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Abstract

The Steffensen method is a very effective root-finding procedure used for solving non-
linear equations of the form f(x) = 0 numerically. When the root of f(x) is simple, this
method converges with order 2. Following a critical review of its convergence analysis,
in this work, we provide a modification with memory of the Steffensen method, which
achieves an order substantially higher than 2, without increasing the number of function
evaluations per iteration. Specifically, with an arbitrary fixed integer k > 1 and with initial
approximations xg, X1, . .
tions to the solution of f(x) = 0 via x,,4+1 = X — f(xn)/ flcn, xu], n =k, k+1,..., where
cn = xn — f(xn)/ P} ;(xn) and p; x(x) is the polynomial of interpolation to f(x) at the

., X, the modified method generates a sequence of approxima-

points x,,, x;,_1, ..., X,_k. Just as in the original method, the modified method makes use
of only f(x); no derivatives of f(x) are needed. We prove that the order of this method is
1+ /2 = 2414 for k = 1 and it can be increased towards (3 + 1/5) /2 = 2.618 by increasing

k. (For example, the order of the method is 2.617 - - - already for k = 6.)

Keywords: nonlinear equations; Steffensen method; secant method; order of convergence

MSC: 656H04; 65H05

1. Introduction and Background

Let « be the solution to the equation

f(x) =0, (1)

and assume that f(x) is twice continuously differentiable in a closed interval I containing «
in its interior. A very effective iterative method used for solving (1) when « is a simple zero
of f(x) is the Steffensen method. Starting from an initial approximation x, this method
computes a sequence of approximations {x, }7"_, to &, such that x,, 1 is determined from
X, via

_ . f(xn)
T T T G+ f(n)) — F ()
f(xn)

Thus, at each iteration, two evaluations of f(x) are performed. No derivatives of f(x) are

n=201,.... (2)

computed. When « is a simple zero of f(x), that is, when f’(x) # 0, which we assume
throughout this work, the sequence {x, }$_, converges quadratically.

Starting with the Steffensen method, in this work, we aim to develop a new class of
iterative methods with memory for solving nonlinear equations with a simple root. In
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Section 2, we give a brief review of the essentials of the Steffensen method, especially
of its convergence analysis. Based on this review, in Section 3, we propose to mod-
ify the Steffensen method and construct a sequence of iterative methods with memory.
These methods:

e require only two evaluations of f(x) per iteration, just like the Steffensen method,
*  require no evaluations of derivatives of f(x), and

e have order 1+ 2 = 2414 at minimum, which increases quickly towards
(34 1/5)/2 = 2.618. (This should be compared with the order of Steffensen’s method,
which is 2.)

In this sense, the cost per iteration of each of our methods is the same as that of the Steffensen
method, while its order and efficiency index are higher than those of the Steffensen method.

We present a complete and detailed convergence theory for the new methods in
Section 4 that is supplemented in Appendix A. In Section 5, we present three numerical
examples that validate the convergence theory. We emphasize that we do not address the
issues of multiple roots, global convergence, or related basins of attraction.

The Steffensen method and others are discussed in many books on numerical analysis—
see, for example, Atkinson [1], Dahlquist and Bjorck [2], Henrici [3], Ralston and Rabi-
nowitz [4], Stoer and Bulirsch [5], and Traub [6]; see also Sidi [7].

We also mention that there are quite a few methods with memory in the literature that
generalize Steffensen’s method and that achieve higher accuracies and efficiency indices—
see, for example, Cordero and Torregrosa [8,9], DZuni¢ [10], DZuni¢ and Petkovi¢ [11],
Liu et al. [12], Ren and Bi [13], and Wang and Zhang [14]; see also the book [15], the
survey [16] by Petkovic et al., and the recent work [17] by Cordero et al.

2. Review of the Steffensen Method
2.1. The Steffensen Method as a Special Case of a General Iterative Method

For future use, let us consider iterative methods for the equation f(x) = 0 that generate
sequences of approximations {x; }$_, to the solution & of this equation via

— f(xn)
B (R (D

Cn — Xn

for some appropriate cj,. 3

[Comparing (2) with (3), it is easy to verify that x,,;; in the Steffensen method is generated
by (3) by choosing ¢, = x, + f(x) in the latter.] Subtracting « from both sides of (3), and
making use of the facts that

flen) = f(xn)

Cn — Xn

= flenxa] and  f(xn) = f(xn) = f(&) = flxn, &l (xn —a), (&)

where f[zo,z1,...,2zm] denotes the mth order divided difference of f(x) over the set of
points {z,z1,...,zm }, we obtain

flen, xu] — flxn, «]

_ _ flen, xn, o
Xyl — & = Flen ] (xp — ) = m(cn —a)(x, —a). (5)

Here, we have used the fact that divided differences are symmetric functions of their
arguments and that

f[u, v, w] — f[u/ U} _f[u/ w} . (6)

0—w
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The relation given in (5) is actually the starting point of a unified analytic treatment of
several methods that are as described in this paragraph. For this, we make use of the
properties of divided differences; these are summarized in [7].
2.2. Analysis of the Steffensen Method

Going back to the Steffensen method with ¢, = x,, + f(x,,), we have

e — &= X — o+ £(x) = (L4 Flx,a]) (0 — ), %
where we have invoked (4). Thus, (5) gives

Yol — = M(l T Flon a]) (xn — )2, ®)

The rest of the analysis of the Steffensen method follows by letting n — co and making use
of the fact that x;, ¢, — « provided xj is sufficiently close to a. We then have

lim Xyl — & f”((X)

% (xn — )2 2f'(a) [1+ f'(«)] when f e C?(a—p,a+p)forsomep >0, (9)

provided f’(a) # 0, which we assume throughout this note. Here, we have made use of
the facts that

e
flzo,z1,- -, zm) = - or some 2 € (min{zg, z1,...,2m }, max{zo,21,...,2m}),
assuming f € C"[a,b] and {z0,z1,...,2m} € [a,b]. (10)

From this, it is clear that the method has an order of convergence 2 when f”(«) # 0 and

f(w) # -1

2.3. Can the Steffensen Method Be Enhanced?

Now, if f/(a) = —1, the right-hand side of (9) vanishes and the method achieves order
higher than 2. The question then is whether we can somehow achieve this at zero additional
cost. Here, we describe the approach taken in Traub [6] (pp. 185-187) for dealing with
this question.

The most direct way of achieving this is to apply the Steffensen method to the equation

1

F(x) =0; F(x) =pf(x), p= P’ (11)
since F'(a) = —1. With this, (2) becomes
Xp+1 = Xn — F(xn) =Xy — f(n) (12)
i " F(xn + F(xn)) — F(xn) T pf () — f(xn)
F(xn) uf(xn)

This, of course, is impractical simply because f’(a) is not available. We can, however,
replace f’(«) by suitable approximations. In particular, we can achieve this by replacing y in
(11) and (12) by py, which has the property that

lim py =p=— L (13)

n—00 W
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This seems to have a good chance of improving the order of the method. Let us also note
that (12) (with u replaced by ;) can be expressed as in (3) as follows:

— oy f(xn) Cn = X x
Xn4+1 = Xn —f(cn) _f(xn) ’ n n+ ,unf( n)- (14)

Cn — Xn

Needless to say, the error expression given in (5) remains valid. Two preliminary such
choices of {y, } are discussed in the next section. In Section 4, we describe a new choice
of {un} that generalizes one of two choices described in the next section; this results in a
sequence of methods whose orders can be improved towards (3 + v/5) /2 = 2.618, which is
substantially larger than 2. The cost per iteration of these methods is the same as that of the
Steffensen method, namely, two evaluations of f(x) per iteration.

3. Preliminary Improvement of the Steffensen Method
3.1. An Expensive Choice: py = —1/ f'(x)

To motivate the approach we take later, we first describe a method that is not zero-cost
and was suggested in Traub [6] (p. 180, Equations (8)—(55)).

Taking into account the fact that the Steffensen method converges, we first choose
tn = —1/ f'(xn), which clearly satisfies (13). This choice of y, is not what we are looking
for since the resulting method requires, at each iteration step, one evaluation of f'(x), in
addition to the two evaluations of f(x). Nevertheless, we show shortly that this will direct
us to the right path. With this choice of p;,

Y. — f(xn)
"G’ 1

thus, ¢, is the result of applying one step of the Newton—-Raphson method to the equation

Cyp =

f(x) = 0, starting with the approximation x, to . Subtracting a« from both sides of (15)
and invoking (4) gives

U 77,4 [ Rt R G 770 I VORI
R RC R (o ] G 1o ) RN

Next, making use of the fact that f'(z) = f|z,z| and of (6), we have

flxn, xn] = flxn, a] Yo — ) = flxn, xn, 4] o — )2
£ (xn) (xn ) 7 (xn) (xn ). (17)

Substituting this into (5), we obtain

Cyp— & =

o f[cl’l/ Xn, 04] f[xn,xn,oc]

Xpi1— &= Flemxl 7 (on) (xn — ). (18)

Dividing both sides of (18) by (x, — a)® and letting n — oo (and hence x,,c, — a), we
finally obtain

i
nl—r>rz>lo (xn — (x)3

215 -

which shows that this method has order 3. It is clear that the cost per iteration of the method
we have just described is two evaluations of f(x) and one evaluation of f’(x).
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3.2. A Preliminary Zero-Cost Choice: py = —1/ f[xpn, ;1]

The choice u, = —1/f'(x,) that we made in the preceding subsection is actually
very effective in that it increases the order of the Steffensen method from 2 to 3. It has
the drawback that it requires the evaluation of f’(x) once every iteration. Its success
suggests to us that we could improve the order of the Steffensen method by using a zero-cost
approximation to f'(x,) instead of f'(x,) itself. We can achieve this af zero additional cost, for
example, by letting

1 1
M ] FCon) — fn ) (20)
Xn — Xn—1

since f(xy) is already needed (hence computed) in (14) and f(x,_1) is available from
the previous iteration step, and limy, ;e f[Xn, x,—1] = fla, a] = f'(«), assuming that the
sequence {Xx, }"_, converges to a.

With this choice of y;,
f(xn) (21)

f[xn/ xnfl} ’

thus, ¢, is the result of applying one step of the secant method to the equation f(x) =0,

Cn = Xy —

starting with the approximations x,_1 and x, to . Upon subtracting « from both sides of
(21) and invoking (4), we obtain

cn—vc—(xn—a)—f[x"’“](x"“)—<1—ff[x”’“]])(xn—zx). (22)

f[xn/ xnfl] [xi’l/ Xn—1

Next, making use of (6), we have

f[xﬂrxn—l] - f[xnr“]

flxn, xn-1]

(xp —a) = flxn, Xn1, ] (xn —a)(xy_1 —a). (23)

cn— =
" f[xn/ xnfl]

Substituting this into (5), we obtain

Xpi] — 0 = f[Cn, Xn, “] f[xn/ Xn—1, tX]
" flen, xn)  flxn, xp-1]

(xn — ) (xp_1 — ). (24)

Dividing both sides of (24) by (x,, — a)?(x,_1 — a) and letting n — oo (and hence x,,, ¢, —
«), we finally obtain

L, (25)

i s~ 3700

n—oo (X, — a)2(x,_1 — &)
which shows that this method has order s; with 2 < s; < 3. Indeed, letting

Xpt1 — &
it can be shown that s; is the positive solution of the polynomial equation s> —2s — 1 = 0,
namely, s; = 1+ /2 = 2.414, and that Q = IL|V2.

Note that we have not justified these convergence results rigorously here because
they follow from the complete analysis given in the next section, where we generalize
tn = —1/ f[xn, x,—1] to something more sophisticated. That is, the convergence results
stated here are special cases of those in the next section.

Before we go on, we mention that a zero-cost method that is similar (but not identical)
to the method we have just described is treated in Traub [6] (pp. 185-187).
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4. SSteff(n, k): General Enhancement of the Steffensen Method
4.1. Generalization of py = —1/ f[xn, X—1]
So far, we have observed that (i) by choosing u, = —1/f'(x,) in (14), we can increase

the order of the Steffensen method from 2 to 3, and (ii) by choosing y, = —1/ f[xn, x,_1]
in (14), we can increase the order of the Steffensen method from 2 to 1 + /2 = 2.414.
The reason the second choice achieves an inferior improvement compared to the first is
that we are only approximating f'(x,) (in a crude fashion) by the derivative of the linear
interpolant to f(x) at x, and x,_1. Thus, it seems reasonable to conclude, if we can
improve the approximation to f’(x,), we may be able to improve the order of the resulting
method further, pushing it closer to 3. We do this by approximating f(x,) by p;, ,(xx),
where p,, 1 (x) is the polynomial of interpolation (of degree at most k) to f(x) at the points
Xp,Xp—1,--.,X,_k, for some arbitrary integer k that is at our disposal. Thus, expressing
Pnk(x) via Newton’s interpolation formula, that is,

k i—1
Pui(x) = f(xn) + Zf[xn/xn—ln v xn] ] [(x = Xn—j)/ (27)
i=1 j=0
we have
1 k i—1
Wn = ——F——F~~ P:l,k(xn) = f[xn/ xn—l] + Zf[xn/ Xp—1s-- -/xnfz'] (xn - xnfj)' (28)
P (xn) i=2 =1

For the efficient computation of p], , (xx), see [18], where the idea of approximating f'(xx)
by p;, (xn), where p, x(x) is the polynomial of interpolation (of degree at most k) to f(x)
at the points x,,, x,,_1, . .., X;,_k, was introduced by the author originally.

Observe that we need no extra computation of f(x) for the present choice of
since the values of f(x) required for determining p; , (xx) are (i) f(x»), which needs to be
computed anyway, and (i) f(x,_;), i = 1,...,k, which are already available from previous
iterations. Of course, we do not need to compute any derivatives of f(x). It is clear that
the computation of p;’k(xn) as presented in (28) can be achieved via a small number of
arithmetic operations depending on k. Thus, the cost per iteration of the proposed method
is practically two evaluations of f(x), just as that of the Steffensen method itself. Clearly, for
k=1, wehave p; | (xx) = f[xn,x,_1] and we are back at the case described in Section 3.2.

With the choice p, = —1/p;,k(xn), we have, for each fixed k € {1,2,...},

- _L — _ f(x”)
B [ K T e )

and hence our method now is described via

X — f(xn)
T F e — F () /Pl () — )
_f(xn)/P;,k(xn)

n=kk+1,..., (30)

with appropriate initial approximations x, x1, . . ., X to . For convenience, let us denote
this method (of computing x,, ;1 from x,, x,_1,...,x,_¢) by SSteff(n,k) whenn > k. As
we show in Theorem 1, the method SSteff(n, k) has an order that can be driven towards
(3 ++/5)/2 = 2.618 by increasing k.

A critical issue that arises immediately is that of generating systematically the initial
approximations x1, X, . . ., X, instead of choosing them arbitrarily. Choosing xj first, these
can be generated one by one in the order listed as follows:
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Determine x; via the Steffensen method in (2). (Note that x; can also be assigned any

reasonable value. For example, we can choose x; close to x( but arbitrary otherwise.)

Determine x; applying SSteff(1,1) with xo, x1 as initial approximations.

Determine x3 applying SSteff(2,2) with xg, x1, x as initial approximations.

Determine x; applying SSteff(k — 1,k — 1) with xg, x1, X2, . . ., Xx_1 as initial approximations.

(From here on, continue with SSteff(n, k) and generate x,, 11, n =k, k+1,k+2,....)
Clearly, x1,x2, ..., x are not arbitrary initial values; they are true approximations to the

root o as they are obtained by using valid root-finding methods, namely, Steffensen’s method

to determine x;, and SSteff(j, j) to determine xj+1,j =1,2,...,k — 1. In addition, it is clear

that, foreach j =0,1,...,k —1, xj11 is likely to be a better approximation to « than x;.

Remark 1. Precisely, this approach was developed originally in Sidi [18] to generalize the secant
method to improve its order from (14 +/5) /2 = 1.618 towards 2 at zero additional cost. The application
of this generalized secant method to complex roots has been described recently in Sidi [19].

4.2. Analysis of Convergence of SSteff(n, k)

Theorem 1. Let « be the solution to the equation f(x) = 0. Assume f € CK+1(I), where I is a
closed interval containing « in its interior, and assume also that « is simple, hence f'(«) # 0, in
addition to f(a) = 0. Let xo, X1, . .., X be distinct initial approximations to a, and generate via
(30) the approximations x, 11, n =k, k+1,..., where p, x(x) is the polynomial of interpolation
to f(x) at the points Xy, X1, ..., Xy, and hence p,, (xn) is as given in (28). Then, provided
X0, X1, .., Xg are in I and sufficiently close to w, the sequence {x, }$_, converges to a, and

e _ (DM P @) _

lim

n—o0 6% H?:l €n_i - 21 (k + 1)! [f/(IX)]Z €Em =Xy — K Y m. (31)

The order of convergence sy, is the only positive root of the polynomial
k=1
gk(s) =K —2sF — Y o, (32)
i=0

and 2 < s < 3. Actually,

2
1
1+\f2:sl<sz<53<---; limsk:§:3+\@:( +\/§) =2618---, (33)
k—o0 2 2
and
lim M — |L|(k+1)/(sk—l) = lim 10g|€7’l+1/€n| = 5. (34)

e n—oo log len/€n_1| o

Remark 2. Note that, in Theorem 1,
s1 = 2.414, sp =2.547, s3 =2.592, s4 = 2.608, s5 = 2.614, s = 2.617, ...,

rounded to four significant figures. Thus, already with k = 6, we are almost achieving the highest
order of convergence possible.

Proof. Below, we use the short-hand notation
int(ay,...,am) = (min{ay,..., a4y}, max{ay, ..., am}).

Analysis of ¢y in (29):

https://doi.org/10.3390 /math14132430
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We start by deriving a closed-form expression for ¢, — «. Subtracting & from both sides
of (29), and noting that

f(xn) = f(xn) = f(&) = flxn, a] (xn — &),

we have

Ch— o = (1 _ flxn, a] )(xn ) = p;z,k(x") _fgxn/“] (xn — a). (35)

P,’Lk(xﬂ P;,k(xn

We now split p;  (xn) — f[xn, ] as in

P (xn) = flxn o] = {pp(xn) = f'(xn) b+ {f(xn) = flxn, ]} (36)

Invoking

f/(xn) — flxn,a] = flxn, xn] = flxn, ] = flxn, xn,a](xn —a) = ol (xn —a)

for some 77, € int(x,, a), and

k
f/(xn) - P;,k(xn) = f[xn/ Xn, Xn—1s--- /xn—k] H(xn - xnfi)

f(k+l k

i=

for some &, € int(xy,x,_1,...,%,_x), (36) becomes

(k+1 k "
p:z,k(xn) — flxn, 0] = _f k—|—1 H —€n—i) f ;1!7”)6% (38)

i=

Substituting (37) and (38) into (35), and letting

N haaid (39 f"(1n)
D _—W and E, = TR (39)

we finally obtain

/ N
Cn —n = unen; un = Pn,k(xn> _f[-xn/DC] _ Dn I—-[l 1(€n Gn,I) + Enen ‘ (40)

pln,k(x”) f/(xn) +Dn Hz 1(611 —€p— l)

We now prove that ¢, is closer to a than x; is, provided x,,, x,,_1, . . ., x;,_ are all sufficiently
close to a. Without loss of generality, we can assume that I = [« — T, a + T| for some
T > 0, and that m; = minye; |f'(x)| > 0. This is possible since « € I and f'(a) # 0.
Let Ms; = max,¢; |f(s)(x)|/s!, s =1,2,...,and choose an interval | = (« —t/2,a +t/2),
J C I, sufficiently small to ensure that 7y > 2M;1tX + Myt /2. Tt can now be shown that,
provided x,,_;,i =0,1,...,k, are all in J, there holds

MkHHMen €n—i| + Ma|ey| Mkﬂn 1 (len] + len—i)| + Malen| _

|Un| < < <u(),
Mk+11—[1 1|€n—€n 1‘ Mk+1H1 1(‘€n|+|€n z|)
where L
— t*+ Mot/2
ut) = My "+ My k/ <1
— M1t

https:/ /doi.org/10.3390/math14132430
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Consequently, by (40), |c, — | < |en|, which implies that ¢, € ], just like x,_;,
i=0,1,...,k and is closer to « than x; is.

Analysis of xn+1:

We now turn to x,,41. Substituting (40) into (5), we obtain the closed-form expression

flen, xn, a] p:«,k(x") — flxn, a] %) = flen, xn, &

€ :Ve, V = . Xy —
w1 = Vaens Vo = S EEH I Flem ]

Upen. (41)

Sincecy, € Jjustas x,_;, i =0,1,...,k, we can write

_ f"(tn)
Vn = zf/(Pn)

U,e,, forsome 1y, 04 € J.

Therefore, we also have
Mz —

() = V(0).
Clearly, by shortening the interval | (by making t smaller) if necessary, we can cause
V(t) < 1, and this implies that x,, 1 is also in | and closer to & than x, is. We have
thus shown that, if xg, x1, ..., x¢ are chosen in | and ] is sufficiently small, then the whole
sequence {Xx, }5 ,isin J.

[Va| < —=

Convergence of {xn}o_,:

By the fact that €, 1 = V€, and |V;,| < V(t) < 1 for all , it follows that limy,_,e0 €4, = 0.
Therefore, the sequence {x, };>_, converges and lim;, ;. X, = . By (29), this implies that
limy, 00 ¢y = & as well. Next, by the fact that lim,, . x;, = &, we note that

lim pl(x0) = f/(2) = lim flx,,a],

n—o0 n—oo

and this implies lim, 0 Uy, = 0, which in turn forces lim,_,» V;, = 0. Consequently,
lim, 0 €,41/€n = 0, and this implies that {x,}’, converges superlinearly, that is, of
order greater than 1. As a result, we also have lim, o €,/€,—; = 0 for every i > 1
and, consequently,

€n/€ni=o0(€n/€y_j) asn—oco Vj<i. (42)

We make use of this in the next paragraph.
Proof of (31):
Expanding in (40) the product H?:l (en — €,_;), we have
k

H —€ni) ﬁ _en z[ en/en—i])

i=1 i=1

)k<Heni>[1+O(en/en_1)] asn — oo by (42).  (43)
i=1

Substituting (43) into (40)—(41), and defining

A

D. — f"(tn) Dy, E — f"(tu)  En
" 2f (on) Php(xn)” T 2f"(ou) Pl (xn)

(44)

we obtain

€ni1 = <2Hen l) [14+O(en/€n-1)] + En€s asn — 0. (45)
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Dividing both sides of (45) by e2 Hi-‘:l €,_i, and defining
€n+1
o, = ——2 (46)
6% H?:] €n—i
we have
0w = (-1)fD, [1+O0(en/€n-1)] + En0y_1€n_1€4_k—1 asn — co. (47)
Now, ,
: 1 fa) R @) f (=)
lim D, = — lim E, = . 4
ihe T T kr112f(0) flla) | oame " |2f(a) )

Because (i) limy,—c D, and limy,_, E,, exist and are finite, (ii) lim,— (€, /€,_1) = 0 and
(iii) limy— oo €y—1€5—k—1 = 0, it follows that there exist a positive integer N and positive
constants B < 1 and D, with |E,€,_1€,,__1| < pwhenn > N, for which (47) gives

low| < D+ Bloy—1| forallm > N. (49)

Using (49), it is easy to show that

1-p .
|UN+j| = Dﬁ +pPlonl, j=12,...,
which, by the fact that B < 1, implies that {0, }” ; is a bounded sequence. Making use of
this fact, we have limy, o E0;,—1€4—1€,_k—1 = 0. Substituting this into (47), and invoking
(48), we next obtain limy,_,c 05, = (—1)" limy, e Dy = L, which is precisely (31).
Proof of (33) (Order of method):

That the order s; of the method is greater than 2 can be ascertained from the fact that

lim;, ye0 €41/ €2 = 0, which follows from (31). In order to prove the rest of the theorem,
it suffices to consider the case €, = Le> Hé‘:l €,—; for all n. First, assuming that the
method converges with some order s, we must show that lim, e (|€,11]/|€x]?) = Q
indeed holds for some constants s > 2 and Q > 0. To prove the validity of this ansatz, it is
sufficient to consider the simpler case of |¢;,1| = Qle;|* forall j = 0,1,2,.... (See Traub [6]
(pp- 57-59).) For this, we express all |e,,_;| in terms of |e,|, i = 1,2,.... Starting with

1/s
€
len| = Qlen1* = lenﬂ:lél'/s/
len ' eV

len-1] = Qlen—2f° = len2| = Ql/s — QUs+1/s?

we obtain ,
len| 1/ 1 1 T
|€Yl—i|: Qmi ’ ml:g+?++§/ 1_1/2/----
Substituting this into |e, 1] = |L|€2 TT5_; |€,_;|, we obtain
X k |€n‘1/s" IL| koq k
Q|en|s:|L]enH o = —lenl’ rzZ—b—Z—., M:Zmi.
-1 QM Q izs i=1

Of course, this is possible when s satisfies s = r and QM*! = |L|. Now, the requirement
that s = r is the same as gx(s) = 0; hence, we have shown that the order s should be a root
of the polynomial g (s). By Theorem A1 in Appendix A to this work (with a = 2 there), we
have that gi(s) has only one positive root sy in the interval (2, 3), with all the other roots
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having moduli smaller than 1, which implies that this positive root is indeed the order of
the method. Again, by Theorem Al, the sequence {s;}}> ; is monotonically increasing and
§ given in (33) is its limit and least upper bound as well. The expression given for M can be
simplified considerably, as we show next.

Proof of (34):
What remains to be shown is that

Skfl

Q=ILYF, p=M+1=

First, it is easy to verify that

Fk—i+1 1 &
- i—1
M=} = 7%
i=1 Sk Sk i=1
Next,
kM = (d i51> - (dskH_l) (k+1)5k(5—1)—2(5k+1—1)
ds i=0 S§=S5} dS 5 — 1 S=S5} (s - 1) 5=5
By s"*1 —1 = (s — 1) Xk, &/, this becomes
gpp kDS TS’ ksf—Tings,
k s—1 sp—1

S§=S8j
Now, by the fact that gi(sx) = 0, we have Zi':ol st = si“ — 2sf. Consequently,

_k+2—5k k+1

M = =M+1= ,
Sk—l ﬁ + Sk—l

which is the required result. This completes the proof of the theorem. [

Remark 3. We recall that, for methods that converge superlinearly, that is, with order greater than
1, a measure of their effectiveness is the so-called efficiency index. If an iterative method for solving
f(x) = 0 that requires p evaluations of f(x) and its derivatives (here, we are assuming that the
cost of computing any derivative of f(x) is about the same as the cost of computing f(x)) has order
s > 1, the efficiency index of the method is defined as EI = s'/P. Figuratively speaking, EI is the
order of the method per function evaluation. (See Traub [6] (pp. 11-13) for more on this subject.)
Thus, the larger E1, the more effective the iterative method. In comparing methods, we should look
at their performance after they have done a fixed (and the same) number of function evaluations.
In view of this, let us compare the efficiency indices of the Newton—Raphson and the Steffensen
methods, and the Steffensen—Traub method in Section 3.1, with the efficiency indices of the new
enhanced methods SSteff(n, k), k =1,2,...,6:

Newton—-Raphson s=2 p=2 EI=1414
Steffensen s=2 p=2 EI=1414
Steffensen-Traub (Section 3.1) s =3 p=3 EI=1.442
SSteff(n,1) s=2414 p=2 EI=1554
SSteff(n,2) §=2547 p=2 EI=159%
SSteff(n,3) §=2592 p=2 EI=1.600
SSteff(n, 4) §=2608 p=2 EI=1615
SSteff(n, 5) s=2614 p=2 EI=1617
SSteff(n,6) s=2617 p=2 EI = 1618
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5. Numerical Examples

We have applied the method in Section 4, with k = 1,2, 3, to three nonlinear equations
f(x) = 0 of different types with simple roots that we denote a. We recall that, in this
method,

v f(xn) _
Xp41 = Xn f(xn_f(xn)/p;,k(xn))_f(xn), n=kk+1,k+2,...,
_f(xn)/P;,k(xn)
with
k i—1
p;l,k(xn) = f[xn/ x}’l*l} + gf[xn/ Xpn—1s-- -/xn—i] . 1(Xn — xn_]‘).
1= =

We also recall that, for a fixed k, k € {1,2,3,...}, and with x as the initial approximation
that we choose, we determine x; from xy, via the Steffensen method. (Again, x; can also
be assigned any reasonable value. For example, we can choose x; close to xo but arbitrary
otherwise.) Following that, we compute x, from xg and x; via the method SSteff(1,1). Next,
we compute x3 from xp, x1, X, via SSteff(2,2), and continue this way until we obtain x;
from xo, x1, ..., xx_1 via SSteff(k — 1,k — 1). Following that, we continue with SSteff(n, k)
to compute x,, 41, n = k,k+1,..., as described in Section 4.1.
Let us write, for each k € {1,2,...},

_ log l€ns1/€nl

€En = Xn — &, On = log ‘en/en—l‘ .

By Theorem 1, we have, for each k,

fim pu =5
This, of course, means that the p,, approximate s for each fixed k. (Recall that s; = 2.414,
sp = 2.547, and s3 = 2.592.)

In the examples that follow, we have done all our computations using 1000-digit
arithmetic to also demonstrate numerically the validity of our theory. The entrees denoted

— — —” in the accompanying tables are not absolute zeros; they only mean that errors are
below the working precision of the arithmetic used in the computations.

Example 1. Our first example is f(x) = x> — 243, whose root is & = 3. Note that f'(«) = 405.
The results of our computations, starting with xo = 4, are given in Table 1. With this choice of
the initial approximation, the method converges smoothly to the root & = 3 for all values of k. The
computed values of p, clearly approach the theoretical orders of convergence, and the asymptotic
behavior is well-observed before the onset of finite-precision saturation.

Example 2. Our second example is f(x) = x +log(x + 1) — (3 + log4), whose root is & = 3.
Note that f'(x) = 5/4. The results of our computations, starting with xo = 4, are given in Table 2.
As observed, the method exhibits rapid convergence for all values of k. Moreover, the estimated orders
on approach the theoretical values associated with each choice of k. Due to the high convergence
speed, the iterates reach the exact solution within the working precision after only a few steps, and
the subsequent entries are affected by finite-precision saturation.
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Table 1. Errors |e,| = |x, — | and observed orders p, for f(x) = x® — 243 = 0 with xo = 4.
k=1 k=2 k=3
n |€nl Pn l€n] Pn |€nl Pn
1 1.00D+-000 1.00D+000 1.00D+000
2 1.73D—-001 1.7152 1.73D—-001 2.6655 1.73D—-001 2.6655
3 8.57D—003 2.4568 1.62D—003 2.1004 1.62D—-003 2.5454
4 | 5.30D—-006 2.3988 8.85D—008 2.6798 1.11D—-008 2.5328
5 1.07D-013 24167 3.35D—-019 2.5519 9.14D—-022 2.6102
6 | 2.69D—032 2.4138 2.38D—048 2.5381 6.47D—056 2.5939
7 3.43D-077 2.4143 247D—-122 2.5484 1.69D—-144 2.5915
8 1.40D—-185 2.4142 7.20D—-311 2.5470 4.61D—-374 2.5916
9 3.00D—447 4.52D-791 5.25D—969
10 - —— - —— - — —

Table 2. Errors |e,| = |x, — a| and observed orders p, for f(x) = x +log(x+1) — (3+log4) =0

with xy = 4.
k=1 k=2 k=3

n |€n| Pn = Pn |€n| Pn
1 3.75D—-002 3.75D—-002 3.75D—-002
2 7.81D—-007 2.2930 7.81D—-007 2.4749 7.81D—-007 2.4749
3 1.44D—-017 2.4363 2.02D—-018 2.5207 2.02D-018 2.5903
4 1.01D—-043 2.4104 1.26D—-047 2.5571 1.97D—-048 2.5869
5 9.13D-107 2.4149 2.61D—122 2.5462 4.52D—-126 2.5961
6 5.25D—259 2.4141 1.80D—312 2.5463 1.24D—-327 2.5916
7 1.57D—-626 1.11D-796 5.45D—850
8 ___ _ ___
9 __ ___ __
10 - — = - — = - — =

Example 3. Our third example is f(x) = (x —2)e* — 3, whose root is « = 3. Note that

f'(«) = 2€3. The results of our computations, starting with xo = 4, are given in Table 3. With
this choice of the initial approximation, the method converges smoothly to the root &« = 3 for all
values of k. The computed values of p, clearly approach the theoretical orders of convergence, and
the asymptotic behavior is well-observed before the onset of finite-precision saturation.

Table 3. Errors |e,| = |x, — a| and observed orders p,, for f(x) = (x —2)e* — > = 0 with xg = 4.

k=1 k=2 k=3
n = Pn |€n] Pn len] Pn
1 1.00D+-000 1.00D+-000 1.00D+-000
2 2.31D-001 1.7036 2.31D—-001 2.2639 2.31D—-001 2.2639
3 1.91D—-002 2.4379 8.40D—003 2.1077 8.40D—003 2.5246
4 4.35D—005 2.3975 7.75D—006 2.7672 1.95D—006 2.5851
5 2.02D-011 2.4167 3.10D-014 2.5361 7.79D—-016 2.6193
6 1.00D—-026 2.4138 1.56D—-035 2.5367 1.89D—040 2.5889
7 1.14D—063 2.4143 1.45D—089 2.5496 3.54D—104 2.5907
8 7.34D—153 2.4142 2.54D—-227 2.5468 2.81D—269 2.5920
9 3.46D—368 2.4142 3.65D—578 3.22D—-697
10 | 4.95D—-888 - — = - —=

Interestingly, the equation we have treated is related to the Lambert equation. This can be
shown as follows: letting x = y + 2, f(x) = 0 becomes

ye't2 =0 = ye¥ =e,

which is a Lambert equation.  Clearly, the solution of this equation for y is simply

y = W(e) = 1, where W(e), the solution of ye¥ = e, is the principal branch of the Lambert
W-function. This results in a« = 3 for the solution of f(x) = 0.
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Appendix A
Theorem A1l. The real polynomial
k-1
g(z) = ZF1 — gk — Y 7, a>1, (A1)
i=0

has only one positive simple zero zy in the interval (a,a + 1), and all the other zeros have moduli
smaller than 1. In addition, zy form a monotonically increasing sequence, and we have

2 —_1)2
a++Va*+4 a+1+\/(2a 1) +4<a+1. (A2)

=71 <zp<z3<---; limz, =2=
2 k—o00

Proof. Define the polynomial G (z) as in
Gi(z) = (z—Dge(z) =22 = (a+ 1)+ (a — 1) + 1.

Then,
Ge(a) = —d*+1<0 and Gpla+1)=(a—1)(a+1)"+1>0.

Therefore, Gi(z) has a zero zj in the interval (4,a + 1). Clearly, z; is also a zero of gx(z)
since a > 1. By Descartes’ rule of signs, Gi(z) has either two positive zeros or none. But,
since z = 1 is such a zero, Gy(z) must have one more, and this is z. Thus, zj is the only
positive root of gx(z). Of course, this also implies that

Gr(z) >0 if z>z, Gr(z) <0 if 1<z<z. (A3)

Next, by the fact that
ZGk_l(Z) = Gk(Z) +z-1

and because Gy_1(zx_1) = 0, we also have that
Gk(zkfl) =—z_1+1<0, sincezy_1>a>1,

which, upon invoking (A3), implies that z;_; < zi. Thus, the sequence {z}{? ; is mono-
tonically increasing and is bounded from above by a + 1. Therefore, limy_,, zx = £ exists.
To determine 2, we rewrite the equality Gi(zx) = 0 as in

z%—(a—i—l)zk—l—(a—l)—i-zk_kzo.
Letting now k — oo and recalling that zy > a > 1 so that lim_, z;k = 0, we obtain
22— (a+1)2+(a—1)=0.

That is, 2 is a solution to the quadratic equation z? — (a + 1)z + (a — 1) = 0. This equation
has two positive solutions, one being in (0, 2) while the other is in (4,4 + 1). Clearly, 2 is
the solution that is in the interval (a,a + 1), as given in (A2).
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We now turn to the remaining k roots of the polynomial gi(z), which are the roots of
the polynomial /. (z) = gx(z)/(z — zx) that has degree k, that is,

k .
he(z) =Y ¢7d, =1
j=0

Then, gx(z) = (z — zx)hx(z), which gives the identity

k-1 k
M —aZk = Y2 = —zieo + Y (o1 — )2 + a2k T,
j=0 j=1

hence leading to the following k + 1 equations:
—zreo=—-1 c¢i1—zej=-1, 1<j<k—-1 ¢ 11—z = —a.
Solving the first k of these equations for cy, ¢y, ..., cx_1, in this order, we obtain

11
=2

0<j<k—-1 = 0<c<c<-<cCk1-
Zk {20 %

The last equation, with ¢, = 1 and z; < a + 1, gives
r1=zkck—a=zx—a<l=c = 1<

Therefore,
O<cp<ecr < - <1 <y,

and, by the Enestrom-Kakeya theorem, the polynomial Z}‘:O c]-zj has all its zeros in the
interior of the unit disk {z : |z| < 1}. In fact, these zeros are in the annulus D,

D = : i /c: < < s )
{z Ogrg?_l{cj/cm} <lz| < Ogr?;él{cj/cm}}

This completes the proof. [

Note that the problem treated in Theorem Al is analogous to, yet different from, a
similar problem treated in Traub [6] (pp. 46-51).

For Descartes’ rule of signs, see, for example, Henrici [20] (p. 442). For the Enestrom—
Kakeya theorem, see, for example, Henrici [20] (p. 462), Marden [21] (p. 136), and Pélya
and Szegd [22] (p. 107).

References

NSO wh e

10.

Atkinson, K.E. An Introduction to Numerical Analysis, 2nd ed.; John Wiley & Sons Inc.: New York, NY, USA, 1989.

Dahlquist, G.; Bjorck, A. Numerical Methods in Scientific Computing: Volume I; SIAM: Philadelphia, PA, USA, 2008.

Henrici, P. Elements of Numerical Analysis; Wiley: New York, NY, USA, 1964.

Ralston, A.; Rabinowitz, P. A First Course in Numerical Analysis, 2nd ed.; McGraw-Hill: New York, NY, USA, 1978.

Stoer, J.; Bulirsch, R. Introduction to Numerical Analysis, 3rd ed.; Springer-Verlag: New York, NY, USA, 2002.

Traub, J.E. Iterative Methods for the Solution of Equations; Prentice Hall: Englewood Cliffs, NJ, USA, 1964.

Sidi, A. Unified treatment of regula falsi, Newton—Raphson, secant, and Steffensen methods for nonlinear equations. J. Online
Math. Appl. 2006, 6.

Cordero, A.; Torregrosa, J.R. A class of Steffensen type methods with optimal order of convergence. Appl. Math. Comput. 2011,
217, 7653-7659. [CrossRef]

Cordero, A.; Torregrosa, J.R. Low-complexity root-finding iteration functions with no derivatives of any order of convergence.
J. Comp. Appl. Math. 2015, 275, 502-515.

DZzuni¢, J. On efficient two-parameter methods for solving nonlinear equations. Numer. Algorithms 2013, 63, 549-569.

https://doi.org/10.3390 /math14132430


http://dx.doi.org/10.1016/j.amc.2011.02.067
https://doi.org/10.3390/math14132430

Mathematics 2026, 14, 2430 16 of 16

11.

12.

13.

14.
15.

16.
17.
18.
19.
20.
21.

22.

Dzunig, J.; Petkovi¢, M.S. A cubically convergent Steffensen-like method for solving nonlinear equations. Appl. Math. Lett. 2012,
25,1881-1886. [CrossRef]

Liu, Z.; Zheng, Q.; Zhao, P. A variant of Steffensen’s method of fourth-order convergence and its applications. Appl. Math.
Comput. 2010, 216, 1978-1983.

Ren, H.; Wu, Q.; Bi, W. A class of two-step Steffensen type methods with fourth-order convergence. Appl. Math. Comput. 2009,
209, 206-210.

Wang, X.; Zhang, T. A family of Steffensen type methods with seventh-order convergence. Numer. Algorithms 2013, 62, 429-444.
Petkovi¢, M.S.; Neta, B.; Petkovi¢, L.D.; Dzuni¢, J. Multipoint Methods for Solving Nonlinear Equations; Academic Press: Waltham,
MA, USA, 2012.

Petkovi¢, M.S.; Neta, B.; Petkovi¢, L.D.; DZuni¢, ]J. Multipoint methods for solving nonlinear equations: A survey. Appl. Math.
Comput. 2014, 226, 635-660. [CrossRef]

Cordero, A.; Garrido, N.; Torregrosa, J.R.; Triguero-Navarro, P. Three-step iterative weight function scheme with memory for
solving nonlinear problems. Math. Meth. Appl. Sci. 2023, 48, 8024-8036.

Sidi, A. Generalization of the secant method for nonlinear equations. Appl. Math. E-Notes 2008, 8, 115-123.

Sidi, A. Application of a generalized secant method for nonlinear equations with complex roots. Axioms 2021, 10, 169. [CrossRef]
Henrici, P. Applied and Computational Complex Analysis; Wiley: New York, NY, USA, 1974; Volume 1.

Marden, M. Geometry of Polynomials. In Mathematical Surveys Number 3; American Mathematical Society: Providence, RI,
USA, 1966.

Pélya, G.; Szeg6, G. Problems and Theorems in Analysis I; Springer: Berlin/Heidelberg, Germany, 1972.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.

https:/ /doi.org/10.3390/math14132430


http://dx.doi.org/10.1016/j.aml.2012.02.055
http://dx.doi.org/10.1016/j.amc.2013.10.072
http://dx.doi.org/10.3390/axioms10030169
https://doi.org/10.3390/math14132430

	Introduction and Background
	Review of the Steffensen Method
	The Steffensen Method as a Special Case of a General Iterative Method
	Analysis of the Steffensen Method
	Can the Steffensen Method Be Enhanced?

	Preliminary Improvement of the Steffensen Method
	An Expensive Choice: n=-1/f'(xn)
	A Preliminary Zero-Cost Choice: n=-1/f[xn,xn-1]

	SSteffbold0mu mumu ((section((((n,k): General Enhancement of the Steffensen Method
	Generalization of n=-1/f[xn,xn-1]
	Analysis of Convergence of SSteffbold0mu mumu ((subsection((((n,k)

	Numerical Examples
	Appendix A
	References

