative example, we examine the bacterial population
growth model presented below.

Υ′(κ) = R(κ)Υ(κ). (12)

In this model, the population size at time κ is given by Υ(κ), while Υ′(κ) denotes its
instantaneous rate of change and R(κ) > 0 the associated multiplicative growth rate. Both
time and growth rate are strictly positive. The equation characterizes an idealized process
in which population growth is continuously proportional to its current size. In practical
biological systems with finite resources, however, the growth rate R(κ) > 0 declines as the
population increases, requiring more realistic models such as the logistic equation.

An equivalent formulation of the differential Equation (12) is given by

exp
{
(ln(Υ(κ)))′

}
= exp{R(κ)}. (13)

In view of the relation between Υ∗ and Υ′ in (10), Equation (13) can be written as the
multiplicative differential equation:

Υ∗(κ) = exp{R(κ)}. (14)

The solution of (14) using multiplicative integration is given by

Υ(κ) = γ
∫ κ

κo
(exp{R(κ)})dκ , γ = Υ(κo), (15)

where Υ(κo) specifies the initial condition for the population size.
Accordingly, this example elucidates the insightful intrinsic relationship between

multiplicative calculus and the theory of differential equations. In contrast to Equation (12),
the new differential control Equation (14) provides a more natural and succinct representa-
tion, explicitly reflecting the growth rate R(κ) exhibiting exponential dynamics.
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Such applications highlight the importance of multiplicative calculus in practical
contexts and have consequently motivated extensive theoretical developments across di-
verse scientific disciplines. In the context of mathematical physics, multiplicative calculus
provides a framework for refined geometric formulations, including the identification of
fractional symmetries in Lorentz–Minkowski space [13] and the characterization of multi-
plicative manifold structures associated with Dirac systems [14]. In topology, it provides
reformulations of difference sequence spaces [15] and supports the development of vari-
ational principles based on multiplicative calculus [16]. Collectively, these findings help
bridge gaps in nonlinear geometric theory and enhance the existing analytical methodolo-
gies. Further applications are discussed in [12,17] and the references cited therein.

Fractional calculus is a branch of mathematics that generalizes traditional calculus
by extending the concepts of derivatives and integrals to non-integer orders such as 1

2 , π,
or any real number. In traditional calculus, derivatives and integrals are defined for func-
tions of integer orders, such as first derivatives, second derivatives, and so on. However,
fractional calculus allows for derivatives and integrals of non-integer orders [18]. Several
fractional operators have been introduced, for example, generalized proportional fractional
operators [19], Sarikaya fractional operators [20], Katugampola fractional operators [21],
Atangana–Baleanu fractional operators [22], generalized Riemann–Liouville fractional op-
erators [23], and conformable fractional operators [24]. These operators are necessary for
the description of memory and hereditary properties in most engineering [25], computer
science [26], and control science [27] literature.

A wide range of inequalities has been well studied in the classical setting; however,
their generalization to multiplicative calculus is still limited, particularly for fractional
operators. Abdeljawad and Grossman [28] contributed to closing this gap by introducing
a redefinition of Riemann–Liouville fractional operators that unifies non-Newtonian or
multiplicative calculus with fractional theory.

Definition 4. The definitions of the multiplicative Riemann–Liouville fractional operators, denoted
by ϑIβ

∗Υ(κ) and ∗Iβ
υΥ(κ), are presented separately for the case β > 0.

ϑIβ
∗Υ(κ) = exp{Iβ

ϑ+
ln Υ(κ)}

= exp
{

1
Γ(β)

∫ κ

ϑ
(κ − γ)β−1 ln Υ(γ)dγ

}
, κ > ϑ, (16)

and

∗Iβ
υΥ(κ) = exp

{
Iβ
υ− ln Υ(κ)

}
= exp

{
1

Γ(β)

∫ υ

κ
(γ −κ)β−1 ln Υ(γ)dγ

}
, κ < υ, (17)

where the function Υ : [ϑ, υ] → R+.

Recent research has incorporated multiplicative calculus into the study of inequalities,
particularly within integer-order differential settings. For example, various inequalities
of Ostrowski [29], Simpson [30], Boole [31], Newton [32], and Maclaurin types [33] have
been developed for ∗differentiable functions, while the inequalities of trapezoidal and
midpoint types [34] have been established for functions that possess twice ∗differentiability.
Collectively, these contributions have advanced the development of an estimation-theoretic
framework in multiplicative calculus based on operator-theoretic techniques. Multiplica-
tive calculus, embedded in an operator-theoretic context, has significantly influenced
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nonlinear modeling paradigms, and established analytical tools continue their evolutionary
advancement through optimization-based mechanisms in operator inequality theory.

The unification of multiplicative calculus and fractional analysis has markedly ad-
vanced theoretical perspectives. Budak and Özçelik [35] established inequalities of Hermite–
Hadamard-type via multiplicative Riemann–Liouville operators. Building on this foun-
dation, Boulares et al. [36] derived inequalities of Bullen type, Merad et al. [37] devel-
oped Maclaurin-type results, and Lakhdari et al. [38] investigated inequalities of Newton
type. Subsequent advancements in this direction encompass the contribution of Alma-
trafi et al. [39], who developed multi-node quadrature formulas with enhanced approx-
imation accuracy, as well as the introduction of multi-parameter inequalities associated
with three-point Newton–Cotes formulas by Du and Long [40], thereby extending the
theoretical framework of numerical integration and inequality analysis. Beyond multiplica-
tive Riemann–Liouville fractional operators, several new frameworks have been proposed,
including multiplicative conformable fractional operators [41], tempered multiplicative inte-
gral operators [42], Sarikaya-type multiplicative operators [43], multiplicative proportional
Caputo-hybrid fractional operators [44], and exponential-kernel multiplicative integral
operators [45]. Moreover, recent contributions [46,47] have further enriched multiplicative
fractional theory, expanding the analytical toolkit available for fractional calculus.

Petrović’s inequality stated by Theorem 2 is another classical and fundamental inequal-
ity in the theory of convex functions. Introduced by M. Petrović, it establishes an upper
bound for the sum of the values of a convex function in terms of the function evaluated at
the sum of the arguments.

Theorem 2 ([48] Petrović Inequality). Let 0 < t < ∞, and let Υ : [0, t] → R be a continuous
and convex function. Then, for every m ∈ N and every κ1,κ2, . . . ,κm ∈ [0, t] such that κ1 +

κ2 + · · ·+κm ∈ [0, t], we have

Υ(κ1) + Υ(κ2) + · · ·+ Υ(κm) ≤ Υ(κ1 +κ2 + · · ·+κm) + (m − 1)Υ(0). (18)

Owing to its elegant structure and close relationship with Jensen-type inequalities,
Petrović’s inequality has attracted considerable attention and has been generalized in
various directions, including weighted forms, operator versions, fractional integral settings,
and extensions involving generalized convexity classes [49–53]. These developments
have demonstrated its effectiveness in the derivation of refined estimates and integral
inequalities. Nevertheless, to the best of our knowledge, no multiplicative analogue of
Petrović’s inequality has yet been established for superquadratic functions within the
framework of multiplicative calculus.

Building upon recent advances in convexity-based methodologies, the present study
extends this analytical framework to the class of superquadratic functions within the
setting of multiplicative calculus. In particular, we establish a multiplicative analogue of
Petrovič’s inequality and subsequently derive the corresponding midpoint- and trapezoid-
type inequalities in both integer and fractional orders.

The structure of the paper is organized as follows. Section 1 presents the essential pre-
liminaries and auxiliary results required for the subsequent analysis. Section 2 is devoted to
the formulation and proof of the multiplicative Petrovič-type inequality. In Sections 3 and 4,
we develop the associated integer-order midpoint- and trapezoid-type inequalities, re-
spectively. The fractional counterparts of these results are established in Sections 5 and 6
within the context of multiplicative Riemann–Liouville operators. Applications illustrating
the effectiveness of the derived inequalities are discussed in Section 7. Finally, Section 8
concludes the paper with remarks emphasizing the mathematical significance and potential
implications of the obtained findings.

https://doi.org/10.3390/math14132306

https://doi.org/10.3390/math14132306


Mathematics 2026, 14, 2306 8 of 42

Multiplicative Calculus

The notion of ∗integrable operators was introduced by Bashirov and his collaborators
in 2008, together with a thorough exploration of their core properties [12].

Proposition 1 ([12]). Let functions Υ and g be positive and ∗integrable on [ϑ, υ]. Then, the follow-
ing properties hold:

1.
υ∫

ϑ

(
(Υ(κ))n

)dκ
=

υ∫
ϑ

(
(Υ(κ))dκ

)n
, n ∈ R.

2.
υ∫

ϑ

(Υ(κ)g(κ))dκ =
υ∫

ϑ

(Υ(κ))dκ .
υ∫

ϑ

(g(κ))dκ ,

3.
υ∫

ϑ

(
Υ(κ)
g(κ)

)dκ
=
∫ υ

ϑ (Υ(κ))dκ∫ υ
ϑ (g(κ))dκ ,

4.
υ∫

ϑ

(Υ(κ))dκ =
c∫

ϑ

(Υ(κ))dκ .
υ∫
c
(Υ(κ))dκ , ϑ ≤ c ≤ υ,

5.
ϑ∫

ϑ

(Υ(κ))dκ = 1,
υ∫

ϑ

(Υ(κ))dκ =

(
ϑ∫
υ
(Υ(κ))dκ

)−1

.

The integration by parts formula under the multiplicative calculus setting is presented
in the following theorem:

Theorem 3 ([12]). Let Υ : [ϑ, υ] → R possess multiplicative differentiability and let g : [ϑ, υ] → R
and h : I ⊆ R → [ϑ, υ] possess differentiability; we attain

∫ υ

ϑ

(
Υ∗(h(κ))g(κ)h′

(κ)
)dκ

=
Υ(h(υ))g(υ)

Υ(h(ϑ))g(ϑ)
.

1∫ υ
ϑ

(
Υ(h(κ))g′(κ)

)dκ .

Bashirov et al. [12] introduced the multiplicative derivative as a notion underlying
∗differentiable functions. The connections between Υ∗(m) and Υ(m) for (m = 1, 2, 3, · · · ) are
presented as follows.

1. Υ∗(κ) = exp
{
(ln Υ)′(κ)

}
= exp

{
Υ′(κ)
Υ(κ)

}
.

2. Υ∗∗(κ) = exp
{
(ln Υ′)∗(κ)

}
= exp

{
(ln Υ)′′(κ)

}
.

3. Υ∗(m)(κ) = exp
{
(ln Υ)(m)(κ)

}
.

For a comprehensive analysis of the properties associated with the ∗differentiability of
Υ, we refer the reader to [12].

2. Petrovič Inequality for a Multiplicatively Superquadratic Function
To the best of our knowledge, Petrovič’s inequality has not yet been established for a

multiplicatively superquadratic function. To fill this gap, we first prove a multiplicative
version of Petrovič’s inequality.

Theorem 4. Let the function Υ :⊂ [0, ∞) → (0, ∞) be multiplicatively superquadratic, if κj ∈
[0, ∞) (j = 1, · · · , m) and ∑m

j=1 κj ∈ [0, ∞) with ∑m
j=1 κj ̸= 0, then

m

∏
j=1

Υ(κj) ≤ Υ

(
m

∑
j=1

κj

)
[Υ(0)]m−1. (19)
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Proof. Let Υ be a multiplicatively superquadratic function; therefore, using the result of
Theorem 1 for κ1 ∈ [0, ∞) and S = ∑n

j=1 κj, we have

Υ(κ1) = Υ
((κ1

S

)
S +

(
1 − κ1

S

)
0
)
≤ [Υ(S)]

κ1
S [Υ(0)]1−

κ1
S .

Similarly,

Υ(κ2) ≤ [Υ(S)]
κ2
S [Υ(0)]1−

κ2
S ,

. .

. .

. .

Υ(κm) ≤ [Υ(S)]
κm

S [Υ(0)]1−
κm

S .

Multiplying the aforementioned results term-wise, we get

Υ(κ1) · · · · · Υ(κn) ≤ [Υ(S)]
κ1
S [Υ(0)]1−

κ1
S · · · · · [Υ(S)]

κm
S [Υ(0)]1−

κm
S

= [Υ(S)]
κ1
S +...+ κm

S [Υ(0)]1−
κ1
S +...+1− κm

S

= [Υ(S)]
κ1+...+κm

S [Υ(0)]m− κ1+...+κm
S

= Υ(κ1 + ... +κm)[Υ(0)]m−1.

Hence,

m

∏
j=1

Υ(κj) ≤ Υ

(
m

∑
j=1

κj

)
[Υ(0)]m−1.

The following example serves two purposes: first, to verify the validity of Theorem 4,
and second, to illustrate the behavior of Theorem 4 for different values of m.

Example 2. The function Υ(κ) = exp{κn} is multiplicatively superquadratic for n ≥ 2 on
[0, ∞). We consider Theorem 4 for m = 2 and m = 3. Let m = 2, and we take κ1 = 0.1 and
κ2 = 0.2. For m = 3, we take κ1 = 0.1, κ2 = 0.2, and κ3 = 0.3.

The graphical illustrations given by Figure 1 indicates a direct proportional relationship
between the parameter m and the separation between the left and right terms of Theorem 4.

(a) κ1 = 0.1, κ2 = 0.2, and m = 2. (b) κ1 = 0.1, κ2 = 0.2, κ3 = 0.3, and m = 3.

Figure 1. Graphical behavior of the inequality established in Theorem 4 for m = 2, 3, where n ∈ [2, 6].
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3. Midpoint-Type Inequalities for Multiplicatively
Superquadratic Function

This section begins by deriving a new identity for ∗integrable superquadratic functions.
By employing this identity in conjunction with the Petrovič inequality, we derive novel
midpoint-type inequalities for this class of functions within the framework of multiplica-
tive calculus.

Lemma 4. Let Υ : [0, ∞) → (0, ∞) be an increasing and ∗differentiable function. If Υ∗ is
∗integrable, then(∫ 1

2

0

((
Υ∗(υγ + (1 − γ)ϑ)Υ∗

(
ϑ + υ

2
− (υγ + (1 − γ)ϑ)

))γ)dγ
)υ−ϑ

×

∫ 1

1
2


 Υ∗(υγ + (1 − γ)ϑ)

Υ∗
(
(υγ + (1 − γ)ϑ)− ϑ+υ

2

)
γ−1


dγ


υ−ϑ

Υ(0)

= Υ
(

ϑ + υ

2

)∫ υ

ϑ

Υ
(∣∣∣κ − ϑ+υ

2

∣∣∣)
Υ(κ)

dκ
1

υ−ϑ

, (20)

holds for all ϑ, υ ∈ [0, ∞) with 0 ≤ ϑ < υ.

Proof. The following identities can be readily derived by employing the properties estab-
lished in Proposition 1 together with the ∗integration by parts formula stated in Theorem 3.

I1 =

(∫ 1
2

0

((
Υ∗(υγ + (1 − γ)ϑ)Υ∗

(
ϑ + υ

2
− (υγ + (1 − γ)ϑ)

))γ)dγ
)υ−ϑ

=

(∫ 1
2

0

(
(Υ∗(υγ + (1 − γ)ϑ))γ)dγ

)υ−ϑ(∫ 1
2

0

((
Υ∗
(

ϑ + υ

2
− (υγ + (1 − γ)ϑ)

))γ)dγ
)υ−ϑ

=

√
Υ
(

ϑ+υ
2

)
∫ 1

2
0 (Υ(υγ + (1 − γ)ϑ))dγ

·

∫ 1
2

0

(
Υ
(

ϑ+υ
2 − (υγ + (1 − γ)ϑ)

))dγ√
Υ(0)

.

and

I2 =

∫ 1

1
2


 Υ∗(υγ + (1 − γ)ϑ)

Υ∗
(
(υγ + (1 − γ)ϑ)− ϑ+υ

2

)
γ−1


dγ


υ−ϑ

=

(∫ 1
1
2

(
(Υ∗(υγ + (1 − γ)ϑ))γ−1

)dγ
)υ−ϑ

(∫ 1
1
2

((
Υ∗
(
(υγ + (1 − γ)ϑ)− ϑ+υ

2

))γ−1
)dγ

)υ−ϑ

=

√
Υ
(

ϑ+υ
2

)
∫ 1

1
2
(Υ(υγ + (1 − γ)ϑ))dγ

·

∫ 1
1
2

(
Υ
(
(υγ + (1 − γ)ϑ)− ϑ+υ

2

))dγ√
Υ(0)

.

https://doi.org/10.3390/math14132306

https://doi.org/10.3390/math14132306


Mathematics 2026, 14, 2306 11 of 42

By multiplying I1 and I2, we obtain

I1 × I2 =
Υ
(

ϑ+υ
2

)
∫ 1

2
0 (Υ(υγ + (1 − γ)ϑ))dγ ·

∫ 1
1
2
(Υ(υγ + (1 − γ)ϑ))dγ

×

∫ 1
2

0

(
Υ
(

ϑ+υ
2 − (υγ + (1 − γ)ϑ)

))dγ
·
∫ 1

1
2

(
Υ
(
(υγ + (1 − γ)ϑ)− ϑ+υ

2

))dγ

Υ(0)
.

Using property 4 of Proposition 1, we get

I1 × I2 =
Υ
(

ϑ+υ
2

) ∫ 1
0

(
Υ
(∣∣∣ ϑ+υ

2 − (υγ + (1 − γ)ϑ)
∣∣∣))dγ

Υ(0)
∫ 1

0 (Υ(υγ + (1 − γ)ϑ))dγ
. (21)

Next, we perform a change of variables in (21), by setting κ = υγ+ (1− γ)ϑ, which implies
that dκ = (υ − ϑ)dγ. Moreover, as γ → 1, we have κ → υ; also, as γ → 0, we have κ → ϑ;
thus, we obtain

I1 × I2 =
Υ
(

ϑ+υ
2

)
Υ(0)


∫ υ

ϑ

(
Υ
(∣∣∣κ − ϑ+υ

2

∣∣∣))dκ

∫ υ
ϑ (Υ(κ))

dκ


1

υ−ϑ

.

Using property 3 of Proposition 1, we get

I1 × I2 =
Υ
(

ϑ+υ
2

)
Υ(0)

∫ υ

ϑ

Υ
(∣∣∣κ − ϑ+υ

2

∣∣∣)
Υ(κ)

dκ
1

υ−ϑ

.

This completes the proof.

Theorem 5. Let Υ : [0, ∞) → (0, ∞) be an increasing and ∗differentiable multiplicatively
superquadratic function. If Υ∗ is increasing and ∗integrable and |Υ∗| is a multiplicatively su-
perquadratic function, then

∣∣∣∣∣∣∣∣Υ
(

ϑ + υ

2

)∫ υ

ϑ

Υ
(∣∣∣κ − ϑ+υ

2

∣∣∣)
Υ(κ)

dκ
1

υ−ϑ

∣∣∣∣∣∣∣∣
≤
(
(Υ∗(ϑ)(Υ∗(υ)))

1
2 Υ∗

(
3υ − ϑ

2

)
(Υ∗(0))2

) υ−ϑ
8

Υ(0), (22)

holds for all ϑ, υ ∈ [0, ∞) with 0 ≤ ϑ < υ.

Proof. Applying Lemma 4 and then taking absolute values on both sides of (20) yields
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∣∣∣∣∣∣∣∣Υ
(

ϑ + υ

2

)∫ υ

ϑ

Υ
(∣∣∣κ − ϑ+υ

2

∣∣∣)
Υ(κ)

dκ
1

υ−ϑ

∣∣∣∣∣∣∣∣
1

Υ(0)

≤ exp

{
(υ − ϑ)

(∫ 1
2

0
γ

(∣∣∣∣ln(Υ∗(υγ + (1 − γ)ϑ)Υ∗
(

ϑ + υ

2
− (υγ + (1 − γ)ϑ)

))∣∣∣∣)dγ

)}

× exp
{
(υ − ϑ)

(∫ 1

1
2

(1 − γ)

(∣∣∣∣ln(Υ∗(υγ + (1 − γ)ϑ)Υ∗
(
(υγ + (1 − γ)ϑ)− ϑ + υ

2

))∣∣∣∣)dγ

)}
. (23)

Since |Υ∗| is multiplicatively superquadratic, an application of Petrovič’s inequality for
multiplicatively superquadratic functions (see Theorem 4) yields

Υ∗(υγ + (1 − γ)ϑ)Υ∗
(

ϑ + υ

2
− (υγ + (1 − γ)ϑ)

)
≤ Υ∗

(
υγ + (1 − γ)ϑ +

ϑ + υ

2
− (υγ + (1 − γ)ϑ)

)
Υ∗(0)

= Υ∗
(

ϑ + υ

2

)
Υ∗(0) ≤ (Υ∗(ϑ)Υ∗(υ))

1
2 Υ∗(0). (24)

Similarly, employing Petrovič’s inequality and then using the monotonicity property, we
have

Υ∗(υγ + (1 − γ)ϑ)Υ∗
(
(υγ + (1 − γ)ϑ)− ϑ + υ

2

)
≤ Υ∗

(
υγ + (1 − γ)ϑ + (υγ + (1 − γ)ϑ)− ϑ + υ

2

)
Υ∗(0)

= Υ∗
((

2γ − 1
2

)
υ +

(
3
2
− 2γ

)
ϑ

)
Υ∗(0) ≤ Υ∗

(
3υ − ϑ

2

)
Υ∗(0). (25)

Substitution of the values of the results (24) and (25) into (23) yields∣∣∣∣∣∣∣∣Υ
(

ϑ + υ

2

)∫ υ

ϑ

Υ
(∣∣∣κ − ϑ+υ

2

∣∣∣)
Υ(κ)

dκ
1

υ−ϑ

∣∣∣∣∣∣∣∣
1

Υ(0)

≤ exp

{
(υ − ϑ)

(∫ 1
2

0
γ
(∣∣∣ln((Υ∗(ϑ)Υ∗(υ))

1
2 Υ∗(0)

)∣∣∣)dγ

)}

× exp
{
(υ − ϑ)

(∫ 1

1
2

(1 − γ)

(∣∣∣∣ln(Υ∗
(

3υ − ϑ

2

)
Υ∗(0)

)∣∣∣∣)dγ

)}
.

Using properties of logarithm and then employing the Riemann integration with regard to
γ, we obtain
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∣∣∣∣∣∣∣∣Υ
(

ϑ + υ

2

)∫ υ

ϑ

Υ
(∣∣∣κ − ϑ+υ

2

∣∣∣)
Υ(κ)

dκ
1

υ−ϑ

∣∣∣∣∣∣∣∣
1

Υ(0)

≤ exp

 (υ − ϑ)
(∣∣∣ln((Υ∗(ϑ)Υ∗(υ))

1
2 Υ∗(0)

)∣∣∣)
8


× exp

 (υ − ϑ)
∣∣∣ln(Υ∗

(
3υ−ϑ

2

)
Υ∗(0)

∣∣∣)
8


= exp

{
(υ − ϑ)

8
ln
(
(Υ∗(ϑ)Υ∗(υ))

1
2 Υ∗

(
3υ − ϑ

2

)
(Υ∗(0))2

)}
=

(
(Υ∗(ϑ)(Υ∗(υ)))

1
2 Υ∗

(
3υ − ϑ

2

)
(Υ∗(0))2

) υ−ϑ
8

.

This completes the proof.

Theorem 6. Let Υ : [0, ∞) → (0, ∞) be an increasing and ∗differentiable multiplicatively su-
perquadratic function. If Υ∗ is ∗integrable and | ln(Υ∗)|p is a superquadratic function, then∣∣∣∣∣∣∣∣Υ

(
ϑ + υ

2

)∫ υ

ϑ

Υ
(∣∣∣κ − ϑ+υ

2

∣∣∣)
Υ(κ)

dκ
1

υ−ϑ

∣∣∣∣∣∣∣∣
≤

(Υ∗(υ)Υ∗(ϑ))

(
1+3

1
p

2
1+ 1

p

)
Υ∗
(

υ − ϑ

2

)
Υ∗(0)


(υ−ϑ)

2
1+ 1

p (q+1)
1
q

, (26)

holds for all ϑ, υ ∈ [0, ∞) with 0 ≤ ϑ < υ. Where q > 1, 1
q + 1

p = 1.

Proof. Applying Lemma 4 and then taking absolute values on both sides of (20) yields

∣∣∣∣∣∣∣∣Υ
(

ϑ + υ

2

)∫ υ

ϑ

Υ
(∣∣∣κ − ϑ+υ

2

∣∣∣)
Υ(κ)

dκ
1

υ−ϑ

∣∣∣∣∣∣∣∣
1

Υ(0)

≤ exp

{
(υ − ϑ)

(∫ 1
2

0
γ

(∣∣∣∣ln(Υ∗(υγ + (1 − γ)ϑ)Υ∗
(

ϑ + υ

2
− (υγ + (1 − γ)ϑ)

))∣∣∣∣)dγ

)}

× exp
{
(υ − ϑ)

(∫ 1

1
2

(1 − γ)

(∣∣∣∣ln(Υ∗(υγ + (1 − γ)ϑ)Υ∗
(
(υγ + (1 − γ)ϑ)− ϑ + υ

2

))∣∣∣∣)dγ

)}
.

Using Hölder inequality, we obtain
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∣∣∣∣∣∣∣∣Υ
(

ϑ + υ

2

)∫ υ

ϑ

Υ
(∣∣∣κ − ϑ+υ

2

∣∣∣)
Υ(κ)

dκ
1

υ−ϑ

∣∣∣∣∣∣∣∣
1

Υ(0)

≤ exp

(υ − ϑ)

(∫ 1
2

0
γqdγ

) 1
q
(∫ 1

2

0

(
|ln(Υ∗(υγ + (1 − γ)ϑ))|p

)
dγ

) 1
p


× exp

(υ − ϑ)

(∫ 1
2

0
γqdγ

) 1
q
(∫ 1

2

0

(∣∣∣∣ln(Υ∗
(

ϑ + υ

2
− (υγ + (1 − γ)ϑ)

))∣∣∣∣p)dγ

) 1
p


× exp

{
(υ − ϑ)

(∫ 1

1
2

(1 − γ)qdγ

) 1
q
(∫ 1

1
2

(
|ln(Υ∗(υγ + (1 − γ)ϑ))|p

)
dγ

) 1
p
}

× exp

(υ − ϑ)

(∫ 1

1
2

(1 − γ)qdγ

) 1
q
(∫ 1

1
2

(∣∣∣∣ln(Υ∗
(

υγ + (1 − γ)ϑ − ϑ + υ

2

))∣∣∣∣p)dγ

) 1
p

.

Since | ln(Υ∗)|p is superquadratic. Moreover, noting that | ln Υ∗|p ≥ 0, Lemma 2 en-
sures that | ln Υ∗|p is a convex function. Therefore, by invoking the definition of convex-
ity together with the classical Hermite–Hadamard-type inequality for convex functions,
we obtain∣∣∣∣∣∣∣∣Υ

(
ϑ + υ

2

)∫ υ

ϑ

Υ
(∣∣∣κ − ϑ+υ

2

∣∣∣)
Υ(κ)

dκ
1

υ−ϑ

∣∣∣∣∣∣∣∣
1

Υ(0)

≤ exp

 (υ − ϑ)

2
1+q

q (q + 1)
1
q

(∫ 1
2

0

(
γ|ln(Υ∗(υ))|p + (1 − γ)|ln(Υ∗(ϑ))|p

)
dγ

) 1
p


× exp


(υ − ϑ)

2
1+q

q (q + 1)
1
q

 |ln(Υ∗(0))|p +
∣∣∣ln(Υ∗

(
υ−ϑ

2

))∣∣∣p
4


1
p


× exp

 (υ − ϑ)

2
1+q

q (q + 1)
1
q

(∫ 1

1
2

(
γ|ln(Υ∗(υ))|p + (1 − γ)|ln(Υ∗(ϑ))|p

)
dγ

) 1
p


× exp


(υ − ϑ)

2
1+q

q (q + 1)
1
q

 |ln(Υ∗(0))|p +
∣∣∣ln(Υ∗

(
υ−ϑ

2

))∣∣∣p
4


1
p


= exp

 (υ − ϑ)

2
1+q

q (q + 1)
1
q

(
|ln(Υ∗(υ))|p + 3|ln(Υ∗(ϑ))|p

8

) 1
p


× exp


2(υ − ϑ)

2
1+q

q (q + 1)
1
q

 |ln(Υ∗(0))|p +
∣∣∣ln(Υ∗

(
υ−ϑ

2

))∣∣∣p
4


1
p


× exp

 (υ − ϑ)

2
1+q

q (q + 1)
1
q

(
3|ln(Υ∗(υ))|p + |ln(Υ∗(ϑ))|p

8

) 1
p

.

This further implies that
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∣∣∣∣∣∣∣∣Υ
(

ϑ + υ

2

)∫ υ

ϑ

Υ
(∣∣∣κ − ϑ+υ

2

∣∣∣)
Υ(κ)

dκ
1

υ−ϑ

∣∣∣∣∣∣∣∣
1

Υ(0)

≤ exp

 (υ − ϑ)

22(1+ 1
p )(q + 1)

1
q

[(
|ln(Υ∗(υ))|p + 3|ln(Υ∗(ϑ))|p

) 1
p +

(
3|ln(Υ∗(υ))|p + |ln(Υ∗(ϑ))|p

) 1
p

]
× exp

 (υ − ϑ)

21+ 1
p (q + 1)

1
q

(
|ln(Υ∗(0))|p +

∣∣∣∣ln(Υ∗
(

υ − ϑ

2

))∣∣∣∣p)
1
p

. (27)

Since ln Υ∗(κ) ≥ 0, it follows that | ln Υ∗(κ)| = ln Υ∗(κ). Using this observation, we can
further simplify (27) by applying the inequality (ϑ + υ)s ≤ ϑs + υs, ∀s ∈ [0, 1).∣∣∣∣∣∣∣∣Υ

(
ϑ + υ

2

)∫ υ

ϑ

Υ
(∣∣∣κ − ϑ+υ

2

∣∣∣)
Υ(κ)

dκ
1

υ−ϑ

∣∣∣∣∣∣∣∣
1

Υ(0)

≤ exp

 (υ − ϑ)

22(1+ 1
p )(q + 1)

1
q

[
ln(Υ∗(υ)) + 3

1
p ln(Υ∗(ϑ)) + 3

1
p ln(Υ∗(υ)) + ln(Υ∗(ϑ))

]
× exp

 (υ − ϑ)

21+ 1
p (q + 1)

1
q

(
ln(Υ∗(0)) + ln

(
Υ∗
(

υ − ϑ

2

)))
= exp

 (1 + 3
1
p )(υ − ϑ)

22(1+ 1
p )(q + 1)

1
q
[ln(Υ∗(υ)Υ∗(ϑ))]


× exp

 (υ − ϑ)

21+ 1
p (q + 1)

1
q

[
ln
(

Υ∗(0)Υ∗
(

υ − ϑ

2

))]
= exp

ln

(Υ∗(υ)Υ∗(ϑ))

(
1+3

1
p

2
1+ 1

p

)(
Υ∗(0)Υ∗

(
υ − ϑ

2

))
(υ−ϑ)

2
1+ 1

p (q+1)
1
q


=

(Υ∗(υ)Υ∗(ϑ))

(
1+3

1
p

2
1+ 1

p

)(
Υ∗(0)Υ∗

(
υ − ϑ

2

))
(υ−ϑ)

2
1+ 1

p (q+1)
1
q

.

This completes the proof.

4. Trapezoid-Type Inequalities for Multiplicatively
Superquadratic Function

This section begins by deriving a new identity for ∗integrable multiplicatively su-
perquadratic functions from the perspective of multiplicative calculus. By utilizing this
identity in conjunction with Petrovič’s inequality, we subsequently derive novel trapezoid-
type inequalities for this class of functions.

Lemma 5. Let Υ : [0, ∞) → (0, ∞) be an increasing and ∗differentiable function. If Υ∗ is
∗integrable, then
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(∫ 1

0

(
(Υ∗(υγ + (1 − γ)ϑ))1−2γ(Υ∗((υ − ϑ)γ))(1−γ)2

(Υ∗((υ − ϑ)(1 − γ)))γ2)dγ
) υ−ϑ

2

=

(∫ υ
ϑ

(
Υ(κ)(Υ(κ − ϑ))

υ−κ
υ−ϑ (Υ(υ −κ))

κ−ϑ
υ−ϑ

)dκ) 1
υ−ϑ

(√
Υ(ϑ)Υ(υ)

)
Υ(0)

, (28)

holds for all ϑ, υ ∈ [0, ∞) with 0 ≤ ϑ < υ.

Proof. The following identity follow directly from the properties established in
Proposition 1, together with the ∗integration by parts formula presented in Theorem 3.

I =
(∫ 1

0

(
(Υ∗(υγ + (1 − γ)ϑ))1−2γ(Υ∗((υ − ϑ)γ))(1−γ)2

(Υ∗((υ − ϑ)(1 − γ)))γ2)dγ
) υ−ϑ

2

=

(∫ 1

0

(
(Υ∗(υγ + (1 − γ)ϑ))1−2γ

)dγ
) υ−ϑ

2
(∫ 1

0

(
(Υ∗((υ − ϑ)γ))(1−γ)2)dγ

) υ−ϑ
2

×
(∫ 1

0

(
(Υ∗((υ − ϑ)(1 − γ)))γ2)dγ

) υ−ϑ
2

=

∫ 1
0 (Υ(υγ + (1 − γ)ϑ))dγ√

Υ(ϑ)Υ(υ)
·

∫ 1
0

(
(Υ((υ − ϑ)γ))1−γ

)dγ√
Υ(0)

·
∫ 1

0

(
(Υ((υ − ϑ)(1 − γ)))γ)dγ√

Υ(0)

=

∫ 1
0 (Υ(υγ + (1 − γ)ϑ))dγ ∫ 1

0

(
(Υ((υ − ϑ)γ))1−γ

)dγ ∫ 1
0

(
(Υ((υ − ϑ)(1 − γ)))γ)dγ(√

Υ(ϑ)Υ(υ)
)

Υ(0)
(29)

By performing a change of variables in (29), we obtain

I =

(∫ υ
ϑ (Υ(κ))

dκ
) 1

υ−ϑ

(∫ υ
ϑ

(
(Υ(κ − ϑ))

υ−κ
υ−ϑ

)dκ
) 1

υ−ϑ
(∫ υ

ϑ

(
(Υ(υ −κ))

κ−ϑ
υ−ϑ

)dκ) 1
υ−ϑ

(√
Υ(ϑ)Υ(υ)

)
Υ(0)

=

(∫ υ
ϑ

(
Υ(κ)(Υ(κ − ϑ))

υ−κ
υ−ϑ (Υ(υ −κ))

κ−ϑ
υ−ϑ

)dκ) 1
υ−ϑ

(√
Υ(ϑ)Υ(υ)

)
Υ(0)

.

This completes the proof.

Theorem 7. Let Υ : [0, ∞) → (0, ∞) be an increasing and ∗differentiable multiplicatively su-
perquadratic function. If Υ∗ is ∗integrable and |Υ∗| is a multiplicatively superquadratic func-
tion, then ∣∣∣∣∣∣∣∣∣∣

(∫ υ
ϑ

(
Υ(κ)(Υ(κ − ϑ))

υ−κ
υ−ϑ (Υ(υ −κ))

κ−ϑ
υ−ϑ

)dκ) 1
υ−ϑ

(√
Υ(ϑ)Υ(υ)

)
Υ(0)

∣∣∣∣∣∣∣∣∣∣
≤
(
(Υ∗(2υ − ϑ))3(Υ∗(υ − ϑ))2(Υ∗(0))5

) υ−ϑ
12 , (30)

holds for all ϑ, υ ∈ [0, ∞) with 0 ≤ ϑ < υ.
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Proof. Applying Lemma 5 and then taking absolute values on both sides of (28) yields∣∣∣∣∣∣∣∣∣∣

(∫ υ
ϑ

(
Υ(κ)(Υ(κ − ϑ))

υ−κ
υ−ϑ (Υ(υ −κ))

κ−ϑ
υ−ϑ

)dκ) 1
υ−ϑ

(√
Υ(ϑ)Υ(υ)

)
Υ(0)

∣∣∣∣∣∣∣∣∣∣
≤ exp

{
υ − ϑ

2

(∫ 1

0
|1 − 2γ||ln Υ∗(υγ + (1 − γ)ϑ)|dγ

)}
× exp

{
υ − ϑ

2

(∫ 1

0
(1 − γ)2|ln Υ∗((υ − ϑ)γ)|dγ

)}
× exp

{
υ − ϑ

2

(∫ 1

0
γ2|ln Υ∗((υ − ϑ)(1 − γ))|dγ

)}
= exp

{
υ − ϑ

2

(∫ 1

0
|1 − 2γ|(ln Υ∗(υγ + (1 − γ)ϑ) + ln Υ∗((υ − ϑ)γ))dγ

)}
× exp

{
υ − ϑ

2

(∫ 1

0
γ2(ln Υ∗((υ − ϑ)γ) + ln Υ∗((υ − ϑ)(1 − γ)))dγ

)}
= exp

{
υ − ϑ

2

(∫ 1

0
|1 − 2γ|(ln(Υ∗(υγ + (1 − γ)ϑ)Υ∗((υ − ϑ)γ)))dγ

)}
× exp

{
υ − ϑ

2

(∫ 1

0
γ2(ln(Υ∗((υ − ϑ)γ)Υ∗((υ − ϑ)(1 − γ))))dγ

)}
(31)

Since |Υ∗| is multiplicatively superquadratic, an application of Petrovič’s inequality for
multiplicatively superquadratic functions (see Theorem 4), and then employing the mono-
tonicity property, yields

Υ∗(υγ + (1 − γ)ϑ)Υ∗((υ − ϑ)γ)

≤ Υ∗(υγ + (1 − γ)ϑ + (υ − ϑ)γ)Υ∗(0)

= Υ∗(2υγ + (1 − 2γ)ϑ)Υ∗(0)

≤ Υ∗(2υ − ϑ)Υ∗(0). (32)

Similarly,

Υ∗((υ − ϑ)γ)Υ∗((υ − ϑ)(1 − γ))

≤ Υ∗((υ − ϑ)γ + (υ − ϑ)(1 − γ))Υ∗(0)

= Υ∗(υ − ϑ)Υ∗(0) (33)

Substitution of the values of the results (32) and (33) into (31) yields∣∣∣∣∣∣∣∣∣∣

(∫ υ
ϑ

(
Υ(κ)(Υ(κ − ϑ))

υ−κ
υ−ϑ (Υ(υ −κ))

κ−ϑ
υ−ϑ

)dκ) 1
υ−ϑ

(√
Υ(ϑ)Υ(υ)

)
Υ(0)

∣∣∣∣∣∣∣∣∣∣
≤ exp

{
υ − ϑ

2

(∫ 1

0
|1 − 2γ|(ln(Υ∗(2υ − ϑ)Υ∗(0)))dγ

)}
× exp

{
υ − ϑ

2

(∫ 1

0
γ2(ln(Υ∗(υ − ϑ)Υ∗(0))dγ)

)}
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Using properties of a logarithm and then employing the Riemann integration with regard
to γ, we obtain∣∣∣∣∣∣∣∣∣∣

(∫ υ
ϑ

(
Υ(κ)(Υ(κ − ϑ))

υ−κ
υ−ϑ (Υ(υ −κ))

κ−ϑ
υ−ϑ

)dκ) 1
υ−ϑ

(√
Υ(ϑ)Υ(υ)

)
Υ(0)

∣∣∣∣∣∣∣∣∣∣
≤ exp

{
(υ − ϑ) ln(Υ∗(2υ − ϑ)Υ∗(0))

4
+

(υ − ϑ) ln(Υ∗(υ − ϑ)Υ∗(0))
6

}
=
(
(Υ∗(2υ − ϑ))3(Υ∗(υ − ϑ))2(Υ∗(0))5

) υ−ϑ
12 .

This completes the proof.

Theorem 8. Let Υ : [0, ∞) → (0, ∞) be an increasing and ∗differentiable multiplicatively su-
perquadratic function. If Υ∗ is ∗integrable and | ln Υ∗|p is a superquadratic function, then∣∣∣∣∣∣∣∣∣∣

(∫ υ
ϑ

(
Υ(κ)(Υ(κ − ϑ))

υ−κ
υ−ϑ (Υ(υ −κ))

κ−ϑ
υ−ϑ

)dκ) 1
υ−ϑ

(√
Υ(ϑ)Υ(υ)

)
Υ(0)

∣∣∣∣∣∣∣∣∣∣
≤ (Υ∗(ϑ)Υ∗(υ))

 (1+3
1
p )(υ−ϑ)

2
2(1+ 1

p )
(q+1)

1
q


(Υ∗(0)Υ∗(υ − ϑ))

 (υ−ϑ)

2
1
p (2q+1)

1
q


. (34)

holds for all ϑ, υ ∈ [0, ∞) with 0 ≤ ϑ < υ and β > 0. Where q > 1, 1
q + 1

p = 1.

Proof. Applying Lemma 5 and then taking absolute values on both sides of (28) yields∣∣∣∣∣∣∣∣∣∣

(∫ υ
ϑ

(
Υ(κ)(Υ(κ − ϑ))

υ−κ
υ−ϑ (Υ(υ −κ))

κ−ϑ
υ−ϑ

)dκ) 1
υ−ϑ

(√
Υ(ϑ)Υ(υ)

)
Υ(0)

∣∣∣∣∣∣∣∣∣∣
≤ exp

{
υ − ϑ

2

(∫ 1

0
|1 − 2γ||ln Υ∗(υγ + (1 − γ)ϑ)|dγ

)}
× exp

{
υ − ϑ

2

(∫ 1

0
(1 − γ)2|ln Υ∗((υ − ϑ)γ)|dγ

)}
× exp

{
υ − ϑ

2

(∫ 1

0
γ2|ln Υ∗((υ − ϑ)(1 − γ))|dγ

)}
= exp

{
υ − ϑ

2

(∫ 1
2

0
(1 − 2γ)|ln Υ∗(υγ + (1 − γ)ϑ)|dγ

)}

× exp
{

υ − ϑ

2

(∫ 1

1
2

(2γ − 1)|ln Υ∗(υγ + (1 − γ)ϑ)|dγ

)}
× exp

{
υ − ϑ

2

(∫ 1

0
(1 − γ)2|ln Υ∗((υ − ϑ)γ)|dγ

)}
× exp

{
υ − ϑ

2

(∫ 1

0
γ2|ln Υ∗((υ − ϑ)(1 − γ))|dγ

)}
.

https://doi.org/10.3390/math14132306

https://doi.org/10.3390/math14132306


Mathematics 2026, 14, 2306 19 of 42

Using Hölder inequality, we obtain∣∣∣∣∣∣∣∣∣∣

(∫ υ
ϑ

(
Υ(κ)(Υ(κ − ϑ))

υ−κ
υ−ϑ (Υ(υ −κ))

κ−ϑ
υ−ϑ

)dκ) 1
υ−ϑ

(√
Υ(ϑ)Υ(υ)

)
Υ(0)

∣∣∣∣∣∣∣∣∣∣
≤ exp

υ − ϑ

2

(∫ 1
2

0
(1 − 2γ)qdγ

) 1
q
(∫ 1

2

0
|ln Υ∗(υγ + (1 − γ)ϑ)|pdγ

) 1
p


× exp

{
υ − ϑ

2

((∫ 1

1
2

(2γ − 1)qdγ

) 1
q
(∫ 1

1
2

|ln Υ∗(υγ + (1 − γ)ϑ)|pdγ

) 1
p
)}

× exp

{
υ − ϑ

2

((∫ 1

0
(1 − γ)2qdγ

) 1
q
(∫ 1

0
|ln Υ∗((υ − ϑ)γ)|pdγ

) 1
p
)}

× exp

{
υ − ϑ

2

((∫ 1

0
γ2qdγ

) 1
q
(∫ 1

0
|ln Υ∗((υ − ϑ)(1 − γ))|pdγ

) 1
p
)}

since | ln(Υ∗)|p is superquadratic. Moreover, noting that | ln(Υ∗)|p ≥ 0, Lemma 2 ensures
that | ln(Υ∗)|p is a convex function. Therefore, by invoking the definition of convex-
ity together with the classical Hermite–Hadamard-type inequality for convex functions,
we obtain∣∣∣∣∣∣∣∣∣∣

(∫ υ
ϑ

(
Υ(κ)(Υ(κ − ϑ))

υ−κ
υ−ϑ (Υ(υ −κ))

κ−ϑ
υ−ϑ

)dκ) 1
υ−ϑ

(√
Υ(ϑ)Υ(υ)

)
Υ(0)

∣∣∣∣∣∣∣∣∣∣
≤ exp

 (υ − ϑ)

2
1+q

q (q + 1)
1
q

(∫ 1
2

0

(
γ|ln(Υ∗(υ))|p + (1 − γ)|ln(Υ∗(ϑ))|p

)
dγ

) 1
p


× exp

 (υ − ϑ)

2
1+q

q (q + 1)
1
q

(∫ 1

1
2

(
γ|ln(Υ∗(υ))|p + (1 − γ)|ln(Υ∗(ϑ))|p

)
dγ

) 1
p


× exp

 (υ − ϑ)

2
1

(2q + 1)
1
q

(
|ln(Υ∗(0))|p + |ln(Υ∗(υ − ϑ))|p

2

) 1
p


× exp

 (υ − ϑ)

2
1

(2q + 1)
1
q

(
|ln(Υ∗(0))|p + |ln(Υ∗(υ − ϑ))|p

2

) 1
p


= exp

 (υ − ϑ)

2
1+q

q (q + 1)
1
q

(
|ln(Υ∗(υ))|p + 3|ln(Υ∗(ϑ))|p

8

) 1
p


× exp

 (υ − ϑ)

(2q + 1)
1
q

(
|ln(Υ∗(0))|p + |ln(Υ∗(υ − ϑ))|p

2

) 1
p


× exp

 (υ − ϑ)

2
1+q

q (q + 1)
1
q

(
3|ln(Υ∗(υ))|p + |ln(Υ∗(ϑ))|p

8

) 1
p

.

This further implies that
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∣∣∣∣∣∣∣∣∣∣

(∫ υ
ϑ

(
Υ(κ)(Υ(κ − ϑ))

υ−κ
υ−ϑ (Υ(υ −κ))

κ−ϑ
υ−ϑ

)dκ) 1
υ−ϑ

(√
Υ(ϑ)Υ(υ)

)
Υ(0)

∣∣∣∣∣∣∣∣∣∣
≤ exp

 (υ − ϑ)

22(1+ 1
p )(q + 1)

1
q

[(
|ln(Υ∗(υ))|p + 3|ln(Υ∗(ϑ))|p

) 1
p +

(
3|ln(Υ∗(υ))|p + |ln(Υ∗(ϑ))|p

) 1
p

]
× exp

 (υ − ϑ)

2
1
p (2q + 1)

1
q

(
|ln(Υ∗(0))|p + |ln(Υ∗(υ − ϑ))|p

) 1
p

. (35)

Since ln Υ∗(κ) ≥ 0, it follows that | ln Υ∗(κ)| = ln Υ∗(κ). Using this observation, we can
further simplify (35) by applying the inequality (ϑ + υ)s ≤ ϑs + υs, ∀s ∈ [0, 1).

∣∣∣∣∣∣∣∣∣∣

(∫ υ
ϑ

(
Υ(κ)(Υ(κ − ϑ))

υ−κ
υ−ϑ (Υ(υ −κ))

κ−ϑ
υ−ϑ

)dκ) 1
υ−ϑ

(√
Υ(ϑ)Υ(υ)

)
Υ(0)

∣∣∣∣∣∣∣∣∣∣
≤ exp

 (υ − ϑ)

22(1+ 1
p )(q + 1)

1
q

[
ln(Υ∗(υ)) + 3

1
p ln(Υ∗(ϑ)) + 3

1
p ln(Υ∗(υ)) + ln(Υ∗(ϑ))

]
× exp

 (υ − ϑ)

2
1
p (2q + 1)

1
q
(ln(Υ∗(0)) + ln(Υ∗(υ − ϑ)))


= exp

ln[Υ∗(ϑ)Υ∗(υ)]

 (1+3
1
p )(υ−ϑ)

2
2(1+ 1

p )
(q+1)

1
q


+ ln[Υ∗(0)Υ∗(υ − ϑ)]

 (υ−ϑ)

2
1
p (2q+1)

1
q


= exp

ln

(Υ∗(ϑ)Υ∗(υ))

 (1+3
1
p )(υ−ϑ)

2
2(1+ 1

p )
(q+1)

1
q


(Υ∗(0)Υ∗(υ − ϑ))

 (υ−ϑ)

2
1
p (2q+1)

1
q




= (Υ∗(ϑ)Υ∗(υ))

 (1+3
1
p )(υ−ϑ)

2
2(1+ 1

p )
(q+1)

1
q


(Υ∗(0)Υ∗(υ − ϑ))

 (υ−ϑ)

2
1
p (2q+1)

1
q


.

This completes the proof.

5. Fractional Midpoint-Type Inequalities for Multiplicatively
Superquadratic Function

This section begins with the derivation of a novel identity for ∗integrable multiplica-
tively superquadratic functions from the perspective of multiplicative calculus, based on
multiplicative Riemann–Liouville fractional operators. Utilizing this identity together with
Petrovič’s inequality, we subsequently obtain new fractional inequalities of midpoint type
for this class.
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Lemma 6. Let Υ : [0, ∞) → (0, ∞) be an increasing and ∗differentiable function. If Υ∗ is
∗integrable, then

∫ 1
2

0

((
Υ∗(υγ + (1 − γ)ϑ)Υ∗

(
ϑ + υ

2
− (υγ + (1 − γ)ϑ)

))γβ)dγ
υ−ϑ

×

∫ 1

1
2


 Υ∗(υγ + (1 − γ)ϑ)

Υ∗
(
(υγ + (1 − γ)ϑ)− ϑ+υ

2

)
(1−γ)β

dγ
−(υ−ϑ)

=

(∫ ϑ+υ
2

ϑ

((
Υ
(

ϑ+υ
2 −κ

))(κ−ϑ)β−1)dκ ∫ υ
ϑ+υ

2

((
Υ
(
κ − ϑ+υ

2

))(υ−κ)β−1)dκ) β

(υ−ϑ)β

(
Υ( ϑ+υ

2 )
Υ(0)

)−2(1−β)(
∗ Iβ

ϑ+υ
2

Υ(ϑ) · ϑ+υ
2

Iβ
∗ Υ(υ)

) Γ(1+β)

(υ−ϑ)β

, (36)

holds for all ϑ, υ ∈ [0, ∞) with 0 ≤ ϑ < υ and β > 0.

Proof. The following identity follows directly from the properties established in
Proposition 1, together with the ∗integration by parts formula presented in Theorem 3.

I1 =

∫ 1
2

0

((
Υ∗(υγ + (1 − γ)ϑ)Υ∗

(
ϑ + υ

2
− (υγ + (1 − γ)ϑ)

))γβ)dγ
υ−ϑ

=

(∫ 1
2

0

(
(Υ∗(υγ + (1 − γ)ϑ))γβ

)dγ
)υ−ϑ

×

∫ 1
2

0

((
Υ∗
(

ϑ + υ

2
− (υγ + (1 − γ)ϑ)

))γβ)dγ
υ−ϑ

=

(
Υ
(

ϑ+υ
2

)) 1
2β

(∫ 1
2

0

((
Υ
(

ϑ+υ
2 − (υγ + (1 − γ)ϑ)

))βγβ−1)dγ
)

(∫ 1
2

0

(
(Υ(υγ + (1 − γ)ϑ))βγβ−1

)dγ
(Υ(0))

1
2β

) ,

and

I2 =

∫ 1

1
2


 Υ∗(υγ + (1 − γ)ϑ)

Υ∗
(
(υγ + (1 − γ)ϑ)− ϑ+υ

2

)
(1−γ)β

dγ
−(υ−ϑ)

=

(∫ 1
1
2

(
(Υ∗(υγ + (1 − γ)ϑ))(1−γ)β

)dγ
)−(υ−ϑ)

∫ 1
1
2

((
Υ∗
(
(υγ + (1 − γ)ϑ)− ϑ+υ

2

))(1−γ)β
)dγ

−(υ−ϑ)

=

(
Υ
(

ϑ+υ
2

)) 1
2β

(∫ 1
1
2

(
(Υ(υγ + (1 − γ)ϑ))−β(1−γ)β−1

)dγ
)

(Υ(0))
1

2β

∫ 1
1
2

((
Υ
(
(υγ + (1 − γ)ϑ)− ϑ+υ

2

))−β(1−γ)β−1
)dγ

 .
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By multiplying I1 and I2, we obtain

I1 × I2 =

Υ
(

ϑ+υ
2

)
Υ(0)

2(1−β)

∫ 1

2
0

((
Υ
(

ϑ+υ
2 − (υγ + (1 − γ)ϑ)

))βγβ−1)dγ

∫ 1
2

0

(
(Υ(υγ + (1 − γ)ϑ))βγβ−1

)dγ



×

∫ 1
1
2

(
(Υ(υγ + (1 − γ)ϑ))−β(1−γ)β−1

)dγ

∫ 1
1
2

((
Υ
(
(υγ + (1 − γ)ϑ)− ϑ+υ

2

))−β(1−γ)β−1
)dγ

. (37)

By performing a change of variables in (37), we obtain

I1 × I2 =

(∫ ϑ+υ
2

ϑ

((
Υ
(

ϑ+υ
2 −κ

))(κ−ϑ)β−1)dκ ∫ υ
ϑ+υ

2

((
Υ
(
κ − ϑ+υ

2

))(υ−κ)β−1)dκ) β

(υ−ϑ)β

(
Υ( ϑ+υ

2 )
Υ(0)

)−2(1−β)(∫ ϑ+υ
2

ϑ

(
(Υ(κ))(κ−ϑ)β−1

)dκ ∫ υ
ϑ+υ

2

(
(Υ(κ))(υ−κ)β−1

)dκ
) β

(υ−ϑ)β

=

(∫ ϑ+υ
2

ϑ

((
Υ
(

ϑ+υ
2 −κ

))(κ−ϑ)β−1)dκ ∫ υ
ϑ+υ

2

((
Υ
(
κ − ϑ+υ

2

))(υ−κ)β−1)dκ) β

(υ−ϑ)β

(
Υ( ϑ+υ

2 )
Υ(0)

)−2(1−β)(
∗ Iβ

ϑ+υ
2

Υ(ϑ) · ϑ+υ
2

Iβ
∗ Υ(υ)

) Γ(1+β)

(υ−ϑ)β

.

This ends the proof.

Theorem 9. Let Υ : [0, ∞) → (0, ∞) be an increasing and ∗differentiable multiplicatively su-
perquadratic function. If Υ∗ is ∗integrable and |Υ∗| is a multiplicatively superquadratic func-
tion, then∣∣∣∣∣∣∣∣∣∣∣∣

(∫ ϑ+υ
2

ϑ

((
Υ
(

ϑ+υ
2 −κ

))(κ−ϑ)β−1)dκ ∫ υ
ϑ+υ

2

((
Υ
(
κ − ϑ+υ

2

))(υ−κ)β−1)dκ) β

(υ−ϑ)β

(
Υ( ϑ+υ

2 )
Υ(0)

)−2(1−β)(
∗ Iβ

ϑ+υ
2

Υ(ϑ) · ϑ+υ
2

Iβ
∗ Υ(υ)

) Γ(1+β)

(υ−ϑ)β

∣∣∣∣∣∣∣∣∣∣∣∣
≤
(
(Υ∗(ϑ)Υ∗(υ))

1
2 Υ∗

(
3υ − ϑ

2

)
(Υ∗(0))2

) (υ−ϑ)

2(β+1)(1+β) . (38)

holds for all ϑ, υ ∈ [0, ∞) with 0 ≤ ϑ < υ and β > 0.

Proof. Applying Lemma 6 and then taking absolute values on both sides of (36) yields
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∣∣∣∣∣∣∣∣∣∣∣∣

(∫ ϑ+υ
2

ϑ

((
Υ
(

ϑ+υ
2 −κ

))(κ−ϑ)β−1)dκ ∫ υ
ϑ+υ

2

((
Υ
(
κ − ϑ+υ

2

))(υ−κ)β−1)dκ) β

(υ−ϑ)β

(
Υ( ϑ+υ

2 )
Υ(0)

)−2(1−β)(
∗ Iβ

ϑ+υ
2

Υ(ϑ) · ϑ+υ
2

Iβ
∗ Υ(υ)

) Γ(1+β)

(υ−ϑ)β

∣∣∣∣∣∣∣∣∣∣∣∣
≤ exp

{
(υ − ϑ)

(∫ 1
2

0
γβ

(∣∣∣∣ln(Υ∗(υγ + (1 − γ)ϑ)Υ∗
(

ϑ + υ

2
− (υγ + (1 − γ)ϑ)

))∣∣∣∣)dγ

)}

× exp
{
(υ − ϑ)

(∫ 1

1
2

(1 − γ)β

(∣∣∣∣ln(Υ∗(υγ + (1 − γ)ϑ)Υ∗
(
(υγ + (1 − γ)ϑ)− ϑ + υ

2

))∣∣∣∣)dγ

)}
. (39)

Since |Υ∗| is multiplicatively superquadratic, an application of Petrovič’s inequality for
multiplicatively superquadratic functions (see Theorem 4) yields

Υ∗(υγ + (1 − γ)ϑ)Υ∗
(

ϑ + υ

2
− (υγ + (1 − γ)ϑ)

)
≤ Υ∗

(
υγ + (1 − γ)ϑ +

ϑ + υ

2
− (υγ + (1 − γ)ϑ)

)
Υ∗(0)

= Υ∗
(

ϑ + υ

2

)
Υ∗(0) = (Υ∗(ϑ)Υ∗(υ))

1
2 Υ∗(0). (40)

Similarly, using Petrovič’s inequality and then employing the monotonicity property, we
get

Υ∗(υγ + (1 − γ)ϑ)Υ∗
(
(υγ + (1 − γ)ϑ)− ϑ + υ

2

)
≤ Υ∗

(
υγ + (1 − γ)ϑ + (υγ + (1 − γ)ϑ)− ϑ + υ

2

)
Υ∗(0)

= Υ∗
((

2γ − 1
2

)
υ +

(
3
2
− 2γ

)
ϑ

)
Υ∗(0) ≤ Υ∗

(
3υ − ϑ

2

)
Υ∗(0). (41)

Substitution of the values of the results (40) and (41) into (39) yields∣∣∣∣∣∣∣∣∣∣∣∣

(∫ ϑ+υ
2

ϑ

((
Υ
(

ϑ+υ
2 −κ

))(κ−ϑ)β−1)dκ ∫ υ
ϑ+υ

2

((
Υ
(
κ − ϑ+υ

2

))(υ−κ)β−1)dκ) β

(υ−ϑ)β

(
Υ( ϑ+υ

2 )
Υ(0)

)−2(1−β)(
∗ Iβ

ϑ+υ
2

Υ(ϑ) · ϑ+υ
2

Iβ
∗ Υ(υ)

) Γ(1+β)

(υ−ϑ)β

∣∣∣∣∣∣∣∣∣∣∣∣
≤ exp

{
(υ − ϑ)

(∫ 1
2

0
γβ
(∣∣∣ln((Υ∗(ϑ)Υ∗(υ))

1
2 Υ∗(0)

)∣∣∣)dγ

)}

× exp
{
(υ − ϑ)

(∫ 1

1
2

(1 − γ)β ln
(

Υ∗
(

3υ − ϑ

2

)
Υ∗(0)

)
dγ

)}
.
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Using properties of a logarithm and then employing the Riemann integration with regard
to γ, we obtain∣∣∣∣∣∣∣∣∣∣∣∣

(∫ ϑ+υ
2

ϑ

((
Υ
(

ϑ+υ
2 −κ

))(κ−ϑ)β−1)dκ ∫ υ
ϑ+υ

2

((
Υ
(
κ − ϑ+υ

2

))(υ−κ)β−1)dκ) β

(υ−ϑ)β

(
Υ( ϑ+υ

2 )
Υ(0)

)−2(1−β)(
∗ Iβ

ϑ+υ
2

Υ(ϑ) · ϑ+υ
2

Iβ
∗ Υ(υ)

) Γ(1+β)

(υ−ϑ)β

∣∣∣∣∣∣∣∣∣∣∣∣
≤ exp

 (υ − ϑ)
(∣∣∣ln((Υ∗(ϑ)Υ∗(υ))

1
2 Υ∗

(
3υ−ϑ

2

)
(Υ∗(0))2

)∣∣∣)
2(β+1)(1 + β)


=

(
(Υ∗(ϑ)Υ∗(υ))

1
2 Υ∗

(
3υ − ϑ

2

)
(Υ∗(0))2

) (υ−ϑ)

2(β+1)(1+β) .

This completes the proof.

Remark 4. As a special case of Theorem 9, choosing β = 1 leads to Theorem 5.

Theorem 10. Let Υ : [0, ∞) → (0, ∞) be an increasing and ∗differentiable multiplicatively
superquadratic function. If Υ∗ is ∗integrable and | ln Υ∗|p is a superquadratic function, then∣∣∣∣∣∣∣∣∣∣∣∣

(∫ ϑ+υ
2

ϑ

((
Υ
(

ϑ+υ
2 −κ

))(κ−ϑ)β−1)dκ ∫ υ
ϑ+υ

2

((
Υ
(
κ − ϑ+υ

2

))(υ−κ)β−1)dκ) β

(υ−ϑ)β

(
Υ( ϑ+υ

2 )
Υ(0)

)−2(1−β)(
∗ Iβ

ϑ+υ
2

Υ(ϑ) · ϑ+υ
2

Iβ
∗ Υ(υ)

) Γ(1+β)

(υ−ϑ)β

∣∣∣∣∣∣∣∣∣∣∣∣
≤

(Υ∗(υ)Υ∗(ϑ))

(1+3
1
p )

2
(1+β+ 2

p )

(
Υ∗(0)Υ∗

(
υ − ϑ

2

)) 1

2
β+ 1

p


(υ−ϑ)

(βq+1)
1
q

, (42)

holds for all ϑ, υ ∈ [0, ∞) with 0 ≤ ϑ < υ. Where q > 1, 1
q + 1

p = 1.

Proof. Applying Lemma 6 and then taking absolute values on both sides of (36) yields

∣∣∣∣∣∣∣∣∣∣∣∣

(∫ ϑ+υ
2

ϑ

((
Υ
(

ϑ+υ
2 −κ

))(κ−ϑ)β−1)dκ ∫ υ
ϑ+υ

2

((
Υ
(
κ − ϑ+υ

2

))(υ−κ)β−1)dκ) β

(υ−ϑ)β

(
Υ( ϑ+υ

2 )
Υ(0)

)−2(1−β)(
∗ Iβ

ϑ+υ
2

Υ(ϑ) · ϑ+υ
2

Iβ
∗ Υ(υ)

) Γ(1+β)

(υ−ϑ)β

∣∣∣∣∣∣∣∣∣∣∣∣
≤ exp

{
(υ − ϑ)

(∫ 1
2

0
γβ

(∣∣∣∣ln(Υ∗(υγ + (1 − γ)ϑ)Υ∗
(

ϑ + υ

2
− (υγ + (1 − γ)ϑ)

))∣∣∣∣)dγ

)}

× exp
{
(υ − ϑ)

(∫ 1

1
2

(1 − γ)β

(∣∣∣∣ln(Υ∗(υγ + (1 − γ)ϑ)Υ∗
(
(υγ + (1 − γ)ϑ)− ϑ + υ

2

))∣∣∣∣)dγ

)}
.

Using Hölder inequality, we obtain
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∣∣∣∣∣∣∣∣∣∣∣∣

(∫ ϑ+υ
2

ϑ

((
Υ
(

ϑ+υ
2 −κ

))(κ−ϑ)β−1)dκ ∫ υ
ϑ+υ

2

((
Υ
(
κ − ϑ+υ

2

))(υ−κ)β−1)dκ) β

(υ−ϑ)β

(
Υ( ϑ+υ

2 )
Υ(0)

)−2(1−β)(
∗ Iβ

ϑ+υ
2

Υ(ϑ) · ϑ+υ
2

Iβ
∗ Υ(υ)

) Γ(1+β)

(υ−ϑ)β

∣∣∣∣∣∣∣∣∣∣∣∣
≤ exp

(υ − ϑ)

(∫ 1
2

0
γqβdγ

) 1
q
(∫ 1

2

0

(
|ln(Υ∗(υγ + (1 − γ)ϑ))|p

)
dγ

) 1
p


× exp

(υ − ϑ)

(∫ 1
2

0
γqβdγ

) 1
q
(∫ 1

2

0

(∣∣∣∣ln(Υ∗
(

ϑ + υ

2
− (υγ + (1 − γ)ϑ)

))∣∣∣∣p)dγ

) 1
p


× exp

{
(υ − ϑ)

(∫ 1

1
2

(1 − γ)qβdγ

) 1
q
(∫ 1

1
2

(
|ln(Υ∗(υγ + (1 − γ)ϑ))|p

)
dγ

) 1
p
}

× exp

(υ − ϑ)

(∫ 1

1
2

(1 − γ)qβdγ

) 1
q
(∫ 1

1
2

(∣∣∣∣ln(Υ∗
(

υγ + (1 − γ)ϑ − ϑ + υ

2

))∣∣∣∣p)dγ

) 1
p

.

Since | ln(Υ∗)|p is a superquadratic. Moreover, noting that | ln Υ∗|p ≥ 0, Lemma 2 en-
sures that | ln Υ∗|p is a convex function. Therefore, by invoking the definition of convex-
ity together with the classical Hermite–Hadamard-type inequality for convex functions,
we obtain∣∣∣∣∣∣∣∣∣∣∣∣

(∫ ϑ+υ
2

ϑ

((
Υ
(

ϑ+υ
2 −κ

))(κ−ϑ)β−1)dκ ∫ υ
ϑ+υ

2

((
Υ
(
κ − ϑ+υ

2

))(υ−κ)β−1)dκ) β

(υ−ϑ)β

(
Υ( ϑ+υ

2 )
Υ(0)

)−2(1−β)(
∗ Iβ

ϑ+υ
2

Υ(ϑ) · ϑ+υ
2

Iβ
∗ Υ(υ)

) Γ(1+β)

(υ−ϑ)β

∣∣∣∣∣∣∣∣∣∣∣∣
≤ exp

 (υ − ϑ)

2
1+βq

q (βq + 1)
1
q

(∫ 1
2

0

(
γ|ln(Υ∗(υ))|p + (1 − γ)|ln(Υ∗(ϑ))|p

)
dγ

) 1
p


× exp


(υ − ϑ)

2
1+βq

q (βq + 1)
1
q

 |ln(Υ∗(0))|p +
∣∣∣ln(Υ∗

(
υ−ϑ

2

))∣∣∣p
4


1
p


× exp

 (υ − ϑ)

2
1+βq

q (βq + 1)
1
q

(∫ 1

1
2

(
γ|ln(Υ∗(υ))|p + (1 − γ)|ln(Υ∗(ϑ))|p

)
dγ

) 1
p


× exp


(υ − ϑ)

2
1+βq

q (βq + 1)
1
q

 |ln(Υ∗(0))|p +
∣∣∣ln(Υ∗

(
υ−ϑ

2

))∣∣∣p
4


1
p


= exp

 (υ − ϑ)

2
1+βq

q (βq + 1)
1
q

(
|ln(Υ∗(υ))|p + 3|ln(Υ∗(ϑ))|p

8

) 1
p


× exp


2(υ − ϑ)

2
1+βq

q (βq + 1)
1
q

 |ln(Υ∗(0))|p +
∣∣∣ln(Υ∗

(
υ−ϑ

2

))∣∣∣p
4


1
p


× exp

 (υ − ϑ)

2
1+βq

q (βq + 1)
1
q

(
3|ln(Υ∗(υ))|p + |ln(Υ∗(ϑ))|p

8

) 1
p

.
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This further implies that∣∣∣∣∣∣∣∣Υ
(

ϑ + υ

2

)∫ υ

ϑ

Υ
(∣∣∣κ − ϑ+υ

2

∣∣∣)
Υ(κ)

dκ
1

υ−ϑ

∣∣∣∣∣∣∣∣
1

Υ(0)

≤ exp
{

(υ − ϑ)

2(1+β+ 2
p )(βq + 1)

1
q

[(
|ln(Υ∗(υ))|p + 3|ln(Υ∗(ϑ))|p

) 1
p

+
(
3|ln(Υ∗(υ))|p + |ln(Υ∗(ϑ))|p

) 1
p

]}

× exp

 (υ − ϑ)

2β+ 1
p (βq + 1)

1
q

(
|ln(Υ∗(0))|p +

∣∣∣∣ln(Υ∗
(

υ − ϑ

2

))∣∣∣∣p)
1
p

. (43)

Since ln Υ∗(κ) ≥ 0, it follows that | ln Υ∗(κ)| = ln(Υ∗(κ)). Using this observation, we can
further simplify (43) by applying the inequality (ϑ + υ)s ≤ ϑs + υs, ∀s ∈ [0, 1).

∣∣∣∣∣∣∣∣∣∣∣∣

(∫ ϑ+υ
2

ϑ

((
Υ
(

ϑ+υ
2 −κ

))(κ−ϑ)β−1)dκ ∫ υ
ϑ+υ

2

((
Υ
(
κ − ϑ+υ

2

))(υ−κ)β−1)dκ) β

(υ−ϑ)β

(
Υ( ϑ+υ

2 )
Υ(0)

)−2(1−β)(
∗ Iβ

ϑ+υ
2

Υ(ϑ) · ϑ+υ
2

Iβ
∗ Υ(υ)

) Γ(1+β)

(υ−ϑ)β

∣∣∣∣∣∣∣∣∣∣∣∣
≤ exp

 (υ − ϑ)

2(1+β+ 2
p )(βq + 1)

1
q

[
ln(Υ∗(υ)) + 3

1
p ln(Υ∗(ϑ)) + 3

1
p ln(Υ∗(υ)) + ln(Υ∗(ϑ))

]
× exp

 (υ − ϑ)

2β+ 1
p (βq + 1)

1
q

(
ln(Υ∗(0)) + ln

(
Υ∗
(

υ − ϑ

2

)))
= exp

 (1 + 3
1
p )(υ − ϑ)

2(1+β+ 2
p )(βq + 1)

1
q
[ln(Υ∗(υ)Υ∗(ϑ))]


× exp

 (υ − ϑ)

2β+ 1
p (βq + 1)

1
q

[
ln
(

Υ∗(0)Υ∗
(

υ − ϑ

2

))]
= exp

ln

(Υ∗(υ)Υ∗(ϑ))

(1+3
1
p )

2
(1+β+ 2

p )

(
Υ∗(0)Υ∗

(
υ − ϑ

2

)) 1

2
β+ 1

p


(υ−ϑ)

(βq+1)
1
q


=

(Υ∗(υ)Υ∗(ϑ))

(1+3
1
p )

2
(1+β+ 2

p )

(
Υ∗(0)Υ∗

(
υ − ϑ

2

)) 1

2
β+ 1

p


(υ−ϑ)

(βq+1)
1
q

.

This completes the proof.

Remark 5. As a special case of Theorem 10, choosing β = 1 leads to Theorem 6.

We conclude this section with an example that demonstrates the accuracy and reliabil-
ity of Theorems 9 and 10 through numerical computations and graphical illustrations.
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Example 3. We consider the function Υ(κ) = exp{κ2}, which is multiplicatively superquadratic
on [0, ∞). For different selections of the parameters involved in Theorems 9 and 10, we obtain
representative numerical computations and corresponding graphical depictions that illustrate the
applicability of our results. In particular, upon setting ϑ = 0 and υ = 1 in Theorem 9, we compute
the respective left-, middle-, and right-hand sides of the inequality.

Left Term = exp
{

0.51+β

(β + 1)(2 + β)
+

0.5β exp{−0.693147β}
β3 + 3β2 + 2β

− 0.25β(0.5β)

2 + β
− β

(
2Γ(β)

Γ(3 + β)
− 1

24 2F1

(
3, 1 − β; 4; 1

2

))}
Right Term = exp

{
5 + 2β

2β+1(2 + β)(1 + β)

}
These computations lead to the numerical results listed in Figure 2a and the graphical representation
in Figure 2b.

Analogously, taking ϑ = 0, υ = 1, p = 2, and q = 2 in Theorem 10, we compute the
associated left-, middle-, and right-hand expressions of the inequality.

Left Term = exp
{

0.51+β

(β + 1)(2 + β)
+

0.5β exp{−0.693147β}
β3 + 3β2 + 2β

− 0.25β(0.5β)

2 + β
− β

(
2Γ(β)

Γ(3 + β)
− 1

24 2F1

(
3, 1 − β; 4; 1

2

))}
Right Term = exp

{(
1 +

√
3

2β+2 +
1

2β+ 3
2

)
1√

2β + 1

}
.

These computations lead to the numerical results listed in Figure 3a and the graphical representation
in Figure 3.

The graphical illustrations verify the validity of the inequalities by showing that the curve
corresponding to the right-hand side consistently lies above the curve corresponding to the left-hand
side throughout the considered domain. Likewise, the tabulated numerical results demonstrate that
the computed values of the left-hand side remain smaller than (or equal to, where applicable) the
corresponding values of the right-hand side for all selected parameter values.

(a) Numerical representation of Theorem 9. (b) Graphical representation of Theorem 9.

Figure 2. Graphical and numerical validation of Theorem 9 for the function Υ(κ) = exp(κ2), with
parameters ϑ = 0, υ = 1, and β ∈ (0, 1].
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(a) Numerical representation of Theorem 10. (b) Graphical representation of Theorem 10.

Figure 3. Graphical and numerical validation of Theorem 9 for the function Υ(κ) = exp(κ2), with
parameters ϑ = 0, υ = 1, p = 2, q = 2, and β ∈ (0, 1].

6. Fractional Trapezoid-Type Inequalities for Multiplicatively
Superquadratic Functions

This section deals with the derivation of a novel identity for ∗integrable multiplica-
tively superquadratic functions in the context of multiplicative calculus by utilizing multi-
plicative Riemann–Liouville fractional integrals. Using this identity in conjunction with
Petrovič’s inequality, we then establish novel fractional trapezoid-type inequalities for this
class of functions.

Lemma 7. Let Υ : [0, ∞) → (0, ∞) be an increasing and ∗differentiable function. If Υ∗ is
∗integrable, then∫ 1

0

(
(Υ∗(υγ + (1 − γ)ϑ))(1−γ)β

(Υ∗((υ − ϑ)γ))(1−γ)2β
(Υ∗((υ − ϑ)(1 − γ)))γ2β

(Υ∗(υγ + (1 − γ)ϑ))γβ

)dγ


υ−ϑ
2

=

[
ϑIβ

∗Υ(υ) · ∗Iβ
υ Υ(ϑ)

] Γ(1+β)

2(υ−ϑ)β

((∫ υ
ϑ

(
(Υ(κ − ϑ))(υ−κ)2β−1

(Υ(υ −κ))(κ−ϑ)2β−1))dκ) β

(υ−ϑ)2β

√
Υ(ϑ)Υ(υ)(Υ(0))

, (44)

holds for all ϑ, υ ∈ [0, ∞) with 0 ≤ ϑ < υ and β > 0.

Proof. The following identity follows directly from the properties established in
Proposition 1, together with the ∗integration by parts formula presented in Theorem 3.

I =

∫ 1

0

(
(Υ∗(υγ + (1 − γ)ϑ))(1−γ)β

(Υ∗((υ − ϑ)γ))(1−γ)2β
(Υ∗((υ − ϑ)(1 − γ)))γ2β

(Υ∗(υγ + (1 − γ)ϑ))γβ

)dγ


υ−ϑ
2

=

(∫ 1

0

(
(Υ∗(υγ + (1 − γ)ϑ))(1−γ)β

)dγ
) υ−ϑ

2
(∫ 1

0

(
(Υ∗(υγ + (1 − γ)ϑ))−γβ

)dγ
) υ−ϑ

2

×
(∫ 1

0

(
(Υ∗((υ − ϑ)γ))(1−γ)2β

)dγ
) υ−ϑ

2
(∫ 1

0

(
(Υ∗((υ − ϑ)(1 − γ)))γ2β

)dγ
) υ−ϑ

2

=

∫ 1
0

(
(Υ(υγ + (1 − γ)ϑ))

β(1−γ)β−1
2

)dγ ∫ 1
0

(
(Υ(υγ + (1 − γ)ϑ))

βγβ−1
2

)dγ

√
Υ(ϑ)Υ(υ)

×

∫ 1
0

(
(Υ((υ − ϑ)γ))β(1−γ)2β−1)dγ ∫ 1

0

(
(Υ((υ − ϑ)(1 − γ)))βγ2β−1)dγ

Υ(0)
. (45)
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By performing a change of variables in (45), we obtain

I =

(∫ υ
ϑ

(
(Υ(κ))(υ−κ)β−1)dκ) β

2(υ−ϑ)β
(∫ υ

ϑ

(
(Υ(κ))(κ−ϑ)β−1)dκ) β

2(υ−ϑ)β

√
Υ(ϑ)Υ(υ)

×

(∫ υ
ϑ

(
(Υ(κ − ϑ))(υ−κ)2β−1)dκ) β

(υ−ϑ)2β
(∫ υ

ϑ

(
(Υ(υ −κ))(κ−ϑ)2β−1)dκ) β

(υ−ϑ)2β

Υ(0)

=

[
ϑIβ

∗Υ(υ) · ∗Iβ
υΥ(ϑ)

] Γ(1+β)

2(υ−ϑ)β√
Υ(ϑ)Υ(υ)(Υ(0))

×
((∫ υ

ϑ

(
(Υ(κ − ϑ))(υ−κ)2β−1

(Υ(υ −κ))(κ−ϑ)2β−1))dκ
) β

(υ−ϑ)2β

.

This completes the proof.

Theorem 11. Let Υ : [0, ∞) → (0, ∞) be an increasing and ∗differentiable multiplicatively
superquadratic function. If Υ∗ is ∗integrable and |Υ∗| is a multiplicatively superquadratic func-
tion, then∣∣∣∣∣∣∣∣∣∣

[
ϑIβ

∗Υ(υ) · ∗Iβ
υΥ(ϑ)

] Γ(1+β)

2(υ−ϑ)β

((∫ υ
ϑ

(
(Υ(κ − ϑ))(υ−κ)2β−1

(Υ(υ −κ))(κ−ϑ)2β−1))dκ) β

(υ−ϑ)2β

√
Υ(ϑ)Υ(υ)(Υ(0))

∣∣∣∣∣∣∣∣∣∣
≤ (Υ∗(2υ − ϑ)Υ∗(0))

υ−ϑ
2(β+1) (Υ∗(υ − ϑ)Υ∗(0))

υ−ϑ
2(2β+1) , (46)

holds for all ϑ, υ ∈ [0, ∞) with 0 ≤ ϑ < υ and β > 0.

Proof. Applying Lemma 7 and then taking absolute values on both sides of (44) yields∣∣∣∣∣∣∣∣∣∣
[

ϑIβ
∗Υ(υ) · ∗Iβ

υΥ(ϑ)
] Γ(1+β)

2(υ−ϑ)β

((∫ υ
ϑ

(
(Υ(κ − ϑ))(υ−κ)2β−1

(Υ(υ −κ))(κ−ϑ)2β−1))dκ) β

(υ−ϑ)2β

√
Υ(ϑ)Υ(υ)(Υ(0))

∣∣∣∣∣∣∣∣∣∣
≤ exp

{
υ − ϑ

2

(∫ 1

0

∣∣∣(1 − γ)β − γβ
∣∣∣|ln Υ∗(υγ + (1 − γ)ϑ)|dγ

)}
× exp

{
υ − ϑ

2

(∫ 1

0
(1 − γ)2β|ln Υ∗((υ − ϑ)γ)|dγ

)}
× exp

{
υ − ϑ

2

(∫ 1

0
γ2β|ln Υ∗((υ − ϑ)(1 − γ))|dγ

)}
. (47)

Observe that, for all 0 < γ < 1 and 0 < β < 1, |(1 − γ)β − γβ| ≤ |(1 − 2γ)|β, and
|(1 − γ)|2β ≤ |(1 − 2γ)β + γ2β|. Hence, relation (47) takes the simplified form
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∣∣∣∣∣∣∣∣∣∣
[

ϑIβ
∗Υ(υ) · ∗Iβ

υΥ(ϑ)
] Γ(1+β)

2(υ−ϑ)β

((∫ υ
ϑ

(
(Υ(κ − ϑ))(υ−κ)2β−1

(Υ(υ −κ))(κ−ϑ)2β−1))dκ) β

(υ−ϑ)2β

√
Υ(ϑ)Υ(υ)(Υ(0))

∣∣∣∣∣∣∣∣∣∣
≤ exp

{
υ − ϑ

2

(∫ 1

0
|(1 − 2γ)|β|ln Υ∗(υγ + (1 − γ)ϑ)|dγ

)}
× exp

{
υ − ϑ

2

(∫ 1

0

∣∣∣(1 − 2γ)β + γ2β
∣∣∣|ln Υ∗((υ − ϑ)γ)|dγ

)}
× exp

{
υ − ϑ

2

(∫ 1

0
γ2β|ln Υ∗((υ − ϑ)(1 − γ))|dγ

)}
≤ exp

{
υ − ϑ

2

(∫ 1

0
|(1 − 2γ)|β(ln Υ∗(υγ + (1 − γ)ϑ) + ln Υ∗((υ − ϑ)γ))dγ

)}
× exp

{
υ − ϑ

2

(∫ 1

0
γ2β(ln Υ∗((υ − ϑ)γ) + ln Υ∗((υ − ϑ)(1 − γ)))dγ

)}
= exp

{
υ − ϑ

2

(∫ 1

0
|(1 − 2γ)|β(ln(Υ∗(υγ + (1 − γ)ϑ)Υ∗((υ − ϑ)γ)))dγ

)}
× exp

{
υ − ϑ

2

(∫ 1

0
γ2β(ln(Υ∗((υ − ϑ)γ)Υ∗((υ − ϑ)(1 − γ))))dγ

)}
Since |Υ∗| is multiplicatively superquadratic, an application of Petrovič’s inequality for
multiplicatively superquadratic functions (see Theorem 4) and using monotonicity property
yields

Υ∗(υγ + (1 − γ)ϑ)Υ∗((υ − ϑ)γ)

≤ Υ∗(υγ + (1 − γ)ϑ + (υ − ϑ)γ)Υ∗(0)

= Υ∗(2υγ + (1 − 2γ)ϑ)Υ∗(0)

≤ Υ∗(2υ − ϑ)Υ∗(0). (48)

Similarly,

Υ∗((υ − ϑ)γ)Υ∗((υ − ϑ)(1 − γ))

≤ Υ∗((υ − ϑ)γ + (υ − ϑ)(1 − γ))Υ∗(0)

= Υ∗(υ − ϑ)Υ∗(0) (49)

Substitution of the values of the results (48) and (49) into (47) yields∣∣∣∣∣∣∣∣∣∣
[

ϑIβ
∗Υ(υ) · ∗Iβ

υΥ(ϑ)
] Γ(1+β)

2(υ−ϑ)β

((∫ υ
ϑ

(
(Υ(κ − ϑ))(υ−κ)2β−1

(Υ(υ −κ))(κ−ϑ)2β−1))dκ) β

(υ−ϑ)2β

√
Υ(ϑ)Υ(υ)(Υ(0))

∣∣∣∣∣∣∣∣∣∣
≤ exp

{
υ − ϑ

2

(∫ 1

0
|(1 − 2γ)|β(ln(Υ∗(2υ − ϑ)Υ∗(0)))dγ

)}
× exp

{
υ − ϑ

2

(∫ 1

0
γ2β(ln(Υ∗(υ − ϑ)Υ∗(0))dγ)

)}
.

Using properties of a logarithm and then employing the Riemann integration with regard
to γ, we obtain
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∣∣∣∣∣∣∣∣∣∣
[

ϑIβ
∗Υ(υ) · ∗Iβ

υΥ(ϑ)
] Γ(1+β)

2(υ−ϑ)β

((∫ υ
ϑ

(
(Υ(κ − ϑ))(υ−κ)2β−1

(Υ(υ −κ))(κ−ϑ)2β−1))dκ) β

(υ−ϑ)2β

√
Υ(ϑ)Υ(υ)(Υ(0))

∣∣∣∣∣∣∣∣∣∣
≤ exp

{
υ − ϑ

2(β + 1)
(ln(Υ∗(2υ − ϑ)Υ∗(0)))

}
× exp

{
υ − ϑ

2(1 + 2β)
(ln(Υ∗(υ − ϑ)Υ∗(0)))

}
= (Υ∗(2υ − ϑ)Υ∗(0))

υ−ϑ
2(β+1) (Υ∗(υ − ϑ)Υ∗(0))

υ−ϑ
2(2β+1) .

This completes the proof.

Remark 6. As a special case of Theorem 11, choosing β = 1 leads to Theorem 7.

Theorem 12. Let Υ : [0, ∞) → (0, ∞) be an increasing and ∗differentiable multiplicatively
superquadratic function. If Υ∗ is ∗integrable and | ln Υ∗|p is a superquadratic function, then∣∣∣∣∣∣∣∣∣∣

[
ϑIβ

∗Υ(υ) · ∗Iβ
υΥ(ϑ)

] Γ(1+β)

2(υ−ϑ)β

((∫ υ
ϑ

(
(Υ(κ − ϑ))(υ−κ)2β−1

(Υ(υ −κ))(κ−ϑ)2β−1))dκ) β

(υ−ϑ)2β

√
Υ(ϑ)Υ(υ)(Υ(0))

∣∣∣∣∣∣∣∣∣∣
≤ (Υ∗(ϑ)Υ∗(υ))

 (1+3
1
p )(υ−ϑ)

2
2(1+ 1

p )
(qβ+1)

1
q


(Υ∗(0)Υ∗(υ − ϑ))

 (υ−ϑ)

2
1
p (2qβ+1)

1
q


, (50)

holds for all ϑ, υ ∈ [0, ∞) with 0 ≤ ϑ < υ and β > 0. Where q > 1, 1
q + 1

p = 1.

Proof. Applying Lemma 7 and then taking absolute values on both sides of (44) yields∣∣∣∣∣∣∣∣∣∣
[

ϑIβ
∗Υ(υ) · ∗Iβ

υΥ(ϑ)
] Γ(1+β)

2(υ−ϑ)β

((∫ υ
ϑ

(
(Υ(κ − ϑ))(υ−κ)2β−1

(Υ(υ −κ))(κ−ϑ)2β−1))dκ) β

(υ−ϑ)2β

√
Υ(ϑ)Υ(υ)(Υ(0))

∣∣∣∣∣∣∣∣∣∣
≤ exp

{
υ − ϑ

2

(∫ 1

0

∣∣∣(1 − γ)β − γβ
∣∣∣|ln Υ∗(υγ + (1 − γ)ϑ)|dγ

)}
× exp

{
υ − ϑ

2

(∫ 1

0
(1 − γ)2β|ln Υ∗((υ − ϑ)γ)|dγ

)}
× exp

{
υ − ϑ

2

(∫ 1

0
γ2β|ln Υ∗((υ − ϑ)(1 − γ))|dγ

)}
. (51)

Observe that, for all 0 < γ < 1 and 0 < β < 1, |(1 − γ)β − γβ| ≤ |(1 − 2γ)|β, and
|(1 − γ)|2β ≤ |(1 − 2γ)β + γ2β|. Hence, relation (51) takes the simplified form
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∣∣∣∣∣∣∣∣∣∣
[

ϑIβ
∗Υ(υ) · ∗Iβ

υΥ(ϑ)
] Γ(1+β)

2(υ−ϑ)β

((∫ υ
ϑ

(
(Υ(κ − ϑ))(υ−κ)2β−1

(Υ(υ −κ))(κ−ϑ)2β−1))dκ) β

(υ−ϑ)2β

√
Υ(ϑ)Υ(υ)(Υ(0))

∣∣∣∣∣∣∣∣∣∣
≤ exp

{
υ − ϑ

2

(∫ 1

0
|(1 − 2γ)|β|ln Υ∗(υγ + (1 − γ)ϑ)|dγ

)}
× exp

{
υ − ϑ

2

(∫ 1

0
(1 − γ)2β|ln Υ∗((υ − ϑ)γ)|dγ

)}
× exp

{
υ − ϑ

2

(∫ 1

0
γ2β|ln Υ∗((υ − ϑ)(1 − γ))|dγ

)}
= exp

{
υ − ϑ

2

(∫ 1
2

0
(1 − 2γ)β|ln Υ∗(υγ + (1 − γ)ϑ)|dγ

)}

× exp
{

υ − ϑ

2

(∫ 1

1
2

(2γ − 1)β|ln Υ∗(υγ + (1 − γ)ϑ)|dγ

)}
× exp

{
υ − ϑ

2

(∫ 1

0
(1 − γ)2β|ln Υ∗((υ − ϑ)γ)|dγ

)}
× exp

{
υ − ϑ

2

(∫ 1

0
γ2β|ln Υ∗((υ − ϑ)(1 − γ))|dγ

)}
.

Using Hölder inequality, we obtain∣∣∣∣∣∣∣∣∣∣
[

ϑIβ
∗Υ(υ) · ∗Iβ

υΥ(ϑ)
] Γ(1+β)

2(υ−ϑ)β

((∫ υ
ϑ

(
(Υ(κ − ϑ))(υ−κ)2β−1

(Υ(υ −κ))(κ−ϑ)2β−1))dκ) β

(υ−ϑ)2β

√
Υ(ϑ)Υ(υ)(Υ(0))

∣∣∣∣∣∣∣∣∣∣
≤ exp

υ − ϑ

2

(∫ 1
2

0
(1 − 2γ)βqdγ

) 1
q
(∫ 1

2

0
|ln Υ∗(υγ + (1 − γ)ϑ)|pdγ

) 1
p


× exp

{
υ − ϑ

2

((∫ 1

1
2

(2γ − 1)βqdγ

) 1
q
(∫ 1

1
2

|ln Υ∗(υγ + (1 − γ)ϑ)|pdγ

) 1
p
)}

× exp

{
υ − ϑ

2

((∫ 1

0
(1 − γ)2βqdγ

) 1
q
(∫ 1

0
|ln Υ∗((υ − ϑ)γ)|pdγ

) 1
p
)}

× exp

{
υ − ϑ

2

((∫ 1

0
γ2βqdγ

) 1
q
(∫ 1

0
|ln Υ∗((υ − ϑ)(1 − γ))|pdγ

) 1
p
)}

.

since | ln Υ∗|p is a superquadratic. Moreover, noting that | ln Υ∗|p ≥ 0, Lemma 2 en-
sures that | ln Υ∗|p is a convex function. Therefore, by invoking the definition of convex-
ity together with the classical Hermite–Hadamard-type inequality for convex functions,
we obtain
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∣∣∣∣∣∣∣∣∣∣
[

ϑIβ
∗Υ(υ) · ∗Iβ

υΥ(ϑ)
] Γ(1+β)

2(υ−ϑ)β

((∫ υ
ϑ

(
(Υ(κ − ϑ))(υ−κ)2β−1

(Υ(υ −κ))(κ−ϑ)2β−1))dκ) β

(υ−ϑ)2β

√
Υ(ϑ)Υ(υ)(Υ(0))

∣∣∣∣∣∣∣∣∣∣
≤ exp

 (υ − ϑ)

2
1+q

q (qβ + 1)
1
q

(∫ 1
2

0

(
γ|ln(Υ∗(υ))|p + (1 − γ)|ln(Υ∗(ϑ))|p

)
dγ

) 1
p


× exp

 (υ − ϑ)

2
1+q

q (qβ + 1)
1
q

(∫ 1

1
2

(
γ|ln(Υ∗(υ))|p + (1 − γ)|ln(Υ∗(ϑ))|p

)
dγ

) 1
p


× exp

 (υ − ϑ)

2
1

(2qβ + 1)
1
q

(
|ln(Υ∗(0))|p + |ln(Υ∗(υ − ϑ))|p

2

) 1
p


× exp

 (υ − ϑ)

2
1

(2qβ + 1)
1
q

(
|ln(Υ∗(0))|p + |ln(Υ∗(υ − ϑ))|p

2

) 1
p


= exp

 (υ − ϑ)

2
1+q

q (qβ + 1)
1
q

(
|ln(Υ∗(υ))|p + 3|ln(Υ∗(ϑ))|p

8

) 1
p


× exp

 (υ − ϑ)

(2qβ + 1)
1
q

(
|ln(Υ∗(0))|p + |ln(Υ∗(υ − ϑ))|p

2

) 1
p


× exp

 (υ − ϑ)

2
1+q

q (qβ + 1)
1
q

(
3|ln(Υ∗(υ))|p + |ln(Υ∗(ϑ))|p

8

) 1
p

.

This further implies that∣∣∣∣∣∣∣∣∣∣
[

ϑIβ
∗Υ(υ) · ∗Iβ

υΥ(ϑ)
] Γ(1+β)

2(υ−ϑ)β

((∫ υ
ϑ

(
(Υ(κ − ϑ))(υ−κ)2β−1

(Υ(υ −κ))(κ−ϑ)2β−1))dκ) β

(υ−ϑ)2β

√
Υ(ϑ)Υ(υ)(Υ(0))

∣∣∣∣∣∣∣∣∣∣
≤ exp

{
(υ − ϑ)

22(1+ 1
p )(qβ + 1)

1
q

[(
|ln(Υ∗(υ))|p + 3|ln(Υ∗(ϑ))|p

) 1
p

+
(
3|ln(Υ∗(υ))|p + |ln(Υ∗(ϑ))|p

) 1
p

]}

× exp

 (υ − ϑ)

2
1
p (2qβ + 1)

1
q

(
|ln(Υ∗(0))|p + |ln(Υ∗(υ − ϑ))|p

) 1
p

. (52)

Since ln Υ∗(κ) ≥ 0, it follows that | ln Υ∗(κ)| = ln Υ∗(κ). Using this observation, we can
further simplify (52) by applying the inequality (ϑ + υ)s ≤ ϑs + υs, ∀s ∈ [0, 1).
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∣∣∣∣∣∣∣∣∣∣
[

ϑIβ
∗Υ(υ) · ∗Iβ

υΥ(ϑ)
] Γ(1+β)

2(υ−ϑ)β

((∫ υ
ϑ

(
(Υ(κ − ϑ))(υ−κ)2β−1

(Υ(υ −κ))(κ−ϑ)2β−1))dκ) β

(υ−ϑ)2β

√
Υ(ϑ)Υ(υ)(Υ(0))

∣∣∣∣∣∣∣∣∣∣
≤ exp

 (υ − ϑ)

22(1+ 1
p )(qβ + 1)

1
q

[
ln(Υ∗(υ)) + 3

1
p ln(Υ∗(ϑ)) + 3

1
p ln(Υ∗(υ)) + ln(Υ∗(ϑ))

]
× exp

 (υ − ϑ)

2
1
p (2qβ + 1)

1
q
(ln(Υ∗(0)) + ln(Υ∗(υ − ϑ)))


= exp

ln[Υ∗(ϑ)Υ∗(υ)]

 (1+3
1
p )(υ−ϑ)

2
2(1+ 1

p )
(qβ+1)

1
q


+ ln[Υ∗(0)Υ∗(υ − ϑ)]

 (υ−ϑ)

2
1
p (2qβ+1)

1
q


= exp

ln

(Υ∗(ϑ)Υ∗(υ))

 (1+3
1
p )(υ−ϑ)

2
2(1+ 1

p )
(qβ+1)

1
q


(Υ∗(0)Υ∗(υ − ϑ))

 (υ−ϑ)

2
1
p (2qβ+1)

1
q




= (Υ∗(ϑ)Υ∗(υ))

 (1+3
1
p )(υ−ϑ)

2
2(1+ 1

p )
(qβ+1)

1
q


(Υ∗(0)Υ∗(υ − ϑ))

 (υ−ϑ)

2
1
p (2qβ+1)

1
q


.

This completes the proof.

Remark 7. As a special case of Theorem 12, choosing β = 1 leads to Theorem 8.

To finalize this section, we present an illustrative example that verifies the reliability of
Theorems 11 and 12 through detailed numerical computations and visual demonstrations.

Example 4. We consider the same function as in Example 7. By selecting various parameter
configurations in Theorems 11 and 12, we perform representative numerical evaluations and
present the corresponding graphical illustrations to demonstrate the applicability of our results.
In particular, by setting ϑ = 0 and υ = 1 in Theorem 11, we compute the left-, and right-hand sides
of the resulting inequality.

Left Term = exp
{

6 + β + 2β2

4 + 10β + 4β2 − 1
2

}
Right Term = exp

{
2 + 3β

2(1 + 2β)(1 + β)

}
These computations lead to the numerical results listed in Figure 4a and the graphical representation
in Figure 4b.

Analogously, taking ϑ = 0, υ = 1, p = 2, and q = 2 in Theorem 12, we compute the
associated left- and right-hand expressions of the inequality.

Left Term = exp
{

6 + β + 2β2

4 + 10β + 4β2 − 1
2

}
Right Term = exp

{
1 +

√
3√

8(2β + 1)
+

1√
2(β + 1)

}
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These computations lead to the numerical results listed in Figure 5a and the graphical representation
in Figure 5b.

The graphical illustrations verify the validity of the inequalities by showing that the curve
corresponding to the right-hand side consistently lies above the curve corresponding to the left-hand
side throughout the considered domain. Likewise, the tabulated numerical results demonstrate that
the computed values of the left-hand side remain smaller than (or equal to, where applicable) the
corresponding values of the right-hand side for all selected parameter values.

(a) Numerical representation of Theorem 11. (b) Graphical representation of Theorem 11.

Figure 4. Graphical and numerical validation of Theorem 11 for the function Υ(κ) = exp(κ2), with
parameters ϑ = 0, υ = 1, and β ∈ (0, 1].

(a) Numerical representation of Theorem 12. (b) Graphical representation of Theorem 12.

Figure 5. Graphical and numerical validation of Theorem 12 for the function Υ(κ) = exp(κ2), with
parameters ϑ = 0, υ = 1, p = 2, q = 2, and β ∈ (0, 1].

7. Applications
This section presents several applications that illustrate the scope and effectiveness of

the proposed results. In particular, we demonstrate how the established inequalities can be
utilized in the study of classical special means and in obtaining bounds for important special
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functions, thereby highlighting both the theoretical relevance and practical applicability of
our framework.

7.1. Special Means

Special means, such as arithmetic, geometric, harmonic, and power means, play a
central role in inequality theory and mathematical analysis, providing natural measures
of central tendency and proportionality between quantities. They are widely used in
optimization, numerical analysis, statistics, economics, and engineering to model averages,
efficiencies, and equilibrium states. In this subsection, we apply our main results to
establish new bounds and relationships for classical means, illustrating the usefulness of
the developed inequalities in both theoretical investigations and practical computations.

Let A(ϑ, υ), W(ϑ, υ, k1, k2), G(ϑ, υ), L(ϑ, υ), and Mr(ϑ, υ) denote the arithmetic,
weighted arithmetic, geometric, logarithmic, and power means, respectively, defined as
follows.

A(ϑ, υ) =
ϑ + υ

2
,

W(ϑ, υ, k1, k2) =
k1ϑ + k2υ

k1 + k2
,

G(ϑ, υ) =
√

ϑυ,

L(ϑ, υ) =
ϑ − υ

ln ϑ − ln υ
,

Mr(ϑ, υ) =

(
ϑr + υr

2

) 1
r
.

Proposition 2. The inequality∣∣∣Am(ϑ, υ) + (m + 1)−1Lm(ϑ, υ)(ln G(ϑ−1, υ))m − A−1(−ϑ, υ)L(ϑm+1, υm+1) ln G(ϑ−1, υ)
∣∣∣

≤ 1
3

[
A(−ϑ, υ)Mm

m(ϑ, υ2)
]

holds for all ϑ, υ ∈ (0, ∞) and m ≥ 2.

Proof. The intended result is immediately obtained upon the application of the function
Υ(κ) = exp{κm} within the framework of Theorem 5.

Example 5. As depicted in Figure 6, Proposition 2 remains valid for multiple ranges of the
parameters under consideration.

Figure 6. A graphical verification of Proposition 2 via the function Υ(κ) = exp{κm}, with parameters
ϑ ∈ [1, 1.5], υ ∈ [1.6, 2], and m = 3.
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Proposition 3. The inequality∣∣∣∣∣2(ln( υ
ϑ ))

mLm(υ, ϑ)− 2
1
m (2 + m)Mm

m(−ϑ1+m, υ1+m)

(1 + m)(1 + m)

∣∣∣∣∣
≤ mυm−1 A(−ϑ, υ)

2
+

m
(
ln
(

υ
ϑ

))mLm(υ, ϑ)

6
+ Mm

m(ϑ, υ),

holds for all ϑ, υ ∈ (0, ∞) and m ≥ 2.

Proof. The intended result is immediately obtained upon the application of the function
Υ(κ) = exp{κm} within the framework of Theorem 7.

Example 6. As depicted in Figure 7, Proposition 2 remains valid for multiple ranges of the
parameters under consideration.

Figure 7. A graphical verification of Proposition 3 via the function Υ(κ) = exp{κm}, with parameters
ϑ ∈ [1, 1.5], υ ∈ [1.6, 2], and m = 3.

7.2. Special Functions: Modified Bessel Function of Type I

The modified Bessel function of type I, originally introduced and systematically
studied by Watson in his classical treatise on Bessel functions [54], occupies a central
position in the theory of special functions. Special functions arise naturally in applied
mathematics, physics, and engineering, where precise bounds and structural properties
are indispensable for stability analysis, numerical approximation, and the modeling of
physical phenomena. In particular, the modified Bessel function of the first kind appears
prominently in problems involving heat conduction, diffusion processes, wave propagation,
and certain statistical distributions.

Analytically, the modified Bessel function of type I emerges as a solution of the
modified Bessel differential equation

κ2Υ′′(κ) +κΥ′(κ)−
(
κ2 + k2

)
Υ(κ) = 0,

where k ∈ R denotes the order. The modified Bessel function of type I of order k, denoted
by Jk(κ), is defined through the convergent power series

Jk(κ) =
∞

∑
m=0

(κ2 )
k+2m

m!Γ(k + m + 1)
, where κ ∈ R.
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Motivated by its broad applicability and analytical significance, we apply the in-
equalities established in the preceding sections to Jk(κ) in order to derive meaningful
estimates, thereby illustrating the effectiveness and practical relevance of our results within
the framework of special functions.

Motivated by the properties of the modified Bessel function of type I, we introduce
the function Υk : (0, ∞) → (0, ∞) for each k ≥ 5, defined by

Υk(κ) = κkJk(κ).

Υ′
k(κ) = κkJk−1(κ).

Υ′′
k(κ) = κk−1Jk−1(κ) +κkJk−2(κ).

Υ′′′
k (κ) = 3κk−1Jk−2(κ) +κkJk−3(κ).

Υ4
k(κ) = 3κk−2Jk−2(κ) + 6κk−1Jk−3(κ) +κkJk−4(κ).

Υ5
k(κ) = 15κk−2Jk−3(κ) + 10κk−1Jk−4(κ) +κkJk−5(κ).

Since Υ(5)
k (κ) > 0 for all k ≥ 5 and κ > 0, it follows that Υ′′′

k (κ) is convex on (0, ∞).
Together with the conditions Υ′′

k(0) = 0 and Υ′′′
k (0) = 0, Lemma 3 implies that Υ′′

k(κ) is
superquadratic. Moreover, a function is termed multiplicatively superquadratic whenever
its logarithm is superquadratic. Observing that Υ′′

k(κ) = ln
(
exp

{
Υ′′

k(κ)
})

, we conclude
that exp

{
Υ′′

k(κ)
}

is multiplicatively superquadratic.

Proposition 4. The inequality∣∣∣∣ exp
{(

ϑ + υ

2

)k−1
Jk−1

(
ϑ + υ

2

)
+

(
ϑ + υ

2

)k
Jk−2

(
ϑ + υ

2

)
+

1
υ − ϑ

(
2

((
υ − ϑ

2

)k
Jk−1

(
υ − ϑ

2

))
− ϑkJk−1(ϑ)− υkJk−1(υ)

)}∣∣∣∣
≤ exp

{
υ − ϑ

4

(
3ϑk−1Jk−2(ϑ) + ϑkJk−3(ϑ) +

(
3υk−1Jk−2(υ) + υkJk−3(υ)

)2
) 1

3
}

holds for all ϑ, υ ∈ (0, ∞) such that ϑ < υ and k ≥ 5.

Proof. The intended result is immediately obtained upon the application of the function
Υ(κ) = exp{Υ′′

k(κ)} within the framework of Theorem 5.

Example 7. We perform numerical computations and graphical visualizations for various parameter
choices in Proposition 4 to demonstrate the applicability of our findings. Specifically, with ϑ = 1,
υ = 2, and k ∈ [5, 9], we obtain the numerical results listed in Figure 8a and their corresponding
graphical representation in Figure 8b.

Proposition 5. The inequality∣∣∣∣∣exp

{
υkJk−1(υ)− ϑkJk−1(ϑ)

υ − ϑ
+ 2(υ − ϑ)k−2Jk(υ − ϑ)

}∣∣∣∣∣
≤ exp

{
3
(

3υk−1Jk−2(υ) + υkJk−3(υ)
)
+ 2
(

3(υ − ϑ)k−1Jk−2(υ − ϑ) + (υ − ϑ)kJk−3(υ − ϑ)
)

+
1
2

(
ϑk−1Jk−1(ϑ) + ϑkJk−2(ϑ) + υk−1Jk−1(υ) + υkJk−2(υ)

)}
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holds for all ϑ, υ ∈ (0, ∞) such that ϑ < υ and k ≥ 5.

Proof. The intended result is immediately obtained upon the application of the function
Υ(κ) = exp{Υ′′

k(κ)} within the framework of Theorem 7.

Example 8. To illustrate the effectiveness of Proposition 5, we conduct representative numerical
calculations and visualize the outcomes graphically for selected parameters. Setting ϑ = 1, υ = 2,
and k within the interval [5, 9], the resulting values are compiled in Figure 9a, and their graphical
representation is displayed in Figure 9b.

(a) Numerical representation of Proposition 4. (b) Graphical representation of Proposition 4.

Figure 8. Graphical and numerical validation of Proposition 4 with parameters ϑ = 1, υ = 2, and
k ∈ [5, 9].

(a) Numerical representation of Proposition 5. (b) Graphical representation of Proposition 5.

Figure 9. Graphical and numerical validation of Proposition 5 with parameters ϑ = 1, υ = 2, and
k ∈ [5, 9].

8. Conclusions
The present paper proposes a new Petrovič-type inequality and related integral identi-

ties for multiplicatively superquadratic functions in the context of multiplicative calculus.
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To the best of the authors’ knowledge, for the first time, such midpoint- and trapezoid-type
inequalities for these classes of functions, including the fractional ones by means of the mul-
tiplicative Riemann–Liouville fractional operators, are derived. The results obtained in the
paper are supported by numerical and graphical examples, demonstrating the importance
and application of the results obtained.

Future Research Directions

The results established in this paper provide a foundation for the development of fur-
ther inequalities in multiplicative calculus, including multiplicative analogues of Ostrowski-
, Simpson-, Boole-, Newton-, and Maclaurin-type inequalities. Moreover, the obtained
Petrovič-type inequality and related results can be extended to the framework of mul-
tiplicative fractional calculus by employing various fractional integral operators, such
as conformable, tempered, Sarikaya-type, proportional Caputo-hybrid, and exponential-
kernel multiplicative operators. Further generalizations may also be achieved through
multiplicative integral operators and multiple-integral formulations in higher-dimensional
settings. Such extensions are expected to yield new inequalities for broader classes of
multiplicatively convex and multiplicatively superquadratic functions, thereby enriching
the theory of multiplicative calculus and opening new directions for future research.
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