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Abstract

The magnetic susceptibilities of various electrically insulating ordinary fluids depend on
their local states, such as their density and temperature. When such fluids, which can
be characterized as either paramagnetic or diamagnetic and occur commonly in nature,
are subjected to magnetic field gradients, it induces an effective body force—the Kelvin
force. This force, which depends on the susceptibility and the gradient of the square of the
magnetic field strength, can become one of the effective mechanisms for modulating the
flow and transport, particularly where terrestrial gravity becomes negligible, such as in
free space or under microgravity conditions. For the first time, we developed a theoretical
model demonstrating that a viscous current can be generated due to the contrasts between
the magnetic susceptibilities of the intruding and ambient fluids in the presence of gradients
in magnetic fields, analogous to the viscous gravity current in terrestrial situations. We
derived similarity solutions for the two-dimensional and axisymmetric currents arising
from a balance between the Kelvin buoyancy and viscous forces with a prescribed power
law for the magnetic field strength. These determine the shape and various spreading
relationships of the viscous current. For a prescribed time variation in the source flux, it
is shown that a family of scaling laws exists for the spreading rate and the thickness of
the current, which depend on the steepness of the magnetic field gradient. Unlike gravity,
since the driving horizontal buoyancy arising from the Kelvin force is externally specified,
it potentially offers a mechanism to control the characteristic shape and the rate of motion
of the viscous current.

Keywords: viscous current; susceptibility contrasts; Kelvin force; magnetothermal convec-
tion; diamagnetic fluids; nonuniform magnetic field

MSC: 32W50; 35Q61; 76Mxx

1. Introduction

The fluids that occur most frequently in nature have the property that they are elec-
trically insulating . Hence, they do not respond when subjected to uniform magnetic fields.
On the other hand, when they are placed in nonuniform magnetic field environments,
a volumetric force, termed the Kelvin force, is generated in such fluids. The magnitude
and direction of this force depend on the material’s volumetric magnetic susceptibility of

Mathematics 2026, 14, 2426

https:/ /doi.org/10.3390/math14132426


https://crossmark.crossref.org/dialog?doi=10.3390/math14132426&domain=pdf&date_stamp=2026-07-06
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0003-0848-8402
https://orcid.org/0000-0002-8264-8809
https://orcid.org/0000-0001-6173-468X
https://doi.org/10.3390/math14132426

Mathematics 2026, 14, 2426

20f 18

the material x, the strength of the applied magnetic field H, and its gradient [1]. That is,
the Kelvin force fx may be written as fx = y,4 VH?2, where 1 is the permeability of the
free space, which is a constant. When a sufficient magnetic field strength is used, this force
can be made to align in a parallel or anti-parallel manner with the center of mass of the
fluid, effectively creating artificial variable gravity-like environments. Here, it should be
stressed that, in contrast to the Lorentz force in magnetohydrodynamics that arises from
an interaction of the magnetic field with the flow of only electrically conducting fluids [2],
the Kelvin force is induced from the microscopic alignment of dipole moments due to
inhomogeneous magnetic fields [1]. Hence, the latter can affect all types of insulation
materials—both paramagnetic (which have x > 0) and diamagnetic (with x < 0), beyond the
artificially synthesized ferrofluids. Examples of paramagnetic substances include oxygen,
aluminum, titanium, and salts such as copper sulfate and manganese dioxide. On the other
hand, diamagnetic materials include various fluids such as water, crude oil, glass, mer-
cury, ethanol, acetone, benzene, and lysosome protein solution. As such, many commonly
occurring or used fluids belong to the class of diamagnetic substances.

Due to the opposite microscopic responses, the paramagnetic fluids are attracted to
and the diamagnetic fluids are repelled from regions of higher magnetic fields, which is
illustrated in Figure 1.

Hiy)

Paramagnetic

Fg

Diamagnetic

Y

Figure 1. Schematic illustration of the response direction due to the Kelvin force Fx of paramagnetic
and diamagnetic fluids in the presence of spatial gradients in the magnetic field H. Here, y is any
typical spatial coordinate.

In addition, the magnetic susceptibility of such fluids depends significantly on the
local state, such as the density and temperature. In particular, paramagnetic fluids obey the
Curie’s law, according to which xy = Kp/T, where K is a constant, while diamagnetic fluids
satisfy x = xmp, where x, is the mass susceptibility. Generally, the values of x can vary
widely depending on the fluid type and their phase, with the liquid state typically having
about three-orders-of-magnitude-higher values of x than their gaseous form. As such, if
we consider the density dependence on temperature according to p = prer(1 — &5)6, where
«s is the thermal expansion coefficient, 8 = T — T, and the subscript ‘ref’ corresponds to
a reference state, by applying a Taylor series to x, i.e., X = Xref + (g%) 0+ (3—7{) (p—

ref P/ ref
Pref), we have the extended Bousinessq approximation [3] X = Xref — XrefsBs0, where

Bs =1+ %TM and Bs = 1 for paramagnetic and diamagnetic fluids, respectively. As a
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result, the Kelvin force fx as expressed earlier can be interpreted as a buoyancy force,
albeit in an artificial variable-gravity-like environment generated by the inhomogeneous
magnetic fields. Such interesting characteristics can potentially be used to manipulate the
flow and transport processes, especially in microgravity, where the Kelvin force can be
particularly pronounced.

Interestingly, one of the earliest technical uses of the flow generated by the Kelvin force
effects was by Pauling et al. [4], who developed a magnetic meter to measure the partial
pressure of oxygen in gases. The study reported that the devised instrument might be used
for paramagnetic and diamagnetic gases based on the magnetic susceptibility. Pioneering
experimental work on the motion of fluids under the gradient magnetic fields was carried
out by Wakayama [5], which led to several later investigations for different applications.
He observed that oxygen or nitrogen mixed with oxygen was attracted by a magnetic
field, and no magnetic field effect was detected for nitrogen or air. Butcher et al. [6] experi-
mentally reported that the concentration gradient and the magnetic field gradient forces
for paramagnetic species in solutions are equivalent for incompressible fluids, which are
approximations of the Kelvin force and the Korteweg—Helmholtz force densities. Beaugnon
and Tournier [7], in their seminal work, presented a successful experimental demonstration
of the levitation of ordinary diamagnetic liquids, such as water, ethanol, and acetone,
using the Kelvin force, which they also exploited to control natural convection in another
study at about the same time [8]. Dibyendu et al. [9] used an analytical model for the
motion of finite-sized diamagnetic particles of carboxylate microspheres in paramagnetic
or diamagnetic fluid media. The results showed that structure formation of diamagnetic
particles in diamagnetic fluid media is possible. Dodoo et al. [10] investigated the shap-
ing and transport of diamagnetic drops using magnetostatic fields, and Feng et al. [11]
experimentally and analytically introduced a portable and noncontact method for manip-
ulating diamagnetic droplets on slippery liquid-infused porous surfaces using a single
magnet. The results showed that the droplet volume, viscosity, vertical spacing on the
critical migration velocity of water droplets, and diamagnetic nature of water played a role
in the magnetic repulsive force. The physical basis of such levitation is designated as the
magneto-Archimedes levitation, which was further demonstrated for a variety of fluids,
including simple liquids such as water and organic materials, in more refined setups by
other researchers [12-14].

Modulating, especially enhancing, the free convection process in electrically insulating
fluids by means of inhomogeneous magnetic fields via the Kelvin buoyancy force has
attracted considerable interest given its potential applications, and has resulted in some
experimental, theoretical, and numerical investigations [3,7,15-25]. It may be noted that
similar studies have been carried out for the case of artificial ferrofluids, starting from the
work of Finlayson [26-31]. The use of the magnetic gradient force in other specialized
applications, such as in the control of the combustion process and diffusion flames [32,33],
water vaporization [34], the mixing process in aqueous solutions [12] and various others,
were also successfully demonstrated. Early reviews on the Kelvin force effects are provided
in [35,36]. It may be noted that Wakayama et al. [37] experimentally demonstrated an
interesting and effective vertical acceleration control method that can vary continuously
from normal gravity to close to zero gravity by exploiting the nature of the Kelvin force.

Recently, there has been considerable interest in the control of flow processes in crystals,
especially involving protein crystals, using the Kelvin force [38], which has been reviewed
by [39,40] and also in bio-physical flow contexts such as bacterial culture growth influenced
by the buoyancy effects arising from nonuniform magnetic fields [41,42]. Furthermore,
subsequently, Larachi et al. [43] experimentally studied the influence of inhomogeneous
magnetic fields on the hydrodynamic properties of electrically insulating two-phase flows,
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such as gas-liquid systems. Kaneda et al. [44] conducted a numerical simulation of the
spreading of a droplet on a surface, in which Marangoni convection is modulated through
the Kelvin force, and Burgess and Premnath [45] developed an analytical solution for
the fluid transport resulting from melting in the presence of such forces. Lei et al. [46]
experimentally investigated the stability criterion of the magnetic separation of rare-earth
ions, where mass transport causes instabilities in the enriched ions’ layer due to surface
evaporation of the solution, which is levitated by the Kelvin force. In addition, they pro-
posed a novel strategy for enhancing the magnetic field gradient for the room-temperature
magnetic susceptibility and solutal expansion coefficient using partition assembly, which
leads to improving the magnetic term of the Kelvin force [47]. Furthermore, Wang et al. [48]
reported that non-uniform Kelvin forces are inclined to push diamagnetic fluids to regions
with a lower magnetic field. Therefore, the Kelvin force improved the concentration po-
larization and current density in the channel for oxygen transfer within the air electrode
of metal-air batteries by reducing the congestion of diamagnetic substances, such as N,
and H,O.

The main feature of intrinsic interest in fluid dynamics in such problems is the more
detailed consideration of the generation mechanisms of the motions in electrically insulating
fluids when subjected to magnetic and temperature gradients, in some cases. The latter
results in spatial variations in the susceptibility in the Kelvin force via changes in the local
density, as mentioned above, leading to a buoyant fluid motion. This fluid flow does not
require gravity and is sometimes termed the “magnetothermal wind” or “magnetothermal
convection” [49,50]. Although much of the work in this area is experimental or numerical
in some cases, analytical studies that can provide fundamental insights into such problems
are, by and large, lacking [51,52].

A related prototypical fluid dynamics problem, which is the subject of this paper,
is the generation of an intruding viscous fluid motion of an electrically insulating fluid
into an ambient fluid on a rigid surface caused by a horizontal Kelvin buoyancy force.
The latter arises when there is contrast in the susceptibilities of the intruding and ambient
fluids, which may be caused by density and/or temperature changes, as discussed earlier,
in the presence of a specific inhomogeneous spatial distribution of the magnetic field.
For example, under microgravity conditions, one may induce and appropriately control the
spreading of common fluids such as blobs of water or oil or even molten glass, all of which
are diamagnetic, solely in the presence of the Kelvin force. Such a viscous current caused
by the Kelvin force with susceptibility contrasts has a particularly close analogy with the
classical viscous gravity current, which was first studied theoretically and experimentally
in the pioneering work of Huppert [53] (see also [54-56] for recent reviews on this subject).
In particular, both require differences in certain fluid properties, such as the magnetic
susceptibility or density, between the intruding and ambient fluids to create a horizontal
buoyancy, with the former driven by an artificially controllable gravity-like body force
(Kelvin force), while the latter is driven by a constant body force (gravity).

In this paper, we developed a new mathematical model for planar, ie., two-
dimensional, and axisymmetric viscous currents generated by a horizontal buoyancy due
to the Kelvin force, i.e., in the presence of magnetic field gradients when there is a difference
between the magnetic susceptibilities of the intruding and ambient fluids. The source of
the susceptibility difference could be differences in the temperature, density, or both of
intruding and ambient electrically insulating fluids, though our focus is on isothermal solu-
tions. As such, in the absence of gravity, the Kelvin force can provide a driving mechanism
for spreading common fluids, which can also be exploited in other situations. For example,
by manipulating the spatial variation in magnetic fields, the spreading extent and shape of
various currents can be controlled in potential technological applications in microgravity or
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specific earth-bound applications (e.g., viscous currents in protein crystal growth problems
or material-processing applications). The model is developed based on considerations of
slow viscous flow, i.e., under the standard lubrication approximation, analogous to the
classical viscous gravity current [53]. Following that study, we also neglected the effect
of capillary force, assuming that the magnetic Bond number, Bo,, is much larger than 1.
This leads to self-similar solutions for the shape of the viscous current and for spreading
relationships, based on scaling considerations, when a power law prescribes the spatial
variation in the magnetic field. For a prescribed form of the source flux of the intruding
fluids, it will be shown that a family of scaling laws exists for the spreading rate and the
film thickness of the viscous current, which is found to depend on the sharpness of the
magnetic field gradient, characterized as the exponent of a power law. The following
section presents a derivation of this new model, followed by a discussion of the resulting
key findings.

2. Mathematical Model

A schematic of the physical configuration representing the horizontal viscous current
of an electrically insulating fluid into an ambient fluid (whose properties are designated
with subscript ‘a’) in the presence of an inhomogeneous magnetic field in the normal
direction in the two-dimensional and axisymmetric coordinate systems is shown in Figure 2.

y z
v Po y=W v Po z=w
Pa=p-Ap l l l i Pa=p-Ap l l l l
% =X-AX VL Fo=FRdy) X =X-AX Wi FesFd@
A v,
Qe v Wil Qe e Wi
- X — ¥
) 122 ] 222
y=0 -XN(t) X z=0 er(t) r

(a) (b)

Figure 2. Schematic of the viscous current induced by the Kelvin force in the (a) two-dimensional and
(b) axisymmetric coordinate systems. The vertical downward arrows of different lengths represent the
spatial distribution of the Kelvin body force. The viscous flow is primarily driven by the horizontal
buoyancy arising from the magnetic susceptibility contrast between the intruding and ambient fluids
when subjected to a normal magnetic field gradient in the absence of terrestrial gravity.

While, for the generality of the derivation, we consider a time-dependent influx Qt*,
our main interest lies in the crucial special case involving the constant inflow condition
(« = 0), which we use to gain physical insights. Due to a balance between the buoyancy
(Kelvin) and viscous forces, a viscous current propagates on a rigid horizontal surface,
which depends on the density p, magnetic susceptibility x and kinematic viscosity v of
the fluids. The locations of the current nose in the two-dimensional and axisymmetric
coordinate systems are denoted as xy(t) and ry(t), respectively. The shape and rate of
propagation of such a low-Reynolds-number current propagating over a rigid surface
can be determined by applying the lubrication approximation [57,58]. While gravity is
considered along with the Kelvin force at the beginning of our formulation, since our
chief interest is in generating flow solely due to the latter, the former is dropped while
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determining the analytical solution. Nevertheless, the discussion section illustrates their
coupled role in a special case.

2.1. Two-Dimensional Viscous Current

The equations of the parallel viscous flow of density p and kinematic viscosity v in the
main and normal directions may, respectively, be written as

ou ’u  Ip
Par = P2 T ax 1)
Ip
0 = Ty 8 + Fxy, 2)

where u and p are the fluid velocity and pressure, respectively, and F, is the Kelvin force,
which depends on the spatial variation in the magnetic field 7 (y) in the normal direction
and is given by [3,45]

X M2 (y)

By integrating Equation (2) across the viscous current, we have
1y == [ egdy = " pgdy o fy 835 H Py + o [ § 55 (0)%
y P = p8aY — Jn PEAY P‘oyzay yyﬂohzay y)-ay-

Then, using the pressure boundary conditions at y = W as p = p,, the pressure field
variation across the current becomes

p(y) = po+pg( =) + pag(W — ) = E2x [12(h) = 12(y)| = Eoa[H2OW) = #2()], @

where W and # are the characteristic length scales of the ambient and intruding fluids,
respectlvely This provides the expression for the pressure gradient in the x-direction
as SZ = 082 — pagdt — Lo x I H2(h) + B2 xa: 2 H2(h). By rewriting the density and the
susceptlblhty of the intruding fluid as p = p, + Ap and x = x, + Ax, we get

%Z = Apg% - %M%’Hz(h)r (5)
where Ap and Ay are the differences in the density and magnetic susceptibility between
the intruding and ambient fluids, respectively. It is assumed that the effectively isother-
mal/constant property variations remain constant when subjected to externally imposed
contrasts. To perform an order-of-magnitude analysis, we define the characteristic length
scales along the main flow and lateral directions as L and H, respectively, and the charac-
teristic velocity and time scales as U and T = L/U, respectively. Thus, for Equation (1),
we estimate the ratio of the inertial and viscous forces as pU /T : uU/H?, where u is the
dynamic shear viscosity. It is assumed that the Reynold number, (UH /v), and the aspect
ratio, (H/L), are much less than 1, i.e., under the lubrication approximation, the film is
taken to be thin, and the flow to be creeping. This implies that inertia can be neglected

if UH? /vL < 1, which is readily satisfied for slow viscous flow in thin films. Thus, this

%u _ 10p

lubrication approximation reduces the equation of motion to v a7 = poxs which, upon

substituting Equation (5), becomes

0%u oh =0 5
whereg, = %g and K = —”7”%.
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For ease of analysis, we prescribe the following power law variation for the square of
the magnetic field
HA(y) = HG + Hae'y™, @

where H, is a constant field outside of fluids, € is a parameter that controls the magnitude
of field variation within the fluid, and m is the power law exponent that characterizes the
steepness of the field variation spatially. As such, the above equation can be considered as
an idealization or approximate representation of the magnetic field that captures different
gradient regimes by adjusting the exponent m and enables an analytical characterization
of the fluid dynamic phenomena involved. Hence, from Equation (6), we get 2 H?2(h) =
2mH2e*h?m =1 %. Thus, Equation (6) becomes

82u 1 oh I 2m—1 oh
where A
K = —Zm%%ez'}[g, )

which we shall the Kelvin force parameter. Note that, when m = 0, the above reduces to
the classical formulation [53]. To complete our formulation, we augment Equation (9) by
imposing the no-slip and free surface boundary conditions #(y = 0) = 0 and vg—; (y=h)=
0, respectively, as well as the following global continuity equation [53]:

xn(t)
/0 h(x, t)dy = Qt*. (10)

We now try to isolate the case involving a purely Kelvin force-driven viscous current
so that its influence can be clearly elucidated. Thus, the terrestrial gravity is assumed to be
negligible so that this situation could correspond to the free space or a suitable microgravity
condition, i.e., g/ = 0. Interestingly, this also allows for the development of a similarity
solution from a mathematical point of view, as we shall see in what follows. The latter
aspect is useful for making certain concrete theoretical deductions, such as scaling laws.
By integrating Equation (8) with g/ = 0 with the above boundary conditions, we readily
obtain the following parabolic velocity profile:

K'n>"~1 9n
u(y) = ==, —3¥(2h—y), (11)
which then yields the flux g as g = foh udy = — % g—’;. By using this and applying the

local mass conservation, i.e., % + g—z = 0, we get the following evolution equation for the

local thickness of the viscous current:

oh 0

ot ox|3v ox |

K j2m+2 oh ] (12)

2.1.1. Scaling Analysis

Before a more formal mathematical analysis is considered, we performed the following
scaling analysis based on the orders-of-magnitude estimates [59], which provided the
scaling relationships among different quantities. As such, this straightforward approach is
physically appealing and generally leads to the same overall outcomes involving scaling
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laws by means of a more involved mathematical procedure. Momentum balance with
g/ = 0 gives (see Equation (8))

u o H"
while the global continuity equation (see Equation (10)) yields
HL ~ QT". (14)

Now, using the characteristic velocity scale U ~ L/T in Equation (13) and eliminat-
ing H using Equation (14), we have the following scaling relationship for the spreading
distance:

4 2m+4
L~ [KQ2m+2Ta(2m+2)+1] ) (15)
1%

Since no further constraints apply to these scales, there is no other choice but to simply
apply time scaling by means of the elapsed time t, i.e., T ~ t. Hence, we can deduce the
following relationship for the extent of the nose of the current:

!/

XN =N [VQ2m+2ta(2m+2)+l‘| , (16)

where 7y is a proportionality constant to be determined. By using the expression for the
Kelvin force parameter K (see Equation (9)), it is clear that x for the two-dimensional cur-

1
2m+4
ICRES

rent varies according to the fluid properties and the imposed field as [me W

((2m+2)a+1)
Furthermore, xy depends on time as ¢t @7+ . From Equations (14) and (15), we obtain

the following scaling law for the characteristic scale of the film thickness of the viscous
current:

1
v Q2 :| (2m+4)

_1
It follows that H depends on magnetic properties as [—2m§ %GZ’HE} S

2.1.2. Similarity Solution for the Structure of the Kelvin-Force-Generated 2D
Viscous Current

Based on the above scaling analysis, we can then define the following similarity
variable 7 for the independent variable and f(7) for the film thickness h, respectively:

K’ T 2m+4
no= X/L _ [VQ2m+2ta(2m+2)+l‘| X, (18)
1
v Q2 (2m+4)
b= HAO) = || O 19

where f(7) is the similarity function that determines the shape of the viscous film, which
is yet to be determined. By substituting Equations (18) and (19) in the evolution equation
for the film thickness, i.e., Equation (12), and after some simplification and rearrangement,
we get the following self-similar non-linear ordinary differential equation for the scaled
thickness f(77) of the viscous current:

(@m+2)a+1) df (1-2a) ., 1d [ meadf
ot G s U ) @
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This is supplemented by the global continuity equation (Equation (10)), written in terms of
similarity variables (Equations (18) and (19)), as

N
; fln)dn =1, (21)
as well as the additional boundary condition at the nose of the current as (7 = 1n) = 0.
For the purpose of gaining insight, we considered the important special case with
« = 0 in this work, which also immediately admits a closed-form analytical solution.

Indeed, with & = 0 in Equation (20), we get — (2mli+4) % (fn) = %% ( f@m+2) % , which has

the form of a non-linear diffusion-type equation and can be integrated to yield
1
C[Bm+1) @, o\ @

where 77y is the scaled extent of the nose of the viscous current, whose explicit expres-
sion can be obtained from the global conservation condition. Indeed, by substituting
Equation (22) into Equation (21) and after some simplifications and rearrangement, we get

7Cm
1
; < 2 ) | 7 F(zm+z) 23
N =\ 7~ ’
3Cm 2(m+2) T(&t2)
where C;, = Ezig and I'(s) is the standard gamma function with argument s. Thus,

Equations (22) and (23) provide the structure of the planar viscous current generated by the
Kelvin force. Moreover, the local shear stress on the rigid surface can be estimated from the
Newton’s law of viscosity and using the velocity profile given in Equation (11). A detailed
analysis in this regard is included in Appendix A.1.

2.2. Axisymmetric Viscous Current

The derivation of the axisymmetric viscous flow in the presence of the Kelvin force un-
der the lubrication approximation is analogous to the two-dimensional case. The simplified
governing equations in the radial and axial directions become

ou ’u  Ip
Par T Pam @)
0
0 = -3 —pg+F (25)

2
where the axial Kelvin force Fg, can be represented as Fx, = 0% aHaZ(Z) . The integration of

Equation (25) provides an expression for the pressure field, which is similar to Equation (4),
with the replacement of y by z. Thus, the radial pressure gradient can be written as

aip oh o, 9.,

a5 = Apgg 7Ax§7{ (h). (26)
As in the two-dimensional case, the above can be further simplified by means of the order-
of-magnitude scaling arguments. Considering R and H to be the characteristic length scales
in the radial and lateral directions, respectively, and U and T = R/U to be the velocity and
time scales, respectively, the inertial force in Equation (24) can be neglected if UH? /vR < 1.
As a result, Equation (24) reduces further, which can be rearranged as

Pu  oh 59,
Vaa =85, tK H (), (27)
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where the expressions for g/ and K are the same as in the two-dimensional case. As before,
we specify the following power law variation for the square of the magnetic field:

H2(z) = H2 + H2e2>™. (28)
As a result, Equation (27) simplifies further to the following:

82u 1 oh ’ melah

(29)

where K’ is the Kelvin force parameter defined as before. This equation is supplemented
by the boundary conditions u(z = 0) = 0 and v%%(z = h) = 0 and the following global
conservation equation:

N(t)
/0 27trh(x, t)dr = Qt*. (30)

By again isolating the pure Kelvin force effects by setting ¢ = 0, and integrating

Equation (29) with the boundary conditions given above, we obtain the velocity pro-
/
_ K j2m—1 oh

file across a section of the viscous current as u(z) = 50— 5:2(2h — z). Thus, the flux
. ' p2m+2 . .
isq= | oh udz = —XK h3v i g—}r’, from which the local conservation of mass %—i’ + %%(rq) =0

reduces to the following equation for the evolution of the thickness of the axisymmetric
viscous current:

oh 10

ot ror| 3v or

rKth“ah] ) (31)

2.2.1. Scaling Analysis

We performed a scaling analysis on the above formulation to provide some physical
insights, just as in the two-dimensional case. Equation (29) with ¢ = Oreads

u , H2m
while the global conservation implies
HR? ~ QT™. (33)

By substituting the velocity scale U ~ R/T into Equation (32), the scaling law for the
spreading distance R can be obtained after eliminating H using Equation (33). Thus,
we have

/

e
R ~ K7 Q2m+2 T (2m+2)+1] ) (34)

We take T ~ t since no further constraints exist on the scalings. As a result, we can write
the expression for the location of the nose r in terms of the elapsed time ¢ as

/

K Im+6
N = gN [VQ2m+2ta(2m+2)+11 , (35)

where {y is a proportionality constant to be determined. Clearly, ry for axisymmetric

viscous flow depends on the fluid properties and the imposed field as {—Zm bo %GZHE} s
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((2m+2)a+1)
and on the elapsed time ast (“+6) . Finally, the scaling relationship for the thickness of

the viscous current can be obtained from Equations (33) and (34) as

v Q 2m+3
i [ 2] -

It can be seen that the film thickness is dependent on the magnetic properties as

1
5y B0 AX 2942] 2mE3
[ 2m77€ Ho} .

2.2.2. Similarity Solution for the Structure of the Kelvin-Force-Generated Axisymmetric
Viscous Current

We can now obtain a similarity solution by exploiting the above scaling considerations.
In particular, we now define the similarity variable ¢ for the independent variables and
film thickness h, respectively, as

{ = r/R= §Q2m+2t“(2m+2)+1] " r, (37)
ho= H¢(C)=[IZ/ tlQJ(zmmfP(C). (38)

where ¢(¢) is the similarity function that determines the structure of the viscous film. When
Equations (37) and (38) are substituted into Equation (31), we can obtain the self-similar
ordinary differential equation for ¢ (). The details of the various steps involved in this
derivation are given in Appendix A.1 for convenience, which, after certain simplifications,
reads as (2 et 1) 4d 21— )

m+2)a+1) ,d¢ 2m42) 4¢

—_—— 0 — . 39

(4m +6) ¢ a¢  (4m—+6) mte)? = 3 ¢ (54) a¢ (39)
This is augmented by the boundary condition at the nose of the current as ¢(¢ = ¢{n) =0
and the global continuity constraint, i.e., Equation (30), which can be rewritten in terms of
the above similarity variables as

én
| 2nep(@az =1, (40)

As in the two-dimensional case, we consider the special case with « = 0, which yields

an explicit analytical solution, as we shall see next. For this case, Equation (39) reduces
d . . . .

to 7(4mli+6)€2 (4m+6 1(69) = 1 i <€(2m+2)d%)l which can be immediately integrated.

We get

0@ = |y (G- 2) (a1)

where {y is the scaled extent of the nose of the axisymmetric viscous current. The lat-
ter quantity can be deduced from the global conservation constraint. Thus, by using
Equation (41) in Equation (40) and after some simplification, we obtain ¢y as

N =

Em En 1 2Em 0
m—+1 3 x 2Em=2 x gEm—1 ! (42)

where E;, = 2m + 3. The above two equations determine the shape of the axisymmetric
viscous current induced by the Kelvin force for a given m. In the next section, we discuss
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some key findings from newly developed physical models for the structures of the 2D and
axisymmetric Kelvin-force-generated viscous currents.

3. Results and Discussion

Figure 3 shows the shape of the two-dimensional viscous current obtained by plotting
Equation (22) with the use of Equation (23). Similarly, the structure of the axisymmetric
viscous current generated by the Kelvin force (using Equation (41) with (42)) is presented
in Figure 4. Essentially, contrasts in the magnetic susceptibilities of the intruding and
ambient fluids, which can be caused externally due to differences in their densities or tem-
peratures, set up the viscous flow when subjected to a nonuniform background magnetic
field. As such, this unique viscous current phenomenon can occur even in the absence
of terrestrial gravity, as the model elucidates. In general, as the exponent for the spatial
variation in the magnetic field strength m increases, it is seen that the shape of the current
in the vicinity of its nose becomes progressively more blunt. This is a manifestation of the
greater magnitude of the Kelvin buoyancy force with the normal coordinates as the spatial
gradient of the field (or m) increases, thereby pushing the free surface of the intruding fluid
further into the bulk region of the ambient fluid, as the rigid surface counteracts the bottom
of the nose through viscous forces (see Appendix A.1 for further details).

Il Il Il Il Il
0 01 02 03 04 05 06 07 08 09 1
nmy

0 I I I I

Figure 3. The structure of the two-dimensional viscous current induced by the Kelvin force with
« = 0 for various exponents of the magnetic field gradients m = 1/2,1,3/2,2,5/2,3.

The scaling relationships for the spreading distance and the film thickness in terms of
different governing parameters as a function of the exponent m for the two-dimensional
and the axisymmetric viscous currents are presented in Tables 1 and 2, respectively. The
notations used in these tables are clarified as follows. The scaling exponents p and g
determine the time variations for the nose radius and the film thickness, respectively;
the exponents I and n control the dependence of the applied magnetic field strength on
the nose radius and the film thickness, respectively; the exponents a and b determine
the effect of the volume on the nose radius and the film thickness, respectively; and the
exponents x and y control the dependence of the magnetic susceptibility contrasts on the
nose radius and the film thickness, respectively. Thus, a family of scaling laws can be
obtained depending on the value of the exponent m. This observation can potentially be
used to modulate the dynamics of the viscous current when it is generated by the Kelvin
buoyancy force with magnetic susceptibility contrasts. In particular, as the exponent m of
the spatial variation in the field strength in the normal direction increased, it resulted in
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a progressively slower spreading rate. As the external field strength H, increased, it was
seen to result in thinner viscous films. The dependence of the spreading distance on Hg
was found to reduce as m increased. In contrast, it scaled up with the globally conserved
fluid volume Q as m increased. In terms of the fluid properties, both the extent of spreading
and the film thickness have a power-law dependence on the group (Ax/pv), as shown in
these tables.

0 I I I I I I I I I

0 0.1 0.2 0.3 0.4 0.6 0.7 0.8 0.9 1

0.5
gt
Figure 4. The structure of the axisymmetric viscous current induced by the Kelvin force with a = 0
form=1/2,1,3/2,2,5/2,3.

Table 1. Scaling relationships involving different characteristic parameters as a function of m for the
two-dimensional viscous current with & = 0 induced by the Kelvin force. Here, xy ~ ¥, h ~ t71,
xn ~ (o), b ~ (€Mo) ™,y ~ Q% ~ QF, iy ~ (Ax/pv)* and i ~ (Ax/pv) .

m N p q l n a b x y

0 12125 1/4 1/4 1/2 1/2 1/2 1/2 1/4 1/4
1/2 11329 1/5 1/5 2/5 2/5 3/5 2/5 1/5 1/5
1 1.0939 1/6 1/6 1/3 1/3 2/3 1/3 1/6 1/6
3/2 10714 1/7 1/7 2/7 2/7 5/7 2/7 1/7 1/7
2 1.0570 1/8 1/8 1/4 1/8 3/4 1/4 1/8 1/8
5/2 1.0470 1/9 1/9 2/9 2/9 7/9 2/9 1/9 1/9
3 1.0398 1/10 1/10 1/5 1/5 4/5 1/5 1/10 1/10

Table 2. Scaling relationships involving different characteristic parameters as a function of m for
the axisymmetric viscous current with & = 0 induced by the Kelvin force. Here, ry ~ tF, h ~ t71,
N ~ (67-[0)1/ h~ (eHO)_nl N ~ Qg/ h~ Qb/ N ~ (AX/PV)X and h ~ (AX/PV)_y

m N p q l n a b x Y

0 0.894 1/6 1/3 1/3 2/3 1/3 1/3 1/6 1/3
1/2 07792 1/8 1/4 1/4 1/2 3/8 1/4 1/8 1/4
1 0.7279 1/10 1/5 1/5 2/5 2/5 1/5 1/10 1/5
3/2  0.6964 1/12 1/6 1/6 1/3 5/12 1/6 1/12 1/6
2 0.6750 1/14 1/7 1/7 2/7 3/7 1/7 1/14 1/7
5/2  0.6596 1/16 1/8 1/8 1/4 7/16 1/8 1/16 1/8
3 0.6480 1/18 1/9 1/9 2/9 4/9 1/9 1/18 1/9

It is also instructive to understand how the Kelvin force interacts with the gravity,
or more interestingly, in setups subjected to non-zero residual gravity, such as in mi-
crogravity situations in space. It can be noted that, when m = 0, the findings reduce
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to those reported by Huppert et al. [53]. It turns out that, when m = 1/2, we can ob-
tain a closed-form analytical solution involving the combined effects of gravity and the
Kelvin force. Hence, limiting ourselves to this special case to gain insights, and when,
for example, the two-dimensional viscous current model discussed in the previous sec-

tion is considered to include gravity, we have the following results. The similarity vari-
1

1
! 5 5
ables become 1 = (g;“Q3t> xand h = (;Qtz> f (1), which then leads to the follow-
eff
1
ing similarity solution for the shape of the viscous current f(1) = (19—0)1/3 (% —17)°,

1 11775

with ny = {(190) 3 @ ;E 2 H . These forms are similar to that discussed in [59], which is
6

a simplified version of the results given in [53]. Here, g/eff = g/ +K = % g-— %%627{%

is the “effective” gravity. Now, considering diamagnetic fluids, which occur commonly

in nature, we have the following susceptibility dependence with the respective densities
of the intruding and ambient fluids: x = xmpe and x; = XxmpPa, Wwhere x,; is known as the
mass susceptibility. Hence, we have Ax = xuAp. Since x» < 0 for diamagnetic fluids,
Ax = —|xm|Ap. By substituting this into the expression above for the “effective” gravity,
we get g;ff = % [+ 52| xm|€*H3]. Film thicknesses can vary in the Kelvin force compared
with gravity. The effective gravity is directly proportional to the magnetic susceptibility,
the magnetic permeability, and the applied magnetic field strength. As the magnetic field
increases, the Kelvin force becomes significant (see, e.g., [37,40,43,50]). Clearly, this effective
or locally enhanced resultant gravity can increase the viscous “gravity” current of diamag-
netic fluids with magnetic susceptibility differences when subjected to inhomogeneous
magnetic fields of a suitable strength. Note that, if the magnitude of the magnetic field
changes within the film are relatively small when compared to its values further away
from it, i.e., [€2y?"| < 1, then H(y) ~ (1 + 2€*y*")H,. Hence, m = } considered above
corresponds to a local linear magnetic field variation within the intruding fluid. For this
condition, it follows that the viscous current spreads farther and becomes thinner by a

1 1
2715 275
factor of {1 + B xm|ez%] * and {1 + 2] xm|€2%] ?, respectively, when compared with
the classical viscous current driven solely by gravity. These observations could potentially
be useful in certain fluid transport applications, such as under much-reduced gravity (e.g.,
microgravity) conditions.

4. Summary and Conclusions

In summary, we have elucidated the idea that electrically insulating fluids that are
common in nature can spread solely due to the contrasts between the magnetic suscepti-
bilities of the intruding and ambient fluids when they are in nonuniform magnetic field
environments. This viscous current is physically driven by a balance between the horizontal
buoyancy arising from the Kelvin and viscous forces. The structure and the spreading
rates of such two-dimensional and axisymmetric currents were obtained by means of a
mathematical model derived by invoking the standard lubrication approximations. It was
seen that much of the insights into the problem can be obtained using certain specific
simple scaling arguments. In contrast, the solution of the similarity equations was used
to estimate the proportionality constants and determine the shape of the viscous currents.
The scaling relationships for the spreading distance and the film thickness in terms of
the various governing parameters were found to depend on the strength of the external
magnetic field gradients, characterized by the exponent of a specified power law. These
findings may be of interest for controlling the shapes and propagation rates of viscous
currents under reduced-gravity conditions. Similar analyses may be carried out for other
physical situations involving the Kelvin force effects.
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Appendix A
Appendix A.1. An Analysis of Local Shear Stress on the Rigid Surface

For a two-dimensional viscous current, based on the velocity profile equation, the local
shear stress on the rigid surface can be estimated using Newton's law of viscosity as

B u K 5, 10k
Tw = PV@ =0 = _P7 h % (Zh)/ (A1)
or o
Ty = —pK’hzmg. (A2)

Let us rewrite the right-hand side of Equation (A2) using the similarity variables 77 and
f(n), defined in Equations (18) and (19), respectively. Specifically, let7 = { and h = H f(1),
where L and H are given in Equations (18) and (19), respectively. By substituting these
relations into Equation (A2), 7, = —pK'[Hf(17)]*" % g—z, where

— = Hf'(n), (A3)

we obtain T, = —pK'H?"[f(17)]*" (%) [Hf'(n)]. Therefore,

T = —K = [F (2" (). (A%)

To use Equation (A4), an explicit expression for f’(1) is required. By differentiating
Equation (22), we obtain

1
2m+2 1 .
£10r) = [3 () |7 ks (3 — 277~ (=21 Thatiis,

2y f ()
f'(n) = - : (A5)
=
By substituting Equation (A5) into Equation (A4), the local shear stress on the rigid
surface becomes T, = —pK’ HZZM [f (17)]™ (—;Zﬂz;) . Therefore, finally
2=
2m+1 2m+1

L ny—1n?

Here, L and H are given by Equations (18) and (19), respectively, and both depend on the
parameter m. Furthermore, f(1), given in Equation (23), also depends on m. Therefore,
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Equation (48) shows that the local shear stress is parameterized by both m and 7. Clearly,
as 17 — 1, the denominator (1% — n2) approaches zero, causing the local shear stress to
increase significantly. In addition, as m increases, the viscous current profile progressively
flattens, thereby offering greater resistance.

Appendix A.2. Details Related to the Derivation of Equation (39)

Based on the scaling analysis presented in Section 2.2.1 and the similarity variables
and film thickness expressions given in Equations (37) and (38), respectively, we obtain

9 _¢

or r’
¢ (2m+2)a+1¢§
or dm+6 t’

oh _ vQ ﬁaicp_i_ vQ z s C1l-a1
of  \ K'tl—« ot ¢ K't1-w 2m+3t

1 753 p
= (4m_¢_6)t(K/1;lQa> [((2m+2)0¢+1)§£ +2(1,X)¢}

r or

10 [rK/thJrZBh] _ 19 [ K'( vQ >¢2m+2d4’§}

ror| 3v or 30 \ K« acr

_ 1K'<VQ> ¢d [g¢2m+2‘14’}
~ r3v\K'tl-e ) rd¢ el

By substituting the above equations into the governing equation for the film thickness
given in Equation (31), we obtain

L3 [ K panpdh] (110 vQ N5 d [z
ror| 3v or 3t &\ K'tl-n ag aé¢ |’

By using this last equation and then further substituting it into the governing equation
given in Equation (31) and canceling the common factors, finally, the ODE for the scaled
thickness ¢(&) of the viscous current can be obtained as indicated in Equation (39).
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