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Abstract

Quantum gate estimation and tomography pipelines routinely combine intrinsically de-
fined likelihoods with priors or regularization terms specified in local Euclidean coordinates.
This practice implicitly replaces the Haar reference measure on SU(2) with Lebesgue mea-
sure, specifying a different statistical model rather than a reparametrization of the intended
one. We show that omitting the associated chart-volume factor alters the optimization
objective itself, modifying its gradient field and stationary-point structure. The gradient
discrepancy ∇LG −∇LE = −∇ log Jexp is nonzero for all v ̸= 0 so that flat-coordinate
surrogate objectives can converge to points that are non-stationary for the correspond-
ing Haar-consistent objective even in regimes where local Gaussian approximations are
assumed valid. We prove a formal non-equivalence proposition and validate a leading-
order Fisher-information correction analytically and numerically. Large-scale multi-start
optimization experiments (N = 11,900 runs) demonstrate that the discrepancy is regime
dependent and most pronounced under moderate-to-strong regularization or limited data.
The fix requires a single-line modification to any gradient-based optimizer. These results
identify reference-measure selection as an explicit modeling decision with direct conse-
quences for optimization and inference in gate-set tomography, randomized benchmarking,
and Bayesian gate estimation on curved parameter manifolds; quantitative validation
is restricted to single-qubit systems, though the mechanism extends to any regularized
optimization on a curved parameter manifold.

Keywords: reference measure; Haar measure; information geometry; surrogate optimization;
quantum parameter estimation; gate-set tomography; Lie group; Fisher information
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1. Introduction
Modern quantum estimation and control workflows routinely combine two distinct

geometric structures. Forward models evolve quantum states or gates on curved manifolds
such as SU(2) using intrinsically defined physical laws and likelihoods [1]. Optimization,
however, is typically performed in local coordinate charts θ = (θ1, . . . , θd) ∈ Rd using
Euclidean objectives built from priors, noise models, or regularization terms specified
directly in those coordinates [2–4]. This practice implicitly adopts Lebesgue measure on Rd

as the reference measure for inference and optimization.
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When probability models are defined intrinsically with respect to Haar (bi-invariant
Riemannian) volume on SU(2), their evaluation in local coordinates necessarily includes a
chart-volume factor equal to the square root of the metric determinant. This is a modeling
choice, not a methodological error: flat-coordinate formulations remain appropriate when
priors or noise are intentionally Euclidean, whereas Haar-consistent formulations apply
when isotropy is intended with respect to intrinsic group geometry. Omitting this factor
specifies a different statistical model—not a reparametrization of the same one.

This distinction is operationally important. Flat-coordinate surrogate objectives can
converge to points that satisfy standard optimizer tolerances while being non-stationary for
the corresponding Haar-consistent objective (Proposition 1). Coordinate-gradient ascent
directions can therefore correspond to descent directions under the intrinsic geometry, and
coordinate-space optima can lie on ridges of the intrinsic loss landscape. The magnitude
of this effect is regime dependent. It is most pronounced under moderate-to-strong reg-
ularization or limited data, and diminishes in high-data, small-noise regimes where the
likelihood dominates (Section 5).

Our contribution is methodological rather than geometric. While the differential geom-
etry is classical [5–7], we show that reference-measure inconsistency systematically distorts
optimization in modern gate-estimation pipelines [2,8–11], producing stationary-point
misalignment, ridge-side convergence, and boundary-amplified failures under realistic
regularization and data regimes. We make this mechanism explicit in three steps: (i) a
global illustration via stereographic projection (Appendix B); (ii) local analysis in expo-
nential (Lie-algebra) coordinates (Section 2); (iii) large-scale multi-start gate-estimation
experiments (Section 3), restricted to single-qubit systems; extension to multi-qubit settings
is discussed in Section 5.

A compact notation summary is provided in Appendix A. We distinguish Euclidean
(flat-coordinate) quantities with subscript E from geometric (Haar-consistent) quantities
with subscript G. Readers primarily interested in the practical consequence may focus on
Proposition 1, Equation (8), and the results tables. The geometric foundations in Section 2
and appendices support but are not prerequisite to understanding the main results.

2. Reference-Measure Geometry and Lie-Algebra Analysis
2.1. Reference-Measure Geometry

Let M be a smooth n-dimensional Riemannian manifold with metric tensor g and
volume measure dµg. If ψ : V ⊂ Rn → M is a smooth coordinate chart, the pullback of the
volume measure satisfies

ψ∗(dµg) =
√

det g(y), dy, (1)

where dy denotes Lebesgue measure on Rn (see [6]; cf. Appendix C).
In quantum estimation workflows, likelihood functions are defined intrinsically on

SU(2) or SU(2n), while optimization is carried out in local coordinates using Euclidean
objectives [2,3,10,12]. Priors, noise models, and regularization terms are specified directly
in coordinate space, implicitly adopting Lebesgue measure as the reference measure. When
isotropy or noninformativeness is intended with respect to the intrinsic group geometry,
specifying priors in flat coordinates without the chart-volume factor encodes a different
statistical model. The resulting objective is not a reparametrization of an intrinsic likelihood,
but a surrogate defined with respect to a different reference measure—with distinct gradient
field and stationary-point structure. This is the bridge between the classical differential-
geometric framework and the quantum estimation setting: the likelihood P(D | U(v)) is
intrinsically quantum mechanical, defined via the Born rule on SU(2), while the regulariza-
tion and optimization are classical operations in coordinate space R3; the mismatch arises
precisely at this interface.
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2.2. Exponential Coordinates and Haar Volume on SU(2)

In the Pauli basis, any element of SU(2) sufficiently close to the identity admits a
unique representation U(v) = exp(iv · σ/2), v ∈ R3, |v| < 2π [1,5]. In this chart, the
bi-invariant Riemannian volume (Haar measure) pulls back as

dµHaar(U(v)) = Jexp(v), dv, Jexp(v) =
(

sin(|v|/2)
|v|/2

)2

, (2)

where Jexp(0) = 1 by continuity [5,7].
Throughout, fE(v) and fG(v) denote densities with respect to Lebesgue measure dv

on R3; the corresponding measures on SU(2) are obtained via the exponential map and
differ in their reference measure on the group.

A Lebesgue-coordinate density fE(v) (e.g., a zero-mean isotropic Gaussian) induces a
probability measure on SU(2) via the exponential map that is not Haar unless modified by
the chart-volume factor. The Haar-consistent density is

fG(v) = C, fE(v), Jexp(v), (3)

where C is a normalization constant. Although fE and fG are both Lebesgue densities on
R3, they induce different measures on SU(2) [5,6].

2.3. Local Expansion and Curvature Consequences

Expanding log Jexp about v = 0 via the Maclaurin series sin x = x − x3/6 + O(x5),

− log Jexp(v) =
1

12
|v|2 + O(|v|4). (4)

Thus log fG(v) = − 1
2τ2 |v|2 − 1

12 |v|2 + O(|v|4) + const, showing that even arbitrarily
close to the identity, omitting the chart-volume factor introduces a second-order correction
to the log-density that is nonzero for all v ̸= 0, though its magnitude vanishes as v → 0.
Because the Jacobian contributes at the second order, curvature-based quantities (including
Fisher information [13,14]) computed from fE and fG therefore disagree: the absolute
correction is 1

6 I3 and the relative correction is τ2/6, both nonzero even arbitrarily close to
the identity.

2.4. Implications for Optimization Objectives

A typical regularized Euclidean objective is

LE(v) = − logP(D | U(v)) + λ
2 |v|

2, (5)

corresponding to a Gaussian penalty in flat parameter space. The Haar-consistent objec-
tive is

LG(v) = LE(v)− log Jexp(v). (6)

Differentiating, ∇LG(v) = ∇LE(v)−∇ log Jexp(v). The additional term contributes a
nonzero gradient that modifies the stationary-point equations even at v ≈ 0 since log Jexp

departs from zero at quadratic order and therefore produces a linear-order correction in its
gradient. Solutions satisfying ∇LE(v∗) = 0 therefore need not satisfy ∇LG(v∗) = 0.

Expanding near the identity: ∇LG(v) = ∇LE(v) + 1
6 v +O(|v|3). If ∇LE(v∗E) = 0 then

∇LG(v∗E) =
1
6 v∗E + O(|v∗E|3), which is generically nonzero. This local mismatch underlies

the global stationary-point misalignment demonstrated in Section 3.
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Furthermore, a gradient step ∆v = −η∇LE(v) that decreases LE can increase LG

whenever v⊤∇LE(v) < −6|∇LE(v)|2, demonstrating that convergence on LE does not
certify stationarity or even descent for LG.

Proposition 1 (Stationary-point non-equivalence). Let LE(v) = LD(v) + R(v) be a smooth
coordinate-space objective and LG(v) = LE(v)− log Jexp(v). If v∗ satisfies ∇LE(v∗) = 0 and
∇ log Jexp(v∗) ̸= 0, then:

(i) v∗ is not a stationary point of LG, and ∇LG(v∗) = −∇ log Jexp(v∗);
(ii) −∇LG(v∗) is a strict descent direction for LG;
(iii) |∇LG(v∗)| = |∇ log Jexp(v∗)| is generically O(|v∗|) and need not be small even when

|∇LE(v∗)| meets optimizer tolerances.

Proof. Since ∇LG(v) = ∇LE(v)−∇ log Jexp(v) and ∇LE(v∗) = 0, part (i) is immediate.
For (ii), the directional derivative of LG along −∇LG(v∗) equals −|∇LG(v∗)|2 < 0. Part (iii)
follows from (i) together with the local expansion ∇ log Jexp(v) = − 1

6 v + O(|v|3) (from
Equation (4) by differentiation), which gives |∇LG(v∗)| = 1

6 |v∗|+O(|v∗|3), confirming the
generic O(|v∗|) scaling.

3. Materials and Methods: Multi-Start Gate Estimation
We demonstrate that the analytical mismatch produces measurable optimization

artifacts in a large-scale single-qubit gate-estimation study mirroring standard practice in
tomography and calibration [3,4,8,9,11,12].

3.1. Experimental Design

Gates are parametrized in axis-angle (exponential) coordinates v ∈ R3 via U(v) =

exp(iv · σ/2). For a true gate Utrue = U(vtrue), data are generated by sampling ran-
dom pure input states uniformly on the Bloch sphere, evolving under Utrue, measur-
ing in the computational basis, and applying independent bit-flip error with probability
pflip = 0.01. This mirrors Born-rule likelihood evaluation used in gate-set tomography [2,3]
and randomized benchmarking [8], with Gaussian coordinate-space regularization as a
stabilizing prior [9].

The negative log-likelihood is LD(v) = −∑ℓ logP(mℓ|ψℓ, U(v)), which is intrinsically
defined on SU(2) and coordinate invariant. We compare the two MAP objectives in
Equations (5) and (6), with Jexp(v) = [sin(|v|/2)/(|v|/2)]2.

We vary the measurement budget N and regularization strength λ across configura-
tions spanning likelihood-dominated, balanced, and prior-sensitive conditions, as well as
stress cases with large parameter norms. Each configuration uses 340 random initializations
drawn from v0 ∼ N (0, 0.09, I3) with box constraints vi ∈ [−3, 3]. These bounds ensure that
all initializations and iterates remain within the principal domain of the exponential map,
since the corner-to-corner diagonal satisfies

√
32 + 32 + 32 ≈ 5.20 < 2π ≈ 6.28, strictly

avoiding chart-boundary clipping. In total, 11,900 converged multi-start L-BFGS-B runs
are analyzed.

3.2. Diagnostics

For each flat-coordinate solution v∗E satisfying |∇LE(v∗E)| < ϵopt = 10−5 (a post-
hoc filter applied after L-BFGS-B convergence under combined tolerances ftol = 10−12,
gtol = 10−10, maxiter = 800), we assess: (1) geometric gradient magnitude |∇LG(v∗E)|;
(2) descent certificate: a small step ∆v = −η∇LG(v∗E) with η = 10−3 verified to
strictly decrease LG; (3) intrinsic loss gap LG(v∗E) − LG(v∗G); and (4) gate infidelity
1 − |tr(U†

true U(v∗E))|2/4.
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3.3. Fisher-Information Validation

The flat and geometric formulations differ only in the induced measure on SU(2). With
the geometry-consistent local density fG(v) ∝ exp(−|v|2/2τ2)Jexp(v), rejection sampling
from the Gaussian envelope fE (using Jexp(v) ≤ 1) yields Monte Carlo Fisher estimates via
the score outer product

Î =
1
N

N

∑
ℓ=1

s(ξℓ)s(ξℓ)⊤, s(v) = ∇v log f (v). (7)

The analytic small-noise prediction is IE = τ−2 I3, IG = (τ−2 + 1
6 )I3, (IG − IE)/IE =

τ2/6. Table 1 confirms this leading-order correction for τ ≲ 0.2; deviations at larger τ

reflect higher-order curvature contributions [13,14].

Table 1. Score-based Fisher-information validation (N = 2 × 104 per τ). Both score functions
evaluated on samples from fG. ÎE uses the Euclidean score sE = −v/τ2; ÎG uses the geometric score
sG = −v/τ2 +∇ log Jexp(v). Predicted ratio (IG/IE)pred = 1 + τ2/6.

τ ÎE ÎG ÎG/ ÎE Predicted

0.05 399.50 399.83 1.0008 1.0004
0.10 100.73 101.06 1.0033 1.0017
0.20 24.73 25.06 1.0134 1.0067
0.50 3.82 4.16 1.0869 1.0417
1.00 0.85 1.19 1.3934 1.1667

4. Results
Table 1 presents score-based Fisher-information validation across concentration pa-

rameters spanning two orders of magnitude. Close agreement with the analytic Laplace
prediction for τ ≲ 0.2 validates the correction as a genuine local geometric effect; deviations
at τ ≳ 0.5 reflect higher-order curvature contributions outside the quadratic regime.

4.1. Multi-Start Optimization Results

Of the 11,900 converged runs, 11,734 (98.6%) were strictly interior to the box constraints;
166 (1.4%) terminated at the boundary.

4.1.1. Interior Ridge-Valley Mismatch

Interior flat-coordinate optima frequently exhibited substantial |∇LG(v∗E)|, positive
intrinsic loss gaps, and verified descent directions under LG, confirming they are not lo-
cal optima of the intrinsic objective. Table 2 reports the ten most extreme interior cases.
The most pronounced improvement (config B1 small, λ = 10−6) reduces infidelity from
0.872 to 0.024 after geometric re-optimization. This is characteristic of stress configura-
tions: large-norm axis-angle parameters correspond to “long-way-round” representations
that are geometrically disfavored under a Haar-consistent objective; the Jacobian term
− log Jexp counteracts the Euclidean regularizer’s spurious radial bias. Cases where re-
optimization yields an infidelity difference indicate that the geometric objective converges
to a distinct local basin that is geometrically preferred but empirically less accurate under
the finite-data likelihood; the largest such difference (−0.063, Config C2) occurs at large
parameter-space separation (|vE − vG| ≈ 5.6), confirming these are distinct basins rather
than numerical noise.
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Table 2. Top 10 interior extremes ranked by ∥∇LG(v∗E)∥. All cases strictly interior (no box constraints
active). Config labels: B = boundary-stress truth (large-norm parameters); C = baseline interior truth;
R = randomized interior controls. Regime: small = moderate data with stress truth; lo = low data;
hi = high data. Diff = flat infidelity − geometric infidelity.

Config ∥∇LG∥
Flat
Infid

Geom
Infid Diff Gap ∥vE −

vG∥
DistG

B1 small, λ = 10−6 34.633 0.872 0.024 0.848 24.434 3.524 0.420
C2, λ = 10−6 1.280 0.049 0.112 −0.063 2.001 5.643 0.743
C2, λ = 0 1.280 0.049 0.112 −0.063 2.001 5.643 0.743
C2 lo, λ = 10−6 1.126 0.075 0.131 −0.056 1.658 5.672 0.823
C2 lo, λ = 10−6 1.112 0.087 0.131 −0.044 1.632 5.626 0.823
C2, λ = 10−6 1.007 0.300 0.112 0.188 1.504 4.896 0.743
C2, λ = 0 1.007 0.300 0.112 0.188 1.504 4.896 0.743
C2 lo, λ = 10−6 0.926 0.931 0.131 0.799 1.271 4.943 0.823
B3 small, λ = 10−6 0.925 0.997 0.900 0.097 0.153 1.045 3.706
B3 small, λ = 10−6 0.920 0.995 0.900 0.095 0.143 0.969 3.706

4.1.2. Boundary Saturation

Boundary-terminated runs exhibit a distinct behavior: both objectives converge to
the same feasible solution (v∗E = v∗G) with zero intrinsic loss gap, because steps that
would reduce LG lie outside the feasible region. These runs confirm that large interior
discrepancies are not artifacts of the box constraint.

4.1.3. Configuration-Level Structure

Table 3 summarizes regime dependence. Stress and low-data configurations produce
the largest interior violations; high-data settings exhibit small interior gradients. These
statistics confirm that the mismatch is structural and regime dependent, becoming most pro-
nounced when regularization meaningfully shapes the objective relative to the likelihood,
precisely the setting described in [9,10,12].

Table 3. Per-configuration mismatch summary (340 multi-start runs each). Columns: boundary-
terminated runs and maximum intrinsic gradient magnitude for interior and boundary solutions.

Config Bdy Runs max∥∇LG∥ (Int.) max∥∇LG∥ (Bdy)

B1 small 3 34.633 0.792
B2 small 14 0.809 17.095
B3 small 18 0.925 13.330
C1 lo, 10−6 8 0.427 22.454
C2 lo, 10−6 6 1.126 3.640
C2, λ = 0 3 1.280 114.882
C3 hi 3 0.225 461.229
C4 hi 7 0.187 654.953
C5 hi 0 0.330 —

5. Discussion
5.1. Geometry Versus Physical Noise

Flat coordinate-space priors are not intrinsically incorrect, and distinguishing the
two settings is essential for correct model specification. When the scientific intent is to
model additive noise in control parameters (uncorrelated Gaussian perturbations intro-
duced by hardware imperfections in axis-angle coordinates) a coordinate-Gaussian prior is
physically appropriate [9,10]. Our analysis applies specifically to workflows combining
intrinsically defined likelihoods (e.g., Born-rule models on SU(2)) with coordinate-space
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regularization while intending isotropy with respect to group geometry. In small-noise,
high-data regimes, Euclidean surrogates may provide accurate local approximations near
the identity. The significance of reference-measure mismatch is structural rather than point-
wise: the Jacobian term modifies the objective, its gradient field, and its stationary-point
structure as demonstrated by strictly interior solutions with moderate parameter norms in
Tables 2 and 3.

5.2. Gradient Corruption Versus Curvature Bias

The 1/6 coefficient in Equation (4) is sometimes interpreted as a small numerical
correction to objective values. This understates the impact. The more consequential
effect occurs in the gradient field: omitting − log Jexp(v) removes a term whose gradient
−∇ log Jexp(v) is nonzero for all v ̸= 0, radial, and direction dependent, with magnitude
|∇ log Jexp(v)| = 1

6 |v|+ O(|v|3) vanishing only at the identity itself. The stationary-point
conditions for LE and LG are therefore not equivalent for any v ̸= 0, however small. Flat-
coordinate surrogates can thus converge to parameter values far from stationary under the
intrinsic objective, with |∇LG(v∗E)| remaining substantial relative to convergence tolerances.

5.3. Relationship to Natural-Gradient Methods

Natural-gradient methods [15–17] respect the information geometry of the specified
statistical model. If that model is defined using a coordinate-space reference measure,
the same reference-measure mismatch is inherited by the natural gradient. The choice of
reference measure (which model is specified) is therefore logically prior to the choice of
optimizer metric (how it is optimized). Concretely, our correction modifies the objective
function by adding − log Jexp(v) to the loss; it does not alter the Riemannian metric used by
the optimizer, and is therefore orthogonal to natural-gradient preconditioning. Correcting
the reference measure, not changing the optimizer, resolves the mismatch. More broadly, the
problem of optimizing a surrogate objective that does not faithfully represent the intended
model arises across applied domains, including constrained engineering design [18] and
adaptive parameter identification under model uncertainty [19].

5.4. Practical Fix and Scope

The required modification is a one-line change to any gradient-based optimizer: re-
place ∇LE(y) with

∇LG(y) = ∇LE(y)−∇ log Jchart(y), (8)

where Jchart(y) =
√

det g(y) is the chart-volume factor. This correction is model based
rather than algorithm specific and applies equally to SGD, Adam, RMSProp, and quasi-
Newton methods. If the intrinsic measure is not available in closed form, ∇ log J can be
computed via automatic differentiation of the model map F : Rd → M.

The mismatch arises whenever priors, regularizers, or surrogate objectives are for-
mulated directly in parameter space on a curved manifold [16,17], including regularized
gate-set tomography [2,4,20], Bayesian gate estimation with Lie-algebra or Euler-angle
priors [9,12,21,22], and learning-based control objectives penalizing deviations in axis-angle
coordinates [10]. Standard Born-rule tomography without regularization is unaffected.

5.5. Limitations

This work is restricted to single-qubit systems. Extending to SU(2n) requires explicit
treatment of the intrinsic metric and volume form, which depend on entanglement structure.
For independently parametrized qubits the correction factorizes as Jexp(v1, . . . , vn) =

∏j Jexp(vj) and scales linearly with system size. Global gates and entangled states do
not admit such factorization and require separate analysis. Our validation also focuses
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on axis-angle parametrization and quadratic regularization; alternative coordinates or
priors may change the magnitude but not the mechanism of the mismatch. Proposition 1
establishes pointwise non-equivalence of stationary points but does not characterize the
global topology of the respective stationary-point sets; whether path-connected components
exist that are captured by one objective but entirely missed by the other remains an open
question requiring a global landscape analysis beyond the scope of the present work. The
Fisher-information validation in Section 3.3 uses a zero-mean isotropic Gaussian prior
to isolate the leading-order geometric correction in closed form. Non-isotropic or non-
Gaussian priors would modify the magnitude of the correction and introduce off-diagonal
Fisher-information components, but the underlying mechanism, the chart-volume factor
− log Jexp contributing independently of the prior, remains unchanged.

6. Conclusions
Reference-measure selection is an explicit modeling decision with direct consequences

for optimization and inference on curved parameter manifolds. When intrinsically defined
likelihoods are combined with flat-coordinate regularization while intending Haar isotropy,
omitting the chart-volume factor specifies a different statistical model with a different gra-
dient field and distinct stationary-point structure. We have demonstrated this analytically
via Proposition 1 and empirically via 11,900 multi-start gate-estimation experiments. The
fix is minimal: add − log Jchart(y) to the loss and replace ∇LE with the Jacobian-corrected
gradient (Equation (8)). Coordinate-space optima that satisfy flat stationarity conditions
can remain non-stationary under the intrinsic objective, reflecting the mismatch between
the two gradient fields. Beyond the single-qubit setting studied here, the correction mecha-
nism applies to any regularized optimization on a curved parameter manifold, including
multi-qubit gate-set tomography and Hamiltonian learning pipelines. The one-line fix
(replacing ∇LE with the Jacobian-corrected gradient ∇LG) is immediately deployable in
existing software frameworks such as pyGSTi [4] and requires no architectural changes to
the underlying optimizer.
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Appendix A. Notation Summary

Table A1. Key notation used throughout.

Symbol Definition

µHaar Haar (bi-invariant) measure on SU(2)
µLeb Lebesgue measure on R3

v ∈ R3 Exponential (axis-angle) coordinates, ∥v∥ < 2π
U(v) = exp(iv · σ/2) Exponential map R3 → SU(2)
Jexp(v) Exponential chart-volume factor (Equation (2))
fE(v) Euclidean (flat-coordinate) density on R3

fG(v) Haar-consistent density (Equation (3))
LE(v) Euclidean objective (Equation (5))
LG(v) Haar-consistent objective (Equation (6))

∇ Euclidean gradient operator in coordinates (applied to any
smooth function; not specific to LE)

Subscript E/G Euclidean/flat vs. Geometric/Haar

Appendix B. Stereographic Projection and Reference-Measure Distortion
This appendix provides a closed-form global illustration of reference-measure distor-

tion under stereographic projection on S3 ∼= SU(2), intended purely as an intuition aid.
Stereographic coordinates are not used in practical quantum workflows; all quantitative
results in the main text use exponential (axis-angle) coordinates.

SU(2) is diffeomorphic to the 3-sphere S3 ⊂ R4 via U =
(

α −β̄
beta ᾱ

)
, |α|2 + |β|2 = 1 [23].

Stereographic projection π : S3 \ N → R3 from N = (0, 0, 0, 1) is π(ω) = (ω1, ω2, ω3)/(1−
ω4). The conformal factor is λ(y) = 2/(1 + |y|2) [6], giving Jacobian Jπ(y) = λ(y)3 and

dµHaar =

(
2

1 + |y|2

)3
dy. (A1)

For Haar-uniform fHaar, the induced Lebesgue density satisfies fY,Leb(y) ∝ |y|−6 as
|y| → ∞, a heavy-tailed coordinate artifact; the intrinsic distribution on S3 remains uniform.
Figure A1 illustrates this mechanism.

N

Haar-uniform

ω∈S3

S3 ∼=SU(2)

π : S3\{N} → R3

conformal, λ(y) = 2
1+∥y∥2

Jπ(y) =
(

2
1+∥y∥2

)3

dµHaar = Jπ(y) dy

y1

y2

y3

peak at origin

y=π(ω)

∥y∥→∞:
fY ∼∥y∥−6

0

Stereographic coords R3

Figure A1. Stereographic projection π : S3 \ {N} → R3 and the induced reference-measure distortion.
A Haar-uniform intrinsic distribution becomes nonuniform in coordinates solely through the chart-
volume factor Jπ(y) =

( 2
1+∥y∥2

)3. The heavy tail fY ∼ ∥y∥−6 is a coordinate artifact; the intrinsic

distribution on S3 remains uniform.
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Appendix C. Reference-Measure Pullback
Let (M, g) be an n-dimensional Riemannian manifold with volume measure µg, and

let ψ : V ⊂ Rn → M be a smooth coordinate map. The pullback satisfies ψ∗(dµg) =√
det g(y), dy. If X on M has density pX(ω) with respect to µg, then Y = ψ−1(X) has

Lebesgue density fY(y) = pX(ψ(y))
√

det g(y) [6]. For a compact Lie group with bi-
invariant metric, the Riemannian volume form coincides (up to normalization) with Haar
measure [5,7]. Omitting the chart-volume factor replaces Haar volume by Lebesgue mea-
sure, specifying a different statistical model.
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