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Abstract 

Petrophysical parameters of rocks and ores, influenced by composition, porosity, temper-
ature, and pressure, are generally distributed uniformly or continuously in space—rela-
tively homogeneous within individual geological units and varying smoothly across strat-
igraphic transition zones and contact boundaries. Based on this geological characteristic, 
this paper establishes a three-dimensional (3-D) piecewise linear continuous spectral pa-
rameter model to compute forward responses of apparent spectral parameters under low-
frequency current excitation. The calculation follows a two-step workflow: finite-element 
forward simulation of multi-frequency apparent complex resistivity, followed by recur-
sive inversion to obtain apparent spectral parameters. The subsurface medium is discre-
tized with hexahedral meshes, with four Cole–Cole parameters (zero-frequency resistivity, 
chargeability, time constant, and frequency exponent) assigned to each mesh node. Linear 
interpolation is adopted for complex resistivity and potential within each element, ensur-
ing piecewise linear continuity of both physical properties and simulated fields. To im-
prove accuracy, the total complex potential is decomposed into a primary field from the 
source current and a secondary field from complex conductivity variations, and the cor-
responding boundary value problem and variational form are derived. On this basis, we 
implement the finite-element algorithm for 3-D piecewise linear continuous media and 
the recursive inversion algorithm for spectral parameters, and develop an interactive 3-D 
SIP forward modeling program. Comparison with analytical solutions for a continuous 
layered model shows good agreement, with relative errors below 1.5% for the real part 
and 3.8% for the imaginary part of apparent complex resistivity. Two numerical cases—a 
cubic anomaly in homogeneous half-space and a sandbox model—further verify the per-
formance of the proposed method. 
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1. Introduction 
The spectral induced polarization (SIP) method is a classical frequency-domain geoe-

lectrical exploration technique. Physically, it arises from the polarization effect of rock and 
ore particles under alternating excitation electric fields: charged species in pore water and 
the rock matrix accumulate and migrate at medium interfaces, producing pronounced fre-
quency-dependent polarization responses. Owing to its multi-parameter measurement ca-
pability and rich spectral information, SIP has been widely applied in various geological 
and engineering fields. In mineral exploration, SIP effectively delineates disseminated sul-
fide mineralization zones and distinguishes ore-bearing rocks from barren host rocks by 
extracting chargeability and time constant parameters [1]. For hydrogeological investiga-
tions, SIP provides quantitative constraints on pore structure, water saturation, and hydrau-
lic conductivity of aquifers [2]. In environmental geophysics, time-lapse SIP monitoring 
tracks the migration of hydrocarbon contaminants and heavy metal plumes, and character-
izes biodegradation processes in porous media [3,4]. Furthermore, emerging biogeophysical 
studies have confirmed the sensitivity of imaginary conductivity to subsurface microbial 
activity, extending the application scope of SIP to biogeochemical process monitoring [4–6]. 

To characterize the SIP responses of rocks and ores, several mathematical models 
have been proposed, including the Cole–Cole model [7], the Debye decomposition model 
[8], and the Warburg model [9]. Among these, the Cole–Cole model has gained the most 
widespread adoption, and numerous modified forms have been developed to describe the 
physical properties of rocks and ores [10]. Given its versatility and maturity, the Cole–
Cole model is adopted in this study as the theoretical basis for constructing the three-
dimensional geoelectric model. 

With the growing application of the SIP method, the development of efficient and 
accurate forward modeling algorithms has become a key research focus in SIP data pro-
cessing. The objective of SIP forward modeling is to predict the SIP responses of subsur-
face geological structures based on electrode array measurements. Existing numerical 
simulation methods for SIP mainly include the integral equation method, the finite-differ-
ence method (FDM), and the finite element method (FEM). When applied to complex ge-
ological structures, the integral equation method and FDM generally suffer from simula-
tion errors due to grid approximation [11–16]. In contrast, FEM has been extensively em-
ployed in geoelectromagnetic numerical simulations owing to its flexible mesh generation 
capability [17–22], which enables accurate representation of complex geological struc-
tures. Despite these advances, most existing SIP numerical simulation methods assume 
piecewise-uniform physical property parameters in geoelectric models. However, the 
physical properties of subsurface media are typically influenced by factors such as com-
position, porosity, and temperature, resulting in continuous spatial variations. Conse-
quently, piecewise-uniform modeling approaches produce stepwise approximations of 
subsurface media, which may compromise the fidelity of SIP response simulation for con-
tinuously varying anomalies. 

In addition to forward modeling, estimating apparent spectral parameters from 
multi-frequency apparent complex resistivity data is essential for investigating the spec-
tral characteristics of subsurface targets. Early spectral parameter estimation methods 
mainly relied on nonlinear least-squares iterative inversion [11,23,24]. However, these 
methods are highly dependent on initial parameter estimates and tend to converge to local 
minima. Xiang et al. [25] proposed a direct inversion method based on multiple least-
squares estimation combined with optimal search techniques for calculating Cole–Cole 
spectral parameters, which ensures global convergence. Furthermore, to reduce the de-
pendence on initial parameter values, several stochastic inversion approaches have been 
proposed for estimating Cole–Cole spectral parameters, including simulated annealing 
[17,26,27], genetic algorithms [28], and Bayesian inversion [29,30]. Nevertheless, practical 
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challenges remain in balancing computational efficiency, stability, and ease of implemen-
tation for spectral parameter estimation. 

To address the above limitations in both forward simulation and spectral parameter 
estimation, this study proposes a two-step approach for SIP forward modeling based on 
a three-dimensional (3-D) continuous geoelectric model. The approach first computes 
multi-frequency apparent complex resistivity using the finite element method, and then 
estimates apparent spectral parameters using a recursive inversion algorithm. During the 
simulation, the physical property parameters of the geoelectric model are assumed to vary 
in a piecewise linearly continuous manner. To mitigate the influence of point-source sin-
gularities, a primary–secondary field decomposition strategy is employed. A finite-ele-
ment numerical simulation algorithm is developed for the complex-domain potential field 
of the 3-D continuous medium model, and the Symmetric Successive Over-Relaxation 
Preconditioned Conjugate Gradient (SSOR-PCG) method is adopted to efficiently solve 
large-scale complex-coefficient linear systems. Building on the Cole–Cole model, a recur-
sive inversion algorithm for spectral parameter estimation is further proposed, which 
eliminates the need for manual initialization and is both straightforward and computa-
tionally efficient. 

Based on the proposed algorithm, a full-process interactive three-dimensional SIP 
finite element forward modeling program is developed for continuous geoelectric media. 
Several numerical test cases are designed to verify the reliability of the algorithm, includ-
ing a three-layer model with analytical solution comparison, a cuboid ore body model 
with continuously graded spectral parameters, and a sandbox physical model with 
boundary correction. Finally, the advantages, limitations, and potential research direc-
tions of the presented algorithm are discussed. 

2. 3-D Piecewise Linear Continuous SIP Model Parameterization 
The petrophysical parameters of subsurface rocks and ores are governed by lithol-

ogy, porosity, temperature and pressure. These parameters are relatively homogeneous 
within an individual geological unit and vary smoothly and continuously in stratigraphic 
transition zones and formation contact interfaces. For macro-scale geophysical prospect-
ing, this paper adopts a three-dimensional piecewise linear continuous geoelectric model 
with spectral parameters to perform low-frequency SIP forward modeling. The proposed 
model conforms to the actual spatial distribution characteristics of petrophysical proper-
ties, which can describe uniform physical properties inside geological units and gradual 
property variations at formation boundaries. 

The subsurface Cole-Cole spectral parameters, zero-frequency resistivity ρ0, charge-
ability m, time constant τ, and frequency exponent c, vary continuously with subsurface 
conditions and can be treated as continuous functions of spatial coordinates. 

Numerical 3-D simulation requires discretizing the continuous spectral parameters 
into a geoelectric model defined by discrete mesh nodes; this discretization procedure is 
termed model parameterization. As illustrated in Figure 1, the entire computational do-
main Ω is partitioned into a set of hexahedral elements to realize the parameterization of 
the continuous geoelectric model. Each hexahedral element is defined by spectral param-
eters assigned to its eight vertices. 
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Figure 1. Parameterization of the SIP model using a hexahedral discretization scheme. 

Substituting the vertex-specific spectral parameters (ρ0j, mj, τj, cj) into the Cole-Cole 
model [7], the complex resistivity at vertex j is written as: 

0
1( ) 1 1

1 (
  1, 2,...

)
,8

jj j j c
j

i m
i

jρ ω ρ
ωτ

   = − −  
+  

=
  

，

 
(1) 

For finite-element computation, linear interpolation is applied within each hexahe-
dral element. Complex resistivity is assumed to change linearly between the eight vertices 
of one element, which guarantees piecewise linear continuity of both medium physical 
properties and simulated electric fields over the full modeling domain. 

Laboratory multi-frequency measurements on rock blocks, ore outcrops and drill 
core samples indicate that the complex resistivity spectra of most rock and ore types can 
be fully characterized by the four Cole-Cole parameters. Accordingly, a complete 3-D ge-
oelectric model can be constructed by discretizing the research domain Ω into hexahedral 
meshes and assigning a set of Cole-Cole parameters to every mesh node. 

3. Boundary Value Problem and Variational Formulation of the  
Complex Potential Field 
3.1. Boundary Value Problem of the Complex Potential Field 

The transmitting frequencies of the alternating-current source used in the spectral 
induced polarization (SIP) method are sufficiently low (typically < 100 Hz); therefore, dis-
placement currents and electromagnetic induction effects can be neglected. Under this 
quasi-static approximation, the governing differential equation for the complex electrical 
potential in the three-dimensional (3-D) complex resistivity forward problem is given by: 

[ ]( ) ( ) ( ) ( ),i i I i Avσ ω ω ω δ∇⋅ ∇ = − ∈Ω  (2) 

where ω is the angular frequency, 1−=i , ( )iv ω  is the complex potential field induced by 
the alternating-current ( )I iω , ( )Aδ  is the Dirac delta function centered at the location of the 
point current source A  on the surface or underground, and ( )iσ ω  is the complex conduc-
tivity of the study domain Ω , which is the reciprocal of complex resistivity ( )iρ ω . 

To solve Equation (2), appropriate boundary conditions must be specified. On the 
ground surface sΓ , since no current flows through the air–ground interface sΓ , the nor-
mal derivative of the complex potential ( )iv ω  is 

( ) / 0, si nv ω∂ ∂ = ∈Γ  (3) 

On the outer boundaries of the computational domain ∞Γ , it is assumed that the elec-
trical inhomogeneities within the study area Ω do not significantly affect the potential 
distribution of the background medium ∞Γ . Under this assumption, the potential field 

x

y
z Ground surface

Model boundary
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generated by a point source A  located underground and its image source A′  relative to 
the ground surface can be expressed as 

,( )
A A

c ci r rv ω
′

∞∈= + Γ
 

(4) 

where c  is a constant, and Ar  and Ar ′  denote the distances from the source A  and A′
, its image source, to the boundary ∞Γ , respectively. When the boundary ∞Γ  is suffi-
ciently far away, Equation (4) provides the first boundary approximation. The outward 
normal derivative of the complex potential ( )iv ω  in Equation (4) is then given by 

2 2
cos( , ) cos( , ),

( )
A A

A A

v i c c
n r r
ω

′
′

∞
∂

∈
∂

= − − Γr n r n
 

(5) 

where cos( , )Ar n  and cos( , )A′r n  denote the direction cosines between the radius vectors

Ar   and A′r   and the outward normal vector n   at the boundary surface, respectively. 
Substituting Equation (4) into Equation (5) yields the mixed boundary condition 

0,( ) / ( )Dv i n v i Γω ω ∞∂ ∂ ∈+ =  (6) 

where 
[ ] ( )2 2cos( , ) cos( , ) /A A A A A AA AD r r r r r r′ ′ ′′= + +  r n r n

. Equation (1) and boundary conditions 
Equations (3) and (6) together define the boundary value problem for the total complex 
potential field: 

[ ]
( )
( ) ( )

( ) ( ) ( ) ( ),
/ 0 ,
/ 0 ,

si
i i

i i I i A
v n
v n Dv

v
ω

ω ω

σ ω ω ω δ

∞

∇ ⋅ ∇ = − ∈Ω
∂ ∂ = ∈Γ
∂ ∂ + = ∈Γ  

(7) 

Numerical solutions of this boundary value problem often exhibit reduced accuracy 
near the source location. To address this issue, the singularity removal technique pro-

posed by Lowry et al. [31] is adopted. The total complex conductivity ( )iσ ω  is decom-

posed into a background conductivity 0 ( )iσ ω   and an anomalous conductivity 
0( ) ( ) ( )n i i iω ω ωσ σ σ= − . Accordingly, the total complex potential ( )v iω  is decomposed into a 

background (primary) potential 0 ( )u iω  and an anomalous (secondary) potential ( )u iω , 

i.e., 0( ) ( ) ( )v i u i u iω ω ω= +  . Substituting this decomposition into Equation (7) yields the 
boundary value problem for the anomalous complex potential field generated by an alter-
nating point current source: 

[ ] [ ]0( )
( )
( ) ( )

( ) ( ) ( ) ,
/ 0 ,
/ 0 ,

a

s

i
i
i i

i u i u i
u n
u n Du

ω

ω

ω ω

σ ω ω σ ω

∞

⋅ ⋅∇ ∇ = −∇ ∇ ∈Ω
∂ ∂ = ∈Γ
∂ ∂ + = ∈Γ  

(8) 

The background (primary) potential is defined as 

0
0

( )
( )

1 1
4 AP A P

i
i

Iu r rω
ωπσ ′

 = + 
   

(9) 

where APr  and A Pr ′  are the distances from the transmitting point source A  and its im-
age source A′  to the observation point P , respectively. 

3.2. Variational Formulation of the Anomalous Potential Field 

We derive the finite-element discretization via complex variational calculus. Since 
both the electric potential and conductivity are complex-valued, the real-valued energy 
minimization principle for real elliptic PDEs cannot be directly applied. Instead, we solve 
for stationary points of a real-valued functional constructed over complex fields. 
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We first define the complex conjugate inner product on the computational domain Ω: 
,f g f gd

Ω Ω
= Ω∫   

where the overline ( )⋅ denotes the complex conjugate operator. In the complex varia-

tional calculus, the complex function ( )u iω  and its conjugate ( )u iω are treated as two 
independent variables. The variation of the gradient term satisfies: 

[ ( )] [ ( )]u i u iδ ω δ ω∇ = ∇ , [ ( )] [ ( )]u i u iδ ω δ ω∇ = ∇  
From the complex variational principle, the exact solution to the governing differen-

tial equation renders the corresponding real-valued functional stationary. For the bound-
ary value problem described in Equation (8), we construct the real-valued functional as 
follows [32]: 

[ ] { }0
1( ), ( ) ( ) ( ) ( ) ( )2 aF u i u i u i u i u i u i dω ω σ ω ω σ ω ω

Ω
∇ ∇ ∇ ⋅∇= ⋅ + Ω∫

 
(10) 

Taking the first-order variation of Equation (10) with respect to the conjugate field 
( )u iω ,we obtain: 

[ ] [ ]0( ), ( ) ( ) ( ) ( ) ( ) ( )aF u i u i i u i i u i u i dδδ ω ω σ ω ω σ ω ω ω
Ω

∇ + ∇ ⋅∇ Ω= ∫  
(11) 

We employ the standard vector identity 
( ) =ϕ ϕ ϕ∇⋅ ∇ ⋅ + ⋅∇A A A   

and the divergence theorem 
( ) ( )d dϕ ϕ

Ω Γ
∇ ⋅ Ω = ⋅ Γ∫ ∫A A n

  

to derive the integration-by-parts formula: 

( ) ( )d d dϕϕ ϕ
Ω Γ Ω

⋅⋅∇ Ω = Γ − ∇ ⋅ Ω∫ ∫ ∫A n AA
 

 

In the above expression, A stands for an arbitrary vector test function and ϕ  for 
an arbitrary scalar test function. The boundary s ∞Γ = Γ +Γ  encloses the full computa-
tional domain Ω. 

Let 0( ) ( ) ( ) ( )ai u i i u iσ ω ω σ ω ω∇ + ∇A =   and ( )u iδϕ ω=  . Substituting this relation into 
Equation (11) to reorganize the variational term gives 

[ ]
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0

0

( ) ( )( ) ( )( )

( ) ( ) ( ) ( )

, ( ) ( )

( )

a

a

i ii i
s
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ω ω ω ω

δ ω σ σ ω
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Ω

 
 Γ +Γ  ∞

∂∂ Γ∂ ∂

∇ ⋅ ∇ ∇ Ω
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− +  

∫
∫  

(12) 

Substituting the governing Equation (8) into Equation (12) simplifies the variational 
equality to 

[ ] [ ]0

0

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

, ( ) ( )

1 ( ) ( )2

a

a

i i i i i

D i i i i

F u u i Du Du u i d

u u i u u i d

ω ω ω ω ω δ
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δ σ ω σ ω

∞

∞

Γ
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∫

∫
 (13) 

Equivalently, moving the boundary variational term to the left-hand side gives 

[ ]{ }
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In summary, the boundary value problem given by Equation (8) is equivalent to the 
following variational formulation [30]: 

[ ]

[ ]

0

0

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ),

1, ( ) ( ) ( )2
1 ( ) ( )2

( ) 0

a

a

i i i i i d

D i i i i d

F i

F u u i u u i u u i

u u i u u i

u u i

ω ω ω ω ω

ω ω ω ω

δ ω

ω σ ω σ ω

σ ω σ ω

ω
∞

Ω

Γ

∇ ∇ ∇ ∇ Ω

Γ

 = + ⋅  
 + + 
 

=

∫

∫

 

(14) 

4. Formulation of the Finite Element Equation 
4.1. Element Subdivision 

The model domain Ω  is discretized into hexahedral elements, as shown in Figure 
1. The integral form of Equation (14) is then decomposed into elemental integrals, yielding 

[ ] 0

0

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1, ( ) ( ) ( )
2

1 ( ) ( )
2e

a
e

a

F i i i i i

D i i D i i

u u i u u i u u i d

u u i u u i d

ω ω ω ω ω

ω ω ω ω

ω σ ω σ ω

σ ω σ ω
∞

Ω

Γ
Γ

∇ ∇ ∇ ∇ Ω

Γ

 = + ⋅  

 + +  

∑∫

∑∫
 

(15) 

4.2. Linear Interpolation 

To enable the finite element method to simulate continuous geoelectric earth models, 
it is assumed that, within each hexahedral element, the primary and secondary complex 
potentials, complex conductivity, and anomalous complex conductivity vary as linear 
functions of the Cartesian coordinates x, y, and z. 

8 8 8 8

0 0
1 1 1 1

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),j j j j j j a j aj
j j j j

i i i i i i i iu n u u n u n nω ω ω ω ω ω ω ωσ σ σ σ
= = = =

= = = =∑ ∑ ∑ ∑，，
 

(16) 

where 0 ( )j iu ω , ( )j iu ω , ( )j iωσ  and ( )aj iωσ  are the primary complex potential, secondary 

complex potential, conductivity, and anomalous conductivity at the corner node j  of a 

hexahedral element ( 1, 2, ,8j =  ), defined in the global coordinate system, are denoted 

(see Figure 2a). The functions jn  are linear shape functions defined as [32]: 

( )( )( )1 1 1 1 ( 1,2, ,8) 
8j j j jn jξ ξ η η ζ ζ= + + + =， 

 
(17) 
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Figure 2. Hexahedral element in the global coordinate system (a) and in the local coordinate system 
(b) for FE modeling. 
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In Equation (17), ( jξ , jη , jζ ) denote the local coordinates of the corner point j  in the 

natural coordinate system (ξ  ,η  ,ζ  ) (see Figure 2b). A key step in the finite element 
method is the transformation between the global coordinates (x, y, z) and the correspond-

ing local coordinates (ξ ,η ,ζ ), given by 

0 0 02 2 2
a b cx x y y z zξ η ζ= + = + = +， ，  (18) 

where 0x , 0y  and 0z  are the coordinates of the center of the hexahedral element, and 
a , b  and c  are the length, width, and height of the element, respectively. This transfor-
mation simplifies the evaluation of the integrals in Equation (15). Using Equations (16)–
(18), the volume integrals in Equation (15) can be evaluated analytically in the local coor-
dinate system. 

4.3. Element Integration 

(1) The volume element integration of Equation (15). 

The volume integral in Equation (15) can be expressed as 

1

( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

1 1 ( ) ( ) ( ) 1
( )

2 2 2
T

e e e
e e

i i i
i i i i i

u u i u u i u u i
u u i d dxdydz

x x y y z z

ω ω ω
ω ω ω ω ω

ω ω ω
σ ω σ∇ ∇ Ω

∂ ∂ ∂ ∂ ∂ ∂
= + + =

∂ ∂ ∂ ∂ ∂ ∂
 
  ∫ ∫ u us  (19) 

where 1 1( )e jks=s , 1 1jk kjs s= , ( ) ( )[ ]T
e ji iuω ω=u , 1 2 8j ,k , , ,=  . 

8 8

1

1 1

( ) ( )
1
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j k j k j k

jk l l jkl jkl jkl l
e

l l

i i
n n n n n n bc ac ab

k n dxdydz
x x y y z z a b c

ω ωσ α β γ σ
= =

∂ ∂ ∂ ∂ ∂ ∂
= + + = + + ⋅

∂ ∂ ∂ ∂ ∂ ∂
    
        

∑ ∑∫   

and 

3 ( ) 3 ( ) / 4

3 ( ) 3 ( ) / 4 , 1 2 8

3 ( ) 3 ( ) / 4

jkl j k j k j l k l j k j l k l

jkl j k j k j l k l j k j l k l
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j,k,l , , ,

α ξ ξ η η η η η η ζ ζ ζ ζ ζ ζ

β η η ξ ξ ξ ξ ξ ξ ζ ζ ζ ζ ζ ζ

γ ζ ζ ξ ξ ξ ξ ξ ξ η η η η η η

     = + + + + + +           = + + + + + + =     


     = + + + + + +       

（ ）

 

(20) 

The specific values of these integration coefficients are given in Appendix A. 
Similarly, for the following integral: 

0 0 0

0 1 0

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )= T

ea a e e
e e

i i i i i i
i i i i i i

u u u u u u
u u d dxdydz

x x y y z z

ω ω ω ω ω ω
ω ω ω ω ω ωσ σ∇ ∇ Ω

∂ ∂ ∂ ∂ ∂ ∂
⋅ + + =

∂ ∂ ∂ ∂ ∂ ∂
′ 

  ∫ ∫ u us  (21) 

where 1 1( )e jks=′ ′s , 1 1jk kjs s=′ ′ , 0 0( ) ( )[ ]T
e ji iuω ω=u , , 1,2, ,8j k =  . 

8 8

1

1 1

( ) ( )
1

288
j k j k j k

jk l al jkl jkl jkl al
e

l l

i i
n n n n n n bc ac ab

n dxdydz
x x y y z z a b c

s ω ωσ α β γ σ
= =

∂ ∂ ∂ ∂ ∂ ∂
= + + = + + ⋅

∂ ∂ ∂ ∂ ∂ ∂
    ′         

∑ ∑∫   

where the definitions of jklα , jklβ and jklγ  are consistent with those in Equation (20). 

(2) The boundary element integration of Equation (15) 

The boundary element integration in Equation (15) is more complex and requires 
simplification. First, it is assumed that one surface 1234  of the hexahedral element lies on 
an infinite boundary. Under this assumption, the distance from the source point A to any 
point on the plane 1234  can be considered approximately constant, i.e., the integrand D  
is treated as uniform over the surface. Therefore, the boundary integral eΓ  in Equation 
(15) can be approximated as 
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0 0

2 2 0

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 1
2 2

1
2

e e e
a a

T T
e ee e e e

i i i i i i i i i i i i

i i i i

D u u D u u d D u u d D u u dω ω ω ω ω ω ω ω ω ω ω ω

ω ω ω ω

σ σ σ σ
Γ Γ Γ

+ Γ = ⋅ Γ + ⋅ Γ

= +

 
  

′

∫ ∫ ∫

u u u us s
 (22) 

where 2 2( )e jks=s  , 2 2jk kjs s=  , 2 2( )e jks=′ ′s  , 2 2jk kjs s=′ ′  , 0 0( ) ( )[ ]T
e ji iuω ω=u  , ( ) ( )[ ]T

e ji iuω ω=u  , 
, 1,2, ,4j k =  . 

[ ]
4 4

2 11234
1 1

( ) ( )( )
144jk l l j k jkl l

l l
i i

acD n n n dxdz Ds
η

ω ωσ δ σ
=−

= =

= ⋅ = ⋅∑ ∑∫
 

 

[ ]
4 4

2 11234
1 1

( ) ( )( )
144jk l al j k jkl al

l l
i i

acD n n n dxdz Ds
η

ω ωσ δ σ
=−

= =

= ⋅ = ⋅′ ∑ ∑∫
 

 

in which 

3 ( ) 3 ( ) / 4, ( 1 2 4)jkl j k j l k l j k j l k l j,k,l , , ,δ ξ ξ ξ ξ ξ ξ ζ ζ ζ ζ ζ ζ   = + + + + + + =    

 (23) 

Subsequently, the nodal coordinates of surface 1234  in the local coordinate system 
are substituted into Equation (23), yielding the corresponding coefficients of the lower 
triangular matrix. 

9 3 1 3
3 3 1 1

= 3 9 3 1
1 1 1 1
1 3 3 1

11

21

22

31

32

δ
δ
δ
δ
δ , 44

1 3 9 3
3 1 1 3

= 1 1 1 1
1 1 3 3
3 1 3 1

33

41

42

43

δ
δ
δ
δ
δ  

 

The same procedure applies to other element surfaces 1234  that lie on the infinite 
boundary. 

4.4. Complex Stiffness Matrix Assembly 

The element stiffness matrices 1 2 1 2, , ,e e e e′ ′s s s s  are obtained by summing the integrals 
in Equations (19), (21), and (22) over each finite element e , and subsequently assembling 
them into the global stiffness matrix associated with the global nodal system, yielding 

[ ] 1 2 1 2 0 0( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1 1

, ( ) ( )
2 2

T T T T
e e e ee e e e e e e e ei i i i i i i i i iF u uω ω ω ω ω ω ω ω ω ω= + + + = +′ ′ ′u u u u u u u us s s s s s   

where ( )iωu   and 0 ( )iωu   denote the column vectors of all nodal variables ( )iu ω  and 
0 ( )iu ω  respectively; es and e′s  are the corresponding expansion (assembly) matrices of 
1 2e e+s s  and 1 2e e+′ ′s s  respectively. By summing over all elements [ ]( ), ( )e iF u u iω ω  , 
[ ]( ), ( )iF u u iω ω , Equation (24) can be expressed as 

[ ] [ ] 0 0( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1 1

, ( ) , ( )
2 2

T T T T
e e e

e e e

i i i i i i i i i iF u u i F u u iω ω ω ω ω ω ω ω ω ωω ω ′= = + = +′∑ ∑ ∑u u u u u Su u S us s  (24) 

Using Equation (24), the first variation of the functional [ ]( ), ( )iF u u iω ω  with respect 

to ( )iωu  is given by 

[ ] [ ]0( ) ( ) ( ) ( ), ( ) Ti i i iF u u iω ω ω ωδ ω δ ′= +u Su S u  (25) 

The functional is minimized by setting its first variation to zero, which yields the final 
finite element governing equation: 

0( ) ( )i iω ω′= −Su S u  (26) 
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where the resulting system matrices S and ′S  are symmetric and sparse, with non-zero 
elements distributed sparsely. By solving Equation (26), the anomalous potentials at all 
grid nodes under different angular frequencies and transmitting points can be obtained. 

5. Symmetric Successive Over-Relaxation Preconditioned Conjugate 
Gradient Method (SSOR-PCG) 

The efficiency of three-dimensional spectral induced polarization finite-element sim-
ulations largely depends on the efficiency of solving the resulting linear system. Consid-
ering that the coefficient matrix S is large, sparse, and symmetric, the SSOR-PCG method 
is employed to solve Equation (26). In addition, the non-zero elements of the matrix are 
stored using the Compressed Sparse Row (CSR) format to reduce memory consumption. 

First, the coefficient matrix S  is decomposed as 
TS = C + D + C  (27) 

The corresponding SSOR preconditioning matrix is defined as [33] 

( )

11
2

T

ω ω ω ω

−
    = + +    −     

D D DM C C
 

(28) 

where C  is a strictly lower triangular matrix, D  is a diagonal matrix, ω denotes the re-
laxation factor, with a typical range of (1,2) 

The iterative procedure of the SSOR-PCG method is summarized as follows: 

(1) Initialization 

1
0 0 0 0 0 00 −= = − = =, ,x g b Kx p h M g  (29) 

(2) Iterative process 

1

1
1

1 1

1 1 1

1 1 1

( , )/( , )

( , )/( , )

j j j j j

j j j j

j j j j

j j

j j j j j

j j j j

α
α
α

β
β

+

+
−

+ +

+ + +

+ + +

=
 = +
 = −
 =
 =


= +

g h p Sp
x x p
g g Sp
h M g

g h g h
p h p  

(30) 

(3) Convergence criterion 

1 1 0 0 c( , ) ( , )j j ε+ + <g h g h   

The iteration continues until the convergence condition is satisfied, where ε  is set 

as 
1010−

, a prescribed tolerance. 
In iterative Equation (30), ⟨·,·⟩ denotes the inner product; =0,1,2,j  represents the 

iteration index; g and p are the gradient and conjugate direction vectors, respectively; 
h is an intermediate auxiliary vector; and jα  and 1jβ +  are scalar coefficients represent-
ing the update parameters associated with x  and p , respectively. 

In the above computation, it is not necessary to explicitly store the preconditioner 

matrix M . The solution of the linear system 
1

1 1j j
−

+ +=h M g  does not require direct matrix 
inversion. Instead, it can be rewritten as a triangular system, and solved efficiently in the 

form 1 1j j+ +=Mh g  using Gaussian elimination with forward and backward substitution to 

obtain 1j+h . Since this process involves only sparse lower- and upper-triangular opera-
tions with a small number of non-zero elements, the computational cost remains low. 
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The relaxation factor in Equation (28) is a key parameter affecting the convergence 
speed of the algorithm. We have conducted detailed tests to determine its optimal value. 
When using the SSOR-PCG method to solve the complex-coefficient linear equations in 
Equation (26), multiple relaxation factors are selected within the range [1,1.9] with a step 
of 0.05 to test the algorithm’s convergence performance. As shown in Figure 3, the SSOR-
PCG method achieves the optimal convergence speed when the relaxation factor is 1.45. 
Therefore, we adopt 1.45 as the optimal relaxation factor. 

1 1.2 1.4 1.6 1.8 2
ω

80

100

120

140

160

180

200

n

 

Figure 3. Iteration counts of SSOR-PCG under different relaxation factors. 

6. Recursive Inversion of Apparent Spectral Parameters 

The total complex potential ( )v iω  is obtained by superposing the anomalous po-

tential ( )u iω  and the background potential 0 ( )u iω , i.e., 0( ) ( ) ( )v i u i u iω ω ω= + . The appar-

ent complex resistivity ( )a iρ ω   of the subsurface medium can then be calculated using 
Equation (31): 

( )( )
( )a a
v ii C

I i
ωρ ω
ω

∆
=

 
(31) 

where the geometric array coefficient aC  is defined as: 
4

1 1 1 1 1 1 1 1aC

AM A M AN A N BN B N BM B M

π=
+ − − + + − −′ ′ ′ ′  

 

where AM , A M′ ,..., B M′  denote the distances between the transmitting electrodes (or 
their image electrodes) and the receiving electrodes. 

According to the Cole-Cole model in Equation (1), four spectral parameters are in-
volved: zero-frequency resistivity, chargeability, time constant, and frequency exponent. 
Therefore, at least four complex resistivity measurements at different transmitting fre-
quencies are required to estimate these parameters. 

After completing the three-dimensional finite-element simulation of the apparent 
complex resistivity, the spectral parameters corresponding to each observation array are 
further estimated by transforming the multi-frequency apparent complex resistivity into 
apparent spectral parameters. It is assumed that the apparent complex resistivity of the 
polarized body also satisfies the Cole-Cole model, yielding: 

( )
( )

0
11 1

1 aa a a c
a

i m
i

ρ ω ρ
ωτ

   = − −  
+      

(32) 

where 0aρ  is the apparent zero-frequency resistivity, am  is the apparent chargeability, 
aτ is the apparent time constant, and ac is the apparent frequency exponent. 
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The recursive inversion procedure for estimating the apparent spectral parameters is 
summarized as follows. 

(1) Given the apparent complex resistivity values 1( )afρ ω , 2( )afρ ω , …, ( )af nρ ω , cal-

culated using the FEM at frequencies satisfying 1 2 nω ω ω< < < . The optimal 

apparent spectral parameters determined at the end of the inversion process are de-

noted by oρ , om , oτ and oc . The convergence tolerance is set to 610rε −= , and the 

maximum iteration number is denoted by maxn . The root-mean-square error of the 

optimal solution E1 is initialized to FLT_MAX. 

(2) Let 0 1( )a afρ ρ ω= , then compute 

 

( ) ( )0

0
, 2,3, , .a af j

a j
a

m j n
ρ ρ ω

ω ρ
−

= = 

 

(33) 

and define ( )a a nm m ω= . 

(3) Using am  and ( )a jm ω
 from Step (2), compute 

( ) ( ) , 2,3, , 1a a j
a j

a

m m
n j nm

ω
ω

−
= = −

 
(34) 

(4) Select all pairs ( ) ( ),a j a kn nω ω
where 2,3, , 2j n= −  and 1, , 1k j n= + − . the 

apparent frequency exponent ac is then computed using 

( ) ( )
( ) ( )

2 1

2 1

1
2 ln ln

1
( 2)( 3)

n n a j a k j

ka k a jj k j
a

n n
n n

c
n n

ω ω ω
ωω ω

− −

= = +

 − ⋅    − ⋅    =
− −

∑ ∑

 

(35) 

(5) Using ( ) , 2,3, , 1a jn j nω = −

, the apparent time constant aτ  is calculated as 

1
1

2

1 1 ( ) ( 2)( )
an ca j

a
j a jj

n ni n
ωτ ω ω

−

=

 −  = −  
   

∑
 

(36) 

(6) Calculation the root-mean-square error 

2E / n= Φ  (37) 

where 
( ) ( ) ( ) ( )2 2

1
lg lg lg lg

n

j j j j
j

A B C D
=

Φ = − + −      ∑
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( )j af jA ρ ω=
, 

( )j a jB ρ ω=
, 

( )
( )

1 Im
tan

Re
af j

j
af j

C
ρ ω
ρ ω

−   = −
   , 

( )
( )

1 Im
tan

Re
a j

j
a j

D
ρ ω
ρ ω

−   = −
    

 

where ( )af jρ ω and ( )a jρ ω  denote the apparent complex resistivities obtained from the 
finite element method and the Cole-Cole model (Equation [32]), respectively. 

If 1 2E E < rε−   or maxIter n>  , the iterative process terminates, and the optimal 

spectral parameters oρ , om , oτ and oc are output. Otherwise, if 2 1E < E , the apparent 

spectral parameters are updated according to 0 oaρ ρ⇒ , oam m⇒ , oaτ τ⇒ , oac c⇒ , 
and the procedure returns to Step (7). 

(7) Recalculate ( )a jn ω  using the current estimates of aτ  and ac  

( )
( )

1 1, 2, ,
1 aa j c

j a

n j n
i

ω
ω τ

= =
+

，

 
(38) 

(8) Calculate the updated 1( )am ω  and 0aρ using the recalculated 1( )an ω  

( ) [ ]1 11 ( )a a am m nω ω= −
 

(39) 

( )
( )( )

1
0

11
af

a
am

ρ ω
ρ

ω
=

−
 (40) 

(9) Calculate ( )a jm ω  

( ) ( )0

0
, 2,3, ,a af j

a j
a

m j n
ρ ρ ω

ω ρ
−

= = 

 
(41) 

(10) Calculate am  

( )
1 ( )

a n
a

a n

m
m

n
ω
ω

=
−  

(42) 

Increment the iteration counter: Iter Iter +1= , then return to step (4) to repeat the 
process. 

7. Modeling Experiment 
7.1. Accuracy Validation on a Transition-Layer Model 

To validate the accuracy of the three-dimensional (3-D) complex resistivity simula-
tion based on the finite element method, we calculate vertical electrical sounding curves 
for a three-layer geoelectric model with a linear transitional layer via both the FEM and 
the analytical solution [34] (see Appendix B). 

The stratigraphic configuration of this model is illustrated in Figure 4. The assigned 
Cole-Cole spectral parameters for each formation are listed as follows: the overlying ho-

mogeneous layer has a zero-frequency resistivity 01 10 mρ Ω= ⋅ , chargeability 1 15%m = , 

time constant 1 3sτ =  and relaxation exponent 1 0.5c = ; the underlying basement half-
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space is defined with 02 100 mρ Ω= ⋅ , 3 2%m = , 3 0.2sτ =  and 3 0.2c = . A 2 m thick tran-
sitional layer is sandwiched between the upper layer and the basement half-space. Within 
this transitional layer, all Cole-Cole spectral parameters vary linearly and continuously 
with depth from the bottom boundary of the overlying layer to the top boundary of the 
basement half-space, which achieves a smooth transition of petrophysical properties be-
tween the two main formations. 

 

Figure 4. Three-layer earth model with a transitional layer. 

For the vertical electrical sounding numerical test, a symmetrical Schlumberger array 
is adopted for forward simulation. The half-spacings of the current electrode pair AB/2 
are set as 0.5 m, 1 m, 2 m, 4 m, 8 m, 12 m, 16 m, 20 m, 25 m, 30 m, 40 m, 50 m, 70 m, 90 m, 
120 m, 150 m, 220 m, 320 m in sequence. The half-spacing of the potential electrode pair 
MN/2 is fixed to one-fifth of the corresponding AB/2 half-spacing at each measurement 
station. The excitation frequencies are defined as 2 j Hz, where the exponent j ranges from 
−4 to 3 with integer intervals. 

Corresponding to the three-layer transitional geoelectric model, the computational 
domain is divided into an inner research subdomain and outer extended absorbing sub-
domains. The inner research area covering the electrode layout is designed to be a square 
region of 640 m × 640 m. An extended zone with a width of 1880 m is appended outward 
along all five boundaries of the inner research area to eliminate artificial boundary effects 
in finite-element calculations. The entire computational domain (including the inner re-
search zone and outer extended zones) is discretized with a total of 562,280 nodes; the 
number of discretized nodes along the x-,y-, and z- directions are 134, 100, and 42, respec-
tively. During mesh discretization, two grid elements are arranged between every pair of 
adjacent electrodes to guarantee the simulation accuracy of measuring points near the 
field sources. 

A total of 288 forward modelling runs are required for the finite-element simulation 
of this geoelectric model, calculated as 8 frequencies multiplied by 36 transmitting elec-
trode combinations. All numerical tests are performed on a personal computer with a 2.6 
GHz main frequency and 28 CPU cores. The serial forward simulation consumes 11.4 h 
with a memory footprint of 260.7 MB, while the OpenMP parallelized scheme reduces the 
runtime to 1.1 h at the cost of an increased memory usage of 6.2 GB. 

The vertical electrical sounding curves, apparent complex resistivity responses and 
corresponding relative errors calculated via the finite element method (FEM) and analyt-
ical solution are compared in Figure 5. Figure 5a illustrates the real component of apparent 
complex resistivity derived from the two approaches. The FEM results match the analyti-
cal solution well overall, with the maximum relative error controlled below 1.4%. Large 
relative errors mainly occur at electrode spacings corresponding to the transitional layer, 
and the relative error rises gradually as the excitation frequency increases (Figure 5c). 
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Figure 5. Comparison between finite element numerical solutions and analytical solutions for the 
three-layer transitional geoelectric model. (a) Real component of apparent complex resistivity; (b) Im-
aginary component of apparent complex resistivity; (c) Relative error of the real component of appar-
ent complex resistivity; (d) Relative error of the imaginary component of apparent complex resistivity. 

Figure 5b presents the imaginary component curves of apparent complex resistivity. 
The numerical and analytical solutions share identical overall variation trends, yet obvi-
ous discrepancies emerge within the transitional layer, where the maximum relative error 
reaches 3.8% (Figure 5d). For both real and imaginary components of apparent complex 
resistivity, prominent deviations are concentrated in the transitional zone. Such discrep-
ancies stem fundamentally from different petrophysical interpolation assumptions 
adopted by the two models: the FEM numerical model implements trilinear continuous 
variation of properties within each hexahedral element, while the analytical solution only 
adopts one-dimensional linear variation along the depth direction. 

Despite the local deviations in the transitional layer, the generally favorable con-
sistency between numerical and analytical results verifies that the proposed finite element 
algorithm for continuous medium geoelectric models is accurate and reliable. 

We adopt the proposed recursive inversion algorithm to invert apparent electrical 
sounding curves from two independent datasets: the numerically simulated FEM forward 
responses and the analytical forward solutions. The inverted apparent Cole-Cole spectral 
parameter curves are displayed in Figure 6. 

    

Figure 6. Inversion results of apparent Cole-Cole spectral parameters for the three-layer geoelectric 
model with a transitional layer (a) Apparent zero-frequency resistivity. (b) Apparent chargeability. 
(c) Apparent time constant. (d) Apparent frequency exponent. 

As illustrated in subplots (a)–(d), the four types of apparent spectral parameters 
(zero-frequency apparent resistivity, apparent chargeability, apparent time constant and 
apparent frequency exponent) retrieved from numerical and analytical datasets show ex-
cellent consistency. The discrete FEM inversion points almost overlap with the continuous 
analytical curves across the full range of electrode spacing AB/2, which further demon-
strates the stability and reliability of the developed recursive inversion approach, even for 
geoelectric models with continuous transitional layers. 

Beyond the consistency of inverted apparent spectral parameters shown in Figure 6, 
we further investigate the iterative convergence performance of the recursive inversion al-
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gorithm. A root-mean-square (RMS) error-based stopping criterion is adopted during in-
version: the iterative computation terminates once the average RMS fitting error of apparent 
complex resistivity between two consecutive iterations drops below 1E-8. The convergence 
curves of inversion under all designed electrode spacings are presented in Figure 7. 

  

Figure 7. Inversion convergence curves for apparent complex resistivity data of varying electrode spac-
ings. (a) Convergence curve for the analytical solution. (b) Convergence curve for the numerical solution. 

Both the analytical and numerical datasets exhibit similar descending trends and sta-
ble convergence behaviors. For the analytical forward dataset, the inversion converges 
within 49–231 iterations, with converged RMS errors ranging from 6.1E-7 to 2.6E-2. For 
the FEM numerical dataset, convergence is achieved after 47–120 iterations, and the final 
RMS errors fall between 2.4E-4 and 2.7E-2. All convergence curves show a sharp drop of 
RMS error at the early iteration stage and then gradually flatten to a stable low-error level. 
These quantitative convergence results collectively verify the favorable robustness and 
stability of the proposed recursive inversion algorithm. 

7.2. Cube Model with Continuous Frequency-Dependent Properties 

To further verify the adaptability of the developed 3-D finite element algorithm for 
complex localized geoelectric anomalies, a cuboid model is constructed as illustrated in 
Figure 8a. Continuous linear petrophysical transition zones are arranged around the 
anomalous body, where all Cole–Cole spectral parameters vary linearly and continuously 
from the anomalous body to the homogeneous surrounding host rock, and the complete 
Cole–Cole parameters of the model are listed in Table 1. For numerical simulation, a 24-
electrode array is laid horizontally along the X-axis directly above the cuboid anomaly 
(Figure 8b) with a uniform electrode spacing of 4 m; a symmetrical Schlumberger quad-
rupole array is adopted for data collection, and the excitation frequencies are defined as 
2 j Hz, where the exponent j ranges from −4 to 3 with integer intervals. 

8m   
16m

10m   

x
C1 P1 P2

01 1 1 1, , ,m cρ τ
02 2 2 2, , ,m cρ τ03 3 3 3, , ,m cρ τ

  
    

(a) (b) 

Figure 8. Cuboid geoelectric model. (a) 3-D schematic. (b) Plan view. 
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Table 1. Model Parameters. 

Parameter No. ρ0 (Ω·m) m (%) τ (s) c 

1 100.0 1.0 0.2 0.2 
2 50.0 5.0 5.0 0.4 
3 10.0 10.0 10.0 0.6 

Figure 9 presents the pseudo-sections of the real and imaginary components of the 
apparent complex resistivity for eight different frequencies obtained from the finite ele-
ment simulation. It can be observed that, with increasing transmission frequency, the var-
iations in the pseudo-sections of the real component are relatively minor, showing almost 
negligible differences. In contrast, the imaginary component exhibits significant fre-
quency-dependent variations. 

  

  

  

 
 

Figure 9. Finite element simulation results of the real (left) and imaginary (right) components of 
apparent complex resistivity at different frequencies (contrasting-resistivity geoelectric model). 

As the transmission frequency increases, the numerical contrasts across the entire 
pseudo-section gradually decrease, and the anomalous features associated with high po-
larization progressively become less distinct. This indicates that the spectral induced po-
larization response is primarily governed by the imaginary component of the apparent 
complex resistivity and is strongly dependent on the transmitting frequency. Moreover, 
high transmitting frequencies will cause severe electromagnetic coupling interference, es-
pecially in low-resistivity subsurface media, which overwhelms the weak polarization 
signals of underground anomalous bodies. For most field surveys affected by electromag-
netic coupling, low transmission frequency range (0.0625～4 Hz) are preferred. Neverthe-
less, the optimal excitation frequency should be selected comprehensively based on sur-
vey objectives, ambient noise level, electrode geometry and subsurface geoelectric condi-
tions. 

Pseudo-section maps of the apparent complex resistivity at eight different frequen-
cies were generated using a multi-frequency recursive inversion algorithm to estimate the 

apparent Cole–Cole spectral parameters 0sρ , sm , sτ and sc , as shown in Figure 10. The 
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anomalous body exhibits low-resistivity and high-polarization characteristics. Based on 
the spectral parameter pseudo-sections, the position and spatial extent of the polarizable 
body can be inferred. 

  

  

Figure 10. Pseudo-sections of apparent spectral parameters for a cubic anomaly. 

The simulation approach proposed in this study provides an effective tool for ana-
lyzing the spectral induced polarization (SIP) response characteristics of continuous sub-
surface geoelectric models. 

To further investigate the frequency-dependent characteristics of induced polariza-
tion parameters, the cuboid geoelectric model in Figure 8 is adjusted to a homogeneous 
half-space background with a zero-frequency resistivity of 100 Ω·m, while all remaining 
Cole-Cole spectral parameters of the anomalous body stay identical to the original setting. 
Pseudo-sections of the real and imaginary components of apparent complex resistivity 
under multiple frequencies are displayed in Figure 11. 

  

  

  

 
 

Figure 11. Finite element simulation results of the real (left) and imaginary (right) components of 
apparent complex resistivity at different frequencies, uniform-resistivity geoelectric model. 
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The simulation results reveal that even when the anomalous body and surrounding 
host rock share the identical zero-frequency resistivity, subtle amplitude anomalies can 
still be observed on the real-component pseudo-sections. This phenomenon proves that 
the real component of apparent complex resistivity contains weak yet distinguishable in-
duced polarization signals. 

Furthermore, an obvious frequency-varying pattern is observed: as the excitation fre-
quency rises, anomalous signatures on the imaginary-component pseudo-sections gradually 
fade, whereas anomalies on the real-component pseudo-sections become increasingly promi-
nent. This variation demonstrates that induced polarization response redistributes between 
the real and imaginary components of apparent complex resistivity as frequency changes. 

The pseudo-sections of the real and imaginary components of apparent complex re-
sistivity at various frequencies (Figure 11) are further processed to generate extremal am-
plitude plots varying with excitation frequency, as shown in Figure 12. 

  

Figure 12. Frequency-dependent variation of the real component (a) and imaginary component (b) 
of apparent complex resistivity. 

The statistical results show two opposite evolutionary trends. For the real compo-
nent, its extremal amplitude difference (defined as the gap between the maximum and 
minimum values) gradually rises from 0.9 to 1.25 with growing frequency, while both its 
maximum and minimum amplitudes generally decline. In contrast, the extremal ampli-
tude difference of the imaginary component decreases continuously as frequency in-
creases. The maximum amplitude of the imaginary component only fluctuates slightly 
and stabilizes near −0.08; meanwhile, its minimum amplitude rises gradually, which dras-
tically narrows the extremal amplitude gap. 

These quantitative observations reveal that the induced polarization signals con-
tained in the imaginary component decay rapidly under higher excitation frequencies. 
This frequency-dependent evolution matches the theoretical dispersion characteristics 
predicted by the Cole–Cole model. 

Recursive inversion is applied to the multi-frequency complex resistivity data in Fig-
ure 11, and pseudo-sections of different apparent Cole-Cole spectral parameters are ob-
tained (Figure 13). The overall amplitude of apparent zero-frequency resistivity changes 
slightly, but its contour distribution can clearly mark the location of the high-polarization 
anomalous body (Figure 13a). The contour shapes and central anomaly amplitudes of ap-
parent chargeability, apparent time constant and apparent frequency exponent are basi-
cally consistent with the forward simulation results in Figure 10. Differences only appear 
on both sides of the anomalous body, which are preliminarily attributed to the low resis-
tivity of the anomalous body 
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Figure 13. Pseudo-sections of apparent spectral parameters of a cuboid anomaly. 

The inversion results further show mutual coupling between rock electrical proper-
ties: changes in polarizability will affect the contour shape of apparent zero-frequency 
resistivity, and resistivity differences will also influence the pseudo-sections of induced 
polarization parameters such as apparent chargeability, apparent time constant and ap-
parent frequency exponent. 

7.3. Sandbox Model 

Sandbox physical simulation experiments are widely adopted in geophysical re-
search. To quantify the boundary effect induced by the sandbox wall on measurement 
results, a sandbox physical model with dimensions of 300 cm × 100 cm × 100 cm is con-
structed. A horizontal thin low-resistivity high-polarization plate (40 cm × 40 cm × 1 
cm) is placed at the sandbox center, with its top surface buried 20 cm below the sandbox 
upper boundary. The sandbox frame is made of insulating material. 

The petrophysical parameters of background sand and the thin anomalous plate are 
presented in Figure 14. A symmetrical Schlumberger quadrupole sounding array is used 
for data acquisition. Potential electrodes P1 and P2 are fixed on the central axis of the sand-
box with a constant spacing P1P2 = 20 cm. The distance between current electrodes C1 and 
C2 expands symmetrically along the central axis from 40 cm, 60 cm,..., 300 cm at 20 cm 
increments. The excitation frequency for signal emission is set as 2 j Hz, where j ranges 
from −4 to 3. 

 

Figure 14. Sandbox geoelectric model. 

The simulation results of the sandbox model with the low-resistivity high-polariza-
tion thin plate are plotted in Figure 15a. Within the C1C2/2 range of 20–40 cm, the apparent 
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complex resistivity at all frequencies presents low-resistivity features, which corresponds 
to the response of the embedded anomalous thin plate. As the electrode spacing expands, 
the apparent complex resistivity increases rapidly. This proves that the sandbox enclosure 
imposes obvious interference on measured data. 

  

  

Figure 15. Simulation results of apparent complex resistivity under different conditions: (a) Low-
resistivity high-polarization thin plate inside the sandbox; (b) Low-resistivity high-polarization thin 
plate in homogeneous sand half-space; (c) Pure homogeneous sand half-space model; (d) Empty 
sandbox model without the anomalous thin plate. 

To quantitatively analyze this boundary interference, a control model with the iden-
tical thin plate buried in an infinite homogeneous sand half-space is simulated, as shown 
in Figure 15b. Large discrepancies exist between the half-space results and the sandbox 
curves in Figure 15a, which verifies that the sandbox boundary exerts a strong influence 
on simulation responses. 

Two extra groups of comparative simulations are carried out for further analysis: a 
pure homogeneous sand half-space model (Figure 15c) and an empty sandbox model 
without any anomalous body (Figure 15d). In Figure 15c, the apparent complex resistivity 
rises as frequency declines, which matches the known frequency dispersion law of in-
duced polarization signals. 

In contrast, the data in Figure 15d show that the apparent complex resistivity in-
creases rapidly with larger electrode spacing, while the gaps between different frequency 
curves remain small. This comparison indicates that the sandbox enclosure is the domi-
nant factor distorting the measured geoelectric response. 

To extract spectral parameters from sandbox physical simulation data and mitigate 
the interference caused by the sandbox boundary, we first invert spectral parameters us-
ing the apparent complex resistivity data in Figure 15a,b. The inversion results are shown 
in Figure 16. The correction formula for spectral parameters is expressed as: 
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1
3

2

PP P
P

=
 

(43) 

where the parameter 1P  denotes the apparent spectral parameters of the ideal uniform 
half-space model (free of boundary effects), 2P  denotes the Apparent spectral parame-
ters of the sandbox model without the anomalous body (only boundary effects are pre-
sent), 3P  denotes the apparent spectral parameters of the sandbox model with the anom-
alous body (both boundary effects and anomaly signals are present, i.e., the raw measured 
data), and P  denotes the corrected apparent spectral parameters for the sandbox model 
with the anomalous body. The factor 1 2/P P  acts as a scaling coefficient to remove the 
boundary-induced distortion from 3P  , recovering the corrected apparent spectral pa-
rameter P  that would be observed in an infinite half-space. This multiplicative form is 
intuitive: it normalizes the sandbox response by the known boundary response and then 
scales it to the ideal half-space response. This correction formula is applicable to boundary 
effect correction in sandbox and water tank physical simulation experiments. 

  

  

Figure 16. Spectral parameters of sandbox model before and after correction. (a) Apparent zero-
frequency resistivity; (b) Apparent chargeability; (c) Apparent time constant; (d) Apparent fre-
quency exponent. Subscripts 1–5 correspond to: 1 spectral parameters of homogeneous half-space; 
2 empty sandbox model without anomaly; 3 raw spectral parameters of sandbox model with anom-
aly; 4 homogeneous half-space model with anomaly; 5 corrected spectral parameters of sandbox 
model with anomaly. 

Figure 16 shows that the sandbox enclosure imposes obvious interference on appar-
ent zero-frequency resistivity for models with an embedded anomalous body. After spec-
tral parameter correction, the scatter points of resistivity nearly coincide with those from 
the homogeneous half-space model containing the same anomaly. This demonstrates that 
parameter correction is essential for resistivity interpretation when sandbox physical sim-
ulation data are adopted. 
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In comparison, induced polarization parameters (apparent chargeability, apparent 
time constant and apparent frequency exponent) barely change before and after correc-
tion. It proves that the sandbox boundary exerts negligible interference on these induced 
polarization parameters. 

8. Discussion 
The physical properties of subsurface media are jointly controlled by multiple factors 

including mineral composition, porosity, temperature and pressure, and generally vary 
continuously in space. In this study, a three-dimensional continuous spectral parameter 
model is established to characterize subsurface geological structures. The 3D geological 
domain is discretized into hexahedral elements, and spectral parameters change linearly 
within each element. This model conforms to the actual heterogeneous characteristics of 
underground media and reduces approximation errors inherent in traditional stepped 
block models. 

The primary field is analytically calculated based on a homogeneous half-space 
model, and a layered-earth model can also be adopted for primary field computation. The 
finite element method is then used to solve the secondary field induced by subsurface 
anomalous bodies, so as to improve the numerical accuracy of the total complex potential 
field, especially in the source vicinity. Linear interpolation is adopted within each element 
to simplify numerical implementation and reduce computational cost. 

Three-dimensional spectral induced polarization finite element simulation generates 
large-scale linear systems with complex coefficients, which brings heavy computational 
burdens under multi-frequency and multi-source working conditions. To address this 
problem, an OpenMP parallel computing framework is adopted to distribute computa-
tional tasks according to different electrode arrays, effectively accelerating the computa-
tion of 3D forward modeling. 

The recursive inversion algorithm proposed in this paper does not require manually 
preset initial model parameters, and spectral parameters can be retrieved using no less 
than four groups of multi-frequency observed complex resistivity data. This algorithm 
consumes less computing time and avoids disturbances caused by artificial initial value 
selection, thus exhibiting stable inversion performance. 

This method still has certain limitations. Linear interpolation introduces numerical 
approximation errors in areas with sharp contrasts in geoelectric properties and abrupt 
lithological boundaries. In addition, the primary field calculation relies on idealized ho-
mogeneous half-space or layered-earth assumptions, which may produce computational 
deviations when applied to complex geological environments. Quadratic and cubic poly-
nomial enrichment strategies for Crouzeix-Raviart finite elements have been proposed 
[35], which provides a feasible technical route to further improve the simulation accuracy 
of the proposed method. 

9. Conclusions 
This work develops a two-step algorithm for 3D spectral induced polarization (SIP) 

forward modeling applicable to media with continuous Cole–Cole parameters. A transi-
tion-layer geoelectric model is adopted to verify the accuracy of this algorithm. The spec-
tral parameter curves calculated by numerical simulation and analytical solutions match 
well, which proves that the proposed algorithm can reliably calculate spectral responses 
in continuous Cole–Cole media. 

A 3D continuous electrical transition model is used to systematically analyze the fre-
quency-varying features of the real and imaginary parts of apparent complex resistivity, as 
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well as the anomaly characteristics of spectral parameters. The results show that this algorithm 
is an effective tool to compute spectral responses for 3D continuous Cole–Cole models. 

For sandbox physical simulation tests, the insulating sandbox wall creates obvious 
interference on zero-frequency resistivity data. The spectral parameter correction formula 
proposed in this paper can effectively eliminate such boundary interference. 

In addition, the 3D SIP forward modeling method established in this study lays a reliable 
basis for subsequent research on 3D inversion of continuous geoelectric medium models. 
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Appendix A 
Substituting the local coordinate values of each mesh node into Equation (20) yields 

the integration coefficients of the lower triangular matrix, which are listed as follows. 
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Appendix B 
According to [34], the analytical solution of the complex potential at the ground sur-

face for a three-layer model with a transitional middle layer can be expressed as: 
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where ( )I iω  is the alternating current intensity, 1( )iρ ω  is the complex resistivity of the 

top layer, 2 ( )iρ ω  is the complex resistivity of the transitional layer, and 2 ( )iρ ω  is the 
complex resistivity of the bottom half-space. r  denotes the distance from the receiving 

point to the transmitting source, and h is the thickness of the transitional layer. 0J , 0I , 0K

, 1I , 1K , etc., represent Bessel functions of the first kind. 
For the integral in Equation (B1), a linear numerical filtering method is adopted [36], 

such that Equation (B1) can be rewritten as: 
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(A2) 

where n is the number of filter coefficients, iλ  is the ith sampling point, and iW  is the 

corresponding weighting coefficient. In this study, the 61-point 0J   filter proposed by 
Guptasarma and Singh is used, as listed in Table A1. 
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Table A1. Coefficients of the 61-point J0 filter. 

[ ( 1) ]10 /a i s
i rλ + −= , 1 2, , ,i n=  , a = −5.0825000000, s = 1.16638303862 × 10−1, n = 61 

iW (i = 1, 2, …, n)    

3.30220475766 × 10−4 −1.18223623458 × 10−3 2.01879495264 × 10−3 −2.13218719891 × 10−3 
1.60839063172 × 10−3 −9.09156346708 × 10−4 4.37889252738 × 10−4 −1.55298878782 × 10−4 
7.98411962729 × 10−5 4.37268394072 × 10−6 3.94253441247 × 10−5 4.02675924344 × 10−5 
5.66053344653 × 10−5 7.25774926389 × 10−5 9.54412535465 × 10−5 1.24699163157 × 10−4 
1.63262166579 × 10−4 2.13477133718 × 10−4 2.79304232173 × 10−4 3.65312787897 × 10−4 
4.77899413107 × 10−4 6.25100170825 × 10−4 8.17726956451 × 10−4 1.06961339341 × 10−3 
1.39920928148 × 10−3 1.83020380399 × 10−3 2.39417015791 × 10−3 3.13158560774 × 10−3 
4.09654426763 × 10−3 5.35807925630 × 10−3 7.00889482693 × 10−3 9.16637526490 × 10−3 
1.19891721272 × 10−2 1.56755740646 × 10−2 2.04953856060 × 10−2 2.67778388247 × 10−2 
3.49719672729 × 10−2 4.55975312615 × 10−2 5.93498881451 × 10−2 7.69179091244 × 10−2 
9.91094769804 × 10−2 1.26166963993 × 10−1 1.57616825575 × 10−1 1.89707800260 × 10−1 
2.13804195282 × 10−1 2.08669340316 × 10−1 1.40250562745 × 10−1 −3.65385242807 × 10−2 

−2.98004010732 × 10−1 −4.21898149249 × 10−1 5.94373771266 × 10−2 5.29621428353 × 10−1 
−4.41362405166 × 10−1 1.90355040550 × 10−1 −6.19966386785 × 10−2 1.87255115744 × 10−2 
−5.68736766738 × 10−3 1.68263510609 × 10−3 −4.38587145792 × 10−4 8.59117336292 × 10−5 
−9.15853765160 × 10−6    
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