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Abstract

In this paper, we consider the classes of generalized Stampacchia mixed weak vector
variational-hemivariational inequalities (in short, GSMWVVHIs) and generalized Minty
mixed weak vector variational-hemivariational inequalities (in short, GMMWVVHIs)
formulated in terms of bifunctions. By employing the Knaster-Kuratowski-Mazurkiewicz—-
Fan (in short, KKM-Fan) lemma, we deduce an existence result for the solutions of
GSMWVVHIs without imposing any monotonicity assumptions on bifunctions and relaxed
compactness hypotheses. Moreover, under a generalized, stable pseudomonotonicity hy-
pothesis on bifunctions, we derive an existence theorem for the solutions of GMMWVVHIs
and establish an equivalence relation between the solutions of the considered vector
variational-hemivariational inequalities. Furthermore, uniqueness results for the solutions
of the considered vector variational-hemivariational inequalities are established under
suitable assumptions. In addition, we establish the stability of the solution of GSMWVVHIs
under some appropriate conditions. We furnish several illustrative examples to demon-
strate the significance of the results established in this paper. Finally, we demonstrate
that the sustainable electricity generation planning problem can be naturally formulated
as a GSMWVVHI

Keywords: vector variational-hemivariational inequalities; bifunctions; existence results;
uniqueness results; KKM-Fan lemma; stability analysis

MSC: 47]20; 47HO5; 49]52

1. Introduction

The notion of variational inequality (in short, VI) was introduced by Hartman and
Stampacchia [1]. Since then, VIs have become fundamental tools for addressing vari-
ous problems emerging in science, economics, and engineering, including free boundary
problems [2], optimization problems [3,4], complementarity problems [5], equilibrium
problems [6], and electricity production models [7]. Giannessi [8,9] proposed the vector-
valued versions of classical Stampacchia [10] and Minty [11] VIs in the Euclidean space
setting. Vector variational inequalities (in short, VVIs) play a crucial role in modeling and
analyzing a wide range of problems, such as vector traffic equilibrium problems [12], vector
network equilibrium problems (see [13-15]), vector migration equilibrium models [16],
and multiobjective optimization problems (see [17,18]). As a result, various researchers
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have extensively investigated VVIs in different settings (see [19-26] and the references
cited therein).

Panagiotopoulos [27] introduced the concept of hemivariational inequality for analy-
sis of boundary value problems encountered in the study of partial differential equations.
Hemivariational inequality is a generalization of variational inequality that incorporates
nonconvex potential functions. Over the past few decades, hemivariational inequali-
ties have served as effective tools for studying problems arising in science, engineering,
and technology (see [28,29] and the references cited therein). The fusion of VIs and hemi-
variational inequalities gives rise to a broader class of inequalities—namely, variational—
hemivariational inequalities, which involve both convex and nonconvex functions. The
concept of variational-hemivariational inequality was first proposed by Motreanu and
Radulescu [30] in the setting of reflexive Banach spaces. Several real-life problems arising
in mechanics and engineering, such as unilateral contact problems [31], nonsmooth trans-
portation problems [32], and frictional contact problems [33], can be effectively modeled
as variational-hemivariational inequalities. For further insights into hemivariational and
variational-hemivariational inequalities, we refer to [34-37] and the references cited therein.

VVIs and hemivariational inequalities defined in terms of bifunctions have emerged
as an interesting area of research over the last few decades. For instance, Bianchi and
Schaible [38] investigated existence and uniqueness results for equilibrium problems un-
der quasimonotonicity and pseudomonotonicity assumptions on bifunctions. Lalitha
and Mehta [39] established existence results for Stampacchia and Minty VVIs formu-
lated in terms of bifunctions by employing the KKM-Fan lemma under weak cone-
pseudomonotonicity assumptions. Moreover, using the KKM-Fan lemma, Guu and Li [40]
investigated existence results for Stampacchia and Minty VVIs involving generalized bi-
functions and established relationships among the considered VVIs by utilizing weak
cone—pseudomonotonicity hypotheses. Ansari and Lee [41] deduced existence results
for VVIs defined in terms of bifunctions by using the KKM-Fan lemma and established
relationships between the solutions of the considered VVIs and nonsmooth vector optimiza-
tion problems. Furthermore, by employing the KKM-Fan lemma, Ansari and Rezaei [42]
established existence results for Stampacchia- and Minty-type VVIs in terms of bifunctions
and developed the relationships between their solutions under pseudomonotonicity and
hemicontinuity hypotheses in topological vector spaces. Noor et al. [43] developed iterative
algorithms for bifunction hemivariational inequalities in the Hilbert-space setting. Existence
theorems for solutions of generalized set-valued variational inequalities were established
by Plubtieng and Thammathiwat [44] using the KKM-Fan lemma in Banach spaces. Re-
cently, Mehta et al. [45] studied existence results for mixed VIs involving bifunctions and
analyzed the Levitin-Polyak well-posedness of the considered variational inequalities.

In view of the above discussion, it is important to emphasize that the pseudomono-
tonicity of bifunctions plays a vital role in establishing existence results for various classes
of VVIs (see, for instance, [39,40,42]). Moreover, several researchers have introduced gener-
alized notions of pseudomonotonicity for investigation of existence results and stability
analysis for the solution of VIs, mixed VlIs, and variational-hemivariational inequalities
involving set-valued mappings. For instance, He [46] conducted a stability analysis of
set-valued VlIs in reflexive Banach spaces under stable pseudomonotonicity assumptions
on set-valued mappings. Using ®-pseudomonotonicity of set-valued mappings, Zhong
and Huang [47] established stability results for mixed VIs in reflexive Banach spaces.
Furthermore, Tang and Huang [48] introduced the notions of stably ¢-pseudomonotone
and quasimonotone set-valued mappings and derived existence results for variational—-
hemivariational inequalities in the setting of reflexive Banach spaces. Despite these de-
velopments, existence, uniqueness, and stability results for more general classes of vec-
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tor variational-hemivariational inequalities formulated in terms of bifunctions, such as
GSMWYVVHIs and GMMWVVHIs, have not yet been investigated under the assumption
of generalized stable pseudomonotonicity of the involved bifunctions. In this paper, our
objective is to address these research gaps by establishing existence and uniqueness results
for solutions of GSMWVVHIs and GMMWVVHISs, as well as conducting stability analysis
for the solution of GSMWYVVHIs.

Motivated by the works reported in [39,41,45], in this paper, we consider generalized
Stampacchia mixed weak vector variational-hemivariational inequalities and generalized
Minty mixed weak vector variational-hemivariational inequalities in terms of bifunctions—
namely, GSMWVVHIs and GMMWVVHIs. We introduce the notions of generalized mono-
tone, strongly monotone, stable pseudomonotone, and stable strongly pseudomonotone
bifunctions. By employing the KKM-Fan lemma, we establish an existence result for solu-
tions of GSMWVVHIs without relying on the monotonicity of bifunctions and under relaxed
compactness assumptions. Based on the generalized stable pseudomonotonicity assump-
tions on bifunctions, we deduce an existence theorem for solutions of GMMWYVVHIs and
establish a relationship between the solutions of GSMWVVHIs and GMMWVVHIs. Using
appropriate assumptions, we establish uniqueness results for the solutions of GSMWVVHIs
and GMMWVVHIs. The stability analysis for the solution of GSMWVVHIs is established
under some suitable conditions.

The novelty and contributions of this paper are discussed as follows:

(@) The results established in this paper generalize the corresponding results derived by
Lee [17] from VVIs to broader classes of vector variational-hemivariational inequalities
involving bifunctions—namely, GSMWVVHIs and GMMWVVHIs. Moreover, the re-
sults with respect to the existence of solutions of GSMWVVHIs and GMMWYVVHIs
generalize the corresponding results established by Mehta et al. [45] from mixed VIs
to generalized mixed-vector variational-hemivariational inequalities.

(b) Itis significant to note that the inner product satisfies the linearity property, whereas
bifunctions are not necessarily linear (see [41,43]). Moreover, the results established
in this paper rely on weaker assumptions than monotonicity—namely, generalized
stable pseudomonotonicity. As a consequence, the results established in this paper
are applicable to the study of the broader classes of VVIs as compared to the results
available in the existing literature (see [8,17]).

(c) We consider the sustainable electricity generation planning problem (in short, SEGPP).
Moreover, we demonstrate that SEGPP can be naturally formulated as a GSMWVVHI
and can be effectively solved without imposing monotonicity assumptions on the
corresponding bifunctions and the relaxed compactness hypothesis.

The rest of the paper is structured as follows: In Section 2, we provide the basic
preliminaries used for the subsequent analysis. In Section 3, we establish existence results
for the solutions of GSMWVVHIs by utilizing the KKM-Fan lemma. Moreover, an ex-
istence theorem for solutions of GMMWVVHIs is established under generalized stable
pseudomonotonicity hypotheses on bifunctions, and the relationship between the solutions
of GSMWVVHIs and GMMW VVHIs is examined. Moreover, by using generalized stable,
strong pseudomonotonicity assumptions on the involved bifunctions, uniqueness results
for the solutions of GSMWVVHIs and GMMWYVVHIs are derived under some appropri-
ate conditions. In Section 4, we establish the stability of the solution of GSMWYVVHIs.
In Section 5, we present a practical application to the sustainable electricity generation
planning problem. Section 6 concludes the paper and highlights several potential directions
for future research.
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2. Notations and Mathematical Preliminaries

The set of natural numbers is denoted by the symbol N. For some n € N, the notations
R"™ and " are used to denote the n-dimensional Euclidean space and the non-negative
orthant of R", respectively. Mathematically, R’} is defined as follows:

RY :={z=(z1,20,...,20) €R":2; >0,i=1,2,...,n}.

Moreover, int R’! denotes the interior of R’} . The inner product and its corresponding
norm in R" are denoted by (-,-) and || - ||, respectively. The @ symbol is employed to
denote the empty set. Fors € N, let w := (wy,w», ..., ws) € R°. The following inequalities
play a key role in the subsequent analysis:

w<0&w <0, forallj € {1,2,...,s},
w>0& w; >0, forallj € {1,2,...,s}.

The w £ 0 symbol (or w # 0) is employed to represent the negation of w < 0 (or
w > 0). Let® # S (C R") and ® : S — R be a real-valued function. The ® function
is said to be locally Lipschitz at z € S with rank Ky (Ky € R, Ko > 0) if there exists a
neighborhood (U) of z and some constant (Kp) such that

|P(x) — D(y)| < Ko||x—yl|, forallx, y € U. 1)

The ® function is said to be locally Lipschitz on S with rank Kj if (1) is satisfied for
every z € S. Here, constant Kj is the same forallz € S.

The definitions of a convex set, convex function, and convex hull of a set are presented
in the following definitions from Hiriart-Urruty and Lemaréchal [49].

Definition 1. Let @ # S (C R"). Then:

(i) S isaconvex set if, for any z,y € S, the following inclusion holds:
(1-t)z+tye S, forallt € [0,1].

(i) A function (& : S — R) is a convex function on convex set S, provided that for any arbitrary
z,y € S, the following inequality holds:

P((1-t)z+ty) < (1—t)D(z)+ td(y), forall t € [0,1].

Definition 2. Let S C R" be a non-empty set. The convex hull of S, denoted by co S, is defined
as follows:

m . . m
S = {Zaizl:zl €S, u;>0,i=1,2,...,m, szi —1}.
i=1 i=1

The notions of a Clarke directional derivative and Clarke subdifferential are from
Clarke [50].

Definition 3. Let & : R" — R be a locally Lipschitz function on R". Then:

(i) The Clarke directional derivative of ® at z € R" in direction v € R", denoted by ®°(z;v), is
defined as follows:
(y +tv) — @(y)

P°(z;v) := limsup @ ;

y—z,t]0
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(i) The Clarke subdifferential of the ® function at z € R", denoted by 0.D(z), is defined
as follows:
0.D(z) :=={y e R" : ®°(z;v) > (y,v), forallve R"}.

The following lemma from Clarke [50] presents various properties of the Clarke
directional derivative and Clarke subdifferential of a locally Lipschitz function.

Lemma 1. Let & : R" — R be a locally Lipschitz function on R" with rank Ky. Then:

(i) The function expressed as v — ®°(z; v) is finite, positively homogeneous, and subadditive on
R".

(i) D°(z;v) is upper semicontinuous as a function of (z,v) and, as a function of v alone, is
Lipschitz with rank Ky on R".

(iii) For every z € R" and v € R", we have

P°(z;v) := max{({,v):{ € 0. D(z)}.
(iv) For every z € R", the Clarke subdifferential (9.®(z)) is a compact set.

The notion of a upper Kuratowski semicontinuous set-valued map from Singer [51] is
presented in the following definition.

Definition 4. Let T : R" = R" be a set-valued map. Then, we say that T is

(i) Upper Kuratowski semicontinuous at z € R" if, for any sequences, {z;}3>; € R" and
{vi}e € R, with each vi € T(zy) (k € N) satisfying

lim z; = zand lim v =,
k—ro0 k—o0

we have v € T(z).

(i)  Upper Kuratowski semicontinuous on R" if T is upper Kuratowski semicontinuous at every
z c R".

Now, we recall the concept of a proper subodd bifunction (see, for instance, [45]).

Definition 5. A bifunction (F : R" x R" — R) is called proper subodd if, for every v; € R" (j =
L,2,...,m) with 3" vj = 0, the following inequality is satisfied:

F(z;vq1) + F(z;vp) + ...+ F(z;viy) >0, forall z € R".

In the following definition, we introduce the concept of a generalized hemicontinuous
bifunction.

Definition 6. Let @ # S (C R") be a convex set, and let T : S =% R" be a set-valued mapping.
A bifunction (F : R" x R" — R) is said to be generalized hemicontinuous on T(S) if for every
z,y € S and for each wy € T(ty + (1 —t)z) (t € (0,1)) such that wy — w € T(z),ast ] 0,
the function expressed as t — F(wy, y — z) is continuous at 0.

Remark 1. If T(z) = {z}, for every z € S, then Definition 6 reduces to Definition 2.2 presented
by Lalitha and Mehta [39].

In the following definition, we introduce the notions of generalized monotone and

generalized stable pseudomonotone bifunctions. For further insights into monotonicity
and stable pseudomonotonicity, we refer to [38,43,48].
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Definition 7. Let F : R" X R" — R be a bifunction such that F(v,0) = 0, for all v.€ R". For
any @ # S (C R"), we assume that T : S = R" is a set-valued map such that p : S x S — R
and g : S — R are continuous and lower semicontinuous on S x S and S, respectively. Then, F is
said to be

(i) T-monotone if, for every z, y € S, the following inequality holds for allv € T(z), w € T(y):
F(v,;y—z)+F(w,z—y) <0.

(ii)  Strongly T-monotoneif there exists « (« € R, a > 0) such that, for every z, y € S
and for all v € T(z), w € T(y), the following inequality holds:

F(v;y—z)+F(w,z—y) < —ally —z|*.

(iii) Stably T-stably (g, )-pseudomonotone with respect to sets V.C R" and © € R" if, for every
z, y € S, the following inequality holds forallv € T(z), w € T(y), € V:

F(vyy—2z)—(©,y—z)+g(y) +¢(z,y) — g(z) —¢(z,z) — ({,;y —2z) >0
_—

Fw,z—y)—(0,z-y) —g(y) —¢(z,y) +8(z) + (z,z) +({,y —z) <O.

(iv) T-stably, (g,)-strongly pseudomonotone with respect to sets V.C R" and © € R" if there
exists B (B € R, B > 0) such that, for every z, y € S, the following inequality holds
forallve T(z), we T(y), eV

F(vyy—2z)—(©,y—2z)+g(y) +¢(z,y) —g(z) —¢(z,z) = ({,y—2z) >0
—
F(w,z—y) = (0®,z—y) —g(y) —¥(zy) +8(z) +¥(z,2z) + ({,y — z)
< —Blly —z||~

Remark 2. 1. If®@ =0,V = {0}and T(z) = {z} foreveryz € Sand g(z) =0 = ¢(z,y)
for every z, y € S, then T-stably (g, )-pseudomonotonicity with respect to sets V and ©
reduces to pseudomonotonicity of F as introduced by Komlési [52] in Definition 3.2.

2. IfT(z) = {z} for every z € S, then T-strong monotonicity of F reduces to strong monotonic-
ity of F as presented by Mehta et al. [45] in Definition 3.2.

The following diagram represents the relationships between generalized monotonicity
and generalized stable pseudomonotonicity of bifunctions.

T-strong monotonicity » T-monotonicity

| !

T-stabl , 1)-strong pseudomonotonicit T-stabl , )-pseudomonotonici
y (&) gp y } y (& ¥)-p ty

with respect to V and © with respect to V and ©

Remark 3. It is worth noting that T-stably (g, ¢ )-pseudomonotone (or strongly pseudomonotone)
bifunctions need not be T-monotone (or strongly monotone) bifunctions. Moreover, the T-stably
(g, ¥)-pseudomonotonicity of a bifunction (F) with respect to V and © does not, in general, imply
T-stably, (g, ¢)-strong pseudomonotonicity with respect to V and ©. To illustrate this fact, we
furnish the following example.

https:/ /doi.org/10.3390/math14132404
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Example 1. We define F : R? x R? — R as follows:
F(v,y) := (va — D)y, forally = (y1,v2), v = (v1,v2) € RZ,
Let S :={z = (21,22) € R?:21 = 0,3 <z, <5} and T : S = R? be defined as follows:
T(z) := {v=(v;,0) ER?>:0; = 0,0, = —%2 +1}, forallz € S.
We defineg: S — Rand ¢ : S x § — Ras follows:
g(z) = z3, ¥(z,y) == 22+ (1), forallz, y € S.

LetV:={f=(&,&%) €R?: & €R,& =0}and ® = (1,0) € R2. Foranyz, y € S,
¢ € V,andv € T(z), we consider the following:

F(v,y —2z) = (©,y —z) +g(y) + (2 y) —g(z) —¢(z,2) = {{,y —z) > 0.

This implies that

(y2 — 22) (1 +y2+ 2322) > 0. 2)

In view of the fact that 3 < y,zp <5, according to (2), we have
Y2 —2 2 0. (©)
Now, for any w € T(y) and ¢ € V, we have the following:
Fw,z—y) —=(©,z—y) —g(y) = ¢(zy) +8(z) + ¢(z,2) + ({,y —2)
—(zz—y2)<1—|—zz—|—23y2>. 4)

Upon the combination of (3) and (4), the following inequality holds:

Fw,z—y)—(0®,z—y)—g(y) —¢(z,y) +g(z) + ¥(z,2) + ({,y —2z) <0.

As a result, F is T-stably (g, )-pseudomonotone with respect to V and ®. However, F is not
T-stably, (g, ¢)-strongly pseudomonotone with respect to V and ©.
Now, we verify that F is not T-monotone. Letz, y € Sand v € T(z), w € T(y). Then,

Fvy—2)+Fw,z—y) = (-2 )02 -2)+ (- %) (z-n)

- %(yz - )% ®)

Let us consider z = (0,z2) and'y = (0,y2) such that z, y € S and zy # yo. Then, it follows
from (5) that
F(v,;y—z)+F(w,z—y) > 0.

Hence, F is not T-monotone.

The following KKM map and KKM-Fan lemma play a key role in establishing existence
results for the solutions of GSMWVVHIs and GMMWVVHIs (see [53,54]).
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Definition 8. Let S (C R") be a non-empty closed set and G : S = S be a set-valued map G is
referred to as a KKM map if, for any set ({y',y?,...,y*} C S), the following inclusion holds:

P )
cof{y L, y*....y"} € U G).
=1

Lemma2. Let @ # S (CR")and G : S = S be a KKM map. We assume that the following
conditions are satisfied:

(i) Foreveryz € S, G(z) is a closed set.
(ii) G(z) is a compact set for some z € S.

Then,
() G(z) #@.

zeS$S

3. Existence and Uniqueness Results for GSMWVVHIs
and GMMWYVVHIs

In this section, by employing the KKM-Fan lemma, an existence theorem for solu-
tions of GSMWVVHIs is established without relying on any monotonicity assumptions
on bifunctions under a relaxed compactness hypothesis. Under generalized stable pseu-
domonotonicity assumptions on bifunctions, we establish that GMMWVVHIs admit at least
one solution. Subsequently, we deduce an equivalence relation between the solutions of
GSMWYVVHIs and GMMWYVVHIs under the generalized hemicontinuity and generalized
stable pseudomonotonicity hypotheses on the involved bifunctions. Moreover, the unique-
ness results for the solutions of GSMWVVHIs and GMMWVVHIs are established under
a generalized stable, strong pseudomonotonicity hypothesis on bifunctions and some
appropriate conditions.

In the remainder of the paper, the following conditions are assumed to be satisfied:

(B1) Let @ # S be a convex subset of R” and ® € R".

(B2) Foreachj € I:={1,...,p} letT;: S = R" beaset-valued map and F; : R" x R" — R
be a bifunction such that Fj(v, 0) =0, forall v € R". Furthermore, we assume that
P; : R" — Ris alocally Lipschitz function on R" for every j € I.

(B3) Forevery j € I, lety; : SxS — Rand g; : S — R be continuous and lower
semicontinuous functions on S x S and &, respectively.

Consider the following generalized Stampacchia and Minty mixed weak vector
variational-hemivariational inequalities formulated in terms of bifunctions.
Generalized Stampacchia mixed weak vector variational-hemivariational inequality
(GSMWVVHI): Find 2 € S such that there exists ¥; € Tj(2) (j € I) satisfying

foreveryy € S.
Generalized Minty mixed weak vector variational-hemivariational inequality (MMW-
VVHD: Find 2 € S such that for every y € S and w; € Ti(y) (j € I),

(F(w,z2—y)—(0©,z—y) —1(2,y) — &1(y) + $1(2,2) + 81(2)
—P(Zy—2),....Fp(wp2—y)—(©,2—y) —¢p(2,y) — gp(y)
+p(2,2) +8p(2) — Py(25y —2)) #0.

https:/ /doi.org/10.3390/math14132404
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Remark 4. 1. IfI = {1} and ©® = 0, Ty is a single-valued map, g1(z) = 0 = P1(z,y) for

everyz, y € S,and Fy(wq,y —z) = (Ty(z),y — z), then the GSMWVVHI reduces to a VI
of the following form: Find z € S such that

(T(z),y—2z) >0, forally € S,

as considered in [1,3].

Foreveryj € I,let Tj : S — R" be a continuous function and F;(w;, y — z) = (Tj(z),y — z).
If®=0and, foreveryj€l,z, y €S, ¢j(z,y) = 0= gj(z), P; is a constant function on
R", then GSMWVVHIs and GMMWVVHIs reduce to Stampacchia- and Minty-type weak
vector variational inequalities, as studied by Giannessi [8].

IfI1 = {1} and Ty (z) = {z} foreveryz € S, ® = 0 and ¢1(z,y) = 0 = g1(z) for every
z, y € S, Py is a constant function on R", and F;(wy,y —z) = (Ty(z),y — z); then,
PP (z;y —z) = 0 for every y, z € R", and GSMWVVHIs and GMMWVVHIs reduce to
SVIs and MVIs, respectively, as studied by Komlési [55].

Let f; : R" — R (j € I) be a locally Lipschitz functionat z € S. If ©® = 0 Tj(z) = d.f;(z)
and Fj(wj,y —z) = (Gj,y —z) foreveryj € I, z, y € S, ¥j(z,y) = 0 = g;(z) for every
j€ 1Ly, z €S, and P;is a constant function on R" for every j € 1, then GSMWVVHIs and
GMMWVVHIs reduce to WSV VIs and WMV Vs, respectively, as follows:

(WSVVI) : Findz € S, such that for anyy € S, there exists §; € dfi(z) (j € I)

(<Cl/y - Z>r <'§2ry - Z>/ ey <‘§p/y - Z>) % *intRﬁr
(WMVVI) : Findz € S, such that for anyy € S, and any {; € ocf;(y) (j € I)

(<€1/Z - Y>’ <€2/Z - Y>r sy <€p,Z - y>) ¢ intRz/

as considered by Lee [17].

If© =0, Ti(z) = {z}, and pj(z,y) = 0 = gj(z) forevery j € I, y, z € Sand Pjisa
constant function on R" for every j € 1, then GMMWVVHI reduces to a weak Minty VVI of
the following form: Find z € S such that for everyy € S

(Fl(y,z—y),...,Fp(y,z—y)) #0,

as considered by Ansari and Lee [41].

IfI = {1} and Ty(z) = {z} foreveryz € S,® =0, P1(z,y) = 0 forevery z, y € S,
and Py is a constant function on R", then Py (z;y —z) = 0 for every 'y, z € R", and
GSMWVVHIs and GMMWYVVHIs reduce to the corresponding Stampacchia and Minty
mixed Vs involving bifunctions, as studied by Mehta et al. [45].

By employing the KKM-Fan lemma, an existence result for solutions of GSMWVVHIs

is established in the following theorem without imposing any monotonicity assumptions

on bifunctions under a relaxed compactness assumption.

Theorem 1. Let S be a closed subset of R", such that for every j € Iand z € S, ¢j(z,-) and g;(-)
are convex functions on S. Moreover, we assume that the following conditions hold:

(i)

(i1)
(iii)
(iv)

For each j € 1, Tj is a compact set and upper Kuratowski semicontinuous on S.

Foreach j € I and z € R", F;(z, ) is positively homogeneous and proper subodd on R".
Forevery z € S, (vj, z) v F;(vj, z) is upper semicontinuous on R" x R".

There exists a non-empty compact subset (H) of S such that for every 'y € S \ H and for every
v; € Ti(y) (j € I), the following inclusion is satisfied for some Z € H:

https:/ /doi.org/10.3390/math14132404


https://doi.org/10.3390/math14132404

Mathematics 2026, 14, 2404 10 of 30

F(vj,z—y) — (0,2 —y) +¥;(y,z) +8j(z) — ¢;(y,y) — gi(y)
+ P]?”(y;i —y) <O.

Then, GSMWVVHI admits at least one solution in S.
Proof. We define a set-valued map G : S = S as follows:

G(z):={yeS:Iw;ecTi(y) eI,
(Fi(w1,z—y) —(©,z—y) +¥1(y,2) + 81(z) — ¥1(y,y) — &1(y)
—l—Pf(y,'z—y),...,Fp(wp,z—y)—<®,z—y>+lpp(y,z)

+2(2) = ¥p(y,¥) — 8p(y) + Py (yiz — ) ) £ O}.

Owing to the fact that z € G(z), it follows that G(z) # @. To begin with, we claim that
G isa KKM map. On the contrary, suppose that there exists a finite set ({y?, y?,...,y"} C S)
such that

cofyl,....y"} & L) G(y).
i=1

This implies that there exists Z € co{y',...,y"} such thatz ¢ G(y') foranyi =1,2,...,m.
Hence, there exist non-negative real numbers (v; (i = 1,2,...,m)) with }_/" ; &; = 1 such
that

i

oy .

i:

s

i=1

For every j € I and v; € T;(2), it follows that

Fi(vi,y' —2) — 0,y —2) + ¢;(2,y') + g;(y') — ¢;(2,2) — g(2)

i o ©
+ PP (zy —2) <0.

For a fixed j € I, multiplying by «; in (6) and summing over i, we obtain the following
due to the positive homogeneous property of F;(v;,-) and Py (2;-):
Y Fi(vj,ai(y' —2)) — )_ai(©,y' —2) + Zl api(2,y') + Zl w;gi(y') — (2, 2)
1= 1=

i=1 i=1

m (7)
—gj(2) + )P (2a;(y' —2)) <.
i=1

Since Y ai(y' —2) = Y wy' —2 =0, Fi(vj,-), and P]f’(i,' -) are proper, subodd,
and subadditive on R", respectively,

Y (2, ')+ Y wigi(y) < 9i(2,2) + gi(2). (8)
= i=1

Moreover, from the given hypothesis, it follows that ¢;(2,-) (j € I) and g;(-) (j € I)
are convex functions on S. Hence,

gi(2) = gj(i“iyl) < i“:’g]‘(yi)
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In view of (9), we have
8i(2) +i(2,2) < ) wigi(y') +)_aipj(2,y"), (10)
i=1 i=1
which is a contradiction of (8). Therefore,
m .
cofy',....y"} € U Gy,

which claims that G is a KKM map.

In order to prove that G(z) is a closed set for all z € S, let {z}$° | be any sequence
in G(z) such that z; — zp as s — oo. This implies that there exists v]S- € Ti(zs) (j € 1),
satisfying

(Fi(vi,z — 25) = (0,2 — z5) + Y1(zs, 2) + 81(2) — P1(2s,25) — gp(2s)
+Pr(zs;2 — z5),..., Fp(v), 2 — 25) — (©,2 — z5) + Pp(2s,2) + gp(2) — Pp(2s, 25)

—8p(zs) + Py (zs;2 — zs)) £ 0.
It is evident from the given hypotheses that T; (j € I) is a compact set and upper

Kuratowski semicontinuous on S. This implies that there exists a subsequence ({v;k y)
of {V}“’ & 1, such that

Sk Sk 0 :
Vit e Tj(zsk), Vit = v; ask — o0, j€,

V? S T]'(Z()), ] el

Moreover, by employing the continuity of the inner product, Assumption (B3), the
upper semicontinuity of Pj"(-, -),and F(+,-) (j € I), along with the continuity of ¥;(-, )
and lower semicontinuity of g;(-), we infer that

(Fi(v8, 2~ 20) = (©,2 = 20) + §1(20,2) + 81(2) — 1 (20,20) — &1 (20)

+P10(ZQ,'Z — Zo), Y FP(V?,,Z — Z()) — <®,Z — Z()> + 1,[1;;(20, Z) + gp(z) — 1[);;(20,20)

—gp(20) + Py (z0;z — Zo)) % 0.

Thus, it follows that zg € G(z); hence, G(z) is a closed set for every z € S. Now, we

are left to show that G(z) C H for some z € S. On the contrary, we suppose that for every

z € S,G(z) ,CZ H, that is, for every z € S, there exists w € G(z) \ H. It follows that for
every z € S, there exists w; € T;(w) (j € I) such that

(Fi(wy,z—w) — (©,z —w) +¢1(w,z) + g1(z) — P1(W, W) — g1(W)
+Pl(w;z—wW),..., Fy(wWp,z—wW) — (0,2 —w) + (W, z) (11)

+8p(2) = 9y (w, W) — gp(w) + By (w;z—w) ) £0.

Since
G(z) CS andwe G(z)\H

,w € S\ H. Inview of the given hypothesis, there exists Z € H C S such that the following
inequality holds for every j € I and w; € Tj(w)

Fi(wj,z2—w) — (0,2 —w) + (W, 2) + gj(2) — ¢;(w, W) — g;(w) + P (W;Z —w) <0,
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which is a contradiction of (11). This implies that
G(z) C H, forsomez € S.

From Lemma 2, we infer that

() G(z) # @.

zeS

Hence, there exist 2 € S and v} € Ti(2) (j € I) such that

(Fi(vi,z—2)—(©®,z—2)+1(2,2) + §1(z) —¢1(2,2) — 1(2) + P{ (2,2 — 2), ...,
Fo(vh,z—2) — (0,2 — 2) + Pp(2,2) + gp(2) — Pp(2,2) — gp(2) + Py (22 —2)) £0,

for every z € S. This completes the proof. [

Remark 5. If ©® =0, [ = {1}, T1(z) = {z}, and P1(z,y) = 0 foreveryz, y € S and P isa
constant function on R", then Py (z;y — z) = 0 for every z, y € R", and Theorem 1 reduces to
Theorem 2.2 as established by Mehta et al. [45].

In the following theorem, we establish sufficient conditions for the existence of solu-
tions of GSMWVVHIs under a compactness assumption on set S.

Theorem 2. Let S be a compact subset of R", such that for every j € I and z € S, ¥;(z, -) and
gj(+) are convex functions on S. Moreover, we assume that hypotheses (i)~(iii) in Theorem 1 are
satisfied. Then, there exists Z € S such that Z is a solution of GSMWVVHI.

Proof. We define a set-valued map G : S = S as follows:

G(z):={yeS:Iw;eTi(y) eI,
(F(wi,z—y) —(0©,z—y) +1(y,2) +81(2) = ¥1(y,y) — &1(y)
TPz —y), o Fp(Wp, 2 —y) = (©,2—y) +¢y(y,2)
+2(2) =¥y (y,y) —(y) + P (yiz—y)) # O}
Along the lines of the proof of Theorem 1, it follows that G is a KKM map and G(z)

is a closed set for every z € S. Owing to the fact that forany z € S, G(z) C Sand Sisa
bounded set, we infer that G(z) is a compact set. Therefore, from Lemma 2, it follows that

1 G(=z) # 2,
zeS
which, in turn, claims that GSMWVVHI admits at least one solutionin §. O
Remark 6. Theorem 2 generalizes Theorem 2.1, as deduced by Mehta et al. [45], from a mixed Stam-

pacchia VI to a generalized Stampacchia mixed weak vector variational-hemivariational inequality,
belonging to the broader classes of VVIs and variational-hemivariational inequalities.

The following example demonstrates the existence result for the solutions of
GSMWYVVHIs established in Theorem 2.
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Example 2. Let S := {z = (z1,22) € R? : 1 < z; < 3,1 < z, < 2}, and for every
j € 1:={1,2}, let the bifunctions (F; : R? x R? — R) be defined as follows:

1 2
Fi(v,y):= (10 - V||+1> (v,y) —yo, forall y, v.e R

We define T; : S = R for every j € I as follows:
Ti(z) :=={(z1,22)}, Ta(z):={(221,222)}, forallz € S.

It can be verified that T(-) (j € I) are compact sets and upper Kuratowski semicontinuous on
S. Let 1, Pp : S x & — R be defined as follows:

¥1(z,y) == y1+2y2, ¥2(z,y) :=2y2 +y1 + €% forallz, y € S.
Consider functions g1, g2 : S — R, defined as follows:
21(z) :=z1, §2(z) :==2z1+7e, forallz € S.

Now, we define functions Py, P, : R? — R as follows:

—z1, €S,
P (z) := ! ‘ 5 Py(z) i= —z + €, forallz € R?.
—z1 —e, otherwise,

It can be verified that the Clarke directional derivatives of Py and P> at z € S in the direction
of y —z (y € S) are given as follows:

Pl(zy—z)=—(y1—=z1), BF(zy—2z) = —(y1 — z1).

Consider the following generalized Stampacchia and Minty mixed weak vector variational—
hemivariational inequalities for ® = (1,1).
(GSMWVVHI1): Find 2 € S, such that there exists ¥; € Tj(2) (j € I), satisfying

(FL(¥1,y —2) = (0,y —2) + ¥1(2,y) + s1(y) — ¥1(2,2) — £1(2
B (Y2,y =2) = (©,y = 2) + §2(2,y) + ga(y) — $2(2,2) — 2(2) + z°(
foreveryy € S.
Evidently, g;(-) and ;(z,-) for every j € I are convex functions on S for every z € S.

Moreover, for every j € I, F; is positively homogeneous with respect to the second component and
proper subodd. Therefore, all the hypotheses of Theorem 2 are satisfied.

Let us define a set (V) associated with P; (j € I):
V(P):={-(j:z€S8,{j €9:Pz)} (12)

Under Tj-stably (g, §;)-pseudomonotonicity assumptions on F; (j € I) and the hy-
potheses of Theorem 2, an existence result for solutions of GMMWYVVHIs is derived in the
following theorem.

Theorem 3. Let us assume that all the hypotheses in Theorem 2 are satisfied. Furthermore, we
assume that for every j € I, F; is Tj-stably (g, y;)-pseudomonotone with respect to set V(P;) and
©. Then, there exists at least one solutzon to GMMWVVHI
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Proof. In view of Theorem 2, it follows that there exists at least one solution of GSMWVVHI,
e.g., 2, that is, there exists ¥; € T;(2) (j € I) such that

for every y € S. Equivalently, for every y € S, there exists at least one component (i € I)
such that

F(Vvi,y—2)—(©,y—2)+¢i(2,y) + &i(y) — ¥i(2,2) — gi(2)

(13)
+P(zy—-2)>0

Since P; (i € I) is locally Lipschitz on R" and the inner product ((-, -)) is continuous, it
follows from Lemma 1 (iii)~(iv) that there exists {; € 0.P;(2) such that

P (z;y —2) = (Ciy — 2). (14)

This implies that (13) can be rewritten as follows:

Fi(viyy —2) = (©,y — 2) + ¥i(2,y) + 8i(y) — $i(2,2) — gi(2)

S

By employing the T;-stably (g;, i;)-pseudomonotonicity of F; with respect to set V(P;)
as defined in (12) and ©, we infer that for every y € S and for every w; € Ti(y), the
following inequality holds:

F(wi,z2—-y)—(0,2—y) —¢i(2,y) — &i(y) + ¢i(2,2) + gi(2)

_y-zy<o P

Owing to the combination of (14) and (16), for every y € S, there exists i € I such that
for any w; € T;(y), the following inequality is satisfied:

Fi(wi, 2 —y) — (0,2 —y) —¢i(2,y) — gi(y) + ¢i(2,2) +gi(2) — P/ (2;y —2) <0.
Hence, there exists 2 € S such that for every y € S and w; € T;(y) (j € I), we have

(F(wy,z—y)—(0©,2—-y) —1(2,y) — &1(y) + ¥1(2,2) + 81(2)
—Pl(z;y—2),..., Fp(wp,2—y) — (©,2—y) — ¢p(2,y) — &p(y) + ¥p(2,2)
+8y(2) ~ P&y —2)) #0.

Thus, the desired result follows. [

The following corollary is an immediate consequence of Theorem 3.

Corollary 1. Iffor every j € I, F; is Ti-stably (g;, ;)-pseudomonotone with respect to set V(P;)
and ©, then every solution of GSMWVVHI is a solution of GMMWVVHL

Remark 7. Corollary 1 generalizes Theorem 2.3 (i) in [45] from mixed Vls to broader classes of
vector variational-hemivariational inequalities—namely, GSMWVVHIs and GMMWYVVHIs.
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In the following theorem, we establish an existence result for solutions of GSMWVVHIs
by relating them to GMMWVVHIs under generalized hemicontinuity assumptions on bi-
functions (F; (j € I)).

Theorem 4. Foreveryj € landz € S, let Y;(z,-) and g;(-) be convex functions on S. Moreover,
we assume that the following conditions hold:

(i)  Foreachj € I, T;is a compact set and upper Kuratowski semicontinuous on S.
(ii) Foreachj € Iand z € R", Fi(z,-) is positively homogeneous and proper subodd on R".
(iii) For each j € I, F; is generalized hemicontinuous on T;(S).

Then, 2 € S is a solution of GSMWVVHI, provided that 2 is a solution of GMMWYVVHI.

Proof. In light of the given hypothesis, 2 is a solution of GMMWVVHI. This implies that
forevery y € S and w; € Tj(y) (j € I), the following condition holds:

(F(wi,2—y)—(©,2—y) —¢1(2,y) —g1(y) + ¢1(2,2) + 81(2)
—P(Zy—2),... F(wpz-y)- (02 > ¥p(2,y) — 8p(y) + ¥p(2,2)

Lety € S be arbitrary and t,, C (0,1] such that t,, | 0 as m — oco. According
to Assumption (B1), S is a convex set, which implies that y(t,,) := (1 — ty)2 + tny € S.
Therefore, for every wi" € Ti(7(tm)) (j € I), we have the following:

(F(W' 2= 7(tn) = (©,2 = 7(tw)) = $1(2,7(tn)) = 81(7(tn)) + $1(2,2) + 1(2)
_Plo(i}')’(tm)_i) Fp( 2= (tm)) —(©,2 — y(tm)) _lpp(Ar')’(tm))
8y (v(tn)) + 9p(2,2) +8p(2) = Py (&7 (tn) —2)) #0.

Since 2 — y(tm) = tm(2 —y) and y(tm) — 2 = tw(y — 2), ¥;(2,-), g;(-) are convex

functions on S, and P].O(i; ) F]-(w;.", ) (j € I) are positively homogeneous therefore,

(R (W], 2—y) = (0,2 y) +1(2,2) + 1(2) - 1 (2y) — &1(y)
—Pl(Zy—2),...,. Fp(wy,2—y)—(©,2—y) +¢p(22) (17)
+8p(2) — ¥p(2,y) — 8p(y) — Py 2y —2)) #0.

Moreover, owing to the proper subodd property of (w7, -) (j € I) and (17), we have

(F(wly—2)—(©,y —2) —1(2,2) — 1(2) + ¥1(2,y) + &1 (y)
+P(Zy —2),..., Fp(wy,y—2) —(O,y — 2) —¢y(2,2) (18)
)

It is given that T (j € I) represents compact sets Hence, there exists a subsequence
({wm"}k 1) of {w _q and {7y (tm, )} of {7(tm)}5_q such that wm" € Ti(y(tm,)) and
wik — wjask — oo. It follows from the upper Kuratowskl semlcontmulty property of
T; (j € I) that w; € T;(2). According to (18), the following inequality holds for every
yeS:
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(F(wi*,y—2) — (@,y —2) —1(2,2) — g1(2) + ¥1(2,y) + 1(y)
+P7(2;y —2),..., Fp(wi*,y —2) — (O, y—Z> ¥p(2,2) (19)
—8p(2) + ¥ (2,y) + 8p(y) + Py (By —2)) £ 0

Letting k — oo in (19), it follows from the generalized hemicontinuous property of
F](,y — 2) that

(Fi(W1,y —2) = (©,y —2) - 1(2,2) - 21(2) + Y1 (2,y) +&1(y)
TP (Zy —2),... Fp(Wp,y —2) = (©,y —2) — ¢hp(2,2)
~8p(2) + ¥p(2,y) +8p(y) + P} (zy ~2)) £ 0.

Hence, z € S is a solution of GSMWVVHI. [

Remark 8. If ® =0, I = {1}, Ty(z) = {z}, and P1(z,y) = 0 foreveryz, y € Sand P isa
constant function on R", then Py (z;y — z) = 0 for every z, y € R", and Theorem 4 reduces to
Theorem 2.3 (ii) derived by Mehta et al. [45].

The following corollary characterizes the relationship between the solutions of
GSMWVVHIs and GMMWVVHIs by using Tj-stably (g;, #;)-pseudomonotonicity and
generalized hemicontinuity assumptions on the involved bifunctions (F; (j € I)).

Corollary 2. Let every assumption in Theorems 3 and 4 be satisfied. Then, Z € S is a solution of
GSMWVVHI ifand only if 2 € S is a solution of GMMWYVVHL

Remark 9. 1.  Corollary 2 generalizes Proposition 4 and Theorem 3.1 deduced by Giannessi [8]
and Lee [17], respectively, from VVIs to generalized mixed-vector variational-hemivariational
inequalities—namely, GSMWVVHIs and GMMWYVVHIs.

2. It is worth noting that Proposition 4 in [8], Theorem 3.1 in [17], and Theorem 2.3 (i) in [45]
are established by employing the monotonicity assumptions on the underlying mappings.
However, the proof of Theorem 3 relies on Tj-stably (g;, ;)-pseudomonotonicity of F; with
respect to set V(P;) and ©, which is weaker than the Ti-monotonicity assumptions on F;.
Consequently, the results derived in this paper are more wzdely applicable to VVIs than the
corresponding results available in the existing literature, even for particular reduced cases of
GSMWVVHIs and GMMWYVVHIs (see, for instance, [8,171). We demonstrate this fact in the
following example.

Example 3. Let S := {z = (z1,23) € R?2: 1 < z; <3,z = 0}, and for every j € I := {1,2},
let the bifunctions expressed as F; : R? x R? — R be defined as follows:

Fi(v,y):= (0= 1)y1, Fa(v,y):= (v1 +1)yy, forall y, v € R%
We define T; : S = R for every j € I as follows:

Ti(z):={veR?: v =tz;,v = —2z; +1, t € [0,1]}, forallz € S,
Tr(z):={veER*: 0, = —z; —1,vo = (1 —t)zy, t €[0,1]}, forallz € S.

Let ¢, o : S x S — R be defined as follows:

¥1(z,y) =21+ Y}, oz y) ==yl +2z1+1, forallz, y € S.
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Let g1, g2+ S — R be defined as follows:
1(z) :==2z1, @(z) =21 +7, forallz € S.
We define functions Py, P, : R* — R as follows:
Pi(z) :=223, DPy(z):= —23, forallz € R?.

It can be verified that the Clarke directional derivatives of Py and Py at z € R? in the direction
of v € R? are given as follows:

Pl (z;v) = 4zpvy, Py (z;v) = —22507.

Consider the following generalized Stampacchia and Minty mixed weak vector variational—
hemivariational inequalities for ® = (0,1) € R2,
(GSMWVVHI2): Find 2 € S, such that there exists ¥; € Tj(2) (j € I), satisfying

(F(V,y —2) —(©®,y —2) +¥1(2,y) + 1(y) — ¥1(2,2) — g1(2) + Py (Zy — 2),
R(Y2,y—2)—(0,y —2) +¢2(2,y) + $2(y) — $2(2,2) — £2(2) + Py (Zy —2)) £ 0

foreveryy € S.
(GMMWVVHI1): Find 2 € S, such that for every y € S and any w; € T;(y) (j € I),
the following condition holds:

—g1(y) +¥1(2,2) + §1(2) — P (2y — 2),

(Fi(w1,2-y) —(©,2—y) —¥1(2,y)
) — 82(y) + $2(2,2) + g2(2) — Py (2;y — 2)) # 0.

B(wy,z2-y)—(0,2—-y) —a(2,y

Evidently, for every j € I, g;(+) and ;(z,-) are convex functions on S for every z € S.
Moreover, for every j € 1, F; is positively homogeneous with respect to the second component and
proper subodd. It can be verified that the bifunctions (F; (j € I)) are not strongly monotone on the
set expressed as K := {(z,y) € S x S : z1 # y1}. However, one can verify that F; (j € I) are
T;-stably (g;, y;)-pseudomonotone with respect to the V(P;) and ® = (0,1). As a result, for such
classes of problems, the strong monotonicity assumption on the corresponding bifunctions cannot be
employed to establish the existence and uniqueness of solutions for these problems.

By imposing Tj-stably. (g;, ¢;)-strong pseudomonotonicity assumptions on bifunctions
(F; (j € I)), together with suitable conditions, a uniqueness result for the solution of
GSMWVVHI is established in the following theorem.

Theorem 5. Let all the hypotheses of Theorem 2 be satisfied. Moreover, we assume that the following
conditions hold:

(i) There exists a positive constant (ap) such that for every j, i € Iandz, y € S, v; €
Ti(z), w; € Ti(y), & € V(P;), &; € V(P;), the following inequality holds:

Fi(vj,y —z) = (®,y —z) + ¥j(z,y) + gj(y) — ¥j(z,z) — gj(z) = ({;;y —2z) > 0

_—
F(wi,z—y)—(0,z—y) —¢i(z,y) — gi(y) + ¢i(z,2) + &i(z) + ({1, y — 2)
< —ar|ly — Z||2-
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(ii) Foranyz, x, y, w € S, and j € I, there exists ay > 0 such that
¥i(z,w) = 9i(z,y) + ¥j(xy) — $i(x, w) < ay(l[z = x][)([ly — wl])-
(iii) Foranyz, y € S and j € 1, there exists a positive constant (ap) such that
P (y;y —2) + P (z;z —y) < ap|lz —y||%

In addition, we suppose that ap > &y + ap. Then, there exists a unique element (2 € S) such
that 2 is a solution of GSMWVVHL

Proof. In view of Theorem 2, it follows that GSMWVVHI possesses at least one solution.
Our aim is to show that GSMWVVHI admits a unique solution. On the contrary, suppose
that 2,Z € S are two distinct solutions of GSMWVVHI. This implies that there exist
v; € Tj(2), Wi € Tj(z) (j € I) satisfying

+
=
~—~
N
\
N>
?/
!
—~
<>

p Yy —2)—(©,y—2) +¢p(2,y) +gp(y) — ¢p(2,2)
—8gp(2) + P, (zy — 2)) %0,

- Z)/'--/Fp(wpfy —Z)— <@,y—i> +¢p(Z/Y) +gp(Y) - l/Jp(~,i)
~8y(2) + By (zy ~2)) £.0

for every y € S. Equivalently, for every y € S, there exist k, m € I satisfying the following:

F(Vy—2)—(©,y —2) + ¢r(2,y) + g(y) — ¢x(2,2) — g(2)
(20)
+P(zy-2) >0,
Fo (Wi, y —2) —(©,y — Z) + ¥m(Z,y) + gn(y) — ¥m(Z Z) — gm(Z)
(21)
+P,(z;y—12z)>0.

Since 2,Z € S, according to from (20) and (21), there exist kg, my € I such that the
following inequalities hold:

Fko (‘A’ko/Z - i) - <®/i - 2> + lpko (i,i) +gk0 (Z) - l)’)kg (2/2) - gko (i)

(22)
+P (z32—2) >0,

Fmo (W”lo’i - Z) - <®/2 - 2> + lpmo(ili) +gmo (2) - l/’mo (2,2) - gmo(z)

(23)
+ P (Z2—2) > 0.

Since Py, is locally Lipschitz on R" and the inner product ({-, -)) is continuous, it
follows from Lemma 1 (iii)—(iv) that there exists k, € 9Py, (2) such that

PE (22— 2) := ({x,, 2 — 2). (24)
Upon the combination of (22) and (24), we have

Fko (‘A,k[)/z - 2) - <®/2 - 2> + lpko(il 2) +gk0 (2) - lpko (2/2) - gko(i)

- <_ékorZ - i> > 0. (25)
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In view of (25) and hypothesis (i), it can be inferred that

Fmo (wmo/2 - i) - <®/i - i> - l/JmO(i,i) — &my (Z) + 1lJm0 (212) +gmo (i)

26
Cmi-2) < —arlp—zf O

for every (, € 0cPm,(z). After invoking Lemma 1 (iii) in (26), the following inequality
holds:

Fong(Wiy 2 — 2) — (0,2 —

N
~
|
=

S
j=]
—~
\N)
Nt
|
oqQ
3
(=)
—
Nt
S~—
+
<
3
(=)
—
\N)
N>
S—
+
oqQ
3
o
N—

Using hypotheses (ii)—(iii), along with (23) and (27), we infer that
ap|lz — 2| < ayllz — 2| + ap||z - 2/

This implies that
(wr — gy —ap)[[z — 2[|* <. (28)

From the given hypothesis, we have (¢f — ay — ap) > 0. This yields
1z —2(* =0.

Hence, z = Z, which contradicts the assumption that 2 and Z are distinct solutions of
GSMWVVHL This implies that the assertion holds. [

In light of Theorems 4 and 5, the following corollary provides a uniqueness result for
the solution of GMMWVVHI.

Corollary 3. If every hypothesis in Theorems 4 and 5 is satisfied, then GMMWVVHI has a unique
solution in S.

To highlight the significance of Theorem 5 and Corollary 3, we provide the following
example.
Example 4. For each j € I,mappings Tj, F;, ;, Pj, and g; are same as considered in Example 2.
Moreover, it can be verified that hypotheses (i)—(iii) are satisfied in Theorem 5 with ap =9, ap =1,
and ap = % Furthermore,
QF > &p + Ky

This implies that all the assumptions of Theorem 5 are satisfied. In addition to this, one can verify that
F; (j € I) is generalized hemicontinuous on T;(S), which, in turn, implies that all the hypotheses
in Corollary 3 are also satisfied.

It is worth mentioning that if ap = ay + ap, then according to (28), it follows that
0<0.

This implies that the inequality in (28) is satisfied for any Z and z, even when z # 2.
Therefore, the uniqueness of the solution of GSMWVVHI can no longer be guaranteed.
To demonstrate this fact, we provide the following remark.

Remark 10. Let us consider the set expressed as S := {z € R : =1 < z < 1}. For every
j € I:= {1,2}, let the bifunctions (F; : R x R — R) be defined as follows:

Fi(v,y) :=3vy, F(v,y):=2vy, forally, veR.
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We define T; : S — R for every j € I as follows:
Ti(z) := {2z}, Ty(z):= {3z}, forallz € S.

For every j € I, we consider the functions ; : S x & — Rand gj : S — R to be defined as
follows:
¥1(z,y):= —3zy, a(z,y):= —3zy+e*+1, forally, z€ S,

g1(z):= %z, 9 (z) = %z +2, forallz € S.

Let functions P; : R — R (j € I) be defined as follows:
Pi(z) := —>2> Py(z):= —z*+e,z<€R

It can be verified that the Clarke directional derivatives of P; and P, at z € R in the direction
of v € R are given as follows:

Py (z;v) = —3zv, P;(z;v) = —2zv.

Consider the following generalized Stampacchia mixed weak vector variational-hemivariational
inequalities for @ = %
(GSMWVVHI3): Find 2 € S, such that there exists ¥; € T;(2) (j € I), satisfying

(F(Y1,y—2) —(©,y —2) +¢1(2,y) + g1(y) — $1(2,2) — g1(2) + P/ (Z;y — 2),
R(Y2,y—2)—(0,y —2) +¢2(2,y) + $2(y) — $2(2,2) — 2(2) + Py (2,y —2)) £ 0

foreveryy € S.
It can be verified that hypotheses (i)—(iii) in Theorem 5 are satisfied with ar = 6, ay =
3, ap = 3, which implies that
XF = &y + Ap.

Furthermore, one can verify that every 2 € S is a solution of GSMWVVHI

4. Stability Analysis for the Solution of GSMWYVVHI

In this section, we establish the stability of the solution of GSMWVVHI.
Let € > 0 be a small perturbation parameter. To formulate the perturbed version of
GSMWVVHI, we make the following assumptions for every e > 0:

(Ble) Let Se be a non-empty convex subset of R” and @, € R".

(B2;) Foreachj € I, let Tf : Se = R" be a set-valued map and F].e R xR" - R
be a bifunction such that F]-E(V,O) = 0 for all v € R". Moreover, we assume that
Pi . R" — Ris alocally Lipschitz function for each j € I.

(B3¢) Foreachj e I, le 1/)15 : Se X S¢ — Rand g]? — R be continuous and lower semicontin-
uous on S¢ X Se and S, respectively.

The perturbed GSMWVVHI (e) is formulated as follows:
Find 2. € S, such that there exists v§ € T5 (2¢) (j € I) satisfying

(Ff (Y], ¥e — 2e) — (Oc, ye — Ze) + Y (2e, ye) + 81(¥e) — $1(2e, 2¢) — 87(2e¢)
+(P1)°(2e;ye — Ze), - Fp (V) ¥e — 2e) — (O, ye — 2e) + Y (2e, ¥e)

+g§(ye) - 4’;(26’25) *8;(26) + (P;f)o(ie/'ye - 25)) %0

for every ye € Se.
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In the following theorems, we establish existence and uniqueness results for the
solutions of GSMWVVHI (¢) for every € > 0 by following the same lines of proof of
Theorems 1 and 5, respectively.

Theorem 6. Let S, be a closed subset of R" such that for every j € I and z, € S, lp]‘?(ze, <) and
gje() are convex functions on Se. Moreover, we assume that the following conditions hold:

(i) Foreachjel, T]-e is a compact set and upper Kuratowski semicontinuous on Se.
(ii) Foreachj c Iand z, € R", Fje(ze, -) is positively homogeneous and proper subodd on R".

(iii) For every z¢ € S, (v]?,ze) > F]-e(v]‘?, z.) is upper semicontinuous on R" x R".

(iv) There exists a non-empty compact subset (He) of Se such that for every ye € Se \ He and for
every v§ € T]-e(ye) (j € 1), the following inclusion is satisfied for some Ze € He:

Ff (Vi Ze = ye) = (Oc, Ze — ye) + Y7 (¥, Ze) + & (Ze) — ¥j (e, ye) — & (ve)
+ (P7)°(yei Ze — ye) <O0.
Then, GSMWVVHI (e) admits at least one solution in Se.

Theorem 7. Let all the hypotheses in Theorem 6 be satisfied. Moreover, we assume that the
following conditions hold:

(i) There exists a positive constant (wp) such that for every j,i € I, z,y € S, Vi € T]‘?(z),
w; € T (y), &5 € V(PF), and & € V(PY), the following implication holds:

F(vi,y—2z) = (Ocy —2z) +¥; (2z,y) + & (y) — ¥j(2z,2) —&j(z) — ({j,y —z) > 0
_—

Ff (Wi, z—y) —(Ocz—y) =i (z,y) — & (y) + ¥i(z,2) + & (z) + (5, y — 2)
< —arl|ly — Z||2-

(ii) Foranyz,x,y,w € Se and j € I, there exists a positive constant (ay) such that
¥i(z,w) =95 (z,y) + 97 (x y) = ¢5 (x, W) < apllz = x][|[y — wl].
(i) Forany z,y € Se and j € 1, there exists a positive constant (ap) such that
(PS)°(y;y —2) + (P))°(z;2 —y) <apllz—yl|*

In addition, suppose that ap > way + ap. Then, there exists a unique element (z¢ € Se) such
that 2, is a solution of GSMWVVHI(e).

The following conditions will be employed in the subsequent stability analysis for the
solution of GSMWVVHI (see [56]):

(Cl) Ifye € Scandy. — yase — 0, theny € S. Moreover, for any z € S, there exists
z. € S¢ such thatze — zase — 0.
(C2) There exists a function (cy : R — R ) such that

cy(e) =0, ase — 0.

Moreover, for every y, z € S¢ and j € I, the following condition holds:

¥ (z,2) = 95 (z,y) = ¥j(z,2) + pj(z,y)| < cyle)(1+||z[])]|z - yll.
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(C3) There exists a function (cp : R — R ) such that
cp(e) = 0, ase — 0.
Moreover, for every z, y € R" and j € I, we have
[(PF)°(zy —z) — P (z;y — 2)| < cp(e)(1+[|z[)[]y —z[].

(C4) Let®c — @ ase — 0.
(C5) There exists a positive constant (8p) such that for every j € I and z € R”,

(¢l < Bp(1+[|z[]), forall §; € 0. Pj(z).
(C6) Assume that for every j € I, w € R" and z € R”, the following inequality holds:
Ef (w, 2)| < [|wl[]]z]]-

(C7) Foreveryj € I, let g]‘? be Lipschitz continuous on Se with rank L}g .
In the following theorem, we establish the stability of the solution of GSMWVVHL

Theorem 8. Let the hypotheses in Theorems 5, 6, and 7 be satisfied. Moreover, we assume that
Conditions (C1)—(C7) are satisfied. Then, for solution Zz of GSMWVVHI and solution Z¢ of
GSMWVVHI (e), we have

Ze > 2,ase€ — 0.

Proof. The proof is divided into the following steps:

Step 1. We show the boundedness of the set expressed as {||2¢|| : € > 0}.
Since S is a non-empty subset of R”, there exists an element such that § € S. In view
of Condition (C1), there exists ye € S¢ such that

Ve — ¥, ase€ — 0.

It follows that {||yc|| : € > 0} is a bounded set. Moreover, according to the given
hypothesis, Z. is a solution of GSMWVVHI (€). This implies that there exists ‘A/]e € Tje (jel)
such that

(Ff (V1,¥e — 2e) — (O¢, Ye — 2¢) + Y71 (2e, ye) + 81(Ye) — $1(2e, 2e) — 87(2e)
+(Pr)°(2e;ye — 2Ze), - ~-/F;(‘A’;/Y€ —2c) — (O, ye — 2e) + 1/’;(26/3’6)

85 (Ye) — ¥ (26, 26) — 85(26) + (PS)° (263 e — 7)) £ 0.

Hence, corresponding to every € > 0, there exists at least one iy € I, for which the
following inequality holds:

F (Vi) Ve — 2e) — (Oc, ye — 2¢) + V5 (2e, ye) + 8 (Ye) — ¥, (Ze, 2e) — g (Ze)
+ (P )°(2e; ye — 2¢) > 0.

According to hypothesis (i) of Theorem 7, for every wi € Tj,(ye), we have

F (Wi, 2Ze —ye) + (Oc,Ye — 2¢) — ¥ (Ze, ye) — 85, (Ye) + 97, (2e, 2¢) + &, (2¢)
- (Pz%)o(ie;ye —2e) < —apl|ze — Ye||2~

(29)
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After rearranging the terms in (29), it follows that

ar||2e = yel|* < —F (W§, e = ye) = (@c, e — 2e) + ¥, (2, ye) + 8§, (ve)

€(s & € (5 €\O (A A (30)
- lplo (Zg, Z€) - giO(Z€) + (Pl(]) (Ze; yE - Ze)'
According to hypothesis (ii) in Theorem 7, we have
IPz‘eo(ierye) - 4’% (Ze,2¢) < le‘eO(Yerye) - le‘eo(yer ze) +aypllye — ie||2- (31)

Moreover, from Condition (C2), we infer that

Vi, (Ve ye) — 95, (Ve 2e) < i(ye, Ye) — $i(Ye, 2e) +cyp(€) (1 + [[yell)llye — 2el[.  (32)

By employing hypothesis (ii) in Theorem 5 and Condition (C1), we get the following
inequality from (32):

l/JfO(ye,ye) - l[JfO(ye, 2e) < iy (F,¥e) — $ig (¥, 2e) + apllye — Fl[l12e — yell

(33)
+ep(e) (14 [lyell)llye — Zell-

Since 1;, (¥, -) is convex, according to [56], there exist two constants (c; and ¢, depend-
ing on ¢;, and y) such that
iy (¥, 2¢) = €1+ cal|2e]|- (34)

Upon the combination of (31)-(34), we obtain the following inequality:

lpf},(ierye) - 4’%(26126) < ay|2e _YeH2+”‘l/JHye = ¥lll1ze — yell

+ep(e) (L4 [lyelDllye = Zell + iy (3, ye) — (e1+ caf[2e]])- )
The Lipschitz continuity property of g;, with rank L‘l-g0 in Condition (C7) yields
85 (ve) — 85, (2e) < L§ |lye — 2¢|. (36)
According to hypothesis (iii) in Theorem 7, we have
(P;)°(2e;ye — 2e) < —(P;))°(Yes 2e — Ye) + apl|2e — yell®. (37)

In view of the continuity of the inner product and locally Lipschitz continuity of P;, it
follows from Lemma 1 (iii) that there exists ¢;, € dP;,(Z¢) such that

(P;))O(Y&' Ze — yg) = <€i0,i€ — y€>, (38)

From the Cauchy-Schwarz inequality in (38) and Condition (C5), we arrive at the
following inequality:

|(P5)° (ye; 2e = ye)| < Bp(1+ [lyell)]2e — yell. (39)

From (37) and (39), it follows that

(P)°(2e;ye — 2e) < apl|ze —yell?+ Br(1+ [lyel)]|2e — yell. (40)
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Moreovert, according to Condition (C6), (35), (36), and (40) and by applying the Cauchy-
Schwarz inequality, we obtain the following:

apl|ze = yel[* < |[WE [I[12e = yell +11@el[||2e — ye|| + apl|2e — yell?
+ayllye = Vlll12ze — yel| + cy(€) (1 + [[yel[)[lye — Zel|
+ iy (3, ye) — (c1 + cal 2el]) + LE [lye — 2¢|| + ap||2e — ye|
+ Bp(1+lyell)l|ze — yell-

(41)

For every e > 0, we define Ac := ay||lye — || +cyp(e)(1 + ||yel|) + ng0 + Bp(1+
[[yell) + [Iwf || + [|@e||. Therefore, according to (41), one has the following:

(ap —ap — “w)Hie - Ye||2 < Aellze —yel| + Ebio(f’rye) —c1 — c2f|2zel]- (42)

Applying the modified Cauchy-Schwarz inequality (see [56]), we have

. . 1
Ae||y€—z€||§(5Hye—zEH2+b5A§, b5:475' (43)

Moreover, we have

—ca|2e]| < 6ll2e — yel* + b, (44)

for a constant b5 depending on . Upon the combination of (42) and (44) and taking into
account the fact that { A¢ : € > 0} is a bounded set, it follows that

(ap — ap — ay — 26)||2¢ — yel > < A+ [y, (7, ye)l, (45)

where A is a positive constant such that |b;A2 + bs — c1| < A. Letd := %(zxp —ap — ).
Then, according to (45), we have

1 R -
5 (ar —ap —ay)||2e — ye* < A+ i, (3, y0).

Since ¢; (¥, ye) — ¥i,(¥,¥), as € — 0, according to (45), we get

1 N -
5 (e —ap —ay)||2e — yel > < A+ |9, (5,9)]. (46)

Due to the boundedness of the set expressed as {||ye|| : € > 0} and ar > ap + ay, we
conclude from (46) that {||2¢|| : € > 0} is a bounded set. Therefore, there exist w € R" and
{€'} C {e} such that 2, — W as €’ — 0. According to Condition (C1), we have w € S.

Step 2. In this step, we show that W € S is a solution of GSMWVVH], in view of the fact
that 2., € So and 2. is a solution of GSMWVVHI (¢’). It follows that there exists

‘?]‘?, € T]‘?l (2zer) (j € I) such that

(Ff 95,y — 20) = (Ou, Yo — 2) + 5 (20, ye) + 85 (Yer) — ¥ (2e1,21)
—85 (2e) + (P§)° (2

FS (V5 e — 20) = (©,yer — 20) + 95 (200, yer) + 85 (
—85 (2e) + (P5)

/;yel —26/),...,
Ye') — ¢; (2er,2¢1)
O(ie’;}'e/ - 2d)> { 0.

(47)
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Since T;(+) (j € I) are compact sets, for each j € I, {\|v]€|| : € > 0} is a bounded set.
This implies that there exist ¥; € R" (j € I) and {€"} C {€'} such that

" 1"
07 € Tj(2er), and ¥§ — ¥j, as€” — 0.

From the upper Kuratowski semicontinuity property of T; (j € I) and the fact that
2er — 2as €’ — 0, we infer that ¥; € Tj(2) (j € I). According to (47), we have the
following:

(B (9" yer = 21) = (@, yer = 2en) + 5 (2, yer) + 85 (yer)
— 5 (2o, 20) — 85 (2en) + (P§ )° (2eri Yer — 2en), ..,
FS' (95 yer = 2en) = (@, yer — 2en) + W (2o, yen) + 85 (Yer) — W (2, 2e0)
85 (2en) + (P5')° (20n; yer — 2¢1) ) £0.

(48)

Letting €’ — 0 on both sides of (48) and using the upper semicontinuity property of

E(,-), P]-O(-, *) (j € I) and the continuity property of ¢;(-,-), g;(-) (j € I), we get

g
<
<
<
\
N>
\
&
<
\
~ N>
+
=
[y
=
=
+
oQ
=
=
\
<
[y
=
N>
\
oQ
=
~

This implies that W is a solution of GSMWVVHI. In view of the given hypothesis,
Theorem 5 is satisfied, which, in turn, implies that W = Z. Moreover, since the limit of
W = 2 does not depend on the subsequence of the solutions of perturbed problems,
we have the convergence of the entire family, that is,

Ze — 2, ase€ — 0.
This completes the proof. [

Remark 11. Let € > 0 be a small perturbation parameter. In view of the proof of Theorem 8, it
follows that the boundedness of the set expressed as {||2¢|| : € > 0} plays an important role in
establishing the stability of the solution of GSMWVVHI. Now, if ap = ap + ay, then in light of
(46), the following two cases may arise:

Case 1. If the set expressed as {||2¢|| : € > 0} is bounded, then using arquments similar to those
employed in the proof of Theorem 8, one can conclude the stability of the solution of GSMWVVHI.

Case 2. If the set expressed as {||2¢|| : € > 0} is unbounded, then the solution of GSMWVVHI
may or may not be stable. Hence, no conclusion can be drawn.

5. Application to the Sustainable Electricity Generation
Planning Problem

Let us consider a regional electricity-generation system consisting of n (€ N)
renewable-energy generators interconnected through a transmission network, thereby
representing a sustainable electricity-generation system based on renewable energy sources.
Foreachi € ] :={1,2,...,n}, let z; denote the electrical power generated by generator i.
Moreover, let z = (21,2, ...,2x) € R} represent a generation schedule. The system oper-
ator aims to determine a sustainable generation policy that balances economic efficiency
and network reliability while satisfying the electricity demand.
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In modern electric power systems, aggregate electricity demand exhibits a persistent
upward trend driven by population growth, industrial development, the electrification of
transportation networks, the expansion of data centers, and the widespread adoption of
digital technologies. Let D; > 0 denote the forecasted electricity demand during planning
period t (€ N).

Unlike conventional short-term economic dispatch models, long-term sustainable
electricity planning must account for future capacity expansion through the deployment
of renewable-energy facilities, energy-storage systems, and additional generation units.
Consequently, imposing a fixed upper bound on the total electricity generation capacity
is generally inappropriate in a long-term planning framework. Rather, the primary re-
quirement is that the aggregate electricity generation be adequate to meet the forecasted
electricity demand. For every t € N, let S; denote the set of all feasible generation plans,
thatis,

n
Sy = {ZE]R'}r : Zz]- > Dt}.
j=1

Evidently, S; is a non-empty, closed, convex, and noncompact subset of R” for each
teN.

Let t € N be arbitrary but fixed.

For each j € {1,2},let T : St = R", denote the congestion-price mapping, defined as
follows (see [57]):

It is easy to verify that for every j € {1,2}, T; is a compact set and upper Kuratowski
semicontinuous on S.

Associated with the economic efficiency of the aforementioned system, the quantity
expressed as (v1,z —y), v; € T1(y) measures the variation in congestion-related expen-
ditures when the generation schedule changes from y to z. Nevertheless, modifying a
generation schedule often requires reserve deployment, generator ramping, and market
redispatch actions. In order to account for the additional expenditures associated with these
operational adjustments, we define a bifunction (F; : R” x R" — R) as follows (see [58]):

Fi(vi,z—y):=(v,z—y) +twlz—yl,

where & > 0 is a redispatch-cost coefficient.
The operating expenditure associated with economic efficiency is represented as a
function (g7 : St = R) defined as follows (see [58]):

g1(z) =) (aizi +b;z}),
ic]
where a;,b; > 0.
To quantify the network reliability of the system, we define the bifunction expressed
as B : R" x R" — R as follows:

E(vy,z—y):= (v, z—y) + a2]|Zz — ¥||co/

where a; > 0 is a coefficient that measures the impact of abrupt local production changes
on network reliability.

It is worth noting that the norm term of ||z — y||e := max{|z; — y;| : i € J} appears in
the definition of F, due to the fact that network reliability is often governed by the largest
local generation adjustment rather than by the total aggregate adjustment (see [59]).
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The reliability-support expenditure is represented as the g> : Sy — R function, which

is defined as follows (see [59]):
§2(z) == p2) 2,
icJ

where py > 0 denotes the reliability-support cost coefficient.

Additional network-management expenditures generated by congestion mitigation,
reserve coordination, and transmission reconfiguration are represented by the ¢; : & —
R (j = 1,2) functions, which are defined as follows (see [58]):

¥i(zy) =oly—z| =12

where 07 > 0 denotes the congestion-management cost coefficient associated with transmis-
sion redispatch and congestion-relief actions, whereas 0, > 0 denotes the schedule-adjustment
cost coefficient associated with reserve rescheduling, dispatch coordination, and transmission-
security actions required during the transition between generation schedules.

Moreover, generator start-up, shut-down, commitment-adjustment, and ramping
operations generate nonsmooth expenditures that cannot be adequately represented by
smooth cost functions. Let Z; denote the reference generation level of generator i determined
according to a previously approved renewable-energy expansion strategy or a long-term
regulatory planning benchmark. Deviations of the current planning decision (z;) from the
reference level (Z;) may result in additional adjustment costs associated with infrastructure
planning, transmission expansion, energy-storage deployment, and reserve allocation.
These costs are generally nonsmooth, as substantial expenditures may arise when the
generation plan crosses prescribed planning thresholds. To capture these effects, we
introduce the following switching-cost potential:

Pj(Z) = 77]‘2|Z,'—Zi|, j=1,2,

ic]

where 7; > 0 denotes the adjustment-cost coefficient associated with the jth component.

To characterize the generalized first-order variation of switching expenditures associ-
ated with a transition from the current generation plan (z) to another feasible generation
plan (y), we incorporate the Clarke generalized directional derivative of P; at z in the
direction of y — z for each j € {1,2}, that s, P]-O(z;y —z).

Environmental regulations, carbon taxes, renewable-energy incentives, and govern-
mental sustainability policies are represented by a policy vector: ® € R". The term
(®,y — z) quantifies the variation in policy-related expenditures or incentives resulting
from a change in the generation plan.

From the above discussions, it follows that the sustainable electricity generation
planning problem (in short, SEGPP) can be formulated as the following generalized mixed
weak vector variational-hemivariational inequality: find 2 € S and ¥; € Tj(2), j = 1,2 such
that

(ReLy—2) = (©y—2) + P12 y) +21(y) — $1(2,2) - 1(2) + P (&Y — 2),
B(v2,y—2) = 0,y = 2) + ¥2(2,) + 82(y) — ¥2(2,2) — 22(2) + P5 (2:y — 2) ) £ 0,

forally € &;.

It is clear from the above that hypothesis (i) of Theorem 1 is satisfied. Moreover, it can
be verified that hypotheses (ii), (iii), and (iv) of Theorem 1 are also satisfied. Therefore, all
the assumptions of Theorem 1, including the relaxed compactness hypothesis, are satisfied.
However, bifunctions F; and F, are not monotone on the sets expressed as K := {(z,y) €
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SixS:0<|z—y|l <2x}and Ky := {(z,y) € St x St : ||z —y|* < 2a2]z — y|o},
respectively. On the other hand, in view of Remark 4, it follows that several VVIs studied in
the literature (see [8,17]) cannot, in general, be modeled as the SEGPP, whereas the SEGPP
could be effectively solved by employing the results established in this paper.

6. Conclusions and Future Research Directions

In this paper, we have investigated generalized Stampacchia and generalized
Minty mixed weak vector variational-hemivariational inequalities (GSMWVVHIs and
GMMWYVVHISs) in terms of bifunctions. We established existence results for the solutions of
GSMWYVVHI by employing the KKM-Fan lemma without using any monotonicity hypothe-
ses on bifunctions and relaxed compactness assumptions. Moreover, we deduced an exis-
tence theorem for solutions of GMMWVVHI under Tj-stably (g;, §;)-pseudomonotonicity
assumptions on F; (j € I). Subsequently, we characterized the relationship between the so-
lutions of GSMWVVHI and GMMWVVHI by using Tj-stably (g, §;)-pseudomonotonicity
and generalized hemicontinuity assumptions on F; (j € I). In addition to this, uniqueness
results for the solutions of GSMWVVHI and GMMWVVHI were established under T;-
stably, (gj, 1;)-strong pseudomonotonicity of bifunctions and some suitable assumptions.
The stability of the solution of GSMWVVHI was established. Finally, it was demonstrated
that the sustainable electricity generation planning problem can be naturally formulated as
GSMWVVHL

The results established in this paper generalize various well-known results in the
existing literature. Specifically, the results established in this paper generalize the corre-
sponding results deduced by Lee [17] from VVIs to broader classes of vector variational—
hemivariational inequalities—namely, GSMWVVHI and GMMWVVHI. Moreover, the re-
sults with respect to the existence of solutions of GSMWVVHI and GMMWVVHI generalize
the corresponding results established by Mehta et al. [45] from mixed VIs to generalized
mixed-vector variational-hemivariational inequalities. In view of the fact that bifunctions
need not be linear and the Tj-stably (g, §;)-pseudomonotonicity of F; (j € I) is weaker
than the Tj-monotonicity hypotheses on F; (j € I), the results established in this paper can
be applied to address a wider range of VVIs than those available in the existing literature
(see, for instance, [17,21] and the references cited therein).

The results presented in this paper present some potential future research avenues.
For instance, in view of the work of Ansari and Lee [41], we can establish relationships
between the solutions of the considered vector variational-hemivariational inequalities
and nonsmooth multiobjective optimization problems.
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