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Abstract

This paper aims to investigate a multiple fractional derivative order system control with
multiple delays. The generalized Lyapunov function and YkP lemma are used to obtain
algebraic and frequency criteria for asymptotic stability for these systems. Linear fractional
systems and linear systems with nonlinear components are analyzed. Frequency criteria are
represented graphically by polar plots. In contrast to classical Popov-type polar plots, where
the critical point is determined by the system’s nonlinearity, in fractional-order systems, the
critical point of the polar plots is determined by the fractional order. Numerical applications
highlight the investigation techniques and the particularities of the presented criteria.
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1. Introduction
This paper investigates a class of multiple fractional-order systems, with fractional or-

ders ranging between 0 and 1, which, due to their complexity and wide scope of application,
have attracted significant attention from researchers in recent decades. Within this class of
systems, a special category is represented by systems containing time-delay components,
the presence of which adds corresponding layers of difficulty. Nevertheless, investigations
in this field have been numerous, making a complete overview difficult to achieve. A
summary of these research efforts can be found in [1]. The aspects of the qualitative theory
for multi-order fractional differential equation systems are treated in [2,3]. New Lyapunov
stability theorems for fractional order systems and new ideas of V-asymptotic stability and
V-stability by Lyapunov stability theorems are proposed in [4,5]. Fractional comparison
principle for multi-variable fractional order systems is developed in [6]. The theorems
of existence, uniqueness, dependence upon initial conditions, and asymptotic stability
theorems for fractional order systems are presented in [7]. Vector Lyapunov functions
and asymptotic stability by matrix criteria are studied in [8,9]. The stability analysis by
Lyapunov methods and Krasovski approaches for fractional order time-varying delay sys-
tems are discussed in [10,11]. By using the fractional-order Razumikhin theorem, stability
conditions for the asymptotic stability of fractional-order linear time-delay systems are
derived in [12,13]. The investigation into the Hyers–Ulam stability of the fractional systems
is presented in [14,15]. The sufficient conditions for finite-time stability of fractional-order
systems are discussed in [16–19]. The fractional-order system approximation by complex
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fractional calculus equations with the estimation of the time-delays is studied in [20,21].
New delay-dependent stability criteria for fractional-order systems in terms of matrix
inequalities are developed in [22–24].

The present work attempts to introduce several stability evaluation criteria for multiple
fractional-order systems with multiple time delays. Furthermore, the presented methods
fall within the scope of techniques that serve as investigation and design tools by expressing
these criteria in the form of polar plots, which are familiar in the design of automated
control systems. The main contributions of this paper, compared with the existing results,
are listed as follows:

• The generalized Lyapunov function is proposed to investigate the asymptotic stability
of multi-order fractional systems with multiple time delays;

• The application of the Yakubovich–Kalman–Popov lemma, adapted for this class of
systems, allows us to obtain new stability criteria presented as frequency criteria and
represented graphically by polar plots;

• In contrast to classical Popov-type polar plots, where the critical point is determined
by the system’s nonlinearity, in fractional-order systems, the critical point of the polar
plots is determined by the fractional order γ, where 0 < γ < 1;

• By using the generalized Lyapunov function, the results are extended to linear and
nonlinear multi-order fractional systems with multiple time delays;

• Numerical applications highlight the investigation techniques and the particularities
of the presented criteria;

• An analysis of the advantages of the proposed methods compared to procedures and
techniques used in other papers is presented.

The paper is structured as follows: Section 2 presents mathematical preliminaries,
and stability criteria, Section 3 presents applications, and Sections 4 and 5 are dedicated to
discussion and conclusions.

Notations: The bold letters denote the vector or matrix variables and non-bold letters
denote scalar variables.

2. Materials and Methods
2.1. Preliminaries

Definition 1. The fractional order system

Dγx(t) = Ax(t) (1)

where Dγx denotes Caputo fractional order derivative and 0 < γ < 1 is asymptotically stable
if [8–10]

Arg(λi) < γ
π

2
, i = 1, 2, . . . , n (2)

and λi are the eigenvalues of A. (Denote A(γ) the γ-fractional order stable matrix and AH the
Hurwitz stable matrix).

Definition 2. The system

Dγi xi(t) = Aixi(t) + Aidxi(t − τi) + ∑N
j=1
j ̸=i

Aijxj(t)− biui(t) (3)

xi(t) = φi(t), t ∈ [−τi, 0], i = 1, 2, . . . , N (4)

yi(t) = cT
i xi(t), i = 1, 2, . . . , N (5)
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where x = [x1x2 . . . xi . . . xN]
T, xi =

[
xi1xi2 . . . xiNi

]T, is the state vector, x ∈ R∑ Ni ,, xi ∈ RNi ,
Dγi xi(t) is the Caputo derivative of xi(t) for γi ∈ (0, 1], γi ∈ Γ, τk, (k = 1, 2, . . . , N), are
the delay times, τk ∈ I, u = [u1, . . . , uN ]

T is the control vector, u ∈ RN , y = [y1, . . . , yN ]
T,

y ∈ RN is the output vector, Ai, Aid∈ RNi×Ni A,ij ∈ RNi×Nj , bi, ci ∈ RNi is a Multivariable
Fractional Order System with Multiple Time-Delays (MDFOS).

We consider that
τk ∈ I (6)

and I is the time-delay space for which the stability conditions are ensured for any γi ∈ Γ.
Also, φi(t) are continuous specified functions on t ∈ [−τk, 0].

Definition 3. The generalized Lyapunov function of MDFOS is

V(x) = ∑N
i=1 Vi(xi) (7)

where Vi(xi) = xT
i Pixi, Pi = PT

i > 0. The Multivariable Fractional Order Derivative of V(x) is
(DγV is the notation):

DγV(x) = ∑N
i=1 Dγi

(
xT

i Pixi

)
(8)

Theorem 1. MDFOS is asymptotically stable if the generalized Lyapunov function satisfies the
following conditions:

ξ1∥x∥2 ≤V(t) ≤ ξ2∥x∥2, ξi > 0, i = 1, 2 (9)

DγV(t) ≤ −η1 V(t) + η2V(t − τ) (10)

η1 > η2 > 0 (11)

where V(x(t)) = V(t) and V(x(t − τ)) = V(t − τ).

Proof. See Appendix A. □

Corollary 1. If Aid = 0, i = 1, 2, . . . , N, the system is asymptotically stable if η1 > 0.

2.2. Main Result
2.2.1. Fractional Order Linear System

Consider the system
Dγx(t) = Ax(t)− b u(t) (12)

y(t) = cTx(t) (13)

where x = [x1x2 . . . xi . . . xN ]
T, is the state vector, x ∈ RN , Dγx(t) is the Caputo derivative

of x(t) for γ ∈ (0, 1], u is the input, u ∈ R1, y ∈ R1 is the output, A ∈ RN×N, b, c ∈ RN.
Assume that the following control law

u(t) = ky(t) (14)

ensures as the matrix A either γ-fractional order stable ( k = kγ)

A(γ) = A − kγbcT (15)

or Hurwitz stable (k = kH)

AH = A − kHbcT (16)
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Define the coefficient
µ =

kH
kγ

(17)

where µ satisfies the condition

µγ
π

2
>

π

2
; µ >

1
γ
> 1; (18)

The following relations can be inferred:

kγ =
kH
µ

= kH − µ∗; (19)

µ∗ = kH
µ − 1

µ
(20)

If we substitute the control law (14) and (15) into the system (12) and (13), and take
(19) and (20) into account, this yields

Dγx(t) =
(

A − kHbcT
)

x(t) + µ∗bcTx(t) (21)

Considering that kH from (16) determined such as AH = A − kHbcT is Hurwitz, this
inequality becomes

Dγx(t) = AHx(t) + µ∗bcTx(t) (22)

Theorem 2. The system (12), (13) with the control law (15) is asymptotically stable if

Re
(

cT
(

jωI − AH
)−1

b
)
≤ α2

1 − γ
(23)

where α is provided in the proof below.

Proof. Let V(x) = xTPx be the Lyapunov function that satisfies the condition (9). The
γ-fractional order derivative of V(x) is (Appendix B):

DγV(t) = Dγ
(

xTPx
)
≤ (D γx

)TPx + xTP(D γx
)

(24)

Substituting (22) into (24) yields (for the sake of simplicity, throughout the remainder
of this section, x(t) is denoted as x)

DγV(x) ≤ xT
(

AHTP + PAH
)

x + 2xTPµ∗bcTx (25)

Considering that AH is Hurwitz, adding and subtracting the term 1
µ y2, after simple

additional manipulations, it follows that

DγV(x) ≤ −xTqqTx + 2xTPµ∗bcTx +
1
µ

y2 − 1
µ

y2 (26)

where
AHTP + PAH = −qqT (27)

Considering that

− 1
µ

y2 < − 1
µ2 y2 (28)
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the inequality (26) becomes

DγV(x) ≤ −xTqqTx − 2xT(−Pµµ∗bcTx − c
2
)

y
µ
− 1

µ2 y2 (29)

According to Kalman–Yakubovich–Popov Lemma [25], if AH is Hurwitz stable, the
pairs

(
AH, b

)
,
(
AH, c

)
are completely controllable and observable, respectively, a symmetric

matrix P and the matrix qqT, and a parameter α, solution of (27) and

−Pµµ∗bcTx − c
2
= αq (30)

exist if and only if

α2 + 2Re(
cT

2

(
jωI − AH

)−1
(−µµ∗b)) ≥ 0 (31)

0 < α ≤ 1 (32)

or

Re
(

cT
(

jωI − AH
)−1

b
)
≤ α2

µµ∗ (33)

Taking (18) and (20) into account yields

Re
(

cT
(

jωI − AH
)−1

b
)
≤ α2

γ(µ − 1)
≤ α2

1 − γ
(34)

If we denote
G(jω) = cT

(
jωI − AH

)−1
b (35)

This inequality becomes

Re(G(jω)) ≤ α2

1 − γ
(36)

If (34) is satisfied, taking (30) and (32) into account, the inequality (29) becomes

DγV(x) ≤ −
(

1 − α2
)

x
T

qqTx−xT(αq +
c
µ
)(αq +

c
µ
)

T
x (37)

DγV(x) ≤ −
λmin(Q)

λmax(P)
xTPx (38)

where
Q = (αq +

c
µ
)(αq +

c
µ
)

T
(39)

DγV(t) ≤ −η∗
1 V(t), η∗

1 =
λmin(Q)

λmax(P)
> 0 (40)

and according to Theorem 1, Corollary 1, if the condition (23) is verified, the system is
asymptotically stable. □

Remark 1. If γ = 1 then kγ = kH , µ = 1, and the frequency condition (36) is always satisfied.

2.2.2. Fractional Order Linear System with State Delay

Consider the system

Dγx(t) = Ax(t) + Adx(t − τ)− b u(t)
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x(t) = φ(t), t ∈ [−τ, 0] (41)

y(t) = cTx(t)

where x, u, y are the state vector, the input and output, respectively, as in the previous
section, x ∈ RN , Dγx(t) is the Caputo derivative of x(t) for γ ∈ (0, 1], τ is the delay times,
τ ∈ I, u ∈ R1, y ∈ R1, AAd ∈ RN×N, b, c ∈ RN. Also, φ(t) is a continuous specified
function on t ∈ [−τ, 0]. By following the same procedure as described in the preceding
section, we consider the control law

u(t) = ky(t) (42)

where the parameter k = kγ ensures as the matrix A is γ-fractional order stable.
Define the coefficients, µ, µ∗ :

µ =
kH
kγ

(43)

that satisfies the conditions
µγ

π

2
>

π

2
; µ >

1
γ
> 1; (44)

µ∗ = kH
µ − 1

µ
(45)

If we substitute the control law (42) for k = kγ into the system (41)–(43) and take

(A H = A − kHbcT
)

into account, this yields

Dγx(t) = AHx(t) + µ∗bcTx(t) + Adx(t − τ) (46)

Theorem 3. The system (41) with the control law (42) (k = kγ) is asymptotically stable if

η∗
1 =

λmin(Q)

λmax(P)
−

λmax(P2)

λmin(P)
> 0, η∗

2 =
ρτ2

max
λmin(P)

(47)

η∗
1 > η∗

2 ; τ ∈ I (48)

Re
(

cT
(

jωI − AH
)−1

b
)
≤ α2

µµ∗ ≤ α2

1 − γ
(49)

where λmin(Q), λmax(P2), α, ρ are provided in the proof below.

Proof. Let V(x) = xTPx be the Lyapunov function that satisfies the condition (9). The
γ-fractional order derivative of V(x) is (Appendix B)

DγV(t) = Dγ
(

xTPx
)
≤ (D γx

)TPx + xTP
(
(D γx

)
) (50)

Substituting (23) into (27) yields (for the sake of simplicity, throughout the remainder
of this paper, x(t) is denoted as x, the time variable t is explicitly included only for delay-
specific components, i.e., x(t − τ))

DγV(x) ≤ xT
(

AHTP + PAH
)

x + 2xTPµ∗bcTx + 2xTPAdx(t − τ) (51)

Using inequality

2xTPAdx(t − τ) ≤ xTPPx(t) + xT(t − τ)AT
dAdx(t − τ) (52)
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By following the same procedure as described in the preceding section

DγV(x) ≤ −xTqqTx − 2xT(−Pµµ∗bcTx − c
2
)

y
µ
− 1

µ2 y2 + xTPPx(t) + xT(t − τ)AT
dAdx(t − τ) (53)

where
AHTP + PAH = −qqT (54)

According to the Kalman–Yakubovich–Popov Lemma [25], if AH is Hurwitz stable, the
pairs

(
AH, b

)
,
(
AH, c

)
are completely controllable and observable, respectively, a symmetric

matrix P and the matrix qqT, solution of (54) and

−Pµµ∗bcTx − c
2
= αq (55)

exist if and only if

α2 + 2Re(
cT

2

(
jωI − AH

)−1
(−µµ∗b)) ≥ 0 (56)

0 < α ≤ 1 (57)

Re
(

cT
(

jωI − AH
)−1

b
)
≤ α2

µµ∗ ≤ α2

1 − γ
(58)

Re(G(jω)) ≤ α2

1 − γ
(59)

Assume that the delay component satisfies the condition:∥∥∥AT
dAd

∥∥∥ ≤ ρτ2 (60)

If (59) is satisfied, taking (55) and (57) into account, the inequality (53) becomes

DγV(x) ≤ −
(

1 − α2
)

x
T

qqTx−xT(αq +
c
µ
)(αq +

c
µ
)

T
x + xTPPx + ρτ2xT(t − τ)x(t − τ) (61)

The first term is negative and this inequality becomes

DγV(x) ≤ −(
λmin(Q)

λmax(P)
−

λmax(P2)

λmin(P)
)xTPx +

ρτ2
max

λmin(P)
xT(t − τ)Px(t − τ) (62)

where
Q = (αq +

c
µ
)(αq +

c
µ
)

T
(63)

DγV(t) ≤ −η∗
1 V(t) + η∗

2 V(t − τ); τ ∈ I (64)

and according to Theorem 1, if the conditions (47)–(49) are verified, the system is asymptot-
ically stable. □

2.2.3. Multi-Fractional Order Linear Systems with Multiple State Delays

Consider MDFOS (3)–(5) (Definition 2), where according to (6) the variable τk is
substituted by τ. Assume that the matrices Aij, Aid satisfy the conditions:

a. AidAT
id ≤ ρidτ2

i INi , ρid > 0; (65)

b. AijAT
ij ≤ ρijINi , ρij > 0; , ρij = , ρji; i ̸= j, INi is identity matrix, INi ∈ RNi×Ni (66)
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The following control law is applied to ensure the γ-fractional order stability:

ui(t) = kγiyi(t) = kγicT
i xi(t), kγi > 0; i = 1, 2, . . . , N (67)

and Ai become the γ-fractional order stable matrices

A(γ)
i = Ai − kγibicT

i , i = 1, 2, . . . , N (68)

Let µi be a positive constant that satisfies inequality

µiγi
π

2
>

π

2
; µi >

1
γi

> 1; (69)

We define the coefficients

kHi = µikγi; kHi > 1; i = 1, 2, . . . , N (70)

The following relations can be inferred:

kγi =
kHi
µi

= kHi − µ∗; (71)

µ∗
i = kHi

µi − 1
µi

(72)

If we substitute the control law (67) into the system (3)–(5) and take (69) and (72) into
account, this yields

Dγi xi(t) = (A i −kHibicT
i

)
x

i
(t) + µ∗

i bicT
i xi(t) + Aidxi(t − τi) + ∑N

j=1
j ̸=i

Aijxj(t) (73)

Considering that kHi from (70) determines as AH
i = Ai − kHibicT

i is Hurwitz, this
inequality becomes

Dγi xi(t) = AH
i xi(t)(t) + µ∗

i bicT
i xi(t) + Aidxi(t − τi) + ∑N

j=1
j ̸=i

Aijxj(t) (74)

Theorem 4. The system (3)–(5) that satisfies the conditions (65) and (66), with the control law (67)
is asymptotically stable if

ηi =
λmin(Qi)

λmax(Pi)
− 1

λmin(Pi)

(
Nλmax(P2

i )
+ ρi

)
> 0,

ρidτ2
i

λmin(Pi)
> 0, i = 1, 2, . . . , N (75)

η∗
1 > η∗

2 ; τi ∈ I, i = 1, 2, . . . , N (76)

Re(Gi(jω)) ≤
α2

min
1 − γmin

, i = 1, 2, . . . , N, (77)

where λmin(Qi)
, λmax(P2

i )
, γmax, ρi, η∗

1 , η∗
2 , α2

min are provided in the proof below.

Proof. Consider the generalized Lyapunov function (17), V(t) = ∑N
i=1 Vi(xi(t)),

Vi(xi) = xT
i Pixi, Pi = PT

i > 0, that satisfies the conditions (19). According to Definition 2,
the multivariable fractional order derivative of V(x) is (Appendix B)

DγV(t) = ∑N
i=1 Dγi

(
xT

i Pixi

)
≤ ∑N

i=1

((
Dγi xT

i

)
Pixi + xT

i Pi(Dγi xi)
)

(78)
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By following the same procedure as described in the preceding section:

DγV(t) ≤ ∑N
i=1(x

T
i

(
AHT

i Pi + PiAH
i

)
xi + 2xT

i Piµ
∗
i bicT

i xi) + 2∑N
i=1 xT

i (t − τi)AT
idPixi(t)+2∑N

i=1 ∑N
j=1
j ̸=i

xT
j AT

ijPixi (79)

Using inequalities

2xT
i AT

ijPixi ≤ xT
i PiPixi + xT

j AT
ijAijxj (80)

2xT
i (t − τi)AT

idPixi(t) ≤ xT
i (t)PiPixi(t) + xT

i (t − τi)AT
idAidxi(t − τi) (81)

considering that AH
i is Hurwitz

AHT
i Pi + PiAH

i = −qiq
T
i (82)

and the inequalities

− 1
µi

y2
i < − 1

µ2
i

y2
i (83)

after simple additional manipulations, it follows that

DγV(t) ≤ ∑N
i=1 ((−xT

i qiq
T
i xi − 2xT

i (−Piµ
∗
i µibi −

ci

2
)

yi

µi
− 1

µ2
i

y2
i ) + xT

i P2
i xi + xT

i (t − τi)AT
idAidxi(t − τi)) + 2∑N

i=1 ∑N
j=1
j ̸=i

xT
j AT

ijPixi (84)

According to Kalman-Yakubovich-Popov Lemma [25], if AH
i is Hurwitz stable, the

pairs
(
AH

i , bi
)
,
(
AH

i , ci
)

are completely controllable and observable, respectively, a symmet-
ric matrix Pi and the matrix qiq

T
i , solution of (82) and

−Piµ
∗
i µibi −

ci
2
= αiqi, i = 1, 2, . . . , N (85)

0 < αi ≤ 1 (86)

exist if and only if

α2
i + 2Re(

cT
i
2

(
jωI − AH

i

)−1
(−µ∗

i µibi)) ≥ 0 (87)

Re
(

cT
i

(
jωI − AH

i

)−1
bi

)
≤

α2
min

µ∗
i µi

=
α2

i
γi(µi − 1)

, i = 1, 2, . . . , N (88)

Provided that (70), (72), (86), yields

Re
(

cT
i

(
jωI − AH

i

)−1
bi

)
≤

α2
i

1 − γi
, i = 1, 2, . . . , N (89)

If we denote by
γmin = min

i
γi; αmin = min

i
αi (90)

Gi(jω) = cT
i

(
jωI − AH

i

)−1
bi (91)

This inequality becomes

Re(Gi(jω)) ≤
α2

min
1 − γmin

, i = 1, 2, . . . , N, (92)

If (92) is satisfied, taking (80) and (81) into account, the inequality (84) becomes

DγV(t) ≤ ∑N
i=1 −

(
1 − α2

i

)
xT

i qiq
T
i xi−∑N

i=1(x
T
i (qi +

ci
µi
)(qi +

ci
µi
)

T
xi + xT

i P2
i xi + ρidτ2

i x
T
i (t − τi)xi(t − τi)) +∑N

i=1 ∑N
j=1
j ̸=i

ρijx
T
j xi (93)
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Provided that the first term is negative, this results in

DγV(t) ≤ ∑N
i=1 (−λmin(Qi)

xT
i

xi + Nλmax(P2
i )

xT
i xi + ρidτ2

i x
T
i (t − τi)xi(t − τi)) + ∑N

i=1 ∑N
j=1
j ̸=i

ρijx
T
j xi (94)

or,

DγV(t) ≤ ∑N
i=1 (−

λmin(Qi)

λmax(Pi)
xT

i Pixi + N
λmax(P2

i )

λmin(Pi)
xT

i Pixi +
ρidτ2

i
λmin(Pi)

xT
i (t − τi)Pixi(t − τi) +

ρi
λmin(Pi)

xT
i Pixi) (95)

where
Qi = (qi +

ci
µi
)(qi +

ci
µi
)

T
; ρi = ∑N

j=1
j ̸=i

ρij (96)

and λmin(Qi)
, λmax(P2

i )
, λmax(Pi)

are the minimum and maximum eigenvalues of Qi, P2
i , Pi,

respectively. This inequality becomes,

DγV(t) ≤ ∑N
i=1 (−

λmin(Qi)

λmax(Pi)
+

1
λmin(Pi)

(Nλmax(P2
i )
+ ρi))Vi(t) +

ρidτ2
i

λmin(Pi)
Vi(t − τi) (97)

If we denote by

η∗
1 = min

i
(

λmin(Qi)

λmax(Pi)
− 1

λmin(Pi)
(Nλmax(P2

i )
+ ρi)); η∗

2 = max
i

ρidτ2
i

λmin(Pi)
; τi ∈ I (98)

this inequality becomes

DγV(t) ≤ −η∗
1 V(t) + η∗

2 V(t − τ); τ ∈ I (99)

and according to Theorem 3, if the conditions (75)–(77) are verified, the system is asymptot-
ically stable. □

2.2.4. Multi-Fractional Order Systems with State Delays and Nonlinear Components

Consider MDFOS (3)–(5) with nonlinear components fi(xi)

Dγi xi(t) = Aixi(t) + Aidxi(t − τi) + ∑N
j=1
j ̸=i

Aijxj(t) + fi(xi),−biui(t) (100)

where Ai, xiAid, Aij, the initial conditions, the output and the inputs are defined as in the
previous sections and the nonlinear components satisfy the conditions:

∥fi(xi)∥2 ≤ ∑Ni
j=1 lij

∥∥xij
∥∥2, lij > 0 (101)

Theorem 5. The system (100) that satisfies the conditions (65) and (66), with the control law (67)
is asymptotically stable if

ηi =
λmin(Qi)

λmax(Pi)
− 1

λmin(Pi)

(
Nλmax(P2

i )
+ ρi + l∗i

)
> 0, η∗

2 = max
i

ρidτ2
i

λmin(Pi)
; τi ∈ I; i = 1, 2, . . . , N (102)

η∗
1 > η∗

2 ; τi ∈ I, i = 1, 2, . . . , N (103)

Re(Gi(jω)) ≤
α2

min
1 − γmin

, i = 1, 2, . . . , N, (104)

https://doi.org/10.3390/math14132348

https://doi.org/10.3390/math14132348


Mathematics 2026, 14, 2348 11 of 22

where l∗i = max
j

lij .

Proof. The proof is similar to previous Section. □

3. Results
3.1. Numerical Example 1

Consider the system

D0.8x(t) = Ax(t) + Adx(t − τ)− bu(t) (105)

where

A =

[
0 1

−60 8

]
; Ad = τ

[
0.01 0

0 0.015

]
;b =

[
0
3

]
; c =

[
0.1
7.7

]
; (106)

τ ∈ I = [0.1 : 0.4]s; (107)

The matrix A is 0.8-fractional order unstable with λA = 4 ± j 8. The control law
(42) ensures that matrix A is either 0.8-stable or Hurwitz stable. From Figure 1, it can be
observed that for k0.8 ∈ [3 : 4.5], A becomes 0.8-stable

(
λA0.8 = 1.22 ± j 7.65

)
, whereas for

kH ∈ [5:7], it becomes Hurwitz stable
(
λAH = −1.42 ± j 9.45

)
. According to (43) and (45),

if we consider k0.5 = 3.6 and kH = 7 yields µ = 1.94, µ∗ = 3.39 and the control law (14),
A(γ) = A − kγbcT. The pairs

(
AH, b

)
,
(
AH, c

)
are completely controllable and observable,

respectively, (AH = A − kHbcT) and solving the system in MATLAB-R2020a.

AHTP + PAH = −qqT − δ I (108)

−Pµ∗µb − c
2
= αq (109)

for δ = 57.7, yields

P =

[
22.5 0.474

0.474 0.474

]
; q =

[
−4

−14.8

]
; λP =

[
22.5
0.47

]
; α = 1; (110)

Figure 1. Eigenvalue migration by the control law (42), Example 1.
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The conditions (47) become

η∗
1 =

δ

λmax(P)
− 1

λmin(P)
= 0.5368; η∗

2 = τ2
1max

λmax(P2
1 )

∥∥A1dAT
1d

∥∥
λmin(P1)

= 0.155; (111)

η∗
1 > η∗

1 > 0, τ ∈ I (112)

DγV(t) ≤ −η∗
1 V(t) + η∗

1 V(t − τ) (113)

The first condition of Theorem 3 is verified. The second condition, the frequency
condition, requires

Re
(

cT
(

jωI − AH
)−1

b
)
≤ 1

1 − γ
= 5 (114)

We remark from Figure 2 that the polar plot of G(jω) satisfies the inequality (113).
The conditions of Theorem 3 are satisfied; the system (105)–(107) is asymptotically sta-
ble. In Figure 3 are shown the trajectories of the system for k0.5 = 3.6 and τ = 0.2 s,
(x(t) = [0.2 : 0.], t ∈ [−0.2, 0]).

Figure 2. G(jω) polar plot, Example 1.

Figure 3. Trajectories of the system (105)–(107).
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3.2. Numerical Example 2

Consider the system

D0.5x1(t) = A11x1(t) + A1dx1(t − τ1) + A12x2(t)− b1u1(t) (115)

D0.7x2(t) = A21x1(t)+A22x2(t) + A2dx2(t − τ2)− b2u2(t) (116)

y1(t) = cT
1 x1(t); y2(t) = cT

2 x2(t) (117)

where

A11 =

[
0 1

−34 10

]
; A1d = τ1

[
0.1 0
0 0.15

]
; A12 =

[
−0.017 0

0 0.011

]
; b1 =

[
0

1.2

]
; c1 =

[
2

2.2

]
; (118)

A22 =

[
0 1

−25 6

]
; A2d = τ2

[
0.011 0

0 0.015

]
; A21 =

[
0 0
0 0

]
; b1 =

[
0
1

]
; c1 =

[
1.8
2.0

]
; (119)

τ1 ∈ I1 = [0.2 : 0.8]s; τ2 ∈ I2 = [0.2 : 1]s; (120)

The matrix A11 is 0.5-fractional order unstable with λA11 = 5 ± j 3. The control law
(67) ensures that matrix A11 is either 0.5-stable or Hurwitz stable. From Figure 4, it can
be observed that for k0.5 ∈ [1.4 : 5.5], A11 becomes 0.5-stable, whereas for kH,1 ∈ [5.6:6], it
becomes Hurwitz stable. According to (69) and (72), if we consider k0.5 = 3 and kH,1 = 6
yields µ1 = 2, µ∗

1 = 3 and the control law

u1(t) = kγ1y1(t) = kγ1cT
1 x1(t) (121)

The pairs
(
AH

11, b1
)
,
(
AH

11, c1
)

are completely controllable and observable, respectively,
(AH

11 = A11 − kH,1b1cT
1 ) and solving in MATLAB the system

AHT
11 P1 + P1AH

11 = −q1qT
1 − δ1I (122)

−P1µ∗
1µ1b1 −

ci
2
= q1 (123)

for δ1 = 25, yields

P1 =

[
3.49 0.746
0.746 0.746

]
; q1 =

[
−2.5
−2.34

]
; λP1 =

[
0.55
3.67

]
; α1 = 0.5; (124)

Figure 4. Eigenvalue migrations of A11, A22 by the control law (42), Example 2.

https://doi.org/10.3390/math14132348

https://doi.org/10.3390/math14132348


Mathematics 2026, 14, 2348 14 of 22

Also, the matrix A22 is 0.7-fractional order unstable with λA11 = 3 ± j 4. The control
law (67) ensures that matrix A22 is either 0.7-stable or Hurwitz stable. From Figure 3, it can
be observed that for k0.7 ∈ [1.2 : 1.8] A11 becomes 0.7-stable, whereas for kH,2 ∈ [1.9:4], it
becomes Hurwitz stable. We consider k0.7 = 1.5 and kH,2 = 4 and obtain µ2 = 2.67, µ∗

2 = 2.5
and the control law

u2(t) = kγ2y2(t) = kγ2cT
2 x2(t) (125)

The pairs
(
AH

22, b2
)
,
(
AH

22, c2
)

are completely controllable and observable, respectively.
(AH

22 = A22 − kH,2b2cT
2 ) and solving the system in MATLAB

AHT
22 P2 + P2AH

22 = −q2qT
2 − δ2I (126)

−P2µ∗
2µ2b2 −

c2

2
= αq2 (127)

for δ2 = 22, yields

P2 =

[
27.34 0.57
0.57 0.57

]
; q2 =

[
−2.85
−0.36

]
; λP2 =

[
0.56
27.35

]
; α2 = 0.5; (128)

The inequalities (75) and (76) become

η11 =
δ1 − 1

λmax(P1)
= 6.54; η21 = τ2

1max

λmax(P2
1 )

∥∥A1dAT
1d

∥∥
λmin(P1)

= 0.352; (129)

η12 =
δ2 − 2

λmax(P2)
−

λmax(P2
1 )

∥∥A12AT
12
∥∥

λmin(P2)
= 0.53; η22 = τ2

2max

λmax(P2
2 )

∥∥A2dAT
2d

∥∥
λmin(P2)

= 0.016; (130)

η∗
1 = min

i
η1i = 0.53; η∗

1 = max
i

η2i = 0.352 (131)

These results can be summarized in

DγV(t) ≤ −0.53 V(t) + 0.352 V(t − τ); τ ∈ I (132)

From (77), it follows that

Re
(

cT
i

(
jωI − AH

i

)−1
bi

)
≤

α2
min

1 − γmin
, i = 1, 2 (133)

Re(G i(jω)) ≤ 0.5, i = 1, 2 (134)

The inequality (77) is verified in Figure 5 by the polar plots of Gi(jω), i = 1, 2. All the
conditions of Theorem 4 are satisfied, and we can conclude that the system (114)–(120) is
asymptotically stable. The stability is also proved by the trajectories from Figure 6.

(x1(t) = [0 : 0.1], x2(t) = [0 : 0], t ∈ [−0.2, 0])
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Figure 5. Gi(jω), i = 1, 2, polar plots of Example 2.

Figure 6. Trajectories of the system, Example 2.

3.3. Human–Machine System: Multi-Order Fractional System with Multiple State Delays

The human–machine system is modeled as a multi-fractional order system to cap-
ture its complex dynamics. The literature is quite extensive, and this is not the place to
present a synthesis of these papers. The human–machine model discussed in this section is
represented by the driver–vehicle model, which completely defines all the characteristics
that allow for the determination of the conditions to achieve the desired performance.
This model is based on the studies and publications synthesized in [26,27]. In this case,
the human–machine system is a complex system where the human model is described
by a fractional-order system, while the simplified dynamics of the vehicle’s handling are
described by second-order differential equations; see Figure 7.
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Figure 7. Driver–vehicle model.

The human model discussed herein is an extension of the one presented in [27]

D1.4xh(t) + ah1D0.7xh(t) + ah2xh(t) = wh(t) (135)

yh(t) = xh(t) (136)

where xh defines the human state, yh is the human operator’s output, and the parameters
ah1, ah2 define the human driving characteristics.

The driver’s ability to estimate the position (and eventually the velocity) of the vehicle
is determined by the matrix Dh in which the coefficients dhi, i = 1, 2, define the delay
τ1 (τ1 ∈ I1 = [τ1min, τ1max]) through which these motion parameters are estimated

w =

[
wh1

wh2

]
=

[
θ
.
θ

]
; Dh =

[
dh1 0
0 dh2

]
(137)

The driver’s ability to enforce a desired motion trajectory is defined by yh, a command
generated with a delay τ2 (τ2 ∈ I2 = [τ2min, τ2max]) that corresponds to the time constant
of the driver. The model (135), (136) becomes

D0.7xh(t) = Ahxh(t) + Dhwh(t) (138)

yh(t − τ2) = cT
hxh(t − τ2) (139)

where xh(t) =
[
xh(t), D0.7xh(t)

]T

Ah =

[
0 1

−ah2 −ah1

]
; ch = 103

[
1.1
0

]
(140)

Remark that Ah is Hurwitz for ah1, ah2 ∈ Dh, this is expected, as a vehicle driver must
necessarily be a stable person. The data defining this model correspond to a driver with
normal driving skills, meaning an equivalent response time constant of approximately
I1=[0.2, 0.8]s and a good visual observation quality defined by dh1 = 0.1, dh2 = 0.015. The
driver’s ability to enforce a desired motion trajectory is defined by yh(t − τ2), a command
generated with a delay I2 = [0.2, 1]s that corresponds to the time constant of the driver.

An electric vehicle with the front-wheel-steering control is considered [28].

Js
..
θ(t) = −cd

.
θ(t)− csθ(t) + bsu(t) (141)

where θ is the average angle of the two front wheel angles, inertial component Js = 0.008 kgm2 cs

is the stiffness of steering system ( cs = 2100 Nm/rad), damping cd = 0.136 Nm s
rad , bs is a
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coefficient relative to steering ratio [28] and u is the driving torque. The model of (141) can
be rewritten as (θ(t) = θ1(t))

.
xθ(t) = Aθxθ(t) + bθu(t) (142)

y(t) = cT
θxθ(t) (143)

Aθ =

[
0 1

−cs/Js −cd/Js

]
; bθ =

[
0

bs/Js

]
; cθ =

[
c1

c2

]
(144)

where xθ is the state vector, xθ = [θ1 θ2]
T, the system parameters are: bs = 10−3, c1 = 8, c2 = 0.27

and u is determined by two components

u(t) = yh(t)− uc(t) (145)

The first component is imposed by human operator, it determines how the operator’s
state dictates the control command u applied to the vehicle and the second component
represents the internal control that ensures the desired performance

uc(t) = kθy(t) (146)

For kθ = 8, the matrix Aθ becomes Hurwitz and (142)–(144) can be rewritten as

.
xθ(t) = AH

θ xθ(t) + bθ cT
hxh(t − τ2) (147)

Consider the following Lyapunov generalized function for the human–machine sys-
tem:

V(x) = xT
hPhxh + xT

θPθxθ (148)

By following the same procedure as described in the preceding examples, for the
human model we chose and infer kh = 8, µh = 3, µ∗

h = 4. Considering the controllability
and observability of the pairs,

(
AH

h , bh
)
,
(
AH

h , ch
)

respectively, and solving in MATLAB the
systems

AHT
h Ph + PhAH

11 = −qhqT
h − δ1I (149)

−Phµ∗
hµhbh −

ch
2

= qh (150)

for δ1 = 57, yields

Ph =

[
23.19 0.491
0.491 0.491

]
; qh =

[
−4.53
−15.8

]
; λP1 =

[
23.18
0.495

]
; α1 = 1; (151)

For the system (142), (143) (γ = 1), the lemma YKP’s equations become Lyapunov
equation

AHT
θ Pθ + PθAH

θ = −qθqT
θ − δ2I (152)

For δ2 = 47 yields

Pθ =

[
0.768 0.766
0.766 0.766

]
; qθ =

[
−34.46
−12.51

]
; λP1 =

[
0.783
0.783

]
; (153)

The conditions (75) and (76) of Theorem 4 become

η11 =
δ1

λmax(Ph)
− 1

λmin(Ph)
= 0.469; η21 = τ2

1max

λmax(P2
θ )

∥∥∥(bθcT
h
)(

bθcT
h
)T
∥∥∥

λmin(Ph)
= 0.198 (154)
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η21 =
δ2

λmax(Pθ)
− 1

λmin(Pθ)
= 45.69; η21 = τ2

2max

λmax(P2
h )

∥∥DhDT
h

∥∥
λmin(Pθ)

= 0.213 (155)

η∗
1 = 0.469; η∗

2 = 0.213 (156)

DγV(t) ≤ −η∗
1 V(t) + η∗

2 V(t − τ) (157)

η∗
1 > η∗

2 (158)

According to Remark 1 (Section 2.2.1) the frequency condition of the system (140) and
(141), ( γ = 1), is always satisfied. For the human model (138) and (139) yields, (Figure 8)

Re
(

cT
h

(
jωI − AH

h

)−1
bh

)
≤ 3.3 (159)

Figure 8. Gh(jω) polar plot.

Since all conditions of Theorem 4 are verified, allow us to conclude that system (136),
(137), (140), and (141) is asymptotically stable. The trajectories of the system for a desired
control position θd = π/6 and for the delays τ1 = 0.2 s, τ2 = 0.3 s are shown in Figure 9.

Figure 9. Trajectories of the human–machine system.

The driver needs 0.2 s to estimate the position and 0.3 s to generate new control. The
asymptotic stability of the system is confirmed by the evolution of the trajectories presented
in Figure 9.
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4. Discussion
As discussed in Section 1, papers addressing the complex field of multi-fractional-

order systems control with multiple delays are relatively scarce. Our theoretical results are
based on papers [4–7], which offer algebraic criteria for these classes of systems. To the
best of the authors’ knowledge, none of these papers analyze these systems from a control
perspective. For instance, in [4], the following model is studied:

dγx
dtγ

= y (160)

dγy
dtγ

= −k1y + k2x(t − τ)− y(t − τ)3 + Bcost (161)

The stability is studied by Laplace transform and by its characteristic equation∣∣∣∣∣sγ + k1 −1
−e−τs sγ + k1 + k2

∣∣∣∣∣ = 0 (162)

Furthermore, these papers study positive fractional models, which restricts their scope
of application. In [3] the following system is analyzed:

Dαx(t) = Ax(t) + Adx(t − τ) + dw(t) (163)

A =

−2 0.6 0.3
0.3 −3 1
0.2 0.5 −4

; Ad =

0.4 0.5 0.1
0.3 0.6 0.2
0.1 0.3 0.1

 (164)

where A is Metzler and (A + Ad) is Hurwitz. The system is asymptotically stable ( w(t) = 1).
In [8] is studied the model is studied

D∝i xi(t) = −ci + fi(xi, xi(t − τi), . . . . . .) (165)

where ci ∈ R, fi are Lipschitz functions. The stability is verified by (Λ +∑ Ad) in Lyapunov
vector function

DαV ≼ Λ V + ∑ Ad V(t − τ) (166)

In general, the analysis method in these papers is based on the condition that the
matrix A in Dαx(t) = Ax(t) is a Metzler matrix. In physical processes, this condition is
not always satisfied. For instance, in the human–machine system model from the previous
section, the vehicle model is defined by:

Aθ =

[
0 1

−cs/Js −cd/Js

]
(167)

which is obviously not Metzler.
Our paper investigates the problem of establishing criteria that ensure, through the

control system, the asymptotic stability for models defined by equations with multiple
fractional exponents and multiple delays. In this regard, our paper extends these results to
models derived from physical processes and proposes algebraic criteria associated with
frequency-domain criteria.

5. Conclusions
The present work attempts to introduce several stability evaluation criteria for mul-

tiple fractional-order systems with multiple time delays. Furthermore, the presented
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methods fall within the scope of techniques that serve as investigation and design tools
by expressing these criteria in the form of polar plots, which are familiar in the design of
automated control systems. These new stability criteria are presented as frequency criteria
and represented graphically by polar plots similar to familiar Nyquist and Popov plots
and provide advantages in control systems design. In Theorems 2–4 presented in our
paper, the proposed control laws ensure γ-fractional-order stability; the formulated criteria
encompass both simple algebraic criteria and frequency-domain representations via polar
plots. It is worth noting that the critical point of these polar plots is not determined by
nonlinearity or control coefficients—as is the case with Nyquist or Popov polar plots—but
rather by the fractional exponent γ. We consider that, in many applications, these polar
plots enable a much easier evaluation of system stability and can serve as a useful tool in
control systems design. Throughout the paper, whenever possible, we have demonstrated
the simplicity of the proposed methods and criteria in comparison to similar studies. We
assume that establishing frequency-domain stability criteria and their associated graphical
representations, similar to those obtained through the classical Nyquist and Popov criteria,
constitutes an efficient tool for both the analysis and design of control systems for these
classes of systems described by multiple fractional-order differential equations and multiple
time delays.
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Appendix A

Proof of Theorem 1. Consider the generalized Lyapunov function V(t) of MDFOS that
satisfies (8)–(10).

Taking (7) and (8) into account, inequality (10) can be rewritten as
Dγ1 V1(t)
Dγ2 V2(t)

.

.
Dγ1 VN(t)

 ≤ −η1


V1(t)
V2(t)

.

.
VN(t)

+ η2


V1(t − τ)

V2(t − τ)

.

.
VN(t − τ)

 (A1)

or 
Dγ1 V1(t)
Dγ2 V2(t)

.

.
Dγ1 VN(t)

 ≤ −M1


V1(t)
V2(t)

.

.
VN(t)

+ M2


V1(t − τ)

V2(t − τ)

.

.
VN(t − τ)

 (A2)

where M1, M2 ∈ RN×N

Mi = ηi In, i = 1, 2 (A3)
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The system (A2) is a fractional-order positive system where −M1 is Metzler matrix
and (−M1 + M2) is Hurwitz matrix. According to ([8], Theorem 2), the system (MDFOS) is
asymptotically stable independent of the magnitude of delays. □

Appendix B
Consider the system

Dγi x(t) = Ax(t) (A4)

Let V(x) = xTPx be the Lyapunov function.
The Caputo fractional derivative of V(x) is [5,8–10]

Dγi
(

xTPx
)
≤ 2xTP

(
D

γi
x) =2xTPAx (A5)

and, using properties of the transpose, which yields:

xTPAx = xTATPx (A6)

Consequently, (A5) can be rewritten as

Dγi
(

xTPx
)
≤ xTPAx + xTATPx = xT

(
PA + ATP

)
x (A7)
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