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Abstract

The purpose of this paper is to interpret fuzzy Kripke models as fuzzy information systems
with objects and attributes. We introduce topological structures (interior, closure operators,
Alexandrov pretopologies, Alexandrov precotopologies, fuzzy rough set) to the formulas
of fuzzy Kripke models based on complete residuated lattices. We study the relations of
possible worlds as objects and formulas as attributes in a fuzzy information system. Using
the properties of residuated and Galois connections, we can obtain fuzzy concept lattices
and formal fuzzy concept lattices. We give their examples.
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1. Introduction

Kripke [1] introduced Kripke semantics for modal logics with necessarily true and
possibly true as non-classical logic systems. Modal logic is one of the most developed
and studied non-classical logics [2]. The two operators of necessity and possibility from a
partially ordered set to a partially ordered set form a residuated connection [3]. The two op-
erators of sufficiency form a Galois connection. Two connections play an important role in
solving the structures, which are topologies, rough sets, concept lattices and modal opera-
tors [4-8]. Generalizations of the concepts of necessity and possibility offer a rich setting to
model and study notions from many different areas and software applications [9-11].

Fuzzy structures in the real world provide much more adequate information than
classical structures [12,13]. Using fuzzy Galois connections, Bélohlavek [12] introduced the
notion of formal fuzzy concepts on a complete residuated lattice [14]. Using residuated
connections, we can find other fuzzy concepts. Using these connections, we can solve fuzzy
relation equations and the theory of interior and closure operations, fuzzy rough sets and
fuzzy concept lattices in complete residuated lattices [5-19]. It is used in signal and image
processing, data analysis and neural network approaches [12,15,16].

A fuzzy Kripke model [20] is a generalization of a classical Kripke model used in
modal logic. Fitting [21] introduced modal many-valued logics based on finite Heyting al-
gebras. Many researchers [22-29] developed fuzzy modal logics based on various algebraic
structures (MTL algebras [20,23], Godel algebra [24,26]).
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In recent times, there has been significant development in the field of bisimulations
for fuzzy automata and fuzzy modal logic based on various algebraic structures (Heyting
algebras [28,29], residuated lattice [27]).

The purpose of this paper is to interpret fuzzy Kripke models as fuzzy information
systems with objects and attributes.

In Section 2, we introduce complete residuated lattices as extensions of left continuous
t-norms, Heyting algebras, Godel t-norms and product t-norms. We define the fuzzy
(necessity, possibility and sufficiency) modal operators for the formulas of fuzzy Kripke
models based on complete residuated lattices.

In Section 3, two formulas are defined in Theorem 1: the degree of semantical equiva-
lence and fuzzy partial orders. In Theorems 3 and 4, we investigate the properties of the
fuzzy (necessity, possibility and sufficiency) modal operators for the formulas of fuzzy
Kripke models based on the residuated lattice. We show that the modal order-preserving
operators of necessity and possibility form residuated connections. The modal order-
reversing operators of sufficiency form Galois connections. Moreover, we can solve the
solutions for fuzzy relation equations with fuzzy modal operations of formulas.

In Theorems 5, 7 and 8, as topological structures, we suggest interior (closure) oper-
ators, Alexandrov pretopologies, Alexandrov precotopologies and fuzzy rough sets for
the formulas of fuzzy Kripke models. Moreover, we investigate their properties. From
these results, big data with a fuzzy Kripke model can also be variously classified into small
groups with viewpoints of interior (closure) operators, fuzzy rough sets and Alexandrov
pre-(co)topologies.

In Example 2, we give various interior (closure) operators, Alexandrov (pre-
)topologies, Alexandrov precotopologies and fuzzy rough sets for a fuzzy Kripke model.

In Section 4, we investigate the relations between possible worlds as objects and
formulas as attributes in two fuzzy Kripke models. Using the properties of a residuated
connection, we can obtain a fuzzy concept of possible worlds and formulas for two fuzzy
Kripke models based on a residuated lattice. We show that it is a complete lattice. Using
the properties of a Galois connection, we can obtain a formal fuzzy concept of possible
worlds and formulas. Also, it is a complete lattice. We give their examples. Big data with
two fuzzy Kripke models can also be variously classified into small groups with a (formal)
fuzzy concept of possible worlds and formulas.

2. Preliminaries

Definition 1 ([12,14,17]). Analgebra (L, \,V,®,=-, L, T) is called a complete residuated lattice
if it satisfies the following conditions:
(L1) (L, <, V, A, L, T) is a complete lattice with the greatest element T and the least element L;
(L2) (L, ®, T) is a commutative monoid;
(L) xoy <ziffx<y=zforxyzeclL.
If © = A, then it is called a Heyting algebra.

In this paper, we always assume that (L, A, V, ®, =, L, T) is a complete residuated lattice.
Foreachx € L, x* = x = L and the condition x** = x is called a double negative law.

Lemma 1 ([17]). For each x,y,z,x;,y;,w € L, we have the following properties.
1T =>x=x, LoOx=_1.
2Ify<zthenxOy<xOz,x=>y<x=>zandz=x<y=x.
B x<yiffr=y=T.
4D x = (Niyi) = Ni(x = yi).

(5) (Vixi) =y = Ni(xi = y).
©)x® (Vivi) = Vi(x O ).
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7)(x0y)=z=x=yY=2)=y= (x=2z).

B x=y)o(iz=2>w) <(x0z)=(yow) amdx=y< (x0z)= (y©z).
Q) x=y)oly=z)<x=z

(10) Vier xi = Vier¥i 2 Nier(xi = yi) and Njer xi = Aier i 2 Nier(xi = ¥i).
IDx=y<(y=z)=x=>z2)andx=y<(z=x)= (z=y).

Definition 2 ([12]). Let X be a set. A function ex : X x X — L is called:

(E1) Reflexive if ex(x,x) = T forall x € X;

(E2) Transitive if ex(x,y) @ ex(y,z) < ex(x,z), forall x,y,z € X.

Ifex(x,y) = ex(y,x) = T, then x = y. If ex satisfies (E1) and (E2), ex is a fuzzy preorder.
If ex satisfies (E1), (E2) and (E3), ex is a fuzzy partial order.

The set of formulas ®;, of a many-valued modal logic is the smallest set containing
propositional symbols and truth constants, and is closed under logical connectives and
modal operators as follows:

(1) An enumerable set of propositional symbols P = {p1, p2,...,pn | n € N}.

(2) A set of truth constants L = {f|t € L}.

@) If ¢, ¢, € Dp fori € I, then Ajc1¢j, Vicipi € r, ¢&p,p — 1, ~p = ¢ — 1le ;.

(4) For ¢ € @1, we have six modal operators such that [¢], [¢] ! € & (possibil-
ity operators); (¢), (¢)~! € ®r (necessity operators); and {¢}, {¢} ! € | (sufficiency
operators).

Definition 3 ([25,29]). A fuzzy Kripke frame is a pair F = (W, R) where W is a non-empty set of
possible worlds and R : W x W — L is the fuzzy accessibility function.

A fuzzy Kripke model is a tuple M = (W, R, V') where (W, R) is a fuzzy Kripke frame and
V : W x P — L is a fuzzy valuation function defined by V(w, p) = pV (w) for each p € P and
weW.

The function V can be inductively extended to a function V.: W x ®; — L defined by
V(w, ) = ¢V (w) for each ¢ € 1 and w € W, as follows (V1)~(V11): for each ¢;, ¢, € Py for
iclandtel,

(V1) 1 (w) = ¢,

(V2) (Nie1 00)" (w) = Nier (i)Y (w),

(V3) (Vier ¢i)" (w) = Vier(¢i)" (w),

(V4) (¢p&p)" (w) = ¢V (w) © 9V (w),

(V5) (¢ = )V (w) = ¢V (w) = ¢V (w),

(v6) [9]Y (w) = Nopew (R(w,v) = ¢V (v)),
(v7) ([¢) DV (w) = Apew(R(v,w) = ¢V (v)),
(V8) (¢)Y (w) = Voew(R(w,0) © ¢ (v)),
(V9) ({(¢) " HV(w) = Vyew (R(v,w) ® ¢V (v)),
(V10) {¢}V(w) = Apew (4" (v) = R(w,0)),
(v11) ({¢} HV(w) = Noew(9¥ (v) = R(v,w)).

We denote (—¢)V (w) = ¢V (w) = L.

Notation 1. Let M = (W, R, V) be a fuzzy Kripke model.

(1) We denote 4’i/¢r¢/¢i/ /\i€I¢i/ Viel4’i/4’&¢/§b - lp/ _‘47 = 4) - I/ [47]/[47]_1/
(@), ()1, {p}, {p} !, p; € PL. Moreover, t € Oy foreach t € L.

(2) The maps [—],[—]"L, (=), (=)L {=},{=}"1 : & — D[ are defined by [-](¢) =

)
0], [=171(@) = [0 (=)(¢) = (9). (=) (@) = (&)~ {-}() = {9}, {-}o) = {9},
foreach ¢ € Pr.
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3) V(w,¢) = ¢V (w) foreach ¢ € O and w € W.

3. Fuzzy Modal Operators, Alexandrov L-Topologies and Fuzzy
Rough Sets

In this section, we study fuzzy partial orders and investigate the properties of the
fuzzy (necessity, possibility and sufficiency) modal operators for the formulas of Kripke
models based on a residuated lattice.

Theorem 1. Let M = (W, R, V) be a fuzzy Kripke model. For ¢, € P, we define

em(9V, ") = Nwew (¢ (w) = ¢ (w)),
em(@V =9V) =em(oV, pV) Nem(yY, ¢Y).

Then, for each ¢, ¢i, Y, ¥i, 1, Y1 € Py, the following properties hold.
(1) Amap epr : ®p x & — L is a fuzzy partial order on Pr.

@ em(@¥ =9Y) Oem(@y =) < em((9&p1)” = (Y&ip1)Y).
@) em(@¥ =9Y) < em((t&p)” = (F&y)").

@em(@ =¢") <em((t—=¢)V =(F—p)").

G em(@V =9Y) <em((p —=H" = (¢ = H").

©) Aierem(®) =9)) < em(Vier ¢! = Vier ).

) Nierem(@ = 9}) < em(Nier ¢ = Aier 9)-

Proof. (1) For ¢, ¢, ¢ € P,

em(9V, pV) ©em(pY, ¢")

= Awew (9" (w) = 9V (w)) © Apew (@Y (w) = 9" (w))
< Awew((9V(w) = 9 (w)) © (¥ (w) = ¢V(w)))

< Nwew (¢Y (w) = ¢ (w))(by Lemma 1 (9))

=em(¢V, ¢").

Other cases are easily proved.
(2) For each ¢, 1,9, 1 € P,

em((p&er)”, (&ip1)Y)

= Nuew ((9¥ (1) © ¢y () = ¥V (1) © 9y (u)))

(by Lemma 1 (8))

> Nuew (¢ (1) = ¢ (u) © (91 (1) = ¢y ()

> Nuew (@Y (u) = tpV(u)) O Nuew (@7 (u) = Y (u))
=em(9V, 9") ©em(ey, vy).

Similarly, ey ((p&ip1), (p&ep1)V) > em(9V, ¢V) @ em(¢y, ¢{ ). Thus, by Lemma 1 (2),

em(9V = 9¥) ©em(gf = yy)
= (em(¢V,9") Nem(yY, 4>V>
Oem(@y, ¢7) Nem(wy, ¢y ))
< (em(9, 1/JV) ©em(ey, 4’1 )
ANem(@®Y,¢V) @ em(vy, ¢7))
<em(¢V&py, V&) Nem(p¥ &yy, ¢V &y
= em(9V &Py =y &ypy).

(3) For each ¢, i, € ®; and t € L, by Lemma 1 (8),
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Similarly, ey ( (&)Y, (E&p)V) > ep (9", V).
(4) For each ¢, ¢, € ®; and t € L, by Lemma 1 (11),

em((t — A)V (t=)Y)
= Auew((F () = ¢V (u)) = (7 (1) = ¢V (u)))
> Nuew (@Y (1) = ¢V (1)) = em(9”, p").

Similarly, ens((f — )V, (F — ¢)V) > em (9", ¢").
(5) For each ¢, ,t € ®; and t € L, by Lemma 1 (11),

em((p =1, (¢ — ¥>VV>
= Nuew (97 () = T (u)) = (" (u) = T (u)))
> Nuew (@Y (u) = ¢¥ (1)) = em(9¥, 9").

Similarly, ep;((p — 1)V, (¢ — V) > em(9V, ¢").
(6) For each ¢, 1p; € &1 and i € T, by Lemma 1 (10),

em(Vier ¢, Vier 1)

= Nuew (Vier ¢ (1) = Vier v} (1))
> Auew Nier (¢ (u) = 9} ()

= Nier Auew (¢ (u) = ¢} (u))

= Nierem (9!, 9})-

Hence, Aicrem (9!, ¥}) < em(Vier ¢, Vier 9/). Similarly, Aicrem (9}, ¢}) <
em(Vier 7, Vier ¢))-
(7) For each ¢;, ; € &1 and i € T, by Lemma 1 (10),

em(Aier ¢/ Nier $7)

= Auew (Aier @7 (1) = Aier ¢/ (1))
2 Nuew /\ier(cpy(”) = l/’zv(u))

= Nier /\MEW((PzV(u) = lpzv(u»

= /\iel‘eM(‘PzV'lPiv)'

O

Lemma 2. Let L follow a double negative law and be defined by x* = x = L, xdy = (x* O y*)*
(1) Foreach x; € Land i € T, Njer x7 = (Vier xi)* and \jer X7 = (Njer xi)*.
(2 Foreachx,y € L, (x = y)* =x0y* and x* = y* =y = «x.
(3) Foreach x,y,z,zw €L, (x=y) 0 (z=w) < (x®z) = (yDw).

Proof. (1) By Lemma 1 (5), (Vier xi)* = Vier Xi = L = Ajer(xi = L) = Aier x;. More-
over, since (Vier )" = Aicr %, Vier X! = (Aier %"

(2) Since (x ®y*)* = x = y from Lemma 1 (7), (x = y)* = x O y*

Since (y = x) O (x= 1) <y= 1,y =x <x* = y*. Moreover, x* = y* <y** =
=y =x.

(3) Foreach x,y,z,w € L,
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(x®z)= (ydw)

=o' = (yow)

(" ow*) = (x* ©z") (by (2))

(y* = x*) ® (w* = z*) (by Lemma 1 (8))
(x=y) o (z=w).

vl

O

Example 1. Let L = [0, 1] be a unit interval.
(1) Define Godel t-norm ©,=>: [0,1] x [0,1] as

1, ifx<y,

XOQY=xAy, x=1y —{ y, x>y

Since (x =0) =0=0=0=1# x for 0 < x < 1, it does not follow a double negation law.
(2) Define product t-norm ©,=-:[0,1] x [0,1] as

1, ifx <y,

XOYy=x-Y, x=y :{ y/x, x>y,

Since (x =0) = 0=0=0=1%#xfor0 < x < 1, it does not follow a double negation law.
(3) Define t-norm ®,=-:[0,1] x [0,1] as

xOy = ((x +y? =1)VO)/7,p >0,
x=y=(1-xP+y")P A1,
X =x=0=(1-x")l/P,

It follows a double negation law. If p = 1, it is called a Lukasiewicz t-norm.

Theorem 2. Let M = (W, R, V) be a fuzzy Kripke model. For ¢, € @y, let L follow a double
negative law and be defined by x ©y = (x* @ y*)*.

(1) For ¢,y € @1, em(¢”, ") = em((=9)”, (=9)").

@ em(9” =¢") Oeml@) =¢)) < emle” @) =y @ yy).

@) (~([(=9)])" = (9)-

Proof. (1) For ¢, ¢ € &, by Lemma 2 (2),

em(@V, ") = Awew(9” (w) = ¢V (w))
= Nwew (" (w) = ¢"*(w))
=em((=9)", (—=¢)")

(2) For (P/ lpl 4)1/ l/J2/ S q)L/

em((—(—¢p&=¢1))Y, (- (~p&—yr1))")

= Nwew (¥ (w) © ¢/ *(w))* = ($"*(w) © 91" (w))*)
= Nwew (@Y (w) ® ¢) (w)) = (" (w) @ ¢y (w)))

(by Lemma 2(3))

> Nwew (9" (w) = ¢ (w)) © (¢ (w) = ¥y (w)))

> Awew (9" (w) = ¢V (w)) © Apew (¢ (w) = 91 (w)))
=em(¢”, V) ©em(oy, 9))

Similarly, eps((=(=&=11))Y, (=(=p&—¢1))") > em($”, ¢") © em(¢y, ¢7).
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em(¢¥ =9V) ©em(¢y = ¢y)
em(9¥, 9V) Nem(pY,¢V) © (em(dy, w)) Aem(wy, o))
VoY) @ em(¢), 7)) A lem(®Y, ¢") ©em(wy, ¢} )
(= (—¢p&=¢1))Y, (= (—p&—y1))")
em((=(~9&—1))Y, (= (~¢p&=¢1))")
em((=(—p&—¢1))Y = (—(—p&-y1))").
(3) For ¢ € @1, by Lemma 2 (1 and 2),

(DY (@) = (Aoew (R(w, v) = (=¢)V))*
= 0) = (¢V(v) = L))*

,0) ©¢Y () = (§)(w).

VAVANI|
N~~~
)
Ai/-\
<

>

O

Definition 4. Let M = (W,R, V) and M' = (W', R’, V') be fuzzy Kripke models and F : & —
@) and G : @] — P maps.
(1) (em, F, G, epy) is called a residuated connection if for all ¢ € @, ¢ € D},

!

ex (F(9)",9¥") = em(9”, G(p)Y).

(2) (em, F, G, epy) is called a Galois connection if for all ¢ € ®p,p € @7,

enr (97, F(@)Y") = em(9¥, G(p)Y).

Theorem 3. Let M = (W, R, V) be a fuzzy Kripke model. The maps [—],[—]~, (=), (=)' :
®; — Oy are defined by [—](¢) = [¢], for each ¢ € Py, similar to other cases. Then, the following
statements hold:

(1) (epm, (=), [=]~1, enm) is a residuated connection.

(2) For each ¢;, ; € Pr,

(3) (epm, (=), [~], em) is a residuated connection.
(4) For each ¢;, p; € P,

m(((@)™H)Y, ((p)~1)"),
m([¢]Y, [9]Y).

e
e

)1V = () )Y
(P )Y =(9)",
() 1) = (gl 1)
([ph =" = [¢]".

https:/ /doi.org/10.3390/math14132332


https://doi.org/10.3390/math14132332

Mathematics 2026, 14, 2332 8 of 29

(6) For each ¢;, p; € Pr,

(D)"Y = [9]",
([~ —(<l/ﬂ>’1)V,
(@]~ = [o] ™

()]~ >V=<1P>V-

(7) If, for € Py, there exists a solution ¢y € Py such that (¢o)V = ¢V, then there exists a
solution [{go)] ™1 € @y such that {[(¢o)] 1)V = ¢V and ([(g)] )" > @Y.

(8) If, for p € @, there exists a solution ¢o € Py such that [po]V = ¢V, then there exists a
solution (go]) "1 € @y such that [{[po]) 1]¥ = ¢V and (([go]) 1)V < 9.

Proof. (1) For ¢,y € &, by Lemma 1 (5 and 7),

em((0), ")

= Awew((9)V (w) = ¢¥(w))

= /\weW(VueW(R(w u) © @Y (u)) = ¢V (w))
= Auew (@Y (1) = Npew (R(w,u) = 9V (w)))
= Auew (@Y (1) = (] 1)V ()

=em(oV, ([pIH)").

(2) Foreach ¢, € &1, by (1),

Foreach ¢, € Oy,

=

()Y, )V =em(d”, ([(p)]™HY)
em(9V, V) @em(pY, ([(¥)]™HY)
em(pV,9pY).

em(([¢] )Y, ([w]™1H)Y) = em(([p] 1)V, ")
>em(([p] )Y, ¢") @em(¢¥, p")
=em(o¥, 9Y).

(4) R is reflexive and transitive, then

V(@) = Aoew (R(w,0) = ((9) )" (v))
) = Vuew(R(1,0) © ¢" (1))

[ AVARS

—
/\

<>>>v
/\i/‘\
EEEE

= w,o0

= w,0) = Vuew (Vsew(R(1,5) © R(s,0)) © ¢ (1))
= Noew (R(w,0) = Vyew ((R(1,w) © R(w,0)) © ¢ (1))

> Vuew (R(u,w) © ¢V (u)) = ({¢) 1)V (w)

([9]) "V (w) = Voew(R(v,w) © [¢]" (v))

= Voew (R(0,) © Ayew (R(v,u) = ¢V (u)))

= Voew (R(2,w) © Auew (Vsew (R(v,5) © R(s,u)) = ¢V (u)))
< Voew(R(0,w) © Ayew ((R(v,w) © R(w, u)) = ¢¥ (1))

= Voew (R(v,w) © (R (v w) = Auew (R(w, u) = ¢ (1))

< Nuew (R(w,u) = ¢V (u)) = [¢]" (w).

< ([
)

)I71)Y implies ()" < ([{¢)]~")". Moreover, ([(¢)] )" < (¢)""

I”
. Other cases are similarly proved.

<

(6) By (2), ¢"
Thus, {[{¢)] )" =

<

‘e./—\

- {
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(7) By (2), ([{¢0)]™1)V = (o) = ¢". Hence, [(¢o)] ! is a solution with ¢} <
([(go)] )"

8) By ), ([(lgo] )™ = (Io] 1" = 9. Hence, ([g] ')" is a solution with
([po] 1) <gg. O

Theorem 4. Let M = (W, R, V) be a fuzzy Kripke model. The maps {—},{—}"1: &, — @
are defined by {—}(¢) = {¢p} and {—}"1(¢p) = {¢p} ", for each ¢ € ®r. Then, the following
statements hold:

(1) (ep, {=1},{=}"1, em) is a Galois connection.

(2) Foreach ¢, € P,

em(@V, ({{e}} HY) =T =em@’, {{p}~1}"),
em(0V, ") <em({w}V, {¢}"),
em(@V,9Y) <em({y} 1Y, {3 HY).

(3) Let L follow a double negative law. If R(w,w) = L and R* (w, u) ® R*(u,v) < R*(w,v)
forallw,u,v € W, then ¢ € & and

{={e}}" ={e}", ({~{ey 1" =y DY

(4) For each ¢;, p; € Pr,

{H{e} 1 ={e}",
{{{e3 DY ={e} D"

(5) If, for € Py, there exists a solution ¢y € Py such that p¥ = {¢o}", then there exists a
solution {{go}} 1 € By such that ¥ = {90}’ = {{{go}} 1}V and ({{go}} 1)V > 4.

(6) If, for p € Dy, there exists a solution ¢y € ®p such that p¥ = ({¢po} 1), then
there exists a solution {{¢o}} € @ such that ¢V = ({po} 1)V = {{{po} 1}} 1V and

{{eo} ™1} = 9y’
Proof. (1) For each ¢, ¢, {¢}, {¢p} ' € @1, by Lemma 1 (4 and 7),

em(@V, {e}Y) = Nwew 9V (w) = {¢}V (w))
= Nwew 9V (@) = Ayew (¢ (1) = R(w,u)))
= Auew @Y (1) = Npew(9¥ (w) = R(w, u)))
= Auew(®” (u) = ({p} 1)V (w))

=em(p’, {9}

(2) Foreach ¢, ¢ € &y,

T=en({e} . {¢}") =em(@", ({{e}} "),
T=em(({¥} )" (¥} DY) =em@” {{¥}1}").

Foreach ¢, € D,

em({o}V. {9}V) =em@®”, {{o}})Y)
>em(pY, ") 0em(¢¥, ({{o}+ 1Y)
=em(p’,¢9Y).

em(({9} DY, ({9} 1)) =em(®”, {{¢}'}")
>em(®Y,9V) ©em(e”, {{o} 1)

=em(y,¢").

“(
V(u
Y(
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(3) Since R(w, w) = L and R*(w, u) ® R*(u,v) < R*(w,v) forall w,u,v € W,

T ©R*(w,v) = R*(w,w) ® R*(w, v)
< Vuew (R* (w,1) © R (1,0)) < R (w,0).

Thus, V,ew (R*(w, u) ® R*(u,v)) = R*(w,v).

{(~{¢}}V (W) = Auew(—~{¢}" (1) = R(w, u))

= Auew (Avew 9V (v) = R(1,0)))* = R(w,u))
= /\ueW(VvEW(‘P ( ) © R*(
= Nuew AUGW(¢V( ) ( *
= Noew (@Y (0) = Auew(R* (u,v
= Aoew(9¥ (v) = R(w,v))

= {9}V (w).

4) By @, 9" < ({{g}} )" implies {p}" > {{{¢}}"'}". Moreover, {g}" <
{{o}}'}V. Thus, {9}V = {{{$}}'}". The other case is similarly proved.
5) By @, " = {g0}” = {{{#o}}""}". Hence, ({go}}"1)" is a solution with
0 < ({3} )"
(6) It is similarly proved as (5). O

Definition 5. Let M = (W, R, V) be a fuzzy Kripke model.

(1) Amap I : &1, — Py is called an interior operator iff it satisfies the following conditions;
foreach ¢, € Pr,

(1) 1(9)" < ¢";

1) I(1(¢))" = I(¢)";

1) em(1(@)", 1(¥)") = em(¢”, ¢").

(2) Amap C : & — Dy is called a closure operator iff it satisfies the following conditions; for
eachp,p € Py,

(CDC(9)" = ¢";

(C2)C(C(9)" =C(9)";

(C3) em(C(¢)", C()") = em(9", $").

The pair (1(¢)V,C(¢p)V) is called a fuzzy rough set for ¢ € Dy.

Theorem 5. Let M = (W R, V) be a fuzzy Kripke model.
(1) The maps [(—) 71, (=)7L {{=}"1}, {{=}}"1: &L — P are closure operators.
@) ([-])"5LA[-]7") : L — Dy are interior operators.

Proof. (1) (C1) Since (eps, (—) ™', [~], enm) is a residuated connection from Theorem 3 (3),

T=em(((p)™ )", (lp) 1)) = em(¢ [(9)~"]"). By Lemma 1 (3), 9" < [(¢)]".
(€2)Since ((¢) ™))" = ({[{¢)~']) )" from Theorem 3 (6), [(¢) )" = [{[(¢) 1))}V,
(C3) By Theorem 3 (4), we have

em([(¢) "1V, [{p) 1Y)
>em(((0)" DY, ((p)~H)Y)
>em(¢V,9Y).

Hence, [(—) '] is a closure operator. Other cases are similarly proved.

(2) (I1) Since (ep, (—)~%, [~],em) is a residuated connection from Theorem 3 (3),
T =em((¢]",[¢]") = em((([¢]) )", ¢"). By Lemma 1(3), (([¢]) 1)" < ¢".

(12) Since [([¢])~1]" = [¢]" from Theorem 3(6), (([([¢])~"]) )" = ({[¢])~")""

(I3) By Theorem 3 (4), we have
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Hence, ([—])~! is an interior operator. Other cases are similarly proved.
O

Definition 6. Let M = (W, R, V) be a fuzzy Kripke model.

(1) A subset T C LW is called an Alexandrov pretopology on W iff it satisfies the following
conditions:

01T e

(02)If ¢ € tforalli € 1, then (Vi1 i) € T.

(03)If ¢ € Tandt € L, then (t&¢)V € T.

(2) A subset y C LW is called an Alexandrov precotopology on W iff it satisfies the following
conditions:

F) T €.

(F2)If ¢! € ny foralli € I, then (N\je; ¢i)¥ € 1.

(F3)If¢V € yand t € L, then (f — ¢)V € 1.

A subset T C LX is called an Alexandrov topology on X if it is both an Alexandrov pretopology
and Alexandrov precotopology on X.

Theorem 6. Let M = (W, R, V) be a fuzzy Kripke model. Let D : & — O be a map. The
following statements are equivalent:

W em(@Y, 9Y) <em(D(¢)",D()") forall , ¢ € Py.

@t ©D(¢)V < D(t&p)Y foreacht € L,¢ € ® and D(¢)V < D(y)V for ¢V < ¢V,

B)D(f — ¢)V < o= D(¢)V for each t € L,¢ € @ and D(¢)V < D(y)V for
9 <y

Proof. (1) = (2). By Lemma 1 (3), if ¢V < ¢V, then ep(¢¥,9V) = T and ey (D(¢)V,
D(y)") = T. Thus, D(¢)” < D(y)". Since t < ¢"(w) = (t&¢)" (w),

t <em(¢p”, (1&p)") < em(D(¢)", D(t&p)").
Hence, 7’ ® D(¢)V < D(f&s)V.
(2) = (1). Lett = ep(¢V,¢Y). Then, (t&p)" (w) = ep (¥, vV) © ¢V (w) < vV (w).
Moreover, since (f&up)v < l[JV, by (2),
em(¢”,9") ©D(¢)V < D(&¢)¥ < D()".
Hence, epr(¢¥, 9") < em(D(9)", D()").
(1) = (3). From (1), D(¢)" < D(y)Y for ¢V < V. Since t < ey ((f — ¢)V,¢V) <
em(D(F—= ¢)V,D(¢)")), we have D(f — ¢)V < = D(¢)".
(3) = (1). Lett = em(¢V,¢"). Since ¢V (w) ®em(¢V, ") < ¢V (w), ¢V (w) <
eM(¢>V, 1/JV) = l[JV(w). Then,
D(¢)” <D(f—¢")V <em(¢¥,9") = D(y)".

Thus, ear(¢", 9") < em(D(¢)V, D(y)")
O

Theorem 7. Let M = (W, R, V) be a fuzzy Kripke model.

https:/ /doi.org/10.3390/math14132332


https://doi.org/10.3390/math14132332

Mathematics 2026, 14, 2332 12 of 29

(1) Let (W, I) be an interior space. Define t; = {¢p" € LW | ¢V = 1(¢)"'}. Then, 1; is an
Alexandrov pretopology on W such that 17 = {I(¢)V € LW | ¢ € ®r}.

(2) Let (W, C) be a closure space. Define nc C LX asyc = {¢V € LW | ¢V = C(¢)"}.
Then, yjc is an Alexandrov precotopology on W such that nc = {C(¢)V € LW | ¢ € @1 }.

Proof. (1) (O1) Since " >I1(L)Y, (L)Y = " Hence, ' e 1.
(O2) For ¢! € tforalli € I, then (V;c; ¢:)" € 17 from

Vi)V > 1)V
> Vi)V = Vig¢).

(O3)For ¢/ € tyand t € L, then (t&¢)" € 17 from

(&)Y > (&)
> 0 1(¢)Y = (i&p).

Therefore, 7; is an Alexandrov pretopology on W. Moreover, since I(I(¢))" = I(¢)V,
{I(p)V € LW | ¢ € @1} C 17. Trivially, 77 € {I(¢)V € LW | ¢ € & }.

(2) (F1) Since T/ >C(T)V > ?V, c(mV = T, Hence, T ¢ 7c.

(F2) For ¢! € nc foralli € I, then (Aje; ¢i)V € 7¢ from

(Ni¢i)V < C(Nii)V
<A C(e) = Nio).

(F3) For ¢! € c and t € L, then (f — ¢)V € ¢ from

(=) <C(t—9)

<t =C@)V=0F—9¢V".

Therefore, #¢ is an Alexandrov precotopology on W.
a

Remark 1. Let M = (W, R, V) be a fuzzy Kripke model.

(1) By (V1-V5) in Definition 3, Ty = {¢” € LW | ¢ € @} is an Alexandrov topology on W.

(2) If (W, 1) is an interior space, Ty = {I1(¢)V € LW | ¢ € @} is an Alexandrov pretopology
on W foreach I € {{[—])~% ([~]~1)} in Theorem 7.

(3) If (W, C) is a closure space, nc = {C(¢)V € LW | ¢ € ®L} is an Alexandrov precotopol-
ogy on W for each C € {[(=)71, [(=)]"L {{-}"'}, {{=1} "} in Theorem 7.

(4) By (2) and (3), the pair (1(¢)V,C(¢)V) is a fuzzy rough set for ¢ € ®p where
Le (=)A= and C e {[(5) 7L IO =R

Theorem 8. Let M = (W, R, V) be a fuzzy Kripke model.

(1) For ey € L"W>*W, we define t,, = {¢pV € LW | ¢V (x) @ ew(x,y) < ¢V (y), ¢ € L}
Then, T, is an Alexandrov topology on W.

ew is reflexive, Tu, = {9" € L | Vyex(9V (x) @ ew(x,y)) = ¢V (4), ¢ € D1},

If ey is a preorder, Top, = {Vex (Y (x) @ew(x,y)) € LW | ¢ € D1 }.

(2) Let (W, Tar) be an Alexandrov topological space. Define e, (X, y) = Ngver,, (o (x) =
@V (y)). Then, ex,, is a fuzzy preorder with Ty = Ter,, -

Proof. (1) (O1, F1) Ly, Tw € Teyy-
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(02,F2) If (])lV € T, foralli € I, then

(Vier ¢/ () ©ew(x,y) = Vier(@) (x) ©ew(x,y))
< Vier 9/ (),

(Nier 9 (0)) @ ew(x,y) < Aier(@) (x) ©ew(x,y))
< Nier ¢/ ().

(03,F3) Let ¢” € 1, and t € L. Since (t ® ¢V (x)) Gew(x,y) =t O (¢V(x) ©ew(x,y)) <
t® ¢V (y), we have

tO (t= ¢")(x) Oew(x,y) < ¢V (x) Oew(xy) < ¢V (y)
if and only if (t = ¢")(x) ©ew(x,y) < (t = ¢V)(y)-

Thus, (&)Y, (F — ¢)V € T,

Therefore, T, is an Alexandrov topology on W.

If ey is reflexive, then V,ex(¢V (x) © ew(x,y)) > ¢ (y) © ew(y,y) = ¢" (y). Hence,
the result holds.

Let ey be a fuzzy preorder and T = {V,ex(¢V (x) ®ew(x, —)) € LW | p € @1 }.

Let ¢V € T, Since ey is reflexive, ¢V = \,ex(¢V (x) ©ew(x, —)) € T.

Let Vyew (9" (x) ® ew(x, —)) € 7. Then,

Vyew (Vrew (¢ (x) ©ew(x,y)) @ ew(y,2))
= View (@Y (x) © Vyew(ew(x,y) ©ew(y,2)))
= Viex(¢V (x) @ ew(x, 2)).

Hence, View (9V (x) ©ew(x, —)) € Ty

(2) (E1) eqyy (x,%) = Ngveq, (97 (x) = ¢V (x)) = T forall x € X;
(B2) exy (x,y) @ ery (1,2) = Agver, (9 (1) = ¢"(Y)) © Nper, (¢" () = ¢"(2)) <
Npery (0¥ (x) = ¢V () © (6" (y) = ¢"(2)) < Apver, (9" (x) = ¢V(2)) = eqy(x,2),

for all x,y,z € W. Hence, ey, is a fuzzy preorder. Let 1/)V € Tp. Then,

View (Y (%) © Agver, (97 (x) = ¢" (1))
< Vaew(@V(x) © (9Y(x) = 9V () < 9V(y).

Hence, ¢V € Tor,, -

Since Ty is an Alexandrov topology on X, ¢V (x) ® A¢V€TM(¢V(X) = ¢V (-)) € Tn-
For all y" € Te.,,» We have PV = View (@Y (x) ® Ngvery (¢V(x) = ¢"(—)) € T;m, and so
¢V € Ty Hence, Ty = Tery,- U

Remark 2. Let M = (W, R, V) be a fuzzy Kripke model. For ey = R € LW*W, by Theorem 8
(1), we define

wR={¢p" € LV [ ¢V (x) OR(x,y) < ¢"(y),¢ € DL}
={¢" LV | ({(¢) 1)V < ¢"}
={¢" e LV | ¢V < [9]"},

1 = {9V € LW | ¢V (x) OR(y,x) < ¢V (y), ¢ € L}

={¢" e LV | (¢)V <¢"}
={¢" e LV | ¢V < ([¢] D)V}

Then, T and Tg-1 are Alexandrov topologies on W.
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Example 2. Let (L = [0,1],®,=,0,1) be a complete residuated lattice defined by
xOy=(x+y—1)Vv0, x=>y=(1-x+y)AL
Let M = (W,R,V) be a fuzzy Kripke model with a set of propositional symbols

P = {p1,p2,p3} and W = {wy, wz, w3, wy}, where p! (w;) = V(wj,p;) and R € LW*W
as follows:

i vy Py
w, | 0.8 07 06
w, | 03 05 03
wy | 06 04 09
w, | 04 06 08

R | wi wy w3 wy
w; | 0.6 03 05 01
wy | 0.8 01 04 09
wy | 0.7 06 02 07
wy |01 06 09 05

(1) We obtain a fuzzy partial order ey (w;, w;) = /\pep(pv(wi) = pv(w]-)) as

ew | W1 Wy W3 Wy
wp | 1 05 0.7 0.6
wy | 1 1 09 1
ws | 0.7 04 1 08
wy | 08 05 08 1

By Theorem 8 (1), we can obtain an Alexandrov topology Toyy = {Vauew(¢V (wi) ©
ew(wj,wj)) € LW | ¢ € DL}
(2) Since (¢)V (w) = Vyew (R(w,v) © ¢ (v)), we have

()" (p2)" (p3)"
w | 04 03 04
wy, | 06 05 07
wy| 05 04 05

Wy 0.5 0.3 0.8

By Remark 2, g1 = {¢V € LW | (¢)V < ¢V} is an Alexandrov topology. Since
(p2)V < pY and (p;)V £ pY fori=1,3,py € tgrand p! & 11 fori =1,3.
By Theorem 5 (1), [(—)] ™1 : &, — @ is a closure operator with

[p)I™HY W21 Upa)]HY
w; 0.8 0.7 0.8
W, 0.9 0.7 0.9
w; 0.6 0.4 0.9
o 0.7 0.6 0.8

For (p1)V = (0.4,06,05,05) € LY, ([(p)] )V = (p1)" and (0:8,09,06,07) —
[(p1)]~' > pY = (0.8,0.3,0.6,0.4).
By Theorem 7 (2), 1 _y-1 = {([{p)] )Y € LW | ¢ € DL} is an Alexandrov precotopology.

https://doi.org/10.3390 /math14132332


https://doi.org/10.3390/math14132332

Mathematics 2026, 14, 2332 15 of 29

(3) Since ((¢) )Y (w) = Voew(R(v,w) © ¢V (v)), we have

(p) ™Y ()™)Y pa) DY
w1 0.4 03 0.6
W, 0.2 0.2 0.5
w; 03 05 0.7
W, 03 0.4 0.6

By Remark 2, i = {¢V € L™ | ((¢)™")V < ¢V} is an Alexandrov topology. Since
((p1)™)Y < p{ and ((p;)1)V £ p! fori=2,3,p{ € trand p! & g for i = 2,3. We obtain

(p) 1Y )1 ()1
w, | 08 0.7 1
wy | 04 0.5 0.7
ws | 06 0.6 0.9
wy | 04 0.6 0.8

Since [(—)71] : & — Py is a closure operator from Theorem 5 (1), by Theorem 7 (2),
- ={lle) 1Y € LW | ¢ € ®L} is an Alexandrov precotopology.
(4) Since [¢]Y (w) = Vypew (R(w,v) = ¢V (v)), we have

[Pl]v [Pz]v [p3] v
wy 1 0.9 1
wy | 05 0.7 0.8
w3 0.7 0.9 0.7

wy | 0.7 0.5 0.7

By Remark 2, tr = {¢V € LW | ¢V < [¢]V'} is an Alexandrov topology. Since p{ < [p1]V
and pY £ [pi|V fori=2,3,p{ € trand p/ & g fori =2,3.
By Theorem 5 (2), {[~]) ™1 : ®; — @ is an interior operator with

()™ Wp)™HY (Ipa)) DY
w1 0.6 0.6 0.6
w> 0.3 0.5 0.3
ws 0.6 0.4 0.6
o 0.4 0.6 0.7

By Theorem 7 (1), T _yy1 = {({[¢]) W e LW | ¢ € &} is an Alexandrov pretopology.
>

)’
By Remark 1 (4), fhe e pazr ((Up) DY, [(p1) 1Y) = ((0.6,03,0.6,0.4), (0.8,0.4,0.6,0.4))
is a rough set for p1. Moreover, the pazr (o)), )~V is a rough set for ¢ € Dr.
In the other case, the pair (({[p1]) 1)V, ([{p1)]™H)") = ((0.6,0.3,0.6,0.4), (0.8,0.9,0.6,0.7))
is a rough set for p1. Moreover, the pair (({[¢])~ )V, ([{p)]~ 1)) is a rough set for ¢ € D.
(5) Since ([¢] 7)Y (w) = Aoew (R(v,w) = ¢"(v)), we have

(k™Y (pl™Y  (ps]™Y
w, | 05 0.7 05
wy | 08 0.8 1
ws | 05 0.7 0.9
wy | 04 0.6 0.4

By Remark 2, o1 = {¢V € LW | ¢V < ([¢]~1)V} is an Alexandrov topology. Since
Py < ([pa] ™))" and p £ ([pi)™")" fori=1,3, p3 € Tp1 and p} & T fori=1,3.
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By Theorem 5 (2), {[~]~1) : ®; — @ is an interior operator with

([P DY Alpl™HY (sl HY
w1 0.1 03 04
W, 0.3 0.5 03
ws 0.4 0.4 0.6
Wy 0.4 0.6 0.8

By Theorem 7 (1), T_y-1y = {{[¢]~ W e LW | ¢ € @1} is an Alexandrov pretopology.

By Remark 1 (4), thepazr(([pl] WY > ] ) =((0.1,0.3,0.4,0.4), (0.8,0.4,0.6,0.4)) is
a fuzzy rough set for py. Moreover, the pair ({[¢]~ )V [{(¢) 1Y) is a fuzzy rough set for ¢ € Py.

In the other case, the pair ({{p1)~1), ([{(p1)]™")") = ((0.1,0.3,0.4,0.4), (0.8,0.9,0.6,0.7))
is a fuzzy rough set for py. Moreover, the pair ({{¢]1)V, ([(¢)]™1)Y) is a fuzzy rough set for
¢ € Dr.

(6) Since {}V(w) = Noew (9" (v) = R(w,v)) and ({¢} 1)V (w) = Apew (9" (v) =

R(v,w)), we have
{p1}” {2}V {ps}”

w1 0.7 0.5 0.3
wy 0.8 0.6 0.5
w3 0.6 0.8 0.3
Wy 0.3 0.4 0.5

By Theorem 5 (1), {{—}}~1 : &, — & is a closure operator with

{Hr3 DY {23 {{ps3 DY
W, 0.8 0.7 0.6
W, 03 05 0.6
ws 0.6 0.4 0.9
W, 0.4 0.6 0.8

By Theorem 7 (2), ¢y _yy1 = {({{ep}}y " HY € LV | ¢ € @1} is an Alexandrov precotopology.

By Remark 1(4), the pair ({[p1])™)", {{p1}} 1)) = ((0.6,0.3,0.6,0.4), (0.8,0.3,0.6,0.4))
is a fuzzy rough set for p1. Moreover, the pair (({[¢]) =)V, ({{p}} 1)) is a fuzzy rough set for
¢ € Dy

In the other case, the pair (([p1] 1)V, {{r1}}~H)"V) = ((0.1,0.3,0.4,0.4), (0.8,0.3,0.6,0.4))
is a fuzzy rough set for py. Moreover, the pair ({[¢]™1), ({{p}} 1)) is a fuzzy rough set for
¢ € D;.

4. Fuzzy Concept Lattice Based on Modal Logics

In this section, we investigate the relations between possible worlds as objects and
formulas as attributes in a fuzzy information system.

Theorem 9. Let M = (W, R, V) and M' = (W', R’, V') be fuzzy Kripke models. Suppose that
there exists S € LW>*W' with S(w, —) = ¥, 8(—,w') = ¢V, where gy € DL, Py € D).
(1) Define a map F : & — @] as

F($)V (@) = Vew (@4 (w') © ¢V (w))
= Vyew(S(w,w') @ ¢¥ (w)).
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Moreover, for ¢, p; € @, ¢, p; € P}, t €L,
F(Vier )" = Vier F(¢0)"',
Fliteg) = (1ecE(9))""

(2) Define G(p) = \V{¢ € @1 | ()" < ¢V'}. Then, there exists G : &, — @y such that

G(Aier ¥i)” = Nier G(y1)Y,
Gt —y)’ = (= G(y)".

Moreover, (em, F, G, epr) is a residuated connection, that is,
eM/(F(q))V,,v,IJV/) =em(¢¥,G(p)V) for each ¢ € @, € D) and

() (w) = A (Stww)= ¢V (w)).

w' eW’

Proof. (1) Since there exists S € L"*W' with S(w,~) = @) and ¢, € @}, by
Definition 3 (V3) and (V4), for each w € W,
(Yo&d? (w)) € @7,
Vawew (Pu&d? (w)) € @f.

The map F is well-defined and S(w, w') = ¢¥ (w') and

E@)V' @)=\ (Stw,w')o¢"(w)).

weW

For ¢, ¢; € ®;,t € L, by Lemma 1 (6),

F(Vier 1) (@) = Vew (S(w, @) © Vier ¢ (w))
- VIGT VzueW(,S(w ) © 4)1 ( ))
= Vier F(¢1)" ('),

F(Hep) (@) = Vepew (S0, 0/) © (Ree) ()
— Voew(S(w w) & (t0 9" ()

= £ Ve (S(0,0) © 9V ()

= (&cF(9)) ()

Hence, F(V;cr ¢i)V = Vier F(¢)" and F(t&<p)"’ (t&F(¢))V forall t € L.

(2) Since G(y1)" < G(y2)" for " < 97", G(Aier )" < Aier G(9:)".
Since F(¢1)"" < F(¢2)"" for ¢ < ¢},

F(AGi) < F(G(:)” <!

iel

Thus, F(Aier G(#)Y < Aver zpr/. By the definition of G, A;cr G(v;)"
Hence, Aicr G(¥:)V = G(Ajer ’abi)v-
Fory € ®,t €L,

< G(Nier 9i)"-

FG(E— ) @) ,
=F(\V{pe@L|F(p)V < (f— )V}
=V{F(@)" €@, | F(¢)V' < (> )
<t=yV(w),
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F(t&G(E — )V (w') = t © F(G(f — ¢))V' (w')
<to(t=yp"(@)) <V (@)
By the definition of G, t ® G(f — ¢)V(w) < G(¢)V(w). Thus, G(f — ¢)V < (f —

G(y))".
On the other hand, since (f&(f — G(¢)))" (w) =t © (t = G(y)V(w)) < G(p)V (w),

tOF(f— va,u)) (@) = F(i&(t = G(9))") (@)
<F(G()Y () <y”

Thus, F(f — G(p))V' (w')) < (f — 1/))"

By the definition of G, (f — G(y))V (w) <
G(t — )V (w). Thus, G(f — )V = (t = G(v))".

Put t = ey (F(¢)V, ¢V"). For ¢ € @,

F(t&p)” (w }—fGF(dJ)V( w')
=ew (F(9)", 9"") © F(¢)"' (')
<p" ().

Since (t&¢) € @1, (t&¢)” < G(1)V. Then,

te ¢V (w) < G(p)V(w),
t=eaw (E(9)”, 9"") < eml(¢”, G(y)Y).

Puts = ey (¢Y, G()"). For p € @,

G — )V (w) =5 = G(¢)"(w)
=em(¢”,G(¥)Y) = G(y)" (w)

> (¢Y(w) = G(yp)"(w)) = G(y)" (w)
> ¢V (w).

4

Then, G5 — )V > ¢V iff F(¢)V < (5 — )V iff s < epp(F(¢)Y

en (F(9)V, 9") = em(¢”, G(y)V).
For ¢ € ®p,1p € I,

,pV"). Thus,

em(@V,G(¥)) = Nwew 9V (w) = G(9)Y (w))

= ey (F(9)V', 9"")

= Awew (F@)V (@) = V' (w')

= Awew (Vwew(S(w,w') © ¢¥ (w)) = l/JV'I(W’)
= Awew Awew (9 (w) = (S(w,w') = IIJV/ (w')))
= Awew (Y () = Awew (S(w,w') = 9V (w')))
=em (@Y, Awew (S(— ') = V' (w"))).

Since S(—,w') = ¢V (w') = (¢ — ¢V (w'))V, by Definition 3 (V2) and (V5), for
eachw' € W/,
(P — V' () € P,
Aw ew (¢w’ - #’V’ (w/)) € or.

Thus, em (¢, G(¥)Y) = em (¢, Awew (S(— ') = ¢ (w"))).
Put ¢ = Apew (P — lpV’(w’)). Then, eM(<pV,G(lp)V) = T. So, ch =
Awew (S(= ') = ¢V (w')) < G(p)".
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Put ¢V = G(p)’. Then, T = en(¢",G(#)") = Awew(G®)"(w) =
Norew (S(w,w) = 9 (@)). So, G(¥)" (@) < Awew (Sw,w) = " (w')). Hence,
G()Y (w) = Awew (S(w,w') = ¢V (w')). O

Theorem 10. Let M = (W, R, V) and M' = (W', R’, V") be fuzzy Kripke models. Suppose that
there exists S € LW>*W' with S(w, —) = ¥, $(—,w') = ¢V, where gy € DL, Py € D).
(1) Define a map P : &, — P/ as

P@)V (') = N (¢V(w) = g (w').

weW

Then, there exists S € L>*W' with S(w,w') = Y (w') and

P@)V (') = A ¢V (w) = S(w,w')).

weW

Moreover, for ¢, p; € @, ¢, p; € P}, t €L,

P(Vicr ¢)"" = Nier P(¢1)",
Pieg)” = (F > P(9))V"

(2) Define Q() = V{p € @1 | P(¢)V > ¢V'}. Then, there exists Q : @ — @y such that
Q)Y (w) = Vaew (¥ (') = S(w,w),
Q(Yier l/)i)V = Nier Q(lpi)vf
Q(t&y)V = (t = Q(v))".

Moreover, (enr, P, Q, eny) is a Galois connection, that is, epy (Y, P(¢)V) = enr(¢V, Q()V)
foreach p € O, ¢ € P

Proof. (1) By Definition 3 (V2) and (V5), (¢V(w) — @) € P} for each w € W,
Vwew (@Y (w) — $y) € ). So, P is well-defined. Then, there exists $ € LW*W' with
S(w,w') = Y (w') and

P@)V (') = N (¢V(w) = S(w,w')).

weW

For ¢, ¢; € ®&1,t € L,

P(Vier )" (@) = Awew (Vier ¢ (w) = S(w,w'))
= Nier Awew(9! (w) = S(w, ')
= Aier P(¢1)" ("),

P(1&9)" (W) = Npew (t&p)Y (w) = S(w, "))
= Nwew ((t® ¢" (w)) = S(w,w'))

= Nwew(t = (¢V(w) = S(w,w')))

=t= /\wew((fl?v(w) = S(w,w')))

= (= P(¢)".

Hence, P(Vicr ¢i)V = Aier P(¢;)V and P(t&¢)V" = (f — P(¢))V forallt € L.
(2) Since Q(y1)" < Q(y2)" for 93" < 9", QVier ) < Aier Q)"
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Since P(¢1)”" > P(¢p)"" for ¢} < ¢Y,

P @)

= P(V{p € @1 | P(9)" > 9/'})(w')

= NP(p)" €@, | P(¢)" =9/ })(w)
>} (w'),

P(A Qi)Y = P(Q(y)” > ¢!
iel’
Thus, P(Aier Q(¢1))"" > Vier ¢ By the definition of Q, Q(Vicr $1)" > Aier Q(y:)V.

Hence, Q(Vier ¥1)V = Nier Q(9:)".
Forpe @ ,teL,
P(t&Q(t&y

Bay))V' (w') =t = P(Q(t&y))V (w)
>t = (t

)
oY (@) =" @').

By the definition of Q, Q(y
Q&) (w) < (F— Q)" (w).
On the other hand, since (f&(f — Q()))V(w) =t ® (t = Q)" (w)) < Q)Y (w),

t= P(f = Q(p)" ()
= P(t&(t = Q(y)))" (')
> P(Q(y)Y (') = ¢V (w)
Thus, P(f — Q(y))" (w') = (i&y)"' ().

By the definition of Q, Q(t&)" (w) > (¥
Qy)Y (w).

Put t = ey (9", P(9)").

)V (w) > (eQ(feyp))(w) = t© Q(F&)(w). Thus,

I\//\

f— Q(y))Y (w). Hence, Q(t&yp)" (w) > (f —

P(i&g)" (') = t = P(9)""(
=em (9", P(9)") = Plo)V @)
> (¥ (w') = P(¢)" (w')) = P(9)" (')
> ¢V (@).

Since (t&¢) € P, (t&¢)¥ < Q(y)Y,

to¢Y(w) < Q(lP)‘,’(W),
t=en (V' ,P()V) <em(p¥,Q(p)").

Similarly, (9", Q()") < epr (¥, P(¢)""). Hence, en(¢”, Q(#)Y) = erwr (¥, P(9)"").
For¢p € O, € 9,

em(¢¥, Q(9)") = enr (¥", P(¢)")
= Awew (¢ (@) = Apew (@Y (w) = S(w,w")))
= Nwew Awew (8" (@') = (9V (w) = S(w,w")))
(by Lemma 1(7))

= /\weW /\w’eW’(‘PV(w) ( (w/)
= /\wEW((PV( ) = /\w’eW’( ( !

= S(w,w")))
) = S(w
= em(¢”, Awew (¥ (') = S(—,w'))).

(w,w')))
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Since YV (w') = ¢y € O and Ayew (WY (w') = ¢) € @1, by a similar proof of
Theorem 9 (2),

Q) (w) = A (@)= S(w,w)).

w' eW’
O]

Definition 7. Let M = (W, R, V) and M' = (W', R’, V') be fuzzy Kripke models. Let F : & —
@) and G : @ — P, be two maps.

(1) Let (enr, F, G, epyr) be a residuated connection. A family A(F, G) is called a fuzzy concept
lattice where

A(E,G) ={(@V,9V) e LW x LW | F(9)V" = ¢V, G(p)" = 9"},
@f 7)< (@Y 9" iff o} < oY (or g} <)),

Moreover, (¢pV, V") is called a fuzzy concept.
(2) Let (enm, F, G, epy) be a Galois connection. A family F(F,G) is called a formal fuzzy
concept lattice where

F(EG) ={(@V,¢") e LV x LV | E(¢)" = ¢V, G(y)" = ¢},
@7, w)") < @Y, wY) iff o} < oY (or Y <))

Moreover, (¢V,9"") is called a formal fuzzy concept.

Theorem 11. Let M = (W, R, V) and M' = (W', R’, V") be fuzzy Kripke models. Let F : & —
CID’L and G : dD’L — @ be two maps and (ep, F, G, epy) be a residuated connection. Then, the
following properties hold.

(1) For ¢, ¢; € b, Y, Y; € CI)/L,f clL,

F(Vier )" = Vier F(¢0)"',

F(t&g)V' = (t&F(¢))",

G(/\ier l/’i)v = /\z‘er G(lpi)vr

G(t =)V = (t = G(y))".

(2) For each ¢, 1, ¢o € @, 1,11, € O,
em(¢y, @¥) <en(F(g1)", F(92)"),
ewr (9, 93) <em(G(91)Y, G(2)Y), o
e8! GUF(g0)Y) = T = ey (FG(p1)Y 91,
F(G(E(9)))” = F(¢)", G(F(G()))" = G(y)".

(3) Foreach ¢ € @, € D],

A(F,G) = {(#,Flg)") € LY x LV | G(F(9))" = 9"}
= {(G(p)" 9" € LW x IV | F(G(p)" =9V

(4) For each (pY, 9}"), (9, 9Y') € A(F,G),
o <of iff vl <yl
(5) For each (¢}, ¢¥/), (o7, l/J;/,), (¢, 1PlV,)ieI € A(F,G), we define

(@ 9}") < (0, 0¥ ) iff ¢ < Y (or )" <)),
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Vier(97 #}") = (G(F(Vier ¢))" Vier 9"
= (G(Viel l/’i)vz Vier lpzv )-

Nier(9Y ¢)") = (/\iel‘f’/,yrF(G(/\ieI pi))Y")
= (Nier ¢/ F(Nier )"").
Then, A(F, G) forms a complete lattice.

Proof. (1) For ¢; € @1, ¢ € ®},i € I, by Lemma 1 (5) and (V3),

emr (F(Vier )V, ")
=em((Vier¢1)", G(¥)")
= Aicrem(¢/, G()")
= Nieremr (F(9:)", ")
= e (Vier F(9)V, "),

Hence, F(Vier ¢i)” = Vier F(¢1)Y'.
Forp € &, p e ®),tcL,

ey (F(t&ep)”, pV") =
= Nwew((t© ¢Y (w )
= Nwex(t = (¢>W(w)
=t= Apex(¢ ( )
w

= 1= e (F(9)”

Hence, F(t&¢)” = (t&F(¢))" forallt € L.
For ¢ € ®p,¢p; € ®},i € I, by Lemma 1 (4) and (V2),

em(¢Y, G(Aier ll’z'),v) = em (E@)Y, (Nier vi)"")
= Nier em (F(9)V, 9)")
= Nierem(9¥, G(¥;)") = em(¢¥, Nier G(1)Y),

Hence, G(Ajer I/Ji)v = Nier G(‘Pi)v-
For¢p € &, € ®),t € L, by Lemma 1 (7),

em(¢¥, G(E = 9)") = enr(F(9)”, (F = 9)"")
= Nwew (F(9)" (W) (t= 9" (@)
=t = Awew (F(9)” (@) = " ("))

)V
=t=em(¢",G(y)")
=em(¢Y, (= G()").

Hence, G(f — )V = (t — G(y))" forall t € L.
(2) For each ¢y € @, 91 € D],

T =ew(F(¢1)" F(p1)") = 6M(¢¥/G(F(</31))V/)r
T =em(G(y1)",G(¥1)") = emr (F(G(y1)", 91").

For each ¢1, ¢y € Py,
en (F(¢1)Y', F(¢2)"") = em(¢7, G(F(¢2))")

> em(py, ¢y) ©em(py, G(F(¢2))")
= em(ey, 0Y).
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For each ¢, , € @/,

em(G1), Gly2)") = e (F(G(pr)) ", 9Y')
> ew (FG()) 9t @ enn (9l )

! !
=en (9, 9)).
! ! !

(F(¢))"" = F(9)"". Moreoverr F(G(F(9))" < F(¢)".

, E(G
¢)"". Similarly, G(F(G(y)))” = G(y)".
)V') € LV x LV | G(F(¢ ))V*GDV}

G). Then, ¢ = F(¢)",G(F(¢))” = G(y)V = ¢V. Thus,

Since G(F(¢))V >
Hence, F(G(F(¢)))V =

(3) Put B = {(¢",F

Let (9V,9"") € A
¢V, F(9)V) € B.

Let (¢V,F(¢)"') € B. Since G(F(9))” = ¢",F(¢)"" = F(¢)"" and (¢",F(9)") €
A(F,G).

Put A= {(G(y)", ") € L x LW | F(G(y))" = ¢'}.

Let (¢V,p"") € A(F,G). Then, ¢ = G(y)",F(G(p))V = F(¢)V = . Thus,
GV, p") € A

Let (G(y)",9") € A Since F(G(y))" = ¢V, G(¥)” = G(v)” and (G(p)",9"") €
A(F,G).

4) Let ¢ < ¢}. By @, T = em(@y,¢f) < em(F(¢1)" , F(¢2)"). Then,
¢ = Fig)” < F(¢2)” = gy Letyf" < ¢} Then, T = eyr(yy ,4)) <
em(G(91)”, G(2)"). Thus, ¢/ = G(¢1)" < G(¢2)" = ¢

(5) Foreachi € I, ((in, l[JiV,) € A(F,G),

¢V

E(
(¢
(F,

!

F(G(F(Vier ¢1)))V' = F(Vier i)
= Vier F(¢1)V = Vier 9/,
G(F(Vier ¢i))" = G(Vier F(¢:))Y
= G(\/iel 4’1‘)‘/‘

Hence, VieI(‘P,V/ gblV/) € A(F,G).

since 9" < Vier ¢!, ¢ = G(1)" < G(Vier)” = G(F(Vier¢)". Thus,
@/, 7)< Vier (¢!, 9)).

If (([)IV, 1pr/) < ((/)V,I/JV,) for each i € I, then \/iell/)lyl < l,lJV, and G(\/ieﬂ/’i)v <
G(p)Y = ¢V. Hence, Vies(¢/,9)) = (G\Vier¥)" Vier9)) < (¢, 9"'). Thus,
\/iel((P,Vr lply/) is a supremum of (4)}/, 1/)}//) foreachi €I

Foreachic I, (4)}1, lply/) € A(F,G),

G(F(G(Aic1 ¥i))Y = G(Nicr ¥i)"
= Nier G(9:)" : = Nie1 9},
F(G(Aier )" = F(Aic1 G(y;)V
= F(/\iel ‘Pz)v .

Hence, Aier(¢}, ¢}") € A(F, G). Moreover, since Aie; ¢} < ¢!, F(G(Aier )" <

Niet F(G(9i) = Nier 9] < 9. Thus, Aier (9], ") < (9!, ") foreachi € I
It ¢V, 9V) < (¢),9)") for each i € I, then ¢V < Aig @) and ¢V = F(¢p)"' <

F(Aier )V Hence, (97, 9"') < Aici @V, V") = (Aicr ¢Y, F(Aier ¢0)¥). Thus, Aic (97, V)

is an infimum of (¢, ¢/") for eachi € I.

Theorem 12. Let M = (W, R, V) and M’ = (W', R, V') be fuzzy Kripke models. Let P : | —
D) and Q : O — @, be two maps and (epr, P, Q, epr ) be a Galois connection. Then, the following
properties hold:
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(1) For ¢, ¢; € O, ¢, ¢; € q)/L,t €L,

P(Vicr ¢)"" = Nier P(¢1)",
P(t&p)” = (E— P(9))",
QVier 1)V = Nier Q(v1)V,
Qt&y)” = (£ — Q(y))".

(2) For each ¢1, ¢ € @r, 91,90 € D,

(3) Foreach ¢ € @, € P},

F(P,Q) = {(9",P(p)") € LV x LW | Q(P(¢))" = ¢"}
={(Q)", ") e LW x LW | P(Q(y))" = 9"}

(4) For each (9, 91"), (93, 93") € F(P,Q),
o <oy iff 93 <oy
(5) For each (¢, 9Y"), (93, 93), (9Y ) Vier € F(P, Q), we define
(o1, 91") < (93,9 ) iff o <3 (or g <wl"),

Vier(9Y, ¢)") = (Q(P(Vieﬂ’i))vf(/\iel’l’i)v/)
= (QNier 1)V, (Nier ¥i)").

Nict@Y %)) = ((Nier Gbi),V/P(Q(\/ieI pi))Y")
= ((/\iel ‘Pi)vfp(/\iel 4’1’)‘/ )

Then, F (P, Q) forms a complete lattice.

Proof. (1) For ¢; € @, € ®},i € I, by Lemma 1 (4) and (V2),

emr (Y, P(Vier ¢0)V") = em((Vier ¢i)‘j/Q(1P)VI)
= Nierem(9//,Q(9)") = Aier(emr (¥, P(9:)")
=em(P”, Nier P(90)V).

Hence, P(Vicr ¢1)” = Aier P(91)"".
For ¢ € ®p,1p € ®),t € L, by Lemma 1 (7),

en (¥, P(1&g)V") = em((1&9)V, Q(y)")

/\wew(t:>(4’v(w) Q(y)Y (w))
_t:>/\wew( V(w) = Q(y)Y (w))
=t=en(yp”, P(¢)"

)
=ew(pV, (F— P(9)").

Hence, P(t&¢)"" = (t — P(¢))" forallt € L.
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Other cases are similarly proved.
(2) For each ¢ € @, 9y € D],

T =epm(P(¢1)", P(¢1)V) = EM(fPY;Q(P(%))V/)r
T =em(Q(y1)", Q(¢1)Y) = e (¥}, P(Q(1)"")).

For each ¢, ¢ € r, 1, ¢p € D],

enr (P(¢2)V', P(91)"") = em(¢), Q(P($2))")
> enm(¢py, 7)) ©em(ey, Q(P(¢2))")
=em(py, 9)).

Similarly, ey (9}, ¥3") < em(Q(y2)", Q(41)"). / /

Since Q(P(¢ >>V/>4>V P(Q(P(9)))” < P(¢)"". Moreover, P(Q(P(¢)))" > P(¢)V".
Hence, P(Q(P(¢)))" = P(¢ )V Sirnﬂarly,/Q(P(Q(t/Jl)))VzQ(%)V.

@) Put B={(¢V,P(¢)"") € LV x LW | Q(P(¢))" = ¢"}.

Let (¢V, V") € F(P,Q). Then, Q(P(¢))V = Q)" = ¢V, 9" = P(¢)”". Thus,
¢V, P(¢)"") € B.

Let (¢”,P(¢)"") € B. Since Q(P(¢))” = ¢",P(¢)" = P(¢)" and (¢",P(9)"") €
f(P,Q). ! ! ! !

Put C = {(Q(y)",p"") e LW x LW | P(Q(y))V = 9" }.

Let (¢V, ") € F(P,Q). Then, P(Q(y))"" = P(p)" = "', ¢" = Q(p)". Thus,
QW) wec. S :

Let (Q(y)", ") € C. Since P(Q(y))" = ¢, Q)" = Q(¥)" and (Q(y)",¢"") €
F(P,Q).

@ Let ¢f < 9). By @, T = em(¢f,¢)) < em(P(¢2)", P(¢)"), Then,

Py = P(g2)" < P(¢1)” =9} . Letyy <o Similarly, ¢y = Q(y1)” < Q(¢2)" = ¢y

(5) Foreachi € I, (¢V,9Y") € F(P,Q),

P(Q(P(Vier 4’1’)),‘/, = P(Vier fP,i)V,
= (Niet P(@:)V = (Nier v1)"",
Q(Nic1 ¥i)” = Q(P(Vier 9i))".

Hence, Ve (9}, 9!) € F(P,Q).

Moreover, p/ > Nier g/ and ¢ = Q(#3)" < Q(Aic1 )" = Q(P(Vie ¢:))" . Thus,
@0Y, 9)) < Vier (@, 9]).

It (¢),97") < (¢V,9"") for each i € I, then ¢/ > ¢V implies (Ajc; 91)" > vV
Thus,

QNier 9" = Q(P(Vier 9:)" < Q(y)" =¢¥. , /

Hence, Vie (9, 9!) = (Q(P(Vier )", (Nicr ¥1)"") < (¢¥,9""). Thus, Vie (97, /")
is a supremum of (¢}, 1,01.V/) foreachi € I.

For eachi € I, ((pr,l,b,V/) € F(P,Q),

QP(QWVier ¥0))" = QVier )"

= Nier Q(ll)l ) = /\zel ‘P1

PQ(Vier )" = P(Nicr Q)"
= P(Aier (Pi)v :

Hence, i1 (¢}, 9)") € F(P,Q).

Since Vier 9! > 9!, Q(Vier 1) < Q)" implies P(Q(Vier 1)) = P(Q(:)"" >
WY Thus, Aicg (@), 97") < (¢, 9)") for eachi € I.
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If ((PV,IIJV/) < ((])ZV, 1pl.V/) for each i € I, then 1le > Vier 1in, and ([)V = Q(tp)v <
Q(Vier ¢1)" implies V" = P(¢)"" = P(Q(9))"" > P(Q(Vie1 ¥1))"". Hence, (¢V,3"") <
((Aic1 )V, P(Q(Vier ¥:))"'). Thus, Aics(¢Y, ") is an infimum of (¢}, ¢!") for each
el

O

Example 3. Let (L = [0,1],®,=,0,1) be a complete residuated lattice defined by
xOy=(x+y—1)Vv0, x=y=(1-x+y)AL

Let M = (W, R, V) and M' = (W', R’, V') be fuzzy Kripke models where P = {p1, p2, p3},
W = {w1,wp, w3, wa}, P' = {p}, py, p3}, W' = {wy, wy, w3} and

Viem p ops | |V Py P
w; [09 07 04| w |07 02 04
wy | 0.5 04 0.6 wh | 04 08 0.6
wy | 0.7 02 08 wh | 09 07 05
R |w wy ws R' | wy w) wj
w; |06 08 03| |w [07 09 04
wy |09 04 07| |w,|05 06 08
w3 | 0.6 08 0.5 wh | 09 05 03
Put
S(wy, —) = (p})V = (0.7,04,0.9),
S(wa, —) = (p5)" = (0.4,0.6,0.5),
S(ws, —) = (ph)"" = (0.2,08,0.7),
S(—,w}) = (p2)V = (0.7,04,0.2),
S(—,wh) = (p3)V = (0.4,0.6,0.8),
S(—,w}) = (p1)V = (0.9,05,0.7).
Then, it satisfies the condition in Theorem 9 for S € LW*W' g5
S | wp w, wj
w; | 0.7 04 09
wy | 04 06 05
w3 | 02 08 07

(1) By Theorem 9, F : & — @} and G : ) — Py are defined by

F(9)" (@) = Vpew (S(w,w') © ¢V(§U)),
G()V(w) = Nwew (S(w,w') = ¢V (w')).
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F(p1)V' = (06,05,08), (p})V' = (0.7,04,09),
p{ = (0.9,05,0.7), G(p})" = (1,0.8,0.6),

em (F(p)”, (p))) = em(pY, G(p})") = 09,
G(F(p1))V = (0.9,0.9,0.7),
(G(F(Pl))‘f,F(Pl)V') € A(F,G),

F(G(p’l))v = (07,04,09) = )Y,

(G(p)Y, (1)) € A(F,G),

(p2)" = (03,06,03), F({p2))"" = (0,0.2,0.2),
G(F((p2)))" = (03,06,0.4),

(G(F({p2)))V, F({p2))"") € A(F,G),

([ps]")" (07,07,05), G([p ])V (06,1,08),

F(G([ps]))"" = (04,0.6,0.5) # ([ps]")"",
(G([pa])”, ([pa]))"") & A(F,G),
(G([pa))Y, F(G([ps])¥') € A(F,G).

(2) By Theorem 10, P : & — @} and Q : @] — Py are defined by

P()V" (') = Vew (¢ ()=>5(w ),
Q)" (w) = Nwrew (¥ (W) = S(w,w')).

P(pl) = (0.5,05,1), (p})V' = (0.7,04,0.9),
p{ (09 0.5,0.7), Q(p})V = (1,0.6,0.5),

e ()Y, P(p1)"") = em(py, Q(p})Y) = 038,
Q(P(p1))¥ = (09,05,07) = pY,

28 (m)‘/’) € F(P,Q), ,
P(Q(p1)Y = (0.7,0.4,09) = (r)",

(Q(pl) ,(1)"") € F(P,Q),

(p2)V = (0.3,0.6,0.3), P((p))V" = (0.8,1,0.9),
Q(P((p2)))” = (04,0.6,0.4) # (p2)V,

((p2)V, P((p2))"") & F(P,Q),

(Q(P((p2))V, P({p2))V") € F(P,Q),

([ps))V" = (0.7,0.7,0.5), Q([ps)")V = (0.7,0.7,0.5),
P(Q([ps)")"" = (07,0.7,08) # ([ps])"",
(Q[pa)Y, (Ipa))") & F(P,Q),
(Q([pal)Y, P(Q([p3]")"") € F(P,Q).

5. Conclusions

In this paper, we have studied fuzzy partial orders and investigated the properties of
the fuzzy (necessity, possibility and sufficiency) modal operators for the formulas of Kripke
models based on the residuated lattice. We have introduced topological structures (interior,
closure operators, Alexandrov pretopologies, Alexandrov pre-cotopologies, fuzzy rough
sets) for the formulas of Kripke models.

Using the properties of residuated and Galois connections, we can obtain fuzzy con-
cepts and formal fuzzy concepts of possible worlds and formulas for fuzzy Kripke models
based on the residuated lattice. It has been shown that possible worlds and formulas for
fuzzy Kripke models can also be variously classified into small groups.
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