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Abstract

To address the challenge of effectively stabilizing inherently unstable hybrid stochastic
McKean-Vlasov equations (HMVSDEs) while simultaneously minimizing control costs,
this paper proposes a novel control strategy termed aperiodically intermittent control
(AIC). Under the global Lipschitz condition, we first establish the existence and unique-
ness theorem for the solutions to HMVSDEs. Subsequently, we derive a generalized It6
formula for HMVSDESs, based on which we construct a Lyapunov functional that explicitly
incorporates both the law (distribution) of the solution and the underlying Markovian
switching process. By employing the Lyapunov functional method, we rigorously construct
AIC for the unstable HMVSDEs and analyze the mean-square exponential stability of
the controlled system. Furthermore, we demonstrate the applicability of the proposed
AIC strategy through a mean-field stochastic Cohen—Grossberg—Hopfield neural network
model. Finally, a numerical example is provided to illustrate the effectiveness and practical
feasibility of the developed control approach.

Keywords: aperiodically intermittent control (AIC); stochastic McKean-Vlasov equations;
It6 formula; Markov chain; stabilization
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1. Introduction

When studying a system, the stability should warrant more attention since the insta-
bility may lead to a state in which the system fails to operate continuously and reliably. Its
key risks lie in disrupting normal operations, triggering wider problems, and leading to
tangible or intangible losses [1-5]. The stabilization problem is one of the most important
problems in control theory. This issue has attracted considerable scholarly attention from
both the mathematical and control engineering communities, spurring the development of
numerous stabilization strategies for dynamic systems. Among these approaches, feedback-
based stabilization and intermittent control are widely regarded as the most prevalent
and effective techniques. However, conventional feedback control requires continuous,
real-time measurement of all system states and uninterrupted computation of control
signals—conditions that often become impractical or prohibitively expensive when certain
state variables are inaccessible or difficult to measure due to technological constraints. It
is worth mentioning that even discrete-time observer-based feedback control requires the
controller to remain active throughout the entire control horizon and still demands high-
frequency, real-time feedback information, entailing significantly higher implementation
costs and greater resource consumption. For example, wind power generation is always
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irregular; thus, requiring real-time high-frequency feedback information in a fixed duration
for each wind time is usually unreasonable and impractical. Therefore, it is necessary to
explore more general intermittent control technology to overcome these shortcomings.
Aperiodically intermittent control (AIC), which means that the controller is active during
the control intervals (or work time) and inactive during other time intervals (or the rest
time) where the widths of control intervals and rest intervals are different, may satisfy
these requirements.

In this paper, we consider an unstable McKean—-Vlasov stochastic differential equation
(MVSDE for short) with Markovian switching:

AZ(t) = (B(Z(1), LZ(1)), (1), )dt + 1(Z(t), L(Z(1)), r(t), )W}, t > 0

1

20)=¢ W
where & € R?, £(Z(t)) means the probability distribution of Z(t), r(t) is a Markov chain
taking values in a finite space S = {1,2,---, Ny}, which will be defined in Section 2.
b:RTx P2(RY) x Sx Rt — R, 1 : R? x P2(RY) x S x Rt — R¥*", Stabilization
problems of MVSDEs (1) without Markovian switching have been studied in Wu-Hu [6],
Chen-Ren [7], and Shen et al. [8], where they establish the stabilization principle (Wu et
al. [6]) via feedback control based on discrete-time state observation and aperiodically
intermittent control, respectively, but neither of them investigates the case with Markovian
switching. We all know that large particle systems with weak interactions are inevitably
affected by common sudden environmental factors, such as stock prices in economics being
influenced by government policies; therefore, large-particle systems driven by Markov
chains with weak interactions are widely applied in fields such as optimal control, neural
networks, machine learning, and physics; see [9-11] and the references therein. Inspired by
these, the aim of this paper is to discuss how to design a periodically intermittent control to
make the given unstable hybrid MVSDE system (1) become stable. The controlled system
is shown as the form

dZ(t) = (b(Z(t), L(Z(t)),r(t), t) + U(Z(t), L(Z(t)),r(t),1))dt
+1(Z(t), L(Z(1)),r(t))dW;, t >0, 2)
Z(0) = ¢,r(0) =ro,

where U(Z(t), L(Z(t)),r(t),t) is an aperiodically intermittent control defined as follows:

—u(Z(t), L(Z(1),r(8), 1), t € [t se,

k=0,12..., )
0, t € (g tegl,

U(Z(t), L(Z(t)),r(b),t) = {

where g, s; are intermittent instants, f;, 1 — sy is the rest width and sy — #; is the work
width. To the best of the authors’ knowledge, it is the first time that periodically intermittent
control has been used to stabilize a given unstable hybrid MVSDE. Let us outline the main
points as follows:

*  In order to reduce the cost of continuous working time, the intermittent control
strategy is used to stabilize the unstable MVSDE. It is the first study of stabilization
for MVSDEs with Markovian switching via aperiodically intermittent control.

*  Itis well known that Itd’s formula plays a key role in the theory of stochastic analysis.
We derive a multivariate version for processes depending on the solution’s state, its
distribution, and an underlying Markov chain without invoking an abstract probability
space, enhancing applicability.
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*  The long-time behavior, in the sense of mean square exponential stability for MVSDEs
with Markovian switching is formulated via periodically intermittent control.

We end this part of the paper by describing how this article is organized. In Section 2,
we introduce some necessary notations, definitions, and assumptions. In Section 3, we es-
tablish the It6 formula that jointly accounts for the system state, its law, and the Markovian
switching signal—thereby fully capturing the tripartite dependence structure inherent in
controlled regime-switching stochastic systems. In Section 4, we deal with the stabiliza-
tion problem of the controlled HMVSDESs via aperiodically intermittent control. Finally,
we present one example to explain the effectiveness of our proposed control strategy in
Section 5.

2. Preliminaries

We will now define several notations and assumptions that will be employed through-
out the following discussion. Let | - | denote the Euclidean norm in R?. Let AT be the
transpose of matrix A € R with d,n > 1, tr(A) the trace of A and |A| = \/tr(ATA) the
trace norm of A. Let (Q), .#,P) be complete probability space equipped with the filtrations
(Z+)1>0 satisfying the usual condition. Let E be the expectation under P. For a given
random variable Z : Q — R?, the mapping £(Z) : Q > w + L(Z(w)), is PP; it is almost
surely well defined and is a function from (Q,.%7,P) into P2(R%). L?(Q, .Z,P;RY) (L (R?)
for short) denotes the family of R?-valued random variables ¢ with E|&|P < co.

Let r(t) be a right-continuous Markov chain on the probability space taking values in
a finite state space S = {1,2,---,No}. The generator of r(t) is defined by I' = (7;;) Ny N,
such that for a sufficiently small A > 0,

) . N +o(A)ifi #j,

Blr(e+8) = jlr(t) =i) = § T TR @
T+7;iA+o(A)ifi=].

We say that v;; is transition rate from i to j satisfying y;; > 0 for j #iand v; = — Zj#i Yij

for alli,j € S. Moreover, we assume W; and r(t) are mutually independent.
Let P(R?) denote the space of all probability measures over (R?, B(R?) equipped with
the weak topology, where B(R?) denotes the Borel o-field over R, and let P¥(R%) = { ne

P(RY) : Jra |lx*u(dx) < oo} for any k > 0. For y,v € P(R%) and g > 1, the g-Wasserstein
distance W;(p, v) is defined by

W=t {([, s ),

where I1(j, v) denotes all probability measurement couplings between p and v on R? x R,

Definition 1 ([12,13]). Let i : P?(R?) — R. It is said that h € C! (772 (Rd)) if, there exists a
function 9, : P2(RY) x RY — RY satisfying the following properties:

1. Measurability and integrability: for every p € P*(R?), the map x — 9,h(p)(x) is
Borel-measurable, and [y 0,1 (31) (x)]? p(dx) < oo.

2. Derivative property: For any square-integrable random variables X,Y € L*>(C;R?) defined
on a rich enough probability space (Q), F,P), let y = L(X). Then, h(L(X +Y)) —h(p) =
E[(@uh() (X), Y] +o([[Y]|12),as | Y]}z — 0.

3. Continuity: The mapping (u,x) — 9,h(u)(x) is jointly continuous with respect to the
product topology induced by the Wo-Wasserstein metric on P*(R) and the Euclidean norm on RY.
That is, for any sequences pi, — p € Wo and x, — x € R?, we have 3, h(py ) (xn) — 9, () (x).
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The function d,h is called the Wasserstein derivative (or L-derivative) of h. It is uniquely
determined up to y-null sets for each .

Definition 2 ([12,13)). It is said that h € C2(P2(R?)) if, for any z € P*(RY),
heCl <P2 (Rd>) and 9,h(P¢)(-) are differentiable, and its derivative 9,0,h : R? x P? (]Rd> X

R+ — RY%4 js continuous.

Definition 3 ([12,13]). Assume that h : R% x P2 (Rd) % [0,+00) — R, if h(-,-,v) is in
c! (Rd x [0, —i—oo)) for any z, and h(s,y,-) € C? (732 (Rd)) for every (s,y), and all partial
derivatives 91(y,v,s), 92(y,v,5), 95(y,0,5), 9 (v, v,5)(x), zw(y, v,s)(x) are jointly continuous
with respect to (y,v,s, x). Then, 0 is said to be in the set c221 (Rd x P2 (]Rd) X R+).

3. The Existence and Uniqueness and the It6 Formula

This section will state the existence and uniqueness of the solution of the controlled
system (2) and establish the essential tool, Itd formula, for the asymptotic analysis. We
impose the following condition.

Assumption 1. Assume that there exists a positive constant K such that for any t1,t, € [0, T|,
x,y € R, u,0c P2(RY),andi €S,

lw(x, 1,0, t1) — w(y,v,i,t2)|* < K(|x— y|? + W%(y,v)), w="b,iu.
Moreover, for (v,i,t) € P2(R? x S x [0, 4+00), w(0,v,i,t) = 0.

The Lipschitz continuity of b, : and u in Assumption 1 ensures the well-posedness of
MVSDE (2). More details can see [3,14,15].

Definition 4. Define a function ® : S x R — R by

O(,z) =) (j— i)lTl.],(z), i€S, zel0,00), ()
jes

where {T;; : i,j € S} is a sequence of intervals on the real line defined in the manner

Tia = [0,712), Tis = [viz 12+ 713), -+,
No-1

TiNg = [ Z ’Ylj/‘h)/ Tn = [lh,lh +’)’21),
=2

Tos = [q1 + 721,91 + Y21 + 723),

and so on, where q; = —y;;. For convenience of notation, Tij = @ if vv;j = 0, and Tj; = @. Then,
we have

dr(t) = /R (), 2)p(dt, dz), ©)

where p(dt,dz) is a Poisson random measure with intensity dt x m(dz), and m is the Lebesgue
measure on R.

Theorem 1. (Generalized 1to formula) Let V(z,u,i,t) belong to C**1(R? x P2(R?) x S x
RT;RT). Then V(Z(t), L(Z(t)),r(t), t) is an Itd process of the form
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V(Z(0), LEZO) (6,0 = V(Z(0),£(Z(0)),7(0),0)
+~/ot |L'V(Z(s), L(Z(5)),7(s),9) | ds + M(), @)

where

LIV (Z(8), L(Z(1)), r(2), 1)
= AV(Z(), LZ(1), 7(5),) + 0V (Z(), LZ(1)), r(8), B(Z(E), LIZ (1)), 7(8), 1)

+/Rd OV (Z(t), L(Z(1)), r(t), £)(y)b(y, L(Z(1)), r(t), t) e (dy)
+%tr(8sz(Z(f), L(Z(8)), (1), U Z(1), L(Z(8)), (1), ) (W(Z(t), L(Z(1)), 7 (t), )")

+% /Rd tr (0y9uV (Z(1), L(Z (1)), 7(8), ) (y)ely, LZ(E)), r(8), ) (y, LZ(E)), 7(£), 1)) pe (dy)

+j€Zé%<t)jV(Z(t),E(Z(t)),j,t) ®)
and
M= [ 0V(Z(6), L2, (), H(Z(s), LZ(6)),1(5),
[ V26, £26),7(0) + ©0(-),2),9)
—VI(Z(s), L(Z(5)),7(5),5) | p(ds, d2). ©)

Because its proof is too long, we place it in the Appendix A so as to make the context
more compact.

Definition 5. The system (1) is said to be p-th moment exponentially stable for any initial value
Z(0), if there exist positive constants o and A such that

E[Z(D)])7 < A Z(0)|Pe= "),
when p = 2, it is called exponentially stable in the mean square.

Theorem 2. Assume that Assumption 1 holds and there is a function V(z, u,i,t) € C*V1(R? x
P2(RY) x S x R*;R), and ay, ay, as, p are positive numbers such that all t > 0

o [ ) < [ Viz i n(dz),
L Venibnd) <a [ |rus),
/Rd LMV (z, i, t)p(dz) > a3 /Rd |z|Pu(dz), (10)
then the trivial solution of (1) is pth-moment exponentially unstable; that is,

E|Z(1)]F = 22|z (0)|Pem(t—h).
2

Proof. Without losing generality, we only prove the case of ty = 0. Define the stopping
time Ty = inf{t > t : |Z(t)| > N}. Employing the It6 formula to e~ "NV (Z(t A
™), u(t A TN), r(EATN), E A TN), we obtain

https://doi.org/10.3390 /math14132360


https://doi.org/10.3390/math14132360

Mathematics 2026, 14, 2360 6 of 19

E[e =NV (Z(tAty), p(t A TN), r(EATN), EATN)]

= BV(Z(t0), u(to) rlto) to) + B [ ¢ S LIVZ(8), 1(5),1(5),5) — aaV (2(5)m(s)r(s),)lds. )
By condition (10), we get

mE|Z(to)[" < EV(Z(to), u(to), r(to), to)
< E[e BNV (Z(EATy), p(EATN), F(EATN), EATN)]

< aE|Z(t A Ty)[Pe= BTN o),
Letting N — oo, it holds that
E|Z(t ATy)[P > %E\Z(tonpew*%).
O

4. The Main Results

The primary purpose of this section is to study the stabilization issue for system (1)
using the aperiodically intermittent control. For our stabilization purpose related to the
controlled system (2), we impose an extra condition.

Assumption 2. The lower bound of control intervals (i.e., infy, (S — tm)) is a, which can be very
small and the upper bound of control periods (i.e., sup,, (tmy1 — tm)) is S, potentially reaching a
significant magnitude. Additionally, a< S.

To illustrate the mechanism of aperiodically intermittent control, Figure 1 is presented.
The average control rate is given by (s — tx + Sg11 — try1 + Skr2 — trr2) / (tkrs — tr), pro-
viding a comprehensive understanding of the control dynamics.

I:l the work time I:l the rest time

e—ada

k+l

E+l k+1 k+2 k+3

Figure 1. Simple aperiodically intermittent control.

Theorem 3. Suppose that the width ty 1 — sy forallk = 0,1,2,... is bounded. And suppose we
have function V : R7 x PZ(Rd) x S x RT — R and positive constants c1, by, by, 7y, M such that

o /d 1zPu(dz) < /d V(z i Hu(dz), Y(zuit) € R x P2(RY) xS x R;  (12)
R R

L VG minz) < —b [ Ve uniOuz), e (s (13)
and

/]Rd L'V (z, i, t)u(dz) < by /Rd Vi(z,u,i,)u(dz), t€ (sk tgyr)- (14)

https://doi.org/10.3390 /math14132360
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If

e(A+02) Th g (ka1 —si) < p(A=7) Z}};lo(tﬂrtk), i=1,2,..., (15)

then E|Z(t)|> < Me™ ", where A > v > 0and A = by. That is, the trivial solution of the
controlled system (2) is exponentially stable through the aperiodically intermittent control design.

Proof. By employing the generalized It6 formula to eMV (Z(t), L(Z(t)),7(t),t), we get

ANV (Z(8),L(Z(D),r(8),1) = MAVZ(E), L(Z()), r(£), 1) + VE(Z(), LIZ(1)), 7 (1), )

+ VLZ(8), £(Z(0), (1), O BZ (), £(Z(6)),7(0), 1) + U(Z (), £(Z(1)), 7(0), )]
oM (Ve (200), £(Z(0)), r(8), DT (Z(8), £(ZA1), <t>,t>)dt

3 @V (200, £Z0), (0, 0 0)i(y, £
+ MVLZ(E), £(Z(1)), (1), DH(Z(1), £(Z(0), r(8), W
+ [ V@), £26),1(0) + 0r(t=),2),1) = V(Z(0), £Z(1)),r(8), 1) pldt, d2).

Hence, for any t € (g, so], we have

MV(Z(1), L(Z(1)), 1(t), 1) =e*0V (Z(to), L(Z(t0)), 7(to), to) + M

+ te/\s (AV(Z(s), L(Z(s)),7(s),s) + L'V (Z(s), L(Z(s)),(s),s))ds (16)

to

where
M — / [V, £2(5)),1(10) + O(r(5-),2),5) = V(2(), £(Z(6)),7(5),) s, d2)

+ ' t: eMVL(Z(s), L(Z(5)),7(s),8)1(Z(s), L(Z(s)),r(s),s)dWs.
Let { F;}+>0 be the standard augmented filtration generated by the Brownian motion W;,
Poisson random measure p(ds,dz) and Markov switching process (). Under mild pre-
dictability and integrability assumptions on the integrands, the Brownian stochastic integral
satisfies E [ f Lf ¢(s)dWs ] .7-1,] = 0 for any 0 < u < t. For the Poisson integral, we recall the
compensated Poisson measure f(ds,dz) = p(ds, dz) — dsi(dz), where the deterministic
drift part is incorporated into the infinitesimal generator L, and the remaining compen-
sated Poisson integral has zero conditional expectation over [u, t]. Taking the conditional
expectation of Mfo with respect to F;, the expectations of both stochastic integrals on the
interval [u, t] equal zero, which gives E[M° | F,] = M. Hence, Mfo is a martingale
adapted to the filtration {F;} (see [16]).
It follows from (13) and (16) that

MV(Z(1), LIZ(1)), 7(8),1) < OV(Z(to), L(Z (ko)) ko), to) + M.
Taking expectation on the both sides, it gives

E[MV(Z(1), L(Z(1)),1(0),1)] < E[0V(Z(to), L(Z(t)), (ko). 10)].
In particular,

E[e"0V(Z(s0), £(Z(50)),7(50),50)] < B[V (Z(t0), L(Z(t0)), (ko) )], (17)
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since sp > to. Similarly, for any t € (s, t1], we can obtain
MV(Z(1), L(Z(1)), 1(t), 1) ="V (Z(s0), L(Z(s0)),7(50),50) + M;”
+ /t M (AV(Z(5), L(Z(5)),7(5),8) + LFV(Z(s), L(Z(s)),7(s),s))ds
SBASOV(Z(SO)/E(Z(SO))/r(SO)rSO) + Mfo
n /teAS(A+bz)V(Z(s),L(Z(s)),r(s),s)ds.
Taking expectation on both sides, then we have
E[eMV(Z(t),E(Z(t)),r(t),t)} :IE[e)‘SOV(Z(so),E(Z(so)),r(so),so)]
t
+(A+by) / E[eMV(Z(s), L(Z(s)),7(s),s)] ds.
S0
Applying the Gronwall inequality to give
E[eMV(Z(1), L(Z(1)),7(t),1)] < E[e**V(Z(s0), £(Z(50)), 7(s0),50)] e TP =0),
then by inequality (17), we have
E[e"0V(Z(s0), L(Z(s0)), 7(50),50) | M TP E=%0) < E[eMoV(Z(ty), L(Z(to)), 7 (to), to) ] elA P2 E=50),
So we can get, for t € (so, 1],

E[eMV(Z(1), L(Z(t)),r(t),1)] <E[e"0V(Z(s0), L(Z(s0)), 7 (s0),50)]eNHP2)E=50)

<E[eMV(Z(ty), L(Z(to)), 7(to), to)]eP P =0 (18)

Similarly, for any t € (t1,51], we have

B[V (Z(8), £(2(),7(0),1)] B[V (Z(02), £(Z(0)), (1), )]
<E [eMU V(Z(to), L(Z(t0)), r(to), to)] e(Atb2)(t1=s0)

and for any t € (sy, ], we have

E[eMV(Z(1), L(Z(t)),r(t),1)] <E[e*1V(Z(s1), L(Z(51)),7(s1),51)] et E=s1)
SE[eMOV(Z(to),E(Z(to)),r(to), to)]e(/\+b2)(tl—so)+(/\+b2)(t—sl)_

Repeating a similar process, for any t € (t,s;], we have

E[eMV(Z(t), L(Z(1)),r(t),1)] <E[e*2V(Z(t2), L(Z(t2)),7(t2), 12)]
<E[eMV(Z(ty), L(Z(to)), 7(to), tg)]eP Tt 1=s0)+(Atb2)(t2=s1)

and for any t € (s, t3], we have

E[eMV(Z(t), L(Z(t)),r(t),1)] <E[e*2V(Z(s2), L(Z(52)),7(s2),52)] e FE2)(t=s2)
<E[eMV(Z(ty), L(Z(to)), (o), t0)] e(A+02)(t1=50) +(A+b2) (fa—s1)+(A+D2) (E=s2)

Forany t € (t;,s;],i =1,2,---, we get

E[eMV(Z(1), L(Z(t)),r(t),1)] <E[e*V(Z(s1), L(Z(s1)),7(s1),51)] eI (E=s1)
<E[eMV(Z(to), L(Z(ty)), 7(to), to) ] e*P2) Tico(ter1—s0),

https://doi.org/10.3390 /math14132360
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and forany t € (s;, tjy1],i =1,2,---, we have
E[MV(Z(1), L(Z(1), (1), 1)] < E[eM0V(Z(to), L(Z(tn)), 7(to), tg) | e+ Eicollis =)+ (1t ba) (=5,
Hence, we get
E[eMV(Z(1), L(Z(1),7(8),1)] < E[MV(Z(ty), L(Z(to)), r(ko), )] e +t2) ol —s0),
Moreover, we can get

EV(Z(t), L(Z(1)),r(t),t) <E[eMV(Z(k), L(Z(t)), r(to), to) ] P12 Ticoltisr —st)g=rt+(v=A)t
E[eMV(Z(k), L(Z(to)), (to), to)]e(/\""bz)Z;(:o(tkﬂ_sk)e_')’t""('Y_)‘) Tiso (=)

Therefore, by (12), we have

e(AHb2) Tho(tiyi—sp)

e(A=7) i (1 —t)

t

E|Z(H)? < %E[eMUV(Z(tO),E(Z(to)),r(to),to)]

Atby) YU s
Then, E|Z(1)]2 < Me ™, where M = LE[eMoV/(Z(ty), L(Z(to)), r(to), to)] &z =gt

ANkt

This proof is completed. [

Remark 1. It should be mentioned that when s; — t; = aand t; 1 —t; = S, then the control policy
is described as periodically intermittent. Then, we can deduce the obtained result as follows:

Corollary 1. If conditions (12)—(14) and

e(/\+b2) (S*ﬂ) < e(Ai,Y)S

hold, then Equation (1) is exponentially stable in the mean square through the periodically intermit-
tent control.

5. An Application

In this section, we consider the mean-field stochastic Cohen-Grossberg-Hopfield
neural network in the following form
dZ(t) = —D(t,r(t))[C(Z(t)) — QG(Z(t))]dt + H(Z(t), L(Z(t)),r(t))dW (), t > 0, 19)
Z(O) = Z0,

where Z(t) = (Z(t), Zo(t), -+, Zn(t))T, Z;(t) denotes the state variable of the ith neu-
ron at time t, D(t,r(t)) = diag{di(t,r(t)),---,dn(t,7(t))} represents an amplification,
C(Z(t)) = (c1(Z1()),c2(Za(t)), - -+ ,cu(Zn(t)))T is an appropriate behaviour function so
that system (19) keeps bounded, G(Z(t)) = (g1(Z1(t)),£2(Z2(t)), -+, gn(Zn(t)))T repre-
sents the activation function of the ith neuron at time t, H(Z(t)) = (h1(Zy(t), L(Z1(t)), 11 (1)),
hy(Zo(t), L(Zo(t)),r2(t)), -+  hu (Zn(t),E(Zn(t)),rn(t)))T is the diffusion function,
Q = q(ij)mxm is the connection weight matrix.

For the unstable system (19), we choose an aperiodically intermittent control in the
following form

i=12,--

) {—u<t>z<t>, e (tsi]

0,te (Si/ ti+1]
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{dz(t) = (= D(t,7(t))[C(Z(t)) — QG(Z(t))] + U(t))dt + H(Z(t), L(Z(t)),r(t))dW(t), t >0,
Z(0) = zo,

where u(t) = diag{uq (t), ua(t),- -, un(t)}, u;(0) > 0,i =1,2,- - -, n denote initial values,
and the update law is set to be

i (t) = gie M| Z; (1) [?

gi and A are positive constants. Then, the controlled Hopfield neural network model has
the following form

(20)

Let ] = —D(t,7(t))[C(Z(t)) — QG(Z(t))] + U(t), and assume that | and H satisfy both
Lipschitz and linear growth conditions to guarantee the existence and uniqueness of
the solutions for t > ty. Assume that J(0, uo,i,t) = 0 and H(0, pto,7,t) = 0, then the
system (19) has a trivial solution Z(0, yo,7,t) = 0 with zg = 0. In what follows, let
Z(t) = Z(t, us, r(t), to, 2o, po, o) be the solution of the system (20) such that Z(t) = zo.

Assumption 3. (A1) Foreachi € {1,2,--- ,n}, gi(z) is Lipschitz-continuous and there exist
positive constants G; such that |g;(z)| < Gjlz|, Vz € R.

(A2) Suppose that there exists a positive constant u; such that u;(t) satisfies 0 < u; < u;(t).

(A3) Suppose that there exist positive constants d; and d; such that d;(t,r(t)) satisfy d; <
di(t,r(t)) < d;.

(A4) Suppose that there exists a positive constant {; such that {;z> < zc;(z).

(A5) There exist constants €; such that trace [H(Z(t), L(Z(t)),r(t))TVez (Z(t), L(Z(1)), (1))
H(Z(t), L(Z()), r(1))] < T & (1Zi(8) 2 + WH(L(Zi(1)), bo) )

The following theorem suggests that the controlled Hopfield neural network model
with control function (20) is exponentially stable through an aperiodically intermittent
control design.

Theorem 4. Under Assumption 3, let

b =21r;11.1§n{4i6i — € +p} _21?%)j1{di}|Q||G| (21)
by = —2@1&{41& -6t + Zg%{di}lQllG!- (22)

Ifby >0,by > 0and eAb2) Do (b1 —sk) < (A=) Z;;%](thrl*tk),i =1,2,---, then B|Z(t)]2 <
Me™ ", where G = maxj<j<, G;, A = by, A > 7 > 0, and p is a positive constant provided
p > A+ K. Then, the controlled Hopfield neural network model (20) is exponentially stable via
aperiodically intermittent control.

Proof. Define

V(Z(1), LZ®), (1)) = ZT (B Z(1) + Z“P‘q“”z
i=1 i

When t € (t;,5;], it follows from Assumption 3 that

LIV(Z(), £(Z(D), (1), 1) =227 (8) (= D(t, 1()[C(Z()) — QG(Z(¢))] — u(t)Z(1))
+ [HT(Z(), L(Z (1)), r(£) H(Z(t), L(Z(#), 7(1))]
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I PRHEI0) P ORI 0N
i—1 qi i—1 qi

<2ZT(t)(— D(t,r(1))[C(Z(t)) — QG(Z(1))])
+ [HT(Z(1), L(Z(1)), r())H(Z(1), L(Z(1)), 7(1))]

n

-A ief)xt (P — u'l'(t))Z —2p ; |Zl‘(i’) 2

i1 qi

; ieiw%w(zi(t)),ao) - Aie-“w

= i qi
(zglg{da— 260} —2 max {d}|QIIGI ) 1Z(1)
+;eiw%<£< AZe‘“ _f;j L
(zlrglg{da— 260} 2 max {d}|QIIG] ) 1Z(1)
+ ;efW% L(Zi(t)), ). (23)

Taking expectation on both sides of (23) and considering

2 o 2
Waeo)= nf ([ -yPr(zdy)}

< [0 5= VPR () = EIX =Y @)
then we have
E[L'V(Z(t), L(Z(t)),r(t),1)] < —biEV(Z(t), L(Z(1)), r(t), t).
In a similar way, when t € (s;, t;,1], we have

LIV(Z(1), £(Z(1)),r(1),t) <2ZT (1) (= D(t,7())[C(Z(1)) - QG(Z(1))])
+ [HY(Z(8), L(Z (1)), r()H(Z(t), L(Z(1)), 7 (1))]

<23 dilt, )i (Z4() (1) +2 max (1) |QIIG(Z(1))
i=1 SIS

+Z€z(|Z ()2 +W3(L(Z(1)), 60))

1 ¥ 2
<( 2 min {48 — 5ei} +2 max {@:}]QIIGI ) 1 Z(1)]
n

+ Y- eW3(L(Zi(t)), bo), (25)

i=1
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and

E[LFV(Z(t), L(Z(t)),r(t),t)] < bEV(Z(t), L(Z(t)),r(t), t).

Applying the It6 formula to eMV(Z(t), L(Z(t)),r(t),t) = M(ZT(H)Z(t) + T\,
e—At(P—”i(f))z)
i

, we can get

d[MV(Z(0), L(Z(1),7(1), )] *e“{mz (1), L(Z(D), (1),

1
AZ et o=t

+2ZT( H[(=D(tr(t)[C(Z(t)) — QG(Z(t))]
+U(t)] +2HTH(Z(t), E(Z(t)),r(t))}dt
+2MZT (O H(Z(t), L(Z(1)), (1)) dW(t).

So, for any t € (tg, so], we have
MV(Z(1), L(Z(t)), 7(t), 1) =e"0V (Z(k), L(Z(t0)), 7(t0), to) + /t: ! {AV(Z(s), L(Z(5)),7(s),5)
+ LMV (Z(s), L(Z(5)), 7(s),5) bds +2/t0t ¢ ZT (s)H(Z(s), L(Z(5)), r(5)) AW s).
Taking expectation on the both sides of the above equality, we obtain
E[MV(Z(1), L(Z(t)),7(t),1)] SE[e*0V(Z(k), L(Z(t)), 7 (t0), to)]-
When t € (s, t1], repeating the previous steps, we have
MV(Z(1), L(Z(1)), 7(t), 1) =e"*0V(Z(s0), L(Z(s0)), 7(50), 50) + /S: M {AV(Z(s), L(Z(5)),7(s),5)
+ LIV (Z(s), L(Z(5)), 7(s),5) bds +2/S: e ZT(s)H(Z(s), L(Z(s)),r(s))dW (s).
Based on an expectation of both sides of the above equality, we obtain

E[MV(Z(0), £(2(0)),1(8),1)] B[PV (Z(s0), £(Z(s0)),7(50),5)]
F o+ ba) [ EAVZ(s), £(Z(6)),r(s),))ds

<E[eMV(Z(t), L(Z(to)), r(to), to)]
+ (A +by) /t]E[e)‘sV(Z(s),L(Z(s)),r(s),s)]ds.

50

Apply the Gronwall inequality to give
E[eMV(Z(t), L(Z(t)),r(t),1)] < E[eMV(Z(to), L(Z(k)), 7(ty), to)eP Tt E=50)].
From Theorem 3, we can easily obtain

E[MV(Z(t), L(Z(E), (1), 1)] < E[MV(Z(t), L(Z(k)), 7(to), to)e+02) Dot —si) ]
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Then, we have

E[V(Z(t), L(Z(1)), r(£),£)] <E[eMV(Z(ty), L(Z(t0)),(to), to)e@ ) Timo i1 —si) g7t (=A47)1]

D(t,1) = [

<E[eMV(Z(ty), L(Z(ty)), r(to), to)e ) Tio (k1 =sk) o= 1t+(=A+7) Z;c;lo(thrl*tk)} .
Therefore, by (12) we have

e(A+b2) Th o (s —s¢)

i e .
eA=7) izt (brs )

BIZ() < [0V (Z(t0), £(Z(t0), (o) o)

Then,

E|Z(t)> < Me™ ™,

(A+bp) T _o (b1 —sp)
where M = LE[eMV(Z(tg), L(Z(t)), r(to), t0)] S—moa i That is, the control sys-
E(A77)Zk:0(tk+]7tk)

tem (20) is exponentially stable in the mean square. This proof is completed. [

6. Numerical Example

We present the following mean-field stochastic Coen-Grossberg-Hopfield neural
network model with Markov switching to illustrate the effectiveness of the designed
aperiodically intermittent controller:

dZ(t) = —D(t,r(1)[C(Z (1)) — QG(Z(1))]dt + H(Z(t), L(Z(£)), r(t))dW(t), 0<t<T, (26)

where Z(t) = (Z1(t), Z»(t))T denotes the state vector of the neurons at time ¢, W(t) is a
two-dimensional standard Brownian motion, and r(t) is a right-continuous Markov chain
taking values in S = {1,2} with generator

=22

The system parameters are chosen as follows:

1 1
Zl(i’) tanth(t) 3 4
C Z t - y G Z t = 7 - 7
(2(1) [Zz(t) @)= [ommml 2= %
12 4
—0.54 —0.1sint 0 . . D(12) = —0.35—-0.1sint 0 . .
0 —0.95 —-0.1sint 0 —0.35—-0.1sint
The diffusion coefficient matrices are given by
[10.224 (1) — 0.1Z5(1)| 0 ] /
H(Z(t),L(Z(t)),1) = 0.5 dz),
(2(8), £(2(1)),1) 0 10225(8)| — 047y ()] | T O Jpu FHe(2)
[10.124(£)] — [02Z,(1)| 0 ] /
H(Z(t),L(Z(t)),2) = 0.5 dz).
(Z(1) £(2(£).2) 0 10425(8)| — 022 (1) | T 05 J #0(d2)

6.1. Stability Analysis of the Uncontrolled System

To analyze the stability of system (26), we take the Lyapunov function V(z, i, i,t) =
z3 +z3 fori = 1,2. For r(t) = 1, the weak generator yields

https://doi.org/10.3390 /math14132360
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LMV(Z(t), L(Z(1),1, 1) = 2Z4(t) ((o.54 +0.1sint)Z; () — %tanh Zy(t) + %tanh Zz(t)>

12
+ (10224 (8)] = [0.12Z5(1))* + (10.2Z5(#)| — [01Zy (£)])°
> 0.18]Z1 (1) |> + 0.18|Z5(t)|? = 0.18V(Z(t), L(Z(1)),1, ).

+225(t) ((0.95 +0.1sin#)Za(t) + — tanh Zy (£) — Z tanh Z2(t))

For r(t) = 2, similarly,

LFV(Z(t), L(Z(t)),2,t) = 2Z4(t) ((0.35 +0.1sint)Z(t) — 1tanh Zy(t) + 1tanh Zz(t))

3 4
4275 (t) <(o.35 +0.1sint)Za(t) + - tanh Zy (1) —  tanh Zz(t)>
+ ([0.124(£)] = 10.2Z5()])* + ([0.1Za(£)| — [0.2Z4 (1)])°

> 0.18]Z1(t)|> 4+ 0.18|Zo(1)|* = 0.18V(Z(t), L(Z(t)),2,1).

According to Theorem 2, the solution of system (26) is unstable in the mean-
square sense.

6.2. Design of the Aperiodically Intermittent Controller

We now design the aperiodically intermittent controller in the form

u) = HOZO te sl oy, 27)
0, t e (si,tiz], Y

where u(t) = 1.6 + 0.1sin t. The controlled system is then given by

dZ(t) = (—=D(t,r(t))[C(Z(t)) — QG(Z(t))] + U(t))dt + H(Z(t), L(Z(t)),r(t))dW(t), t>0. (28)

It can be verified that

HTH(Z(1), £(2(1),1(1) < 05(121 () + | Z2(0)) +0.5(WE(L(Za (1)), o) + WE(L(Za (1)), b)),

b =2 min {47 — ¢} 2 max (d;} QI 1G]] = 1405,

by = -2 g@@@ -}t + 2gg?g2{dj}llQH IGl = 2.69,

where p = 1.5, d]- = 0.25, Hj = 1.05¢ = 05, u; = 14fori,j=1,2, [|Q]l = 0.2291 and
IG|| = 2. Choosing ¢ = 0.1, for any initial data ¢ € R and iy € {1,2}, system (28) admits a
unique global solution for t € RT. Moreover, the average dwell-time condition

e(A+02) Thsg (1 —s1)  p(A=17) ):;(:()(Sk_tk), i=12,...

is satisfied. By Theorem 4, the controlled system (28) is exponentially stable in the
mean square.

6.3. Numerical Simulation Results

To verify the theoretical results, we perform numerical simulations using the Euler—
Maruyama method with a constant time step At = 10~3. The number of sample paths for
Monte Carlo averaging is set to N = 1000. The initial condition is Z(0) = (1, —1)T and the
initial mode of the Markov chain is #(0) = 1.
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From Figure 2, we observe that the uncontrolled system is unstable as E|Z(t)|? grows

unbounded. In contrast, the controlled system shows clear exponential decay of E|Z(t)|?,
confirming the effectiveness of the proposed aperiodically intermittent controller. The sam-
ple trajectory further demonstrates that the designed controller successfully stabilizes the

system states to zero.

Mean-Square Behavior Comparison Sample Trajectories of the Controlled System

109 4 == Uncontrolled System
= Controlled System

— Zi(t)
— Z5(t)

10724

E|Z(t))? (log scale)
State Z;(t)

0 2 4 Time ¢ 6 8 10 0 2 4 e t 6 8 10
Figure 2. (Left) Evolution of the empirical mean-square state E|Z(#)|? for the uncontrolled system (26)
(red line) and the controlled system (28) (blue line). The uncontrolled system diverges exponentially,
while the controlled system exhibits exponential mean-square stability. (Right) A sample trajectory
of the state variables Z; (t) and Z,(t) under the aperiodically intermittent controller, showing that
the state converges to the origin.

7. Conclusions

In this paper, we have focused on a type of unstable hybrid stochastic McKean-Vlasov
equations (MVSDEs). We have proved the well-posedness of the MVSDEs with Markovian
switching first and then established the multivariate It6 formula for this type of hybrid
MVSDEs. Based on these, we have designed aperiodically intermittent control for an
unstable MVSDE with Markovian switching. With it, we have studied the mean square
exponential stability for the controlled system. Furthermore, we have given the mean-
field stochastic Cohen—Grossberg-Hopfield neural network to elaborate on the specific
application of the control method. Finally, we presented the Hopfield neural network
model to check the results of our theory.
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Appendix A

Proof of Theorem 1. Let0 < 74 < T --- < Ty < t represent all the times when r(s) has a
jump. Moreover, we emphasize that in the Markov jump process, when a jump occurs at
time ¢, 7(t) and r(t~) = limyy r(t) are distinguishable.
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Let uy = L(Z(t)), then h(Z(t), L(Z(t)),r,t) = h(Z(t), ps,1,t), where h = V,b,u,1,
and r represents some positive number taking value in the state space S = {1,2,- -+, Np}.
Define V(t,z) = V(z,ut, 1, t), and then V(t,Z(t)) = V(Z(t), ut,7,t). Moreover, based
on V € C221(R? x P2(R?) x S x RT), it holds that V is C? in x. However, we do not
know the differentiability of V in t. Note that the differentiability of V in t comes from
two parts; V(z,u,r,t) in t for fixed z,u and V(z, s, 7,s) in t for fixed z,s. Therefore,
to apply the classical It formula to V (¢, Z(t)), we only need to consider the second part by
V € C¥¥L(RY x P2(RY) x S x RT).

Step 1. For any positive integer N, let ((Z!(t))i>0) 1<1<n Pe asequence of independent
and identically distributed (i.i.d.) copies of (Z(t));>o. Thatis, forany ! > 1,

dZ(t) = b(Z (), L(Z\ (1)), 7, t)dt + 1(ZL(t), L(Z} (1)), 7, )AW],

where W/, 1 =1,2,---, N are mutually independent and have the same distribution to that
of W. Set H(u;) := V(x, pg, 7, t) and

N
AN, 22, (Ly s, (A1)
Nl:l
then,
Nyl o2 N 1 1y i
9, HY (x',x%, -, x ):ﬁaﬂH(NZ‘le)(x)’ (A2)
=1
82 1.2 N 188 1 al i 1 aZ 1 ul i
2 HN (22, x ):N y VH(ﬁl:Zléxl)(x )5i’j+m HH(ﬁl:Zl(SXI)(x,x). (A3)

Applying the It6 formula to HX(Z1(t), Z%(t),- - ,ZN(t)) and taking the expectation on
two sides, we obtain that for0 <t < t+h < T,

EAN(ZY(t+h),Z%(t+h), -, ZN(t+ 1)) = EHN(ZY(t), Z(t), -, ZN (1))

N t+h . :
+ Z (/ Ed,i HN(ZY(s), Z%(s),--- , ZN(s))b(Z'(s), LY(Z'(s)),7,5)ds

+/ Ed% HN (21 (s), Z%(s), -, ZN(s))u" (Z'(s), LX(Z!(5)), 7, 5)ds
= EHN(Z'(t), Z2(t),- - -, ZN (1))

t+h
+ N/ Eo,1 HN(Z(s), Z(s), -, ZN(s))b(Z'(s), L1 (Z1(s)),7,5)ds
/ Eo% _ HN (Z1(s), Z%(s),- -+, ZN(s))uT (Z1(s), LY (Z)(s)), 7, t)ds. (A4)

Inserting (A2) and (A3) in the above equality, we get

1 & 1 N t+h .
H(N§52’<t+h))—EH<Nl_Zl5zl<t>)+N'/ E3,H(y; Z5z1 D(ZH()b(Z1(s), L1(Z1 (), 7, 5)ds

+;/tt+h]anaﬂH ﬁzf&l NZY(s))uT(ZY(s), LY (Z1(s)),,5)ds

/ Koy, H 1 Zfszl )(Z1(s), Z1 (s))u T(ZY(s), £LY(Z(s)),1,8)ds.
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Noting that

lim E[ sup W2 2521 =0. (A5)
N—o0 0<s<t

It follows from the continuity and boundedness of of H, 8;, H, ayay H, and boundedness of
8%1 H, b, 1, and the dominated convergence theorem that

H(pein) =H(pe) + | - wH(ps) (ZH())b(Z1 (), L1(Z1(5)), 7, 5)ds

+% tt hanayH(Vs)(Zl(s))uT(Zl(s),Cl(Zl(s)),r,s)ds_

By some calculus, we determine that

otH (put) = /Rd OH (1e) (V)0 (y, pe, 1, ) e (dy ) + / Ay H (ue) ()" (y, e, 7, £ e (dy).

Thus, we know that V(t,x) is C! in t and C? in x.
Step 2. We can use the classical It6 formula to obtain

AV (Z(t), pe, 1, t) = dV(t, Z(t))
=0V (£, Z(t))dt + 9.V (t, Z(£))b(Z(t), pt, 1, t)dt + 0.V (, Z(£))(Z(E), pe, 7, £) AW
=0tV (Z(t), pt, 1, t)dt + 0tV (z, ht, 7,8) | .= 7() 51t

(
+0:V(Z(t), pe, 1, )b(Z(t), pe, v, ) At + 0V (Z(E), e, v, )1(Z(t), e, 7, 1) AW
SRV, oy, T (Z(8) s, )l
=0V (Z(8) o, Ot + [ 3V (Z(0), e 7, D))y, o, Oy
3 [ DBV (200, O ()" g, i, sy
+ 0 V(Z(t), ue, v, t)b(Z(t), ps, v, £)dt + 0.V (Z(t), ue, v, ) 1L(Z(t), s, 1, t) AWy
+ %a;x/(z(t), e, T (Z(8), e, 1, D)t (A6)
Step 3. Let
LV(Z(8), o1, 1)
OV (Z(E), o, 1) + 3V (Z(E), it D(Z(E) i 1, ) + 182v<z<t>,m,r,t>uT<z<t>,ut, )
+ / V() e, )W)y, e, D ar(dy) + / AV (Z(t), e, t) (y)u” (y, pe, v, 1) pe (dy).

On the intervals [0, 7y), [11, 2), - - - , [To, t], by (A6) we have

V(Z(n1), py, 7(0), T1) V(Z(0), po, ( ) 0)
_ /0 "LV(Z(s), s, 7(0), 5)ds + / 9V (Z(5), s, 7(0),8)1(Z(5), s, 7(0), 8)dW;,

V(Z(TkJrl)/,uTkJrl/r(Tk)/TkJrl)—V( ( >ka’ ( )Tk)
= /Tkk+1 LV(Z(S)rﬂs,r(Tk),S)ds+/Tk 0:V(Z(s), us, (1), 8)1(Z(s), s, (T ), 8) AW,
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V(Z(t), e, 7(T0),t) = V(Z(T0), proy, 7(To), To)
= /: LV(Z(s), us, t(Ts),5)ds + /Tt 0:V(Z(s), us, 1(Ts),5)1(Z(s), us, r(T5),5)dWs.

Adding them over k from 1 to v — 1, we get

V(Z(t), LYZ(t)), r(t), t) — V(Z(0), L(Z(0)),7(0),0)
= ALv@@yaz@yagﬁm&ﬁé¢V@@ycagnﬁ@ﬁy@@yﬁagmmgﬁmm

+ ; [V(Z(w), L(Z(%)), (), w) = V(Z (), L(Z(w)), (=), )]
= [ V26, L), r(6), s+ [ 0.V (2(6), L2, ), £(Z(6)),6),5)aW,
* ./(;t /R [V(Z(s), £(Z(5)),7(5) +O(r(s-),2),5) = V(Z(5), L(Z(5)), (5), 5) | ds x 7i(dz).
Considering

[ [V(Z(6),£2(9),1(65) + Or(s-),2),5) = V(Z(5), L(Z(3)), 1(5),9) | ()

zgwya@ﬁa@mw,
j€

the assertion (7) is obtained. The proof is completed. [
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