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Abstract

This article explores properties of conformal vector fields on a Riemannian manifold,
focusing on conditions that lead to the manifold being isometric to the Euclidean space.
Given a conformal vector { with conformal factor ¢ on a Riemannian manifold (N, g), there
is naturally associated a skew-symmetric tensor x to ¢ called the essential tensor of (. It
is shown that the essential tensor x plays a vital role in our study. We intend to analyze
when a conformal vector field becomes a Killing vector field. In a first result of this article,
we obtain a necessary and sufficient geometric condition on a complete and connected
Riemannian manifold (N, g) admitting a conformal vector field { so that { is a Killing
vector field. In the rest of the article, we obtain characterizations of a Euclidean space using
conformal vector fields. In the first such result, it is shown that an n-dimensional complete
and connected Riemannian manifold (N, ), n > 2 admits a conformal vector field { with
conformal factor o # 0 and essential tensor x such that the affinity tensor of Vo is zero,
the function {(0) is a constant, and ¢ annihilates x if and only if (N, g) is isometric to the
Euclidean space E". Similarly, in a second characterization of the Euclidean space E" using
a conformal vector field ¢, we use the following conditions: { annihilates the Ricci operator
S, Vo annihilates ), and the vector field x({) is incompressible. Finally, we consider a
conformal vector field { with conformal factor o # 0 and essential tensor x on a complete
and connected Riemannian manifold (N, g) such that the Hessian operator H,, is invariant

under the local flow of { so that the function (o) — 0

is a subharmonic function and ¢
annihilates x, and show that (N, g) is isometric to the Euclidean space E". The converse

holds as well.

Keywords: conformal vector field; conformal factor; essential tensor; ghairaffinity function;
isometric to Euclidean space

MSC: 53C18; 53C24

1. Introduction

A conformal vector field { on a Riemannian manifold (N, g) is one with a local flow
that consists of local conformal diffeomorphisms of (N, g), or equivalently

1
Eng =0g,

where Lg is the Lie derivative with respect to { and ¢ is a smooth function on N, called the
conformal factor. If the conformal factor o = 0, then ( is a Killing vector field. It is known
that by a conformal change of the metric, any conformal vector field on a Riemannian
manifold (N, g) that has no zeros can be made into a Killing vector field. Such a conformal
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vector field ¢ having no zeros on (N, ) is called an inessential conformal vector field. A
conformal vector field that is not inessential is called an essential conformal vector field.
Since inessential conformal vector fields on a Riemannian manifold (N, g) can be made
into Killing vector fields through conformal change of metric, our focus is on the study
of essential conformal vector fields. If the Riemannian manifold (N, g) is compact, the
famous conjecture of Lichnerowicz (cf. [1]) about essential conformal vector fields states
that a compact Riemannian manifold (N, g) dim N > 3 admitting an essential conformal
vector field is conformally equivalent to a sphere. This conjecture, which is now a proved
result in a more general form (cf. [2]), states that an n-dimensional complete Riemannian
manifold (N, g) that admits a complete and essential conformal vector field is conformally
equivalent to either the sphere S” or to the Euclidean space E". It is worth noting that
conformal vector fields not only reflect on the geometry of the manifold on which they are
defined, but also play a significant role in physics and relativity (cf. [3-9]).

It is well known that conformal vector fields influence the geometry of the Riemannian
manifold on which they exist. Among conformal vector fields, closed conformal vector
fields on a Riemannian manifold have been extensively studied (cf. [2,5-7,9-24]). Observe
that the defining equation implies that the conformal factor ¢ of the conformal vector { on
an n-dimensional Riemannian manifold (N, g) is given by ¢ = n~!div; in the case that
(N, g) is Einstein and ( is a closed conformal vector field, it turns out that Vo is again a
conformal vector field and gives a differential equation, which is studied in detail in [15].

If a conformal vector field { with conformal factor o on a Riemannian manifold (N, g)
is not closed, then using the 1-form f dual to {, one comes across a skew-symmetric tensor
xon (N, g) defined by

dp(F, F2) = 28(xF1, F2)

for smooth vector fields F;, F, on N. This skew-symmetric tensor y is calle the essential
tensor of the conformal vector field {, and plays a vital role in the study of non-closed
conformal vector fields (cf. [13,25,26]). In the next section, we discuss examples of non-
closed conformal vector fields.

Note that spaces such as the sphere S"(c), the Euclidean space E", the hyperbolic
space H"(—c), warped products I x s S", St x ¢ §", and pseudo-ubmbilical submanifolds of
complex space forms M?"(c) are equipped with conformal vector fields (cf. [11,13,14,25]).
Taking a clue from the role of position vector fields of submanifolds of the Euclidean space,
there has been interest in studying submanifolds of the Riemannian manifold (N, g) that
admits a conformal vector field (changing the role of position vector field of Euclidean
space to the conformal vector field on (N, g)); cf. [11] and references therein.

An inessential conformal vector field { on a Riemannian manifold (N, g) is made
Killing on (N, 3), where g is conformal to g. Instead of imposing the condition ¢ = 0
resulting in making a conformal vector field { on a Riemannian manifold (N, g) Killing,
one would be interested in exploring geometric conditions on (N, g) that will force o = 0.
Such a question will require a specific geometric condition satisfied by a Killing vector field
{ on a Riemannian manifold (N, g). In this article, we show that a Killing vector field  on
a Riemannian manifold (N, g) satisfies

Ric(Z,) = din(V2) + xI? M

where Ric is the Ricci tensor and y is the essential tensor of the Killing vector field . A
natural question that arises is whether the property (1) is the characteristic property of a
Killing vector field, or equivalently, whether condition (1) is satisfied by a conformal vector
field ¢ with essential tensor x on a complete and connected Riemannian manifold (N, g),
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and if this necessarily implies that J is a Killing vector field. We show that the answer to
this question is in the affirmative (see Theorem 2).

We mentioned earlier that there is a focus on studying submanifolds of a Riemannian
manifold (N, g) that admits a conformal vector field (as a replacement of the role of position
vector field for submanifolds of a Euclidean space). This initiates the question of finding
conditions on an n-dimensional Riemannian manifold (N, g) that admits a conformal
vector field { with conformal factor ¢ and essential tensor x so that (N, g) isometric to
the Euclidean space E". In the rest of this article, we focus on this issue and find that
the essential tensor x plays an important role in this pursuit. We recall that for a smooth
function f on a Riemannian manifold (N, g), the affinity tensor of Vf is the tensor (cf. [8])

(Lesv),

and we call the function f a gairaffhinity function if the affinity tensor is zero. It is known
that the Euclidean space E” admits a conformal vector field { where the conformal factor ¢
is a ghairaffinity function (see next section). This motivates the question of finding conditions
on a complete and connected Riemannian manifold (N, g) that admits a conformal vector
field ¢ with a conformal factor ¢ that is a ghairaffinity function and essential tensor x so
that (N, g) is isometric to the Euclidean space E". We answer this question and show that
an n-dimensional complete and connected Riemannian manifold (N, g), n > 2 admits a
conformal vector field { with conformal factor o # 0 a ghairaffinity function such that the
function {(0) is a constant and ¢ annihilating the essential tensor yx is necessarily isometric
to the Euclidean space E". The converse also holds (see Theorem 3).
Note that on the Euclidean space E”, the vector field

)
=AY w2,
T

where A is a nonzero constant and u?, ..., u" are Euclidean coordinates, is a conformal
vector field on E" with conformal factor ¢ = A # 0 and essential tensor y = 0. We see that
this example satisfies the following set of conditions:

(@) () S(¢) =0(as S = 0 for E"), (ii) x(Vo) = 0, and (iii) div(x({)) =0

(b) (i) div(x(C)) =0, (i) {(0) = 0, and (iii) Ric({,¢) < 0.

This naturally initiates the question of whether a complete and connected Riemannian
manifold (N, g) admitting a conformal vector field { with conformal factor o # 0 and
essential tensor x (not necessarily zero), satisfying any one of the above set of conditions, is
necessarily isometric to the Euclidean space E". We answer this question in the affirmative.

In the next result, we show that an n-dimensional complete and connected Riemannian
manifold (N, g), n > 2 admits a conformal vector field { with conformal factor o # 0 and
essential tensor x satisfying the following: (i) { annihilates the Ricci operator S, (ii) the
gradient Vo annihilates the essential operator ), and (iii) the vector x({) is incompressible
and isometric to the Euclidean space E”, with the converse also holding (see Theorem 4). In
yet another characterization of the Euclidean space, we use a conformal vector field { on an
n-dimensional complete and connected Riemannian manifold (N, g), n > 2 with conformal
factor o and the essential tensor x, satisfying: (i) the vector x(() is incompressible, (ii) the
conformal factor ¢ is a constant along the integral curves of {, and (iii) the Ricci curvature
Ric({, ) < 0 (see Theorem 5).

Note that Tashiro [27] considered the closed conformal vector field { on an n-
dimensional complete Riemannian manifold (N, g), n > 2 and obtained conditions under
which the manifold is isometric to the Euclidean space. Also, in [14] the authors considered
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a g-analytic conformal vector field g, that is, a conformal vector field { on an n-dimensional
complete and connected Riemannian manifold (N, g) satisfying

Lg)( =0,

where x is the essential tensor of the conformal vector field and, under additional assump-
tions that x({) = 0 and Ric(,{) = 0, showed that (N, g) is isometric to the Euclidean
space E" and that the converse also holds. In addition to this result in [14], the authors also
showed that if { is a nontrivial ¢-analytic conformal vector field and satisfies Al = 0, where
A is the Laplace operator acting on vector fields, then (N, g) is isometric to the Euclidean
space E" and the converse holds as well.

Finally, we consider an n-dimensional complete and connected Riemannian manifold
(N, g) admitting a conformal vector field ¢ with conformal factor o # 0 and essential tensor
Xx- We focus on the Hessian operator H,; of the conformal factor o. We are interested in the
operator H, being invariant under the local flow of the conformal vector field ¢, that is,
equivalent to

L;Hy =0,

and in this case we say that H; is invariant under .
Tashiro in [27] considered an n-dimensional complete Riemannian manifold (N, g),
n > 2 admitting a closed conformal vector field ¢ with conformal factor ¢ satisfying

H(7 - bI,

where b is a nonzero constant. There, it was shown that (N, g) is isometric to the Euclidean
space E" (see Theorem 2). The above condition on the Hessian operator satisfies

L;Hy =0,

which raises the natural question of what additional conditions on a conformal vector field
¢ with conformal factor ¢ and essential tensor x (not necessarily zero) on an n-dimensional
complete and connected Riemannian manifold (N, g) will imply that (N, g) is isometric
to the Euclidean space E". We answer this question in the last result of this article, where
we show that the n-dimensional complete and connected Riemannian manifold (N, )
admitting a conformal vector field { with conformal factor ¢ # 0 and essential tensor
X with H, is invariant under {; the function ({(o) — 0'2) is a subharmonic function, and
X(C) = 01is necessarily isometric to the Euclidean space E", with the converse also holding.

2. Preliminaries

On a Riemannian manifold (N, g) with Riemannian metric g, we denote by V the
Riemannian connection on (N, g). A vector field { on (N, g) is called a conformal vector
field if 1

5Leg =g, 2)

where L; stands for Lie derivative with respect to { and ¢ is a smooth function on N called
the conformal factor of the conformal vector field . It follows that if ¢ = 0, then  is a
Killing vector field. We denote by  the 1-form dual to the conformal vector field ¢, that
is, B(F) = g(¢,F) for F € X(N), where X(N) is the set of smooth vector fields on N. Itis
natural to assign to a conformal vector field a skew-symmetric (1,1)-tensor field y on N
defined by

dB(Fi, B2) = 28(xF1, F2), Fi,F2 € X(N). 3)
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This tensor x assigned to the conformal vector field { is called the essential tensor of ¢, and
has vital role to play in the geometry of the conformal vector field . Using the formulas

L;g(Fi, ) =8(VrT B) +8(VRe F), dB(F,F)=g8(VRL ) —8(VEL F)
and adding them while using Equations (2) and (3), one immediately concludes
Vel =0F+xF, FecX(N). (4)
The curvature tensor of the Riemannian manifold (N, g)
R(F, b)) =V VB = VEVER = Vi 5E, (5)

for F; € X(N),i =1,2,3, and on taking a local frame {ey, ..., e, } on (N, g), the Ricci tensor
Ric of (N, g) is defined by

Ric(F, F) =) g(R(ej, Fi)Fye),  F,F € X(N). (6)

i

Through the symmetries of the Riemannian curvature tensor, it follows that Ric is a sym-
metric tensor. The Ricci operator S of (N, g) is defined by

RiC(Fl,Fz) :g(SFl,Pz), P1,P2 S :f(N), (7)
which is also a symmetric operator. The scalar curvature 7 of (N, g) is given by

T= ZRic(ei,ei). (8)

On using the formula
(VF] S) (Fz) = VF] SF, — S(Vp] F2>,

we have the following expression for the gradient V7 of the scalar curvature 7 (cf. [9]):

SVT= Y (VeS) () ©)

1

Given a conformal vector field { on an n-dimensional Riemannian manifold (N, )
with essential tensor yx, using Equation (4), we have

div{ = no, (10)

where we have used the skew-symmetry of the essential operator x. We find the following
expression for the covariant derivative of the essential tensor ), though it is not new; yet,
as it is so important to our work, we list it below as a Lemma.

Lemma 1. Let { be a conformal vector field on a Riemannian manifold (N, ) with conformal factor
o and essential tensor x. Then,

(VF1X) (Fz) = Fz(O’)Fl — g(Fl, Fz)V(T + R(Fl, g)Fz, Fi,F € X(N)
Proof. On differentiating Equation (4), we have

Vi Vel =F(0)E+ (Vix)(R) + Vv RS
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which in view of Equation (5) reveals
R(F.R){ = F(0)F, — B(0)F + (VEX)(B) — (VEX) (F). (11)
Note that the 2-form 4 in Equation (3) is closed; therefore, we have

8((Vrx)(R), B) +8((Vrx)(B), F) + g((Vrx)(F), B) =0,

which, on using skew-symmetry of the essential tensor in second term and then using
Equation (11), yields

§(R(F.R){ — Fi(0)F, + Fx(0)Fy, F3) + g ((VEX) (F1), F2) = 0.
Transvecting the slot F, in the above equation, we get the result in the Lemma. O

Recall that the Riemannian curvature tensor of a Riemannian manifold (N, g) is
defined by

R(Ey, E; Es, E4) = h(R(Ey, E3)Es, E4), E;€ X(N),i=1,...,4.

Lemma 2. Let { be a conformal vector field on a Riemannian manifold (N, g ) with conformal factor
o and essential tensor x. Then,

1
—R(, P13 B2, Q) + 5 (Lyyeg) (B Bo) + (xFu, XFa) = £(0)g(Fu, ) + g (Fu o)
for smooth vector fields Fy, F, on N.
Proof. Following the techniques described in [28], on using

(Lgg) (Fi, B2) = 8(VRE B2) +8(VRE F)

we have that

(L;Le8) (Fi, B2) = ¢(8(VRE B2) +8(VRE F)) — (Lg) (¢ Al B)
— (Lgg) (F, [, B2)). (12)

Also, we use
(Lv,28) (B ) = 8(VE Vel Bo) +8(VE Vel Fr)

in Equation (12), and upon simplification arrive at

(LeLeg) (Fu Bo) = 2R(8, Fii g o) + (Lw,8) (Fu Ba) + 28 (VG VD).

Using Equation (4) and the skew-symmetry of the tensor ) in the above equation, we obtain

(LgLgg) (Fi, F2) = 2R(G, Fi; 4, B2) + (nggg) (B, F) +20°g(Fy, )
+29(xF, xE). (13)

Now, taking the Lie derivative in Equation (2), we have
LiL;g =2¢(0)g + 407g,

and inserting this into Equation (13) gives the required expression. [J
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Let { be a conformal vector field on a Riemannian manifold (N, g) with essential
tensor x. Then, the squared length of x is given by

IxI? = g (xei xei) (14)

for a local frame {eq,...,e,} on (N, g).
Note that if the conformal factor o = 0, then ( is called a Killing vector field. Thus, for
a Killing vector field ¢ on a Riemannian manifold (N, g), Equation (4) takes the form

Vel = xE, Fex(N). (15)

Now, we derive the following important geometric characteristic property of a Killing
vector field ¢ on a Riemannian manifold (N, g), which will be useful in deriving geometric
conditions under which a conformal vector field is Killing.

Theorem 1. Let { be a Killing vector field on a Riemannian manifold (N, g) with essential tensor
X. Then, the following holds:

Rie(¢,0) = div (V) + (1|
Proof. As ( is a Killing vector field, Lemma 1 gives
(VFl?C) (Fz) = R(Fl, g)Fz, F,F € :f(N) (16)

Taking a local frame {ey, ..., e, } on (N, g) and using the expression
g) = ZR(Q, ei)el
1

in Equation (16), we get

5(0) = ~ L(Vex) (@),

that is,
Ric(Z,0) = Zg (Vex)(ei)). (17)

Now, using Equation (15) and the skew-symmetry of the essential tensor x, we have
divo(Vel) = div(xf) = Zg Vexge) = }8((Vex)(@) + x(Vel) )
i
= Y s((Vex)(@) ) — Y_g(xei xei)-
i i

Thus, using Equations (14) and (17) in the above equation gives the desired result. [

Recall that the affinity tensor of a vector field F on a Riemannian manifold (N, g) is
given by (cf. [9])

(LFV)(F, R) = L,V B, = Vi,r, b — Vi LER, F,F € X(N),
and we call a vector field F on (N, §) a ghairaffinity vector if

(L;V) = 0.
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Also, we call a function p on a Riemannian manifold (N, §) a ghairaffinity function if
(LVPV) =0,
which is equivalent to
R(F;,Vp)E, = Vi VE Vo — VvyrVe, L b€ X(N). (18)

Examples of ghairaffinity functions are in abundance on Euclidean spaces. For example,
on the Euclidean space E" with Euclidean coordinates ul, ..., u", Euclidean metric g, and

Euclidean connection V, taking the smooth function p = } (/)" for a Euclidean coordinate
u' gives

and we compute
i\ _9 i\_9
Vi Vp = F(u )@ and VR VeVp=FF(u )ﬁ‘
Consequently, we arrive at

; d
VEVEVp = Vy, £, Vp = Hess (ul) (F,B)

out’

(19)
where Hess(f) of a smooth function f is defined by

Hess(f)(Fi, F2) = §(VE, VS, B2)

for smooth vector fields F;,F,. Since for the Euclidean coordinate u! we see that
Hess(u')(F;,F) = 0 and the curvature tensor of the Euclidean space E" is zero, we
conclude through Equations (18) and (19) that the function p is a ghairaffinity function
on E".
For a smooth function p on a Riemannian manifold (N, g), the symmetric operator H,
defined by
H,(F) = V§Vp, F € X(N) (20)

is called the Hessian operator, and is related to Hess(p) by
HESS(p) (Flr Fz) = g(Hp (F1>/ Fz), F,F € X(N) (21)

Now, we wish to explore some examples of non-closed conformal vector fields, which
will help in supporting the results in this article.

(1) Consider a (2n — 1)-dimensional Riemannian manifold (N, g) that has Sasakian
structure (¢, ¢, 17), where ¢ is a (1,1)-tensor field, ¢ is a unit vector field, 7 is a 1-form dual
to ¢ satisfying (cf. [10])

¢*=—1+1®¢ @) =0, nop=0, 5(5) =1

g(¢F, ¢h) = g(F, R2) —n(F)yn(R), F,F € X(N),

and
(VF1¢) (FZ) = g(Fl; FZ)‘;’_ 77(1:2)1:1, F,F € %(N)

Choose a closed conformal vector field u with conformal factor o on (N, g), that s, satisfying

V}:u =cF, Fe %(N),

https://doi.org/10.3390/math14132433
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is this possible? The answer is yes: the unit sphere S?*~! has many closed conformal
vector fields along with a Sasakian structure. Now, defining a vector field  on the Sasakian
manifold (N, g) by

{=u+g,
it follows that
Vel =0F—¢(F), FeX(N),
that is, { is a conformal vector field with conformal factor o and essential tensor y = —¢.

As x(¢) = —¢(u), it is straightforward to compute
divx(7) = (2n — 2)g(w, ).
Thus, if u is orthogonal to ¢, we get

divx(Z) = 0.

(2) Consider the even-dimensional Euclidean space (E2”, ], g) , Where | is the complex
structure and g is the Euclidean metric, which is Hermitian on E2". Consider the position

; d
_ 1
C*Zj Y’

where ul, ..., u?" are the Euclidean coordinates on E2". Now, defining a vector field ¢ on
EZn by

vector field

it follows that
Ve{=F+]JF, Fe¢ x(E2”).

This proves that { is a conformal vector field on (E?"?, ], g) with conformal factor o = 1 and
essential tensor x = J. We have S({) =0, x(Vo) = 0, and ¢ is a ghairaffinity function; in
addition, we have

divx({) = —2n.

3. Conformal Vector Fields on Complete Manifolds

We wish to explore geometric conditions on a complete Riemannian manifold (N, g)
so that a conformal vector field { with conformal factor o and essential tensor x on (N, )
becomes a Killing vector field. In particular, we shall establish that the geometric property
described in Theorem 1 is an essential characteristic of a manifold admitting a Killing vector
field, as seen in the following.

Theorem 2. Let { be a conformal vector field on a complete connected Riemannian manifold (N, g)
with essential tensor . If the condition

Rie(¢,¢) = dio(Ve0) + ||
holds, then ( is a Killing vector field. The converse is also true.

Proof. Let { be a conformal vector field on a complete connected Riemannian manifold
(N, g) with conformal factor o and essential tensor y with dim N = n. Suppose the condition

Ric(,¢) = div(V;Q) + x| (22)
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holds. Then, by Lemma 2 we have

—R({,F; B,0) + %(nggg) (Fi, B) + 8(xFi, xF2) = ¢(0)g(F, B2)

4
+0°g(F, B) (23)

for smooth vector fields F;, F, on N. Taking the trace in the above equation and using
Equation (6), we get

—Ric(¢,¢) +div(Ve0) + x> = n(2(0) +02).

Thus, in view of Equation (22), we get

Z(o)+ 0% =0. (24)
Let a(s) be an integral curve of {. Then, on taking {(s) = ((a(s)) and o(s) = (coa)(s),
Equation (24) assumes the form
Z—Z = —02(s). (25)
Assume that 0(0) = 0yp; then, the unique solution of the initial value problem
do
e —d?(s), o(0) =0y
is -
. 0
o(s) = p— (26)

Now, suppose that the constant oy # 0. Then, we compute

d 1
& = e (Ve 6).86)),

which in view of Equation (4) and the skew-symmetry of the essential tensor ) yields

%II&(S)II =0o(s)[IC()]l-

Using Equation (26) in the above equation, we arrive at

d 0p
FIE = 5716

that is,

d d
- (n)Z(s)]) = 5 (in(sp + 1),
Integrating above equation yields

1EE)I = (so0 +DIIE(O)]]- (27)
Note that the solution o (s) in Equation (26) blows away at

1

-

)

s
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and we let L be the length of the curve a(s) from 0 to 5. Then, using Equation (27), we have

Ij - O/ I265) s = 5-12O)1(0 = 1) = F1Z(Os < o

Hence, as (N, g) is complete, there exists a point x € N such that «(5) = x. Note that as
s — 5, a(s) — x. Now, using Equation (26), we can see that
%

= 1. = 1. =
U(x) sg%o—(lx(s)) slﬁn;’lsa'o +1 o

which contradicts the fact that ¢ is continuous (being a smooth function). Thus, the
assumption 0y # 0 leads to a contradiction. Hence, 0y = 0, which in view of Equation (26)
implies that o(s) = 0 along each integral curve of {. As N is connected, it leads to ¢ = 0 on
N, that is, { is a Killing vector field. The converse follows by Theorem 1. [J

4. Conformal Vector Fields and Euclidean Spaces

The Euclidean space E" is known to admit many conformal vector fields. For instance,
for a constant A, the vector field given by

-
C: /\Zulﬁ

i

is a conformal vector field with conformal factor ¢ = A and essential tensor x = 0. Similarly,
on the even-dimensional Euclidean space E?" with complex structure ], for a constant y

9 9
u= yZ(ulauiJrul]aui)
1

is a conformal vector field with conformal factor o = i and essential tensor x = uJ. In both

the vector field

examples, it is easy to see that the conformal factor o is a ghairaffinity function. This naturally
raises a question: Under what conditions is a complete and connected Riemannian manifold
(N, g) admitting a conformal vector field { and with conformal factor o being a ghairaffinity
function isometric to a Euclidean space? We answer this question in the following.

Theorem 3. An n-dimensional complete connected Riemannian manifold (N, g), n > 2 admits a
conformal vector field  with conformal factor o # 0 a ghairaffinity function such that the function
(o) is a constant and { annihilates the essential tensor x if and only if (N, g) is isometric to the
Euclidean space E".

Proof. Since the conformal factor ¢ is a ghairaffinity function, by Equation (18) we have
R(F,Vo)F, =V VE Vo — VvV, B Ee X(N).
Using Equation (20) in the above equation gives
R(F,Vo)b = (Vi He) (B). (28)
Since H, is symmetric, taking the trace in above equation leads to

Ric(Vo,R) = 2 g(F, (Ve,Ho)(er))- (29)
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Now, using a local frame {e, ..., e, } of normal coordinates and noting
Ac =Y g(Ho(e;), ),
i

we have
F(Ao) =} Fg(Ho(ei),ei) =} 8((VrHo)(ei),ei). (30)

Now, using the identity
R(F, B)Vo = (Vi Hy)(F) = (Vi He) (F)
in Equation (30), we conclude

F(Ao) = ) 8(R(F,e;)Ve + (Ve Hy)(F), €)

= —Ric(F, Vo) +Zg (Ve,He)(ei)),

where we have used the symmetry of H,. Thus, we have

Y §(F,(VeHy)(ei)) = F(Ao) + Ric(F, Vo), (31)

i
which upon comparison with Equation (29) yields
F(Ao) =0, F € X(N). (32)

Now, we can proceed to see the impact of the condition that the function {(c) be a
constant, which in particular implies Fg(¢, Vo) = 0, F € X(N). Using Equation (4) in the
last equation, we get

§(0F + xF, Vo) +8(C, Hy(F)) =0, F € X(N),

that is,
oVo+Hy(¢) = x(Vo). (33)
Note that
div(oVo) = | Vo] + cAc (34)
and
dioky(€) = T8V Hal0),e) = Kg(VeHo) (©) + He(Vad). i)

Using Equation (4) and the symmetry of the operator H,, we get

divH, ({) = 0Ao + Zg (Ve,Ho)(ei)),

where we have used Tr(H, o x) = 0. Using Equations (31) and (32) in the above equa-
tion yields
divHy({) = 0Ac + Ric({, Vo). (35)

Next, we compute

divx(Vo) Zg (Vex(Vo),ei) Zg Vex) (Vo) + x(Heei), )
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and, using the skew symmetry of the essential tensor, we get
diox(Ve) = =) 8(Vo, (Vex) (@) (36)
i
Using Lemma 1, we have
Y(Vex)(es) = ~(n—1)Vo — 57
i
which can be inserted into Equation (36) to yield
divy (Vo) = (n —1)||Ve|]* + Ric(Va, ). (37)

Taking divergence in Equation (33) and using Equations (34), (35), and (37), we conclude
|Ve||*> + oAc + oAc + Ric(Z, Vo) = (n—1)||Ve||* + Rie(Va, ),

that is,
(n—2)||Ve|* = 20A0. (38)

Also, taking the inner product in Equation (33) by Vo and noting that the essential tensor
X is skew-symmetric, we arrive at

0| Vol + g(Hs(2), Vo) = 0,
which is equivalent to
2 1 2\ _
ol|vel® + 3¢ (Ivel?) =o. (39)

Note that {(¢) = c is a constant (statement) and, by Equation (32), Ac = ¢ is another
constant. As n > 2, Equation (38) implies

2

2 _
Ivel? = —=

co. (40)

Also, the operation 3¢ on Equation (40) provides

L(i5ot) - e

and inserting the above equation in Equation (39) gives

2 1 _
o|Vo|* = — 5

Multiplying Equation (40) by o and using it in the above equation, we conclude that

2 ot = — L zc
n—-2_  n=2"

that is,

c(202+c) =o.
We now have two choices: (i) if ¢ = 0, then Equation (30) conveys that o is a constant; (ii) if
€ # 0, then the above equation implies that 202 + ¢ = 0. The last choice gives 40F(c) = 0,

F € X(N); since ¢ # 0 and N is connected, we must have F(c) =0, F € X(N), that s, in
the second choice ¢ is also a constant.
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Finally, we define a smooth function f on N by
102
which by virtue of Equation (4) and x{ = 0 (statement) has the gradient
Vf=o0(, 41)

where ¢ is a constant (indeed, a nonzero constant by statement). Observe that if f were to
be a constant, we get ¢ = 0, which by Equation (4) puts us in the following situation:

ocF = —xF

with trace no = 0, contrary to the assumption ¢ # 0. Hence, f is a non-constant function,
which by Equation (41) satisfies

H¢(F) = 0°F + oxF.
Taking the inner product by F in the above equation gives
Hess(f)(F,F) = o?¢(F,F), F <€ X(N).
Polarization in the above equation yields
Hess(f) = o%g

for a non-constant function f and nonzero constant ¢2>. Hence, (N, ¢) is isometric to the
Euclidean space E” (cf. [29]).

The converse is trivial, as the Euclidean space E" admits a conformal vector field
given by

; d
:/\ 17,
4 ;u ou!

for a constant A with conformal factor ¢ = A, which satisfies Equation (18) and {(¢) =0,
which is a constant and the essential tensor x = 0, guaranteeing that  annihilates . O

It is interesting to note that if { is a conformal vector field with conformal factor o
and essential tensor x on an n-dimensional Riemannian manifold (N, g) such that o is
a ghairaffinity function, then one easily obtains that Ac is a constant. In particular, if
(N, g) is compact, it will imply Ao = 0, and consequently that ¢ is a constant. However,
on non-compact (N, g), there are examples of non-constant function ¢ with Ac being a
constant, for instance the function

1
f =Nl

where ¢ is a position vector on the Euclidean space E". We see that Af = n is a constant
and f a non-constant function. The combination where (i) ¢ is a ghairaffinity function and
(ii) (o) is a constant implies that ¢ is a constant, as seen in the proof of Theorem 3. Thus,
the role of the combination where (i) ¢ is a ghairaffinity function and (ii) (N, g) is compact is
achieved in the non-compact case by the combination where (i) ¢ is a ghairaffinity function
and (ii) {(o) is a constant.

On a Euclidean space E”, there are conformal vector fields and the Ricci operator of
E" is trivial; thus, it is natural to seek conditions on a complete and connected Riemannian
manifold (N, ¢) admitting a conformal vector field { that satisfies S({) = 0 (a less restrictive
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condition than S = 0 on Euclidean space E") so that (N, g) is isometric to E". Recall that a
vector field F on a Riemannian manifold (N, g) is said to incompressible if

divF = 0.
Our next result in this direction is provided below.

Theorem 4. Let (N, g) be an n-dimensional, n > 1, complete and connected Riemannian manifold
that admits a conformal vector field { with conformal factor o # 0 and essential tensor x such that
(i) { annihilates the Ricci operator S, (ii) Vo annihilates the essential tensor x, and (iii) the vector
field x(Q) is incompressible. Then, (N, g) is isometric to the Euclidean space E". The converse
also holds.

Proof. Since ¢ annihilates the Ricci operator S, we have
Ric({,F) =0, Fe X(N). (42)
Now, Vo annihilates the essential tensor yx, that is, x(Vo) = 0, which on differentia-

tion gives
(VeX)(Ve) + x(HeE) = 0.

Utilizing Lemma 1 in the above equation yields
|Vo||*E — E(0)Vo + R(E,{)Vo + x(Hy,E) =0, F e X(N),
which on taking the trace yields
(n —1)||Vel||* + Ric(Z, Vo) = 0.

Inserting Equation (42) in the above equation and noting n > 1, we conclude that ¢ is a
constant. Now, we can use Equation (4) in computing

divx (7)) = Zg(Vex Zg (Vex)(C) + x(oei + x(ei)). e)

—llxl? —Zg (Vex)(e)), (43)

where we have used the skew-symmetry of the essential tensor x. Using Lemma 1, we
have the following on account of ¢ being a constant:

Y (Vex) Z R(e, Q)e;
i
and taking the inner product with { in the above equation yields
28 (Vex)(er)) = —Rie(¢, £)-

Using Equation (42), we conclude

Zg Z,(Vex)(ei) =0.
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Inserting this equation in Equation (43) and noting that the vector field x({) is incompress-
ible, we immediately confirm x = 0. Finally, on taking the function f defined by

1
f=5lIelP

together with o # 0 a constant and x = 0, as in the proof of Theorem 3, we confirm that
(N, g) is isometric to the Euclidean space E". The converse is trivial. [

We observe that one of the strategies for showing an n-dimensional complete and
connected Riemannian manifold (N, g) admitting a conformal vector field { with conformal
factor ¢ and essential tensor x isometric to the Euclidean space E" requires (i) ¢ a nonzero
constant and (ii) x = 0. Thus, in Theorem 4 we see that the first two conditions and n > 1
imply that ¢ is a constant and that the remaining requirement is fulfilled by the restriction

divx(Z) = 0.

It is possible to achieve the remaining requirement by some other suitable restriction;
therefore, it cannot be said that the condition that the vector field x({) be incompressible is
an optimal condition.

Finally, in the following result we observe that the incompressibility of the vector field
X(C) appears to be an interesting tool in obtaining a characterization of the Euclidean space.

Theorem 5. Let (N, g) be an n-dimensional complete and connected Riemannian manifold that
admits a conformal vector field { with conformal factor o # 0 and essential tensor x such that (i)
the vector field x(Q) is incompressible, (ii) the conformal factor o is constant along the integral
curves of , and (iii) the Ricci curvature Ric({, {) is nonpositive. Then (N, g) is isometric to the
Euclidean space E". The converse also holds.

Proof. Using Equations (4) and (10), we have
Vil = ol +x(0). (44)

Since, x({) is incompressible, using Equation (10) in (44) yields

div(V) = {(0) + no?. (45)
Now, Lemma 2 gives

SR Fi B )+ 5 (Leygs) (R B) + 8(cF XB2) = S(@)g (R B) + g (Fy )
for smooth vector fields F;, F; on N. Taking the trace in the above equation, we get
—Rie(Z,¢) + div(V0) + ||x|* = ng(0) + no?,
and inserting Equation (45) into the above gives
—Ric(Z,8) + |IxII* = (n—1)¢(0).

As 0 is a constant along the integral curves of g, the above equation takes the form

—Ric(Z,0) +||x|* = 0. (46)
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Since, Ric({,{) < 0, we get x = 0. Thus, by Lemma 1, we have
R(F,0)F = —E(0)h +g(h, ) Vo,
and we can use F, = { and {(¢) = 0 in the above equation and conclude

R(Flr g)é = g(Fl/ g)va

Note that R(Fy, {){ is symmetric; in view of this fact, the above equation implies

§(F1,0)8(Vo, R) = g(k,$)8(Vo, Fr), F,FE € X(N).

Consequently, we have

g(Pl,g)VO' = g(VU,Fl)C,

and taking F; = ¢ in above equation yields
lcl*ve =o. (47)

If { = 0, then the first equation in (44) will imply o = 0, a contradiction to the hypothesis
that o # 0. Hence, on connected N, Equation (47) confirms that ¢ is a nonzero constant,
and we have already established that the essential tensor x = 0. Thus, as in the proof of
Theorem 3, (N, g) is isometric to the Euclidean space E". The converse is trivial. [

5. An Invariance Under a Conformal Vector Field

Given a conformal vector field { with conformal factor ¢ and essential tensor x on a
Riemannian manifold (N, g), there is a natural operator, namely, the Hessian operator H,-
associated with the conformal vector field. Note that if the operator H; is invariant under
the local flow of , we say that H, is invariant under the conformal vector field ¢, which is
equivalent to

L;Hy = 0. (48)

Note that the Euclidean space E" has a conformal vector field  with conformal factor o = A
a constant and H,, = 0, which satisfies Equation (48). This naturally raises a question: Under
what conditions is a complete and connected Riemannian manifold (N, g) possessing a
conformal vector field with a conformal factor satisfying condition (48) isometric to a
Euclidean space? Recall that a smooth function f on a Riemannian manifold (N, g) is said
to be a subharmonic function if it satisfies

Af > 0. (49)

In this section, we use the notion of a subharmonic function to answer the above question
through the following result.

Theorem 6. Let (N, g) be an n-dimensional complete and connected Riemannian manifold that
admits a conformal vector field { with conformal factor ¢ # 0 and essential tensor x such that
(i) Hy is invariant under the conformal vector field {, (ii) the function { (o) — o>
and (iii) { annihilates the essential tensor x. Then, (N, g) is isometric to the Euclidean space E".

is subharmonic,

The converse also holds.
Proof. As H, is invariant under the conformal vector field {, through Equation (48) we get

[(,H-F] = Hys[{,F], Fe€X(N),

https://doi.org/10.3390/math14132433


https://doi.org/10.3390/math14132433

Mathematics 2026, 14, 2433

18 of 21

and using Equation (4) in the above equation, we arrive at
(VgHg)(P) = xHoF —HysxF, F € X(N). (50)

Since, the trace TrH, = Ao, on taking the trace in Equation (50) and noting that
TrxHy = TrHyx = 0, we conclude
(Vo) =0. (51)

Now, consider the function ¢ = {(c’); on using Equation (4), we can compute the gradient
Vg to be
Vo =0Vo—x(Vo)+ H (. (52)

As we are interested computing Ag, we shall compute the divergence of each term in
Equation (52). We have
div(cVeo) = |Vo|? + oA (53)

and

divx(Vo) = Y 8(Vex(Vo),e) = Y g((Vex) (Vo) + xHoer )

i i

= 18((Vex)(Vo)e) = =} 8(Vo, (Vex)(er),

i i

where we have used the skew-symmetry of x and TrxH, = 0. Now, using Lemma 1 in the
above equation, we reach

divy (Vo) = g(Vo, (n = 1)Vo) =} 8(Vo, R(e;, O)e;)
= (n—1)||Ve|*+ Ric(éa, 7). (54)
Also, using Equation (4), we have
divH,{ = ;g(veiHaé, e) = ;g((veiHa><§) + Hy(0e; + xei), e;)

= o8r+ Y3 (VoHo) (@),

where we have used TrHy = Ao, TrHyx = 0, and the symmetry of H,. Next, we take F = {
in Equation (31) and use it in above equation to confirm

divH,{ = cAc + {(Ac) + Ric(, Vo),
which in view of Equation (51) changes to
divH,{ = 0Ac + Ric(Z, Vo). (55)
Thus, on combining Equations (53)—(55) with Equation (52), we have the conclusion
Ap =20V — (n—2)|Vel|?,

which on using
Ac? = 20A0 42| Vo |?

gives
Ap = Ad? —n||Ve|*.
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Thus, we conclude
A(2(e) =) = —n|[ Ve .

2

Now, invoking the fact that the function {(¢) — ¢“ is subharmonic, we get that ¢ is a

constant. Though we could follow the line taken in the proof of Theorem 3 that using
Xx(C) = 0 implies x = 0, we instead exhibit another proof of this proposition in the
following arguments.

Using Equation (4) and x({) = 0, we have

Vgé =0 é
with ¢ being a constant. Differentiating the above equation, we get
ViVl = o*F +0oxF, Fe€X(N),

which implies
R(F,0)C +VVEG + Vip gl = 0°F + 0xF,

and on using Equation (4) with constant o, after simple steps we get
R(F,0)¢+ (Vex)(F) + oxF + x*F =0, F€X(N). (56)

Note that reflecting Lemma 1 onto (V¢x) (F), with ¢ being a constant, yields
(Vex) (F) = 0.
Hence, Equation (56) becomes
R(F,{){ + x*F = —oxF, F € %(N).

Since, R(F,{){ is a symmetric operator and x°F is as well, it is apparent that R(F, {){ + x*F
is symmetric, while the operator cxF is skew-symmetric; this gives

oxF =0, FeX(N).

Next, invoking the hypothesis that o # 0, the above equation implies x = 0. Hence, as
in the proof of Theorem 3, we get that (N, g) is isometric to the Euclidean space E". The
converse is trivial. [J

6. Concluding Remarks

In this article, the result in Theorem 2 characterizes a Killing vector field using a
conformal vector field { with essential tensor y on a complete and connected Riemannian
manifold (N, g). This may be a humble beginning of the fact that the property

Ric((,{) = div (V) + I|x|? (57)

is an exclusive property of a Killing vector field. Note that for any nonzero vector field { on
a Riemannian manifold (N, g), the essential tensor x of { is related to the 1-form B dual to
¢ by

dp(F, F) = 2g(xF1, 2), (58)
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meaning that on using Equation (14) we have
laBI? = L dB(eie)’ =41 g(xene)” =41 L glxei g (xeie;)e))
L] L] L]
= 4) g(xei xe;) = 4|
1

Thus, the condition in (57) for any arbitrary vector field  on (N, g) takes the form

Ric(Z,2) = div(Ve2) + ;461

Note that a closed Killing vector field is parallel; therefore, for a nontrivial Killing vector
field, we require that it should not be closed. We propose the following interesting problem.

Problem 1. A nonzero non-closed vector field { on an n-dimensional complete and connected
Riemannian manifold (N, g) with dual 1-form B satisfying

, , 1
Ric(Z,7) = div(V¢l) + 4l
is a Killing vector field.
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