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Abstract

We introduce and study several conditions related to the factorization problem of composite
numbers. For this purpose, we employ cyclotomic polynomials, Sylvester resultants, and
the Fermat equation. For instance, we show that for m € N and distinct primes p and g
with p not dividing m, the existence of a solution to the Fermat equation X* + Y? = ZF
in positive characteristic 4 such that X +Y # Z and X, Y and Z are m-th roots of unity
implies the factorization of a composite natural number N that is a multiple of pg at the
cost of O(¢p(m)[m>® + m?(log N)*]M([log, N| 4+ 1)), where ¢ is the Euler’s function and M
is the multiplication time function for Z. We also show that such solutions do not exist for
many semiprime integers N, provided that m is required to have a fixed polynomial upper
bound in log N.

Keywords: algorithm; cost; division; factorization; field; integer; polynomial; prime;
resultant; root of unity

MSC: 11A51; 11C08; 11T06; 11T22; 11T55; 11Y05; 11Y16; 13P05; 13P15

1. Introduction

Agrawal, Kayal, and Saxena introduced the first deterministic polynomial-time
primality-proving algorithm in 2000, known as the AKS primality test, which does not rely
on any hypotheses. The algorithm was published in a scientific journal four years later [1].
Specifically, in [1], Theorem 4.1, it was proven that for a sufficiently large integer #, if in
Z[X], with X as an indeterminate, the polynomial congruence

(X+a)"=X"+a(mod X" -1, n),

holds for an appropriately chosen r € N bounded by a polynomial inlogn and alla € N
with a < [\/¢(r)logn]|, where ¢ : N — N is the Euler’s (totient) function, then 7 is a
prime number.

Suppose 1 is a composite number. Using the number field sieve, the conjectural cost

i 3 1
(running time) to factor 7 is e(C'H’(l))(IOg m)3 (log(logn)) with c = (§)3 = 1.9229994. ..
1
(see [2], Conjecture 11.2; see also [3], Sections 3 and 11 in which ¢ = (%) 3 =1.5262856. ..
1

but only for special composites n) and with ¢ = 2(%8\/6)§ = 1.6385862... (see [4],
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Section 4); this improved the rigorous or conjectural costs of prior algorithms, such as a
probabilistic one (see [5], Theorem), the quadratic sieve algorithm, and the elliptic-curve

factorization method (e.g., see [6,7], Chapter 10). The best known upper bound on the cost
/5 10g16/5 1
(loglog n)3/5
and Hittmeir (see [8], Theorem 1.1). Their algorithm builds on techniques introduced by

of deterministic integer factorization algorithms is O( ) and is due to Harvey
Hittmeir in [9], Theorem 1.1, and was subsequently developed by Harvay in [10], Theorem
1.1, where the slightly weaker upper bound O(1n1/510g'®/% 1) is obtained.

A natural question arises: Is it possible to reveal a prime divisor of n using some variation of
the AKS algorithm? Motivated by this question, we consider some conditions on n under
which one can find a proper divisor of it in polynomial time. Fortunately, these conditions
seem to rarely hold for semiprime integers, but, of course, the same ought to be taken into
account. Therefore, the second algorithm of Section 8 is on one side a special-purpose
algorithm and on another side similar to some prior factorization algorithms that benefit not
only from working over Z but over the rings of integers Oxs of number fields K (such as the
continued fraction factorization method, which is a predecessor to the modern quadratic
sieve algorithm; also see the number field sieve); it is expected to become a general-purpose
algorithm if the role of Z in this paper is taken over by a suitable Og. We hope to generalize
this paper to the Ogs in future work.

So, currently, our algorithm is competitive only in certain cases, and, in general, it is
outperformed by the existing integer factorization algorithms used in practice. Our aim
is simply to propose a new approach to integer factorization, one that may offer further
perspectives for future research.

Semiprimes and the difficulty of their factorizations play a central role in the security of
the RSA cryptosystem, which is one of the most widely used public-key encryption schemes
in practice. Introduced by Rivest, Shamir, and Adleman in 1977, see [11], RSA relies on the
assumption that factoring large semiprimes is computationally infeasible. This assumption
underpins the security of digital signatures, secure key exchange, and encryption protocols
such as SSL/TLS and PGP. For an in-depth overview of RSA and public-key cryptography,
see [12].

To mention one of the conditions considered (see Definition 2(3)), let N be a natural
number with at least two distinct prime divisors. Let m > 0 be an integer, and suppose
there exist two distinct prime divisors p and g of N such that the Fermat equation

XP+YP = 7P (1)

has a solution (Xp, Yo, Zp) in an algebraic closure E of the finite field F;, where X, Yy,
and Z are m-th roots of unity and satisfy Xy + Yy # Zp. In this situation, we show that one
can compute a proper divisor of N in polynomial time in m (see Theorem 4). Consequently,
if such a configuration occurs for some m that is polynomially bounded in log N, then N
can be factored in polynomial time. To the best of our knowledge, this is the first instance
in which the (Fermat) Equation (1), or its simplified version

XP+YP =1 )

which is obtained when the triple (Xy, Yo, Zo) is replaced by the pair (}Z(—g, }/—g), appears
in connection with the integer factorization problem. So the role played by the ideals
(X" —1,n) of Z[X] in the primality testing problem for n (e.g., see [1]) is played in what
follows by the ideals (X" —1,Y™ — 1, X"+ Y" —a,N) of Z[X, Y] in factoring N, where r is
the residue of p modulo m, and it is relatively prime to m.

Here is a more detailed description of the paper.
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In Section 2, we study Equation (2) extensively and its generalization
XP+YP =a, 3)

with a € Z, in all characteristics via cyclotomic polynomials, Sylvester resultants, and quo-
tient rings of Z[X, Y] that depend on two or more entries of the quadruple (N, m,r,a) in
N3 x 7, with some of the main results being Lemma 1 and Theorem 1. Modulo a prime p
(i.e, when N is a prime), our working condition that m and r are relatively prime implies
that the quotient rings are isomorphic to finite quotients of I,[X], and their dimensions as
vector spaces over [, are studied in Section 3, with the main results being Corollaries 2
and 3.

Section 4 proves (see Theorem 3) congruence modulo products of distinct primes
that generalize the classical Frobenius Identity recalled in Lemma 5; we apply it (see
Propositions 3 and 4) to the quotient rings introduced.

Section 5 formulates and studies two main conditions and variations of them that are
used to study polynomial-time factorizations of integers (see Definitions 1 and 2).

The goal of Section 6 is threefold. First, we review the multiplication time function for
7 and the modulo N analog of it in order to include a Dichotomic Euclidean Algorithm in
one variable modulo N that involves a dichotomy (see the two parts of Proposition 9): the
output of the algorithm is either the usual greatest common divisor of two polynomials in
one variable or a divisor of N. Second, we introduce and study a third, related condition
(see Definition 3). Third, we prove Theorem 4.

In Section 7, we show that Equation (2) has no solution among m-th roots of unity
in F, when 6 1 m, provided N € pgZ has no common prime factor with the Sylvester
resultant of X" — 1 and (1 — X)™ — 1 (see Proposition 12). A similar result is proved when
6 | m; for instance, if 6 | m, then we show that Equation (2) has no solution (X3, Y7) among
m-th roots of unity in F,; such that X; + Yy # 1 for an arbitrary N € pqZ that is coprime
to the Sylvester resultant of 1 + X® 4+ X2 + ... + X"76 and (1 — X)™ — 1 and satisfies
gcd(N,7m) = 1 (see Proposition 12(5)). As a consequence, for the majority of semiprime
numbers N = pgq, if m is polynomially bounded in log N, then Equation (2), together with
X +Y # 1, admits no solution among m-th roots of unity in F, (see Corollary 6).

Section 8 presents two algorithms that relate to the factorization of N.

Notation 1. Let (m,r) € N? be a pair of natural numbers, and let (a,b) € Z? with a < b. We use
the following notations:

[a,b] :={a,a+1,...,b};

Ly :=[0,m—1] x [0,r —1];

Ly = ]Im,m;

T:= N\ {p"|pis a prime, k € NU {0}}.

So T is the set of natural numbers that have more than one prime divisor.

2. Sums of Roots of Unity via Quotient Rings and Resultants

To study Equation (3), we introduce several quotients of Z[X, Y] as follows.
For a quadruple (m,r,N,a) € N3 x Z, we consider the polynomial

¥u(X) = X" —1 € Z[X]
and the following six ideals of Z[X, Y]:

Impa = (X" —=1,Y"-1,X" +Y —a) = (‘Pm(X),‘I’m(Y),‘Pr(X) +¥,.(Y)+2—a),

https://doi.org/10.3390 /math14132378
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o = (X" =1, X" +Y —a) = (¥u(X), ¥r(X) + ¥,(Y) +2—a),
Ky = (X" =1,Y" = 1) = (¥u(X), ¥u(Y)),
Ly = (X" =1,Y" =1, X"+Y" —a,N) = (Yn(X), ¥u(Y), ¥ (X)+ ¥ (Y)+2—a,N),
]m,r,N;u = (Xm -LX" +Y —a, N) (‘YW!(X) TV(X) +‘PV(Y) +2—-a N)
and
Kpyn = (X"=1,Y"—1,N) = (Yu(X), ¥u(Y),N).
Between these ideals, we have the following inclusions:
]m,r;a C Im,r;a D) K (4)

) D) )
]m,r,N;a C Im,r,N;a D) Km,N'

The six ideals define six quotient rings
Rura := Z[X, Y]/ I r:as

RurNa = Z[X, Y]/ L p Noas
Smra = ZIX, Y]/ Imriar
Sy Na = L[X, Y/ Jinr N;as
T :=Z[X,Y]/Kpn,

and
Tm,N = Z[X, Y] /Km,N-

To Inclusions (4) correspond ring epimorphisms

Rin,ria Swm,ra Tin

1 8 1

Rm,r,N;a ” Sm,r,N;a < Tm,N-

We have the following direct application of the Division Algorithm for monic polyno-
mials.

Lemma 1. Let (m,r) € N2, Let ¢ € Z[X] be monic of degree m. Let h € Z[X,Y] be such
that, as a polynomial in Y, it is monic of degree r. Let Q := Z[X, Y|/ (g, h). Then, the following
properties hold.

(1) As an abelian group, Q is free of rank mr, having { XY/ + (g,h)|(i,j) € Ly,} as a
Z-basis.

(2) For each f € Z[X, Y], there exist unique integers a;;(f) indexed by (i, j) € Ly,r such that
in Z[X, Y], we have the congruence

f= Y a,;(AXY (mod (gh)). (5)

(i,j) €L

(3) Suppose there exists | € N such that f € 1Z[X,Y]. Then, we have a; ;(f) € IZ for each
(i,7) € L.

(4) Let a € Z. The abelian group Sy, y,q is free of rank mr, and { ral(i,]) € Ly} is
a Z-basis of it. Moreover, Sy, ; N is a free 7./ NZ-module of rank mr, and { XY/ + ], . N.al (i, §) €
Ly} is a Z./ NZ-basis of it.

https://doi.org/10.3390/math14132378
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(5) Let a € ZZ. For each f € Z[X, Y], there exist unique integers b; ;(f) € [0, N — 1] indexed
by (i,7) € Ly, such that in Z[X, Y|, we have the congruence

fE Z bl,](f)XlY] (mOd ]m,r,N;a)~

(i,§) €L,

(6) As an abelian group, Ty, is free of rank m? having {X'YJ + Ky|(i,j) € Ly} as a Z-
basis. Moreover, Ty, v is a free 7./ NZ-module of rank m? having {X'Y/ 4+ K,, 5|(i,j) € Iy} asa
7./ NZ-basis.

(7) There exist unique integers c;;(f) € [0, N — 1] indexed by (i,j) € Ly such that in
Z[X, Y], we have the congruence

f= Y ci,]-(f)Xin (mod Ky, n)-
(i,j) €l

Proof. Let P := Z[X]/(g). As g(X) is a monic polynomial in X, the Division Algorithm
applied to the polynomial ring Z[X] gives that, for each fp € Z[X], there exists a unique
(m +1)-tuple

(q,a0,...,am-1) € Z[X] x Z™

such that fp = g9 + Z}”:_Ol a ]-Xj . From this, it follows that P, as an abelian group, is free of
rank m having {X' + (g)|i € [0,m — 1]} as a Z-basis.

Let h be the image of h in P[Y]. We have a natural identification Q = P[Y]/(h) by
the Third Isomorphism Theorem. As f1 is a monic polynomial in Y, a similar argument
based on the Division Algorithm applied to the polynomial ring P[Y] gives that P[Y]/ (h),
as a P-module, is free of rank r having {Y/ + (h)|j € [0, — 1]} as a P-basis; hence, as a
Z-module is free of rank mr having {[X' + (¢)]Y/ + (h)|(i,j)j € L.} as a Z-basis. Thus,
via the identification Q = P[Y]/(h), it follows that part (1) holds.

Part (2) holds, as it is only a reformulation of part (1).

For part (3), let f1 € Z[X, Y] be such that f = [ f;. From the uniqueness in part (2), we
getthata; ;(f) = la; ;(f1) € IZ for each (i, ) € Ly, So part (3) holds.

For parts (4) to (7), we take g(X) := X" — 1.

For parts (4) and (5), we take h(X,Y) := X"+ Y" —a; thus, (g,h) = Jmre and Q =
S, The first sentence of part (4) follows from part (1). The second sentence of part (4)
follows from the mentioned first sentence by reduction modulo N. So part (4) holds.

Part (5) follows by remarking that b; ;(f) is the only integer in the set [0, N — 1] such
that we have a;;(f) = b;;(f) (mod N).

Parts (6) and (7) are proved similarly to parts (4) and (5) with h(X,Y) :=Y" —1. O

Remark 1. (1) The additive structures of the Z-algebras Ry, r.a and Ry,  N.q are more complicated.
For instance, for each | € N, we have Ry, 11 = {0}, and hence, Ry, i N1 = {0}. Similarly,

Ruta = ZIX, Y]/ (X" =1, Y" =1, X +Y —a) 2 Z[X]/ (X" =1, (a — X)" — 1),

and hence, Ry 1N, = (Z/NZ)[X]/ (X™ =1, (a — X)™ —1).

(2) Assume r > m is not divisible by m. If s € [1,m — 1] is the residue of r modulo m, then
Linra = Imsa, and hence, Ly, ; N.g = Iy s Noa- S0 for the study of the Sy, .q-algebra Ry, ., and of the
Sim,r,N;a-lgebra Ry, y N.q, we can assume that r € [1,m — 1].

(3) The homomorphisms from Z to Sy, r.a, Sy r,Niar Rimyrar Runr Noar T 07 Ty N arve integral,
as at the level of spectra, they are finite (the targets of the homomorphisms are finitely generated
abelian groups by Lemma 1(4) and (6)).
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We consider the algebraic integer

7Tl 2 R 2
O = e = cos(%) —I—zsm(%) eC

and the Z-subalgebra Z,, := Z[{y] of C generated by it. Let ®,, € Z[X] be the m-th
cyclotomic polynomial over Z. Recall that @, (X) is the minimal polynomial of {,, over Q;
so, it is the unique monic irreducible polynomial in Z[X] with ®,,({;,) = 0, and we have a

Z-algebra isomorphism
Zn 2 LX)/ (Pn(X))

that maps {, to X + (P (X)).
Let Div(m) be the set of positive integers that divide m. In Z,,[X], we have identities

m

Yu(X)=]](X~0) = J] @u(X) and ®u(X)= Il (X—=3)- (©

i=1 deDiv(m) ie[1,m],ged(i,m)=1

As Z[X] is a unique factorization domain whose group of units is {—1,1}, in what
follows, the greatest common divisor of two nonzero polynomials f and g in Z[X] is
assumed to have a positive leading coefficient and is denoted by ged(f, g). Hence, if f or ¢
is monic, then ged(f, g) is monic, and it is the unique monic polynomial of Z[X] such that
we have an identity of ideals (f,g) = (ged(f, g)) in Q[X].

For (c,d) € N? and a € Z, we consider the monic polynomials

Y aa(X) := ged (Pe(X), Py(a — X)) € Z[X]

and
Yea(X) := ged (¥e(X), ¥e(a — X)) € Z[X].

Lemma 2. Let (m,a) € N x Zand (c,d) € N2, Then, the following properties hold.

M Ifa¢ {-2,-1,0,1,2}, then Y, 4,(X) = 1.

(2) We have Y1,1.2(X) = X — 1. Moreover, Y 42(X) = 1if (c,d) # (1,1).

(3) We have Y25, »(X) = X + 1. Moreover, Y 4._»(X) = 1if (¢c,d) # (2,2).

(4) Assume that a = 0. If ¢ is odd (resp. even and § is odd), then Y 40(X) # 1iffd = 2c
(resp. d = §), in which case Y 40(X) = Pc(X) (resp. Y, 40(X) = CID%(X)). If4 | ¢, then
Y 40(X) # 1iffd = ¢, in which case Y0(X) = Pc(X).

(5) We have Y61 (X) = X2 — X + 1. If (¢, d) # (6,6), then Y 4.1 (X) = 1.

(6) We have Y353, 1(X) = X2+ X + 1. If (c,d) # (3,3), then Y. 4._1(X) = 1.

(7) If 6.t m (resp. 6 | m), then Y ;.1 (X) = 1 (resp. Y1 (X) = X2 — X +1).

(8) If 31 m (resp. 3 | m), then Y, _1(X) = 1 (resp. Yy _1(X) = X2+ X+ 1).

(9) We have Y ,0(X) = X — 1.

(10) If m is even (resp. odd), then Y ,,_»(X) = X + 1 (resp. Y, —2(X) = 1).

(A1) If m is even (resp. odd), then Y ,.0(X) = ¥m(X) (resp. Yp.0(X) = 1).

Proof. Part (1) holds, as, for |a| > 2, the polynomials X¢ — 1 and (a — X)? — 1 have no
common complex root.

For part (2), X = 1 is the unique common complex root of the polynomials X — 1 and
(2—X)? —1. As ®.(1) = 0iff c = 1, part (2) holds.

For part (3), the polynomials X¢ — 1 and (—2 — X)? — 1 have no common complex
root when 2 { cd, and if ¢ and d are even, then X = —1 is the unique common complex root
of X¢ —1and (-2 — X)? — 1. As ®.(—1) = 0iff c = 2, part (3) holds.

For part (4), the complex roots of ®.(X) are simple and are precisely the roots of unity
¢ of order c. If ¢ is odd, then ord(—() = 2c and ®;(—g) = 0iff d = 2c. If c is even and
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5 is odd, then ord(—() = § and ®4(—() = 0iff d = 5. If 4 | c, then ord(—{) = c and
®;(—¢) = 0iff d = c. So part (4) holds.

For part (5), the roots of Y, 4.1 in an algebraic closure of Q are simple and are precisely
the roots of unity ¢ of order ¢ with the property that 1 — { is a root of unity of order 4.
However, the only roots of unity in C such that 1 minus them are also roots of unity in C
are {6 = cos(%) +isin(%) and (s = {2, with both of them being of order 6. This implies
that Y. 41(X) # 1liffc =d = 6 and Yg61(X) = (X — 6)(X — {2) = X> — X + 1. So part
(5) holds.

For part (6), the roots of Y. 4._1 in an algebraic closure of Q are simple and are precisely
the roots of unity ¢ of order ¢ with the property that —1 — { is a root of unity of order 4.
However, the only roots of unity in C such that —1 minus them are also roots of unity in
C are @% and @4, with both of them being of order 3. This implies that Y, 4. 1(X) # 1 iff
c=d=3and Y35 1(X) = (X —(%)(X —(¢) = X*>+ X + 1. So part (6) holds.

For part (7), note that Equation (6) gives that, for each (¢,d) € Div(m), we
have divisibilities

Yc,al;l | Ym;l | H Yc,d;l-
(c,d)€Div(m)2

From this and part (5), we get that Y,,,.1 € {1, Y461} is such that Y,,;1 = Ye61 iff 6 | m. So
part (7) holds.

Part (8) is (resp. (9) and (10) are) proved similarly to part (7), with the reference to part
(5) being replaced by a reference to part (6) (resp. parts (2) and (3)).

Part (11) follows directly from the following identity ¥,,(X) = ¥, (—X) (resp.
(X)) +¥m(—X)=-2). O

Considering the direct sum decomposition S, 1., = @;glz(xi + Jim1.a) of free abelian
groups of finite rank by Lemma 1(4), we have an identity

m—1 )
‘Ym(a - X) + ]m,l;u = Z Cm,i;a(XZ + ]m,l;u)/
i=0
where ¢, ;. = (—1)(
AS Cyp i = (*1>i

")ifie [1,m —1] and ¢, 01 = (—1)™, we have an identity

™Mam~ € Zifi € [1,m — 1] and ¢y 0, 1= a™ + (—1)" —1 € Z.
(

m—1 )
2" — 1= (=1)"cpon + Y (=1 cpmia
i=1

and max{ i € [0,m — 11} = ()

We consider the additive endomorphism Ly : Sy 1.4 — Spm1,0, which is the multipli-
cation by ¥y, (a — X) + Jyu,1.4- With respect to the basis { X! + [, 1.4]i € [0,m — 1]} of Sy 1.0,
the matrix representation of Ly, is

Cm,0;a Cmm—La Cmm—2a -+ Cm2a Cm,1;a

Cm,1;a Cm,0;a Cmm—1a - Cm3a Cm,2;a

Mma — Cm,2;a Cm,l;a Cm,0;a Cm,4;a Cm,B;u
Cmm—20 Cmm—3a Cmm—4a - Cm0a Cmm—1;
|Cmm—1La Cmm—2a Cmm—3a - Cmla Cm,0;a |

As the cokernel Coker(Lyq) of Ly is Z[X]/ (¥ (X), ¥m(a — X)), from Remark 1(1), we
have an isomorphism of abelian groups

lel;a g COker(Lnl;g). (7)
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Let
Am;a = - det(Mm,u) (S Z.

For (f(X),8(X)) € Z[X]? let Res(f(X),g(X)) € Z be the Sylvester resultant of f(X)
and g(X). For (c,d) € N2, we single out the following resultants

Ac,d;ﬂ = Res(ch(X)/ ch(a - X)) € Z.

The following proposition first recalls properties of circular determinants in the context
of the circular matrices M,;,.;, and second, it provides identities and estimates that pertain
to the Ay;;4s and the A, ;,, based on the properties of Sylvester resultants.

Proposition 1. Let m € N. Then, the following properties hold.

(1) The set of eigenvalues of My, in C is {¥,(a — i) |i € [1,m]}.

(2) Over 2, [%], the matrix My, is conjugate to the diagonal matrix D, whose entry on
the (i,i) position is ¥y (a — ) = Z]'.”:_Ol cm,]-;ugfj;.

(3) We have —Ayg =TT/ ¥m(a — g4,) = Res(¥(X), ¥u(a — X)).

(4) We have identities

_Am;a = H Ac,d;a = ( H AC,C}H)( H Ag,d;a)‘

(c,d)eDiv(m)? c€Div(m) (c,d)eDiv(m)?,c<d

(5) For (c,d) € N2, we have A, 41 = 0iff c = d = 6. In particular, A,y = 0 iff 6 | m.

(6) For (c,d) € N2, we have A 4.1 = 0 iff c = d = 3. In particular, Ay, 1 = 0iff 3 | m.

(7) We have Aq1,1 = —1, and for c € N\ {1,6}, we have A. .1 > 0. In particular, A,y;1 > 0
if 6 1 m (the minus sign normalization in the definition of Ay, is made in order to get this positivity
property).

(8) For (c,d) € N2, we have an inequality |A4,,| < (|a| +2)#()9(),

(9) For (c,d) € N? and |a| > 3, we have an inequality |A, 4,,| > (|a] — 2)?()9(@),

1
Cm'

Proof. For i € [1,m], we consider the column vector v; := | {,* |.One computes

gn;i(mfl)

-1 —i(—j)
71:0 Cm,j;agm /

yrle g—i(l—j) m—1 i ‘
i=0 Cmjabm _ _
Mm;avi = =0 7,4 — ( Z cm,j;agnﬁ)v,- = ‘Ym(ﬂ — g;n)vi.
vee ]:0
—1 —i(m—1—j
Z}n:o Cm,j;agm ( )
The determinant of the m x m matrix V,, := [vl Uy - vm} with entries in Z,, is the

Vandermonde determinant W({,, L Zx™), which is nonzero in Z,,, and thus, also in C.
So {vy,...,vm} is a basis of the complex vector space C" from which part (1) follows.

As W(Z,', ..., iu™) is nonzero modulo of each maximal ideal of Z,[1], it is a
unit of Z,[L]. Thus, {v1,...,0,} is a basis of the Z,[1]-module Z,[1] from which
part (2) follows.

From part (2), we get that

m

~BDpa = [ [¥m(a— i) = Res(¥p(X), ¥(a — X)),
i=1
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where the last identity is a standard property of resultants. So part (3) holds.

We include a second proof of part (3) based on the (standard) definition of
Res (¥ (X), ¥m(a — X)) as the determinant of the 2m x 2m matrix defined in m x m
blocks by
L —1Lm

Sma =
’ Em;u Mm;a - Em;a

7

where 1,, is the identity matrix of size m x m and

(_1) Cmm—1a Cmm—2a -+ Cm3:a  Cm2a Cm,1a
0 (_1)111 Cmm—1a - Cmda Cm3na Cm,2;a
E o 0 0 (_1);11 o Cmb5a Cmda Cm,3;a
ma -=
0 0 0 0 (=D™  cmm—1
i 0 0 0 0 0 (_1)m
e 1n] [ On

As we have a matrix identity S, , where 0, is the zero matrix

Om 1 B ]Em;a IMlm;a
of size m x m, by taking determinants of this identity, it follows that part (3) holds.

Part (4) follows from part (3) and the standard properties of resultants of products
of polynomials in Z[X] applied in the context of the following product decompositions
Y (X) = Ieepivim) Pe(X) and ¥y (a — X) = [Taepiv(m) Pa(a — X) (cf. Equation (6)).

Part (5) (resp. (6)) follows from Lemma 2(5) (resp. 2(6)).

For part (7), as A11,1 = —1and Aypq = P>(1 — (—1)) = 3, it suffices to show that
for each ¢ € N\ {1,2,6}, we have A.;; > 0. Recall that ¢(c) is even, so there exists
s € N such that ¢(c) = 2s, and the ¢(c) primitive c-th roots of unity can be listed as
{,n7Y o s, 571} So we compute

S S

Bogr = [T~ )" ~ 1[0 =7y =1 =TT - )" ~ 12

i=1 i=1

Thus, Aeq > 0. As A1 # 0 by part (5), we get that A g > 0. Thus, if 6 { m, then
[ eepiv(m) Bec > 0. Moreover, [ 4)epiv(m)2, c<d A?,d;u > 0 by part (5). From the last two
sentences and part (4), we get that, if 6 { m, then A,,.; > 0. So part (7) holds.

Part (8) holds, as Equation (6) and repeated applications of the triangle inequalities give

Do = | 11 (a— = )| < (|Ja] +2)9©@2@),
(i,j) €l q,8cd(i,c)=ged(jd)=1

Part (9) is proved similarly to part (8) based on the inequality |a — ¢\ — §£l| > |a] —2
for each (i,j) € I,. O

For a finite set A, let |[A| € NU {0} be the number of elements of A.

Theorem 1. Let a € Z and (m,r) € N> with m > r and gcd(m,r) = 1. Then, the following
properties hold.
(1)  We have an isomorphism Ry, y.q = Ry, 1.4 of nonzero rings.
(2) Ifaisoddand p is a prime divisor of 2 — a™, then Ryr,pa 7# 0, i.e., Ly pia 7 Z[X, Y].
(3)  The ring Ry, rq is finite iff Yy:a(X) = 1iff Apsa # 0 and iff one of the following disjoint
conditions holds.
(3.a) We have |a| > 3.
(3.b) We havea =1 and 6 1 m.
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(3.c) Wehavea = —1and 3 { m.
(3.d) We have a = 0 and m is odd.
(3.e) We have a = —2 and m is odd.

(4)  If6 (resp. 3) divides m, then Ry, ;.1 (resp. Ry, r.—1) is a finitely generated abelian group of rank
2. Moreover, Ry, 1 has rank 1, and, if m is even, Ry, ;.o has rank 1 and Ry, ;.0 has rank m.

(5)  Asume Ry y,q is finite. Then, |Royr.a| = |Am:a|. Moreover, for a prime p, we have p | Apq iff
Rm,r,p;u 7& 0.

(6) Ifm € 2N (resp. m € N), then (a +1)™ — 1 (resp. (a — 1)™ — 1) is an eigenvalue of M, 1.

(7)  Let Apya(X) == L0, Xi(a — X)™ =11 € Z[X]. Then, the following properties hold.

(7.a)  We have identities (a — X)™ — X" = (a — 2X) Ama(X), Apa(a) = a™ 1, and
m .
Ama = (2" —a™)Res (X" — 1, Apa(X))= (2" — a™) [ [ Amsa(C})-
i=1

(7.b) Ifa # 0, we have an inequality | Ay, (Z5,)] < %for eachi € [1,m —1].

(7.c)  We have a divisibility (a™ — 2™) | Ap,a and an inequality | Ay (Z5,)| < 2™ — 1 for
eachi e [1,m —1].

(8) Assume 6 {m. Let ] := 5| € NU{0}. Let €, be =1 if m = 41, be 0 if m = 41+ 1 or
m =4l +2,and be 1 if m = 41 + 3. Then, if m is even, we have inequalities

(zm B 1)(\/§m . 1)21 <Ay < (2m i 1)(\6”‘ + 1)21+2€m (2m + 1)21’
and if m is odd, we have inequalities
(\/Em o 1)21 < Am;l < (\/Em + 1)2l+2€m (2111 + 1)21.

Proof. Let ¥’ € [1,m — 1] be such that m | ¥’ —1. The rule (X,Y) — (X",Y") de-
fines an endomorphism e, : Z[X,Y]| — Z[X, Y] such that ¢;,(K;) C Ky; so e, induces
an endomorphism

erm T — T

As X" — 1 divides X" — X and Y" — 1 divides Y — Y, €, 0 €y ;y = €1, © &y is the
identity automorphism of T;,. Hence, e;,,; and e, ,,, are automorphisms inverse to each other.
Aserm(X+Y —a+Ky) =X"+Y" —a+ Ky, e, induces an isomorphism Ry, 1,; — Ry ra-

If a is even, then the kernel of the epimorphism Z[X, Y| — F, that maps X and Y to
1 contains I, 1., and hence R, 1,; # 0.

If 2 and p are as in part (2), then the kernel of the epimorphism Z[X, Y] — I, that
maps X and Y to a times the inverse of 2 in [, contains I,1 p,s, and, in particular, it induces
an epimorphism Ry, 1,5, — Fp. S0 Ry 1,p;0 7 0.

Parts (1) and (2) follow from the last two paragraphs.

For parts (3) and (4), from Remark 1(1), we get that R, 1., ®7 Q = Q[X]/ (Ym;a). As the
ring Ry, 1,4 is finite iff R, 1., ®7 Q = 0 by Remark 1(3), it follows that R, 1,, is finite iff
Y;0(X) = 1. Isomorphism (7) implies that Ry, 1, is finite iff A,,;; # 0. So, to end the proof
of part (3), it suffices to show that Y,,;(X) = 1 iff one of the conditions (3.a) to (3.e) holds.
However, this follows from Lemma 2(1) and (7) to (11) and the fact that Y,,,,,(X) = 1 iff
Y, 4.4(X) = 1 for each pair (c,d) € Div(m)?. So part (3) holds.

For part (4), we can assume v = 1 by part (1). For »r = 1, part (4) follows from the
identity Ry, 1,; ®7 Q = Q[X]/(Ym;qa) and the fact that Y,,; (resp. Y,,,—1) has a degree of 2
by Lemma 2(7) (resp. 2(8)), Y2 has a degree of 1 by Lemma 2(9), and, if m is even, Yy,
has a degree of 1 by Lemma 2(10); Y,,;;0 has degree m by Lemma 2(11).
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For part (5), based on part (3) and Isomorphism (7), we have
for a prime p, we have p | Ay iff Ry r, p;0 7 0. So part (5) holds.

Part (6) holds, as we have gﬁ =—-lLand ¥y (a—(-1)) = (a+1)" —1(resp. {j =1
and ¥,,(a — 1) = (a — 1) — 1) is an eigenvalue of M., by Proposition 1(1).

= |Amy|. Thus,

For part (7.a), the first identity follows from the formula for the difference of two m-th
powers. We have Ay, (a) = 2:”261 a'(a—a)" 17" = a"~1. To check the third identity of
part (7.a), we note that for each i € [0,m — 1], we have

(@ —=G)" —1=(a—G)" =G + T = 1= (a—283) Aua (Gi)-

From this and Proposition 1(3), we get that

—Am;aZ—H[(a—Cm 1:[ (@ —208) Ama () = —2"Res (x™ — 1, Apza (X)) H %—gm
i=0

a

= —2"Res(x" — 1, Apa(X)) (m - 1) = —(a" —2™"Res(x" — 1, Apa(X)).

21’!’!

For part (7.b),if i € [[1 m — 1], then repeated applications of the triangle inequality
give that | Ay ()] < TN 1+ [a]) = % So part (7.b) holds.

Part (7.c) follows from parts (7.a) and (7.b).
For part (8), let s := [ % |. Based on Equation (6) and Proposition 1(3) for m even,

we have
m—1 ) s 1 )
Apa == TTIA =)™ - (1= =1 8)
i=0 1:1

and for m odd, we have

m—1 . s
Awy=—[TIA=g)" =1 =TTI0-g)" =1~ )
i=0 i=1

We only prove part (8) for m = 4/ + 3, as the other cases are entirely similar. We have
I =2s+1.Foric [1,I+1], wehave |1 —i,| < v/2,and hence, |(1—i,)" —1| < 2" +1;
as the algebraic integer (1 — Z’,)" is a purely imaginary complex number, we also have
1< |(1—-¢gi,)™—1|. Fori € [l 42,21+ 1], we have v2 < |1 —},| < 2, and hence,
V2" =1 < |(1=C,)™ —1| < 2" + 1. From these inequalities and Equation (9), we get that
(V2" = 1) < Ay < (V2" +1)2F2(2m 1 1)2 So part (8) holds for m = 41 +3. [

Example 1. Assume (m,r) € N? with m odd, m > r, and ged(m,r) = 1. We compute
Amp = =TT Y (—1y) = =TT (—2) = (—1)"F12" by Proposition 1(3). So Ry, py0 is
nonzero iff p = 2 by Theorem 1(5).

3. Variation of Degrees of Polynomials over Finite Prime Fields

Let R be a unital commutative ring and a € Z. We denote also by a its image via the
unique unital ring homomorphism Z — R; so aR is the principal ideal of R generated by
a€R.

If p { m and { is a primitive m-th root of F, let

Qup ia = {G,j) e Hm|§i +§j =a}.

Lemma 3. Leta € Zand N € N\ {1} be square-free. Then, the following properties hold.

(1)  For every pair (m,r) € N? with ged(m, r) = 1, there exists a unique polynomial 0, N r.,(X)
in (Z/NZ)[X] such that the following properties hold.
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(1.a)  For each prime divisor p of N, the reduction of 0, N r.,(X) modulo p is monic.
(Lb)  We have an identity (¥, (X) + (N), ¥m(a — X") + (N)) =(0mnN,ra(X)) between
ideals of (Z/NZ)[X].

(2)  The degree of 0, N r.a(X) does not depend on r.

Proof. AsZ/NZ = TN pis a prime Fp, to prove part (1), we can assume that N = pis a
prime. So, part (1) follows from the fact that IF,[X] is a principal ideal domain with the
property that each nonzero ideal of it is generated by a unique monic polynomial.
As
deg (0N r,a) = max(deg(Om,p,ra)|pis a prime divisor of N),

to prove part (2), we can assume that N = p is a prime.

We write m = p's and r = p*s,, where the quadruple (I,1,,s,s,) € [NU {0}]? x [N]?
is such that ged(p,s) = ged(p,s;) = 1. As ged(m,r) =1, we have ll, = 0. Let { € F, be a
primitive s-th root of unity.

As ¥ (X) + (p) = XPs =14 (p) = (X* = )P + (p) = ¥s(X)” + (p) € Fplx] and
the reduction of ¥s(X) modulo p is a monic separable polynomial, we get that each root
of ¥,,(X) in F, has multiplicity p'. Asa € 7, a similar argument gives that each root of
¥u(a — X") in F), has multiplicity p' 7).

It follows that 0y, p .0 (X) = 6% Ip,m (X) and

Gm,p,r;u(X) = H (X - gi)f’l.

(i/j) Elly, (’r‘i,j) 6Qs,p,(;a

As r is relatively prime to m, the functions {(i,j) € Iu, (ri,j) € Qgpca} — [0,m —1]
defined by the rule (i, j) — j are injective, and their images do not depend on r. In particular,
we have an identity [{(i,j) € L, (ri,j) € Qs patl = |Qsp,al- Therefore, deg(Om,pra) =
P | 7.0l and hence, it is independent of r. So part (2) holds. [

For each m € N and every prime p, let
b, psa 1= deg(em,p,r;a) cNU {0}

with r € Z arbitrary subject being relatively prime to m (cf. Lemma 3(2)).
We have the following direct consequence of the definition of ¢, ,; and Lemma 3.

Corollary 1. Let N € N\ {1} be square-free, (m,r) € N? with gcd(m,r) = 1,d € NU {0},
and a € 7Z. Then, the polynomial 8, N r.a(X) € (Z/NZ)[X] is monic of degree d iff for each prime
divisor p of N, we have ty, p,a = d. In particular, 0, N r.a(X) is monic iff 6, N 1,4(X) is monic.

For (a,m) € Z x N, let [a]y, := a + mZ € Z/mZ. We consider the left action
Z/mZ x Ly — Ly

of the multiplicative monoid Z/mZ on I, defined by the rule [I],, - (i,]) := (i}, j;) with
(lilm = [i)]m and [lj]m = [j;]m- Let Uy, be the group of units of this monoid (equivalently,
of the ring Z/mZ). The induced action of Uy, on the subset

Un := {(i,]) € Ln1 € {ged(i,m), ged(j,m) }}

of Iy, is free. Let Stab,, ; ¢, be the stabilizer of the subset (), , 7, of I, with respect to the
action Uy, x I, — Iy,
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Let 7t : I, — [0, m — 1] be the first projection. Let
O,p,a = 11 € [0,m —1]|3j € [0,m — 1] with (i,]) € Qp pza}

be the image of (), ¢,, via 7.
We have the following consequence of Lemma 3 and Theorem 1(4) and (5), which
groups together the basic properties of the ¢y, ,qs.

Corollary 2. Let a € Z and m € N. Let p be a prime. We write m = p's with the pair
(I,s) € (NU{0}) x N such that ged(p,s) = 1. Then, the following properties hold.
(1) We have ty,p,a € Niff p | A

!
(2) We have an identity 0, 1,, = 95 p1a 11 particular, ty, p,, = P ts,pia-

(3) Assume that | = 0 (equivalently, m = s). Let { € I, be a primitive m-th root of unity.

Then, tm,pa = | p,za

(4) The integer ty, p,, is odd iff p | 2° — a® and iff p | 2" — a™.

(5) The function Oy, z.0 — Wiy p ;0 We get by restricting 7t is a bijection.

(6) We have 0 & wy, p,z1-

(7) If m is odd, then t,, g < "1,

(8) Assume that m is odd. For each i € wy, pr;1 and every [u]m € Uy with [uily = [m — ilm,
we have [u]y & Staby, pz1 (as ged(m, i) = ged(m, m — i), such a unit [u], always exists). In
particular, Staby, , r.1 is a subgroup of Uy, of an index of at least 2.

Proof. For part (1), we have ty, ;s > 0 iff the ring Ry;1 ;5 is nonzero. If Ay, = 0, then
Ry 1,4 1s infinite by Theorem 1(3), and hence, it has positive rank; this implies, based on
Remark 1(3), that the ring R, 1 p;q is nonzero. If Ay;q # 0, Ry 14 is finite by Theorem 1(3),
and the ring Ry, 1,p;, is nonzero iff p | Ay, by Theorem 1(4) and (5). Part (1) follows from
the last two sentences.

Parts (2) and (3) follow from the proof of Lemma 3.

We have 2° = a° (mod p) iff 2P's = gb's (mod p). Thus, p | 2° = 2’ iff p | 2" —a™.
Based on this and part (2), to prove part (4), we can assume that p is odd and | = 0. We
have an involution of O, ;, .s = Qs p 7,4, which maps (i, j) to (j, i). This involution either
has no fixed point, in which case t,,,p,, is even, or it has a unique fixed point, in which case
tm,p:a is odd. Moreover, the involution has a fixed point iff 5 € I}, is an m-th root of unity
and, thus, iff p | 2" — a™. So part (4) holds.

Part (5) holds, as for each j € [0, m — 1], the value of §j S E determines j.

Part (6) holds as for each j € [0,m — 1]; we have {/ € F,, \ {0}.

To prove part (7), let (i,) € Qyz1; we have {i,j} C [1,m — 1] by part (6). As ' +
=1, wehavel ="' =1—-""= —07". Asmisodd, —{/7" is not an m-th root of
unity, and hence, m —i & wy, pc1. Thus, the involution T of [1,m — 1] defined by the
rule 7(I) = m — [ is such that the union T(wy, p,z;1) U Wp,p 1 is disjoint. This implies that
2|wpy,peal < m—1,and hence, based on parts (3) and (5), part (7) holds.

For part (8), let j € [1,m — 1] be such that (i,j) € Oy, z:1- If [u]m € Stab,, , 7.1, then
m —i € Wy, p 1, which is a contradiction to the last paragraph. Thus, [u], ¢ Staby, 1,
and part (8) holds. O

For an integer N > 2, let P(N) = P(—N) € Div(N) be the largest prime divisor of
N. If m > 2 with 6 { m, then we have an inequality P (2" —1) < P(A,,;1) by Theorem 1(7),
which, in general, is strict.
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Example 2. (1) The prime divisors of Aj1,; = 101832157445630503 are 23, 67, 89, and 199.
A direct computation gives that

011,23,1.1 (X) = X5 +9X* +8X34+2X? +4X +1¢€ Fa3[X],

O11,6711(X) = X2 = X =5 € Fer[X], 611,8911(X) = X + 45 € Fyo[X],

and
011,199,1;1(X) = X* — X — 78 € Fyg0[X].
Therefore, t11031 = 5, tiie71 = t11991 = 2, and ti1ge1 = 1. As t1037 = 5 = U
Corollary 2(7) is optimal in general.
(2) For m = 11, we have

P21 —1) = P(2047) = 89 < 199 = P(A11,1),
and for m = 15, we have P (215 — 1) = P(32767) = 151 and
151 < P(A151) = P(As51) = P(A3151) = P(Bs151) = P(A15,51) = 271

(3) It is easy to check that Theorem 1(8) implies that there exist universal constants C1 and Cy
in the interval (0,1) such that C; < Cy, and for each m € N\ 6N, we have inequalities

2 2
26 < Ay < 292

(4) Assume a > 3. Then, M1, = a—2 > 0, Aoy = a+2 > 0 and the proof of
Proposition 1(5) adapts to give that Ay,.; < 0. The positive integers —Ay,.q grow very fast in terms of
m, such as —Az;3 = 14896, —As.3 = 803800668451, and —A7.3 = 237162507224588197994176.

Theorem 2. Assume that 6 { m. Let K, be the set of pairs (i, ]) € 1,1 such that ij > 0,i # j,
and the stabilizer of (i, + )y, in the Galois group Gal(Q(g)/Q) is trivial.

For a prime p, we consider the following statements (conditions).

(1) We have inequalities 5 < m < 2" < p < 39(m)  and m is odd.

(2) We have Zy,/ pZm = Fi(m) andm | p—1.

(3) We have ty, 1 € 2N.

(@) Let { € F, \ {0} be a primitive m-th root of unity. Then, for each ], € Uy \ {[1]m}, we
have Qy, pra O (O p,g1) = O '

(5) For each (i, j) € Oy p 1, the stabilizer of T, + )y, in the Galois group Gal(Q(Z)/ Q)
is trivial.

(6) We have |K,,| > 2t p1 [p(m) — 1] and tn,pi [p(m) —1] < (m —1)(m —3).

Ifp | Ap;1 and p > min (2’” - 1,34’(’”)>, then statements (1) to (6) are true.

Proof. As Ajq =1, Ay; = 3,and A3,y =7, we have m > 4. So, p > 2™ > m, and hence,
p{m.Letn € Z be such that pn = A,,.;. We have n € N by Proposition 1(7).
By Proposition 1(3), using Equation (6), we have

m—1 —lm— . i
—pn = Ay = 11 =)™ 1’[ 1‘[ (1=Gu—=0w) = T1 0=3u—2)- (10)
i=0 i=0 j=0 (ij)€l

Applying the Galois norm Ng¢,,)/q to the previous equality, we get:

No@w/a(=rm) = TT Nogno =2 —0n)-
(i,j)€ly
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As Ny(z,.y/0(—pn) = (—pn)? 90m), and as No(,) /01 — g — ) € Z‘for all (i,j) € Ly,
there exist a pair (ip, jo) € L such that p divides Ngg,,),0(1 — 7 — 75). As p does not
divide Ny (z,.)/0(—1) = (=1)?0m), we have (ig, jo) # (0,0). Thus, igjo > 0. As

1 i ki kj
No(gu)/o1 =& —&n) = I1 (1= Cn0 =),
ke[0,m—1],gcd (k,m)=1

Nig,jo = INg() /(1 — gl — dﬁ)\ is a positive integer bounded from above by

I L G|+ || = 370

ke[0,m—1],ged(k,m)=1

Thus, p < 3¢("). As p > min(2" — 1,3%(")), it follows that m < 2" < p < 3¢(m),

If m is even, then ¢(m) < %, and hence, 3¢0m) < f < 2™ which is a contradiction.
Thus, m > 5is odd. So, statement (1) is true.

Let g € N be the order of p modulo m; so r := ‘P(q ") € N. As pim, Zmn/pZm = IF;,,.
So, there exist exactly r prime (equivalently, maximal) ideals py, ..., pr of Z;, that contain
p; they are permuted transitively by the Galois group G, := Gal(@(gm) /Q). Letsy € N

be the number of these maximal ideals that contain 1 — 10 — ] 9. It follows that Nig,jo 1
(m)

divisible by pf = p°i.
If sog > 2, then p> < N;

i, jo

< 3¢(m) < 3m-1; hence, p < V3" < 2™ which is
a contradiction.

Thus, spg = 1, and hence, s) = g = 1. Thus, m | p — 1 and r = ¢(m), so statement (2)
is true.

By reindexing, we can assume that the image of {,, in Z,/p1 = Fp is .

Asp > 2" —1 > m, Corollary 2(4) implies that statement (3) is true and that i # ;.

If (i,7) € Qa1 hence, 1 — i — ), € py, by taking (ig, jo) == (i, j), for I € [2,m — 1]
relatively prime tom, 1 — ,1111 — Z € pr with k € [2,7], and hence, from sy = 1, it follows
that (1], (i,j) & Qu p,g;1- So statement (4) is true.

Asr = ¢(m) and s = 1, we get that the stabilizer of 1 — o _ 7l equivalently, of

% + T, in Gy is the trivial subgroup. From this, if (i, j) € Quy, p 1, by taking (io, jo) := (i, ),
we get that statement (5) is true and that i + j # m.
Based on statements (4) and (5), we have a disjoint union

Ui1)e0,pza L DI € [2,m = 1], ged(m, 1) = 1}

of subsets of K, and, hence, also of subsets of {(i,j) € L,_1|ij > 0, i # j, i+ # m}.
As the last set has (m — 1) —2(m — 1) = (m — 1)(m — 3) elements, statement (6) is true. [

Corollary 3. Let m € N\ 6N. Let p be a prime such that p > min (2" —1,3¢(")). Assume that
one of the conditions (1) to (6) of Theorem 2 does not hold (e.g., m { p — 1). Then, there exist no
m-th roots of unity x and y in ¥, such that x +y = 1.

Proof. We show that the assumption that such x and y exist leads to a contradiction. There
exists a nonzero ring homomorphism p : Ry 11 — ]FT, such that p(X + Im/,,p;l) =X
and p(Y + Ly p1) = y. Thus, p | Ay by Theorem 1(3) and (5), and this contradicts
Theorem 2. O

Notation 2. Let p be a prime and a € 7Z.

(D) For w € F, \ {0}, let o(a) € N be its order. Moreover, for & € T, \ {0, a}, we also define
Co(a) :=lem(o(a),0(a — o). We note that £,(x) = €,(a — a).
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() If vy € Fp \ {0} is the reduction of an integer B modulo p, let 0,(B) := o(y).

(3) We define subsets SOy := {la(a)|a € Fp \ {0,a}}, Opya := {la(a)|a € Fp \ {0,a}},
MSOp;a = UZGSOW,KN/ and MOW = Ugeong of N.

(4) If we have an inclusion MO, C 6N, then let m,; := 0. If the set difference MOy, \ 6N
is non-empty, then let m,; := min(MO,, \ 6N) € N.

(5) If we have an inclusion MOy, 1 C 3N, then let m,,_1 := 0. If the set difference
MO, 1\ 3N is non-empty, then let m,,_1 := min(MO,, 1 \ 3N) € N.

(6) If we have an inclusion MOy, » C 2N, then let my, o := 0. If the set difference
MOy, > \ 2N is non-empty, then let m,, 5 := min(MO,, 5 \ 2N) € N.

(7) If |a| > 3, let mp,; := min(MOp,;) € N.

From Corollary 3, we directly get the following consequence.

Corollary 4. Let p be a prime such that my,1 > 0. If one of the conditions (1) to (6) of Theorem 2
does not hold for m,4 (e.g., mya { p — 1), then we have an inequality p < min(2"r1 —1, 34’('”P¢1)),

Lemma 4. Let p be a prime. Then, the following properties hold.
M If6{p—1,thenmyy > 0.
(2) If 6 | p — 1, then there exists « € IF,, \ {0, 1} such that 6 { o(a) and 6 { o(1 — a).

Proof. If p = 2, then for & € F4 \ F,, we have o(a) = 0(1 —«a) = 3, hence, 3 € MOy;.
If p = 3, then 03(2) =2 € MO3;1. If 6 | p — 5, then 0,(2) € MO,,; \ 6N is a divisor of p — 1.
So part (1) holds.

For part (2), let s € N be such that p — 1 = 6s. The number of elements in I, \ {0} that
have order divisible by 6 is

Ci= 2()¢><6z’><§ L 00w =3 ¥ ¢0)=3

ieDiv(s i€Div(s ieDiv(s)

AsC < 3s = prl, 2C +1 < p — 2, and thus, there exists & € Fj, \ {0, 1} such that 6 { o(«)
and 61 0(1 — ). So part (2) holds. [

Remark 2. (1) Let p be a prime, m € N, and a € Z. There exists a nonzero (equivalently,
surjective) ring homomorphism Ry, 1 p,a — Fp iff m € MSOy,e. Similarly, there exists a nonzero
ring homomorphism Ry, 1 p,, — F with F a finite field of characteristic p iff m € MO,

(2) From part (1), Theorem 1(4), and Remark 1(3), we get the following inclusions and
identities 6N C MO,;1, 3N C MOy, 1, 2N C MOy, N MOy, 2, and N = MO, for each prime
p. Moreover, N = MOy, ifa € 27.

(3) Let p be an odd prime. Then, {1(%) = 0,(2) € SOp1. If 6 1 04(2) (e.g., this holds if
p #1 (mod 6)), then m,; < 0,(2) with p | 200(2) — 1. In general, mpy1 < 0p(2), and hence,
p 1 2"rt — 1. For instance, if p = 11, then 011(2) = 10 but mq14 < 5, as SO111 = {5,10}; we
have 5 € SOll;l, as 011 (3) = 011 (9) =>5.

(4) We have min(MO,;) = 3.

(5) We have ty,p,; € N iff 0,,,1,4(X) has a root in Fy and iff m € MO,,. Similarly,
Om,p,1;a(X) has a root in By, iff m € MSOp,q.

(6) We have SO13.1 C 6N with 013(5) = 4 and 013(9) = 3 is not divisible by 6.

4. Frobenius Identity

For elements x, y in a unital commutative ring R and n € N, we write x = y (mod n) if
x —y € nR. The following well-known identity is used repeatedly throughout this section.
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Lemma 5 (Frobenius Identity). Let p be a prime number. Then, for each x,y € R, we have
the congruence
(x+y)P =xP+y? (mod p).

Proof. This follows from the binomial expansion and the fact that for each k € [1,p — 1],
the binomial coefficient is divisible by p, and hence, we have (})x*y?~* € pR. O

We aim to prove the following generalized form of the Frobenius Identity.

Theorem 3. If N = pil cee pi’, wherel € N, p1,...,p; are distinct primes, and eq, .. .e; are
natural numbers, then for each x,y € R, the following congruence holds

(x+y)N = (11)

I I Gy s G Clis
) X (=)l e ey TP (mod py - ).
s=1 {i1,.-is }C[11]

G5 =L}

Although we apply this congruence only in the case when ! = 2and ey = e, =1,
we include and prove it in its full generality with the hope that it may be useful in other
contexts. As such, and to make the proof of Congruence (11) easier to follow, we first
consider this case.

Proposition 2. Let p and q be distinct prime numbers. If N = pq, then we have the congruence
(x+y)N = (& +yP)T+ (xT+y1)P —xN =y~ (mod N).
Proof. As pis a prime, it follows from Lemma 5 that
(x+y)N = (" +y")7" (mod p)
and
(xT4+yNP —xN —yN =0 (mod p).

Therefore,
(k4N = (P +y) + (3T +y) —xN —yN (mod p).

The same argument applies modulo g. Therefore, the two sides of the identity are congruent
modulo both p and g, and, as N = pg, the result follows via the Chinese Remainder
Theorem applied to the coprime principal ideals pR and gR of R. O

We now prove the general case of Congruence (11).

Proof of Theorem 3. We begin by showing Congruence (11) for p; in place of p; - - - p;.
By Lemma 5 applied e; times, we have the identity (x + y)Vi1 ="' + y’”l1 (mod py).
Thus, . e
(x+y)N = (2P +yP )PP (mod py).
Thus, we need to prove the congruence

F]l Ej].lfs

! biv s e \ P P
(=1)sTH{ &P Pis yPu P =0 (modpy). (12)

s=1  {1}A{i1,...is }[L1]
{treerfi—s b=ILIN\ i1, is }
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Using a substitution s = t — 1 while denoting the elements i to i¢ if 1 ¢ {i1,...,is} and a
substitution s = t while denoting the elements iy to iy if 1 € {iy,..., i}, the left-hand side
of Congruence (12) is congruent to

%
I G e iy pip2 !
Z (—1)t<xp12 Py +]/pi2 le)
t=2 {ig,-.. it} C[2,1]
{2 =210\ iz}

I °i> Ci—tr1

er i Pig =P
+ E Z (_1)t+1( P1 plz PI, +ypl Piy Pi, ) t+1 —0 (mod P1)-
t=2 {iz,...,it}C[2,1]

{ari—rar } =240\ iz -t }

Here, we have used the fact that, in characteristic p;, Lemma 5 applied e; times gives

e

Gy ¢ i e\ P1 eq iy € ep Gy G,
(xpiz P 4yl mt) = PP PP (mod py).

By symmetry, the same holds for all other primes p;, and thus, the identity holds
modulo p; - - - p; by the Chinese Remainder Theorem applied to the pairwise coprime
principal ideals piR, ..., p;R of R. Thus, Theorem 3 holds. [

Let (a,b) € 7Z*. Next, we show that if (X +Y +b)N — (b +a)N & I, N4, then for
a specific 7, the coset (X + Y + b)N — (b + a)N + I, ;s contains a polynomial whose
coefficients are divisible by a proper divisor of N.

Proposition 3. Let p be a prime divisor of N. Let m € NN [2,p —1]. Let (n,r) € N x [1,m —1]
be such that p = mn + r. Let (a,b) € Z2. Then, the following properties hold.

(1) There exist unique integers d; ; € p[0, #}] indexed by (i, ) € L, such that, in Z[X, Y],
we have the congruence

N
P

(X+Y+b)N — (XP+YP 4 (b+a)f —a)? = 2 XY (mod Jusnia).  (13)
7)€L,

(2) In Z[X, Y], we also have the congruence

X+Y+)N = (b+a)N= Y 4, XY (mod Ly nia)- (14)
(i,j) €L,y

G IfF (X +Y+b)N — (b+a)N ¢ L, N.a, then there exists a pair (io, jo) € Ly, such that
diyjo 7 0 (so ged(d; iy, N) is a proper divisor of N).

Proof. By Lemma 5, we observe that

(X+Y 40N = (X+Y+5)PF) = (XP +YP +P)%  (mod p).

Moreover, b¥ = (b+a)? —aP = (b+a)? —a (mod p). Thus,

N
P

(X+Y+b)N — (XP+YP+ (b+a)’ —a)r € pZ[X,Y].

By Lemma 1(3) and (5) applied to (f,1) = (X + Y +b)N — [XP + YP + (b+a)? — a]%,p),

it follows that there exist unique integers d; ; € p[0, #]] indexed by (i, ) € L, such that
Congruence (13) holds. So part (1) holds.
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As p = mn + r, we can write:
XP4+YP +(b+a) —a= X" YY" 4 (hb+a) —a=X"+Y +(b+a) —a

= (b+a)’ (mod Lyya).

By substituting this in the analog of Congruence (13) for I, ; N, instead of [, , N, (recall
that we have an inclusion [, » N:g € I s N:a), it follows that Congruence (14) holds. So part
(2) holds.

If(X+Y+ b)N — (b+a)N & I, N.q, then there exists (ig, jo) € L, such that diyjo 7 0
by part (2). So part (3) holds. O

Remark 3. Although the nonvanishing of the polynomial (X +Y + b)N — (b + a)N modulo
Ly r, N.a ensures within the coset (X +Y +b)N — (b+a)N + I, , n.q the existence of a polynomial,
for which at least one coefficient is a proper divisor of N, for some r < m, we currently lack a
polynomial-time algorithm to identify such a polynomial, i.e., a pair (a,b) for which m and r would
exist. Nevertheless, this observation led to the idea that if (X +Y —a)N # 0 (mod Ly, N.), then
we can find a proper divisor of N in polynomial time through the use of single-variable polynomials
rather than bi-variate ones. This possibility is explored in the next section.

We derive the following result in the special case of square-free semiprimes.

Proposition 4. Let N = pq, where p and q are distinct primes with p > 3. Let (m,a) € N x Z
be such that 1 < m < p. Let r € [1,m — 1] be the residue of p modulo m. Then, the following
properties hold.

(1) There exist unique integers c;; € qZ indexed by (i,j) € L, such that, in Z[X,Y], we
have the congruence

X+ - (X1+yhyr= ) ci,jxiyf (mod [ ra).
(i) €L,y

@ If (X + Y)Y — a7 € Ly, Nua, then in Z[X, Y], we have the congruence

(X + Y)N _xN_yN= Z Ci,inYj (mod Im,r,N;a)-
(i,f) €L, r

G IfF(X+Y)N — a9 € Lyynaand (X +Y)N — XN — YN ¢ L, .o, then there exists a
pair (iO/ ]O) S ]Im,y such that ng(CiO/jO’ N) = q

Proof. We have (X + Y)N — (X7 + Y1)? € gZ[X,Y] by Lemma 5 applied to the prime q.
From this and Lemma 1(2) and (3), it follows that there exist unique integers c;; € qZ
indexed by (i, ) € L, such that part (1) holds.

For part (2), as X" = Y™ =1 (mod ILy,y.), it follows that XY +YP = X" +Y" =a
(mod I.). Based on this and Proposition 2, we have:

(X+Y)N —al = (XT+Y1)P — XN YN (mod I, ni)-
As (X +Y)N — a9 € I, Ny, we incur that
(XT4+YN)P — XN YN =0 (mod Ly, Na)-

AS Jira C Ly N, part (2) follows from part (1) and the last congruence.
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For part (3),as (X + Y)N — XN — YN ¢ I, N, it follows that

Z Ci,]‘Xin f 0 (mod Im,r,N;u)-
(i) €L,y

This implies that there exists (ig,jo) € In, such that N does not divide Cig,jor SO
ged(ciyjo, N) = q,as N = pq and ¢;, j, € gZ. So part (3) holds. [

5. On Properties () and ()
We introduce the following property on N € T.

Definition 1. Let N € T, a € Z, and m € N\ {1,2}. We say that N has property (bp.q) if there
exist r € [2,m — 1] such that (X +Y —a)N £ 0 (mod L, n.q) and r is the residue of a prime
divisor of N modulo m.

Lemma 6. Let the pairs (m,N) € N? and (r,7") € [1,m — 1]? be such that gcd(r,m) = 1 and
m | v’ — 1. Then, there exists an isomorphism

RyyNa = ZIX, Y]/ Ly Na = Z[X]/ (‘I’m(X),‘I’m (a—X"), N)
induced by the homomorphism Z[X, Y| — Z[X] given by the rule (X,Y) — (X, (a — X")"").

Proof. By Theorem 1(1), we have an isomorphism R, 1 N,z = Ry rN.a induced by the
endomorphism of Z[X, Y] given by the rule (X,Y) — (X",Y"). Note that its inverse
Ry rNia = Rpy1,N:q 1S the isomorphism induced by the endomorphism of Z[X, Y] given by
the rule (X,Y) — (X", Y"). By Remark 1, we have an isomorphism

Rm,l,N;a = Z[X]/(lfm(X),‘Fm(ll - X)/N)

induced by the homomorphism Z[X, Y] — Z[X] given by the rule (X,Y) — (X,a — X).
Thus, we obtain an isomorphism Ry, n;a = Z[X]/ (¥m(X), ¥m(a — X), N) induced
by the homomorphism Z[X, Y] — Z[X] given by the rule (X,Y) — (X", (a — X)").
We also have an isomorphism

ZIX)/ (¥ (X), ¥m(a — X),N) = Z[X]/ (¥m(X), ¥m(a — X),N) (15)

induced by the endomorphism of Z[X] given by the rule X — X". So, the homomorphism
Z[X,Y] — Z[X] given by the rule (X,Y) — (Xr/r, (a— X’)’/) defines an isomorphism

Ry N = Z[X]/ (“I’m(X),‘I"m (a—X"), N).
As X" = X (mod ¥,,(X)), the lemma holds. [J
Proposition 5. Let N € T, a € Z,and m € N\ {1,2} be such that gcd(m, N) = 1. Then, N has
property (bmq) iff there exists a prime p € Div(N) \ Div(m) such that for r € [2,m — 1] with
m|p—randr € [1,m—1] withm | rr' —1,in Z[X, Y], we have the noncongruence
(X+(a—X")" —a)N £0 (mod (¥u(X), ¥m(a—X"),N)). (16)
Proof. By definition, N has property (b;;,) iff there exists a prime divisor p of N such that,

forr € [2,m — 1] withm | p —r, wehave (X +Y —a)N £ 0 (mod I, n.)- Applying the
isomorphism of Lemma 6, we get that Noncongruence (16) holds. [
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In the next proposition, we provide a concrete criterion, based on the existence of
nontrivial solutions to Fermat-type equations over finite fields, when N has property
(b;q). This allows us to connect certain algebraic properties of finite prime fields to the
factorization of integers.

Proposition 6. Let N € T, a € Z, and m € N\ {1,2}. Let p be a prime divisor of N such that

=mn-+rwithr € [1,m — 1] and n € NU{0}. Let q be a prime divisor of N, which does not
divide m. Let F be a finite field of characteristic g, which contains a primitive m-th root of unity,
and let G be the subgroup of the group of units of F generated by it. Assume that Equation (3) has a
solution (X1,Y1) € G? such that X, + Y, # a. Then,

(X+Y-a)N #£0 (mod L)
and thus, N has property (Dyq).

Proof. Let I}, ., be the ideal of F[X,Y] generated by X" —1, Y — 1 and X" + Y" —a.
As the Fj-algebra F;[X]/ (X™ — 1) is étale, its nilpotent radical is {0}. The same holds for
quotients of it. Based on this and Lemma 6, it follows that the F-algebra F[X, Y]/ (If, ;) is
also étale, and hence, If, .., is a radical ideal of F[X, Y].

As q divides N, to prove the proposition, it suffices to show that (X +Y —a)N ¢ If, ..

Let V(I}, .,) == {(X,Y) € FxXF | f(X,Y) = Oforall f € I, ,.,} be the null set in
F? of the ideal If, ,.,. We have (X1,Y1) € V(If .,). As X1+ Y1 # a, (X1,Y1) does not
belong to the null setin F? of (X +Y —a)N. So, (X+Y —a)N ¢ |/IF ., = I}, .., and the
proposition holds. [

Now we define a property (l;,) that is stronger than property (byq).

Definition 2. Let (a,N) € Z x T.

(1) Let p and q be distinct prime divisors of N and m € N\ {1,2}. We say that N has
property (b)) with respect to (p,q, m;a) if p t m, and Equation (3) has a solution (X1, Y1) formed
by m-th roots of unity in Fy with X1 + Y1 # a.

(2) Let p be a prime divisor of N and m € N\ {1,2}. We say that N has property () with
respect to (p, m; a) if there exists a prime divisor q of N that is distinct from p and such that N has
property () with respect to (p, q, m; a).

(3) We say that N has property (4) if there exists a € Z and m € N\ {1,2} such that N has
property () with respect to (p,q, m;a) for a pair (p,q) of distinct prime divisors of N. In this case,
we shall also refer to N as having property (Hm:q).

In the next section, we show that for a fixed m € N, one can find a proper divisor of N
in polynomial time in m1, a, and log N for all N € T that have property (fmq).

There exist many studies on vanishing sums of roots of unity in the literature (e.g.,
see [13], Main Theorem over C and see [14], Theorem 1.3 over finite fields), and one hopes
to use some of their ideas for studying properties (by;2) and (fma)-

For N € N, if N has property (), then N also has property (b;;,) by Proposition 6.

Recall that Uy, is the multiplicative group of units of Z/mZ = {[0]m, ..., [m — 1]m}.

Proposition 7. Let a € Z, m € N, and q be a prime number such that q { m and q | Apq. Let
¢ € Fy be a primitive m-th root of unity. Recall that Stab,, o ¢, is the stabilizer of the subset Oy g 7.4
of L, with respect to the action Uy, x 1, — Ly,. Then, the following properties hold.

(1) Let N € gN be such that it has a prime divisor p with p { mq. Then, N has property (f)
with respect to (p,q,m; a) iff [plm ¢ Staby, g 7.0
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(2) Assume q | 2™ — 1, i.e., q is odd and 04(2) | m. Then, Stab, ;.1 is a subgroup of the
kernel Kery, 0, (2) of the reduction modulo 04(2) epimorphism U, — U, (2)- In particular, we have
¢(m)
9(04(2))"
(3) Assume q is odd and m = 04(2). Then, Stab,, 4 7.1 = {[1|m }, and for each prime p with
p>mandm{p—1,every N € Nwith pq | N has property () with respect to (p,q,m;1).
(4) Suppose that ty, 41 € [1,¢(m) — 1], and the intersection Oy, 4 7.1 N Uy, is non-empty. Let

that the order |Stab,, , 71| divides |Kermloq(2)| =

dm,g := max(Div(¢p(m)) N [1, ty4q]) € N.

Then, dy,,q € [1, @} , and there exist distinct elements [r1]m, ..., [”zp(m)—dm,q]m € U, such that,
if [plm = [rilm for some i € [1,¢(m) — dy 4], then N has property () with respect to (p,q,m;1).

Proof. Recall that p | Ay;, implies that [, 4 7.0 = tmga > 1 by Corollary 2(1) and (3).

For part (1), we use the contrapositive. So, N does not have property () with respect
to (p, g, m; a) iff, for each solution of the equation Xf + Ylp = a formed by m-th roots of unity
in E, we have X; + Y| = a. So, using X; = ¢’ and Y| = ¢/ with (i, ) € I, we get that N
does not have property (1) with respect to (p, q,m; a) iff, for (i,7) € Ly, [plm - (i,j) € Qug,za
implies that (i, j) € Qg ¢,0, and hence, iff [p]," - Qg 720 © Qg 0. As this is equivalent to
[Pl Qgzia = Qyg,ze and, hence, to [plu - Oy g.z:a = O g,zar We conclude that N does
not have property (1) with respect to (p, g, m; a) iff [p]m € Staby, 4,,. So part (1) holds.

For part (2), let s € N be such that m = 04(2)s. We can assume that { is such that {~*
is the image of 2 in IFy. Thus, (s,s) € Oy 47;1- As ¥ is the only solution of the equation
X+ X = 1in F;, we have Q71 N {(i,i)[i € [0,m —1] = {(s,5)}. Thus, Stab,, ;.1
stabilizes {(s,s)}, and hence, Stab, ;7,1 is a subgroup of

{[u]m € Up|m | us —s} = {[u]m € Um|oq(2) | u—1},

ie, of Ker,,, (). From this and the Lagrange Theorem, we get that part (2) holds.

For part (3), we have s = 1 and, thus, [Stab,, 41| | 1 by part (2). So, Staby, 571 =
{[1]m}. From this and part (1), we get that part (3) holds.
= tu,g;1 by Corollary 2(3), we have 1 < |[Qy 07| < ¢(m).
As the action of Uy, on Uy, is free and Q471 N U # @, we have [Staby, ;71| < ty g1
As |Staby, g4 | ¢(m), by the Lagrange Theorem, we have [Stab, ;.1 € Div(¢(m)) N
(1, tmg1); thus, [Staby, ;71| < dug. As the largest divisor of ¢(m) in [1,¢(m) — 1] is at
most @, we have d; 4 < % Thus, |Uy, \Stabmlq,g;ﬂ > p(m) —dpyg > @ so, there
exist distinct elements [r1], ..., [r¢(m)7dm,q]m € Uy, such that {[r1]m, ..., [rzp(m)—dm,q]m} C
Uy, \ Stabm,q,@;L

If [p]lm = [ri]m for some index i € [1,¢(m) — dm,4], then [p], & Stab,, 4 7.1; hence, N
has property (1) with respect to (p, g, m;1) by part (1). So part (4) holds. [

For part (4), as |Qm,q,C;1

Next, we exemplify Proposition 7(1) and (2).
Example 3. Let (k,1) € N2, With m := kI + 1, let q be a prime divisor of 2™ — 1. Let p be a prime
with p =k (mod m). Let N € N be such that pq | N. Let x be the image of 2! in F,. The triple

(x,x,1) € Fs satisfies Equation (1), i.e., we have

@)+ @) =2 42" =2 =2" =1 (mod g).
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If 21+ £ 1 (mod m), then this triple does not satisfy the equation X +Y # Z and, thus, N
has property (&) with respect to (p,q, m;1). From this and Proposition 7(1), we get that we have
[klm & Staby, qz.1 for each primitive m-th root of unity { € F,. We note that, as

(1) = klHk — gm—Tbk — 9k=1 (m0d ),

if26=1 £ 1 (mod m), then 271 # 1 (mod m).
Next, we prove a converse of Proposition 6 for a square-free N € T.

Proposition 8. Let N € T be square-free, a € Z, and m € N\ {1,2}. Then, N has property
(bmza) iff N has property (by;q).

Proof. The ‘only if’ part was proved in Proposition 6. We now prove the ‘“if” part.
Suppose that (X +Y —a)N £ 0 (mod I, N .q), Where r € [2,m — 1] is the residue of
a prime divisor p of N modulo . By Proposition 5, we have (X + (a — X")” —a)N £ 0
(mod (¥m(X),¥m(a —X"),N)), where ' € [2,m — 1] is such that m | r*' — 1. As N is
square-free, by the Chinese Remainder Theorem, we have an isomorphism of rings

k
(Z/NZ)[X] = (Z/ 1 Z)[X] x - x (Z/ pZ) [X] = [ [ Fp,[X],
i=1

where py, ..., py are the distinct prime divisors of N. Therefore, there exists g € {p1, ..., pr}
such that (X + (2 — X")" —a)N # 0 (mod (¥m(X), ¥m(a — X"),q)). In Fy[X], we have
that 0,g,:0(X) | X" =1, 0 gra(X) | (a—X")" —1and Oy g,:0(X) 1 (X + (a — X" —a)N,
Thus, there exists a root Xy of 00:4(X) in F, such that X; + (a — X} ) —a # 0. The
mentioned divisibilities give that X" —1 = (a — X])"™ — 1 = 0. Thus, X; and a — X] are
m-th roots of unity in F; such that X; + (2 — X0 +#a.

We are left to show that X} + [(a — X{)’/]P =aand p # g. Indeed, as p = r (mod m)
and rr' =1 (mod m), we have X} + [(a — X{)V/]P =X\ +(a— X{)Y/V =X +a—-X{ =a.
If g = p, thenas X1 + (a — X{)r/ —a # 0, by Frobenius isomorphism, we get that

0# (X +@—X)" —a)1 =X+ [(a— X)) —a=X"+[(a—X")']P —a=0,
a contradiction. O

6. Existence of a Polynomial-Time Algorithm Under Property (})

Let M : N — (0, 00) be a multiplication time function for Z (cf. [15], Definition 8.26
and [16], Section 1). Similarly, let My,oq : N — (0, c0) be a multiplication time modulo
function for Z. So, for n € N, two integers of bit length at most n can be multiplied using
at most M(n) word operations, and for each N € N, one multiplication in Z/NZ can be
performed using M4 (N) word operations.

We have identities M(n) = O(nlogn) (see [16], Theorem 1.1) and

Minod (N) = O(M([log, N| +1))

(see [15], Corollary 9.9).
Let b € [2,N — 1]. Using the Euclidean Algorithm, one can find ged(b, N). By the
Lamé Theorem (see [17]), the number of division steps in the Euclidean Algorithm is

bounded by 1105;1% As the division of two integers bounded by N costs O(M(|log, N| +
2

1)) (e.g., see [15], Theorem 9.8), the cost of finding gcd(b, N) is O(M(|log, N| +1)log N).
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By the same argument, if gcd (b, N) = 1, then by using the Extended Euclidean Algorithm,
we can find the inverse of a modulo N at the cost of O(M(|log, N| +1)logN).

We have the following estimate of costs in Division Algorithms in one variable
modulo N.

Lemma 7. Let (c,d) € N?> withc > d. Let
D.g:= dlc+1—4d).

Let f(X) € (Z/NZ)[X] be a polynomial of degree c. Let g(X) € (Z/NZ)[X] be a monic
polynomial of degree d. Let (h(X),g1(X)) € (Z/NZ)[X)? be the unique pair with the properties
f(X) =h(X)g(X) + g1(X) and deg(g1) < d. Then, the cost of finding g1(X) is bounded by

Dc,d [Mmod(N) + O(logz N)}

Proof. First, we need to consider fi(X) := f(X) — apX“~?¢(X), where aj is the leading
coefficient of f(X). The cost of the multiplication agX*~“g(X) is bounded by dM,oq(N),
and the cost of subtraction f(X) — agX°~?g(X) is dO(log, N) (cf. the multi-precision pack-
age described in [7], Chapter 1, Page 3). Thus, the cost of finding f;(X) is bounded by
d[Mpmod(N) + O(log, N)]. If deg(f1) < d, then g1(X) = f1(X).

If deg(f1) > d, then let fo(X) := f1(X) — a; X9e8(1)~d¢(X), where a; is the leading
coefficient of fi(X). By the same argument, the cost of finding f,(X) is bounded by
d[Mpmod(N) + O(log, N)]. If deg(f>) < d, then g1(X) = fo(X).

If deg(f2) > d, then let f3(X) := f2(X) — ayX9e8(2)~d¢(X), where a; is the leading
coefficient of f»(X), and so on.

As c > deg(f1) > deg(fa) > - - -, this process terminates after at most ¢ + 1 — d steps,
and the lemma follows. O

Proposition 9 (Dichotomic Euclidean Algorithm in one variable modulo N). Let the pair
(c,d) € N? be such that c > d. Let g _1(X) € (Z/NZ)[X] be a polynomial of degree c, and let
20(X) € (Z/NZ)[X] be a monic polynomial of degree d. Let 1 € [1,d] be the unique integer such
that there exists a i-tuple (g1,...,8.) € (Z/NZ)[X]" with the following properties: the leading
coefficients of g1, . .., ,—1 are units of Z/ NZ, either g, = 0 or the leading coefficient of g, is not a
unit of Z./ NZ, and for each i € [1,1], g; is the remainder of the division of g;_»(X) by gi—1(X)
(i.e., there exists a unique h; € (Z/NZ)[X] such that ¢;_»(X) = g;_1(X)hj(X) + gi(X) and
deg(gi) < deg(gi—1)). Fore € Nwithe > d, let

By, := d(e+t— d(l; 1)> — z(z;l) €ldle+1—4d),de]NQ.

Then, the following properties hold.
M) Ifg, =0, then (g-1(X),g0(X)) = (g,—1(X)), and the cost of finding g, 1 is bounded by

(t—1
<Bc+ll,d,L - ( 2 ))Mmod(N) + Bc,d,LO(logZ N) + O(Z([ - 1)M( Uogz NJ + 1) 10g N)

(2) If g # 0, then the cost of finding a proper divisor of N is bounded by

(t—1
(Bcﬂlld,, — (z))Mmod(N) + B.4,0(log, N) + O((Zt —1)M([log, N] +1)log N).

Proof. As deg(g1) < d and g_1(X) = go(X)h1(X) + g1(X), by Lemma 7, the cost of
finding g1 (X) is bounded by D s[Mmoed(N) + O(log, N)].
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1£.¢1(X) = 0, then (g-1(X),g0(X)) = (30(X)).

Assume that g1(X) # 0. Let a; € [1, N — 1] be such that a; + NZ is the leading coeffi-
cient of g1 (X). If ged(a1, N) > 1, then ged(a1, N) is a proper divisor of N; the cost of finding
ged(ay, N) is O(M(|log, N| +1)log N). If gcd(ay, N) = 1, then a1 + NZ is invertible in
Z/NZ, and we can find its inverse (a; + NZ)~! at the cost O(M(|log, N| +1)log N).
Then, we calculate (a; + NZ)~!g;(X) to get a monic polynomial at the cost bounded by
deg(g1)Mmod(N). As deg(g2) < deg(g1) and go(X) = g1(X)h2(X) + g2(X), by Lemma 7,
the cost of finding g» (X), after having the monic polynomial (a; + NZ)~'g;(X), is bounded
by Dd,deg(gl) [Mmod(N) + O(logZ N)]

If the leading coefficient of g»(X) is invertible, then we can continue the process.

In this way, we uniquely get the sequence of polynomials g1 (X), g2(X), ..., &(X) in
(Z/NZ)[X].

If g,(X) = 0, then, by induction on i € [0, — 1], we get that

(80(X),81(X)) = (gi(X), gi+1(X)),

and hence, (§-1(X), g0(X)) = (g,-1(X)). If g,(X) # 0, then if 4, € [1, N — 1] is such that
a, + NZ is the leading coefficient of g,(X), then ged(a,, N) is a proper divisor of N.
Thus, by denoting

1—1

=1
EN,g_l,go = ;}Ddeg(gi,l),deg(gi) [Mmod(N) + O(logz N)] + Mmod(N) 21 deg(gi)/
i= i=

if g, = 0, then the total cost is bounded by Ey¢ , ¢, +O(2(t —1)M([log, N] + 1) logN),
and if g, # 0, then the total cost is bounded by En, , ¢ + O((2t — 1)M(|log, N| +
1)logN). As for 1 = 1, we have Eng | o = D a[Mmoa(N) + O(log, N)], and parts (1)

and (2) hold for: = 1.
We are left to prove parts (1) and (2) for ¢ € [2,d]. Denoting

1—1 1—1

Ag—lzgo = ;}Ddeg(gi,l),deg(gi) = ;)[deg(gifl) +1- deg(gz)] deg(gi)’
1= 1=

—1
Bg—lxgo = Z deg(gi)/
i=1

1
Ce 180 = Ag 1,80 + Bg 1,80/

we have an identity
Eng 1,90 = Ag 1,200(108 N) + Cg ;g0 Mimod (N).- (17)

Denoting
=1

Dy 1 =Y [deg(gi_1) — deg(gi)] deg(g:),

i=1

we have an identity
Ag g0 =d(c+1—d)+Bg | ¢+ Dg ;e (18)

So, to estimate Ag_, oo and Cg_, ¢, it suffices to estimate Bg_, oo and Dy, o;.
As deg(gi) <d—iforeachi € [1,], we estimate

v i (t—1
Be 1o <) (d—i)=d(t—1)— ( . )
i=1

(19)
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Agfl,go

Defining by := deg(g,-1) € NU {0} and b; 1 := deg(g,—i—1) — deg(g,—;) € N for
i € [1,1— 1], we have an identity i b; = deg(go) = d, and we estimate
i=1

—1 i 1
i— i— i—1
Dy 190 = Y bip1 (Y bj) = — 5 === 21 = 5 (20)
i O

by Cauchy-Schwartz’ inequality.
Equation (18) and Inequalities (19) and (20) give that

gd(c+1—d)+d(t—1)—l(1_1) +d (-1 —d[c+ d(l+1)} _=1) =B, (21)

2 2 21 2

From Inequalities (19) and (21), we get that

(t—1 (t—1
Cg—lrgo = Ag—lxgo +Bg 1,0 < Ba,t+ d(t—1) — % =By 14, — ( 5 ) (22)

Equation (17) and Inequalities (21) and (22) give that parts (1) and (2) hold for: € [2,d]. O

=1
Remark 4. As we have Bg_, o = Y b;j(1 — 1), the expression By | o) + Dg_; ¢) — % (resp.

2By 190+ Dg 190 — 5 ) is equal to Zb (t—1)— 2 b? (resp. ZZb (t—1i) — Z b?), which,

though difficult to estimate in a compact form can be used to refine Inequalzty (21) (resp Inequality
(22)) in many cases.

Definition 3. Let (N,m,a) € N? x Z. We say that N has property (Hm;q) if there exists no
monic polynomial in (Z/NZ)[X], which generates the ideal (¥, (X) + (N), ¥m(a — X) + (N))
of (Z/NZ)[X].

Note that for (N,m,a) € N?> x Z, N has property () iff, in Proposition 9 for the
reductions g_1(X) and go(X) of ¥, (a — X) and ¥, (X) (respectively) modulo N, we have
¢ # 0. Moreover, for pairs (N,m) € N? and (a,b) € Z?> witha = b (mod N), N has
property (f;4) iff N has property (£, )-

Example 4. Let N € T be square-free, and let m € N. Then, N has property (#m.q) iff the
polynomial 8,, N 1.4, defined in Lemma 3, is not monic and, hence, by Corollary 1, iff there exists a
pair (p,q) of prime divisors of N such that ty, p,a < tm,qa. In particular, if there exists a pair (p,q)
of prime divisors of N such that p | Apq and q 4 Aysa, then ty, p,s = 0 < ty,g.q by Corollary 2(1),
and, therefore, N has property (#mq ).

Let N € N\ {1}. For s € [1,N — 1] with gcd(N, s) = 1, we consider the set of orders
On,s := {0p(s)|pis a prime divisor of N} C N.

Fora € Z\ {0,2},letb:=6ifa=1,letb:=3ifa = —1,letb:=2ifa = —2,and letb := 0
if |a| > 3; we consider the set of minimal elements

MN;o := {mp,|pis a prime divisor of N} C (NU{0}) \ bN.

Proposition 10. Let N € N\ {1}. Then, the following properties hold.
(1) Let a € Z be such that gcd(N,a) = 1. Assume N = 21 — 1 is odd and Oy 41 has at least
two elements. Then, N has property (4o.4) for each 0 € Op g1 \ {max(Op 41) }-
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(2) Let a € Z\ {0,2}. Assume My, has at least two elements. Let my := min(My,).
If my > 0, then N has property (8mg;a), and if mo = 0, then N has property ($,;2) for each
m € My,; NN.

(3) Let m € N\ {1}. Assume N is odd and all its prime divisors are greater than m. Let
r € [2,m — 1] be relatively prime to m. Let s € [1, N — 1] be such that N | r — 2s. If On s has at
least two elements, then N has property (f,.r) for each o € On s \ {max(On )}

Proof. For part (1), we consider prime divisors p and g of N such that o, (al) = 0 < o4(al).
So,p|1—(al)°butgfl— (al)°. As2] =1 (mod N), when multiplying by 2°, we get that
p | 2° —a®but q {2° —a°. Thus, t,p, is odd, and t, 4, is even by Corollary 2(4). Hence,
to,pa 7 toga- Thus,if N € N\ {1} is the largest square-free natural number that divides
N, then 6, § 1., is not monic by Corollary 1. Thus, N and N have property (fo,), and
part (1) holds.

For part (2), let b € {0,2,3,6} be as above, and we consider prime divisors p and
q of N such that my,, = mg < mg,. Thus, mg, € N\ bN. If my = 0, then b > 0 and
MOy;a C bN, and hence, mg;s € MOgya \ MOp;q; from Remark 2(5), we get that ty,, p.a = 0
and Emga,qa € N and, thus, tigapia * tm gagias as in the prior paragraph, we argue that N
has property (ﬁmq;ﬂ;a). If my > 0, then mp € N\ bN, and hence, as mg < mg,;, we get that
my € MOy, \MOW 580, tig,pin > 0 = tyg 50 by Remark 2(5); thus, tyg pa # ting,g0, and, as
in the prior paragraph, we argue that N has property (#,:4). So part (2) holds.

Part (3) is proven entirely similar to part (1). O

For a prime p and an integer d € Div(p — 1), let g;(p) € [1,p — 1] be the smallest,
such that o, (g4(p)) = d. Thus, g(p) := gp—1(p) € [1, p — 1] is the smallest primitive root
modulo p.

Corollary 5. Let p and q be two odd primes with p < q. Let N := pq. We consider the set

Spq:={(0,s) € (Div(p —1) UDiv(q — 1)) x [1,N]|[s]n € Un,0p(s) # 04(s),0 = min(o,(s),04(s))}

and the natural number
Hp,q :=min({o +2s[(0,5) € Spq})-

Then, the following properties hold.
(1) For each pair (o,s) € Sp,q, N has property (Ho.5).
(2) We have an inclusion of sets

{(Lp+1),(2p—-1)} CSpe

(3) Let d € Div(p — 1) ADiv(q —1) (e.g., d could be g — 1). If d divides p — 1 (resp. g — 1 and
p184(q)), then (min(d, 04(84(p))), 84(p)) € Spy (resp. (min(d, 0,(84(q)),84()) € Spg)-
(4) We have inequalities pp, < 2p <2(vVN+1-1).

G) If pt8(q), then g < 0,(g(q)) +28(q) < p—1+2g(q) < p—1+2q5.

Proof. Part (1) follows from Proposition 10(1) applied to a := 2s: if | € N is such that
N =2]—-1,thenal =2sl =s (mod N).

As op(p+1) = 1but os(p+1) > 2because g > p+2and op(p —1) = 2 but
0g(p—1) > 2because g (p — 1) — 1 = p(p — 2), part (2) holds.

For part (3), if d divides p — 1 (resp. g — 1), then 0, (g4(p)) = d, while 04 (g4(p))
as d ¢ Div(q — 1) (resp. 0,(84(q)) # d, as d ¢ Div(p — 1) while 0,(g4(q)) = d
part (3) holds.

Part (4) follows from part (2).

#d,
), SO
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Asqg > 5,wehave g(g) < q% by [18], Theorem 1.3. Based on this, part (5) follows from
part (3) appliedtod =g —1 € Div(g —1) \ Div(p — 1) and g4(q) = g(g). O

Proposition 11. Let (N, m,a) € T x N x Z be such that gcd(m, N) = 1 and N does not have
properties (#.a) and (byyq). Let p be a prime divisor of N and (r,7") € [1,m — 1]? be such that
p =r (mod m) and m | rr’ — 1. Then, the following properties hold.

(1) There exists a monic polynomial @y, , N.a(X) € Z[X] such that we have an identity
(OmrNia(X),N) = (Y(X), ¥m(a —X"),N) between ideals of Z[X].

(2) If N is square-free, then we have (X + Y)N —aN € I, N.a-

(3) If N = pq is a semiprime and q | a? — a (e.g., this holds if either a € {0,1} ora = —1
and p is odd), then there exist integers ¢;; € qZ N [1,N — 1] indexed by (i, j) € Ly, such that

(X + (a—x")" YN —xN — (a—x7)"'N ( )2 ¢ijX(a— X" (mod (@ e N))-

i,7) €L r

(4) Let d := deg(OyrNa)- If N = pq is a semiprime and q | aP — a, then there exists a
unique d-tuple (co,...,c41) € {0,9,24,...,N — q}d such that

-1
(X+@—=X)W-xN—@-X)N=Y X (mod (8N4 N)).
i=0

Proof. Part (1) follows from Isomorphism (15) and the fact that N does not have property

(ma)-

As N does not have property (b,..), we have
(X+@—=X")" —a)N =0 (mod (@, na(X),N))

by Proposition 5. Let g be a prime divisor of N; 50, 0;,r,4,(X) is the reduction of @, ;N4 (X)
modulo 4. Then, in Fy[X], we have that 8,40 (X) | (X + (a — X")" — a)N. As we have
Om,rg:0(X) | X™ — 1 and q { m, the polynomial 6, ,4,.(X) is separable. Therefore, we have
Onrga(X) | (X + (a — X" —a). Hence, 0y ga(X) | (X + (a — X7)" )N —aN. Thus,

(X+(@a—X) W =aN=0 (mod (@ na(X),q))

for each prime divisor g of N. As N is square-free, we get that

(X+@—X) )W —aN=0 (mod (O, nu(X) N))
by the Chinese Remainder Theorem. Taking into account the isomorphism of Lemma 6, we
get that (X + Y)N —aN € I, , N4, s0 part (2) holds.

For part (3), note that N € T and N = pg imply that p # q. Asq | a? —a, we
get that N | aN — a9, From this, part (2), and Proposition 4(2), it follows that there exist
unique integers ¢;; € qZ N [0,N — 1] indexed by (i,j) € L, such that we have the
following congruence (X +Y)N — XN — YN =y oy ¢;jX'Y (mod Ly, N0). Applying
the isomorphism of Lemma 6 to this congruence, we get that part (3) holds.

Part (4) follows from part (3) and from the Division Algorithm in (Z/NZ)[X] ap-
plied to the division of the polynomial [X + (2 — X")"|N — XN — (a — X")"N 4+ (N) by
OprNa(X)+ (N). O
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Lemma 8. Let a prime divisor p of N and a triple (m,n,r,r") € N* be such that p = mn +r,
re[1,m—1], and m | rr" — 1. Let a € Z. We assume that there exists a monic polynomial
O rN:a(X) € Z[X] such that

(‘I’rm(X),‘Pm(b‘l - XN, N) = (®m,r,N;a(X)/N)'

(for instance, this holds if N is square-free and does not have property (#y,2) by Corollary 1,
as Oy, r Na(X) can be any monic polynomial whose reduction modulo N is 0y, , N.o(X)). Let
d = ty,pa = deg(Oy,rN;a) € NU{0}. Then, the following properties hold.

(1) There exists a unique d-tuple (by, ..., by_1) € [0, N — 1]? such that

X+ (a—X)" —aN = Zb X' (mod (@, n:a(X), N)).
(2 If
X+ @—X)" —aN#0 (mod (®,,n.(X),N)),
then there exists i € [0,d] such that gcd(b;, N) is a proper divisor of N divisible by p.
Proof. Part (1) follows from the Division Algorithm in (Z/NZ)[X] applied to the division

of the polynomial [X + (2 — X")" — a]N + (N) by ©,,, n.a(X) + (N).
By Lemma 5, we have

5 _

X+ (a—X) —al¥ = X+ (a—X")" —a)’D) = [XP + (a— X)W —a+pE(X)) P,

where F(X) € Z[X]. Letk € Nbe such that 7’ = 1+ mk. Moreover, as we have congruences
X" =1 (mod ¥,,(X)) and (a — X")""'+km = 1 (mod ¥,,(a — X")), we compute

XP + (11 _ Xr)pr’ — xmntr (ll _ Xr)(mn+r)r’ — xmntr 4 (Cl _ Xr)mnr’+1+km
=X'4+@—-X") (mod (¥n(X),¥Yn@—X")))=a (mod (¥m(X), ¥n(a—X"))).
As the ideal (¥,(X), ¥m(a — X")) is contained in (©,, ,n;(X), N), we get that
/ N
X+ (a—X)" —aN = [pF(X)]"") (mod (O,na(X), N)).
The Division Algorithm similarly gives that there exists a unique d-tuple
(co,...,cq1) €1{0,p,2p,...,N —p}*
such that

[ %) = ZC XI mOd ®m,r,N;H(X)/N))’

As [X+ (a—X")" —a]N # 0 (mod (O N:a(X),N)), there exists i € [0,d] such that
b; # 0. This and the congruence b; = ¢; (mod N) imply that p | ged(b;, N) # N. So part
(2) holds. O

Remark 5. For a fixed integer m, as the prime divisors of N are not directly observable, the residue
r modulo m of any such prime divisor remains inaccessible. Because of this, in many applications,
we perform computations for each integer r such that v € [2,m — 1] and ged(m,r) =1 (e.g., see
proof of Theorem 4, in which | is used, and the second algorithm of Section 8).

https://doi.org/10.3390/math14132378


https://doi.org/10.3390/math14132378

Mathematics 2026, 14, 2378

30 of 40

Lemma 9. Let (N,a) € T x Z. Suppose there exist distinct prime divisors p and q of N and
m € N\ {1,2} such that N has property (§) with respect to (p,q,m;a). Let (r,7') € [1,m — 1]?
be such that m | rr’ — 1. Suppose that there exists a monic polynomial @, N ,.,(X) € Z[X]
such that

(Tm(X)/ ‘Ym(a - Xr), N) = (®m,N,r;a(X)/ N))

Then, [X + (a — X")" —a]N #0 (mod (0, N 4(X), N)).
Proof. This follows from Propositions 5 and 8 applied to the square-free pg € T. O

Theorem 4. Let (N, m,a) € T x N x Z be such that N has property (Gmq). Then, we can find a
proper divisor of N at the cost of

O(p(m)[m® + m(log N ] M(|log, N| +1)).

Proof. By replacing a with b € [0, N — 1] such thata = b (mod N), for computations, it is
convenient to assume that a € [0, N — 1]. Suppose that N has property () with respect to
(p,q,m;a) for a pair (p,q) of distinct prime divisors of N. Let r € [1, m — 1] be the residue
of p modulo m.

We first assume that there exists a monic polynomial ©,, x4 (X) € Z[X] such that
we have an identity (@, nq(X), N) = (Y (X), ¥m(a — X"),N). Then, by Lemma 9, we
have that

X+ (a—X)" —aN £0 (mod (@, ra(X),N)),

where (r,7') € N2, r = p (mod m) and r#' =1 (mod m). If r = 1, then, by taking r' = 1,
we get that 0 # 0 (mod (O, N4 (X), N)), which is a contradiction; so, ¥ > 2. A similar
argument gives that ¢, ;,; = deg(©®,; N ra) > 0.

We can find a proper divisor of N by Lemma 8(2), and we compute the cost below.

As (O Nra(X),N) = (Y (X), ¥m(a—X"),N), we have ty, p,, < m.

Let! € [1,m — 1] with ged (I, m) = 1. If there exists no monic polynomial @y, x 1.,(X)
in Z[X] such that (®,,n1,.(X),N) = (¥m(X), ¥m(a — X'),N), then, by Proposition 9(2)
applied to (c,d) = (m,m) and (g-1(X),80(X)) = (¥m(a — X'), ¥ (X)), there exists
1 € [1,m] such that we can find a proper divisor of N at the cost bounded by

-1
(Bmﬂ_l,m,l - [(12)) Mmod (N) + Bym,O(logy N) +O((2: —1)M(|log, N| +1)log N).

We have:

m(l—i—l)) )]

B, = -1 —
m+i—1,my — M <m + 1 + 1 2 >

and

1 -1
Y 2 2

Viewing these as functions of / in the real interval [1, m], the derivatives are easily seen to
be positive in the mentioned interval, and hence, we get the following upper bounds
1 5,

5 2
Buvi—1ms < Bom—1,mm = Em —2m — ) < Em

and

2
Bm,m,z < Bm,m,m =m".

https://doi.org/10.3390 /math14132378


https://doi.org/10.3390/math14132378

Mathematics 2026, 14, 2378

31 of 40

Thus, if there exists no monic polynomial ®,, y ;.,(X) € Z[X] as above, then we can find a
proper divisor of N at the cost of O (m*Mpeq(N) + m?log, N +mM(|log, N| + 1)log N);
hence, as M4 (N) = O(M(|log, N| +1)) by [15], Corollary 9.9, at the cost of

O((m* + mlog N)M(|log, N| +1)). (23)

Assume now that there exists a monic polynomial ®,, n ;,,(X) € Z[X] such that we
have (0, N 1:0(X),N) = (Y (X), ¥m(a— xh), N). Then, by Proposition 9(1) applied to the
quadruple (c,d, g_1,g0) being (m, m, ¥ (a — X’),‘I’m(X)), there exists ¢ € [1, m] such that
we can find ©,, N ;,,(X) at the cost bounded by

(e—1
(Bm+,_1,m,l - (2)) Mmod (N) + Bym,O(logy N) +O0(2(: —1)M(|log, N| +1)log N).

This expression differs from the previous one only by a replacement of 2: — 1 by the smaller
2(1—1). Thus, we can find ©,, 5 ;,,(X) at the cost of O ((m? + mlog N)M(|log, N| +1)).
From Lemma 3(2) applied to the reduction modulo, the largest square-free natural
number that divides N, we get that deg(®,, N 1.(X)) = tu,pia > 0.
Let!’ € [2,m — 1] besuch that!l’ =1 (mod m). We know that the cost of computing !’
is O(M(|log, m] + 1) logm). By Lemma 8(1) applied to f(X) = @, 1,2(X) and d = ty; p;a,
there exists a unique t, ,,1-tuple (b, .. ., btm,p;l_lll) € [0, N — 1]fmrs such that

tm,p;a -1

X+ @—x) —aN= Y bX' (mod (@, N)).
i=0

We show that one can find the tuple (b, ..., btm,p;rl,l) at the cost of
O(m?(log N)*M([log, N| +1)).

Let 0, N 1.0(X) € (Z/NZ)[X] be O N 1.0(X) modulo N. As 6,, n,,(X) is a monic poly-
nomial of degree t, s, there exists a unique polynomial g;(X) € (Z/NZ)[X] such that
deg(g1) < tmpand X+ (a— X' —a = g;(X) (mod 6,, N 1.0(X)). Here, X + (a — X')!' —a
is viewed as a polynomial in (Z/NZ)[X]. By Lemma 7 applied to the two pairs
(f(X),8(X)) = (X + (a— xXHh!' — g, O0,N,1:0(X)) and (c,d) = (II', ty,p.a), we can find g;(X)
at the cost of

b psa (11 + 1 =ty pia) [Mimod (N) + O(log, N)| = O(m*M([log, N| +1)). (24)

We have that Z:Zg”'_l biy X' — g1(X)N € (0,,n,12(X)). Here, Zﬁi’g;“_l b X' is viewed
as a polynomial in (Z/NZ)[X]. Thus, we can find (by, . .-, bt,, ,,—1,) using the coefficients
of the residue of g;(X)N in (Z/NZ)[X]/ (6, 1.2(X)). As the cost of one multiplication
of two polynomials in (Z/NZ)[X] with a degree of less than t, ;,, is O(t%,p;ﬂMmod(N ),
by [15], Corollary 9.7, the cost of one multiplication of residues in (Z/NZ)[X]/ (6N 1:0(X))
is O(t%,p;uMmod(N )). Using the fast powering method, the computation of g;(X)N re-
quires O((log N)?) multiplications. Thus, we can find (b, ..., b, ,.—1,1) at the cost of
O (£, p;aMmod (N) (10g N)?). AS ty,pa < m, we can find (by, .., by, ,,1,) at the cost of

O(m?(log N)*M([log, N| +1)). (25)

The next step is to compute ged(b;;, N) for each i € [0, ty; p,s — 1]. This can be done
at the cost of O(M([log, N] +1)log N) for each i € [0, ty,p;a — 1]. Thus, for a fixed [,
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using Display (23), Equation (24), and Display (25), we get that all integers ged(b;;, N),
i € [0, tm,p;a — 1] can be computed at the cost of

O([m?* +mlog N + m® + m*(log N)*]M(|log, N| + 1)) = O([m® + m*(log N)*]M(|log, N +1)).

For a given /, it is possible that gcd(b;;, N) = 1 for all i € [0, ty p,s — 1]. However, as N
has property (f) with respect to (p, g, m;a), by Lemma 8(2) and Lemma 9, we have that the
above procedure gives a proper divisor of N for | = r = p (mod m). If we perform the
above procedure for all I € [2,m — 1] with ged(l,m) = 1, then the total cost is bounded by

O(¢(m)[m> + m*(log N)*M(|log, N| + 1)),
and the theorem is proven. [J

7. On Property (})
Let (m,a) € N x Z. We define ¥,,,,(X) € Z[X] by

Xm—1 if 2¢4m, a=0
1 if 2|m, a=0
X" -1 if 6tm, a=1
1+ X0+ X2+ Xm0 if 6|m, a=1
_ X" —1 if 3tm, a=-1

Yia(X) =
mia(X) 1+X34+ X0+ 4 X"3  if 3|m, a=-1

1+ X+ X244 Xxm1 if a=2

Xm—1 if 2¢m, a=-2
1+ X=X+ X" if 2| m, a=-2
X" -1 if |a| > 2.

Lemma 10. Let (m,a) € N x Z. Then, the following properties hold.
(1) We have ¥ ;0 (X) = ¥ (X) iff Ama # 0.
(2) We have ¥, (X) = (X — 1) ¥, (X).
BV If2 | m, then ¥, (X) = (X + 1)‘?%,2(}().
@ If6 | m, then ¥,,(X) =
(5) If 3 | m, then ¥,,(X) =

Proof. From the very definition of ¥,,,,(X), we get that parts (2) to (5) hold and that we
have ¥, (X) = x™ — 1 = ¥, (X) iff

(m,a) ¢ (6N x {1}) U (3N x {—=1}) U (N x {2}) U (2N x {—2}) U (2N x {0})
and thus, iff A;;;; # 0 by Theorem 1(3). So part (1) also holds. [

Lemma 11. For (m,a) € N x Z, let Ay;;5 := |Res(¥;0(X), Yu(a — X))|. Then, the following
properties hold.

(1) We have inequalities 0 < A < (|a] +2)™

(2) If m > 2, then the number of prime divisors of Ay is bounded by m?log,(|a| +2) (for a
large m, the asymptotic bound of the number of primes dividing a fixed N € [1, (|a| + 2)’"2 —1]is

_rlogllal+2) o0 [19], Section 22.10, Page 471).
log(m2 log(|a|+2))
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Proof. For each pair (m,a) € (N x Z) \ (2N x {0}), we define a subset of [1, m] as follows:

1, m] if 2¢m,ae{0,-2} or 6f{ma=1 or 3tm,a=-1
[1,m]\ (gN) if 6|m, a=1
[1,m]\ (4N) if 3|m, a=-1

Jm;a = .
[1,m—1] if a=2
[1,m]\{%} if 2|m, a=-2
11, m], if |a| > 2.

For m € 2N, let A0 := 1. For (m,a) € N x Z, we have:

Boa = TT (@=2)" =11 < TT 1@ =)™ = 1) < ((al + )" + 1)) < (|a) +2)"*

ZEJm :a ieJﬂl;ﬂ

Thus, for part (1), it suffices to show that Am;a # 0.

If m is odd, then Lemma 2(11) implies that A, # 0.

Ifa=1,then, as X> — X + 1| X® — 1, Lemmas 2(7) and 10(4) imply that A,,; # 0.

Ifa = —1, then,as X?> + X +1 | X3 — 1, Lemmas 2(8) and 10(5) imply that Am;_1 # 0.

If a = 2, then Lemmas 2(9) and 10(2) imply that A, # 0.

If a = —2, then Lemmas 2(10) and 10(3) imply that A,,._» # 0. So part (1) holds.

For part (2), we note that m?log,(|a| +2) > m?log,(2) > 4logs(2) > 2. For each
I € N\ {1,2}, the product of the smallest ! primes is greater than 3'. Thus, if A, has
at least m?log,(|a| + 2) distinct prime divisors, then A, > 3m? logs(lal+2) — (la] + 2)’”2,
which contradicts part (1). So part (2) holds. O

Lemma 12. Let m € N, and let q be a prime number. Suppose there exists an element o € Fy such
that o™ = 1. Then, the following properties hold.

MIFQ2—-a)"=1anda # 1, then q | Ay

@ If2|m (—2—a)" =landa # —1,thenq | Ay, _».

B)If6 | m, (1 —a)™ = 1and w is not a 6-th root of unity, then q | A1

@If3 | m, (=1 —a)™ = 1and a is not a 3-rd root of unity, then q | A,,._1.
Proof. For part (1), we use Lemma 10(2), which states that ¥,,(X) = (X — 1)¥,,2(X).
Asa #1and ¥,y (a) = 0, we must have that ¥,,»(a) = 0. It follows that a is a common
root of ¥,,2(X) and ¥,,(2 — X); hence, q | A2 So part (1) holds.

Parts (2) to (4) are proved similarly using Lemma 10(3) to (5) (respectively). O

Proposition 12. For (m,a) € N x Z, we define a subset of prime numbers as follows:
Py = {p|pisaprimeand p | Ay}

Let N € N, and let p and q be two distinct primes dividing N. Then, N does not satisfy the property
() with respect to (p,q, m; a) provided one of the following conditions holds.

(1) We have |a| > 3, Ay;a # 0, and q & Py

(2) We have p > 2,2 | m,and a = 0.

(3) We have g & Pyp and a = 2.

(4) We havem € 2N, q & Py,,_p,and a = —

(5) We have 6 | m, q & Pyyq U{7}, anda = 1.

(6) We have 3 | m, q & Py,—q,and a = —1.
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Proof. We can assume that ged(p,m) = 1. Letr € [1,m — 1] be such thatm | p —r. Let
" € N be such that m | rr’ — 1. It suffices to show that the assumption that there exists a
pair (X3, Y1) of m-th roots of unity in I[Tq such that X] + Y] =aand X; +Y; # aleadstoa
contradiction, with a in parts (2), (3), (4), (5), and (6) being 0, 2, —2, 1, and —1 (respectively).

For part (1), as X] and a — X] are m-th roots of unity, it follows that g | Ay;s. Thus,
q | |Amsa] = |Amsa), which is a contradiction. So part (1) holds.

For part (2), as r is odd and m is even, r' must be odd. Then, as X] = —Y{, we have
X{rl = —err/. So, X1 = —Y1, which is a contradiction.

For part (3), as X{ and 2 — X] are m-th roots of unity, and g { A2, we have X] =
by Lemma 12. By symmetry, we also have Y] = 1. As gcd(r,m) = 1, we derive that
X1 =Y; =1, which is a contradiction to X7 + Y7 # 2.

For part (4), as X} and —2 — X/ are m-th roots of unity, and 4 { A,;,_», we have X = —1

by Lemma 12. By symmetry, we also have Y] = —1. As r is odd and m is even, r’ must
be odd. Then, X{r/ = —land Ylw/ = —1. So, X1 = Y1 = —1, which is a contradiction to
X1+Yq # -2

For part (5), as X} and 1 — X are m-th roots of unity, and q t A1, we have X8 = 1 by
Lemma 12. As X% =1 = X" and ged(r, m) = 1, we get that X¢ = 1. By symmetry, we
also have Y16 =1.Ifr =1 (mod 6), then, from X] + Y] = 1, together with X% = Y16 =1,
we get that X; + Y7 = 1, which is a contradiction.

Assume now that 7 # 1 (mod 6). As 6 | m and ged(r,m) = 1, we get thatr = 5
(mod 6). Thus, Xj + Y7 = 1; hence, X; ! +Y; ! = 1. Multiplying this by X;Y;, we get
X1 +Y1 = XYy, in particular, X1Y; # 1. If X3 = 1or Y] =1, then X7 + Y7 = X1Y; implies
that 1 = 0, which is a contradiction. If X; = —1, then Yfl =1- Xfl =1+1 = 2. Then,
we get that 26 = 1in [y, hence, q | 63. Asq # 7, we must have g = 3. So, Y1 = 271 =2
and X1 +Y; = —1+4+2 = 1, which is a contradiction. So, X; # —1. By symmetry
Y7 # —1, we also have that X; # Y7, because if X; = Y7, then the equation X 1y Y, =1
implies that X; = 2. Then, 2® = 1, hence, g = 3, and we get X; + Y] = 2+2 = 1,
which is a contradiction. Thus, 1, X, Yj, and X;Y; are 4 distinct 6-th roots of unity.
Therefore, it is not possible for both X; and Y; to be 3-rd roots of unity. Without loss
of generality, we can assume that X3 # 1. As X; # —1, X; must be a primitive 6-th
root of unity. Then, X% — X7+ 1 = 0; hence, Xf = —1. So, X% = —Xfl. Thus, we
have X; = X%—l—l = 1—X1*l = Y;l. We compute 1 = Xfl—i-Yfl = Y7 + Xj, which is
a contradiction. So part (5) holds.

For part (6), as X} and —1 — X/ are m-th roots of unity and q { A,,,_1, we have X}" = 1
by Lemma 12. As Xi’r =1= Xi’m and ged(r,m) = 1, we get that Xi’ = 1. By symmetry,
we also have Y7 = 1. Then, X] + Y] = —1, X; +Y; # —1, and gcd(3,7) = 1 imply that
X% + le = —1. Suppose that X; = 1. Then, le =—-1- X% = —2,s0in I[Tq, we have that
1 =Y = —2% = —8. This implies that ¢ = 3. As Y7 = 1 and 3 does not divide the order
of the multiplicative group of F3(Y7), we get that Yy = 1. Then, X3 +Y; =1+1 = —1,
which is a contradiction. Thus, X; # 1. By symmetry, we also have that Y; # 1. In this case,
both Xj and Y; are primitive 3-rd roots of unity. So, X; and Y; are solutions to the equation
X2+ X+1=0.1IfX; # Y, by the Vieta’s formula, X; + Y7 = —1, which is a contradiction.
If X; = Y7, then we have that —1 = X% + le = 2X%. Multiplying X% +X;+1=0by2and
substituting —1 for 2X?, we get that 2X; = —1. By cubing this equation, we get that, in Fy,
we have 8 = —1,s0 g = 3. Then, 2X; = —1 implies that X; = 1, which is a contradiction.
So part (6) holds. O

Remark 6. We have 2° +2° =64 =1 (mod 7) and 2 +2 # 1 (mod 7). Thus, if p is a prime
such that p =5 (mod 6) and N € 7pN, then N has property (1) with respect to (p,7,6;1).
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Lemma 13. Let (N, m,a) € T x N x Z and ¥9,.,(X) := ¥Yu(X)/Ya(X) with Yy (X), as in
Lemma 2. Then, the following properties hold for

A%;a = |Res(\P21;a(X)’Tg1;a(a - X)) |

(1) We have 0 < A%, < (a +2)"".
(2) If m > 2, then the number of prime divisors of AY,., is bounded by m>log,(|a| + 2).
(3) If N has property (fmq), then ged(N, AY,.,) > 1.

Proof. For part (1), as ged (¥ (X), ¥m(a — X)) = Yma(X), ¥9,.,(X), and ¥9,.,(a — X) have
no common roots and Yy (a — X) = (—1)980ma)Y,,.. (X). Thus, 0 < A),.,.
We have:

Res (Y00 (X), ¥ (a — X)) = Res(¥9.1(X), ¥0a (@ — X)) Res (¥, (X), (—1)de8Vma)y,, . (X)).
As ¥ (X) = ¥9,.,(X)Yma(X) is a separable polynomial, ¥9,.,(X) and Yu;(X) have no
common roots in C, so Res(¥9,.,(X), Yu;a(X)) € Z\ {0}. This implies that
|Res(‘Yg1;a(X)ng1;a (El - X)) | < |ReS<T21;a(X)/Tm (ﬂ - X)) |
From this and the following estimate

IRes(¥9,.,(X), ¥m(a — X))| =

O TD (@=g)m =1l < T ((a+1)"+1)| < (ja] +2)"
ke[1ml, Yua(Zh)#0 keft,m]
we get that part (1) holds.
Part (2) follows from part (1) via the same argument as in the proof of Lemma 11(2).
For part (3), it suffices to show that the assumption that ged (N, AQW) =1lleadstoa
contradiction. As Yyq(a — X) = (—1)de8Yma)y, (X)), we get

(¥ (X), ¥nsa (0 = X), N) = (Yo (X) (510 (X), ¥y0(a = X)), N).
As A%;a(x) € (‘P%;a(x),‘f%m(a — X)) and gcd(A?n;a(X), N) =1, we get that
(Ym;ﬂ(X) (‘I{Om;a(X)r‘P%;a(a - X))/ N) = (Ym;a(X)/ N)/

which is a contradiction to N having the property (fm4), as Yu;(X) is monic. So
part (3) holds. O

Corollary 6. Let (c1,cp) € (0,00)2. For an integer T > 4, let St be the non-empty set of
square-free semiprimes whose prime divisors are less than T, and we consider its subsets

S%,Cllq :={N € St|3(m,a) € N x Z, N has property (§u:.a), m < T, |a| < T},

S%,Cl,cz :={N € St|3(m,a) € N x Z, N has property (4u:), m < T, |a| < T}

Then, the following properties hold.
Sk S2
(1) If 3¢y + ¢ < 1, then both limits imy_,« % and im7_, |T§7;|C2‘ exist and are 0.
(2) There exists no constant C € (0, 00) such that each sufficiently large square-free semiprime

N has property (§m:a) or (Hma) for a pair (m,a) € N x Z with max(m, |a]) < (log N)C.
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Proof. Let P denote the set of all primes, and for n € N, let 7t(n) denote the number of
primes bounded by 7. Then,

1
[Srl =[{pq| p.q € P, pg < T} = Sn(T)%

Let: € {1,2}. Let P\, be {p| pisa prime and p | A}, } if : = 1 and be the set P, , of
Proposition 12 if 1 = 2. By Propos1t10n 12 and Lemma 13(3), we have that

S; <n(T U P..l.

Sharaal <O ey e 7y P!

By Lemma 13(2) and Lemma 11(2), we have that |P%,,| < m?log,(|a| + 2). So, the number
of elements in the following set

U L
(ma)e[L, [T ] x [~ T2),|Te2 )] "™

is bounded by
Y. mPlogs(|al +2).
laje[—=[T2],[T2]] me[1,[TD]]
The last sum is bounded by 3T3¢1 T log, (T + 2) = 3731 Jog, (T + 2). So, we have
that [S%. . | < 37t(T)T>1*2 log, (T +2). Forlarge T, as 7t(T) = % + 0(%) (see [20],
Theorem 3.7), we get:

i [Seel o 6T 2 logy (T2 +2) A(T) _ | 6T+ logy (T +-2)
T—o0 ‘ST| T T—ooo 7T(T)2  T—eo 7'[(T)

= lim 67172 1]og, (T2 +2)log T.

T—o0

As 3c1 +cp < 1, part (1) follows.
Part (2) follows from part (1). O

Remark 7. Let € € (0,1). All odd semiprimes in St are contained in S%,eg ye (Tesp. S%’Le)

1 2
by Proposition 10(1) (resp. 7(3)). Hence, both limits imT_, e \ST‘§,1|+€| and limr_, % exist

and are 1. Thus, if the pair (e1,e3) € (0,00)? is such that for every pair (c1,c2) € (0,00)?
1

St
with e1c1 + €xcp < 1, both limits lim7_,e | | L |C | and lim7_, | TSH\Z‘ exist and are 0, then

min(ey, e2) > 1.

Remark 8. Let (n,m, r) € N3 with ged(r,m) = 1. Then, unlike positive chamcteristics,

in an algebraic closure QQ of the field Q of rational numbers, the equation E =0,
with (ay,...,0,) € Q" has no solution (Aq,...,A,) € Q" such that Al =... = A,T =1and
YA # 0. Indeed, (n, and T}, are roots of the irreducible cyclotomic polynomial P, (X) in
Q[x]. Let o : Q(Gm) — Q(Zm) be the automorphism with o ({ym) = (. IF A = -+ = Al =1,

then for each 1 < i < n, there exists r; € [0, m — 1] such that A; = ;. Thus,

n n n
0(2061141) ZU(ZM :r’z> =) 4o (Gm)" = Z i = Zﬂé Af.
i=1 i=1 i=1 i=1
This implies that Y'  a;A; = 0iff ' a; A} = 0.
Definition 4. Let N € T.

(1) By the first cyclotomic set of N, we mean the set Eq (N) formed by all pairs of integers
(m,a) € N x Z such that N has property (Hm;q)-
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(2) By the second cyclotomic set of N, we mean the set By (N) formed by all pairs of integers
(m,a) € N2 such that N has property (Hmsa)-
(3) By the cyclotomic complexity of N, we mean

log(m + |af)

—_cQ._
CN—CN.—mm< loglog N

(m,a) € E1(N) UEZ(N)>.

The cyclotomic complexity of N € T measures the complexity of finding a proper
divisor of N greater than 1.

For N € T, we check that, for each prime divisor p of N, we have (1,p + 2) E El(N ).
The Division Algorithm of Proposition 9 applied modulo N to the pair (g_1( (X)
equalto (X —14 (N),p+1— X+ (N)) produces the prime divisor p of N. As (1 p + 2) €

log(mm(p\pGDlv( ))+3) <
loglog N

%. For each C € (0,1), there exists N € T such that l(é(;%(g)N < Cy by Corollary 6(2).

If N is odd, then (min(p|p € Div(N)) —1,2) € E,(N) by Corollary 5(2), and by

Corollary 5(1) and (4), we have

E1(N), it follows that Cy exists, and we have inequalities Cy <

log(2min(p|p € Div(N)) _ log(2(VN+1-1)) _ log(2v/N) _ 1 log4N

Cn < < = .
loglog N loglog N loglogN  2loglog N

We have lim7_,o, max(Cy|N € N,N < T) = co by Corollary 6(2).

Remark 9. Let (m,a) € N x Z be such that N has property (8m:a) or (Gma), and we have
Cn = % This implies that m < (log N)*N and |a| < (log N)°N. If N has property
(8m:a), then, by following the first part of the proof of Theorem 4, the complexity of finding a proper
divisor of N is bounded by O ((log N)*N + (log N)3CN (log N)M(|log, N) | + 1)) Similarly,
if N has property (§u:q), then, by Theorem 4, the complexity of finding a proper divisor of N is

bounded by O ((1og N)SEN + (log N)5CN (log N)2M([log, N) | + 1 )) .

Example 5. Let p and q be two distinct odd primes such that one of them is a Mersenne prime
2! —1; 50,1 € Nis a prime. The set O := {0,(2),04(2)} has two elements and contains . Let
0 :=min(O) and N := pq; we have o < | < log, (& + 1). The semiprime N has property (£,4)

log (log2 ¥ +l)+4)

by Corollary 5(1) and, therefore, Cy < Toglog N

Remark 10. For | € N, let w(l) € NU {0} be the number of distinct prime factors of I. Let
N € T be odd. Let p and q be distinct prime divisors of N with p < q. The Generalized Riemann
Hypothesis (GRH) implies that

§(9) < w(g —1)*log(w(q ~ 1) +1]  log(a)?

(see [21], Theorem 1.3; see also [22], Theorem 2). We have w(l) = O(log)(gk()gl ) by [19],
Section 22.10, Page 471. As there exist pairs (0,28(q)) € E1(N) by Corollary 5(3) with
o | p—1, it follows that GRH implies that there exist pairs (m,a) € Ei(N) such that m < /N
and 2 < a < O((logN)3). Based on this and analogs of [21], Theorem 1.3 for primitive
roots in finite fields (see [21], Theorems 1.1 and 1.2), one would like to identify quadruples
(C1,Ca,C3,Cy) € (0,00)% x (0,1] such that CX < ¢4 %ﬂ)r all odd N € T, where K
oglog(N
is a number field and CX, would be defined similarly to C% but with the role of Z replaced by the

ring of integers of K (to be compared with the number field sieve).
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8. Algorithms

First, we have the Dichotomic Euclidean Algorithm in one variable modulo N (see
Proposition 9).

The next algorithm searches for pairs (m,a) € Eq(N) UEy(N) with 242 ‘small”.

For the input (f(X),g(X),N) = (X3 —1,(10 — X)*> — 1,77), Algorithm 1 outputs
the polynomial h(X) = X2 + 67X + 23. This implies that (3,10) ¢ E;(77). On the other
hand, X! + Y1 = 10, together with X + Y # 10, has solution (X,Y) = (1,4) in F;. So,
(3,10) € Ey(77).

Algorithm 1 (in 8 Steps)
Input: N € N\ {1} and pair (f(x),g(x)) € Z[x]* with deg(g) < deg(f) and g monic.

1. Replace each coefficient of f(x) and g(x) by its residue modulo N.
2. Using division, Divide f(x) by g(x) to obtain

F(x) = q(x)g(x) +h(x), (q(x),h(x)) € Z[x],  deg(h) < deg(g)-

3 If h(x) =0 (mod N), then output h(x) := g(x) and STOP.

4 If h(x) #0 (mod N), then let ! be the leading coefficient of h(x). Replace I by its residue modulo N.
5 If 1 < ged(I, N), then output d := ged(I, N) and STOP.

6 If ged(l, N) = 1, then compute I’ € [1, N — 1] such that /I’ =1 (mod N).

7

. Setf(x), = g(x).
8. Setg(x):=1'h(x) and go to Step 1.

Output: either a polynomial /1(X) € Z[X] with (f(X),g(X),N) = (k(X), N) and coefficients in [0, N — 1] ora
d € Div(N) \ {1,N}.

For the input N equal to 77 (or in {143,187,209} or equal to 221), Algorithm 2 outputs
(d,3,1,2) withd =7 (ord = 11 or d = 13).

Algorithm 2 (in 21 Steps)
Input: N € T (composite integer N with at least 2 prime divisors).

1 Setm :=3and B := 2log N.

2. If m > B, then STOP with no output. If m < B, then compute e, := ged(m, N). If e,, > 1, then output
d:= ey, and STOP. If e, = 1, thensetr:=2,a:=1.

3. Ifr>m—1,thensetm:=m+1and go to Step 2. If gcd(r, m) = 1, then compute ' € [1,m — 1] such that

rr’ =1 (mod m), and go to Step 5.

If ged(r,m) > 1, then set r := r 4+ 1 and go to Step 3.

Set h(x) := (x4 (a — x")" —a)N € Z[x].

Reduce #(x) modulo x™ — 1 using fast exponentiation (binary exponentiation).

Replace each coefficient of 11(x) by its residue modulo N.

Set f(x) := (a—x")" —1 € Z[x], g(x) := x™ — 1 € Z[x].

Replace each coefficient of f(x) and g(x) by its residue modulo N.

Divide f(x) by g(x) to obtain

S0 XN

o

f(x) =q(x)g(x) +g1(x), (q(x),81(x)) € Z[x]*, deg(g1) < deg(g)-

11. If g1(x) = 0 (mod N), set 0(x) := g(x) and go to Step 15. If g1(x) # 0 (mod N), then replace each
coefficient of g7 (x) by its residue modulo N.

12.  Extract the leading coefficient I of g1 (x). If 1 < gcd(l,N), then output (d,m,a,1) with d := gecd(I,N)
and STOP.

13.  Ifged(l,N) =1, then set f(x) := g(x) and compute I’ € [1, N — 1] such that N | II' — 1.

14.  Set g(x) :=I'g1(x) and go to Step 9.

15.  Divide h(x) by 6(x) to obtain

h(x) = 8(x)8(x) +7(x), (8(x),1(x)) € Z[x], deg(y) < deg(6).

16.  Replace each coefficient of 7(x) by its residue modulo N.

17. Forj € [0,deg(n)], extract the coefficient c; of x/ in (x).

18.  Foreachj € [0,deg(1)], set b; := gcd(cj, N).

19.  If there exists j € [0,deg(#)] with b; > 1, then output (d,m, a,2) with d := b; and STOP. If b; = 1 for each
j € [0,deg(#)], then continue.

20. Ifa >0, thenseta:= —aand gotoStep 5. If a < 0, then seta := |a| + 1.

21. Ifa < B,thengotoStep5.If a > B, thensetr :=r+1,a :=1and go to Step 3.

Output: either nothing or a d or a quadruple (d, m, a,i), whered € Div(N) \ {1,N},i € {1,2}, and (m,a) € E;(N).

https:/ /doi.org/10.3390/math14132378


https://doi.org/10.3390/math14132378

Mathematics 2026, 14, 2378

39 of 40

References

Next, we exemplify the calculations of Algorithm 2.

Example 6. Let N = 77.

Step 1. Set m = 3 and B = 2log77 ~ 8.6876.

Step 2. As m = 3 < B, compute e;, = gcd(3,77) = 1. No factor is found. Set r = 2 and
a=1

Step 3. Checkr =2 < m —1 = 2. Also, gcd(2,3) = 1. Compute r' < 3 such that 2r' =1
(mod 3). Thus, ' = 2.

Step 4. gcd(2,3) = 1 so continue.

Steps 5-7. Set h(X) = (X + (1 — X2)? — 1)77; reduce h(X) modulo x> — 1 and modulo 77.

Step 8. Define f(X) = (1 — X?)3 —1 = —3X2+3X*— Xband ¢(X) = X3 - 1.

Step 9. Replace each coefficient of f(X) and g(X) by its residue modulo 77. We obtain
f(X) =76X0 +3X* +74X% and g(X) = X> + 76.

Step 10. Divide f(X) by g(X). The reminder is g1 (X) = 74X? — 228X + 438976.

Step 11. g1(X) # 0 (mod 77), so continue.

Step 12. The leading coefficient of g1(X) is 74. Compute gcd(74,77) = 1.

Step 13. Compute I’ € [1,76] such that 1" =1 (mod 77). Therefore, I = 51, and we set
f(X) = X3 +76.

Step 14. Replace g(X) by 51(74X? — 228X + 438976). Thus, g(X) = X* + 76X + 26
modulo 77. Return to Step 9.

Steps 9-11. We get g1(X) = 5750X + 2052 # 0 (mod 77).

Step 12. Leading coefficient | = 5750. Compute ged(5750,77) = 1.

Step 13. Compute I’ € [1,76] such that II' = 1 (mod 77). Therefore, I = 40, and we set
f(X) = X?+76X +26.

Step 14. Replace g(X) by 40(5750X + 2052). Thus, ¢(X) = X + 75 modulo 77. Return to
Step 9.

Steps 9-11. We get ¢1(X) = —49 £ 0 (mod 77).

Step 12. Leading coefficient | = —49. Compute gcd(—49,77) =7 > 1.

Output: (d,m,a,i) = (7,3,1,1) so the algorithm discovers the nontrivial factor 7 of 77.
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