. mathematics WVI\D\Py

Article
An Improved Backtracking Search Algorithm for
Global Optimization

Yiying Zhang

College of Electrical Engineering and Automation, Shandong University of Science and Technology,
Qingdao 266590, China; zhangyiying@sdust.edu.cn

Abstract

Population-based optimization algorithms have been widely applied to optimization prob-
lems in many fields and have achieved encouraging computational results. To improve the
performance of population-based optimization algorithms, it is necessary to adopt targeted
improvement techniques to improve the algorithms, which is also a major direction for
the current development of population-based optimization algorithms. To improve the
performance of population-based optimization algorithms, this paper proposes a new
technique for improving metaheuristic algorithms from the perspective of average opera-
tors, which defines six averaging operators called global average position, upper average
position, lower average position, random global average position, random upper average
position, and random lower average position. These six average operators define the av-
erage position from different perspectives. To verify the validity of the defined average
operators, they are applied to the classic backtracking search algorithm (BSA), and the
average operator-driven backtracking search algorithm (AOBSA) is proposed to overcome
the disadvantage of BSA’s single search strategy being prone to getting stuck in local
optima. To investigate the performance of the AOBSA, it is used to solve 30 challenging
test functions with 30 and 50 dimensions, along with two classical engineering design
problems. The experimental results demonstrate the excellent performance of the AOBSA
in solving numerical problems and engineering design problems. This also demonstrates
the effectiveness of the defined average operators and their potential to be applied to other
population-based optimization algorithms.
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cyber-attack detection. Yu et al. [5] employed a multi-population differential evolution for
feature selection with mutual information ranking. Dubey et al. [6] solved the robust and
imperceptible image watermarking problem by a chaotic map-integrated quantum-inspired
multi-objective cuckoo search algorithm. Liu et al. [7] handled the operation optimization
problem in gas pipelines by designing a learning-based artificial bee colony algorithm.
Majumdar and Mitra [8] put forward a salp swarm algorithm with lens opposition-based
learning and local search to solve the feature selection problem.

The population-based optimization algorithm has a simple structure and straight-
forward search rules, and it does not require gradient information. This means that the
population-based optimization algorithm has relatively low computational complexity. In
addition, population-based optimization algorithms have three significant advantages:

*  Population: Population-based optimization algorithms are population-based search
methods. Each individual in the population represents a potential solution to the
problem. All individuals in the population collaborate and share valuable information,
driving the entire population to continuously find solutions that are closer to the
global optimum. This collaborative and mutually supportive search approach can
significantly increase the probability of population-based optimization algorithms
finding the global optimum.

* Randomness: Population-based optimization algorithms are mostly stimulated by
natural phenomena. To reflect this in the algorithm design, random numbers are
usually introduced, such as those that follow the uniform distribution between 0 and
1, and those that follow the standard normal distribution. In addition, the population is
also randomly selected in the feasible solution space during initialization. Randomness
can weaken the correlation between the initialized population and the final solution
found, thereby enhancing the stability of the algorithm. It is worth mentioning that
the introduction of randomness can also enhance the algorithm’s ability to escape
from local optima to some extent, thereby improving its global search capability.

*  Balance Local Search and Global Search: The search rules of population-based opti-
mization algorithms usually take into account both local search and global search.
This enables the algorithm to escape from local optima to a certain extent during the
search process and find the global optimum as much as possible.

In recent years, inspired by various types of natural phenomena, a large number
of population-based optimization algorithms have emerged continuously. Fu et al. [9]
proposed the secretary bird optimization algorithm, inspired by the survival behavior
of secretary birds in their natural environment. Pan et al. [10] designed the gannet opti-
mization algorithm, inspired by the various unique behaviors of gannets during foraging.
Dehghani et al. [11] presented the coati optimization algorithm, inspired by coatis” be-
havior in nature, including attacking and hunting, as well as their escape behavior when
confronted by predators. Abdel-Basset et al. [12] put forward the Kepler optimization
algorithm, inspired by Kepler’s laws of planetary motion, to predict the position and ve-
locity of planets at any given time. Trojovsky et al. [13] presented the walrus optimization
algorithm, inspired by the behaviors of walruses in nature, including the processes of
feeding, migrating, escaping, and fighting predators. Zhang et al. [14] developed generalized
normal distribution optimization, inspired by the generalized normal distribution model. Az-
izi et al. [15] contributed the energy valley optimizer, inspired by advanced physics principles
regarding stability and different modes of particle decay. Deng and Liu [16] reported the snow
ablation optimizer, inspired by the sublimation and melting behavior of snow in nature.

The backtracking search algorithm (BSA) is also a powerful population-based opti-
mization algorithm, which is inspired by the return of a social group of living creatures
at random intervals to hunting areas that were previously found fruitful for obtaining
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nourishment [17]. The BSA has a very simple structure; it guides the search direction of
the population through the vector difference between historical information and current
information, and enriches the diversity of the population by introducing a binary crossover
matrix. Since its proposal, the BSA has been successfully applied to solve many engineering
problems. Wu et al. [18] used a two-neural-metaheuristic method based on vortex search
and BSA to predict the heating load of residential buildings. Hu et al. [19] designed an
adaptive BSA with a dual-learning strategy for dynamic economic dispatch with valve-
point effects. Zhang et al. [20] proposed an enhanced BSA to solve the flight planning of a
multi-drone-assisted commercial parcel delivery system. Dai et al. [21] reported an adap-
tive hybrid BSA to solve the dynamic economic dispatch with valve-point effects. Emami
et al. [22] presented a backtracking search-based extreme gradient-boosting algorithm to
solve soil moisture prediction. Although the application of the BSA in some engineering
problems has achieved success, it is still very necessary to develop more efficient variants
of BSA motivated by the following:

¢  The No-Free-Lunch Theorem [23]: An algorithm may demonstrate superior perfor-
mance to other algorithms on certain problems, but it is impossible for it to exhibit
better performance than other algorithms on all problems [23].

¢  The improvement techniques involved in these proposed improved versions of the
BSA do not take into account the perspective of the average operator. The average oper-
ator is a comprehensive evaluation of the overall and local information of a population,
which can better reflect the overall and local characteristics of the population.

Thus, this paper presents a new variant of BSA called the average operator-driven
backtracking search algorithm (AOBSA). The search rule of the BSA primarily guides the
search direction based on the vector difference between historical information and current
information, and during the update of each individual, it relies on the vector difference
between a historical individual and a current individual. Furthermore, the search rule does
not utilize global information but, rather, local information. This will lead to the search
mechanism being prone to getting stuck in local optimal solutions when solving complex
optimization problems, due to the lack of valuable information that utilizes the entire
population. To overcome the disadvantages of the BSA, the AOBSA is proposed. The main
contributions of this paper can be summarized as follows:

¢  Six average operators are defined based on the overall information of the population.

*  According to the defined average operators, a variant of BSA with six search strategies,
called the AOBSA, is designed.

*  The performance of the AOBSA is first tested by solving the challenging CEC 2017
test set [24], with two different dimensions, and then applied to solving complex
engineering design problems.

The rest of this paper is organized as follows: Section 2 displays the basic BSA. Section 3
presents the proposed AOBSA. Section 4 discusses the experimental results of the AOBSA
in solving the numerical problems. Section 5 discusses the experimental results of the
AOBSA in solving the engineering problems. The conclusions are presented in Section 6.

2. BSA

The BSA is a highly convenient group-based optimization algorithm, whose frame-
work primarily consists of four components, namely, initialization, Section-I, Section-II,
and population generation [17]:

¢ Initialization: In the BSA, an individual represents a potential solution meeting the
conditions, and all individuals constitute a population. This step aims to initialize the
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population X (X = {x1,x2,...,xn}), where N is the population size. The initialization
can be expressed by

xi:l—Hcl(u—l),iE [1,N], (1)

where [ is the lower limit of the variables, u is the upper limit of the variables, x is
a random number following a uniform distribution between 0 and 1, and x; is the
position of individual i.

Section-I: The historical population plays a very important role in guiding the search
direction of the BSA. This step is to determine the historical population X,, during the
search process. This can be written by

XO = Xllf K2 S K3/ (2)

Xo = G(XO),if Ky > K3, (3)

where x; and k3 are two random numbers that follow a uniform distribution between
0 and 1, and G(-) is a function to randomly sort the individuals in the X.
Section-II: This step is to get an initial population Xt (X1 = {x11,X12,...,¥T N }) by
the designed mutation and crossover operators. This step can be represented by

XTi =X+ 3K4hl-(x0,i — xl-),i c [1, N], (4)
where x4 is a random number obeying the standard normal distribution and h; is a
crossover vector controlled by the mix rate. All crossover vectors can be denoted by
H = {h;,i =1,2,...,N}. The method of producing H is based on the reference [17].
Population Generation: This step is to update the population, which can be stated
as follows:

x;i = xr;,if f(xr;) < f(x). 5)

The implementation of the BSA can be referred to in Algorithm 1.

Algorithm 1 The implementation of BSA

Require: 1, u, N, the number of variables D, the maximum number of iterations Ty,
1: Initialize the population X by Equation (1);
2: Initialize the historical population by Equation (1);
3: Compute the fitness value of each individual in X and select the optimal solution xopt;
4: foreacht € [1, Ty do

5. Generate the crossover matrix H;

6:  Update the historical population X, by Equations (2) and (3);

7. foreachi € [1,N] do

8: Get the initial individual x7; by Equation (4);

9: Update x; by Equation (5);
10:  end for
11:  Compute the fitness value of each individual in X and update xopt;
12: end for

13: Output Xopt-

3. AOBSA

As mentioned in Equation (4), the search direction of this initial population is mainly

determined by the vector difference between a vector in the historical population and a vector

in the current population. In other words, Equation (4) focuses more on promoting the entire

search process through local information exchange among populations, while ignoring the

impact of overall population information on search quality. To overcome this drawback

of the BSA, the proposed AOBSA first defines six average operators involving the overall
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information of the population, and then designs six different search strategies based on these
average operators.

3.1. Average Operators

The average position of the population is the most common indicator reflecting the
overall characteristics of the population for the population-based optimization algorithm,
which has been introduced to a lot of population-based optimization algorithms to improve
their global search performance. Rao et al. [25] proposed teaching-learning-based optimiza-
tion (TLBO). In TLBO, the average position of the population is the key parameter in the
designed teaching phase. Zhang and Jin [26] designed the group teaching optimization
algorithm (GTOA), where the average position of the population plays the important role
in teaching phase 1. Zhang et al. [14] presented generalized normal distribution optimiza-
tion (GNDO). In GNDO, the search rule is formulated around the average position of the
population. Motivated by this, the defined average operators are also based on the average
position of the population, which can be expressed as follows:

*  Global Average Position: The defined global average position is to reflect the overall
characteristic of the population, which can be computed by

L
- A7 Xi, (6)
N3
where Mg is the global average position.
*  Upper Average Position: The defined upper average position is to reflect the overall

characteristic of the best half of the individuals in the population, which can be

computed by
0.5N

My = 05N 2 Xaj ] = .,05N, 7)

where My is the upper average position, and a is the set of the set of indices of the
best half of the individuals in the population.

*  Lower Average Position: The defined lower average position is to reflect the overall
characteristic of the worst half of the individuals in the population, which can be

computed by
05N

My = 05N th, =1,2,3,...,05N, (8)

where M| is the lower average position, and b is the set of the set of indices of the
worst half of the individuals in the population.

¢ Random Global Average Position: The defined random global average position is to
reflect the overall random characteristic of the population, which can be computed by

MRg = MMg + Azxxg,, )
where MR is the random global average position, A1 and A, are two random numbers

that follow a uniform distribution between 0 and 1, and 6 is a random integer selected
within the range of 1 to N. In addition, A; and A, meet

M+A =1 (10)

¢ Random Upper Average Position: The defined random upper average position is to
reflect the overall upper characteristic of the population, which can be computed by

Mgy = A3My + A4xg,, (11)
where MRy is the random upper average position, A3 and A4 are two random numbers

that follow a uniform distribution between 0 and 1, and 6, is a random integer selected
from a. In addition, A3 and A4 meet
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As+ Ay = 1. (12)

* Random Lower Average Position: The defined random lower average position is to
reflect the overall lower characteristic of the population, which can be computed by

Mg = AsML + Agxy,, (13)
where My is the random lower average position, A5 and Ag are two random numbers

that follow a uniform distribution between 0 and 1, and 03 is a random integer selected
from b. In addition, A5 and Ag meet

As+Ag = 1. (14)

3.2. Search Strategies

The BSA only has one search strategy, as shown in Equation (4). A single search
strategy is not conducive to the BSA escaping from local optima when solving complex
optimization problems, and it is prone to premature convergence. Thus, six search strategies
were designed based on the defined average operators, which can be expressed as follows:
*  The first search strategy is based on the defined global average position Mg, which

can be written by

X1, = Xj + 0.5 % 3K4hi(x0,i —x; + Xo,i — MG),i c [1, N] (15)

*  The second search strategy is based on the defined upper average position My, which
can be written by

X1 = Xj + 0.5 x 3K4hi(x0,i —x; + Xo,i — MU),i c [1, N] (16)

®  The third search strategy is based on the defined lower average position My, which
can be written by

X1 = X{ + 0.5 x 3K4h1‘(x0,1‘ —x; + Xo,i — ML),i € [1, N] (17)

*  The fourth search strategy is based on the defined random global average position

MRg, which can be written by

XT; =X+ 0.5 % 3K4h,-(x0,i — Xy T Xo,i — MRG),i c [1, N], (18)

where ¢ is a random integer between 1 and N, and ¢; is not equal to i.

*  The fifth search strategy is based on the defined random upper average position Mgy,
which can be written by
XT; =X+ 0.5 x 3K4hi(x0,i — X¢, + Xo,i — MRU),i c [1, N], (19)

where ¢; is a random integer between 1 and N, and c; is not equal to i.

*  The sixth search strategy is based on the defined random lower average position Mgy,
which can be written by
Xr; =X+ 0.5 % 3K4hi(x0,i — Xy + Xo,i — MRL),i € [1, N], (20)

where c3 is a random integer between 1 and N, and c3 is not equal to i.

These six search strategies can be divided into two categories: one category includes
Equations (15)—-(17); the other category includes Equations (18)—(20). Compared with
Equations (15)—(17), Equations (18)—(20) have stronger randomness, which is reflected
in the following two aspects: Firstly, x.,, x,, and x., are selected randomly. Secondly,
randomly selected individuals are also introduced to Mrg, MRy, and Mgy, as shown in
Equations (9)—(13). In population-based optimization algorithms, the randomness in the
search rules facilitates the algorithm to escape from local optima and balance diversification

and intensification, which is very helpful in improving the optimization performance of
the algorithm, as discussed in [27].
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3.3. The Implementation of the AOBSA

Algorithm 2 presents the implementation of the AOBSA. Comparing Algorithms 1 and 2,

the differences between the BSA and AOBSA can be summarized as follows:

The BSA only has one search strategy, whereas the AOBSA has six search strategies.
Therefore, compared to the BSA, the AOBSA has a stronger ability to escape from
local optima and maintain population diversity, which is beneficial for enhancing the
global search capability of the AOBSA.

The search strategy of the BSA only considers the local interaction between historical
information and current information, while the six search strategies of the AOBSA not
only consider the local interaction between historical information and current infor-
mation but also consider the overall interaction between historical information and
current information. Furthermore, these six search strategies are of equal significance
to the search mechanism of the AOBSA. They merely update the individuals within the
population from different perspectives; thus, their probabilities of being selected are
also the same as shown in Algorithm 2 (see line 9 to line 12 in Algorithm 2). In addition,
as mentioned above, the six search strategies belong to two categories: one category
includes Equations (15)—(17); the other category includes Equations (18)—(20). Among
them, Equations (15)-(17) are based on three basic operators, namely, global average
position, upper average position, and lower average position. Equations (18)—(20) are
based on the above three basic random operators, namely, random global average
position, random upper average position, and random lower average position. These
two types of search strategies have the same probability of being selected when prior
knowledge is unknown, as shown in line 9 of Algorithm 2. Compared to the search
strategy of the BSA, the search strategy of the AOBSA is not influenced by a single
search direction but by the combined influence of two search directions, which can
prevent the AOBSA falling into local optima to a certain extent.

Compared to the search strategy of the BSA, the three search strategies (ie.,
Equations (18)-(20)) of the AOBSA exhibit stronger randomness, which is primarily
manifested in the following aspects: x,, x¢,, and x,, are selected randomly, and ran-
domly selected individuals are also introduced to Mg, MRy, and Mgy. This can also
enhance the diversity of the AOBSA population from another perspective, thereby
improving the global search performance of the AOBSA.

Compared to the BSA, the computational complexity of the AOBSA does not in-
crease significantly. As mentioned above, the increased computational complexity
of the AOBSA compared to the BSA mainly lies in the computation of the six de-
fined average operators and the formulation of the six search strategies. However,
from Equations (6)—(20), this is a very simple calculation and does not incur signif-
icant computational overhead. According to Algorithm 2, the calculation process
for the computational complexity of the AOBSA is as follows: line 1 is to initial-
ize the population with N individuals, and each individual consists of D elements,
whose computational complexity is O(N x D); line 2 is to generate the historical
population, and its computational complexity is also O(N x D); line 3 is to evaluate
the population and select the best individual, whose computational complexity is
O(N x D); line 5 is to get the crossover matrix, and the worst computational com-
plexity is O(N x D x Ty,) based on the generation method proposed by the author
of the BSA [17]; line 6 is to update the historical population, whose computational
complexity is O(N x D x Ty); line 7 is to compute six average operators, whose
computational complexity is O(N x D x Ty, ); line 8 to line 15 are to update the indi-
vidual, whose computational complexity is O(N x D x Ty, ); line 16 is to select the best
individual, whose computational complexity is O(N). Thus, the total computational

https:/ /doi.org/10.3390/math14132347


https://doi.org/10.3390/math14132347

Mathematics 2026, 14, 2347

8 0f 30

complexity of the AOBSA is O(N x D X Tpy,). Similarly, it can be concluded that the
computational complexity of the BSA is O(N x D X Ty,). This method of calculating
complexity ignores low-order terms and constant factors, and it focuses on examining
the highest-order terms. Therefore, although the BSA and AOBSA have the same
computational complexity in theoretical analysis, it should be noted that the AOBSA
still has a higher computational time than the BSA due to its involvement of more
operations, but it is not significantly higher than that of the BSA.

Algorithm 2 The implementation of the AOBSA

Require: 1, u, N, the number of variables D, the maximum number of iterations Tiy
1: Initialize the population X by Equation (1);
2: Initialize the historical population by Equation (1);
3: Compute the fitness value of each individual in X and select the optimal solution xopt;
4: foreacht € [1, Ty do

5.  Generate the crossover matrix H;
6:  Update the historical population X, by Equations (2) and (3);
7: Compute Mg, My, M1, Mrg, MRy, and MRy ;
8: foreachi € [1,N] do
9: if rand<rand then
10: Get the initial individual xt ; by randomly selecting a search strategy from Equations (15)—(17);
11: else
12: Get the initial individual x7; by randomly selecting a search strategy from Equations (18)—(20);
13: end if
14: Update x; by Equation (5);
15:  end for
16:  Update xopt;
17: end for

18: Output xopt.

As mentioned earlier, the six search strategies designed in Algorithm 2 assume equal
probability selection. When there is no prior information, equal probability is a conservative
and fair choice. All conclusions in this article are based on this assumption. This article does
not provide theoretical optimality proof or sensitivity analysis to different probabilities,
which is a limitation of the algorithm designed in this article. Future work will delve into
adaptive strategies for probabilistic selection, which will also be very helpful in promoting
the development of group-based optimization algorithms.

4. Experimental Results in CEC 2017 Test Suite

This section aims to verify the performance of the AOBSA by solving the complex CEC
2017 test suite [24]. The CEC 2017 test suite consists of 30 test functions, and the vast majority
of the test functions are complex multimodal functions. Compared to unimodal functions,
multimodal functions have multiple local minima among their feasible solutions, posing
significant challenges for algorithms to search for global optimal solutions. Therefore, the
CEC 2017 test suite is highly ideal for verifying the optimization performance of the AOBSA.

4.1. Parameter Settings

To test the optimization competitiveness of the AOBSA, it was compared with the
following nine algorithms: BSA [17], quadratic interpolation optimization (QIO) [28], gray
wolf optimizer (GWO) [29], salp swarm algorithm (SSA) [30], Newton-Raphson-based
optimizer (NRO) [31], blood-sucking leech optimizer (BSLO) [32], sine—cosine algorithm
(SCA) [33], starfish optimization algorithm (SFOA) [34], and dandelion optimizer (DO) [35].
In the experiment, two dimensions of the CEC 2017 test suite were tested: 30-dimensional
and the 50-dimensional. To ensure a fair comparison, the population size of all algo-
rithms was the same (30 for solving 30-dimensional test functions and 50 for solving
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50-dimensional test functions), the number of iterations for all algorithms was the same
(10,000 for both 30-dimensional and 50-dimensional test functions), each test function was
independently repeated 30 times for all algorithms, and other parameters of the compared
algorithms were all taken from the original literature. All experiments were simulated via
MATLAB R2017a installed on Windows 11. The computing environment consisted of a
Core i7 system (2.3 GHz) with 16 GB of memory. The experimental result analysis tools
included numerical analysis (i.e., mean and variance), the Friedman test, the Wilcoxon
signed-rank test, and convergence analysis.

4.2. Discussion and Analysis of Experimental Results

Tables 1 and 2 present the experimental results produced by the AOBSA and the com-
pared algorithms in solving the CEC 2017 test suite with 30 and 50 dimensions, respectively.
In the two tables, MEAN and STD denote the mean solution and standard deviation from
30 independent repeated experiments, respectively. From Table 1, the AOBSA achieved
the best MEAN in 23 test functions, including Fy, F3, Fy, Fs, Fg, F7, Fo, F11,F13, F14, Fi5, Fig,
Fig, F19, Fo1, Fo3, Fos, Fos, Fog, Fo7, Fog, Fog, and F3p. The BSA obtained the best MEAN in
six test functions, i.e., Fg, Fg, F11, F17, Fo1, and Fy5. QIO and SFOA achieved the best MEAN
in four test functions (i.e., F3, F11, Fy, and Fys5) and four test functions (i.e., F3, F1», Fy,
and Fys), respectively. SSA, BSLO, and DO found the best MEAN in two test functions
(i.e., F3 and Fys), three test functions (i.e., Fg, Fqp, and Fy5), and three test functions (i.e., Fy,
F3, and Fys), respectively. GWO, NRO, and SCA could not search for the best MEAN in
any test functions. The AOBSA achieved the best STD in two-thirds of the test functions,
ie, F1, B3, Fs, F7, Fo, F11,F13, F14, F15, F16, F17, F1s, F19, Fa1, Fa3, Fas, Fas, Foz, Fag, and F.
QIO, GWO, and BSLO obtained the best STD in two test functions (i.e., F, and Fy,), three
test functions (i.e., Fg, Fap, and Fy), and two test functions (i.e., F4 and Fg), respectively.
In terms of STD, BSA, SCA, SFOA, and DO only beat the other algorithms in Fy5, Fyg, Fs,
and Fpg, respectively. SSA and NRO could not get the best STD in any test functions. In
terms of MEAN and STD, the AOBSA achieved the best results on at least two-thirds of
the test functions. This indicates that the AOBSA significantly outperforms the compared
algorithms in terms of search accuracy and stability. From Table 2, the AOBSA obtained
the best MEAN in 11 test functions, i.e., F1, F4, Fg, Fg, F12,F14, F15, F19, Fo7, Fog, and F3y. The
BSA also shows competitiveness, obtaining the best MEAN in nine test functions, i.e., Fs,
Fs, F11,F13, F16, F17, F21, Fa3, and Fyy. In terms of MEAN, QIO, GWO, NRO, and SFOA beat
the other algorithms in two test functions (i.e., F» and Fyg), three test functions (i.e., F3, Fag,
and F»g), three test functions (i.e., F7, F1g, and Fag), and four test functions (i.e., F1g, Fo,
F27, and Fys), respectively. GWO, NRO, SCA, and DO did not demonstrate any superiority
over other algorithms in any test functions. In terms of STD, the AOBSA was the best of all
algorithms in ¥y, Fy, Fs, Fg, F7, Fg,Fo, F12, F14, F15, F16, F17, F1s, F19, F23, Fa4, Fag, F29, and
F39. QIO, BSA, and SCA obtained the best STD in three test functions (i.e., F», Fq1, and
Fyg), three test functions (i.e., F13, F»1, and Fy5), and three test functions (i.e., Fyg, Fpg, and
F27), respectively. In terms of STD, GWO and SFOA beat the other algorithms in F,; and
F3, respectively. SSA, NRO, BSLO, and DO did not get the best STD in any test functions.
That is, although the AOBSA is slightly superior to the BSA in global search capability, it is
significantly better than the other compared algorithms. In terms of stability, the AOBSA is
significantly superior to the comparison algorithms. Based on the analysis of the experimental
results above, the AOBSA outperforms the compared algorithms in terms of stability and
solution accuracy when solving the CEC 2017 test suite with 30 and 50 dimensions. This also
demonstrates the excellent global search capability and robustness of the AOBSA compared
to the comparative algorithms.
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Table 1. The experimental results of the AOBSA and the nine compared algorithms on 30 benchmark functions from the CEC 2017 test suite with 30 dimensions.

No. Algorithm QIO GWO SSA NRO BSLO BSA SCA SFOA DO AOBSA
Fp MEAN 3.09 x 10° 2.76 x 10° 5.98 x 10° 1.34 x 1010 6.58 x 10° 1.53 x 102 1.27 x 1010 5.20 x 108 5.88 x 10° 1.00 x 102
STD 3.21 x 10° 2.15 x 10° 4.39 x 10° 4.39 x 10° 6.64 x 10° 2.15 x 102 1.69 x 10° 2.26 x 10° 6.84 x 10° 3.36 x 1078
F> MEAN 2.00 x 102 1.87 x 1031 2.03 x 102 2.15x10%*  2.48 x 102 195 x 108 3.06 x 102  8.95 x 103 2.08 x 102 6.26 x 10°
STD 406 x107% 1.02x102 1.11x10% 1.11x10%  1.41 x 102 1.07 x 10% 114 x 103  3.87 x 10* 7.83 2.64 x 10%
Fs3 MEAN 3.00 x 10>  3.63 x10*  3.00 x 10> 348 x10* 353x10> 3.07x10®> 3.63x10*  3.00x10>  3.00x 10>  3.00 x 10?
STD 294x107% 9.77 x 103 6.01 x 10° 6.01 x 103 6.68 x 10! 1.38 x 10! 5.36 x 10° 158x 10713 211x10°1 259x 101
Fy MEAN 4.59 x 102 5.65 x 102 4.84 x 102 1.56 x 10° 4.86 x 102 4.75 x 102 1.44 x 10° 4.44 x 102 4.85 x 102 4.22 x 102
STD 3.70 x 101 4.40 x 10! 7.93 x 102 7.93 x 102 1.80 x 10! 2.36 x 10! 2.72 x 102 2.72 x 10! 2.53 x 10! 2.80 x 10!
Fs MEAN 6.12 x 102 5.97 x 10? 6.20 x 102 8.05 x 102 6.17 x 10> 5.86 x 102 7.79 x 102 6.17 x 102 6.61 x 102 5.76 x 102
STD 263x10'  320x10'  391x10'  391x10" 213x 10"  192x10"  1.87x10'  312x10'  3.85x 10"  1.46x 10!
Fq MEAN 6.08x 102  6.07x10°  629x10>°  6.68x10°  6.00x 10>  6.00 x 10* 649 x 10>  6.05x 10> 633 x 10>  6.00 x 102
STD 8.13 291 1.18 x 10! 1.18 x 10! 757 x107% 578 x10"1 5.30 4.62 6.01 149 x 1074
F, MEAN 8.93 x 10? 8.79 x 10? 8.72 x 10% 1.17 x 103 8.57 x 102 8.34 x 102 1.12 x 103 8.75 x 102 1.00 x 103 8.30 x 102
STD 5.34 x 10* 5.07 x 10* 8.58 x 101 8.58 x 10! 2.66 x 101 2.53 x 101 4.30 x 101 4.29 x 101 5.62 x 101 1.66 x 10!
Fg MEAN 8.99 x 102 8.89 x 102 9.13 x 102 1.06 x 103 9.18 x 102 8.68 x 102 1.05 x 103 9.05 x 102 9.42 x 102 8.77 x 102
STD 2.01 x 10* 1.66 x 10! 3.27 x 101 3.27 x 10! 2.72 x 10! 1.68 x 10! 1.91 x 10! 2.96 x 10! 4.33 x 10! 1.02 x 10!
Fo MEAN 191 x10°  1.72x10° 258 x10° 733x10° 256x10° 1.14x10° 503x10° 1.73x10®°  4.62x103  9.45x 102
STD 5.42 x 102 6.55 x 102 1.38 x 103 1.38 x 103 9.51 x 102 1.51 x 102 1.00 x 103 7.32 x 102 1.45 x 103 1.29 x 102
Fyo MEAN 424 103  4.04x103  4.86x 103 747 x10° 391 x 10° 6.78 x 10° 8.11x10°  430x10°  468x10°  4.63x10°
STD 7.01 x 102 6.01 x 102 5.90 x 102 5.90 x 102 4.87 x 102 1.16 x 103 2.89 x 102 441 x 102 5.80 x 102 5.66 x 102
Fii MEAN 1.17 x 10° 2.11 x 103 1.26 x 10° 2.19 x 103 1.20 x 10° 1.17 x 103 2.06 x 103 1.26 x 103 1.21 x 103 1.17 x 103
STD 3.60 x 10! 9.24 x 102 5.79 x 102 5.79 x 102 3.76 x 101 3.62 x 101 2.40 x 102 7.45 x 10 3.78 x 10! 2.97 x 10!
Fip MEAN 333 x10*  470x107  2.01x10° 1.19x10° 122x10° 257x10* 124x10° 204 x10* 224x10° 271 x 10*
STD 1.74 x 10* 4.54 x 107 1.06 x 10° 1.06 x 10° 1.08 x 10° 1.12 x 10* 3.78 x 108 2.20 x 10* 9.98 x 10° 1.65 x 10*
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Table 1. Cont.

No. Algorithm QIO GWO SSA NRO BSLO BSA SCA SFOA DO AOBSA
Fi3 MEAN 1.25x10*  1.07x10°  8.06 x10*  152x10%  330x10* 145x10* 353x108 259x10®° 696 x10*  1.53x 103
STD 1.34 x 10* 4.35 x 10° 1.28 x 108 1.28 x 108 243 x 10* 1.25 x 10* 1.27 x 108 1.83 x 103 2.66 x 10* 3.98 x 102
Fi4 MEAN 2.19 x 10% 2.24 x 10° 5.46 x 10° 494 x 10* 4.00 x 10* 1.48 x 103 1.33 x 10° 1.63 x 103 1.64 x 10* 1.44 x 103
STD 1.60 x 103 4.26 x 10° 3.60 x 10* 3.60 x 10* 2.77 x 10% 3.77 x 101 5.49 x 10* 9.21 x 10? 1.25 x 10* 6.39
Fis MEAN 3.63 x 103 3.26 x 10° 5.90 x 10* 3.98 x 10° 1.34 x 10* 5.72 x 103 1.10 x 107 1.76 x 103 2.12 x 10* 1.55 x 103
STD 2.68 x 10° 8.01 x 10° 8.12 x 10° 8.12 x 10° 1.39 x 10* 7.21 x 103 9.15 x 10° 1.55 x 102 1.18 x 10* 2.29 x 10!
Fig MEAN 2.57 x 10° 2.34 x 10° 2.59 x 103 3.49 x 10° 2.76 x 10° 2.37 x 10% 3.56 x 10° 2.26 x 10% 2.55 x 103 2.19 x 103
STD 2.86 x 102 2.75 x 102 327 x 102 3.27 x 102 2.65 x 102 1.85 x 102 2.23 x 102 2.60 x 102 2.93 x 102 1.48 x 102
Fy7 MEAN 211 x 10° 1.92 x 103 1.99 x 103 243 x 10° 2.26 x 10° 1.86 x 103 2.38 x 10° 2.01 x 103 2.15 % 10° 1.87 x 103
STD 2.10 x 10? 1.08 x 102 2.27 x 10% 2.27 x 10% 2.11 x 10% 9.25 x 10! 1.53 x 102 1.56 x 102 1.73 x 102 6.90 x 10*
Fig MEAN 1.35 x 10* 7.88 x 10° 1.72 x 10° 1.05 x 10° 2.70 x 10° 2.35 x 10* 2.48 x 10° 4.20 x 103 1.72 x 10° 2.12 x 103
STD 9.68 x 10° 1.04 x 10° 7.99 x 10° 7.99 x 10° 2.75 x 10° 5.72 x 10% 1.42 x 10° 8.99 x 10° 1.25 x 10° 1.89 x 102
Fi9 MEAN 6.87 x 103  8.62x10° 258 x10° 491 x 10° 154 x 104  2.80x10° 260x107 2.05x10° 271 x 10* 1.92 x 103
STD 519 x 103 1.92 x 10° 3.51 x 100 3.51 x 100 1.61 x 10* 2.50 x 10% 1.68 x 107 7.92 x 10! 2.25 x 104 4.04
Fao MEAN 2.32x10° 2.36 x 10° 241 x 108 2.66 x 10° 2.50 x 10° 2.58 x 103 2.58 x 10° 2.25 % 103 2.54 x 103 228 x 103
STD 1.71 x 102 1.26 x 102 1.57 x 102 1.57 x 102 1.95 x 102 3.21 x 10% 1.38 x 102 1.44 x 102 1.72 x 102 1.54 x 102
Fyn MEAN 2.40 x 103 2.39 x 10% 241 x 108 2.58 x 10% 2.44 x 10° 2.36 x 10° 2.55 % 10% 2.41 x 103 246 x 103 2.36 x 103
STD 3.05 x 101 2.16 x 101 4.32 x 10! 4.32 x 101 2.48 x 10! 1.42 x 10! 2.32 x 10! 3.10 x 10! 4.24 x 10! 1.07 x 10!
Fa MEAN 2.30 x 103 448 x 103 478 x 103 5.27 x 103 4.34 x 103 6.64 x 10° 8.35 x 10° 3.44 x 103 5.73 x 103 5.32 x 103
STD 1.07 1.50 x 103 1.92 x 103 1.92 x 103 1.51 x 103 227 x 10° 2.32 x 10° 1.65 x 103 1.69 x 103 1.89 x 103
Fo3 MEAN 2.79 x 103 2.75 x 103 2.76 x 103 3.00 x 103 2.77 x 103 2.74 x 103 2.98 x 103 2.78 x 103 2.86 x 103 2.72 x 103
STD 4.36 x 101 2.85 x 101 4.30 x 101 4.30 x 101 2.19 x 101 5.10 x 10! 2.49 x 10! 4.87 x 10! 416 x 10! 1.02 x 10!
Fou MEAN 298 x 10° 292 x 10° 291 x 108 3.16 x 10° 3.07 x 10° 293 x 10° 3.16 x 10° 295 % 103 3.09 x 103 2.88 x 10°
STD 5.20 x 101 5.23 x 101 5.65 x 101 5.65 x 101 7.18 x 10! 7.38 x 10! 3.08 x 10! 498 x 10! 5.89 x 10! 1.70 x 10!
Fos MEAN 2.89 x 103 2.98 x 103 2.89 x 103 3.31 x 103 2.89 x 103 2.89 x 103 3.20 x 103 2.89 x 103 2.89 x 103 2.89 x 103
STD 1.51 x 10! 3.28 x 101 1.42 x 102 1.42 x 102 1.17 x 10! 1.40 x 10! 5.76 x 10! 1.12 x 10! 1.67 x 10! 1.78
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Table 1. Cont.

No. Algorithm QIO GWO SSA NRO BSLO BSA SCA SFOA DO AOBSA
Fog MEAN 495 x 103 4.43 x 103 4.63 x 103 6.92 x 10% 474 x 10° 4.68 x 10° 6.94 x 103 4.89 x 10° 5.61 x 10° 435 % 103
STD 1.33 x 103 4.20 x 102 1.15 x 103 1.15 x 103 9.00 x 10% 4.40 x 10% 493 x 10% 1.09 x 103 8.74 x 102 427 x 10%
Fyy MEAN 3.26 x 10° 3.25 x 10° 324 x 108 3.40 x 10% 322 x 10° 3.30 x 10% 341 x 10° 3.25 x 103 327 x 103 3.21 x 103
STD 2.90 x 101 1.64 x 10! 9.16 x 101 9.16 x 10! 1.72 x 10! 9.01 x 10! 4.62 x 10! 3.23 x 10! 3.81 x 10! 1.33 x 10!
Fog MEAN 315x10°  342x10° 319x10° 397x10° 320x10%® 3.89x10® 382x10® 315x10® 3.19x10°  3.14 x 10°
STD 6.25 x 101 8.70 x 101 3.18 x 102 3.18 x 102 3.61 x 10* 1.82 x 103 8.81 x 10! 6.32 x 10! 3.98 x 10! 6.02 x 101
Fag MEAN 3.76 x 10% 3.74 x 108 3.94 x 108 4.61 x 103 3.75 x 10% 3.93 x 10° 4.66 x 10° 3.77 x 10° 4.03 x 103 3.62 x 103
STD 2.21 x 102 1.75 x 102 3.83 x 102 3.83 x 102 1.85 x 102 5.93 x 102 2.11 x 102 2.04 x 102 2.45 x 102 1.38 x 102
Fso MEAN 7.43 x 10° 3.63 x 10° 9.37 x 10° 2.24 x 107 1.40 x 10* 6.83 x 10% 8.08 x 107 6.53 x 103 1.36 x 10° 5.23 x 103
STD 1.49 x 103 2.54 x 100 1.55 x 107 1.55 x 107 511 x 103 2.01 x 10° 2.87 x 107 2.73 x 103 1.02 x 10° 3.48 x 102

Table 2. The experimental results of the AOBSA and the nine compared algorithms on 30 benchmark functions from the CEC 2017 test suite with 50 dimensions.

No. Algorithm QIO GWO SSA NRO BSLO BSA SCA SFOA DO AOBSA
F MEAN 3.16 x 10° 6.50 x 10° 6.05 x 10° 3.63 x 1010 7.10 x 103 1.20 x 103 397 x 1010 2.05 x 108 1.49 x 10* 2.38 x 102
STD 4.04 x 10° 3.13 x 10° 6.20 x 10° 6.20 x 10° 8.38 x 103 1.59 x 103 7.13 x 10° 8.69 x 108 1.02 x 10* 3.00 x 102
Fy MEAN 5.31 x 102 548 x 10°1  1.17 x 10° 443 x 102 679 x 102 1.14x10® 297x10%® 5.10x10%° 233 x 107 5.37 x 1013
STD 9.64 x 102 285x%x10°%2 243 x10%% 243x10% 262x101%  500x10° 1.61x10% 222x10%1 714 x 107 1.72 x 104
Fs MEAN 1.61 x 103 7.62 x 10* 3.00 x 102 9.51 x 10* 9.22 x 102 943 x 10° 1.01 x 10° 3.02 x 102 3.19 x 102 1.30 x 10*
STD 7.46 x 102 1.37 x 10% 1.59 x 10* 1.59 x 10% 3.48 x 102 2.90 x 10% 1.12 x 10* 9.71 1.07 x 10! 427 x 103
F, MEAN 5.08 x 10% 9.76 x 10% 5.53 x 10% 5.40 x 103 5.18 x 10% 512 x 10% 6.51 x 103 5.55 x 102 5.11 x 102 4.70 x 10%
STD 5.36 x 10* 2.29 x 10? 1.96 x 103 1.96 x 103 5.42 x 101 5.02 x 10* 1.30 x 103 3.19 x 10% 5.93 x 10! 3.93 x 10!
Fs MEAN 7.18 x 102 7.02 x 102 7.57 x 102 1.08 x 10° 7.58 x 102 6.91 x 102 1.05 x 103 7.39 x 102 8.13 x 102 7.13 x 102
STD 3.50 x 101 3.22 x 101 3.41 x 101 3.41 x 101 3.69 x 10! 4.77 x 10! 3.15 x 10! 5.40 x 10! 5.84 x 10! 2.72 x 101
Fe MEAN 6.03 x 10> 6.13 x 10? 6.44 x 102 6.85 x 102 6.00 x 102 6.01 x 102 6.68 x 102 6.13 x 102 6.41 x 102 6.00 x 102
STD 2.24 496 7.88 7.88 695%x 1073 921 x10"1 478 5.90 6.61 1.46 x 1072
E; MEAN 1.04 x 103 1.02 x 103 1.04 x 103 1.69 x 103 1.00 x 103 1.01 x 103 1.60 x 103 1.05 x 103 1.30 x 103 1.01 x 103
STD 7.70 x 10! 5.70 x 101 1.33 x 102 1.33 x 102 3.42 x 10! 5.24 x 10! 6.80 x 10* 6.34 x 10! 9.82 x 10! 2.99 x 10!
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Table 2. Cont.

No. Algorithm QIO GWO SSA NRO BSLO BSA SCA SFOA DO AOBSA
Fg MEAN 1.02 x 10° 1.01 x 10° 1.06 x 10° 1.40 x 10° 1.04 x 103 9.75 x 102 1.35 x 103 1.05 x 103 1.12 x 103 1.01 x 103
STD 4.06 x 10! 3.60 x 10! 5.13 x 10! 5.13 x 10! 4.85 x 10! 3.31 x 10! 2.84 x 10! 5.22 x 10! 5.36 x 10! 2,57 x 10!
Fo MEAN 440x10°  613x10°  9.66x10°  237x10*  1.02x10*  255x10° 221x10* 773x10°  123x10*  122x10°
STD 135x10°  252x10° 406 x10° 406 x10°  282x10°  635x10° 319x10°  6.69x10°  3.09x10°  3.42x 107
Fio MEAN 6.70 x 103 6.69 x 103 7.46 x 10° 1.30 x 10* 6.14 x 10° 1.17 x 10* 1.44 x 10* 7.64 x 103 7.35 x 103 8.31 x 103
STD 8.14 x 10> 158 x 10> 933 x10> 933 x102 607 x10*> 179x10® 3.88x10° 7.62x10> 822x10%>  8.07 x 10?
Fi1 MEAN 123x10°  388x10° 136x10°  6.21x10° 1.32x10®° 122x10° 601x10° 136x10°  126x10°  1.24 x 10°
STD 358 x 100 1.32x10°  1.68x10°  1.68x10°  578x10'  386x10'  872x10>  9.00x10'  3.62x10'  3.99 x 10!
Fio MEAN 659 x 10° 296 x 108  1.05x107  794x10° 695x10° 394x10° 1.05x10° 1.80x10° 928 x10°  9.34 x 10*
STD 423 x10° 397 x10%8  323x10° 323x10° 3.61x10° 251x10° 203x10°  1.69x10°  322x10° 471 x10*
Fi3 MEAN 4.64 x 103 7.70 x 107 1.32 x 10° 1.59 x 10° 1.97 x 10* 3.26 x 10° 2.42 x 10° 8.53 x 103 7.93 x 10% 5.39 x 103
STD 4.05 x 103 1.06 x 108 1.10 x 10° 1.10 x 10° 1.34 x 10% 1.92 x 103 7.27 x 108 6.83 x 10° 3.62 x 10*  4.10 x 10°
Fi4 MEAN 6.07 x 10> 495x10°  413x10* 774x10° 991 x10* 267x10®> 202x10° 1.81x10°  6.60x10*  1.50 x 103
STD 3.65 x 10> 487 x10°  431x10° 431x10°  5.60 x 10* 1.59 x 10> 6.56 x 10° 1.28 x 10> 490 x 10*  2.36 x 10!
Fis MEAN 523x10°  850x10°  545x10*  931x107  151x10* 753x10° 350x10®°  212x10° 379 x10*  1.68 x 10°
STD 409x10°  1.92x107  768x107  768x107  856x10°  589x10°  121x10%®  3.00x10*>  174x10* = 9.90 x 10!
Fig MEAN 303x 103  294x10° 322x10° 520x10° 385x10° 271 x10® 546x10° 2.89x10® 3.74x10°> 290 x 103
STD 4.31 x 10? 321 x 10> 471 x10> 471 x 10% 4.08 x 102 3.12 x 102 2.87 x 102 2.64 x 102 4.42 x 102 251 x 102
Fi7 MEAN 286 x10°  274x10°  311x10°  402x10°  319x10°  252x10° 416x10°  262x10° 319x10°  2.60 x 10°
STD 317 x 102 254x 10> 344x 10>  344x 10> 316x 10>  166x 10>  3.02x10>  298x10> 351 x10°  1.26 x 10°
Fig MEAN 435x10*  270x10° 293 x10° 6.00 x 106 8.00 x 10°  3.86 x 10% 129 x 107 239x10° 518 x10° 577 x 103
STD 219 x10* 217 x10°  522x10° 522x10° 505x10°  3.09 x10* 638 x10° 437x10> 3.10x10°  3.67 x 103
Fig MEAN 167 x10*  884x10°  617x10°  3.03x107  197x10* 119x10* 252x10°  336x10°  598x10*  1.96 x 10°
STD 651 x10°  997x10°  329x107  329x107  174x10* 742x10° 9.64x107 634x10° 210x10*  1.77 x 10!
Fyo MEAN 2.73 x 103 2.68 x 103 2.96 x 103 3.55 x 103 3.14 x 103 2.93 x 103 3.86 x 103 2.66 x 103 3.23 x 103 2.78 x 103
STD 275 x 10>  1.85x 10>  331x10> 331x10> 320x 10> 442x10> 165x10> 252x10> 3.17x10>  1.78 x 10?
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Table 2. Cont.
No. Algorithm QIO GWO SSA NRO BSLO BSA SCA SFOA DO AOBSA
Fy MEAN 2.49 x 103 2.51 x 103 2.53 x 103 2.88 x 103 2.58 x 10° 2.44 x 103 2.86 x 103 2.54 x 103 2.63 x 103 2.49 x 103
STD 3.00 x 10* 6.84 x 101 4.67 x 10! 4.67 x 10! 3.53 x 10! 2.41 x 10! 3.04 x 10! 5.39 x 10! 6.04 x 10 2.46 x 10!
Fx MEAN 7.83 x 10° 8.37 x 10° 8.53 x 10° 1.47 x 10* 8.41 x 10° 1.35 x 10* 1.59 x 10* 7.28 x 10° 9.30 x 103 1.03 x 10*
STD 2.61 x 10° 1.52 x 103 7.05 x 102 7.05 x 102 8.15 x 102 2.69 x 103 4.85 x 102 2.63 x 10° 9.87 x 102 8.82 x 102
Fos MEAN 299 x 10° 294 x 10° 297 x 10° 3.45 % 10° 3.03 x 10° 2.89 x 10° 349 x 10% 3.04 x 103 3.22 x 103 292 x 103
STD 5.37 x 101 5.68 x 101 8.36 x 101 8.36 x 10! 5.66 x 101 411 x 10! 5.31 x 10! 7.23 x 10! 9.29 x 10! 2.86 x 10!
Foy MEAN 3.18 x 103 3.14 x 103 3.10 x 103 3.61 x 103 3.38 x 103 3.07 x 103 3.67 x 103 3.18 x 103 3.44 x 103 3.08 x 103
STD 6.49 x 101 1.03 x 102 7.01 x 10! 7.01 x 10! 1.31 x 102 5.64 x 101 5.32 x 10! 8.51 x 10! 9.36 x 10! 3.26 x 10!
Fos MEAN 3.06 x 10° 3.53 x 10° 3.03 x 10° 5.66 x 10° 3.05 x 10° 3.08 x 10° 6.16 x 10° 3.02 x 103 3.06 x 103 3.03 x 103
STD 4.03 x 10! 2.03 x 102 6.78 x 102 6.78 x 102 3.39 x 10! 2.70 x 10! 6.00 x 102 420 x 10! 455 x 10! 413 x 10!
Fog MEAN 7.00x 105  625x10°  4.86 x 10° 1.16 x 10*  5.06 x 103 6.27 x 103 115 x 10* 589 x10°  9.01 x10®  5.80 x 103
STD 243 x 103 6.25 x 10% 1.76 x 103 1.76 x 103 2.74 x 10% 7.20 x 102 5.69 x 102 1.92 x 103 8.28 x 102 2.64 x 102
Fyy MEAN 3.53 x 10° 3.53 x 10° 341 x 10° 413 x 103 341 x 10° 3.68 x 10° 433 x 103 3.50 x 103 3.70 x 103 3.39 x 103
STD 1.05 x 102 7.24 x 10! 2.43 x 10% 2.43 x 10% 1.03 x 102 1.82 x 102 1.44 x 102 1.80 x 102 1.21 x 102 1.13 x 102
Fog MEAN 3.30 x 103 419 x 103 3.30 x 103 6.14 x 10° 3.30 x 103 4.75 x 103 6.41 x 103 3.99 x 103 3.32 x 103 3.42 x 103
STD 1.43 x 10! 3.73 x 102 5.53 x 102 5.53 x 102 1.83 x 10! 2.72 x 10% 3.75 x 102 1.84 x 103 3.04 x 10! 6.38 x 102
Fo MEAN 423 %103 427 x10° 476 x 10° 674 x 105  420x10% 418 x 10° 711 x10% 411 x10° 457 x10°  3.99 x 103
STD 3.29 x 102 2.75 x 102 5.51 x 102 5.51 x 102 3.03 x 102 8.58 x 102 5.71 x 102 3.93 x 102 3.99 x 102 1.55 x 102
Fz MEAN 897 x10°  8.65x107 221 x107 296 x 108 1.43 x 100 7.07 x 10°  5.83 x 108 1.28 x 106 3.12 x 10° 6.46 x 10°
STD 1.32 x 10° 3.29 x 107 1.24 x 108 1.24 x 108 5.05 x 10° 1.06 x 10° 1.47 x 108 7.00 x 10° 8.94 x 10° 6.54 x 10*
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Tables 3 and 4 display the Friedman average ranking results produced by the AOBSA
and the compared algorithms in solving the CEC 2017 test suite with 30 and 50 dimensions,
respectively. In the two tables, MEAN and STD denote the mean solution and standard
deviation from 30 independent repeated experiments, respectively. Looking at Table 3,
the AOBSA obtained the best ranking in Fy, F4, Fs, Fg, F7, Fy, F13, F14, Fi5, Fi6, Fis, Fio,
Fo3, Foy, Fos, Fog, Foy, Fag, Fog, and F3p. QIO was the best of all algorithms in Fy, F11, and
F2;. BSLO obtained the best result in Fyg. The BSA showed better performance than other
algorithms in Fg, Fi7, and F;;. The SFOA outperformed other algorithms in Fs3, Fy, Fqs,
and Fpy. GWO, SSA, NRO, SCA, and DO did not achieve the best ranking in any test
functions. According to the average ranking presented in the last line, all algorithms can be
ranked from best to worst as follows: AOBSA, SFOA, BSA, QIO, BSLO, SSA, GWO, DO,
NRO, and SCA. Clearly, the AOBSA is the best of all algorithms. From Table 4, AOBSA
obtained the best results in 11 test functions, i.e., F1, F4, Fg, Fg, F12, F14, F15, F19, Fa7, Fao,
and F3y. In addition, the AOBSA achieved the second ranking in six test functions, i.e.,
Fs, Fi6, F17, F23, F24, and Fps. This indicates the excellent global search capability of the
AOBSA. Moreover, the BSA also shows excellent performance, beating the other algorithms
in nine test functions, i.e., F5, Fg, F11, F13, F16, F17, F21, F23, and Foy. QIO, SSA, BSLO, and
SFOA show the best performance in one test function (i.e., F;), two test functions (i.e., F3
and Fyg), two test functions (i.e., Fy and Fqp), and five test functions (i.e., F1g, Foq, F22, Fos,
and Fyg), respectively. GWO, NRO, SCA, and DO did not get the best results in any test
functions. From the last line of Table 5, all algorithms can be ranked from best to worst as
follows: AOBSA, BSA, SFOA, QIO, BSLO, SSA, GWO, DO, NRO, and SCA. Obviously, the
AOBSA is the best of all algorithms. According to the Friedman average ranking results,
the AOBSA demonstrates better performance than the compared algorithms in solving the
CEC 2017 test suite with 30 and 50 dimensions.

Table 3. The experimental results produced by the average ranking of the applied algorithms in the
CEC 2017 test suite with 30 dimensions.

No. QIO GWO SSA NRO BSLO BSA SCA SFOA DO AOBSA
Fy 4.83 797 5.47 9.40 5.67 3.00 9.53 1.70 5.53 1.90
F, 1.97 8.03 3.03 9.23 473 6.27 9.53 3.00 4.53 4.67
F3 3.03 9.10 2.00 8.90 6.90 5.73 9.00 1.00 5.03 4.30
Fy 3.80 7.83 5.37 9.43 5.47 4.77 9.57 1.85 5.07 1.85
F5 4.97 3.50 547 9.77 5.40 2.67 9.23 4.90 7.20 1.90
Fg 4.97 5.33 7.37 9.97 2.00 3.20 8.97 4.57 7.63 1.00
Fy 5.53 4.90 4.67 9.60 3.93 2.30 9.27 4.70 7.83 227
Fg 4.53 4.20 543 9.73 5.80 1.87 9.23 5.03 6.77 240
Fy 5.00 413 5.80 9.87 5.83 243 8.53 3.97 8.27 1.17
Fio 3.33 297 5.67 8.90 2.60 8.30 9.60 3.63 5.00 5.00
Fi1 2.67 8.60 5.70 9.17 4.03 2.83 9.10 5.47 4.53 2.90
Fi» 2.90 793 6.07 9.40 5.60 2.67 9.60 1.70 6.40 2.73
Fi3 3.70 7.07 6.43 9.17 4.90 3.77 9.83 2.13 6.80 1.20
Fi4 3.73 8.03 527 7.83 7.60 2.03 9.67 3.30 6.37 1.17
Fi5 3.37 7.40 7.80 8.07 4.87 3.83 9.97 243 6.23 1.03
Fi6 527 3.50 5.67 9.47 6.57 3.87 9.50 3.23 5.40 2.53
Fi7 5.83 3.27 4.37 8.97 7.50 243 8.70 4.70 6.33 2.90
Fig 3.63 7.87 6.10 8.53 6.63 3.33 9.67 1.67 6.00 1.57
Fi9 4.37 7.47 7.53 8.93 4.90 2.83 9.90 247 5.60 1.00
Fyo 3.70 4.57 5.30 8.43 5.93 6.87 7.40 2.67 6.87 3.27
Fy; 4.17 3.83 5.27 9.67 6.50 1.63 9.23 5.33 7.37 2.00
Fx» 2.03 5.00 543 5.63 4.80 7.42 8.80 3.30 6.83 5.75
Fp3 5.63 3.90 423 9.63 5.07 277 9.37 5.03 7.63 1.73
Foy 5.40 3.30 3.10 9.23 7.37 3.43 9.13 4.60 777 1.67
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Table 3. Cont.

No. QIO GWO SSA NRO BSLO BSA SCA SFOA DO AOBSA
Fy5 4.57 7.97 4.47 9.73 3.97 4.90 9.27 4.00 3.80 2.33
Fag 547 3.03 4.00 9.10 5.10 3.83 9.40 5.27 7.17 2.63
Foy 5.50 5.57 3.73 9.10 2.67 6.27 9.40 4.83 6.10 1.83
Fog 3.47 7.87 4.53 9.57 5.03 5.80 9.17 2.83 4.10 2.63
Fag 423 3.93 6.00 9.03 4.33 4.57 9.27 4.40 6.50 2.73
F3g 3.57 7.97 7.03 9.03 4.77 2.77 9.97 2.67 6.00 1.23
Avg. 4.17 5.87 5.28 9.08 522 3.95 9.29 3.55 6.22 2.38

Table 4. The experimental results produced by the average ranking of the applied algorithms in the
CEC 2017 test suite with 50 dimensions.

No. QIO GWO SSA NRO BSLO BSA SCA SFOA DO AOBSA
Fy 4.07 8.00 4.60 9.40 5.10 3.10 9.60 3.13 6.27 1.73
F, 1.17 8.00 2.60 9.07 420 5.77 9.93 6.33 2.67 527
F3 4.77 8.20 1.00 9.30 423 6.23 9.50 2.03 297 6.77
Fy 3.90 7.93 5.50 9.33 413 4.30 9.67 3.33 4.23 2.67
Fs 3.70 2.87 5.37 9.73 5.63 2.70 9.27 4.83 7.27 3.63
Fe 3.97 5.47 7.63 9.93 1.97 3.13 9.03 543 7.40 1.03
F; 4.40 3.63 497 9.67 297 3.60 9.33 4.83 7.87 3.73
Fg 4.03 3.33 5.60 9.87 493 1.83 9.13 497 7.40 3.90
Fy 3.53 4.50 6.33 9.60 6.30 2.23 9.20 4.77 7.47 1.07
Fio 3.10 2.70 4.60 8.83 2.20 8.17 9.83 5.00 4.30 6.27
Fi1 243 8.30 5.97 9.27 5.40 2.00 9.43 5.83 3.63 2.73
Fi» 3.50 8.00 6.27 9.33 5.73 3.10 9.67 1.97 6.00 1.43
Fi3 2.30 7.67 6.97 9.20 4.33 1.93 9.80 3.67 6.27 2.87
Fi4 3.93 7.93 5.43 8.87 6.70 2.90 9.93 2.30 6.00 1.00
Fi5 3.30 7.37 6.90 8.97 4.63 3.77 10.00 2.40 6.43 1.23
Fi6 4.30 3.87 5.03 9.27 7.23 2.17 9.73 3.27 6.77 3.37
Fi7 4.80 3.83 6.10 9.20 6.50 217 9.60 3.30 6.60 2.90
Fig 3.70 793 543 9.03 6.80 3.27 9.70 1.00 6.10 2.03
Fi9 423 7.53 7.47 9.03 3.90 3.73 9.97 2.20 5.93 1.00
Fyo 3.53 3.20 5.30 8.50 6.23 5.23 9.77 2.70 6.80 3.73
Fyp 3.30 3.80 4.80 9.63 6.33 1.27 9.37 5.27 7.50 3.73
Fp» 3.83 3.13 4.07 8.80 3.27 8.07 9.77 297 477 6.33
F3 4.93 3.17 4.00 9.27 5.77 1.93 9.73 5.80 7.93 247
Foy 5.00 3.63 297 9.07 7.07 217 9.73 497 7.80 2.60
Fy5 4.40 8.00 3.30 9.23 4.03 5.90 9.77 243 4.57 3.37
Fag 5.53 4.27 3.17 9.27 3.90 413 9.40 4.20 7.90 3.23
Foy 5.13 5.23 2.67 9.13 3.00 6.60 9.73 4.07 7.07 2.37
Fog 3.63 7.60 3.80 8.97 3.50 6.60 9.27 3.40 4.63 3.60
Fag 4.33 4.73 6.87 9.23 4.17 3.27 9.70 3.53 6.30 2.87
Fag 3.23 8.00 7.00 9.07 4.50 1.87 9.93 4.07 5.93 1.40
Avg. 3.87 5.73 5.06 9.24 4.82 3.77 9.62 3.80 6.09 3.01

Tables 5 and 6 show the Wilcoxon signed-rank test results produced by the AOBSA
and the compared algorithms in solving the CEC 2017 test suite with 30 and 50 dimensions,
respectively. The significance level is set to 0.05. In the two tables, “R(+)” is the sum of
the positive rank, “R(-)” is the sum of the negative rank, “S” is the obtained symbol, and
“p-value” is the test P value. When “S” is marked by “+”, the AOBSA outperforms the
compared algorithm in this test function; when “S” is marked by “-”, the AOBSA cannot
compete with the compared algorithm in this test function; when “S” is marked by “=", the
AOBSA has the same performance as the compared algorithm in this test function. Looking
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at Table 5, QIO outperforms the AOBSA in four test functions (i.e., F2, F3, Fyp, and Fyp)
and has the same performance as the AOBSA in four test functions (i.e., F11, F12, F29, and
F2g), while it cannot compete with the AOBSA in the remaining 22 test functions. GWO
is superior to the AOBSA in Fjy and Fyy, while it is inferior to the AOBSA in more than
80% of test functions. The SSA can beat the AOBSA in F, and F3, while it is inferior to the
AOBSA in more than 85% of test functions. NRO can only get the same performance as
AOBSA in Fy, and it has no advantage compared to AOBSA in all 29 test functions. BSLO
outperforms the AOBSA in three test functions (i.e., F», F1g, and F»y) but is inferior to the
AOBSA in the remaining 27 test functions. The BSA can only beat the AOBSA in Fg and Fy1,
but it is inferior to the AOBSA in more than three-quarters of the test functions. Compared
to the AOBSA, the SCA has no advantage in any test functions. The SFOA can outperform
or have the same performance as the AOBSA in ten test functions, but it is inferior to the
AOBSA in two-thirds of the test functions. DO can only beat the AOBSA in F,, while the
AOBSA outperforms DO in more than 85% of test functions. According to Table 6, QIO is
superior to the AOBSA in F,, F3, F1g, and Fj;, while it cannot compete with the AOBSA in
more than half of test functions. GWO and SSA can beat or have the same performance
as the AOBSA in nine test functions, while they are inferior to the AOBSA in 70% of test
functions. NRO and SCA cannot beat the AOBSA in any test functions. Although BSLO
and DO can obtain better performance than the AOBSA in F;, F3, Fyp, and Fy), they are
inferior to the AOBSA in 22 test functions and 24 test functions, respectively. The BSA
shows excellent performance, able to beat the AOBSA in eight test functions, i.e., F3, Fs5, Fg,
Fi3, F16, F17, F21, and Fp3. However, the AOBSA can still outperform the BSA in half of the
test functions. DO is not inferior to the AOBSA in 40% of test functions, but it is inferior to
the AOBSA in 60% of its functions. As discussed above, when solving the CEC 2017 test
suite with 30 and 50 dimensions, the AOBSA outperforms the compared algorithms in at
least half of the test functions.
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Table 5. The Wilcoxon signed-rank test results of the applied algorithms in the CEC 2017 test suite with 30 dimensions.

No. AOBSA vs.

QIO GWO SSA NRO BSLO

R(+) R(—) p-Value S RH) R(—-) p-Value S RH#) R(=) p-Value S R(+) R(=) p-Value S R+) R(—) p-Value S
F 465 0 1.73x107% + 465 0 173x107% + 465 0 173x 107 + 465 0 1.73x 1076 + 465 0 1.73x 1076 +
Fy 36 429 531x107°> — 465 0 173x107¢ + 51 414 1.89x107% — 465 0 1.73x 1076 + 122 343 230x 1072 —
F3 1 464 1.92x107% — 465 0 1.73x107% + 0 465 1.73 x107% — 465 0 1.73x107% + 465 0 1.73x107% +
Fy 427 38 632x107° + 465 0 173x107% + 453 12 575x107% + 465 0 1.73x 107 + 465 0 173 x107% +
Fs 446 19 113x1075 + 395 70 831x107% + 454 11 522x107% + 465 0 1.73x 107 + 462 3 235%x107°%  +
Fe 465 0 1.73x 107 + 465 0 1.73x107% + 465 0 1.73x 107 + 465 0 1.73x 1076 + 465 0 1.73x 1076 +
E; 462 3 235x107% + 428 37 579 x107° + 448 17 932x107% + 465 0 1.73x 1076 + 413 52 205%x107%  +
Fg 416 49 1.60x 1074 + 397 68 716 x107% + 439 26 216 x107° + 465 0 1.73x 1076 + 458 7 352x107° +
Fo 465 0 173 x107% + 465 0 173x10°% + 465 0 173 x107% + 465 0 173 x 1076 + 464 1 1.92x10°% +
Fio 120 345 207x1072 — 62 403  453x107% — 313 152 978 x10"2 = 465 0 1.73x 107 + 16 449  847x10°¢ —
Fi1 239 226 894x 1071 = 465 0 1.73x107% + 461 4 260x107%  + 465 0 1.73x107% + 372 93 411x1073 +
Fip 274 191 393x10°1 = 465 0 1.73x107® + 465 0 1.73x 107 + 465 0 173 x 107 + 465 0 173 x 1076  +
Fi3 465 0 1.73x 107 + 465 0 1.73x107% + 465 0 1.73x 107 + 465 0 1.73x107¢ + 464 1 192 x 1076 +
Fiy 465 0 1.73x 107 + 465 0 1.73x107% + 465 0 1.73x 107 + 465 0 1.73x 1076 + 465 0 1.73x 1076 +
Fi5 465 0 173 x107¢ + 465 0 173x107® + 465 0 173 x107% + 465 0 1.73x 107 + 465 0 1.73x107% +
Fig 440 25 197 x107°> + 325 140 571x107%2 = 448 17 932x107% + 465 0 1.73x107%  + 462 3 235x107%  +
Fiy 435 30 311x107° + 301 164 159 %1071 = 395 70 831x107% + 465 0 173 x 107  + 460 5 288x107% +
Fig 465 0 1.73x 107 + 465 0 1.73x107% + 465 0 1.73x 107 + 465 0 1.73x 107 + 465 0 1.73x 1076 +
Fio 465 0 1.73x 107 + 465 0 1.73x107% + 465 0 1.73x 107 + 465 0 1.73x 1076 + 465 0 1.73x 1076  +
Fy 271 194 428 x1071 = 347 118 185x1072 + 376 89 316 x10™3 + 455 10 473x107% + 393 72 9.63x107% +
Fy 435 30 311x107° + 445 20 124x107° + 465 0 1.73x107% + 465 0 1.73x107¢ + 465 0 1.73x 1076  +
Fa 23 442 164x107° — 108 357 1.04x1072 — 182 283 299x10°1 = 222 243 829 x 1071 = 115 350 157 x1072 —
Fp3 455 10 473x107°% + 458 7 352x107% + 452 13 634x107% + 465 0 1.73x107%  + 464 1 192x107% +
Fo4 465 0 1.73x 107 + 395 70 831x10~% + 416 49 1.60 x 1074 + 465 0 173 x 107 + 465 0 173 x 1076  +
Fys 378 87 277 %1073  + 465 0 1.73x107¢ + 423 42 892x107° + 465 0 1.73x107¢ + 359 106 927 x 1073 +
Fog 339 126 285%x1072 + 289 176 245x1071 = 331 134 4281072 + 465 0 1.73x107¢ + 351 114 148 x 1072 +
Fyy 457 8 388 %1070 + 462 3 235%x107% + 444 21 136 x107° + 465 0 1.73x 1076 + 343 122 230%x 1072 +
Fog 278 187 349 x 1071 = 465 0 1.73x10°% + 377 88 296 x1073 + 465 0 173 x 107 + 423 42 892x107° +
Fao 357 108 1.04x 1072 + 346 119 196 x1072 + 440 25 197 x107° + 465 0 1.73x 107 + 374 91 361x107% +
Fx 465 0 1.73x 1076 + 465 0 1.73x107¢ + 465 0 1.73x 107 + 465 0 1.73x107¢ + 465 0 1.73x 1076 +
+/=/— 22/4/4 25/3/2 26/2/2 29/1/0 27/0/3
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Table 5. Cont.

No. AOBSA vs.

BSA SCA SFOA DO

R(+) R(=) p-Value S RH) R(-) p-Value S RH) R(—) p-Value S R@H) R(=) p-Value S
F 465 0 173x107¢ + 465 0 173x107¢ + 99 366 389x1073 + 465 0 1.73x 1076  +
F, 322 143 656x1072 = 465 0 1.73x107% + 137 328  495x1072 — 97 368  532x1073 —
F; 441 24 1.80x107™° + 465 0 1.73x107% + 0 465  1.73x107® — 390 75 120x 1073  +
F4 454 11 52%x107® + 465 0 1.73x107¢ + 309 156 981x1072 = 454 11 522%x107°% +
Fs 333 132 387x1072 + 465 0 1.73x 1076 + 462 3 235x107® + 465 O 1.73x 107 +
Fq 465 0 1.73x107® + 465 0 173 x107% + 465 0 1.73x10°¢ + 465 0 1.73x 1076 +
E; 247 218 766x1071 = 465 0 1.73x 107 + 427 38 632x105 + 465 O 1.73x 1076 +
Fg 121 344 218x1072 — 465 0 1.73x 107 + 431 34 445%x107° + 465 0 1.73x 1076  +
Foy 440 25 197 x107° + 465 0 1.73x 1076 + 455 10 473x107® + 465 0 1.73x 1076  +
Fyo 460 5 288x107® + 465 0 173x107% + 108 357 1.04x1072 — 261 204 558 x 1071 =
Fqq 232 233 992x1071 = 465 0 1.73x 107 + 436 29 284%x107° + 404 6l 420%x107%  +
Fyp 217 248 750%x1071 = 465 0 173 x 1076 + 149 316 859%x1072 = 465 O 1.73x 1076 +
Fi3 465 0 173x107¢ + 465 0 173x 1076 + 424 41 819%x105 + 465 O 1.73x 1076 +
Fi4 433 32 372x107° + 465 0 173 x 107 + 465 0 1.73x107% + 465 0 1.73x 107  +
Fis5 465 0 1.73x107% + 465 0 173 x 107 + 464 1 1.92x107% + 465 0 1.73x 107  +
Fig 389 76 129x107% + 465 0 173 x 1076 + 293 172 213x1071 = 445 20 124 x107° +
Fqy 216 249 734x1071 = 465 0 173x107¢ + 424 41 819x1075 + 461 4 260%x 107 +
Fig 457 8 388x107® + 465 0 173x 1076 + 253 212 673x1071 = 465 0 1.73x 1076  +
Fyg 465 0 1.73x107¢ + 465 0 1.73x 1076 + 465 0 1.73x107¢ + 465 0 1.73x 1076 +
Fao 424 41 819x1075 + 453 12 575x 107 + 202 263 530x 1071 = 435 30 311x107° +
Fy 128 337 316x107%2 — 465 0 173 x107% + 464 1 1.92x107% + 465 0 1.73 x 107  +
Ey 350 115 111x1072 + 432 33 407 x107° + 835 3815 691x107% — 271 194 428 x 1071 =
Fo3 332 133 407 x1072 + 465 0 1.73x 1076 + 462 3 235x107® + 465 O 1.73x 1076  +
Fou 425 40 751x1075 + 465 0 173 x107¢ + 450 15 769x107% + 465 0 1.73x 107 +
Fys 423 42 892x107° + 465 0 173x107% + 364 101 684%x10°% + 309 156 116 x 1071 =
Fog 376 89 316x1073 + 465 0 173x107% + 337 128 238x1072 + 439 26 216 x107°  +
Fyy 459 6 318x10°® + 465 0 173 x107% + 430 35 486x107° + 464 1 1.92x 107 +
Fog 429 36 531x107° + 465 0 1.73x107% + 2405 2245 855x10"! = 365 100 6.42x 1073  +
Fao 340 125 2701072 + 465 0 1.73x107¢ + 382 83 211x1073 + 459 6 3.18 x107°% +
Ex 431 34 445x107° + 465 0 173 x 1076 + 423 42 892x105 + 465 O 1.73x 1076  +
+/=/— 23/5/2 30/0/0 20/6/4 26/3/1
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Table 6. The Wilcoxon signed-rank test results of the applied algorithms in the CEC 2017 test suite with 50 dimensions.

No. AOBSA vs.

QIO GWO SSA NRO BSLO

R(+) R(=) p-Value S RH) R(—-) p-Value S RH#) R(=) p-Value S RH#) R(=) p-Value S R) R(—) p-Value S
F 446 19 113 x 1075 + 465 0 1.73x107% + 450 15 7.69x107% + 465 0 173 x107% + 465 0 1.73 x107%  +
E, 0 465 1.73x107¢ — 465 0 1.73x10°¢ + 0 465 1.73x 1076 — 465 0 1.73x107¢ + 138 327 519 x 1072 —
F3 0 465  1.73x107% — 465 0 1.73x107% + 0 465  1.73x107® — 465 0 1.73x107% + 0 465  1.73x1076 —
Fy 368 97 532x1073 + 465 0 1.73x107% + 449 16 847 x107® + 465 0 1.73x107% + 386 79 1.59 x 1073+
Fs 260 205 572x 1071 = 146 319 752%x1072 = 406 59 350 x107% + 465 0 173 x 107 + 426 39 689 %1075 +
Fe 465 0 1.73x107¢ + 465 0 173x107¢ + 465 0 1.73x107% + 465 0 1.73x107¢ + 435 30 311x1075 +
Fy 280 185 329 x 1071 = 214 251 704x1071 = 344 121 218 x 1072 + 465 0 173x107% + 157 308 120x 1071 =
Fg 281 184 318x 1071 = 198 267 478 x 1071 = 408 57 306 x107% + 465 0 1.73x 1076 + 357 108 1.04x 1072 +
Fo 465 0 1.73x 1076 + 465 0 1.73x107% + 465 0 1.73x 1076 + 465 0 1.73x 1076 + 465 0 1.73x107¢ +
Fio 1 464 192x107¢ — 33 432 407 x107° — 83 382 211x1073 — 465 0 1.73 %1076 + 1 464 192x107¢ —
Fi1 178 287 262x1071 = 465 0 1.73x107¢ + 463 2 213x107% + 465 0 173 x 107 + 431 34 445x107° 4+
Fypp 459 6 318x107% + 465 0 173x107¢ + 465 0 1.73x 107 + 465 0 1.73x 107 + 465 0 1.73x 107 +
Fi3 183 282 309x1071 = 465 0 1.73x107¢ + 465 0 1.73x 1076 + 465 0 173x107% + 426 39 689x107° +
Fiy 465 0 1.73x 107 + 465 0 1.73x107® + 465 0 1.73x 107 + 465 0 1.73x107% + 465 0 1.73x107% +
Fi5 454 11 522x107% + 465 0 1.73x107% + 465 0 1.73x107% + 465 0 173 x107% + 464 1 1.92x107°% +
Fie 302 163 153 %1071 = 262 203 544x107! = 401 64 529x107% + 465 0 173 x 107  + 463 2 213x107¢ +
Fiy 397 68 716 x107% + 337 128 316 x1072 + 449 16 847 x107% + 465 0 173 x 107 + 463 2 213x107% +
Fig 465 0 1.73x107¢ + 465 0 173x107¢ + 465 0 1.73x107% + 465 0 173 x 107 + 465 0 1.73x 107 +
Fyg 465 0 1.73x 107 + 465 0 173x107¢ + 465 0 1.73x107¢ + 465 0 1.73x 107 + 465 0 1.73x 107 +
Fao 196 269 453x1071 = 135 330 4.49 x 1072 380 85 241 %1073 + 465 0 173x107% + 430 35 486 x107° +
Fy 204 261 558 x 101 = 242 223 845x1071 = 358 107 984 %1073 + 465 0 1.73x 1076  + 464 1 192 x107° +
Fy» 23 442 1.64 x 107> 35 430 486 x 107> 58 407 332x107% — 465 0 173x107% + 0 465 173 x 1076 —
Fo3 453 12 575x107% + 294 171 206x10°1 = 398 67 6.64x107% + 465 0 173 x 107 + 465 0 1.73x107% +
Fq4 456 9 429x107% + 349 116 1.66 x 1072 + 289 176 245x1071 = 465 0 173 x107% + 465 0 1.73 x107% +
Fos5 338 127 3.00x 1072 + 465 0 1.73x1076 + 229 236 943 x 107! = 465 0 1.73x 1076 + 337 128 316 x 1072 +
Fog 335 130 350x 1072 + 388 77 138x107% + 129 336 333x1072 — 465 0 173 x107¢ + 158 307 125 x 1071 =
Fyy 430 35 486x107° + 448 17 932x10°® + 290 175 237x10°1 = 465 0 1.73x107% + 286 179 271x10°0 =
Fog 241 224 861x1071 = 435 30 311x107° + 249 216 734%x 1071 = 464 1 1.92x107¢ + 212 253 673x1071 =
Fyg 376 89 316 x 1073 + 423 42 892x1075 + 465 0 1.73x107¢ + 465 0 1.73%x107% + 363 102 727 %1073 +
Fso 463 2 213x107% + 465 0 173x107¢ + 465 0 1.73x107¢ + 465 0 1.73x 1076  + 463 2 213x107%  +
+/=/— 17/9/4 21/6/3 21/4/5 30/0/0 22/4/4
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Table 6. Cont.

No. AOBSA vs.

BSA SCA SFOA DO

R(+) R(=) p-Value S RH#) R(—=) p-Value S R) R(—-) p-Value S RH#) R(=) p-Value S
F 397 68 716 x107% + 465 0 1.73x107¢ + 396 69 771x107% + 465 0 1.73x 1076 +
E, 292 173 221x1071 = 465 0 1.73x 1076 + 427 38 632x105 + 0 465 1.73x 1076 —
Fs3 75 390 1.20 x 103 465 0 173x107¢ + 0 465 173x107¢ — 0 465 1.73x 1076 —
Fy 379 86 258x107% + 465 0 1.73x107% + 300 165 1.65x 1071 = 349 116 1.66 x 1072+
Fs 132 333 387x1072 — 465 0 173 x107% + 338 127 300x1072 + 458 7 352x107% +
Fe 465 0 173x107¢ + 465 0 173 x 1076 + 465 0 1.73x107¢ + 465 0 1.73x 1076 +
E; 188 277 360x1071 = 465 0 1.73x107¢ + 377 88 296 x1073 + 465 0 1.73x 1076 +
Fg 44 421 106 x107* — 465 0 1.73x107% + 369 9% 499 %1073 + 464 1 192 x 1076 +
Foy 462 3 235%x107% + 465 0 173 x 107 + 465 0 1.73x107¢ + 465 0 1.73x 1076 +
Fio 458 7 352x107% + 465 0 1.73x 1076 + 107 358 984 %1073 — 54 411 241 x107% -
Fpq 149 316 859x1072 = 465 0 173 x 107 + 463 2 213x10°® + 312 153 1.02x 1071 =
Fio 465 0 1.73x107% = 465 0 1.73x107® + 358 107 9.84x103 + 465 0 1.73x 1076  +
Fi3 116 349 1.66 x 1072 465 0 1.73x107¢ + 328 137 495%x1072 + 465 0 1.73x 1076 +
Fiy 465 0 1.73x107% + 465 0 1.73x 107 + 465 0 1.73x107¢ + 465 0 1.73x 1076 +
Fi5 460 5 288x107% + 465 0 173 x107% + 452 13 634x107° + 465 0 1.73x 107+
Fig 110 355 117x1072 — 465 0 173x107¢ + 223 242 845x 1071 = 458 7 352%x107% +
Fiy 126 339 285%x1072 — 465 0 173 x 1076 + 242 223 845x1071 = 458 7 352x107% +
Fig 456 9 429 %107 + 465 0 1.73x107¢ + 0 465 1.73 x 106 465 0 1.73x 10760 +
Fyg 465 0 1.73x107¢ + 465 0 1.73x 1076 + 465 0 1.73x107¢ + 465 0 1.73x 1076 +
Fao 309 156 116 x1071 = 465 0 1.73x 107 + 129 336 333x1072 — 445 20 124 x 1075 +
Fy 10 455 473x107% — 465 0 173 x107% + 39 69 771x107% + 465 O 1.73x 1076  +
Fyp 430 35 486x107° + 465 0 1.73x107% + 2 463  213x107° — 66 399 616 x107%  —
Fas 115 350 157x1072 — 465 0 173 x 1076 + 452 13 634%x107% + 465 0 1.73x 1076  +
Fyu 170 295 1.99x1071 = 465 0 1.73x 1076 + 448 17 932x107® + 465 0 1.73x 1076  +
Fos 434 31 341x107° + 465 0 1.73x107% + 157 308 120x 1071 = 343 122 230x 1072+
Fog 375 90 338x1073 + 465 0 173 x107% + 253 212 673x1071 = 465 0 1.73x 1076  +
Fyy 455 10 473x107® + 465 0 1.73x107¢ + 376 89 316 x1073 + 459 6 318x107°% +
Fog 396 69 771x107% + 464 1 192 x107¢ + 211 254 658x1071 = 316 149 859 x 1072 =
Fao 21 244 813x1071 = 465 0 1.73x107¢ + 294 171 2061071 = 446 19 1.13x107° +
Fao 339 126 285%x1072 + 465 0 1.73x 1070 + 464 1 192x107¢ + 465 0 1.73x 1076 +
+/=/— 15/7/8 30/0/0 18/7/5 24/2/4
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rithms in some typical test functions. The characteristics of these curves can be summarized
as follows: (1) for most convergence curves, the AOBSA can converge to a better solution
with fewer iterations compared to other algorithms; (2) for a few convergence curves,
although the AOBSA has a slower convergence speed in the early stage, it can still search
for better solutions than other algorithms as the number of iterations increases; and (3) for
a few convergence curves, the convergence curves of all algorithms are relatively similar,
but the solutions found by the AOBSA are still better than those found by the compared al-
gorithms. Therefore, in terms of the characteristics of these convergence curves, the AOBSA
has excellent global search ability and the ability to escape from local optima, meaning
that it still has the potential to search for satisfactory solutions when solving complex

Figures 1 and 2 depict the convergence curves of the AOBSA and comparative algo-

optimization problems.
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Figure 1. Some typical convergence curves produced by the applied algorithms in the CEC 2017 test
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Figure 2. Some typical convergence curves produced by the applied algorithms in the CEC 2017 test
suite with 50 dimensions: (a) Fy; (b) Fe; (¢) F10; (d) F11; (€) Fip; (f) F14; (8) Fi5; (h) Fio; (i) Fos; (j) Fa7;
(k) Fao; (1) Fap.

According to the results presented in Tables 1-6, the AOBSA can demonstrate better
performance advantages than the comparison algorithms on most functions, but it does
not show performance advantages on some functions, such as Fp, F1p, and Fp. This
phenomenon fully conforms to the NFL theory [23] and can be explained as follows: due
to the different complexity of the objective function and the characteristics of the search
space for each function, the AOBSA can demonstrate better comprehensive performance
than the compared algorithms in solving the CEC 2017 test suite, but it cannot outperform
the compared algorithms in every specific function. This phenomenon also appears in
other literature that uses metaheuristic algorithms to solve optimization problems, such
as [36-38]. In this section, we mainly discuss the performance of the AOBSA and the
compared algorithms in solving the CEC2017 test suite when the population size is 30 with
a problem dimension of 30, and when the population size is 50 with a problem dimension
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of 50. To more comprehensively observe the impact of population size on algorithm
performance, in the Appendix, we also present some experimental results obtained by the
AOBSA and the comparison algorithm when the population size is 30 and the problem
dimension is 50. These results, presented in Tables Al and A2, also demonstrate the
superior performance of the AOBSA.

5. Experimental Results in Engineering Optimization

This section aims to verify the performance of the AOBSA in solving practical engineer-
ing problems. The considered problems include the pressure vessel design problem and
speed reducer design problem. The compared algorithms are nine metaheuristic algorithms:
Harris Hawks Optimization (HHO) [39], Whale Optimization Algorithm (WOA) [40], Dung
Beetle Optimizer (DBO) [41], Young's Double-Slit Experiment Optimizer (YDSE) [42], Great
Wall Construction Algorithm (GWCA) [43], Newton—-Raphson-Based Optimizer (NRO) [31],
Beluga Whale Optimization [44], Escape Algorithm (ESC) [45], and Red-billed Blue Magpie
Optimizer (RBMO) [46]. When applying the AOBSA to solve these two problems, the
population size was set to 30, the maximum number of iterations was set to 500, and the
number of independent repeated experiments for each problem was set to 30. Due to the
complex constraints involved in these two engineering problems, this paper adopts the
penalty function method to deal with them, as in [47]. In addition, the parameters and the
experiential results of the compared algorithms were extracted from [48]. The experimental
results are shown in Tables 7 and 8. In these two tables, WORST, BEST, MEAN, MEDIAN,
and STD represent the worst solution, best solution, average solution, median solution, and
standard deviation obtained from 30 independent repeated experiments, respectively. In
addition, it should be noted that the statistical data obtained by the AOBSA involves many
decimals. For ease of presentation, only some of the decimals are shown in Tables 7 and 8.

5.1. The Pressure Vessel Design Problem

The objective function of the pressure vessel design problem can be summarized as follows:
f(x) = 0.6224x1x3x4 + 1.7881x2%3 + 3.1661x3 x4 + 19.84x% x3 (21)

The constraints of the pressure vessel design problem can be summarized as follows:

g1(x) = —x1 +0.0193x3 < 0, (22)
go(x) = —x240.0193x3 < 0, (23)

4
g3(x) = —7tx3xy — gxg + 129600 < 0, (24)
g4(x) = x4 —240 <0, (25)

where 0 < x1 <99,0 < xp <99,10 < x3 <200, and 10 < x4 < 200.

The experimental results of the AOBSA and the compared algorithms in solving
the pressure vessel design problem are presented in Table 7, where the AOBSA shows
better performance than the compared algorithms in terms of WORST, BEST, MEAN, and
MEDIAN. In addition, in terms of STD, the AOBSA is only inferior to YDSE and ERBMO,
while outperforming the other eight algorithms. This indicates that, in terms of solution
accuracy and stability, the AOBSA outperforms the comparison algorithms when solving
this problem.
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Table 7. The experimental results of the AOBSA and the compared algorithms in solving the pressure

vessel design problem.

Algorithm  WORST BEST MEAN MEDIAN STD
HHO 1277 x 10*  6.246 x 10° 7.185 x 10> 6.901 x 10° 1.143 x 103
WOA 3118 x 10* 6.854 x 10> 1.001 x 10* 8.823 x 103  4.479 x 103
DBO 7544 x 103 6.060 x 10° 6.491 x 103 6.357 x 10> 3.972 x 102
YDSE 6.122 x 103 6.063 x 10°  6.079 x 103 6.073 x 10> 1.486 x 10*
GWCA 7544 x 103 6.060 x 10°  6.646 x 103 6.413 x 103> 5.257 x 102
NRO 7.876 x 103 6.091 x 10° 6.711 x 103 6.529 x 10> 5.056 x 102
BWO 7821 x 103 6354 x 10°  7.031 x 103 7.052 x 10>  3.620 x 102
ESC 7497 x 103 6.115 x 10°  6.641 x 103 6.572 x 10°  3.528 x 102
RBMO 7333 x 103 6.060 x 10° 6.296 x 103 6.060 x 103> 4.728 x 102
ERBMO 6.371 x 103 6.060 x 10° 6.077 x 103 6.060 x 10° 5.693 x 10!
AOBSA 6.199 x 103 5943 x 10° 6.057 x 103 6.052 x 10°  7.206 x 10!

5.2. The Speed Reducer Design Problem

The objective function of the speed reducer design problem can be summarized

as follows:

Feost ()= 0.7854xx3(3.3333x% + 14.9334x3 — 43.0934) — 1.508x7 (x2 + x2)+

7A777(x3 + x3) + 0.7854(x4x2 + x5x3)

(26)

The constraints of the speed reducer design problem can be summarized as follows:

$5(x)

g6(x)

27
= — < .
109 X1X2X3 1=0
397.5
g(x)=—F—--1=<0.
X1X5X3
1.93x3
g3(x) = i-1<0.
X2X3Xg
1.93x2
X) = —-1<L0.
g4(x) XpX3X% -
3 (745x4>2 169x10° o
- XpX3 110x3 -
2 6
_ (745x5> 157.5 x 10 1<
X2X3 85x%
X2 X
g7(x) = %—1 <0.
gg(x):Sﬁ—l <0.
X1
X1
= — — < .
(%) = 35, 150
1.56x¢ +1.9
guo(x) = 212 1 <0,
X4
1.1xy +1.9
gn(x) = "L _1<0.
X5

(27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)

where 2.6 < x1 < 36,07 < x < 08,17 < x3 <28,73 < x4 <83,7.8 < x5 < 8.3,
2.9 < x6 <3.9,and 5.0 < xy < 5.5.
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The experimental results of the AOBSA and the compared algorithms in solving
the speed reducer design problem are shown in Table 8, where the AOBSA shows better
performance than the compared algorithms in terms of WORST, BEST, MEAN, MEDIAN,
and STD. This indicates that the comprehensive optimization performance of AOBSA in
solving this problem is significantly superior to that of the comparison algorithms.

Table 8. The experimental results of the AOBSA and the compared algorithms in solving the speed
reducer design problem.

Algorithm  WORST BEST MEAN MEDIAN STD
HHO 4989 x 103 3.012 x 10> 3.625 x 103 3.366 x 103 5.914 x 10?
WOA 4975 x 103 3.032 x 103> 3.440 x 103 3.180 x 103  4.966 x 10?
DBO 3222 x 103 2994 x 103> 3.046 x 10° 3.034 x 103 5.981 x 10!
YDSE 3.008 x 10° 2.996 x 103 2998 x 10° 2.997 x 10> 2.625
GWCA 2994 x 10° 2994 x 103 2.994 x 10° 2994 x 10> 1.155 x 10~?
NRO 3177 x 103 3.003 x 103 3.063 x 10° 3.052 x 103 4.914 x 10*
BWO 3266 x 103 3.035 x 10> 3.111 x 10° 3.104 x 103  5.493 x 101
ESC 2995 x 10° 2.994 x 103 2995 x 10° 2.994 x 103 7.256 x 1072
RBMO 2994 x 103 2994 x 103 2.994 x 10° 2.994 x 10° 7.820 x 10~°
ERBMO 2994 x 103 2993 x 103 2.994 x 103 2.994 x 103 2.828 x 10!
AOBSA 2983 x 103 2983 x 10> 2983 x 10° 2.983 x 103 9.394 x 1073

6. Conclusions

This paper proposes a new technique for improving the performance of population-
based optimization algorithms, called the average operator. In this paper, we define a set
of average operators including global average position, upper average position, lower
average position, random global average position, random upper average position, and
random lower average position. The defined average operators can reflect the local or
overall average position of the population. This paper applies the defined average operator
to the BSA and subsequently proposes the AOBSA. Thanks to the simple structure of the
defined average operator and the absence of complex calculations, compared to the BSA,
the computational complexity of the AOBSA is not significantly increased. To verify the
performance of the AOBSA, it was employed to solve the complex CEC 2017 test suite with
30 and 50 dimensions. The experimental results demonstrate that the AOBSA exhibits better
optimization performance compared to the compared QIO, GWO, SSA, NRO, BSLO, BSA,
SCA, SFOA, and DO. In addition, the AOBSA also outperforms the comparison algorithms
in terms of solving practical engineering problems, including the pressure vessel design
problem and the speed reducer design problem.

Future research will focus on two directions: First, extending the application scope
of the defined set of average operators by further applying them to other population-
based optimization algorithms. Second, developing more efficient improvement techniques
tailored to population-based optimization algorithms.
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Appendix A

This section mainly presents some experimental results obtained by the AOBSA and the
comparison algorithms when the population size is 30 and the problem dimension is 50.

Table A1l. The experimental results of AOBSA and the compared algorithms in solving the CEC 2017
test suite with 50-dimensional (population size is set to 30).

No.  Algorithm QIO GWO SSA NRO BSLO BSA SCA SFOA DO AOBSA
F MEAN 204x10°  9.13x10°  631x10°  451x 101 970x10°  220x10° 444 x 100 268x10° 333 x10*  1.73 x 103
STD 396 x10°  432x10° 667 x10°  7.68x10°  863x10°  311x10° 587 x10° 329x10° 223 x10*  2.19 x 103
F> MEAN 279x10° 213 x10° 123x 101 232x 100 241 x10% 174 x102 355x10% 3.89x 102 199 x 10'1  1.01 x 10
STD 151 x10° 896 x 100  3.80 x 1011 127 x 10% 646 x 104 950 x 1022 194 x 10 212 x10%®  1.08x 102  3.19 x 10
Fs MEAN 3.01x10° 831 x10*  3.00x102  1.07x10° 290x10°  1.60x10*  1.11x105 329x 10> 413x10>  1.64 x 10
STD 152x10°  1.61x10* 884x10°!1 136x10* 138x10°  699x10°  154x10* 136x10>  816x 10" 441 x 10°
F, MEAN 523x 102 138 x10° 542x 102  6.64x 103  532x 10>  535x10> 734x103  745x 10> 551 x 10>  5.00 x 102
STD 5.84x 100  595x10%> 5.8 x 10! 257x10°  6.73 x 10! 566 x 100 126 x10°  532x10>  593x 100  6.17 x 10!
Fs MEAN 760x 102 715x 102  773x102  1.09x 103  779x 102  7.07x 10> 106 x10°  776x 102  812x 10>  7.41 x 10?
STD 341 %100 416 x100  545x 100  420x 10! 448 x 100 424 x 10!  322x 10! 446 x 10! 453 x 101 292 x 10!
Fe MEAN 613x 102  617x 10>  642x10>  686x102  6.00x 10>  604x 10>  6.69x10> 627x102  645x 10>  6.00 x 102
STD 592 459 6.83 8.67 322x1072 262 5.69 8.84 5.50 5.16 x 1072
F, MEAN 115x10°  1.09x 103  1.07x10°  171x10° 1.00x 10>  1.05x10° 1.63x10° 1.13x10> 135x10%  1.04 x 10°
STD 943 x 101 719 x 10 9.46 x 10! 156 x 102 486x 100  9.05x 10!  897x10'  1.17x10>  885x 10!  3.07 x 10!
Fs MEAN 1.04x10°  1.02x10° 106 x 10° 141 x10° 1.07x10°  1.01x10° 137x10° 1.09x10° 1.14x10°  1.04 x 10°
STD 423x 100 391 x100  539x 100  4.69x 100 467 x10'  342x10'  261x 100  508x10' 689 x 100  2.86 x 10!
Fo MEAN 556 x 10° 617 x10°  922x10° 267 x10* 106 x 10* 348 x10°  232x10*  1.00x 10*  1.35x10*  2.49 x 103
STD 122 x10°  310x10°  2.85x10°  410x10° 247x103  955x 10>  265x10°  624x10°  412x10°  1.16 x 10°
Fio  MEAN 718x10°  685x10°  774x10°  136x10*  638x10°  119x10* 144 x10* 722x10° 7.74x10°  8.86 x 103
STD 814x 102 7.81x102 931 x102  731x102  6.66x102  170x10°  3.64x102 795x102  1.00x 10>  9.37 x 102
Fin  MEAN 124x10°  489x10°  1.38x10°  818x10° 132x10°  126x10° 628x10° 140x10° 127 x10°  1.29 x 10°
STD 418 x10'  206x10°  698x 100  293x10°  615x10'  336x10'  1.12x10°  1.02x10>  316x10' 552 x 10!
Fi,  MEAN 1.03x 105 904 x 105 147 x107  1.12x10° 891x10°  7.35x10° 119x10° 927x108  1.12x107  1.49 x 10°
STD 717 x10° 877 x10°  834x10°  592x10° 532x10°5  457x10°5 259x10° 3.05x10°  505x10° 813 x 10*
Fis  MEAN 689x10° 115x10°  1.09x10°  275x10° 1.66x10*  816x107  326x10° 132x108 826 x10*  8.06 x 10°
STD 778x10°  168x 108  7.35x10*  214x10°  122x10* 447 x10°  1.83x10° 721x 108 416 x10* 875 x 103
Fu  MEAN 138 x 10*  4.87x10° 508 x10*  115x10° 1.14x105  473x10° 260x10° 219x10°  812x10* 157 x 10°
STD 908 x10° 491 x10°  402x10*  791x10°  631x10*  295x10° 1.12x105 130x10°  7.15x10*  7.91 x 10!
Fis  MEAN 683x10°  157x107  6.02x10*  191x108  1.64x10*  683x10° 372x10%  1.33x 108 397 x 10*  4.81 x 103
STD 517x10° 277 x107  408x10*  215x 108  7.01x10°  670x10° 190x10%  615x10° 150 x 10*  5.54 x 103
Fis  MEAN 338x10° 291x10° 322x10°  522x10°  388x10°  3.00x10° 557x103  3.04x10°  3.69 x 10°  2.98 x 103
STD 497 x 102  310x10%2  446x 102  661x 102  372x 102  3.60x10> 262x102  3.62x 10> 447 x 10> 245 x 102
F;  MEAN 202x100  272x10°  311x10%  420x 103  317x10°  269x10°  440x10> 290x 103  332x10°  2.61 x 103
STD 315x 102 245 x 102 266x 102 405x 10> 321 x 10> 258 x10> 297 x102  3.10x 10> 341 x 10>  1.63 x 102
Fis  MEAN 870 x 10*  740x 106 342 x10°  8.05x10°  1.64x 105  295x10° 175x107 677x10%  1.02x10°  1.57 x 10*
STD 599 x 104 1.15x107  153x 105  721x 105  114x10°  125x10° 1.09x107  540x10° 694x10°  1.09 x 10*
Fio  MEAN 155 x 10 1.14x 107  732x10°  7.14x107  148x10*  121x10* 282 x10° 317 x107  641x10*  2.36 x 10°
STD 794x10° 467 x107  350x10°  873x 107  1.61x10*  938x10° 121 x10%5  1.74x 108 299 x 10*  1.42 x 103
Fx  MEAN 285x10° 278x10°  3.07x103  3.67x103  3.06x10°  292x10° 382x10>  282x10°  326x10°  2.81 x 103
STD 238x 102 195x102  288x102  239x 102  340x 102  484x102 175x 102 243 x 10>  3.04x10®  1.66 x 102
F»n  MEAN 252x10°  252x10°  252x 103 291x10° 260 x10° 247 x10° 289 x 103 260 x10°  2.62x10° 251 x 103
STD 490 x 101 549 x 10! 451x 100  547x 100 679 x10' 346 x 100  422x 100  614x10' 590 x 10!  2.94 x 10!
F»  MEAN 838x10° 8.03x10°  9.01x10°  146x10* 845x10°  135x10° 161 x10* 786x103  9.61x10°  1.08 x 10*
STD 216x10° 117 x10°  161x 103  233x103  7.80x 102  1.81x10° 472x102  295x10°  8.65x 10>  9.22 x 102
Fis  MEAN 307x10°  298x10° 299x103  346x103  3.03x10°  293x10° 352x10°  313x103  322x10°  2.95x 103
STD 761 x 100  487x100  654x100  780x 10!  614x101  521x10'  531x10!  1.04x 102  922x 10!  1.71 x 10
F»s  MEAN 325%x10° 316 x10°  312x10°  3.62x10°  339x10°  3.18x10° 370x10>  3.33x10° 349 x10°  3.11 x 103
STD 731x 100 7.28x10' 547 x10' 914 x 100  122x 10>  152x 10> 595x10'  142x 10>  113x 10> 292 x 10!
F»s  MEAN 306x10°  363x10° 304x10°  630x103  306x10°  3.08x10°  6.14x10°  314x10°  3.06x10°>  3.03 x 103
STD 355%x 100 218 x 102 3.20 x 10! 840 x 102  2.81 x 10! 254 %100 4.82x 10>  292x10> 449 x 100  4.39 x 10!
F»s  MEAN 739x10° 640 x10° 544 x10°  116x10*  431x10°  633x10° 116 x10*  623x 103  891x10°  6.09 x 103
STD 252%x 100 510x102  195x 103  1.62x 103  229x10°  7.63x10> 580 x 102  241x10°  1.84x10° 450 x 102
F»,  MEAN 358 x10° 358 x10°  343x10°  413x10°  343x10°  3.87x10°  441x10>  3.66x10° 379 x 10°  3.46 x 103
STD 143 x 10>  1.13x 10>  859x 100  283x102  1.01x102  321x10> 1.02x10> 201x10> 142x10>  1.36 x 102
F»s  MEAN 331x10° 434x10° 330x103  671x 103  330x10°  5.06x10°  6.66x103  3.83x10°  332x10°  3.47 x 103
STD 223 %100 328x10%2  2.39 x 10! 625x 102 2.33 x 10! 282x10° 617 x10%2  1.82x103  3.88x 10!  9.36 x 102
Fx  MEAN 442x10° 448 x10°  478x103  715x 103  426x10°  422x10° 747x10>  453x 103  452x10°  3.92 x 103
STD 396 x 102 2.82x102  365x102  651x 102 276 x 10>  352x 10> 474x 102  517x 10> 403 x 10>  2.13 x 102
Fy  MEAN 953 x10° 976 x107  299x 107  406x 108  124x10°  8.00x10°  685x10%  1.38x10° 431 x10°  6.71 x 105
STD 209 x10° 446 x107 583 x10°  1.86x 108 469 x10° 147 x10° 236x108 656 x10°  1.01 x 10°  6.18 x 10*
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Table A2. The ranking results of the AOBSA and the compared algorithms in solving the CEC 2017
test suite with 50 dimensions (population size is set to 30).

Algorithm QIO GWO SSA NRO BSLO BSA SCA SFOA DO AOBSA

Fy 293 790 357 950 490 263 950 5.60 6.17 230
F, 1.07  8.00 277 917 4.00 6.00 9.83 6.53 2.73 490
F3 4.60 827 110 9.37 440 643 937 193 297 6.57
Fy 3.80 7.83 443 923 4.20 4.07 977 407 457 3.03
Fs5 470 223 520 9.73 5.60 237 927 540 6.73 3.77
Fe 423 493 733 993 1.90 3.07 9.07 5.87 757 1.10
F; 5.80 4.53 390 9.67 2.20 343 930 493 790 3.33
Fg 387 267 453 9.80 5.10 230 920 6.10 743 4.00
Fy 373  3.80 563 9.70 6.47 223 9.07 583 720 1.33
Fio 373 293 460 9.07 1.83 807 9.73 3.80 487 6.37
F1q 223 840 563 9.63 457 263 897 6.03 3.13 3.77
Fip 323 787 620 9.33 5.43 3.00 9.60 327 580 1.27
Fi3 237 7.63 6.73 9.27 3.57 2.63 9.63 447 6.37 233
Fig 413  8.00 520 8.80 6.73 3.10 993 207 6.00 1.03
Fi5 3.00 723 6.87 9.03 4.53 270 9.80 3.30 6.57 197
Fie 513 290 430 9.13 7.37 313 973 353 6.53 3.23
Fyy 450 3.27 573 9.17 6.07 310 970 447 6.73 227
Fig 363 817 513 8.80 6.77 340 9.70 1.20 6.30 1.90
Fi9 413 747 747 893 3.67 353 993 257 597 1.33
Fyo 393  3.60 543  9.00 5.33 4.03 953 3.67 6.93 3.53
Fy 3.83 347 400 9.70 6.27 1.83 930 6.53 6.83 3.23
Fy 3.70 247 410 8.30 2.83 813 970 3.83 523 6.70
Fo3 570 3.43 337 917 4.80 193 977 6.63 7.67 253
Foy 477  3.60 233 897 6.63 313 9.60 6.23 757 217
Fys 397 793 3.03 9.63 4.37 517 937 447 433 273
Foe 570  4.40 357 933 2.73 4.00 943 470 743 3.70
Fyy 5.03 4.50 247 8.63 2.70 6.83 9.83 540 6.97 2.63
Fog 330 7.57 343 923 3.53 707 910 4.07 4.60 3.10
Fog 470 5.27 6.50 9.30 3.77 380 9.70 5.00 517 1.80
Fi3o 330 797 703 9.10 3.80 243 990 4.07 6.00 1.40
Avg. 3.96 5.61 472 925 4.54 3.87 9.54 4.52 6.01 298
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