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Abstract

The total variation regularization (TVR) is one of the methods widely used for numerical
differentiation of noisy signals. In this method, an appropriate value must be assigned
to the regularization parameter. Although various approaches have been proposed for
this purpose, their practical application may still depend on problem characteristics, prior
knowledge, or additional tuning. Consequently, reliable automatic selection of the regular-
ization parameter remains an important issue. The goal of this study is to develop a new
adaptive method for estimating the derivative of a discrete-time noisy signal based on the
TVR. In this method, at any moment of time, first the optimal value of the regularization
parameter is calculated for a fixed-length sliding window over the most recent samples.
Subsequently, for the obtained optimal regularization parameter, the numerical derivative
of the samples in the sliding window are computed. The main contribution of the proposed
method is in the adaptive strategy developed for automatic selection of the regularization
parameter from the data which assigns small values to the regularization parameter when
the signal changes rapidly, and vice versa. The proposed method is used for accurate
and effective rate of change of frequency (RoCoF) estimation in power systems under
different circumstances.

Keywords: numerical differentiation; noisy measurement; total variation; adaptive
regularization; RoCoF estimation; low-inertia power system
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1. Introduction
Many algorithms used in scientific and engineering applications rely on the numerical

derivative of a noisy signal. Some of the well-known applications are in image processing,
biomedical signal analysis, control systems, and real-time monitoring [1–4]. Despite its
apparent simplicity, numerical differentiation can be very challenging in the presence of
measurement noise. The principal challenge arises from the fact that the measurement noise
is typically broadband in nature and differentiation intrinsically amplifies high-frequency
components. As a result, direct application of finite-difference methods to noisy signals
often leads to severely degraded derivative estimates [5,6]. A comprehensive review of
alternative approaches is beyond the scope of this paper, and just some of the most im-
portant numerical differentiation methods have been mentioned in the following. One
of the well-known approaches for this purpose is the class of smoothing-based methods,
in which the signal is first smoothed by passing it through a low-pass filter, and then its
numerical derivative is computed [2]. A Butterworth filter followed by a finite difference
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differentiator is a widely used combination in the class of smoothing-based methods [2].
The main advantages of this method are its relatively easy implementation and low com-
putational cost, which are obtained at the cost of lower accuracy because of suppressing
high-frequency information.

Another approach for the numerical differentiation of noisy signals is to first build a
local model by fitting it to the noisy signal, and then estimate the numerical derivative by
computing the derivative of the model. The Savitzky–Golay (SG) filter is probably the most
widely used method for modeling noisy signals. This method reduces the noise by fitting a
polynomial to the samples of the signal in a sliding window using linear least-squares [7].
The order of the polynomial and the length of window are tunable parameters of the model
in this approach. The key advantages of the SG filter are maintaining the relative positions of
maxima, minima, and the widths (but not the heights) of the peaks. Also, the computational
cost of the SG approach is significantly lower than the observer- and regularization-based
approaches, which are reviewed in the following sections. The derivative obtained from
the SG method is jagged because, in general, the polynomial model changes from one
window to the next. The other challenge in using the SG method is the proper selection of
the polynomial order and the window length. Choosing fixed values for these parameters
may not lead to satisfactory results. The reason is that these parameters inherently balance
noise reduction against peak distortion. Hence, if the parameters are chosen such that the
result is satisfactory when the signal changes slowly, it will be unsatisfactory during fast
transients, and vice versa.

Another class of differentiators is the observer-based method, where the derivative
is defined as a hidden state within the state-space model of the dynamical system. For
this method to be effective, an accurate model of the dynamical system must be available
and also the noise characteristics must be known. Since in this paper it is assumed that
neither the mathematical model of the dynamical system generating the noisy signal nor the
noise characteristics are known, this approach is not useful. Finally, regularization-based
formulations are another class of differentiators widely used for the numerical differen-
tiation of non-smooth data as they preserve sharp transitions (edges) while effectively
suppressing the noise [3,6,8]. One of the main challenges of using regularization-based
methods is choosing an appropriate value for the regularization parameter. The ability of
regularization-based methods to make a desired tradeoff between the noise attenuation and
the preservation of transient features is mainly adjusted by this parameter. The common
practice is to assign a constant value obtained by trial and error to this parameter.

In the modern electric power systems, numerical differentiators are used to estimate
the rate of change of frequency (RoCoF) from the noisy measurements of frequency. RoCoF
is defined as the time derivative of the grid frequency and is a key indicator for an imbalance
between power generation and demand following disturbances. It has different applications
like system inertia detection, anti-islanding, fast frequency control, stabilizing low-inertia
grids, load shedding, etc. [9–12]. The growing share of distributed renewable generation
in modern power systems has substantially reduced the effective synchronous rotational
inertia of the grid. As a well-known fact, lower rotational inertia leads to faster frequency
dynamics, and consequently, larger RoCoF following system disturbances, and highlights
the importance of accurate RoCoF estimation in the monitoring and control of modern
power systems more than ever [9–11].

A variety of RoCoF estimation techniques can be found in the literature [13–16]. These
techniques generally involve different trade-offs between computational complexity, noise
robustness, estimation delay, and transient accuracy, particularly in low-inertia power
systems experiencing fast frequency dynamics. It should be noted that the techniques used
to compute the time derivative of frequency from the noisy measurements are basically
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the same as the techniques used to compute the derivative of any other noisy signal. The
simplest approaches are based on applying finite-difference approximations directly to
sampled frequency measurements. Although such approaches are computationally very
effective, they are highly sensitive to measurement noise. Several filtering-based and
windowed techniques have been developed to mitigate this limitation, including moving-
average differentiation, polynomial fitting, and digital filtering approaches commonly
used in phasor measurement units (PMUs) [10,15]. In PMU-based implementations, in
addition to the measurement noise, factors such as the window length and operating
conditions can also significantly affect the accuracy and practical applicability of RoCoF
estimation algorithms. Other studies have explored observer-based techniques, which use
the mathematical model of the system’s frequency dynamics to estimate RoCoF [16]. The
main problem with filtering-based and observer-based techniques is their reduced accuracy
during rapid transients, which makes them inapplicable to low-inertia systems. Moreover,
observer-based methods for RoCoF estimation suffer from high sensitivity to measurement
noise. They also need accurate models, which are hard to obtain especially in islanded or
weak grids.

Regularization-based differentiation techniques provide an effective option for com-
puting the numerical derivative of noisy signals that contain rapid changes or sharp edges.
In many existing approaches (see, for example [6]), the differentiation problem is formu-
lated in the continuous domain as the minimization of a functional that balances data
fidelity and regularization terms. Then, application of the Euler–Lagrange formalism to
find the optimal solution of the functional leads to a partial differential equation (PDE),
which is often nonlinear. Finally, numerical solution of the PDE yields the differentiated
signal [6,17–19]. Although this functional-PDE framework is mathematically elegant, it
leads to practical complications related to boundary conditions, discretization choices, and
the computational cost of solving nonlinear PDEs [20].

In this paper, the numerical differentiation problem is formulated directly in discrete
space. Since measured signals are inherently sampled, differentiation and integration oper-
ators can be naturally represented using matrix operators acting on the vectors containing
discrete data [21–23]. This fact motivates discrete formulations in which the derivative of
the noisy signal under consideration is obtained by minimizing a finite-dimensional cost
function defined using discrete integration and differentiation operators. The objective of
this study is to develop a discrete, regularized differentiation framework that circumvents
the functional formulation and the associated Euler–Lagrange PDE machinery.

Proper selection of the regularization parameter is often the main difficulty when
a regularization-based differentiation technique is used in practice. This parameter bal-
ances data fidelity with noise suppression to avoid over-smoothing. Some of the classical
parameter-selection strategies that are widely used in regularization-based differentiation
are the Morozov discrepancy principle, L-curve method, and Generalized Cross-Validation
(GCV). Each of these strategies has its own advantages and disadvantages. For example, the
limitations of the Morozov discrepancy principle include requiring an accurate estimate of
the noise variance and slow convergence. Also, among others, L-curve and GCV strategies
have the limitation that they are computationally expensive [20,24].

To partially address the above-mentioned issues, this article proposes an adaptive
regularization parameter selection strategy based on the structural behavior of the cost
function components. More specifically, instead of directly minimizing the total composite
cost function, the proposed methodology examines the behavior of its individual con-
stituent terms as functions of the regularization parameter. Numerical evidence indicates
the existence of plateau regions in which certain regularization-sensitive terms exhibit
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saturation-like behavior. These plateau regions provide a simple and computationally
efficient indicator for selecting suitable values for the regularization parameters.

The proposed method can be applied either globally to an entire signal or locally within
sliding temporal windows. The windowed implementation, which is particularly suitable
for real-time applications, enables the regularization parameter to adapt dynamically to
time-varying noise conditions and transient signal characteristics. This capability is used
in this study for frequency estimation in power systems following system disturbances.
Several simulations are performed on synthetic signals and power system frequency distur-
bance scenarios using the proposed methodology. The simulation results demonstrate that
the proposed methodology provides accurate derivative estimates, even in the presence of
significant measurement noise.

The main contributions of this work can be summarized as follows:

• An adaptive regularization parameter selection strategy is proposed for a discrete
regularized numerical differentiation framework. The proposed strategy is based on
the plateau behavior of the constituent terms of the cost function and does not require
prior knowledge of the noise variance.

• The numerical differentiation problem is formulated directly in discrete space us-
ing matrix representations of the integration and differentiation operators, thereby
avoiding the need for solving Euler–Lagrange partial differential equations commonly
encountered in variational differentiation methods.

• The effectiveness of the proposed adaptive differentiator is verified by applying it
to three RoCoF estimation case studies in low-inertia power systems under different
disturbance scenarios.

The rest of this paper is organized as follows. The proposed method for adaptive
regularized numerical differentiation of noisy signals is presented in Section 2. Three case
studies, in which the RoCoF is calculated under different operating scenarios using the
proposed adaptive method, are presented in Section 3. Section 4 contains discussions on
the simulation results, findings, and their implications, and finally, Section 5 concludes
the paper.

2. Proposed Adaptive Regularized Differentiation Framework
Consider the model equation

ẑ(t) = z(t) + ϵ(t), (1)

where ẑ(t) is the continuous-time signal obtained from measurement, z(t) is the noise-free
(true) signal, ϵ(t) is the measurement noise and possible sensor errors, and t is the time. The
problem under consideration is to estimate v(t) = dz(t)/dt from the measured noisy signal
ẑ(t) without having any information about ϵ(t). For this purpose, since all the required
computations will be carried out using a digital processor, we assume in the following
that the measured noisy signal, ẑ(t), has been sampled at an appropriate frequency and
that only these samples are available to us. Therefore, all of the subsequent equations will
be formulated based on these samples, and the proposed algorithm will also provide the
samples of v(t). Another important point is that the proposed algorithm performs the
computations for the samples of ẑ(t) within a selected window of prespecified length. That
is, it takes as input the samples of ẑ(t), which are located in the window, and estimates the
samples of v(t) over the same window.

Denote the samples of noisy measurement within the selected window as ẑk = ẑ(kT),
k = 0, . . . , n, and the corresponding vector containing noisy samples as ẑ = [ẑ0, . . . , ẑn]⊤ ∈ Rn+1

where T is the sampling period. Similarly, denote the vector containing the samples of
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derivative as v = [v0, . . . , vn]⊤ ∈ Rn+1 where vk = v(kT), k = 0, . . . , n. We define the
discrete-time derivative of z(t) on t ∈ [0, nT] as a minimizer of the cost function

J(λ, v) = λ||Dv||22 + ||Av− ẑ + ẑ01n+1||22, (2)

where D ∈ R(n+1)×(n+1), A ∈ R(n+1)×(n+1), λ > 0, and ∥.∥2 are the discrete differentiation
operator, discrete integration (anti-differentiation) operator, regularization parameter, and
l2-norm of a vector, respectively. In this paper, the matrices D and A are defined as follows

D =
1
T


−1 1 0 · · · 0
0 −1 1 · · · 0
...

. . . . . .
...

0 · · · 0 −1 1
0 · · · 0 0 0

, (3)

A = T



1
2 0 0 · · · 0
1
2

1
2 0 · · · 0

1
2 1 1

2 · · · 0
...

...
...

. . .
...

1
2 1 1 · · · 1

2

, (4)

which calculate the numerical derivative and integral of a discrete-time signal using the
first-order finite-difference method and trapezoidal rule, respectively. For this purpose,
these matrices must be multiplied from the left by the vector containing the samples of the
(noisy) signal. Note that since no forward information is available at the final sample, the
last row of D is set equal to zero. The trapezoidal integration operator is adopted because
of its simplicity, second-order accuracy, and favorable numerical compatibility with the
chosen discrete differentiation operator, resulting in an operator pair for which DA ≈ I
holds to a good approximation. The vector 1n+1 in (2) is defined as

1n+1 := [1 1 . . . 1]⊤ ∈ Rn+1. (5)

Note that in (2), the vector ẑ − ẑ01n+1 has the same variations as ẑ with the difference
that its first sample is equal to zero. The term ẑ01n+1 should be considered in (2) since the
numerical integral of v obtained from Av also starts from zero.

In the absence of noise, λ in (2) can be set to zero. In this case, the v that minimizes J
in (2) actually makes the anti-differential of v as close as possible to ẑ− ẑ01n+1. Therefore,
such an optimal v must contain the samples of a numerical derivative of z(t)− z(0), or
equivalently, a numerical derivative of z(t). On the other hand, ||Dv||22 in (2) penalizes
irregularity in v. More precisely, in dealing with noisy data, by setting λ = 0, the resulting
v will contain undesired large spikes. Increasing λ makes the resulting v smoother at the
cost of a larger discrepancy between Av and ẑ− ẑ01n+1.

In this paper, to find the v and λ that minimize the cost function in (2), we solve the
following optimization problem (for the sake of simplicity in notation, 1n+1 is replaced
with 1 in the subsequent):

min
λ,v

J(λ, v) = λ(Dv)⊤(Dv) + (Av− ẑ + ẑ01)⊤(Av− ẑ + ẑ01) (6)

= v⊤(λD⊤D + A⊤A)v− 2(ẑ− ẑ01)⊤Av + (ẑ− ẑ01)⊤(ẑ− ẑ01). (7)
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The optimal v must make the gradient of the cost function zero, that is,

∇v J(λ, v) = 2(λD⊤D + A⊤A)v− 2A⊤(ẑ− ẑ01) = 0. (8)

By solving the above equation, the optimal v is obtained as follows

vopt = (λD⊤D + A⊤A)†A⊤(ẑ− ẑ01), (9)

where † denotes the Moore–Penrose pseudo-inverse of a matrix. By substituting vopt

from (9) in (2), the single variable cost function is obtained as follows:

J(λ) = λ f (λ) + g(λ), (10)

where
f (λ) := ∥Dvopt∥2

2 =
∥∥∥D(λD⊤D + A⊤A)†A⊤(ẑ− ẑ01)

∥∥∥2

2
, (11)

and

g(λ) := ∥Avopt − ẑ + ẑ01∥2
2 =

∥∥∥A(λD⊤D + A⊤A)†A⊤(ẑ− ẑ01)− (ẑ− ẑ01)
∥∥∥2

2
. (12)

The λ is a scalar variable, and therefore one may expect that its optimal (or near-optimal)
value can be obtained by a simple one-dimensional search over J(λ) in (10). But, this
approach is generally unreliable in practice. The reason is that, because of the numerical
structure of regularized inverse problems, the cost functions such as J(λ) in (10) typically
exhibit a shallow and weakly localized minimum. Such a minimum happens because the
two constituent terms f (λ) and g(λ) in (10) change in opposite ways: the regularization
term f (λ) is a monotonically decreasing function of λ, while the data fidelity term g(λ)
is a monotonically increasing function of it. Around the balancing regime, where these
opposing effects approximately cancel, both functions approach saturation regions in which
their variations with respect to λ become very small. As a result, J(λ) often exhibits a wide,
nearly flat valley rather than a sharp local minimum. In such a regime, direct minimization
of J(λ) becomes highly sensitive to numerical noise and the particular sampling of λ, which
can in turn yield unstable or non-reproducible parameter estimates.

This phenomenon is a well-known issue in the regularization literature and motivates
alternative parameter selection strategies that avoid direct minimization of the total cost
function. A common practice is to exploit structural features of the constituent terms of the
cost function such as the L-curve criterion [25], the discrepancy principle [26], and quasi-
optimality rules [21,27]. The objective of these methodologies is to determine regions in the
regularization-parameter space where further increases in the regularization parameter no
longer produce meaningful changes in the regularized solution. Identifying such regions
enables the selection of regularization parameter values that are both numerically stable
and physically meaningful.

In this study, the point at which f (λ) is at its flattest (plateau region) is considered
as a proxy for locating the minimizer of J(λ). Both empirical observations and theoretical
analysis indicate that this plateau region corresponds to the regime in which the two
competing constituent terms of J(λ) are balanced. Consequently, it provides a robust and
computationally efficient criterion for choosing an appropriate value for the regularization
parameter. The existence of plateau regions in f (λ) and g(λ), and their relationship to the
minimizer of J(λ), are stated in the following proposition.
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Proposition 1 (Plateau structure of the total cost function and its constituent terms). Let A
and D denote discrete numerical integration and differentiation operators, respectively, satisfying
DA ≈ I. For λ > 0, define

P(λ) :=
(

λD⊤D + A⊤A
)†

, (13)

and let
y(λ) := DP(λ)A⊤(ẑ− ẑ01). (14)

Consider the functions

f (λ) := ∥y(λ)∥2
2, g(λ) := ∥AP(λ)A⊤(ẑ− ẑ01)− (ẑ− ẑ01)∥2

2, (15)

and the total cost
J(λ) := λ f (λ) + g(λ). (16)

Then the following properties hold.

1. (Plateau behavior of f ) The function f (λ) is non-increasing in λ and exhibits a saturation
(plateau) region for intermediate values of λ, in which its relative variation with respect to
log λ becomes small.

2. (Plateau behavior of g) The function g(λ) is non-decreasing in λ and exhibits a plateau
region over approximately the same range of λ as f (λ).

3. (Existence and localization of a minimizer of J) The total cost J(λ) admits at least one
minimizer λopt > 0. Moreover, any such minimizer lies within, or in close proximity to, the
common plateau region of f (λ) and g(λ).

Proof. Sketch of proof and explanation: We analyze the spectral behavior of the regularized
inverse operator P(λ). Let {σk} denote the generalized singular values associated with the
matrix pair (D, A). Then P(λ) acts as a spectral filter with gains of the form

ϕk(λ) =
1

λσ2
k + 1

,

up to scaling.

(a) The quantity f (λ) measures the energy of the differentiated estimate and thus em-
phasizes high-frequency components. As λ increases, the filter ϕk(λ) progressively
attenuates the contribution of modes associated with large values of σk, thereby induc-
ing a monotonic decay of the function f (λ). Once the noise-dominated components
are sufficiently attenuated, further increases in λ affect primarily low-energy modes,
resulting in a plateau region.

(b) The function g(λ) represents the data misfit. For small λ, the operator AP(λ)A⊤

approximates the identity, yielding small values of g(λ). As λ grows, regularization
induces increasing bias, causing g(λ) to increase. However, once the estimator is
dominated by smooth components, further regularization changes the reconstruction
marginally, producing a plateau. Since both f and g are governed by the same spectral
transition of ϕk(λ), their plateau regions occur over comparable ranges of λ.

(c) The cost J(λ) = λ f (λ) + g(λ) balances variance-like and bias-like terms. For small
λ, the term λ f (λ) dominates and decreases with λ, whereas for large λ, the increase
of g(λ) dominates. Continuity of J together with these opposing trends guarantees
the existence of at least one minimizer. Since both f and g vary slowly within their
plateau region, the minimum of J necessarily lies within or near this region.
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Based on the above explanations, we consider the optimal value of λ the one for
which f (λ) exhibits the maximum degree of flatness. It means that the optimal λ can be
determined by computing the derivative of f (λ) with respect to λ and determining the
value of λ at which this derivative is nearest to zero. However, in practice we prefer to use
the logarithmic derivative, defined as follows, instead of the ordinary derivative.

q(λ) :=
d

d log λ
log f (λ) = λ

d
dλ

log f (λ). (17)

In our problem, this logarithmic differentiation has two main advantages compared to
the ordinary differentiation. First, using the logarithm of f (λ) decreases sensitivity to
variations in its magnitude. Second, as seen in (17), the factor λ appears in the equation
which rescales the derivative and balances the sensitivity across different values of λ.

According to (15), f (λ) in (17) can be replaced by ∥y(λ)∥2
2, where, according to (13)

and (14), y(λ) is defined as follows:

y(λ) := DP(λ)A⊤(ẑ− ẑ01) = D(λD⊤D + A⊤A)†A⊤(ẑ− ẑ01). (18)

Now, taking the logarithmic derivative of f (λ) yields

d
dλ

log f (λ) =
d

dλ
log ∥y(λ)∥2

2 =
2 y(λ)⊤y′(λ)
∥y(λ)∥2

2
, (19)

where
y′(λ) = D

d
dλ

(λD⊤D + A⊤A)†A⊤(ẑ− ẑ01)⊤. (20)

Using the known formula for the derivative of the Moore–Penrose pseudo-inverse:

d
dλ

(λD⊤D + A⊤A)† = −(λD⊤D + A⊤A)†D⊤D(λD⊤D + A⊤A)†, (21)

we obtain
y′(λ) = −DP(λ)D⊤DP(λ)A⊤(ẑ− ẑ01)⊤, (22)

which according to (18) can be written as

y′(λ) = −DP(λ)D⊤y(λ). (23)

By substituting y′(λ) from (23) in (19) we get

d
dλ

log f (λ) = −2 y(λ)⊤DP(λ)D⊤y(λ)
∥y(λ)∥2

2
(24)

Finally, by substituting d log f (λ)/dλ from (24) in (17) we obtain

q(λ) =
d

d log λ
log f (λ) = −2λ

y(λ)⊤DP(λ)D⊤y(λ)
∥y(λ)∥2

2
. (25)

where y(λ) and P(λ) are defined in (18) and (13), respectively.
For any first-order differentiation matrix D, the condition Dx = 0 implies that x is a

constant vector. On the other hand, for the integration matrix defined in (4), Ax ̸= 0 for ev-
ery nonzero constant vector x. Therefore, there exists no nonzero vector x such that Dx = 0
and Ax = 0 simultaneously. It follows that x⊤(λD⊤D + A⊤A)x > 0 for every nonzero
vector x, which proves that λD⊤D + A⊤A is positive definite (PD) and, consequently, so is
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the matrix P(λ) =
(
λD⊤D + A⊤A

)†
. Therefore, q(λ) < 0 for every λ > 0, and the optimal

value of λ can be found from solving the following optimization problem

λopt = arg min
λ
|q(λ)|. (26)

Note that λopt is the value of λ for which |q(λ)| is closest to zero, and consequently, q(λ)
attains its maximum degree of flatness. Given that the above optimization problem is single-
variable, the simplest way to find λopt is to evaluate q(λ) in (25) for several (logarithmically
spaced) values of λ and consider the one for which the absolute value of q(λ) is closest to
zero as the optimal solution. More details are provided in the following section.

Algorithmic Summary of the Proposed Method

For ease of implementation, the proposed adaptive regularized differentiation method
is summarized in Algorithm 1.

Algorithm 1 Adaptive regularized numerical differentiation within a moving window.

Require: Noisy samples ẑ = [ẑ0, ẑ1, . . . , ẑn]⊤ ∈ Rn+1, sampling period T, matrix integra-
tion and differentiation operators A and D, search bounds λmin and λmax, and number
of logarithmically spaced candidates Nλ.

Ensure: Estimated derivative vector vopt ∈ Rn+1.
1: Generate logarithmically spaced candidate values

Λ← {λ1, λ2, . . . , λNλ
} ⊂ [λmin, λmax].

2: for i = 1, 2, . . . , Nλ do
3: Set λ← λi.
4: Compute

P(λ)←
(

λD⊤D + A⊤A
)†

.

5: Compute
y(λ)← DP(λ)A⊤(ẑ− ẑ01).

6: Evaluate

q(λ)← −2λ
y(λ)⊤DP(λ)D⊤y(λ)

∥y(λ)∥2
2

.

7: end for
8: Select

λopt ← arg min
λi∈Λ
|q(λi)|.

9: Compute

vopt ←
(

λoptD⊤D + A⊤A
)†

A⊤(ẑ− ẑ01).

10: return vopt.

The bounds λmin and λmax define the admissible search interval over which q(λ) (or
equivalently, slope of the tangent to f (λ) as an indicator of the level of flatness) is evaluated.
In practice, this interval is chosen on a logarithmic scale and should be wide enough to
contain the plateau region of f (λ), or equivalently the local minimum of |q(λ)|. A simple
practical procedure is to evaluate |q(λ)| over an initially broad logarithmic range using
a representative window of the measured signal, and then select [λmin, λmax] so that the
identified minimum is well inside the interval rather than being close to its endpoints. If
the minimum occurs near either λmin or λmax, the interval is enlarged and the preliminary
scan is repeated. This procedure ensures that the adaptive search is performed over a
numerically meaningful range of regularization parameters.
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Note that a big portion of the computational load of the above algorithm lies in
computing P(λ) as it requires computing the pseudo-inverse of λD⊤D + A⊤A. But, this
computation does not need to be repeated at each iteration of the algorithm. In fact,
(λD⊤D + A⊤A)† needs to be computed only once for each λ value of interest in the range
[λmin, λmax], and then the result can be reused whenever it is needed. Similarly, all matrix-
matrix products of the proposed algorithm need to be done only once because they are
independent of the noisy signal to be differentiated, and only matrix-vector products need
to repeated at each iteration of the algorithm.

3. Numerical Experiments
To evaluate the performance of the proposed differentiation method, in each of the

following case studies, a synthetic signal representing typical frequency dynamics in a
power system is generated. Then, this synthetic frequency signal is discretized and a
measurement noise is added. Finally, the numerical derivative of the noisy synthetic
frequency signal is computed using the proposed method and the result is compared with
the exact derivative. In all of the following case studies, the nominal frequency of the
system is assumed to be 50 Hz. All simulations were performed using MATLAB R2023a.

3.1. Case Study 1: Generator Trip Disturbance

Assume the frequency signal is modeled as

f (t) = 50 + fdrop(t) + frec(t) + fosc(t), (27)

where the three components represent the frequency drop due to sudden loss of generation,
the recovery due to primary control, and a small electromechanical oscillation, respectively.
The frequency drop following the disturbance is modeled as

fdrop(t) = −0.12
(

1− e−3(t−5)
)

u(t− 5), (28)

where u(·) denotes the unit step function. The recovery of the frequency due to primary
control is captured by the following model

frec(t) = 0.09
(

1− e−0.4(t−6)
)

u(t− 6). (29)

Finally, the following small damped oscillatory component is included to model the elec-
tromechanical modes of the power system:

fosc(t) = 0.02e−0.25(t−6) sin(2π0.8(t− 6))u(t− 6). (30)

To emulate realistic measurement conditions, a zero-mean Gaussian noise with the
standard deviation σ = 0.002 Hz, denoted as η(t), is added to the frequency signal
as follows

fmeas(t) = f (t) + η(t). (31)

The objective is to estimate the RoCoF defined as

RoCoF(t) =
d f (t)

dt
, (32)

from fmeas(t) using the proposed adaptive differentiation method.
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The results of a simulation are shown in Figure 1, where Figure 1a shows the noisy
measured frequency, and Figure 1b,c show the results of applying the proposed adaptive
numerical differentiation algorithm. In these simulations the sampling period and length
of sliding window are considered as T = 0.01 s and n = 200. It implies that at any moment
of time, the algorithm uses the past n = 200 samples (or equivalently, the samples from the
last 2 s) to estimate the derivative at that moment. That is why in Figure 1b,c, the values of
RoCoF and λ are calculated from t = 2 s onwards.

Figure 1b demonstrates the estimated RoCoF together with the true RoCoF. As can
be seen, the two graphs are quite close to each other. The corresponding λopt is shown
in Figure 1c. To find λopt at each iteration of the algorithm, the value of q(λ) in (25) is
computed for 20 different values of λ that are logarithmically distributed in the range
[10−6, 100]. As expected, the algorithm chooses rather large values for λ when the changes
in frequency are equal or close to zero, and it assigns smaller values to this parameter as
the frequency changes increase.
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Figure 1. The simulation results of Case Study 1. (a) The measured noisy frequency, (b) true and
estimated RoCoF using the adaptive method, and (c) variations of λopt.

To demonstrate the necessity of employing an adaptive strategy for tuning the value
of λ, the outcomes of three simulations conducted with fixed values of the regularization
parameter are presented in Figure 2. As observed, there exists no value of λ for which both
the transient and steady-state values of RoCoF are fairly accurate. If, in a given problem,
the temporal evolution of the frequency is such that a single fixed value of λ can effectively
solve the problem, then the proposed method can be employed to determine this fixed
value of λ.
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Figure 2. The simulation results of Case Study 1. (a) The measured noisy frequency, (b) true and
estimated RoCoF for several fixed values of λ.

3.2. Case Study 2: Load Rejection Disturbance

In this case study, the proposed method is used to estimate RoCoF when a load
rejection disturbance occurs in a power system. When a significant portion of load is
suddenly disconnected from the system, the electrical power demand becomes smaller
than the mechanical power provided by the generators, which results in a temporary
increase in the system frequency. Then, primary frequency control mechanisms reduce
the mechanical input of the generators to restore the power balance, which causes the
frequency to gradually settle toward a new equilibrium. In this case, the frequency of the
system can be modeled as follows

f (t) = 50 + frise(t) + fcorr(t) + fosc(t), (33)

where frise(t), fcorr(t), and fosc(t) represent the frequency rise due to load rejection, the cor-
rective action of the primary frequency control, and a small damped oscillatory component,
respectively. The constituent components of frequency in (33) are considered as follows

frise(t) = 0.10
(

1− e−3(t−5)
)

u(t− 5), (34)

fcorr(t) = −0.07
(

1− e−0.5(t−6)
)

u(t− 6). (35)

fosc(t) = 0.15e−0.3(t−6) sin(2π0.7(t− 6))u(t− 6). (36)

A zero-mean Gaussian noise with the standard deviation σ = 0.002 Hz is also added to the
frequency signal to emulate realistic measurement conditions.

The results of a simulation using the proposed adaptive numerical differentiation
method are shown in Figure 3. The parameters used in this simulation are λmin = 10−8,
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λmax = 10−1, T = 0.01, and n = 200. Moreover, to find λopt at each iteration of the
algorithm, the value of q(λ) in (25) is computed for 30 different values of λ that are
logarithmically distributed in the range [λmin, λmax]. As seen in Figure 3b, the estimated
RoCoF is quite close to the true RoCoF.
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Figure 3. The simulation results of Case Study 2. (a) The measured noisy frequency, (b) true and
estimated RoCoF, and (c) variations of λopt.

In Figure 4, the proposed method is compared with the SG method which estimates
the derivative by performing a local least-squares polynomial fit over a moving window
of data points and then analytically evaluating the derivative of that fitted polynomial [7].
To obtain this figure, the SG method was run using different values of the window length
and polynomial order, and two of the results which looked better were selected. As can be
seen, the proposed method produces a significantly smoother result than the SG method,
though this improvement comes at the expense of increased computational cost. Moreover,
the result produced by the proposed method exhibits very low latency relative to the exact
derivative, and this latency decreases further as the noise level is reduced.

3.3. Case Study 3: Low-Inertia Power System Modeled by the Swing Equation

In order to evaluate the proposed differentiation method under a more realistic condi-
tion, a third case study is considered in which the system frequency dynamics are generated
from the classical swing equation. This equation models the electromechanical behavior of
synchronous generators and is widely used in stability analysis of power systems.

The swing equation describing the rotational dynamics of an equivalent generator can
be written as

2H
dω(t)

dt
= Pm(t)− Pe(t)− D

(
ω(t)−ω0

)
, (37)

where H denotes the inertia constant of the system, D is the damping coefficient, Pm(t)
and Pe(t) represent the mechanical input power and electrical output power, respectively,
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and ω0 = 2π × 50 rad/s is the nominal angular speed corresponding to the rated sys-
tem frequency.
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Figure 4. Comparison of the proposed method with the SG method for solving Case Study 2.

In this case study, we assume that a disturbance in the form of a sudden increase in
the electrical load occurs at t = td. Such a disturbance leads to an imbalance between
the mechanical input power and the electrical output power, which causes a temporary
deceleration of the rotating masses and a drop in the system frequency. Then, the primary
frequency control provided by turbine governors gradually increases the mechanical input
power and therefore the frequency such that a new equilibrium operating point is achieved.

The mechanical input power provided by the primary frequency control to reject the
electrical load disturbance is assumed to be a first-order response as follows

Pm(t) = Pm0 + Kg

(
1− e−(t−td)/Tg

)
u(t− td), (38)

where Pm0 is the initial mechanical power, Kg is the governor gain, and Tg is the time
constant of the governor response. The values of the parameters used in simulations are
Kg = 0.20 p.u., Tg = 2 s, H = 2.5 s, D = 1.2 p.u./Hz, Pm0 = 1 p.u., and td = 5 s. Also,
the initial value of electrical load is considered as Pe0 = 1 p.u., which is increased by the
amount of ∆P = 0.6 p.u. at td = 5 s.

After computation of ω(t) from (37), f (t) is obtained as f (t) = ω(t)/2π. Then, a
zero-mean Gaussian noise with the standard deviation σ = 0.001 Hz is added to f (t) to
create fmeas(t).

The proposed method is used to estimate d f (t)/dt from fmeas(t). The results of a
simulation assuming λmin = 10−4, λmax = 10−1, T = 0.01 s, and n = 100 are shown in
Figure 5. To find λopt in Figure 5c, at each iteration of the algorithm, the value of q(λ) in
(25) is computed just for 10 different values of λ that are logarithmically distributed in the
range [λmin, λmax]. As can be seen in Figure 5b, the estimated RoCoF is quite close to the
true RoCoF.
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Figure 5. The simulation results of Case Study 3. (a) The measured noisy frequency, (b) true and
estimated RoCoF, and (c) variations of λopt.

Unlike Figures 1c and 3c, no increasing or decreasing trend is observed in Figure 5c.
This behavior may occur in problems whose noise level, signal bandwidth, and transient
behavior remain relatively consistent over time, so that a single regularization parameter
happens to be well suited to the entire signal. However, such a fixed value is typically not
known in advance and can differ substantially under various operating conditions. The
main advantage of the proposed adaptive approach is therefore not necessarily to outper-
form the best fixed regularization parameter selected in hindsight for every individual case
study, but rather to provide an automatic parameter selection mechanism that remains
applicable across different scenarios without requiring prior tuning. Based on Figure 5c, it
appears that the problem can be solved using a fixed λ with a value between 10−3 and 10−4.
Note that using a fixed value of λ has the advantage of making the optimization problem
in (2) convex, which results in a substantial decrease in the algorithm’s computational
expense. The result of a simulation for a fixed λ equal to 10−3 is depicted in Figure 5b. In
this particular example, not only does the use of a fixed λ solve the problem, but the quality
of the solution is even better than that obtained using the proposed adaptive method.
This behavior can be explained as follows: in this problem, a fixed λ is close to optimal.
However, in the proposed method, even if the optimal value of λ is constant, the algorithm
will continuously vary λ around its optimal value due to the presence of noise. These
fluctuations in λ, in turn, lead to oscillations in the estimated RoCoF.

4. Discussion
An adaptive method for estimating the derivative of discrete-time noisy measurements

based on total variation regularization was developed. This method has many applications
in different fields of engineering and science. For example, in control systems engineering,
the time derivative of the error signal can be incorporated into the control law to enhance
the system stability and performance.
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In Section 3, the proposed method was used for estimating the RoCoF in power systems
under diverse operating conditions. These conditions include initial frequency excursions
in the upward and downward directions, frequency trajectories that are either monotonic or
exhibit oscillatory behavior, and scenarios employing either a time-varying regularization
parameter or one with a constant mean value. In each case study, the estimated RoCoF
was compared with the exact one, and it was observed that in all cases, the estimated
value is fairly accurate. It was also observed that when the eigenvalues associated with
the frequency dynamics are well separated, the optimal regularization parameter exhibits
significant variations and therefore the adaptive method should be applied.

However, when the eigenvalues associated with the frequency dynamics are closely
spaced with respect to each other, or when the frequency behavior is effectively dominated
by a single eigenvalue, it is appropriate to approximate the regularization parameter
by a constant value. In this case, the computational cost of the proposed algorithm is
substantially reduced, as for a given value of λ, the numerical derivative can be computed
directly by solving a convex quadratic optimization problem.

A substantial fraction of the computational cost of the proposed adaptive algorithm is
associated with evaluating the matrix P(λ) = (λD⊤D + A⊤A)†, which can be calculated
once for the prespecified values of λ in the range [λmin, λmax], and reused as needed.
Similarly, all the matrix-by-matrix multiplications of the proposed algorithm need to be
done only once because they are independent of the noisy signal to be differentiated. Hence,
for each sliding window it is only necessary to perform matrix–vector multiplications
involving the vector of noisy measurements, ẑ− ẑ01, using the fixed matrices that have
been precomputed.

5. Conclusions
A new method for estimating the numerical derivative of a noisy signal based on

TVR was proposed. One of the novelties of the proposed method is the representation
of the corresponding optimization problem directly in discrete space without the need
to apply the Euler–Lagrange method and then numerically solve the resulting nonlinear
PDE. However, the main novelty of the proposed method is in the adaptive algorithm
proposed for automatic adjustment of the regularization parameter. The simulation results
indicate that when the eigenvalues associated with the dynamics of the noisy signal are
significantly different, assigning a fixed value to the regularization parameter may not lead
to satisfactory results. In this case, applying the proposed method leads to much better
results compared to when a fixed value is chosen for the regularization parameter.

The proposed adaptive method was successfully used for estimating the RoCoF in
power systems. Diverse numerical simulations showed that the proposed method can
accurately estimate RoCoF from the noisy frequency measurements while it preserves the
fast transients. It was also observed that the adaptive strategy is particularly beneficial
when the dominant modes of the frequency dynamics are well separated, whereas a
fixed regularization parameter may be sufficient when the system behavior is dominated
by a single mode. Future work may focus on reducing the computational cost of the
adaptive parameter selection procedure and extending the method to real-time applications
involving experimentally measured signals.
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