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Abstract

We consider a generalization of the modified Korteweg–de Vries–Burgers equation with a
nonlinear source. Using the Painlevé test for partial differential equation with the Kruskal
variable, we show that the corresponding Cauchy problem cannot be solved by the inverse
scattering transform. However, the equation admits a two-wave solution, which is ob-
tained by means of the Cole–Hopf transformation. Taking into account the traveling wave
reduction, we derive the resulting nonlinear ordinary differential equation and determine
the parameter conditions under which it passes the Painlevé test. This finding suggests the
possible existence of the general solution for the ordinary differential equation, which can
be reduced to the linear third-order equation. The general solution of the resulting linear
equation is expressed in terms of the hypergeometric function.

Keywords: nonlinear differential equation; Painlevé test; traveling wave solution; general
solution; exact solution
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1. Introduction
The study of high-order nonlinear partial differential equations plays a crucial role in

describing various processes in modern mathematical physics. These equations often serve
as fundamental models for wave propagation in dispersive and dissipative media, with
applications spanning hydrodynamics, nonlinear optics, and plasma physics. Of particular
interest are third-order nonlinear partial differential equations. A classic example is the well-
known Korteweg–de Vries equation, which models surface waves in shallow water [1–4].
In such equations, the third-order derivative typically accounts for dispersive effects, while
is combination with nonlinear terms can lead to the formation of solitons [5–7].

Currently, despite significant advances in the development of numerical methods and
the qualitative theory of differential equations, the search for exact analytical solutions to
nonlinear equations remains an important task [8–13]. Analytical solutions allow us to
study various properties of mathematical models, such as the stability of the described
processes and their asymptotic behavior [14–20]. Furthermore, they can be used to verify
the accuracy of numerical algorithms.

Nonlinear partial differential equations (PDEs) can be classified as integrable or non-
integrable. However, there are currently no general algorithms for constructing analytical
solutions to nonlinear PDEs. For integrable equations, methods such as the inverse scatter-
ing transform (for solving Cauchy problems), the Bäcklund transformation (for generating

Mathematics 2026, 14, 2431 https://doi.org/10.3390/math14132431

https://crossmark.crossref.org/dialog?doi=10.3390/math14132431&domain=pdf&date_stamp=2026-07-07
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0001-5926-9715
https://doi.org/10.3390/math14132431


Mathematics 2026, 14, 2431 2 of 10

exact solutions) [21–28], and the Hirota method (for constructing rational and soliton
solutions) [29–33] are widely used.

For non-integrable nonlinear PDEs, researchers have a variety of special ansatz meth-
ods at their disposal to find analytical solutions [34–40]. A significant drawback of these
approaches, however, is the inherent uncertainty in selecting an appropriate method for a
given equation.

In our recent works [41–43], we have aimed to overcome this shortcoming by employ-
ing the following algorithm for constructing analytical solutions to nonlinear non-integrable
PDEs. First, we apply the Painlevé test to determine the integrability properties of the
original PDE [44–50]. This step helps assess whether analytical solutions are likely to exist.

Next, the analysis allows us to identify variables that reduce the original PDE to a
nonlinear ordinary differential equation (ODE) and to find constraints on the equation’s
parameters under which this ODE can admit an analytical solution. Additionally, testing
the original equation for the Painlevé property often provides insight into the structure of
the first integral for the resulting ODE. This insight can then be used to find either a general
solution or a particular exact solution with fewer arbitrary constants.

The purpose of this work is to find exact analytical solutions to a nonlinear third-order
partial differential equation of the form

ut + β uxxx + β (u3)x +
3
2

β (u2)xx = µ uxx + α u + δ u2 − 2 µ u3. (1)

where u(x, t) is a function of the independent variables x and t.
Equation (1) generalizes the well-known modified Korteweg–de Vries equation. The

monomials with the second uxx and third derivatives uxxx in Equation (1) correspond to
the dissipation and dispersion of disturbances in a nonlinear medium. The nonlinear terms
with the first and second derivatives, namely u2ux and (u2)xx, characterize nonlinear con-
vection and dissipation. The nonlinear expressions on the right-hand side α u + δ u2 − 2µ u3

are responsible for the friction and damping that occur during the propagation of a non-
linear wave. Additional explanations have been included in this version of the article.
Moreover, the right-hand side of equation Equation (1) coincides with the Burgers–Huxley
equation, which has been studied in many research papers. Therefore, Equation (1) can be
considered as a natural generalization of the famous Burgers–Huxley models to the case
of third derivatives and additional nonlinear expressions. To the best of our knowledge,
Equation (1) is new and has not been studied previously.

The outline of this paper is as follows. In Section 2, we apply the Painlevé test to
determine the integrability properties of Equation (1). We find that this equation is not
integrable by the inverse scattering transform, as it fails the Painlevé test. Subsequently, in
Section 3, we use the Cole–Hopf transformation to derive an exact solution of Equation (1).
This procedure reduces Equation (1) to an overdetermined system of linear equations,
which can be used to construct two-wave solutions. Finally, in Section 4, we present the
general solution of Equation (1), expressed in terms of a hypergeometric function.

2. Application of the Painlevé Test to the Third-Order Differential Equation
The Painlevé test is one of the most powerful algorithms for verifying a necessary con-

dition for the integrability of nonlinear differential equations. Currently, several algorithms
exist for checking whether differential equations possess the Painlevé property. However,
the simplest algorithm originates from the test used by S. V. Kovalevskaya in her analysis
of the equations of motion for a rigid body with a fixed point [51,52].

This test was modernized in the works of Ablowitz, Ramani, and Segur into a proce-
dure involving three sequential steps [48–50], a form in which it is now commonly applied.
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Initially, the algorithm was not used for nonlinear partial differential equations, but after
the contributions of Weiss, Tabor, and Carnevale [53–55], it was widely adapted through
the use of the Kruskal reduction.

We apply Painlevé test using the expansion of the solution of Equation (1) in the form

u(x, t) =
∞

∑
k=0

ak(t) F(x, t)k−p, (2)

where ak(t) and F(x, t) are new functions.
Using the first step of the Painlevé test and substituting u = a0(t) F−p into the equation

with the leading terms

β (u3)x +
3
2

β (u2)xx + β uxxx = 0, (3)

we obtain two branches for the general solutions with values

(a(1)0 , p) = (1, 1), (a(2)0 , p) = (2, 1).

At the second step of the Painlevé test substituting the expression

u(x, t) = a0(t) F(x, t)−1 + uj Fj−1

into Equation (3), we obtain for the first branch the Fuchs indices in the form

j1 = −1, j2 = 1, j3 = 3. (4)

For the second branch, we have the following Fuchs indices

j1 = −1, j2 = −2, j3 = 3. (5)

Substituting

u(x, t) = a0(t) F−1 + a1(t) + a2(t) F + a3(t) F2 + a4(t) F3 + . . . (6)

into Equation (1) and equating expressions at various powers of F(x, t) = x − ψ(t) to
zero, we obtain that the coefficient a1(t) can be taken as an arbitrary function of t, but the
function a3(t) cannot be arbitrary because the compatibility the condition is not satisfied

K3(t) = 2 δ a1(t) +
12 µ2

β
a1(t) +

2 µ

β
ψt + α +

2 δ µ

β
= 0. (7)

It is easy to see that K3(t) ̸= 0 in the general case. However, using the following
constraints

δ = −6 µ2

β
, ψt = C0 =

6 µ2

β
− α β

2 µ
(8)

we obtain K3(t) = 0.
In this case, we obtain the expansion for the first branch in the form

u(x, t) =
1

F(x, t)
+ a1(t) +

(
ψt

3 β
+

δ

3 β
+

2 µ

β
a2(t)− a1(t)2

)
F(x, t)+

+a3(t) F(x, t)2 + . . .
(9)

One can see from (8) and (9) that the first branch of the general solution passes the
Painlevé test if we look for a solution taking into account the traveling wave reduction. The
same results are obtained in the investigation of the second branch. Thus, we obtain that
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the partial differential equation does not pass the Painlevé test, and the Cauchy problem for
Equation (1) cannot be solved by the inverse scattering transform. However, this suggests
that a general solution may exist for the traveling wave reduction of Equation (1).

3. Exact Two-Wave Solutions of Partial Differential Equation
In this section, we obtain some exact solutions of Equation (1). First of all, let us

introduce the operator En[u] by the formula

En[u] =
(

∂

∂x
+ u

)n
u. (10)

The following two lemmas hold

Lemma 1. If the function u is determined by the Cole–Hopf transformation

u =
Fx

F
, F = F(x, t), (11)

then the following equality holds

En[u] =
(

∂

∂x
+ u

)n
u =

Fn+1,x

F
, Fn+1,x =

∂n+1F(x, t)
∂x

. (12)

Proof. The proof of the lemma is by induction. We have for n = 1 the equality

E1[u] = ux + u2 =
Fxx

F
. (13)

We assume that the following equality holds

Em−1[u] =
(

∂

∂x
+ u

)m
u =

Fm,x

F
. (14)

Let us consider the following chain of equalities

Em[u] =
(

∂

∂x
+ u

)(
∂

∂x
+ u

)m
u =

(
∂

∂x
+ u

)
Em−1[u] =

=

(
∂

∂x
+ u

)
Fm,x

F
=

Fm+1,x

F
.

(15)

This concludes the proof of the lemma.

Taking into account the operator (10), we present Equation (1) in the form

ut + α E0 − µ E2 + β E3 + u (δ E0 + 3 µ E1 − β E2) = 0. (16)

Theorem 1. If a solution u(x, t) of Equation (1) is looked for using the Cole–Hopf transformation,
then function F(x, t) satisfies the following system of equations

Fxt + α Fx + 3 µ Fxxx − β Fxxxx = 0, (17)

δ Fx + 3 µ Fxx − β Fxxx − Ft = 0. (18)

Proof. Substituting u and Ek, k = 0, 1, 2, 3 into Equation (16) and equating expressions
corresponding to powers of F(x, t) to zero, we obtain Equations (17) and (18).
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From Equation (18), we have

Ft = δ Fx + 3 µ Fxx − β Fxxx. (19)

Substituting Equation (19) into Equation (18), we obtain

α Fx + δ Fxx + 2 µ Fxxx = 0. (20)

The solution of Equation (20) can be written in the form

F(x, t) = C1(t) + C2(t) ep1 x + C3(t) ep2 x, (21)

where C1 is an arbitrary function of t and pk (k = 1, 2) are the roots of the quadratic equation

α + δ p + 2 µ p2 = 0. (22)

The functions Ck(t) are determined by substituting Equation (21) into Equation (18) and
equating the coefficients of the exponent terms to zero. This yields the following functions

C1(t) = C1, C1(t) = C(0)
1 ep1 (δ+3 µ p1−β p2

1) t,

C2(t) = C(0)
2 ep1 (δ+3 µ p1−β p2

1) t,
(23)

where C(0)
1 and C(0)

2 are arbitrary constants and p1,2

p1,2 =
−δ ±

√
δ − 8 µ α

4 µ
. (24)

Exact solution F(x, t) takes the form

F(x, t) = C1 + exp
{

p1

[
(x − x1)− (δ + 3 µ p1 + β p2

1) t
]}

+

+ exp
{

p2

[
(x − x2)− (δ + 3 µ p2 + β p2

2) t
]}

,
(25)

where x1 and x2 are arbitrary constants that are determined by the constants C(0)
2 and C(9)

3 .
Substituting (25) into formula (11), we obtain the two-wave solution of Equation (1).
Figure 1 demonstrates solution (11) of the wave (left) and heat map (right) at α = 0.1,

β = 0.3, δ = 0.2, µ = 0.5, C1 = 0.5, x1 = 1.0 and x2 = 5.0.

Figure 1. Solution u(x, t) at α = 0.1, β = 0.3, δ = 0.2, µ = 0.5, C1 = 0.5, x1 = 1.0 and x2 = 5.0 (wave
in left and heat map in right).
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4. The First Integral and General Solution of the Reduced
Differential Equation

We look for a solution of Equation (1) using the traveling wave reduction

u(x, t) = y(z), z = x − C0 t. (26)

Substituting (26) into Equation (1), we obtain a nonlinear ordinary differential equation
in the form

βyzzz + 3β y2yz +
3
2

β (y2)zz − µ yzz − C0yz + α y + δ y2 + 2µ y3 = 0. (27)

Using the conditions (8) of the Painlevé test, we look for the general solution of a
special case of Equation (27) in the following form

βyzzz + 3β y2yz +
3
2

β (y2)zz − µ yzz −
(

6 µ2

β
− α β

2 µ

)
yz+

+α y − 6 µ2

β
y2 + 2µ y3 = 0.

(28)

In order to find the general solution of Equation (28), we determine the first inte-
gral corresponding to the arbitrary function a3(t). Using the polynomial with unknown
coefficients in the form

P = A0 yzz + A1 y yz + A2 yz + A3 y3 + A4 y2 + A5. (29)

Substituting (29) and yzzz from Equation (28) into the equation

Pz − m P = 0, (30)

we find that coefficients Ak, (k = 1, 2, . . . , 5) and the parameter m can be determined.
They take the form

A1 = 3 A0, A2 =

(
m − µ

β

)
A0, A3 = A4, A4 =

3 m
2

A0,

A5 =

(
m2 − µ m

β
+

α

2 µ
− 6

µ2

β2

)
A0, m = −2 µ

β
.

(31)

Taking into account Equations (29) and (30) and assuming A0 = 1, we obtain the first
integral of Equation (28) as follows

yzz + 3 y yz −
3 µ

β
yz + y3 − 3 µ

β
y2 +

α

2 µ
y = C4 exp

(
−2 µ

β
z
)

, (32)

where C4 is an arbitrary constant.
Using the transformation of the form

y(z) =
Vz

V
, V = V(z), (33)

we reduce Equation (32) to a linear ordinary differential equation of the third order

Vzzz −
3 µ

β
Vzz +

α

2 µ
Vz − V C4 exp

(
−2 µ

β
z
)
= 0. (34)
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The general solution of Equation (34) is expressed in terms of the hypergeometric
function in the form

V(z) = C5 0F2

(
[ ],

[
7 µ2 +

√
µ S

4 µ2 ,
α β2 − µ3 + 3µ3/2S

2µ(µ2 +
√

µS)

]
,−C4β2

8µ3 e−
2µ
β z
)
+

+C6 exp

(
6µ3 − αβ2 + 2µ3/2S

(µ2 +
√

µS) β
z

)

0F2

(
[ ],

[
−
√

µ S − µ2

4 µ2 ,
2α β2 − 7µ3 + µ3/2S

2 µ(µ2 +
√

µ S)

]
,−C4β3

8µ3 e−
2 µ
β z
)
+

+C7 exp

(
αβ2 − 3µ3 + µ3/2S
(µ2 +

√
µS) β

z

)

0F2

(
[ ],

[
−5µ3 − αβ2 + µ3/2S

2 µ(µ2 +
√

µS)
,

11µ3 − 2α β2 + 3µ3/2S
2 µ(µ2 +

√
µ S)

]
,−C4β3

8µ3 e−
2 µ
β z
)

,

(35)

where 0F2([ , ], [ , ], ξ) is a hypergeometric function and the parameter S is introduced by
the formula:

S =
√

9 µ3 − 2 α β2.

The general solution of Equation (28) is determined by formula (33). This solution
contains three arbitrary constants.

Assuming C4 = 0, we obtain a linear third-order ordinary differential equation in
the form

Vzzz −
3 µ

β
Vzz +

α

2 µ
Vz = 0. (36)

The solution of Equation (36) is given by

V(z) = C8 + C9 exp (λ1 z) + C10 exp (λ2 z), (37)

where C8, C9, and C10 are arbitrary constants, and λ1,2 are determined by the formula

λ1,2 =
3 µ2 ±

√
9 µ4 − 2 µ α β2

2 µ β
(38)

We obtain an exact solution of Equation (27) by taking into account solution (37) and
conditions (8). This exact solution is similar to, but not identical with, the solution given by
Equation (25).

Figure 2 demonstrates solution (33) of the wave (left) and heat map (right) at α = 0.1,
β = 0.3, δ = 2.0, µ = 1.0, C0 = 0.5, C − 4 = 0.01, C5 = 0.3, C6 = 2.0 and C7 = 2.0.

Figure 2. Solution y(z) at α = 0.1, β = 0.3, δ = 2.0, µ = 1.0, C0 = 0.5, C − 4 = 0.01, C5 = 0.3, C6 = 2.0
and C7 = 2.0 (wave in left and heat map in right).
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5. Conclusions
This article investigates a nonlinear third-order equation that generalizes the modified

Korteweg–de Vries–Burgers equation, incorporating nonlinear dissipation and a nonlinear
source. The Painlevé test is applied to study the integrability of this nonlinear partial
differential equation. It is shown that the Cauchy problem for the considered equation is
not solved by the inverse scattering transform, since the equation fails the Painlevé test.
However, the application of the Cole–Hopf transformation allows the original equation to
be rewritten as a linear overdetermined system, with two wave solutions. It is established
that the corresponding nonlinear ordinary differential equation passes the Painlevé test.
Using insights obtained from this test, we derive a non-autonomous first integral for the
differential equation, which can be reduced to a linear equation. The general solution of
this linear equation is expressed in terms of a hypergeometric function.
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