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Abstract

The Steffensen method is a very effective root-finding procedure used for solving non-
linear equations of the form f (x) = 0 numerically. When the root of f (x) is simple, this
method converges with order 2. Following a critical review of its convergence analysis,
in this work, we provide a modification with memory of the Steffensen method, which
achieves an order substantially higher than 2, without increasing the number of function
evaluations per iteration. Specifically, with an arbitrary fixed integer k ≥ 1 and with initial
approximations x0, x1, . . . , xk, the modified method generates a sequence of approxima-
tions to the solution of f (x) = 0 via xn+1 = xn − f (xn)/ f [cn, xn], n = k, k + 1, . . . , where
cn = xn − f (xn)/p′n,k(xn) and pn,k(x) is the polynomial of interpolation to f (x) at the
points xn, xn−1, . . . , xn−k. Just as in the original method, the modified method makes use
of only f (x); no derivatives of f (x) are needed. We prove that the order of this method is
1 +

√
2 =̇ 2.414 for k = 1 and it can be increased towards (3 +

√
5)/2 =̇ 2.618 by increasing

k. (For example, the order of the method is 2.617 · · · already for k = 6.)

Keywords: nonlinear equations; Steffensen method; secant method; order of convergence

MSC: 65H04; 65H05

1. Introduction and Background
Let α be the solution to the equation

f (x) = 0, (1)

and assume that f (x) is twice continuously differentiable in a closed interval I containing α

in its interior. A very effective iterative method used for solving (1) when α is a simple zero
of f (x) is the Steffensen method. Starting from an initial approximation x0, this method
computes a sequence of approximations {xn}∞

n=0 to α, such that xn+1 is determined from
xn via

xn+1 = xn −
f (xn)

f (xn + f (xn))− f (xn)

f (xn)

, n = 0, 1, . . . . (2)

Thus, at each iteration, two evaluations of f (x) are performed. No derivatives of f (x) are
computed. When α is a simple zero of f (x), that is, when f ′(α) ̸= 0, which we assume
throughout this work, the sequence {xn}∞

n=0 converges quadratically.
Starting with the Steffensen method, in this work, we aim to develop a new class of

iterative methods with memory for solving nonlinear equations with a simple root. In
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Section 2, we give a brief review of the essentials of the Steffensen method, especially
of its convergence analysis. Based on this review, in Section 3, we propose to mod-
ify the Steffensen method and construct a sequence of iterative methods with memory.
These methods:

• require only two evaluations of f (x) per iteration, just like the Steffensen method,
• require no evaluations of derivatives of f (x), and
• have order 1 +

√
2 =̇ 2.414 at minimum, which increases quickly towards

(3+
√

5)/2 =̇ 2.618. (This should be compared with the order of Steffensen’s method,
which is 2.)

In this sense, the cost per iteration of each of our methods is the same as that of the Steffensen
method, while its order and efficiency index are higher than those of the Steffensen method.

We present a complete and detailed convergence theory for the new methods in
Section 4 that is supplemented in Appendix A. In Section 5, we present three numerical
examples that validate the convergence theory. We emphasize that we do not address the
issues of multiple roots, global convergence, or related basins of attraction.

The Steffensen method and others are discussed in many books on numerical analysis—
see, for example, Atkinson [1], Dahlquist and Björck [2], Henrici [3], Ralston and Rabi-
nowitz [4], Stoer and Bulirsch [5], and Traub [6]; see also Sidi [7].

We also mention that there are quite a few methods with memory in the literature that
generalize Steffensen’s method and that achieve higher accuracies and efficiency indices—
see, for example, Cordero and Torregrosa [8,9], Džunić [10], Džunić and Petković [11],
Liu et al. [12], Ren and Bi [13], and Wang and Zhang [14]; see also the book [15], the
survey [16] by Petković et al., and the recent work [17] by Cordero et al.

2. Review of the Steffensen Method
2.1. The Steffensen Method as a Special Case of a General Iterative Method

For future use, let us consider iterative methods for the equation f (x) = 0 that generate
sequences of approximations {xn}∞

n=0 to the solution α of this equation via

xn+1 = xn −
f (xn)

f (cn)− f (xn)

cn − xn

, for some appropriate cn. (3)

[Comparing (2) with (3), it is easy to verify that xn+1 in the Steffensen method is generated
by (3) by choosing cn = xn + f (xn) in the latter.] Subtracting α from both sides of (3), and
making use of the facts that

f (cn)− f (xn)

cn − xn
= f [cn, xn] and f (xn) = f (xn)− f (α) = f [xn, α](xn − α), (4)

where f [z0, z1, . . . , zm] denotes the mth order divided difference of f (x) over the set of
points {z0, z1, . . . , zm}, we obtain

xn+1 − α =
f [cn, xn]− f [xn, α]

f [cn, xn]
(xn − α) =

f [cn, xn, α]

f [cn, xn]
(cn − α)(xn − α). (5)

Here, we have used the fact that divided differences are symmetric functions of their
arguments and that

f [u, v, w] =
f [u, v]− f [u, w]

v − w
. (6)
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The relation given in (5) is actually the starting point of a unified analytic treatment of
several methods that are as described in this paragraph. For this, we make use of the
properties of divided differences; these are summarized in [7].

2.2. Analysis of the Steffensen Method

Going back to the Steffensen method with cn = xn + f (xn), we have

cn − α = xn − α + f (xn) = (1 + f [xn, α])(xn − α), (7)

where we have invoked (4). Thus, (5) gives

xn+1 − α =
f [cn, xn, α]

f [cn, xn]
(1 + f [xn, α])(xn − α)2. (8)

The rest of the analysis of the Steffensen method follows by letting n → ∞ and making use
of the fact that xn, cn → α provided x0 is sufficiently close to α. We then have

lim
n→∞

xn+1 − α

(xn − α)2 =
f ′′(α)

2 f ′(α)
[1 + f ′(α)] when f ∈ C2(α − ρ, α + ρ) for some ρ > 0, (9)

provided f ′(α) ̸= 0, which we assume throughout this note. Here, we have made use of
the facts that

f [z0, z1, . . . , zm] =
f (m)(ẑ)

m!
for some ẑ ∈ (min{z0, z1, . . . , zm}, max{z0, z1, . . . , zm}),

assuming f ∈ Cm[a, b] and {z0, z1, . . . , zm} ∈ [a, b]. (10)

From this, it is clear that the method has an order of convergence 2 when f ′′(α) ̸= 0 and
f ′(α) ̸= −1.

2.3. Can the Steffensen Method Be Enhanced?

Now, if f ′(α) = −1, the right-hand side of (9) vanishes and the method achieves order
higher than 2. The question then is whether we can somehow achieve this at zero additional
cost. Here, we describe the approach taken in Traub [6] (pp. 185–187) for dealing with
this question.

The most direct way of achieving this is to apply the Steffensen method to the equation

F(x) = 0; F(x) = µ f (x), µ = − 1
f ′(α)

, (11)

since F′(α) = −1. With this, (2) becomes

xn+1 = xn −
F(xn)

F(xn + F(xn))− F(xn)

F(xn)

= xn −
f (xn)

f (xn + µ f (xn))− f (xn)

µ f (xn)

. (12)

This, of course, is impractical simply because f ′(α) is not available. We can, however,
replace f ′(α) by suitable approximations. In particular, we can achieve this by replacing µ in
(11) and (12) by µn, which has the property that

lim
n→∞

µn = µ = − 1
f ′(α)

. (13)
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This seems to have a good chance of improving the order of the method. Let us also note
that (12) (with µ replaced by µn) can be expressed as in (3) as follows:

xn+1 = xn −
f (xn)

f (cn)− f (xn)

cn − xn

, cn = xn + µn f (xn). (14)

Needless to say, the error expression given in (5) remains valid. Two preliminary such
choices of {µn} are discussed in the next section. In Section 4, we describe a new choice
of {µn} that generalizes one of two choices described in the next section; this results in a
sequence of methods whose orders can be improved towards (3 +

√
5)/2 =̇ 2.618, which is

substantially larger than 2. The cost per iteration of these methods is the same as that of the
Steffensen method, namely, two evaluations of f (x) per iteration.

3. Preliminary Improvement of the Steffensen Method
3.1. An Expensive Choice: µn = −1/ f ′(xn)

To motivate the approach we take later, we first describe a method that is not zero-cost
and was suggested in Traub [6] (p. 180, Equations (8)–(55)).

Taking into account the fact that the Steffensen method converges, we first choose
µn = −1/ f ′(xn), which clearly satisfies (13). This choice of µn is not what we are looking
for since the resulting method requires, at each iteration step, one evaluation of f ′(x), in
addition to the two evaluations of f (x). Nevertheless, we show shortly that this will direct
us to the right path. With this choice of µn,

cn = xn −
f (xn)

f ′(xn)
, (15)

thus, cn is the result of applying one step of the Newton–Raphson method to the equation
f (x) = 0, starting with the approximation xn to α. Subtracting α from both sides of (15)
and invoking (4) gives

cn − α = (xn − α)− f [xn, α](xn − α)

f ′(xn)
=

(
1 − f [xn, α]

f ′(xn)

)
(xn − α). (16)

Next, making use of the fact that f ′(z) = f [z, z] and of (6), we have

cn − α =
f [xn, xn]− f [xn, α]

f ′(xn)
(xn − α) =

f [xn, xn, α]

f ′(xn)
(xn − α)2. (17)

Substituting this into (5), we obtain

xn+1 − α =
f [cn, xn, α]

f [cn, xn]

f [xn, xn, α]

f ′(xn)
(xn − α)3. (18)

Dividing both sides of (18) by (xn − α)3 and letting n → ∞ (and hence xn, cn → α), we
finally obtain

lim
n→∞

xn+1 − α

(xn − α)3 =

[
f ′′(α)

2 f ′(α)

]2

, (19)

which shows that this method has order 3. It is clear that the cost per iteration of the method
we have just described is two evaluations of f (x) and one evaluation of f ′(x).
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3.2. A Preliminary Zero-Cost Choice: µn = −1/ f [xn, xn−1]

The choice µn = −1/ f ′(xn) that we made in the preceding subsection is actually
very effective in that it increases the order of the Steffensen method from 2 to 3. It has
the drawback that it requires the evaluation of f ′(x) once every iteration. Its success
suggests to us that we could improve the order of the Steffensen method by using a zero-cost
approximation to f ′(xn) instead of f ′(xn) itself. We can achieve this at zero additional cost, for
example, by letting

µn = − 1
f [xn, xn−1]

= − 1
f (xn)− f (xn−1)

xn − xn−1

, (20)

since f (xn) is already needed (hence computed) in (14) and f (xn−1) is available from
the previous iteration step, and limn→∞ f [xn, xn−1] = f [α, α] = f ′(α), assuming that the
sequence {xn}∞

n=0 converges to α.

With this choice of µn,

cn = xn −
f (xn)

f [xn, xn−1]
, (21)

thus, cn is the result of applying one step of the secant method to the equation f (x) = 0,
starting with the approximations xn−1 and xn to α. Upon subtracting α from both sides of
(21) and invoking (4), we obtain

cn − α = (xn − α)− f [xn, α](xn − α)

f [xn, xn−1]
=

(
1 − f [xn, α]

f [xn, xn−1]

)
(xn − α). (22)

Next, making use of (6), we have

cn − α =
f [xn, xn−1]− f [xn, α]

f [xn, xn−1]
(xn − α) =

f [xn, xn−1, α]

f [xn, xn−1]
(xn − α)(xn−1 − α). (23)

Substituting this into (5), we obtain

xn+1 − α =
f [cn, xn, α]

f [cn, xn]

f [xn, xn−1, α]

f [xn, xn−1]
(xn − α)2(xn−1 − α). (24)

Dividing both sides of (24) by (xn − α)2(xn−1 − α) and letting n → ∞ (and hence xn, cn →
α), we finally obtain

lim
n→∞

xn+1 − α

(xn − α)2(xn−1 − α)
=

[
f ′′(α)

2 f ′(α)

]2

≡ L, (25)

which shows that this method has order s1 with 2 < s1 < 3. Indeed, letting

lim
n→∞

|xn+1 − α|
|xn − α|s1

= Q, (26)

it can be shown that s1 is the positive solution of the polynomial equation s2 − 2s − 1 = 0,
namely, s1 = 1 +

√
2 =̇ 2.414, and that Q = |L|

√
2.

Note that we have not justified these convergence results rigorously here because
they follow from the complete analysis given in the next section, where we generalize
µn = −1/ f [xn, xn−1] to something more sophisticated. That is, the convergence results
stated here are special cases of those in the next section.

Before we go on, we mention that a zero-cost method that is similar (but not identical)
to the method we have just described is treated in Traub [6] (pp. 185–187).
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4. SSteff(n, k): General Enhancement of the Steffensen Method
4.1. Generalization of µn = −1/ f [xn, xn−1]

So far, we have observed that (i) by choosing µn = −1/ f ′(xn) in (14), we can increase
the order of the Steffensen method from 2 to 3, and (ii) by choosing µn = −1/ f [xn, xn−1]

in (14), we can increase the order of the Steffensen method from 2 to 1 +
√

2 =̇ 2.414.
The reason the second choice achieves an inferior improvement compared to the first is
that we are only approximating f ′(xn) (in a crude fashion) by the derivative of the linear
interpolant to f (x) at xn and xn−1. Thus, it seems reasonable to conclude, if we can
improve the approximation to f ′(xn), we may be able to improve the order of the resulting
method further, pushing it closer to 3. We do this by approximating f ′(xn) by p′n,k(xn),
where pn,k(x) is the polynomial of interpolation (of degree at most k) to f (x) at the points
xn, xn−1, . . . , xn−k, for some arbitrary integer k that is at our disposal. Thus, expressing
pn,k(x) via Newton’s interpolation formula, that is,

pn,k(x) = f (xn) +
k

∑
i=1

f [xn, xn−1, . . . , xn−i]
i−1

∏
j=0

(x − xn−j), (27)

we have

µn = − 1
p′n,k(xn)

; p′n,k(xn) = f [xn, xn−1] +
k

∑
i=2

f [xn, xn−1, . . . , xn−i]
i−1

∏
j=1

(xn − xn−j). (28)

For the efficient computation of p′n,k(xn), see [18], where the idea of approximating f ′(xn)

by p′n,k(xn), where pn,k(x) is the polynomial of interpolation (of degree at most k) to f (x)
at the points xn, xn−1, . . . , xn−k, was introduced by the author originally.

Observe that we need no extra computation of f (x) for the present choice of µn

since the values of f (x) required for determining p′n,k(xn) are (i) f (xn), which needs to be
computed anyway, and (ii) f (xn−i), i = 1, . . . , k, which are already available from previous
iterations. Of course, we do not need to compute any derivatives of f (x). It is clear that
the computation of p′n,k(xn) as presented in (28) can be achieved via a small number of
arithmetic operations depending on k. Thus, the cost per iteration of the proposed method
is practically two evaluations of f (x), just as that of the Steffensen method itself. Clearly, for
k = 1, we have p′n,1(xn) = f [xn, xn−1] and we are back at the case described in Section 3.2.

With the choice µn = −1/p′n,k(xn), we have, for each fixed k ∈ {1, 2, . . .},

xn+1 = xn −
f (xn)

f (cn)− f (xn)

cn − xn

, cn = xn −
f (xn)

p′n,k(xn)
, (29)

and hence our method now is described via

xn+1 = xn −
f (xn)

f (xn − f (xn)/p′n,k(xn))− f (xn)

− f (xn)/p′n,k(xn)

, n = k, k + 1, . . . , (30)

with appropriate initial approximations x0, x1, . . . , xk to α. For convenience, let us denote
this method (of computing xn+1 from xn, xn−1, . . . , xn−k) by SSteff(n, k) when n ≥ k. As
we show in Theorem 1, the method SSteff(n, k) has an order that can be driven towards
(3 +

√
5)/2 =̇ 2.618 by increasing k.

A critical issue that arises immediately is that of generating systematically the initial
approximations x1, x2, . . . , xk, instead of choosing them arbitrarily. Choosing x0 first, these
can be generated one by one in the order listed as follows:
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Determine x1 via the Steffensen method in (2). (Note that x1 can also be assigned any
reasonable value. For example, we can choose x1 close to x0 but arbitrary otherwise.)
Determine x2 applying SSteff(1, 1) with x0, x1 as initial approximations.
Determine x3 applying SSteff(2, 2) with x0, x1, x2 as initial approximations.
..................................
Determine xk applying SSteff(k− 1, k− 1) with x0, x1, x2, . . . , xk−1 as initial approximations.
(From here on, continue with SSteff(n, k) and generate xn+1, n = k, k + 1, k + 2, . . . .)

Clearly, x1, x2, . . . , xk are not arbitrary initial values; they are true approximations to the
root α as they are obtained by using valid root-finding methods, namely, Steffensen’s method
to determine x1, and SSteff(j, j) to determine xj+1, j = 1, 2, . . . , k − 1. In addition, it is clear
that, for each j = 0, 1, . . . , k − 1, xj+1 is likely to be a better approximation to α than xj.

Remark 1. Precisely, this approach was developed originally in Sidi [18] to generalize the secant
method to improve its order from (1+

√
5)/2 =̇ 1.618 towards 2 at zero additional cost. The application

of this generalized secant method to complex roots has been described recently in Sidi [19].

4.2. Analysis of Convergence of SSteff(n, k)

Theorem 1. Let α be the solution to the equation f (x) = 0. Assume f ∈ Ck+1(I), where I is a
closed interval containing α in its interior, and assume also that α is simple, hence f ′(α) ̸= 0, in
addition to f (α) = 0. Let x0, x1, . . . , xk be distinct initial approximations to α, and generate via
(30) the approximations xn+1, n = k, k + 1, . . . , where pn,k(x) is the polynomial of interpolation
to f (x) at the points xn, xn−1, . . . , xn−k, and hence p′n,k(xn) is as given in (28). Then, provided
x0, x1, . . . , xk are in I and sufficiently close to α, the sequence {xn}∞

n=0 converges to α, and

lim
n→∞

ϵn+1

ϵ2
n ∏k

i=1 ϵn−i
=

(−1)k+1

2! (k + 1)!
f ′′(α) f (k+1)(α)

[ f ′(α)]2
≡ L; ϵm ≡ xm − α ∀ m. (31)

The order of convergence sk is the only positive root of the polynomial

gk(s) = sk+1 − 2sk −
k−1

∑
i=0

si, (32)

and 2 < sk < 3. Actually,

1 +
√

2 = s1 < s2 < s3 < · · · ; lim
k→∞

sk = ŝ =
3 +

√
5

2
=

(
1 +

√
5

2

)2

= 2.618 · · · , (33)

and

lim
n→∞

|ϵn+1|
|ϵn|sk

= |L|(k+1)/(sk−1) ⇒ lim
n→∞

log |ϵn+1/ϵn|
log |ϵn/ϵn−1|

= sk. (34)

Remark 2. Note that, in Theorem 1,

s1 =̇ 2.414, s2 =̇ 2.547, s3 =̇ 2.592, s4 =̇ 2.608, s5 =̇ 2.614, s6 =̇ 2.617, . . . ,

rounded to four significant figures. Thus, already with k = 6, we are almost achieving the highest
order of convergence possible.

Proof. Below, we use the short-hand notation

int(a1, . . . , am) = (min{a1, . . . , am}, max{a1, . . . , am}).

Analysis of cn in (29):
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We start by deriving a closed-form expression for cn − α. Subtracting α from both sides
of (29), and noting that

f (xn) = f (xn)− f (α) = f [xn, α](xn − α),

we have

cn − α =

(
1 − f [xn, α]

p′n,k(xn)

)
(xn − α) =

p′n,k(xn)− f [xn, α]

p′n,k(xn)
(xn − α). (35)

We now split p′n,k(xn)− f [xn, α] as in

p′n,k(xn)− f [xn, α] =
{

p′n,k(xn)− f ′(xn)
}
+

{
f ′(xn)− f [xn, α]

}
. (36)

Invoking

f ′(xn)− f [xn, α] = f [xn, xn]− f [xn, α] = f [xn, xn, α](xn − α) =
f ′′(ηn)

2!
(xn − α)

for some ηn ∈ int(xn, α), and

f ′(xn)− p′n,k(xn) = f [xn, xn, xn−1, . . . , xn−k]
k

∏
i=1

(xn − xn−i)

=
f (k+1)(ξn)

(k + 1)!

k

∏
i=1

(xn − xn−i) (37)

for some ξn ∈ int(xn, xn−1, . . . , xn−k), (36) becomes

p′n,k(xn)− f [xn, α] = − f (k+1)(ξn)

(k + 1)!

k

∏
i=1

(ϵn − ϵn−i) +
f ′′(ηn)

2!
ϵn. (38)

Substituting (37) and (38) into (35), and letting

D̂n = − f (k+1)(ξn)

(k + 1)!
and Ên =

f ′′(ηn)

2!
, (39)

we finally obtain

cn − α = Unϵn; Un ≡
p′n,k(xn)− f [xn, α]

p′n,k(xn)
=

D̂n ∏k
i=1(ϵn − ϵn−i) + Ênϵn

f ′(xn) + D̂n ∏k
i=1(ϵn − ϵn−i)

. (40)

We now prove that cn is closer to α than xn is, provided xn, xn−1, . . . , xn−k are all sufficiently
close to α. Without loss of generality, we can assume that I = [α − T, α + T] for some
T > 0, and that m1 = minx∈I | f ′(x)| > 0. This is possible since α ∈ I and f ′(α) ̸= 0.
Let Ms = maxx∈I | f (s)(x)|/s!, s = 1, 2, . . . , and choose an interval J = (α − t/2, α + t/2),
J ⊂ I, sufficiently small to ensure that m1 > 2Mk+1tk + M2t/2. It can now be shown that,
provided xn−i, i = 0, 1, . . . , k, are all in J, there holds

|Un| ≤
Mk+1 ∏k

i=1 |ϵn − ϵn−i|+ M2|ϵn|
m1 − Mk+1 ∏k

i=1 |ϵn − ϵn−i|
≤ Mk+1 ∏k

i=1(|ϵn|+ |ϵn−i)|+ M2|ϵn|
m1 − Mk+1 ∏k

i=1(|ϵn|+ |ϵn−i|)
≤ U(t),

where

U(t) ≡ Mk+1tk + M2t/2
m1 − Mk+1tk < 1.
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Consequently, by (40), |cn − α| < |ϵn|, which implies that cn ∈ J, just like xn−i,
i = 0, 1, . . . , k, and is closer to α than xn is.

Analysis of xn+1:

We now turn to xn+1. Substituting (40) into (5), we obtain the closed-form expression

ϵn+1 = Vnϵn; Vn =
f [cn, xn, α]

f [cn, xn]
·

p′n,k(xn)− f [xn, α]

p′n,k(xn)
(xn − α) =

f [cn, xn, α]

f [cn, xn]
Unϵn. (41)

Since cn ∈ J just as xn−i, i = 0, 1, . . . , k, we can write

Vn =
f ′′(τn)

2 f ′(ρn)
Unϵn, for some τn, ρn ∈ J.

Therefore, we also have

|Vn| ≤
M2

m1
U(t)

t
2
= V(t).

Clearly, by shortening the interval J (by making t smaller) if necessary, we can cause
V(t) < 1, and this implies that xn+1 is also in J and closer to α than xn is. We have
thus shown that, if x0, x1, . . . , xk are chosen in J and J is sufficiently small, then the whole
sequence {xn}∞

n=0 is in J.

Convergence of {xn}∞
n=0:

By the fact that ϵn+1 = Vnϵn and |Vn| ≤ V(t) < 1 for all n, it follows that limn→∞ ϵn = 0.
Therefore, the sequence {xn}∞

n=0 converges and limn→∞ xn = α. By (29), this implies that
limn→∞ cn = α as well. Next, by the fact that limn→∞ xn = α, we note that

lim
n→∞

p′n,k(xn) = f ′(α) = lim
n→∞

f [xn, α],

and this implies limn→∞ Un = 0, which in turn forces limn→∞ Vn = 0. Consequently,
limn→∞ ϵn+1/ϵn = 0, and this implies that {xn}∞

n=0 converges superlinearly, that is, of
order greater than 1. As a result, we also have limn→∞ ϵn/ϵn−i = 0 for every i ≥ 1
and, consequently,

ϵn/ϵn−i = o(ϵn/ϵn−j) as n → ∞ ∀j < i. (42)

We make use of this in the next paragraph.

Proof of (31):

Expanding in (40) the product ∏k
i=1(ϵn − ϵn−i), we have

k

∏
i=1

(ϵn − ϵn−i) =
k

∏
i=1

(
− ϵn−i

[
1 − ϵn/ϵn−i

])
= (−1)k

( k

∏
i=1

ϵn−i

)[
1 + O

(
ϵn/ϵn−1

)]
as n → ∞ by (42). (43)

Substituting (43) into (40)–(41), and defining

Dn =
f ′′(τn)

2 f ′(ρn)

D̂n

p′n,k(xn)
, En =

f ′′(τn)

2 f ′(ρn)

Ên

p′n,k(xn)
, (44)

we obtain

ϵn+1 = (−1)kDn

(
ϵ2

n

k

∏
i=1

ϵn−i

)[
1 + O

(
ϵn/ϵn−1

)]
+ Enϵ3

n as n → ∞. (45)
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Dividing both sides of (45) by ϵ2
n ∏k

i=1 ϵn−i, and defining

σn =
ϵn+1

ϵ2
n ∏k

i=1 ϵn−i
, (46)

we have

σn = (−1)kDn
[
1 + O

(
ϵn/ϵn−1

)]
+ Enσn−1ϵn−1ϵn−k−1 as n → ∞. (47)

Now,

lim
n→∞

Dn = − 1
(k + 1)!

f ′′(α)
2 f ′(α)

f (k+1)(α)

f ′(α)
, lim

n→∞
En =

[
f ′′(α)

2 f ′(α)

]2

. (48)

Because (i) limn→∞ Dn and limn→∞ En exist and are finite, (ii) limn→∞(ϵn/ϵn−1) = 0 and
(iii) limn→∞ ϵn−1ϵn−k−1 = 0, it follows that there exist a positive integer N and positive
constants β < 1 and D, with |Enϵn−1ϵn−k−1| ≤ β when n ≥ N, for which (47) gives

|σn| ≤ D + β|σn−1| for all n ≥ N. (49)

Using (49), it is easy to show that

|σN+j| ≤ D
1 − βj

1 − β
+ βj|σN |, j = 1, 2, . . . ,

which, by the fact that β < 1, implies that {σn}∞
n=k is a bounded sequence. Making use of

this fact, we have limn→∞ Enσn−1ϵn−1ϵn−k−1 = 0. Substituting this into (47), and invoking
(48), we next obtain limn→∞ σn = (−1)k limn→∞ Dn = L, which is precisely (31).

Proof of (33) (Order of method):

That the order sk of the method is greater than 2 can be ascertained from the fact that
limn→∞ ϵn+1/ϵ2

n = 0, which follows from (31). In order to prove the rest of the theorem,
it suffices to consider the case ϵn+1 = Lϵ2

n ∏k
i=1 ϵn−i for all n. First, assuming that the

method converges with some order s, we must show that limn→∞(|ϵn+1|/|ϵn|s) = Q
indeed holds for some constants s > 2 and Q > 0. To prove the validity of this ansatz, it is
sufficient to consider the simpler case of |ϵj+1| = Q|ϵj|s for all j = 0, 1, 2, . . .. (See Traub [6]
(pp. 57–59).) For this, we express all |ϵn−i| in terms of |ϵn|, i = 1, 2, . . . . Starting with

|ϵn| = Q|ϵn−1|s ⇒ |ϵn−1| =
|ϵn|1/s

Q1/s ,

|ϵn−1| = Q|ϵn−2|s ⇒ |ϵn−2| =
|ϵn−1|1/s

Q1/s =
|ϵn|1/s2

Q1/s+1/s2 ,

we obtain

|ϵn−i| =
|ϵn|1/si

Qmi
, mi =

1
s
+

1
s2 + · · ·+ 1

si , i = 1, 2, . . . .

Substituting this into |ϵn+1| = |L|ϵ2
n ∏k

i=1 |ϵn−i|, we obtain

Q|ϵn|s = |L|ϵ2
n

k

∏
i=1

|ϵn|1/si

Qmi
=

|L|
QM |ϵn|r; r = 2 +

k

∑
i=1

1
si , M =

k

∑
i=1

mi.

Of course, this is possible when s satisfies s = r and QM+1 = |L|. Now, the requirement
that s = r is the same as gk(s) = 0; hence, we have shown that the order s should be a root
of the polynomial gk(s). By Theorem A1 in Appendix A to this work (with a = 2 there), we
have that gk(s) has only one positive root sk in the interval (2, 3), with all the other roots
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having moduli smaller than 1, which implies that this positive root is indeed the order of
the method. Again, by Theorem A1, the sequence {sk}∞

k=1 is monotonically increasing and
ŝ given in (33) is its limit and least upper bound as well. The expression given for M can be
simplified considerably, as we show next.

Proof of (34):

What remains to be shown is that

Q = |L|1/β, β = M + 1 =
sk − 1
k + 1

.

First, it is easy to verify that

M =
k

∑
i=1

k − i + 1
si

k
=

1
sk

k

k

∑
i=1

isi−1
k .

Next,

sk
k M =

(
d
ds

k

∑
i=0

si
)∣∣∣∣

s=sk

=

(
d
ds

sk+1 − 1
s − 1

)∣∣∣∣
s=sk

=
(k + 1)sk(s − 1)− (sk+1 − 1)

(s − 1)2

∣∣∣∣
s=sk

.

By sk+1 − 1 = (s − 1)∑k
i=0 si, this becomes

sk
k M =

(k + 1)sk − ∑k
i=0 si

s − 1

∣∣∣∣
s=sk

=
ksk

k − ∑k−1
i=0 si

k
sk − 1

Now, by the fact that gk(sk) = 0, we have ∑k−1
i=0 si

k = sk+1
k − 2sk

k. Consequently,

M =
k + 2 − sk

sk − 1
⇒ β = M + 1 =

k + 1
sk − 1

,

which is the required result. This completes the proof of the theorem.

Remark 3. We recall that, for methods that converge superlinearly, that is, with order greater than
1, a measure of their effectiveness is the so-called efficiency index. If an iterative method for solving
f (x) = 0 that requires p evaluations of f (x) and its derivatives (here, we are assuming that the
cost of computing any derivative of f (x) is about the same as the cost of computing f (x)) has order
s > 1, the efficiency index of the method is defined as EI = s1/p. Figuratively speaking, EI is the
order of the method per function evaluation. (See Traub [6] (pp. 11–13) for more on this subject.)
Thus, the larger EI, the more effective the iterative method. In comparing methods, we should look
at their performance after they have done a fixed (and the same) number of function evaluations.
In view of this, let us compare the efficiency indices of the Newton–Raphson and the Steffensen
methods, and the Steffensen–Traub method in Section 3.1, with the efficiency indices of the new
enhanced methods SSteff(n, k), k = 1, 2, . . . , 6:

Newton–Raphson s = 2 p = 2 EI =̇ 1.414
Steffensen s = 2 p = 2 EI =̇ 1.414
Steffensen-Traub (Section 3.1) s = 3 p = 3 EI =̇ 1.442
SSteff(n, 1) s =̇ 2.414 p = 2 EI =̇ 1.554
SSteff(n, 2) s =̇ 2.547 p = 2 EI =̇ 1.596
SSteff(n, 3) s =̇ 2.592 p = 2 EI =̇ 1.600
SSteff(n, 4) s =̇ 2.608 p = 2 EI =̇ 1.615
SSteff(n, 5) s =̇ 2.614 p = 2 EI =̇ 1.617
SSteff(n, 6) s =̇ 2.617 p = 2 EI =̇ 1.618
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5. Numerical Examples
We have applied the method in Section 4, with k = 1, 2, 3, to three nonlinear equations

f (x) = 0 of different types with simple roots that we denote α. We recall that, in this
method,

xn+1 = xn −
f (xn)

f (xn − f (xn)/p′n,k(xn))− f (xn)

− f (xn)/p′n,k(xn)

, n = k, k + 1, k + 2, . . . ,

with

p′n,k(xn) = f [xn, xn−1] +
k

∑
i=2

f [xn, xn−1, . . . , xn−i]
i−1

∏
j=1

(xn − xn−j).

We also recall that, for a fixed k, k ∈ {1, 2, 3, . . .}, and with x0 as the initial approximation
that we choose, we determine x1 from x0, via the Steffensen method. (Again, x1 can also
be assigned any reasonable value. For example, we can choose x1 close to x0 but arbitrary
otherwise.) Following that, we compute x2 from x0 and x1 via the method SSteff(1, 1). Next,
we compute x3 from x0, x1, x2 via SSteff(2, 2), and continue this way until we obtain xk

from x0, x1, . . . , xk−1 via SSteff(k − 1, k − 1). Following that, we continue with SSteff(n, k)
to compute xn+1, n = k, k + 1, . . . , as described in Section 4.1.

Let us write, for each k ∈ {1, 2, . . .},

ϵn = xn − α, ρn =
log |ϵn+1/ϵn|
log |ϵn/ϵn−1|

.

By Theorem 1, we have, for each k,

lim
n→∞

ρn = sk.

This, of course, means that the ρn approximate sk for each fixed k. (Recall that s1 =̇ 2.414,
s2 =̇ 2.547, and s3 =̇ 2.592.)

In the examples that follow, we have done all our computations using 1000-digit
arithmetic to also demonstrate numerically the validity of our theory. The entrees denoted
“−−−” in the accompanying tables are not absolute zeros; they only mean that errors are
below the working precision of the arithmetic used in the computations.

Example 1. Our first example is f (x) = x5 − 243, whose root is α = 3. Note that f ′(α) = 405.
The results of our computations, starting with x0 = 4, are given in Table 1. With this choice of
the initial approximation, the method converges smoothly to the root α = 3 for all values of k. The
computed values of ρn clearly approach the theoretical orders of convergence, and the asymptotic
behavior is well-observed before the onset of finite-precision saturation.

Example 2. Our second example is f (x) = x + log(x + 1)− (3 + log 4), whose root is α = 3.
Note that f ′(α) = 5/4. The results of our computations, starting with x0 = 4, are given in Table 2.
As observed, the method exhibits rapid convergence for all values of k. Moreover, the estimated orders
ρn approach the theoretical values associated with each choice of k. Due to the high convergence
speed, the iterates reach the exact solution within the working precision after only a few steps, and
the subsequent entries are affected by finite-precision saturation.
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Table 1. Errors |ϵn| = |xn − α| and observed orders ρn for f (x) = x5 − 243 = 0 with x0 = 4.

k = 1 k = 2 k = 3
n |ϵn| ρn |ϵn| ρn |ϵn| ρn
1 1.00D+000 1.00D+000 1.00D+000
2 1.73D−001 1.7152 1.73D−001 2.6655 1.73D−001 2.6655
3 8.57D−003 2.4568 1.62D−003 2.1004 1.62D−003 2.5454
4 5.30D−006 2.3988 8.85D−008 2.6798 1.11D−008 2.5328
5 1.07D−013 2.4167 3.35D−019 2.5519 9.14D−022 2.6102
6 2.69D−032 2.4138 2.38D−048 2.5381 6.47D−056 2.5939
7 3.43D−077 2.4143 2.47D−122 2.5484 1.69D−144 2.5915
8 1.40D−185 2.4142 7.20D−311 2.5470 4.61D−374 2.5916
9 3.00D−447 4.52D−791 5.25D−969
10 −−− −−− −−−

Table 2. Errors |ϵn| = |xn − α| and observed orders ρn for f (x) = x + log(x + 1)− (3 + log 4) = 0
with x0 = 4.

k = 1 k = 2 k = 3
n |ϵn| ρn |ϵn| ρn |ϵn| ρn
1 3.75D−002 3.75D−002 3.75D−002
2 7.81D−007 2.2930 7.81D−007 2.4749 7.81D−007 2.4749
3 1.44D−017 2.4363 2.02D−018 2.5207 2.02D−018 2.5903
4 1.01D−043 2.4104 1.26D−047 2.5571 1.97D−048 2.5869
5 9.13D−107 2.4149 2.61D−122 2.5462 4.52D−126 2.5961
6 5.25D−259 2.4141 1.80D−312 2.5463 1.24D−327 2.5916
7 1.57D−626 1.11D−796 5.45D−850
8 −−− −−− −−−
9 −−− −−− −−−
10 −−− −−− −−−

Example 3. Our third example is f (x) = (x − 2)ex − e3, whose root is α = 3. Note that
f ′(α) = 2e3. The results of our computations, starting with x0 = 4, are given in Table 3. With
this choice of the initial approximation, the method converges smoothly to the root α = 3 for all
values of k. The computed values of ρn clearly approach the theoretical orders of convergence, and
the asymptotic behavior is well-observed before the onset of finite-precision saturation.

Table 3. Errors |ϵn| = |xn − α| and observed orders ρn for f (x) = (x − 2)ex − e3 = 0 with x0 = 4.

k = 1 k = 2 k = 3
n |ϵn| ρn |ϵn| ρn |ϵn| ρn
1 1.00D+000 1.00D+000 1.00D+000
2 2.31D−001 1.7036 2.31D−001 2.2639 2.31D−001 2.2639
3 1.91D−002 2.4379 8.40D−003 2.1077 8.40D−003 2.5246
4 4.35D−005 2.3975 7.75D−006 2.7672 1.95D−006 2.5851
5 2.02D−011 2.4167 3.10D−014 2.5361 7.79D−016 2.6193
6 1.00D−026 2.4138 1.56D−035 2.5367 1.89D−040 2.5889
7 1.14D−063 2.4143 1.45D−089 2.5496 3.54D−104 2.5907
8 7.34D−153 2.4142 2.54D−227 2.5468 2.81D−269 2.5920
9 3.46D−368 2.4142 3.65D−578 3.22D−697
10 4.95D−888 −−− −−−

Interestingly, the equation we have treated is related to the Lambert equation. This can be
shown as follows: letting x = y + 2, f (x) = 0 becomes

yey+2 − e3 = 0 ⇒ yey = e,

which is a Lambert equation. Clearly, the solution of this equation for y is simply
y = W(e) = 1, where W(e), the solution of yey = e, is the principal branch of the Lambert
W-function. This results in α = 3 for the solution of f (x) = 0.
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Appendix A
Theorem A1. The real polynomial

gk(z) = zk+1 − azk −
k−1

∑
i=0

zi, a > 1, (A1)

has only one positive simple zero zk in the interval (a, a + 1), and all the other zeros have moduli
smaller than 1. In addition, zk form a monotonically increasing sequence, and we have

a +
√

a2 + 4
2

= z1 < z2 < z3 < · · · ; lim
k→∞

zk = ẑ =
a + 1 +

√
(a − 1)2 + 4
2

< a + 1. (A2)

Proof. Define the polynomial Gk(z) as in

Gk(z) = (z − 1)gk(z) = zk+2 − (a + 1)zk+1 + (a − 1)zk + 1.

Then,
Gk(a) = −ak + 1 < 0 and Gk(a + 1) = (a − 1)(a + 1)k + 1 > 0.

Therefore, Gk(z) has a zero zk in the interval (a, a + 1). Clearly, zk is also a zero of gk(z)
since a > 1. By Descartes’ rule of signs, Gk(z) has either two positive zeros or none. But,
since z = 1 is such a zero, Gk(z) must have one more, and this is zk. Thus, zk is the only
positive root of gk(z). Of course, this also implies that

Gk(z) > 0 if z > zk, Gk(z) < 0 if 1 < z < zk. (A3)

Next, by the fact that
zGk−1(z) = Gk(z) + z − 1

and because Gk−1(zk−1) = 0, we also have that

Gk(zk−1) = −zk−1 + 1 < 0, since zk−1 > a > 1,

which, upon invoking (A3), implies that zk−1 < zk. Thus, the sequence {zk}∞
k=1 is mono-

tonically increasing and is bounded from above by a + 1. Therefore, limk→∞ zk = ẑ exists.
To determine ẑ, we rewrite the equality Gk(zk) = 0 as in

z2
k − (a + 1)zk + (a − 1) + z−k

k = 0.

Letting now k → ∞ and recalling that zk > a > 1 so that limk→∞ z−k
k = 0, we obtain

ẑ2 − (a + 1)ẑ + (a − 1) = 0.

That is, ẑ is a solution to the quadratic equation z2 − (a + 1)z + (a − 1) = 0. This equation
has two positive solutions, one being in (0, a) while the other is in (a, a + 1). Clearly, ẑ is
the solution that is in the interval (a, a + 1), as given in (A2).
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We now turn to the remaining k roots of the polynomial gk(z), which are the roots of
the polynomial hk(z) = gk(z)/(z − zk) that has degree k, that is,

hk(z) =
k

∑
j=0

cjzj, ck = 1.

Then, gk(z) = (z − zk)hk(z), which gives the identity

zk+1 − azk −
k−1

∑
j=0

zj = −zkc0 +
k

∑
j=1

(cj−1 − zkcj)zj + ckzk+1,

hence leading to the following k + 1 equations:

−zkc0 = −1; cj−1 − zkcj = −1, 1 ≤ j ≤ k − 1; ck−1 − zkck = −a.

Solving the first k of these equations for c0, c1, . . . , ck−1, in this order, we obtain

cj =
1
zk

j

∑
i=0

1
zi

k
, 0 ≤ j ≤ k − 1 ⇒ 0 < c0 < c1 < · · · < ck−1.

The last equation, with ck = 1 and zk < a + 1, gives

ck−1 = zkck − a = zk − a < 1 = ck ⇒ ck−1 < ck.

Therefore,
0 < c0 < c1 < · · · < ck−1 < ck,

and, by the Eneström–Kakeya theorem, the polynomial ∑k
j=0 cjzj has all its zeros in the

interior of the unit disk {z : |z| ≤ 1}. In fact, these zeros are in the annulus D,

D =
{

z : min
0≤j≤k−1

{cj/cj+1} ≤ |z| ≤ max
0≤j≤k−1

{cj/cj+1}
}

.

This completes the proof.

Note that the problem treated in Theorem A1 is analogous to, yet different from, a
similar problem treated in Traub [6] (pp. 46–51).

For Descartes’ rule of signs, see, for example, Henrici [20] (p. 442). For the Eneström–
Kakeya theorem, see, for example, Henrici [20] (p. 462), Marden [21] (p. 136), and Pólya
and Szegő [22] (p. 107).
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