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Abstract

Repeated-root constacyclic codes form an important class of algebraic error-correcting
codes, combining the cyclic symmetry of constacyclic codes with the additional multiplicity
structure produced by repeated roots. These multiplicities are usually a source of technical
difficulty in distance analysis; in this paper, we use them instead as controllable design
parameters. Let ¢ = p™, let n be prime to p, and let A € F;. We study repeated-root
A-constacyclic codes of length np® obtained by lifting the half-cyclotomic defining sets.
Writing A = )Lgs gives """ — A = (x" — Ag)”’; hence every code is determined by a
multiplicity profilee : I' — 0,1,..., p° on the set I of g-cyclotomic coset leaders in Z,, ,,
where r = ord(Ag). Equivalently, e determines a nested sequence of simple-root defining
sets Tps 1 C -+- C T C Zy,. The main result is a layerwise distance formula: if C; is the
simple-root code defined by T; and P; = [];(t; + 1) for the p-adic expansion t = }; t;p/,
then dy(C(e)) = ming<;<ps Prdp(Ct). This reduces the repeated-root distance problem to
certified distance information for the simple-root layers. Combining the formula with the
half-cyclotomic bounds in the two-coset-size case gives explicit certified lower bounds
for complete families of repeated-root codes. We also formulate a verified refined layer
bound, prove a conditional half-rate family theorem with distance growth at least a constant
multiple of N/log, N for N = np*, and give a lifting criterion for transferring certified
simple-root parameters to the repeated-root setting. The construction is carried out for the
length familiesn = (¢ —1)/(ro), n = CDph(q), and n = @, 5, (q)-

Keywords: constacyclic codes; repeated-root codes; cyclotomic cosets; Hamming distance;
half-cyclotomic defining sets; optimal codes; best-known codes
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1. Introduction

Constacyclic codes form a central class of algebraic linear codes over finite fields.
They contain cyclic and negacyclic codes as the special cases A = 1 and A = —1, respec-
tively. Let g be a prime power and let F; be the finite field with g elements. A linear
code C C ]F,Ii\] is called A-constacyclic, where A € Fy, if (co,c1,...,cN—1) € C implies
(Aen—1,€0,--.,cN—2) € C. Under the usual polynomial representation, A-constacyclic
codes of length N over F, are precisely the ideals of Fy[x]/ (xN — A). Thus each such code is
generated by a divisor of x — A when the ambient ring is principal. This ideal-theoretic de-
scription makes constacyclic codes a tractable and useful framework for studying generator
polynomials, defining sets, duality, and distance bounds [1-3].
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Constacyclic and related structured codes have been studied from several perspectives.
They have been used to construct new linear codes [4], locally repairable codes [5], quantum
MDS codes [6], and MDS or pseudo-cyclic families [7-9]. Algorithmic equivalence questions
were considered in [10], while quasi-cyclic and quasi-twisted constructions have also
produced many good linear codes [11]. Recent related works include five infinite families
of binary cyclic codes with parameters [, k|, where (n — 6) /3 < k < 2(n + 6) /3, together
with binary duadic and self-dual codes having square-root-like distance lower bounds [12];
two classes of g-ary constacyclic codes with variable parameters [(q" — 1) /r,k, d] [13]; self-
dual negacyclic codes with variable lengths and square-root-like lower bounds [14]; 2°-ary
generalizations of the Tang-Ding cyclic and duadic constructions [15]; two near-half-rate
ternary cyclic families of length 3" — 1 with d > 6(3("~1/2 —1) 4 1and d > 3("-1)/2 _ 1,
together with binary cyclic codes [2" —1,2"~1,d > 7.2(m=3)/2 1 1], [16]; and sharper
minimum-distance lower bounds for binary BCH codes and their ternary analogues [17].
Grassl’s database remains a standard reference for comparing the parameters of linear and
quantum codes [18].

When gcd(N,q) = 1, the polynomial xN — A is square-free, and the corresponding
codes are called simple-root constacyclic codes. In this case, defining sets give a direct
description of generator polynomials, dimensions, duals, and BCH-type lower bounds. If A
has multiplicative order r, then the defining positions of a simple-root A-constacyclic code
oflengthnliein Z,, = {1+ir: 0 <i<n-—1} C Z/(nr)Z. The defining set is a union of
g-cyclotomic cosets in Z, ;, and the arithmetic of these cosets is essential in the construction
and analysis of simple-root cyclic, negacyclic, and constacyclic codes [19,20].

A particularly important direction concerns cyclic and constacyclic codes whose
dimensions are close to one half of the length and whose minimum distances exceed square-
root-type lower ranges. This direction is related to the long-standing question of whether
cyclic codes can form an asymptotically good family [21]. Tang and Ding constructed
binary cyclic codes with parameters [n, (1 4+ 1)/2] and good minimum distances [22].
Later developments produced further cyclic and constacyclic families with strong lower
bounds and good parameters [23-25]. The simple-root construction of [26], based on
selecting approximately half of the g-cyclotomic cosets in suitable coset-size classes, is the
main simple-root input for the present paper. We use this input only through rigorously
established simple-root distance certificates; heuristic or experimentally suggested distances
are not treated as certified bounds unless they are independently verified.

The repeated-root case is more delicate. If the characteristic p divides the length, then
N — A has repeated irreducible factors, and the minimum distance is no longer controlled
by a single ordinary simple-root defining set. The fundamental distance reduction principle
for repeated-root cyclic codes was established in [27]. Repeated-root cyclic and constacyclic
codes with optimal or best-known parameters were recently studied in [28,29]. These
works show that repeated-root structures can produce strong parameters, provided that
the multiplicities of the irreducible factors are handled carefully.

The precise novelty of this paper is to make these multiplicities part of the design,
rather than treating them only as a complication of the repeated-root ambient ring. The
aim of this paper is to combine the half-cyclotomic simple-root philosophy with repeated-
root multiplicity design. Throughout the paper, g = p”, ged(n,p) = 1, and A = /\gs.
Hence, x"7" — A = (x" — Ag)?". Let T be the set of g-cyclotomic coset leaders in Z,,,
where ¥ = ord(Ap). A repeated-root A-constacyclic code of length np® is determined by a
multiplicity profilee : T — {0,1,..., p°}. Equivalently, such a profile determines a nested
chain of simple-root defining sets Tps—1 C Tps2 € --- C Ty C T, where T; consists of
those cyclotomic cosets whose multiplicity is greater than t. This layer viewpoint is the
main structural device of the paper.
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The key point is that we do not merely lift one simple-root constacyclic code uniformly
to repeated-root length. A uniform lift may create trivial layers whose minimum distance is
1, thereby weakening the repeated-root distance. Instead, we allow nonuniform multiplicity
profiles. Different cyclotomic cosets may survive through different repeated-root levels,
and different levels may carry different half-cyclotomic defining sets. In this way, the
dimension is controlled by the total size of the layers, while the distance is controlled by
the weakest scaled layer distance.

The first contribution is a profile-theoretic description of repeated-root constacyclic
codes of length np®. In Proposition 1, we prove that multiplicity profiles are equiva-
lent to nested chains of simple-root defining sets, and in Proposition 2, we obtain the
dimension formula

p-1
dimg, C(e) :”Ps_;ei|ci| =np’ — tZ;') [ Te(e)]. (1)
i =

Here C; denotes the g-cyclotomic coset represented by i € T', and T;(e) is the union of those
cosets whose multiplicity is strictly larger than ¢. This formula is the basic dimension-
control mechanism used throughout the paper.

The second contribution is the repeated-root distance reduction theorem. Theorem 4
shows that if C;(e) is the simple-root constacyclic code determined by the layer T;(e) and
b=t pl is the p-adic expansion of t, then

du(C(e)) = oBin, P du(Cie)),  Pe=T](t+1). (2)
- ]
The factor P; is the Hamming weight of (x" — Ag) in characteristic p, equivalently the
Castagnoli-Massey—-Schoeller-Seemann p-adic weight factor attached to the repeated-root
layer t. Thus the Hamming distance of a repeated-root code of length np® is computed
from the distances of its simple-root layers of length 1, weighted by explicit p-adic factors.
The third contribution is the construction of half-cyclotomic repeated-root constacyclic
codes. In Definition 7 and Theorem 5, these codes are obtained by choosing the layers
T; as nested initial half-cyclotomic defining sets. Initial segments are used because they
preserve the natural ordering of the half-cyclotomic coset classes and give nested layers
with explicit dimension and distance certificates. In the two-coset-size case, where the coset
sizes are £ < m and the t-th layer contains a, ; cosets of size £ and a, ; cosets of size m, with
agt, amt 2> 0, the dimension becomes

pi-1
dimg, Cyc = np° — tX;{) (Cags + mapy). 3)
Hence the dimension can be designed explicitly by deciding how many cosets from each
size class appear at each repeated-root level.

The fourth contribution is a layerwise lower-bound method for the minimum distance.
Theorem 6 proves that if A(T;) is any certified lower bound for the simple-root layer
C(Ty), then

du(C > min P A(Ty). 4

1(C(e)) > min_Pi (Tt) 4
By a certified lower bound, we mean a rigorously proved lower bound, such as a BCH-
type, Hartmann-Tzeng-type, Roos-type, half-cyclotomic, or exact computationally verified
distance bound. Non-monotone numerical estimates or heuristic simulations are not used
as certificates unless they are converted into rigorous lower bounds. In particular, the
lower bounds from the half-cyclotomic simple-root construction of [26] can be inserted
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layer by layer. The same framework also allows BCH bounds, exact computed distances, or
table-certified simple-root distances to be used at different layers.

The fifth contribution is the realization of the construction for explicit arithmetic length
families, including n = (¢ —1)/(rv), n = @ (q), and n = Dy, p, (q). Here p, py, p> denote
primes controlling the cyclotomic factor involved, b > 1 is an exponent in the prime-power
cyclotomic family, and ¢ is a divisor parameter chosen so that the length is integral and
compatible with the constacyclic order r. For these families, the repeated-root parameters
are determined by the arithmetic distribution of the g-cyclotomic cosets in Z,, ;, rather than
by a formal length extension alone.

Finally, we derive a conditional half-rate consequence and lifting criteria for optimal,
best-known, and record-breaking codes. Under suitable uniform layer-distance hypotheses,
balanced half-cyclotomic chains give repeated-root families with dimension dimp, Cgc) =
np°/2 + o(np®) and distance bounded below by a logarithmic-type expression of order
N/log, N, where N = np®. This half-rate statement is conditional on the stated layer-
distance hypotheses; these hypotheses are not asserted to hold automatically for every
admissible profile. We also give criteria for lifting simple-root layers with known or best-
known parameters to repeated-root constacyclic codes, allowing comparison with standard
code tables and recent repeated-root constructions [18,28,29]. When the lifted parameters
meet a proved upper bound, we call the resulting code optimal; otherwise, improvements
over available tables are described as best-known or record-breaking.

The paper is organized as follows. Section 2 fixes notation and recalls the simple-
root input. Section 3 develops multiplicity profiles, associated simple-root layers, and the
half-cyclotomic repeated-root construction. Section 4 proves the repeated-root distance
reduction theorem. Section 5 gives the layerwise lower bounds. Section 6 treats half-rate
families and explicit arithmetic length families. Section 7 discusses lifting optimal and
best-known simple-root layers. Section 8 gives numerical illustrations and comparisons,
including the discussion of scope and limitations in Section 8.1. Section 9 concludes the
paper and outlines future directions.

2. Preliminaries

This section fixes the notation used throughout the paper and records the simple-root
input that will later be lifted to the repeated-root setting. The basic point is that x"?° — A is
obtained from x" — Ag by raising each irreducible factor to the p°-th power. Thus the usual
cyclotomic-coset description of simple-root constacyclic codes remains available, but each
coset now carries a multiplicity. Throughout the paper, a lower bound is called certified only
when it follows from a proved distance theorem or from an exact verified computation.

Throughout, g = p™ is a prime power with characteristic p. The integer n satisfies
ged(n, p) = 1, and s is a positive integer (the repeated-root exponent). Let 7 | g — 1 and let
Ag € Fj have multiplicative order r. Set A = )\gb. Because the Frobenius map a + a?” is
an automorphism of [, this relation is always valid and determines the constacyclic shift
attached to A. Hence

XA = (x" = Ag)P . (5)

Thus x" — Ay is the simple-root base polynomial, while p® records the repeated-root multi-
plicity.

All cyclotomic cosets below are g-cyclotomic cosets modulo nr. In explicit length
families we denote auxiliary primes by p, p1, p2 to avoid confusion with the characteristic p.
Definitions 1-4 fix the simple-root notation used throughout, while Assumption 1 specifies
the two-coset-size regime used in the main bounds.
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Definition 1. Let Z,,, = 1+ir:0<i<n-—1C Z/(nr)Z. Fori € Zy,, the g-cyclotomic
coset of i modulo nr is C; = Cl.(q’m) = ig/ mod nr : j > 0. The smallest positive representative of
C; is its coset leader. Write T = T'(q,n, r) for the set of coset leaders that lie in Z,,,.

Let B be a primitive nr-th root of unity with " = Ag. For i € I define M;(x) =
[Tiec,(x — /) € Fylx], so that
X" — Ao =] [ Mi(x) (6)
iel
is the factorization into distinct irreducibles. Raising each factor to the p*-th power gives
the repeated-root factorization of x"#° — A.

Definition 2. Let T C Z,, , be a union of whole cyclotomic cosets. The simple-root Ay-constacyclic
code with defining set T is

C(T) = { T] Mi(x)) € Fylx]/ (x" = Ao). )

CCT
IfT = @, then C(T) = F2 and we set dyy (C(T)) = 1.

Definition 3. For a positive integer I, let T) =i € T : |C;| = 1,; N; = |I';|. When N; > 0, list the
elements of I'; increasingly: T} = (SY) < (Sél) <-e < 51(\1,1)

Initial segments are used because they preserve nestedness of the later repeated-root
layers and allow the available half-cyclotomic distance bounds to be applied directly.

Definition 4. For each | with N; > 0, define

[N;/2] [N;/2]
H = U C(sgl),}HlJr = U C(s(l)- (8)
=1 =1

The lower and upper half-cyclotomic defining sets are H- = U, H; ,;H" = U, H;'. More
generally, a defining set of the form |J; U;”: 1C50 with 0 < a; < Nj is called an initial half-
j

cyclotomic defining set.

The strongest distance estimates are available when exactly two distinct coset
sizes occur.

Assumption 1. The triple (q,n,r) satisfies the two-coset-size hypothesis if there exist positive

integers | < m such that |C;| : i € Zy, = 1, m. Under this hypothesis, the number of cosets of the
_ I

larger size is Ny, = w

two sizes hold.

, provided the arithmetic conditions that guarantee exactly

The following simple-root input from [26] is used later only under the stated two-
coset-size hypothesis and with the half-cyclotomic ordering by coset leaders.

Theorem 1 ([26]). Assume that the q-cyclotomic cosets in Z, , have exactly two sizes £ < m. Let
Ny and Ny, denote the numbers of cosets of sizes £ and m, respectively. Let T be the defining set
obtained by taking the first [Ny /2| cosets of size ¢ and the first [Ny, /2] cosets of size m, ordered

increasingly by their coset leaders. Then dy(C(T)) > [2?;2”1) J :

For later layers, we also use the following standard BCH-type certificate. It summarizes
the proof idea behind the consecutive-run lower bounds used throughout the paper.
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Theorem 2. Let T C Z, , be a union of q-cyclotomic cosets, and let C(T) be the corresponding
simple-root Ag-constacyclic code. Let L(T) be the largest integer L > 0 such that {1,1+7r,...,1+
(L—1)r} CT. Then dgg(C(T)) > L(T) + 1. In particular, for the upper half-cyclotomic defining
set TT, one has dyg(C(T1)) > L(T") + 1. Consequently, whenever this consecutive-run value
improves the lower bound in Theorem 1, it may be used as the stronger certified layer bound.
All such bounds are used only as certified lower bounds; equality is not assumed unless it is
verified separately.

Proof. This is the BCH bound for constacyclic codes. If the defining set contains the consec-
utive positions 1,1 +7,...,1+ (L — 1)r, then the generator polynomial has the correspond-
ing L consecutive roots g, 817, ..., B+ (=17 The BCH bound gives dy; (C(T)) > L+ 1.
Taking L = L(T) proves the result. [

3. Multiplicity Profiles and Half-Cyclotomic Construction

The central object of the paper is a multiplicity profile. In the simple-root setting a
cyclotomic coset is either present or absent from the defining set. In the repeated-root
setting it may occur with any multiplicity between 0 and p°. The profile is therefore best
viewed as a nested sequence of simple-root layers, and these layers are the objects to which
the half-cyclotomic distance bounds will be applied.

Definition 5. A multiplicity profile isa map e : T — {0,1,...,p°}, i — e;. Here ¢; is the
exponent assigned to the irreducible factor M;(x) corresponding to the coset representative i € T
The corresponding repeated-root A-constacyclic code of length np® is

C(e) = (TTMi(x)") € Bylx)/ (x"" — ). ©)
iel
By (5) and (6), one has x"7" — A = [T;cr M;(x)?". Since Fy[x]/(x""" — A) is a principal
ideal ring, every repeated-root A-constacyclic code of length np® is generated by a monic
divisor of x"?" — A. Hence each such code is uniquely of the form C(e) for a multiplicity
profile e.

Definition 6. For a multiplicity profile e and 0 < t < p®, define T;y(e) = Ujer Ci C Zn,y. The
e;>t

integer t is the layer index, and Ti(e) consists exactly of the cosets whose multiplicity is strictly
larger than t. The t-th associated simple-root layer is the simple-root code Ci(e) = C(Ty(e)) C
Fy[x]/(x" = Ag).

Definition 6 is the link between multiplicities and the nested defining sets reconstructed
in Proposition 1.

Thus a coset C; appears in layer t precisely when its multiplicity exceeds t; larger
multiplicity means persistence through more layers.

Proposition 1. Lete : T — {0,1,..., p°} be a multiplicity profile. Then the sets Ty(e) form a
nested chain Tps_1(e) C Tps2(e) € --- C Ty(e) € To(e). Moreover, e is uniquely determined
by this chain via

e = #{t 05t < Ps, C; C Tt(e)}. (10)

Conwversely, every nested chain

s 1 C Ty 2C---CT1 CTh (11)
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of unions of g-cyclotomic cosets in Zy , arises uniquely in this way. Hence multiplicity profiles are
in bijection with such nested chains.

Proof. If C; C Tyy1(e), thene; > t+ 1, and hence ¢; > t. Thus C; C Ti(e). Since the
sets T;(e) are unions of whole cyclotomic cosets, this gives Ty 1(e) C Ti(e) for every
0 <t < p® — 1, proving the nesting.

For fixed i € T, one has C; C Ti(e) <= ¢; > t. Therefore the admissible values of ¢ are
exactly 0,1,...,e; — 1if ¢; > 0, and there are none if ¢; = 0. Hence their number is ¢;, which
proves (10). Thus the chain determines the profile uniquely.

Conversely, assume (11) is a nested chain of unions of g-cyclotomic cosets. For each
i € I', define ¢; by the right-hand side of (10). Then 0 < ¢; < p®, so e is a multiplicity
profile. We show that its associated layers are the prescribed sets. Fix i € I and put
Aj={t:0<t<p’ C; CT;}. Bynesting,if t € A;and 0 < u < t, then u € A;. Hence
A;is an initial interval of {0,1, ..., p° — 1}, namely A; = {0,1,...,¢; — 1}, with the usual
interpretation that this set is empty when ¢; = 0. Consequently, C; C T; <= ¢; > t. Since
each T; is a union of whole cyclotomic cosets, it follows that

Ty = U Ci: UCi:Tt(E)
iel i€l
C,CT; e;>t
for every 0 < t < p°. Thus the chain is recovered from the profile e. The two constructions
are inverse to each other, and the desired bijection follows. [

Proposition 2. For the repeated-root code C(e),

dimg, C(e) = np® —)_ el Cil. (12)
ier

Equivalently, in terms of the associated layers,

S

p°—1
dimg, C(e) = np® =}, |Ti(e)]. (13)
t=0

Proof. Let g.(x) = IT; M;(x)% and write x"”" — A = g,h,. Multiplication by g, induces
an [Fy-linear isomorphism [F,[x] / (h.) = C(e), so dimC(e) = degh, = np® — deg g.. Since
deg M; = |C;|, we have deg g. = Y, ¢;|C;], giving (12).

For (13), note |Tt(e)| = X~ |C;|. Summing over ¢ yields Y, [T¢(e)| = ¥; ¢;|C;|, which
inserted into (12) gives (13). O

The layer form (13) is central for the construction: the dimension is controlled by the
total size of the nested defining sets. In the next section, the minimum distance will be
governed by the weakest scaled layer distance, providing the essential mechanism of the
repeated-root half-cyclotomic construction.

4. The Repeated-Root Distance Reduction Theorem

This section proves the distance mechanism behind the construction. Although the
repeated-root code has length np®, its Hamming distance is controlled by simple-root codes
of length n. Passing from the repeated-root code to the ¢-th simple-root layer introduces
the p-adic multiplier P;. This is the bridge that allows simple-root bounds to be inserted
into a repeated-root distance formula.

Throughout this section, the Hamming weight of a residue class in Fy[x]/ (x"P" — A)
means the Hamming weight of its unique representative of degree < np®.

https://doi.org/10.3390 /math14142488
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For 0 <t < p®, write its p-adic expansion as t = Z?;é t]-pj , where 0 < ti<p-— 1, and
define Py = H (tj +1).

Since deg(x — Ap)! = nt < np®, no reduction occurs in the quotient. By Lucas’
theorem, the number of nonzero binomial coefficients in the expansion of (x" — )" is
exactly P;. Thus wty ((x" — Ag)") = P

We shall use the following form of the repeated-root distance formula of Castagnoli-
Massey-Schoeller-Seemann.

Theorem 3 ([27]). Let 7T = x" — Ag, and let C be an ideal of Fy[x]/ (mtP"). For 0 < t < p*, define
Tor¢(C) = {a € Fy[x]/ () : there exists a lift a € Fy[x] of a such that 7'a € C}.

Then
dy(C) = min {wty ("), dy(Tors(C))}.
0<t<p®
Theorem 4. Let C(e) be the repeated-root A-constacyclic code defined by the multiplicity profile
e:T — {0,1,...,p°}, namely C(e) = (TTjcr Mi(x)%) C Fyx]/(x"7" — A). For0 < t < p°,
set Ty(e) = Uiert Ci and let Ci(e) = C(Ti(e)) € Fylx]/(x" — Ag) be the associated simple-
e;>

root layer. If t = Z}”T;é tip!, with 0
min0§t<ps {Pt, dH(Ct(e))}

IA

ti<p—1and P, = H;T;é(tj +1), then d(C(e)) =

Proof. Put m = x" — Ag. Then x""" — A = 7P, Let Ry = Fy[x]/(n?"), Ry = Fy[x]/(r).
Thus R; is the repeated-root ambient ring and Rp is the corresponding simple-root
ambient ring.

By Theorem 3, it is enough to identify the torsion layers of C(e) and compute the
weights wiy (7t).

Since m = x" — Ay = [lier Mi(x), the Chinese remainder theorem gives Ry =
[Ticr Fq[x]/ (M;i(x)P"), Ro 2 TTicr Fq[x]/ (M;(x)). Under this decomposition, the ideal C(e) =
(ITier Mi(x)%) corresponds componentwise to [Ticr(M;(x)%) C TTier Fqlx]/(Mi(x)P").
Moreover, in the i-th component, 7' is a unit multiple of M;(x)", since the factors M;(x),
j # i, are units modulo M;(x)?"

Let 2 € Ro, and write its i-th component as a; € Fy[x]/(M;(x)). The condition
a € Tor¢(C(e)) is equivalent, component by component, to the existence of a lift 2; such that
M;(x)ta; € (M;(x)%) in Fylx]/(M;(x)P"). If ¢; < t, there is no restriction on a;. If ¢; > t,
then a; must be divisible by M;(x), and hence @; = 0 modulo M;(x). Therefore, the torsion
layer has zeros precisely in the components with e; > t. Hence Tor;(C(e)) = C(T¢(e)) =
Ct (6)

It remains to compute wtyy(7t"). Since 0 < t < p®, the polynomial 77! = (x" — Ag)" has
degree nt < np°, so its coefficient support is not changed by reduction modulo x"7° — A.
Expanding gives 7wt = Y1 _ (})(—Ao)!¥x"k. Since Ag # 0, the nonzero coefficients are
exactly those for which (;) # 0 (mod p). By Lucas’ theorem, if t = 25 ! t]p] and k =
Z?;é kjpj, then (;) # 0 (mod p) <= ki <t; forallj. Thus the number of nonzero
binomial coefficients is H;;é(tj +1) = P;. The monomials x", 0 < k < t < p®, have
distinct exponents between 0 and np® — 1, so their supports do not overlap. Therefore,
wty (7t!) = Pr. Substituting Tor;(C(e)) = Ct(e) and wty(7!) = P; into Theorem 3 gives
dy(C(e)) = ming<s<ps {Pr, dpr(Ci(e)) }. This completes the proof. [

The next auxiliary function records the smallest possible p-adic factor P; among all
layers t > (. It is useful when a profile is optimized over a range of repeated-root levels
rather than by checking every value of t separately.
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Proposition 3. Foreach{ =0,1,...,p° define

(p+1-— {pbgp(los—f)” po i log,(FP=0] g < p < s,
M;(l) = (14)
+o00, {=p°.

Then min[§t<ps Pt = MS(Z)

Proof. If / = p®, the interval [/, p°) is empty, and the convention M;(p®) = +co applies.
Assume 0 </ < p*andputh =p°* -0 Writeh =cp® +1,, 1 <c<p—-1,0<r, <p?
where a = [log, 1] and ¢ = [1/p"|. Equivalently, c = |p'°8"|. Since cp? < h < (c+1)p",
we have p° — (c+1)p* < £ < p® —cp”. Setty = p° — cp”. Then { < ty < p°, and the base-p
digits of ty are 0 below position a, p — ¢ in position 4, and p — 1 above position a. Hence
Py = (p—c+1)p "1 Thus ming<;ops P < (p—c+ 1)ps— 1.

Conversely, let ¢ < t < p* and write u = p* —t. Then1 < u < h. If u = bp® with
1 < b < ¢, then the base-p digits of p° —u give Pt = (p — b+ 1)p 1 > (p—c+1)p* " L.
Ifu ="bp*+r, with0 <b <cand 0 < r;, < p? then the digits above position a of
p® —u are all p — 1, the digit in position a contributes at least p — b, and the lower a digits
represent the positive integer p* — r,,; therefore their contribution to the product P is at least
2. Hence Pt > 2(p — b)p* %1 > (p — c + 1)p* %!, where the last inequality follows from
b <c¢ < p—1. Therefore P} > (p —c+1)p* "~ for every t € [, p*). Combining the two
inequalities gives miny<; s P = (p —c +1)p* 1. Substituting h = p* — £, a = [log, k],
and ¢ = LplOgP hJ gives exactly M, (¢). O

The role of Proposition 3 is auxiliary: it is useful when one wants to optimize a profile
over a range of levels rather than inspect every p-adic value P; separately. The same
expression applies here because the p-adic weight of (x" — Ag)" is independent of the
particular constacyclic shift.

Half-Cyclotomic Repeated-Root Construction

We now impose the half-cyclotomic ordering on the associated layers. Each layer is
an initial union of cyclotomic cosets within each size class, and the resulting nested chain
determines the repeated-root multiplicities. Initial segments are used because they preserve
nestedness of the repeated-root layers and allow the available half-cyclotomic distance
certificates to be applied layer by layer.

Definition 7. A nested chain Tys 1 C Tys_» C -+ C Ty C Ty of unions of g-cyclotomic cosets
in Ly, is called half-cyclotomic if, for each 0 < t < p® and each coset-size class ¢, there exists

an integer agy € {0,1,..., Ny} such that Ty = U, U?i‘l C(;(f)- Here ay; is the number of cosets
j

of size ¢ selected in the t-th layer. Equivalently, T; is obtained by taking an initial segment of the
ordered cosets in every size class. The nesting condition translates to as ;1 < ay; for every { and
0<t<p’—1

Construction 1. Let (T;)o<t<ps be a nested half-cyclotomic chain with parameters (ay ;). Define
a multiplicity profile by e; = #{t : 0 < t < p°, C; C T;}, i € I. The associated half-cyclotomic
repeated-root code is

Chc = C(e) = (TTMi(x)%) C Fyfa]/ (5" = A). (15)

iel

This construction admits two equivalent interpretations. From the simple-root side,
one chooses a nested tower of half-cyclotomic defining sets and records how long each
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coset remains present. From the repeated-root side, one starts with the multiplicities ¢; and
recovers the layers by the threshold rule e; > t. This equivalence is the mechanism that
allows the simple-root half-cyclotomic distance bounds to be applied level by level in the
repeated-root distance formula.

Theorem 5. Let Cyc be the code associated with the nested half-cyclotomic chain (Tt )o<t<ps, and
write Ty = Uy U;itl C 5}(;). Then diqu Cyc = np® — Zf:61 Yo lags. In particular, under the

two-coset-size hypothesis with coset sizes £ < m, this becomes dim]Fq Cyc =np® — Zfigl (E apr+

M Ay ).

Proof. By Construction 1, the code Cyc is the repeated-root code C(e) attached to the
multiplicity profile e; = #{t : 0 < t < p°, C; C T;}. By the layer reconstruction result
(Proposition 1), the associated simple-root layers of C(e) are precisely the prescribed sets T;.
Hence the dimension formula for multiplicity profiles (Proposition 2) gives dimy, Cc =

np® — Zfzgl |T¢|. It remains to compute | T;| from the half-cyclotomic parameters. For fixed
t, the set T; is a disjoint union of whole g-cyclotomic cosets. In the coset-size class /, it

contains exactly C 07 C (), each of cardinality /. Therefore the contribution of this size
1 /

(

1)
et

class to |T¢| is £ as ;. Summing over all coset-size classes yields |T;| = }_, £ a; ;. Substituting

this into the dimension formula gives the first stated expression. If only two coset sizes
¢ < m occur, the inner sum reduces to the two terms £ a, ; + m a,, ;, which proves the special

case. [

5. Main Lower Bounds

The previous section reduced the repeated-root distance problem to the distances of
the simple-root layers, weighted by the factors P;. We now turn this identity into usable
lower bounds by inserting certified simple-root information. Thus, the results in this
section should be read as layerwise consequences of Theorem 4: whenever a layer distance
is known exactly, the corresponding term is exact; otherwise, only a certified lower bound
is used.

In particular, the half-cyclotomic bound from Theorem 1 is applied only to the lower or
upper half-cyclotomic layers for which its hypotheses hold. For arbitrary initial layers, we
use a verified BCH run, an exact computed distance, or another certified simple-root bound.

Let T C Z,, be a union of g-cyclotomic cosets. A number A(T) is called a certified
lower bound for C(T) if dg(C(T)) > A(T). We use the conventions A(&) = 1 and
A(Zyy) = 4oo. Thus the estimates in this section are lower bounds unless exact layer
distances are known.

Theorem 6. Let C(e) be the repeated-root code determined by a multiplicity profile e, and let
Ti(e) = Ujer C;for 0 < t < p° be its associated simple-root layers. Suppose that, for every t, a
e;j>t

certified lower bound A(Ty(e)) is known. Then dyz(C(e)) > ming<¢<ps Pr A(Ti(e)).

Proof. By Theorem 4, dy(C(e)) = ming<i<ps Prdu(C(Ti(e))). Since dy(C(Ti(e)))
A(T(e)) for every t and Py > 0, the claim follows by taking the minimum over 0
t<p®. O

IN IV

Theorem 7. Let Cyic be the repeated-root code attached to a nested half-cyclotomic chain (T;)o<t<ps.
For each layer choose a certified bound Dy as follows:
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Mo | i T, = HY and th half hypotheses hold
-1 if Ty = and the upper-half hypotheses hold,
AN ¢ T, = H~ and the lower-half hypotheses hold
-1 if Ty = and the lower-half hypotheses hold,
D; = . . . o (16)
L(T;)+1,  ifaconsecutiverun {1,1+r,...,14 (L(T;) — 1)r} C T} is verified,
1, !th = gl
+00, ith = Zn,r-
Here the upper-half and lower-half hypotheses mean that the corresponding half-cyclotomic defin-
ing set contains a consecutive run of length at least Z(ZN_ml) — 1. Then dy(Cyc) >

ming<;<ps PtDy. More generally, the same conclusion holds for any choice of certified bounds
Dy < dy(C(Ty)).

Proof. By Construction 1 and Proposition 1, the simple-root layers of Cyjc are precisely the
prescribed sets T;. Hence Theorem 4 gives dy(Cyc) = ming<;<ps Pt dp(C(Tt)). It remains
to check that each displayed value of D; is a certified lower bound for dgy(C(T)).

The consecutive-run case follows directly from Theorem 2. If T; = H™ and the
upper-half hypotheses hold, then the corresponding consecutive run has length at least

4N J — 1, and hence dy(C(H")) > { 4N
Ty = H™ under the lower-half hypotheses. If T; = &, then C(T;) = F}j, so dy(C(T;)) = 1.

If T} = Zy,, then C(T;) = {0}, and we use the convention dgy({0}) = +oo. Thus every
displayed value satisfies D; < dy(C(T;)). Substitution into the repeated-root distance

J. The same argument applies to

formula gives dyy(Cyc) > ming<;<ps PtDt. The final assertion follows in the same way for
any family of certified bounds D; < dy(C(Ty)). O

Theorem 8. Let Cyc be attached to a nested half-cyclotomic chain (T;)o<t<ps. Suppose that, for
each nonempty proper layer Ty, an integer Ly > 0 has been verified such that {1,1+r,...,1+
(L¢ — 1)r} C Ty, with the convention that this set is empty when Ly = 0. Define

Li+1, if® # Ty # Zuy,
Er=1<1, ifTy =@, (17)

+o00, ith = Zn,r'

Then dy1(Cc) > ming<;<ps PiEy. If, in addition, a layer Ty has another certified simple-root lower
bound B; < dyy(C(Ty)), then E; may be replaced by max{E;, B¢} for that layer. In particular, if a
layer is an admissible half-cyclotomic layer for which the half-cyclotomic bound is already proved,
then one may replace E; by the larger of Ey and that bound.

Proof. By Construction 1 and Proposition 1, the simple-root layers of Cyyc are exactly the
prescribed defining sets T;. Therefore, Theorem 4 gives dyy(Crc) = ming<;<ps Pt dp(C(Tt)).
For nonempty proper layers, Theorem 2 gives dy(C(Ty)) > Ly + 1. If T} = o, then
C(Ty) = Fg, so dy(C(Ty)) = 1 = Ei. If Ty = Z,,, then C(T;) = {0}, and with the
convention dyy({0}) = +oco we again have E; = dy(C(T;)). Thus E; < dy(C(Ty)) for
every 0 < t < p°, and the desired inequality follows by substitution into the distance
reduction formula.

Finally, if B; < dyy(C(T;)) is another certified bound, then max{E;, B} < dy(C(Ty)).
Replacing E; by this maximum in the same argument is therefore valid. [
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Corollary 1. Let Cyyc be attached to the nested half-cyclotomic chain (T;)o<t<ps. Suppose that the
chosen certified layer bound is exact for every layer: Agc(Ty) = dg(C(Ty)) forall 0 < t < p®.
Then dH(CHC) = min0§t<ps P AHC(Tt)

Proof. By Theorem 4, dyj(Crc) = ming<;<ps Pt di(C(Ty)). Since Ayc(Ty) = di(C(Tt)) for
every t, substitution gives dyy(Cc) = ming<s<ps Pt Apc(Ti). O

Corollary 1 will be used when exact layer distances are known from computation
or from a sharp simple-root bound. Consequently, the layerwise lower bound is sharp
whenever the certified bounds are exact on the layers that determine the minimum in
Theorem 4; otherwise, the result should be interpreted only as a certified lower bound.

6. Half-Rate and Explicit Length Families

The previous section established layerwise certified lower bounds for fixed repeated-
root codes. We now pass to families of lengths. The dimension is controlled by the total
size of the nested layers, while the distance is controlled by the weakest scaled simple-root
layer distance. Thus, half-rate families arise by balancing the total layer size around one
half of the repeated-root length and avoiding full-space layers of distance 1. We then record
explicit arithmetic length families for which the coset distribution, dimension, and certified
lower bounds can be computed directly.

Definition 8. Let (T;)o<t<ps be a nested half-cyclotomic chain. We call the chain balanced if
gigl |T¢| = "Tps + o(np®) along the family under consideration. Equivalently, for the associated
half-cyclotomic repeated-root code Cyc, dimp, Ce = 4+ o(npd).

Definition 8 is the asymptotic condition used in the following theorem.

The next theorem is conditional: its conclusion holds only for families whose simple-
root layers have certified distance lower bounds of the stated order. The hypotheses are not
automatic and must be verified for the particular layer chains under consideration.

Theorem 9. Let q and s be fixed, and let n — oo through a family with ged(n, p) = 1. For
each n, let (Tt(n))0§t<ps be a nested half-cyclotomic chain, and let CI(—?C) C Fy[x]/ (x"P" — A) be the
associated repeated-root code. Assume that the chains are balanced: Zfigl |Tt(n)| = ”Tps + o(np®).
Assume also that the layer distances are certified uniformly in the following sense: there exist
constants ¢ > 0, independent of n, such that dH(C(Tt(n))) > ¢ 1o§ — for every 0 < t < p°. These
layer-distance hypotheses are assumptions of the theorem; they are noqt asserted to hold automatically

for all half-cyclotomic chains. Then dimg, CI({HC): = ”Tps +o(np*), and dH(CI({nC)) > C@, where

C = ming<;<ps Prcy > 0. Equivalently, if N = np®, then dH(CI({"C)) > loé\;Nfor some constant

cd >0 depending only on q, s, and the constants c;.

Proof. Let N = np®. By Theorem 5, the dimension of C](FI”C) is dimp, Cgc) = np® —

Zf;al \Tt(”) |. Using the balancedness assumption gives

S
dims, €l = np? = (" + ol )

S
= % +o(np®).

Thus the rate tends to 1/2.
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For the distance, Theorem 4 gives dH(CI(fC)) = ming<<ps P dp(C( Tt(”))). By hypoth-

esis, dH(C(Tt(n))) > ¢ logqn for every t. Therefore P; dH(C(Tt(n))) > Picy log”qn for each
(n)

t. Taking the minimum over 0 < ¢ < p°, we obtain dy(Cpy) > (ming<i<ps Prcy)

n
log,7 n’
Set C = ming<;<ps Prcy. Since each P; > 0 and each ¢; > 0, we have C > 0. Hence

dH(CgIC)) > Clogqn' Finally, N = np®, so log, N = log,n —i—logq(ps) = log, n +slog, p.

Since g and s are fixed, s log, p is constant. For all large 1, log, n < log, N. Hence

n 7N/p5>N/p571 N

log,n  log,n ~ log, N ~ p°log, N’

Therefore dH(CI({nC)) > %log]\; ~- Taking ¢’ = % > 0 gives the claimed form. [
Remark 1. The layer condition in Theorem 9 is essential. If some layer Ty is empty, then
C(T:) = F} has distance 1, and the repeated-root distance formula includes the term Py. In that case
one cannot deduce growth of order N/ logq N. Thus the construction must keep all repeated-root
layers protected by simple-root defining sets with growing distance. Accordingly, Theorem 9 should
be read as a conditional transfer principle: once the required layer-distance certificates are available,
the repeated-root family inherits the stated half-rate and logarithmic-distance behavior.

This observation will be used implicitly when constructing the explicit families below.

6.1. Explicit Length Families

We now give explicit length families with completely computable repeated-root pa-
rameters. The essential arithmetic feature is that the defining positions Z,,, = {1+ jr: 0 <
j <n—1} CZ/(nr)Z split into exactly two g-cyclotomic coset sizes. Once this is known,
the dimension follows by counting selected cosets in each layer, and the distance bound
follows from the layerwise repeated-root lower bound.

Throughout the remainder of this section g = p™, where p is the characteristic of IF,.
The repeated-root exponent is s > 1, and ged(n, p) = 1. We write A = Ags, r = ord(Ag),
r | 4 — 1. Auxiliary primes appearing in the arithmetic length formulas are denoted by
0,01,p2. The parameter b > 1 is used in the prime-power cyclotomic family n = &, (q),
and ¢ denotes the divisor parameter in the family nr = (g° — 1) /0. Thus the repeated-root
multiplier is p°, while the simple-root length n may involve the auxiliary primes.

6.2. Arithmetic Counting of Cyclotomic Cosets

We begin with two elementary counting lemmas. They are included to make the
coset-size computations self-contained.

Lemma 1. Let q be a prime power, let n be a positive integer with ged(n,q) =1, and let r | g — 1.
Put Z,, ={1+jr:0<j<n—1} CZ/(nr)Z. Fori € Zy,, let C; = {ig/ mod nr : j > 0},
and put M = ord,(q). For u > 1, define

Fuy={ie€Zy,:ig" =i (mod nr)}. (18)

Then the following assertions hold.
(i)  Ifd = ged(nr,i), then
|Cil = ordy/a(q)- (19)
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(i) PutA,=(g"—1)/randd, = gcd(n, Ay). Then
d,, if gcd(r,n/d,) =1,
Fy] = P Feedlnn/d) 0)
0, if ged(r,n/d,) > 1.

(iii) Ifu | M, then F(u) is exactly the union of all g-cyclotomic cosets in Z,,, whose sizes divide
u. Consequently, if f(u) = |F(u)|, then

f(u) =) aN,, (21)

alu

where N, denotes the number of q-cyclotomic cosets in Z, , of size a.
(iv)  For every divisor a | M, the number of q-cyclotomic cosets in Z,, , of size exactly a is

N, = i%#(i)f(u)f 22)

where p is the Mobius function.
(v)  In particular, suppose that £ < m are divisors of M and that the values f(u), computed by
(ii), satisfy

N, = z%y(fjf(u) >0, Ny = % Zy<ﬂ)f(u) >0, (23)

ulm

and N, = 0 for every divisor a | M with a ¢ {¢,m}. Then the cyclotomic cosets in Z,,, have
exactly two sizes, namely £ and m. In this case f(¢) = ¢Ny, f(m) = n, and

N, = @ Ny = 12 ﬂ{(ﬁ)_ (24)
Proof. For (i), by definition |C;| is the least positive integer u such that ig* =i (mod nr).
This congruence is equivalent to nr | i(q* — 1). If d = ged(nr, i), then this is equivalent to
nr/d | g¢" — 1. Hence the least such u is ord,,, /4(q).

We prove (ii). Every element of Z, , has the form i = 1+ jr, where 0 < j < n—1.
The condition ig" = i (mod nr) is equivalent to nr | i(q* —1). Since g* — 1 = rA,, this
becomes n | Ay (1+ rj). Thus |F(u)| is the number of solutions j mod n of

Ay(14+rj)=0 (mod n).

Let d, = ged(n, Ay), and write n = dyn’ and A, = d,A), with ged(Al,n') = 1. The
congruence is equivalent to A}, (1 +7rj) =0 (mod n’), and henceto 1+ rj =0 (mod n').
This linear congruence is solvable if and only if ged(r,n’) = 1, that is, if and only if
ged(r,n/dy) = 1. If it is solvable, it has exactly one solution modulo 7', and therefore
exactly d,, solutions modulo n = d,n’. If itis not solvable, it has no solution. This proves (ii).

For (iii), let u | M. An elementi € Z,, belongs to F(u) if and only if ig" = i
(mod nr). This holds if and only if the period of i under multiplication by ¢, namely |C;,
divides u. Hence F(u) is precisely the union of all cosets whose sizes divide u. Therefore,
f(u) = |F(u>| = Za\u aNg.

Assertion (iv) follows from (iii) by M6bius inversion applied to the arithmetic functions
f(u) and g(a) = aN, on the divisor lattice of M. Thus aN, = Y|, p(a/u) f (u), which gives
the stated formula for N,.

Finally, (v) follows immediately from (iv). If the only nonzero values among the N,
a | M, occur at a = ¢ and a = m, then the only possible coset sizes are ¢ and m. Since
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Ny, Ny > 0, both sizes actually occur. In that case F(/) is the union of all cosets of size ¢,
so f(£) = ¢Ny. Also F(m) = Z, ., because all coset sizes divide m, and hence f(m) = n.
Subtracting the f(¢) = ¢N, elements lying in cosets of size ¢ from the total number n gives
mN,, = n — f(¢). Therefore Ny = f(¢)/fand Ny, = (n — f(¢))/m. O

Lemma 1 is the counting step used in Proposition 4.

Proposition 4. Assume that the q-cyclotomic cosets in Z, » have exactly two sizes £ < m. Let Ny
and Ny, be the numbers of cosets of sizes £ and m. Let (Tt)o<t<ps be a nested half-cyclotomic chain
of the form

apt Am,t

Ty = UC(S@ U UC(S(m) . (25)
=1 7 =t 7

Let Cyyc be the associated repeated-root code. Then diqu Cuc = np® — Zfigl (Eag,t + mam,t),
Moreover, if dy(C(Ty)) > Dy (0 < t < p°) are certified simple-root layer bounds, then
dy(Cac) > ming<s<ps PtDy.

Proof. For fixed t, the set T; contains a,; cosets of size £ and a,,; cosets of size m. Since
distinct cyclotomic cosets are disjoint, |T;| = layy + may;. By Theorem 5, diqu Chac =

np® — Zfigl |T¢|. Substituting the expression for |T;| gives the stated dimension formula.
For the distance, Theorem 6 gives dy(Cyc) > ming<;<ps PtDy whenever Dy <
dyy(C(Ty)) for every t. This is exactly the hypothesis. [

We next investigate when a constacyclic code can be transformed into a cyclic code by
a coordinatewise monomial map, allowing cyclic-code arguments to be applied after an
explicit equivalence.

Lemma 2. Let N > 1, and let A € Fy. If there exists y € Fy such that nN = A, then every
A-constacyclic code of length N over I is monomially equivalent to a cyclic code of length N. In
the present setting, where N = np® and A = Ags, this condition is equivalent to the existence of
1 € Fg such that n" = Ao.

Proof. Assume 7N = ). Define & : FqN — Fé\l by ®(co,c1,...,cn-1) = (co,17c1, 17%¢2, - - -,
17N -1 ~N_1). This is a monomial transformation, hence an [F;-linear isometry.

Let T (co,c1,--.,cN-1) = (AcN—1,C0,€1, - --,CN—2) be the A-constacyclic shift, and let
T1(d0, dqi,... ,dN,1) = (del,do,dl, e ,dez) be the CydiC shift. For ¢ = (Co, ... ,CN,l),
one computes

D(1r(c)) = (Aen—1,7¢0,7%c1, -, 1N " lena),
na(®(c) = (Nen—vmeo, e, N

= (Aen—1,mc0, %1, .., N tena).

CNfZ)

Thus ® oty = 513 0. If C is A-constacyclic, then 7, (C) C C. Applying ®, we get
11 (P(C)) C P(C). Since 7 # 0 and ®(C) is linear, this implies 7 (P(C)) C P(C). Hence
®(C) is cyclic. Therefore C is monomially equivalent to a cyclic code.

Now let N = np® and A = Ags. If 4" = Ao, then yN = (4")¥" = /\gs = A. Conversely,
if YN = A, then (y")?" = Ags. The Frobenius map x — x* is injective on Fy, so 1" = Aq.
This proves the equivalence. [

The following families are now verified through Lemma 1. Thus the two-coset-size
condition and the numbers Ny, N;,; are not imposed as independent assumptions; they are
obtained by computing the fixed-position numbers f(u) = |F(u)| and then applying the
Mobius formula in Lemma 1.
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6.3. Family I: Lengths of the Form nr = (g° —1)/c

This subsection treats the first arithmetic length family, where nr = (4° — 1) /0, and
records the resulting cyclotomic-coset structure needed to construct the corresponding
repeated-root half-cyclotomic constacyclic codes.

Theorem 10. Let p be an auxiliary prime and let o be a positive integer such that nr = ﬂ%l.
Assume ordp,(q) = p. Put Ay = @, di = ged(n, Ay). Assume also that ged(r,n/dy) =
1. Then the g-cyclotomic cosets in Z,, have exactly the two sizes 1 and p, with Ny = di =

gcd(n, @), N, = %. Consequently, if (Tt)o<t<ps is a nested half-cyclotomic chain

apt ap,t

T, = Uc{sm U UCN) , (26)
j=1 j=1

and if Cyyc is the associated repeated-root code, then dimpq Cuc = np® — Zfigl (”l,t + pap,t). For
any certified layer bounds Dy, dyy(Crc) > ming<;<ps PtDy. If the layer is the upper half-cyclotomic

set, or the lower half-cyclotomic set under the hypotheses of Theorem 1, one may take Dy = {%J .
A verified consecutive-run bound may be used instead when it is stronger. If Ty = &, take Dy =1,
and if Ty = Zy,, take Dy = +o0. If A has an np®-th root in I, then the codes are monomially

equivalent to cyclic codes.

Proof. Since ord,,;(q) = p, we have g° =1 (mod nr), and p is the least positive exponent
with this property. Leti € Z,,, and putd = ged(nr,i). By Lemma 1, |C;| = ord,,/4(q).
Because nr/d divides nr, the order of 4 modulo nr/d divides the order of 4 modulo nr,
namely p. Since p is prime, |C;| € {1, p}. Thus only the sizes 1 and p can occur.

It remains to count the size-1 cosets. A coset has size 1 precisely when its element is
fixed by multiplication by g. Hence the number of elements lying in size-1 cosets is |F(1)].
By Lemma 1, |[F(1)| = d because d; = gcd(n, (3 —1)/r) and ged(r,n/d;) = 1. Since a size-

1 coset contains exactly one element, the number of such cosets is Ny = dj = gcd(n, #) .
The remaining n — Nj elements of Z,,, lie in cosets of size p. Therefore N, = N Now
the repeated-root parameter formulas follow from Proposition 4 with (¢,m) = (1,p).

Indeed, each layer has size |T;| = a1 + papt, SO dim]pq Cuc = np°® — Zfigl (au + pap,t).
The distance estimate follows from the same proposition. The stated choices of D; are
certified layer bounds in the corresponding cases: the displayed half-cyclotomic bound for
admissible nontrivial layers, the value 1 for the full-space layer C(2) = F}, and +co for
the zero layer C(Z,,) = {0}. Finally, the monomial-equivalence statement follows from
Lemma?2. 0O

6.4. Family I1: Lengths of the Form n = @, (q)

This subsection treats the second arithmetic length family, where n = @ (q), and uses

b
. . . : . . o
the identity & o (q) = Zb‘l 11 to describe the associated cyclotomic-coset distribution for
.

the repeated-root construction.

Theorem 11. Assume b >1,p1q—1,n = @ (q). Assume further that ord,(q) = o?, and
that for every proper divisor u of p¥, |F(u)| = 1. Then the g-cyclotomic cosets in Z,, , have exactly
the two sizes 1 and ¥, with Ny = 1, N b = ”p—_bl Consequently, for every nested half-cyclotomic

chain
ai apb/t

Ty = U C(S(]) U C b |- (27)
]:1 ] ]:1 ]
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the associated repeated-root code satisfies dimp, Cyc = np® — Zfi61 (a1 +p° g 1), and, for any

certified layer bounds Dy, dyy(Crc) > ming<;<ps PrDy. If the layer is the upper half-cyclotomic set,
N

or the lower half-cyclotomic set under the hypotheses of Theorem 1, one may take Dy = qufb) .

A verified consecutive-run bound may be used instead when it is stronger. If Ty = &, take Dy =1,

and if Ty = Zy,, take Dy = 4o0. If A has an np®-th root in I, then the codes are monomially

equivalent to cyclic codes.

Proof. Since ord,,(q) = p”, every coset size divides p’. Therefore, the possible coset sizes
are powers of p: 1,p,0?%,...,p". By hypothesis, for every proper divisor u of p’, the fixed
set F(u) has cardinality 1. In particular, |[F(1)| = 1. Thus exactly one element of Z, ,
lies in a coset of size 1, and therefore N; = 1. Now suppose that there were a coset of
intermediate size p/ with 1 < j < b. Then all elements of this coset would be fixed by
multiplication by qu, so F(p/) would contain the one element from the size-1 coset together
with all p/ elements of this intermediate coset. Hence |F(p/)| > 1+ o/ > 1, contradicting
the hypothesis |[F(p/)| = 1. Therefore no intermediate sizes occur. Since ord,,,(q) = p’, at
least one coset has size p”. Hence the only coset sizes are 1 and p.

The single size-1 coset accounts for one element of Z,, ;. The remaining n — 1 elements
are partitioned into cosets of size p’, so N b = ”p—j,l The repeated-root dimension and

distance formulas now follow from Proposition 4 with (¢,m) = (1,0"). The validity of the
displayed choices of D; follows as in the previous theorem. The monomial-equivalence
statement follows from Lemma 2. O

Theorem 12. Assumeb > 1, p | #, = @, (q). Assume further that ord,(q) = 0P, and that
|

for every proper divisor u of 0¥, |F(u)| = p. Then the g-cyclotomic cosets in Z,, , have exactly the
two sizes 1 and pb, with Ny = p, N b = "p;bp. Consequently, for every nested half-cyclotomic chain

apt Tpb t

Tt = U C(S(l) U U C (pb) ’ (28)
. i A o}
=1 j=1 i

the associated repeated-root code satisfies dimp, Cc = np® — Zfial (a1 + pla pb,t), and, for any

certified layer bounds Dy, dy(Crc) > ming<;<ps PiDy. If the layer is the upper half-cyclotomic set,
N

or the lower half-cyclotomic set under the hypotheses of Theorem 1, one may take D; = Hq”bl) .

A verified consecutive-run bound may be used instead when it is stronger. If Ty = &, take Dy =1,

and if Ty = Zy, , take Dy = +o0.

Proof. Since ord,,(q) = p’, every coset size divides p’. Thus every coset size is one
of 1,0,0%,...,0°. The hypothesis |F(1)| = p says that exactly p elements are fixed by
multiplication by q. These elements are precisely the elements lying in cosets of size 1.
Hence N; = p. For every proper divisor u of p’, we have |F(u)| = p. Thus no new
elements become fixed by g% beyond those already fixed by 4. If an intermediate coset of
size pj ,1 <j < b, existed, then its pj elements would be contained in F (pf ), and therefore
|F(0/)| > p+p/ > p, contradicting the hypothesis. Hence no intermediate sizes occur. The
only possible sizes are therefore 1 and p.

The p size-1 cosets account for p elements of Z;, ;. The remaining n — p elements are
partitioned into cosets of size p’, so N b = "p;bp The repeated-root parameter formulas

follow from Proposition 4 with (¢,m) = (1,0"). This gives both the stated dimension and
the lower bound dg;(Crc) > ming<t<ps PrD;. The choices Dy = 1 and Dy = +oco for empty
and full defining sets come from C(@) = F} and C(Z,,) = {0}, respectively. [
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Theorem 13. Assumeb >1,p|qg—1,p¢ #, n==o, (q), and assume either b > 2 or p is odd.
Assume further that ord,, (q) = p°, that |F(1)| = 0, and that for every proper divisor u of p¥ with
u > 1, |F(u)| = p. Then the g-cyclotomic cosets in Zy, , have exactly the two sizes p and p°, with
No=1,Np = ”p;bp Consequently, for every nested half-cyclotomic chain

up,t apb,t

Ty = UC(S@,,) U U Cé(pb) , (29)
j=1 =1 "I

the associated repeated-root code satisfies

pP-1

diqu Cuc = TZPS — Z (Pap,t + Pbapb,t)/ (30)
t=0

and, for any certified layer bounds Dy, dy(Crc) > ming<;<ps PtD;. If the layer is the upper

half-cyclotomic set, or the lower half-cyclotomic set under the hypotheses of Theorem 1, one may
N

take Dy = % . A verified consecutive-run bound may be used instead when it is stronger. If

Ty = &, take Dy = 1, and if Ty = Zy,, take Dy = +o00. Monomial equivalence to cyclic codes holds

exactly when A has an np*-th root in Fy.

Proof. Again, ord,,(q) = p” implies that all coset sizes divide p”. The hypothesis |[F(1)| = 0
says that no element is fixed by multiplication by g, so there are no cosets of size 1.

For every proper divisor u > 1 of p?, the fixed set has cardinality p. In particular, for
u = p, the set F(p) contains exactly p elements. Since there are no size-1 cosets, these p
elements must form a single coset of size p. Hence N, = 1. If an intermediate coset of
size p/, 2 < j < b, existed, then its p/ elements would be contained in F(p’), together with
the p elements of the size-p coset. This would give |F(o/)| > p + o/ > p, contradicting the
hypothesis |F(p/)| = p. Hence no intermediate sizes occur. Therefore the only coset sizes
are p and p".

The unique size-p coset accounts for p elements. The remaining 1 — p elements are

partitioned into cosets of size p’, so N,y = %. The repeated-root formulas now follow

from Proposition 4 with (¢,m) = (p,p"). The empty and full defining-set conventions
give D; = 1 and D; = +oo. Finally, the monomial-equivalence statement is precisely
Lemma2. 0O

6.5. Family III: Lengths of the Form n = ®,,,,(q)

Theorems 11-13 give the three prime-power cyclotomic length families used before
the product-family case.

Theorem 14. Let p1 < p be distinct auxiliary primes, and let n = ®p,,,(q). Assume ord,,(q) =
p102. Assume further that |F(1)| =1, |[F(p1)| = 1, |F(p2)| = 1. Then the g-cyclotomic cosets in
n

Zn,r have exactly the two sizes 1 and p1p2, with Ny = 1, Np,p, = ﬁ Consequently, for every

nested half-cyclotomic chain
a1t fp1ppt

Ty = Ucég) U U C(5§P1P2) , (31)
j=1 =1

the associated repeated-root code satisfies
p-1

dimy, Cc = np® — Y (a1 + 0102 8p,p5.t), (32)
t=0
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and, for any certified layer bounds Dy, dyy(Crc) > ming<i<ps PtDy. If the layer is the upper
half-cyclotomic set, or the lower half-cyclotomic set under the hypotheses of Theorem 1, one may
take Dy = ué\;‘f% J . A verified consecutive-run bound may be used instead when it is stronger. If
T = @, take Dt = 1, and if Ty = Z,,, take Dy = +oo. If A has an np®-th root in Fy, then the

codes are monomially equivalent to cyclic codes.

Proof. Since ord,,(q) = p1p2, every coset size divides p;p,. Hence the possible sizes are
1,01,02, p102- The hypothesis |F(1)| = 1 gives exactly one element fixed by g, hence one
coset of size 1: N; = 1. If a coset of size p; existed, then all of its p; elements would
lie in F(p), together with the element from the size-1 coset. Thus |F(p1)| > 1+4+p; > 1,
contradicting the hypothesis |F(p1)| = 1. Hence no coset of size p; exists. The same
argument using |F(p2)| = 1 excludes cosets of size p,. Therefore the only coset sizes are 1
and p1 0.

The single size-1 coset accounts for one element of Z,, ;. The remaining n — 1 elements
are partitioned into cosets of size p1p2, 50 Np,p, = ﬁ The repeated-root parameter
formulas follow from Proposition 4 with (¢,m) = (1, p1p2). The monomial-equivalence

statement follows from Lemma 2. [

7. Lifting Optimal and Best-Known Simple-Root Codes

We now discuss how simple-root constacyclic codes can be lifted to repeated-root
length np®. There are two natural procedures. The first is the uniform lift, where one raises
the whole simple-root generator to a single exponent. This construction is simple, but it
has a serious distance limitation: after the lifting exponent is passed, the associated layers
become the full space F}/, whose minimum distance is 1. The second is the nonuniform
lift, where different irreducible factors are assigned different multiplicities. This is the
more flexible construction, and it is the one naturally compatible with the layer method
developed above.

Definition 9. Let D = (g(x)) C Fy[x]/(x" — Ag) be a simple-root Ag-constacyclic code, where
<(x) = TTiea Mi(x) for some union of q-cyclotomic coset leaders A C T.
For 1 < e < p®, the uniform repeated-root lift of D with multiplicity e is

RR; (D) = (g(x)°) C Fylx]/(x"" = 7). (33)
Equivalently, this is the repeated-root code with multiplicity profile

e, 1€A,
e = (34)
0, i¢A.

More generally, a nonuniform repeated-root lift of D is obtained by assigning integers

1<e <p° (i €A)andsetting e; = 0 for i ¢ A. The resulting code is

Cle) = <1‘[ Mi(x)“i> C Fylx]/ (x"7" = A). (35)

icA

Definition 9 separates the uniform construction from the nonuniform profiles treated
in Theorem 15.
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Proposition 5. Let D be a simple-root [n,k,d] Ao-constacyclic code over ¥, with generator
polynomial g(x). Let

C =RR.(D) = (g(x)°) C IFE,[X]/OC””S —A), 1<e<p’ (36)

Then dimg, C = np® — e(n — k). Moreover, the associated simple-root layers are

D, 0<t<e,
Ct=19_, < (37)
IFq, e<t<p.

Consequently, dy(C) = min{ming<;, P d, ming<;<ps P; }, where the second minimum is inter-
preted as +oo if e = p®. Since Py = 1, this can also be written as

min{d, Ms(E)}, 1 S e < Psz

(38)
d, e=p°

dH(RRe(D>) = {

where Ms(e) = mine<s<ps Pr.

Proof. Since D is an [n, k, d] simple-root constacyclic code, its generator polynomial g(x)
has degree deg ¢ = n — k. The uniform repeated-root lift is generated by g(x)¢. Therefore
deg g(x)¢ = edegg = e(n — k). Because g(x) | x"P" — A, theideal (g(x)¢) C Fy[x]/(x""" —
A) has dimension np® — deg g(x)¢ = np°® — e(n — k). This proves the dimension formula.
We now identify the layers. Write g(x) = [T;c4 M;(x). The multiplicity profile of

RR,(D) is
e, 1€A,
e, =
0, i¢A.

By the definition of the associated layers, Ti(e) = Ujer C;. If 0 < t < ¢, thene; = e >t
o>t

exactly fori € A. Hence Ti(e) = U;c4 Ci, and therefore Ci=C(Ti(e)) =D.Ife <t < p°,
then no exponent ¢; is larger than t. Hence T;(¢) = @, and so C; = C(2) = Fy. Thus the
layers are exactly as stated.

Applying the repeated-root distance reduction theorem gives diy(C) = ming<;<ps Pr dpy(Cy).
For0 <t < e,wehave C; = D, sody(C;) = d. Fore <t < p°, we have C; = IF;, sody(Cy) = 1.
Therefore di;(C) = min{ming<¢, Pid, min,<¢<s P;}. If e = p*, the second range is empty and
its minimum is taken to be +o0. Since 0 < e, the first range contains t = 0, and Py = 1. Asall
P, > 1, we have ming<;, P;d = d. Hence, for e < p°, dy(RR.(D)) = min{d, Ms(e)}, where
M;(e) = mine<<ps P;. For e = p°, only the first part remains, and the distanceis d. ]

Remark 2. The preceding proposition shows that a uniform lift with e < p°® always has
dy(RR.(D)) < Ms(e). Thus even if D is optimal or best-known as a simple-root code, the
uniform lift may have small repeated-root distance because the layers t > e are the full space Fy.
This is the main reason to use nonuniform multiplicity profiles: they allow one to keep nontrivial

defining sets in higher layers and thereby avoid unprotected full-space layers.
Proposition 5 and Remark 2 motivate the nonuniform lifting theorem below.
Theorem 15. Let

Cle) = <]_[ Mz'(x)e"> C Fylx]/(x"" = A) (39)

iel
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be a repeated-root code with multiplicity profilee : T — {0,1,...,p°}. For 0 < t < p®, let
Ci(e) = C(Ti(e)) be its associated simple-root layer, and put dy = dy(Ct(e)). Then dimp, C(e) =
np® — Yier €i|Ci|, and du(C(e)) = ming<;<ps Peds. Thus, if C(e) # {0}, its parameters are
[np*, np* — Lier i|Cil, mino<t<ps Pedi]
Proof. The dimension formula is exactly Proposition 2. Indeed, the generator of C(e) is
ge(x) = ITier Mi(x)%. Since deg M; = |C;|, we have deg g. = Y ;cre;deg M; = Y i1 €;|Cil.
Therefore dimg, C (e) = np® —degg. = np® — Y icr ¢;|C;|. For the distance, Theorem 4 gives
the exact identity dp(C(e)) = ming<;<ps P d(Ci(e)). By definition d; = dpy(Ct(e)). Hence
dy(C(e)) = ming<s<ps Prd;. Combining the dimension and distance formulas gives the
stated parameters. [J

Corollary 2. Assume that the simple-root layers Ct(e) have known exact parameters Ci(e) =
[n,kt,di]g for 0 < t < p°. Then the repeated-root lift C(e) has exact dimension and dis-
tance dimp, C(e) = np® — Zf;gl Tt (e)| and dy(C(e)) = ming<;<ps Pidy.  Equivalently,
dimy, C(e) = np® — Licr el G-

Proof. The layer form of the dimension formula gives dimg, C(e) = np® — Zfial |T¢(e)].
The profile form gives the equivalent expression dimy, C(e) = np® — Licr ¢;|C;|. Finally,
the distance formula follows from Theorem 15. O

Corollary 2 gives the form used when all layer parameters are known exactly.
The following definition separates proved optimality from database-based comparisons.

Definition 10. Let U, (N, K) be a proved upper bound for the minimum distance of a g-ary linear
code of length N and dimension K. A code [N, K, D] is called distance-optimal relative to U, if
D = Uy(N, K). It is called almost distance-optimal relative to U, if D = U,(N, K) — 1.

If B;(N, K) denotes the largest minimum distance appearing in a fixed table or database of
known q-ary linear codes, then a code [N, K, D], is called best-known relative to that table if
D = B4(N,K), and record-breaking relative to that table if D > B;(N, K). The latter two
terms refer only to comparison with the chosen table or database and do not imply optimality unless
a proved upper bound is also met.

Definition 10 supplies the benchmark language used in Theorem 16.

Theorem 16. Let C(e) be a repeated-root lift whose associated simple-root layers have known

exact distances dy = dyy(Ce(e)), 0 < t < p°. Put N = np°, K = np® — Y cre;|Ci|, and

D = ming<;<ps Prds. Then C(e) has exact parameters [N, K, D],. Consequently:

(@) If D = U4(N,K) for a proved upper bound U, (N, K), then C(e) is distance-optimal relative
to U,.

(b) IfD = U,(N,K) — 1, then C(e) is almost distance-optimal relative to U.

() If D = By(N,K) for a chosen table of known g-ary linear codes, then C(e) is best-known
relative to that table.

(d) IfD > By(N,K), then C(e) is record-breaking relative to that table.

Proof. By Theorem 15, the dimension of C(e) is K = np® — Y_icr €;|C;|, and its exact mini-
mum distance is D = ming<<ps Pid;. Thus C(e) has parameters [N, K, D], with N = np®.
If D = Uy(N, K), then no g-ary linear code of length N and dimension K can have
minimum distance larger than D, by the definition of the upper bound U,. Hence C(e) is
distance-optimal relative to that bound. If D = U, (N, K) — 1, then its distance is exactly
one below this proved upper bound, so it is almost distance-optimal relative to U,. If
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D = B;(N,K) for a chosen table of known codes, then C(e) matches the best distance
recorded in that table and is best-known relative to it. If D > B, (N, K), then C(e) improves
the distance recorded in that table, and is therefore record-breaking relative to that table. [

Problem 1. Fix a target dimension K. Among all half-cyclotomic multiplicity profiles e : T —
{0,1,..., p°} satisfying np® — Yicr €;|Ci| > K, determine or estimate maxe ming<;<ps Pr dpy(Ct(e)).
If exact layer distances are not known, replace dyy(Ct(e)) by a certified layer lower bound Ay (Ti(e)),
and study max, ming<;<ps Pr Apc(Ti(e)).

We now give a precise solution to the half-cyclotomic multiplicity optimization prob-
lem. The main point is that the problem is finite and hence has an optimum. In general,
however, there is no universal greedy rule: the factors P; are not monotone in ¢, and the
nesting condition couples the layers. The correct general formulation is a finite integer
optimization, which can be solved exactly by dynamic programming.

Let B = np® — K. By the layer form of the dimension formula, dimp, C(e) = np® —
Efigl |T¢(e)|, the constraint np® — Y ;cr €;/C;| > K is equivalent to Zfi61 |Tt(e)| < B. Thus
the optimization problem may be written directly in terms of nested half-cyclotomic chains
Tps—1 € Tps—p € --- C T1 C Ty satisfying Zfigl |T;| < B. For each layer T, write §(T)
for either the exact distance dy(C(T)) or for a certified lower bound such as Ayc(T). If
this certified bound is not monotone with respect to inclusion, we replace it, whenever
monotonicity is needed, by the certified monotone envelope defined in Lemma 3. The
objective is then maxming<;<,s P 5(T¢), where the maximum is taken over all feasible
nested half-cyclotomic chains.

Lemma 3. Let T C T’ be unions of g-cyclotomic cosets in Zy,. Then C(T") C C(T), and
hence dyy(C(T)) < dy(C(T")). Thus the true minimum distance is monotone with respect to
enlargement of the defining set. A lower-bound function §(T) is not automatically monotone; when
monotonicity is required, we use either a certified monotone bound or its certified monotone envelope

8(T) = max{8(U) : U C T, U is a union of g-cyclotomic cosets}.
If every 6(U) is a certified lower bound for dy(C(U)), then 6(T) is a certified lower bound for
du(C(T)) and satisfies T C T' = 6(T) < &(T").

Proof. The simple-root code C(T) is generated by g7(x) = [Ic,cr M;(x). If T C T', then
every factor of gr(x) is also a factor of g7/ (x). Therefore gr(x) | g7 (x). In the quotient ring
Fy[x]/ (x" — Ag), divisibility of generators reverses inclusion of the corresponding principal
ideals: (g7/(x)) C (gr(x)). Thus C(T") C C(T). Since the nonzero codewords of C(T")
form a subset of the nonzero codewords of C(T'), we have

dy(C(T)) = i t < i t =dy(C(T)).
1(C(T)) O#ICISCH(T)WH(C)—O#EQEIET/)WH(C) H(C(T"))

Now assume that each §(U) is a certified lower bound for dg(C(U)). If U C T, then the
first part gives diy (C(U)) < dyg(C(T)). Hence 6(U) < dy(C(U)) < dy(C(T)), and taking
the maximum over all such U shows that §(T) < dg;(C(T)). Finally, if T C T’, then the set
of admissible U C T is contained in the set of admissible U C T, s0 6(T) < 8(T'). O

Lemma 3 is the monotonicity input for the maximal-chain statement below.
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Proposition 6. Assume 0 < K < np®. Then the optimization problem max, ming<;<ps P dy(Ci(e))
over all feasible half-cyclotomic multiplicity profiles has a solution. The same conclusion holds if dy;(Cy(e))
is replaced by any certified layer bound Ay (T (e)).

Proof. The set I of coset leaders is finite. A multiplicity profile is a mape : I' —
{0,1,...,p°}. Hence the total number of multiplicity profiles is at most (p° + 1)ITl.
The half-cyclotomic profiles form a subset of this finite set, and the profiles satisfying
np® — Yierei|Cil > K form a finite feasible set. This feasible set is nonempty when
0 < K < np®, since the zero profile ¢; = 0 has dimension np®. The objective func-
tion is a real-valued function on this finite nonempty set. Therefore it attains its max-
imum. The same argument applies when exact layer distances are replaced by certified
lower bounds. [

Proposition 7. Assume that the layer quantity 6(T) used in the objective is monotone with respect to
inclusion. Then there exists an optimal feasible nested half-cyclotomic chain Tys 1 C - - - C Ty which
is maximal in the following sense: no layer can be strictly enlarged while preserving the half-cyclotomic
initial-segment condition, the nesting condition, and the budget condition Zfial |T¢| < B.

Proof. By Proposition 6, optimal feasible chains exist. Among all optimal feasible chains,
choose one, say 7 = (Ti)o<t< s, for which the total layer size 25’;1 |T¢| is maximal.

We claim that 7 is maximal. Suppose it is not. Then there exists an index j and a
strictly larger half-cyclotomic initial set T]( 2 T; such that replacing T; by T]( preserves
the nesting condition and the budget condition. Let 7" be the resulting chain. Then
Zfigl |T}| > Zf;l |T¢|. For all t # j, the layer is unchanged. For t = j, monotonicity gives
6(T;) < 5(T]’) Since P; > 0, we also have P;6(T;) < P]«é(T](). Therefore ming<;<ps P6(T;) <
ming<;<ps Pr6(T}). Thus 7" is also optimal. But 7" has strictly larger total layer size than
T, contradicting the maximal choice of 7. Hence 7 is maximal. [J

Remark 3. The preceding proposition is not a greedy theorem. It only says that an optimal chain
may be chosen so that it cannot be enlarged without violating the constraints. A universal greedy
algorithm would require additional structure, such as concavity or submodularity of the layer bound,
and such properties are not available in general. In particular, the factors Py are not monotone in t.

Remark 3 clarifies the limitation of Proposition 7.

We now formulate an exact dynamic programme. Let A be the finite set parametrising
all allowed half-cyclotomic layers. For a € A, let T(a) be the corresponding layer, and
define w(a) = |T(a)|, 6(a) = 6(T(a)). Define a partial order on Abya < b < T(a) C
T(b). Thus a nested chain corresponds to a sequence 4y, a1, . . ., aps 1 satisfying ar < a;_1
forl <t < p’.

Theorem 17. Let R be a real number. For each level t, define A;(R) = {a € A: P;é6(a) > R}.
Fora € Ay(R), set Fy(a) = w(a). For1 <t < p°and a € A;(R), define recursively

Fle) =w(a) +, min Fi1(0), (40)
a=b
with the convention that the minimum is +oo if no such b exists.
Then there exists a feasible nested half-cyclotomic chain satisfying Zfial |T;| < B and
ming<;<ps P0(T;) > R if and only ifminHGAle(R) Fys_1(a) < B. Consequently, the optimal
value of Problem 1 is the largest attainable value of R.
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Proof. A nested chain is equivalent to a sequence ag, 4y, ... 4,1 with a; < a; 1 for
1 <t < p°. The condition ming<;<ps Pt6(T(a;)) > R is equivalent to a; € A;(R) for
0 <t < p°. The total layer size is Ef;61 w(at). We prove by induction on ¢ that F;(a) is
the minimum total weight of a valid partial chain ag, a1, . . ., 4; ending at a; = a, satisfying
ay € Ay(R) for0 < u <t,anda, < a, 1 forl < u <t Fort = 0, such a partial chain
consists only of 4y = 4, so its weight is w(a). Therefore Fy(a) = w(a). Assume the assertion
holds for t — 1. A partial chain ending at 4; = a must have previous layer a;_; = b, where
b € A;_1(R) and a < b. The minimum total weight of the first f layers ending at such a b is
F;_1(b) by the induction hypothesis. Adding the last layer contributes w(a). Therefore the
minimum total weight of a partial chain ending at a is exactly the recursive value defining
Ft ({Il ) .

At the final level p® — 1, a complete chain satisfying the threshold condition has
minimum possible total weight min, Ay 1 (R) Fys_1(a). Therefore such a chain satisfies the
budget condition if and only if this minimum is at most B. This proves the criterion. Since
A and the set of levels are finite, the set of attainable objective values is finite. Hence the
largest attainable R exists and equals the optimal value. O

Theorem 17 converts the profile search into a finite dynamic programme. Let L = p*
and A = | A|. For a fixed threshold R, after the partial order on A is known, the recursion
in Theorem 17 can be evaluated in O(LA?) time and O(A) working memory. The partial
order can be precomputed in O(A?) time. Since the optimal threshold belongs to the finite
set {P:6(a) : 0 <t <L, a e A}, which has size at most LA, the exact optimum can be
found by sorting these candidates and using binary search over the feasibility test. Thus
the dynamic programme is polynomial in the number of admissible layers A and in L = p°.

Corollary 3. Assume that the cyclotomic cosets in Z, , have exactly two sizes £ < m. Write each
layer as a;y = (ags, amy), 0 < agy < Ny, 0 < app < Ny Then the optimization problem is the
finite integer programme
max min P;d(ap,;,a
0<t<ps t ( 0t m,t)

subject to ap;q < apy, Appi1 < amypfor 0 <t < p°*—1,and Zfigl (Cagy + may,;) < np*—K.
Here 5(ay 4, am,) denotes either the exact distance of the simple-root layer or a certified lower bound.

Proof. In the two-size case, a half-cyclotomic layer is completely determined by the
pair (a4, ap,). The nesting condition is exactly the componentwise condition a;,1 <
Agt, Amir1 < amy. The weight of the layer is |T;| = fa;; + may,;. Substituting these
expressions into the general optimization formulation gives the displayed finite integer
programme. []

Corollary 3 is the explicit integer form used in the two-size computations. In the two-
coset-size case, A = (N; + 1)(Ny;; + 1). Hence the fixed-threshold dynamic-programming
test has time complexity O(p*A?), with A = (Ny + 1)(Ny, + 1).

Remark 4. In the two-coset-size case, many half-cyclotomic lower bounds are controlled by the
number ay, ¢ of selected large cosets in the layer Ty. Thus, as a first approximation, the repeated-root
lower bound behaves like ming<;<ps Pr amt. The factors Py are usually irregular in t, because they
depend on the base-p digits of t. A good multiplicity profile should therefore allocate more protection
to layers where Py is small and may allow less protection where P; is large. The nesting condition
Ti+1 C T; imposes a strong constraint on this balancing process, since the number of selected
cosets cannot increase as t increases. This interaction between the p-adic factors Py and the nested
half-cyclotomic layers is one of the main new design features in the repeated-root setting.
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This principle is used in the numerical comparisons in Section 8.

8. Numerical Illustrations and Comparison

This section illustrates the practical advantage of layered multiplicity profiles. All
comparisons use the same simple-root half-cyclotomic data, so any gain in dimension at
the same certified lower bound comes from the repeated-root layering itself. Compared
with the simple-root construction of [26], the present method does not choose only one
defining set. It distributes half-cyclotomic defining sets across the p° repeated-root levels.
Compared with the distance reduction method of [27], the novelty is that the torsion layers
are not treated merely as a consequence of a given repeated-root ideal; they are used as
design variables.

We use the terminology “optimal”, “best-known”, and “record-breaking” in the precise
sense fixed later in Definition 10: optimality refers to meeting a proved upper bound,
while the latter two terms refer to comparison with specified tables or databases. The
purpose of the examples is therefore structural: they show how multiplicity profiles steer
dimension while keeping a certified repeated-root distance bound. We do not claim
that every displayed code is optimal or best-known in Grassl’s database; when such a
comparison is available, it is stated explicitly.

For a fixed repeated-root index ey = p°, we compare four profiles:

(i)  The uniform upper profile, in which every layer is H*;

(i) The uniform lower profile, in which every layer is H~, whenever the lower half-
cyclotomic distance bound is available;

(iti) The balanced mixed profile, in which half of the layers are H' and half are H™;

(iv) The naive single-layer lift, in which only the first layer is half-cyclotomic and the
remaining layers are empty.

The first two profiles are uniform repeated-root lifts of the simple-root construction.
The mixed profile is different: it uses multiplicity levels to steer the dimension while
keeping the same certified layer-distance bound. The naive lift is included to show that
high dimension alone is misleading, since empty layers may force the repeated-root distance
bound to collapse.

Example 1. We give a compact detailed example based on the best-known simple-root constacyclic
codes in Example 5.4 and Table 5.1 of [26]. Let q =4, p = 2,58 =2,n = 17,r = 3, and Ay € F} of
order 3. Then A = Aé = Ao, 50 x%8 — A = (x17 — Ag)*. The 4-cyclotomic cosets in Z173 C Z./517Z
are

C1 = {1,4,13,16}, C; = {7,10,28,40}, Cyo = {19,25,43,49},
Cap = {22,31,37,46}, C34 = {34}.

Thus sizes are 1 and 4, with N = 1, Ny = 4. Define HF = C;UC;UCsy, H- = G UGy,
so |[HT| =9, |H™| = 8. The source gives C(H") = [17,8,8]4, C(H™) = [17,9,7]4 (both
best-known; C(H") is non-BCH). Take the nested chain Ty = Ty = H", T, = T3 = H™.
Let M; be the irreducible factor of x'7 — Ag for coset C;. The multiplicity profile is e = e; =
4, e34 = 2, e19 = e = 0. Thus g(x) = MIMIM3,, degg = 4-4+4-4+2-1 =34, 50
dimy, C = 68 — 34 = 34. The 2-adic factors are (P, P1, P», P3) = (1,2,2,4). Using exact layer
distances 8 and 7,
di(C) =min{1-8,2-8,2-7,4-7} =8.

Hence we obtain the exact code [68,34,8]4. The uniform upper lift gives [68,32,8]4 (losing 2
dimensions), while the naive single-layer lift has dimension 59 but distance collapses to 2 ( Table 1).
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Table 1. Repeated-root profiles from the g = 4, n = 17, r = 3 best-known simple-root source codes.

Profile Layers Dimension Distance Parameter Comment
Uniform upper 4Ht 32 8 [68,32,8]4 uniform lift
Balanced mixed ~ 2H' +2H™ 34 8 (68,34, 8|4 +2 dimensions
Uniform lower 4H- 36 7 [68,36,7]4  higher dimension

Naive single layer Ht + 30 59 2 [68,59,2]4 distance collapses

The numerical computations were verified with MAGMA (V2.29-8). The verification
constructs the relevant g-cyclotomic cosets, forms the defining sets H™ and H™, computes
generator degrees and dimensions from the multiplicity profiles, and evaluates the repeated-
root distance bounds using Theorem 4. In Example 1, the simple-root distances were
computed exactly, so the resulting repeated-root distance is exact. In the remaining larger
examples, the displayed distances are certified lower bounds unless exactness is explicitly
stated.

Example 2. Let q = 2% witha > 1,let p = 2, let r = 1, and take n = g> — 1. This is the family
n=(g°—1)/(ro) with p = 3 and o = 1, of the type considered in [26]. The q-cyclotomic cosets
in Z,, 1 have sizes 1 and 3. The numbers of such cosets are Ny = q — 1 and N3 = (q° —q) /3.
Since q is even, Ny is odd and N3 is even. Hence

N N, 3 N N, -2
= | 2L RACH = |2 N1
L bR b R A A YRR
Both H' and H~ satisfy the same certified simple-root distance bound, namely
_|_aNs | _ |4+ ])
a0 = | on) - |7 )
Let eg = 2°. For 0 < u < ¢, define a nested profileby Ty = --- =T, 1 =H" and T, = --- =

T,»—1 = H™. Since H~ C H™, this is a valid nested half-cyclotomic chain. The corresponding
repeated-root code C(u) C Fyx]/(x%" — 1) has length N = eg(q> — 1) and dimension
N ()] L

dimz, C(u) = N —ulH*| = (e —w)|H™| = 5 + 2

Moreover, each active layer has distance at least A(q), and min; Py = 1. Therefore

2
due)) = o) = | HLED .

. . . . . N e . N e
Thus, as u varies, the dimension moves in unit steps through 5 — 3 < dimp y C(u) < 5+ 7,

while the same certified distance lower bound is retained. The uniform upper lift is obtained when
u = e, the uniform lower lift when u = 0, and the exact half-rate mixed code when u = eq /2.

The preceding example shows the main extra flexibility beyond a direct simple-root
construction [26]: the simple-root method gives one defining set and hence one dimen-
sion, while the repeated-root profile gives a whole interval of dimensions at the same
certified distance. It also gives more flexibility than a uniform repeated-root lift because the
dimension can be increased without weakening the layer-distance certificate.

Table 2 should be read at fixed simple-root input. For each value of g, all three non-
naive profiles have the same ambient length and the same certified lower bound. The
uniform upper lift is the most conservative repeated-root lift. The balanced profile keeps
exact rate 1/2 and gains two dimensions over this uniform upper lift when ¢y = 4. The

https://doi.org/10.3390 /math14142488


https://doi.org/10.3390/math14142488

Mathematics 2026, 14, 2488 27 of 33

uniform lower profile gains two further dimensions, but its rate is above 1/2. Hence the
balanced profile gives the exact half-rate member of a family that cannot be obtained by
choosing only one simple-root half-cyclotomic defining set. The comparison is internal to
the proposed construction and should not be interpreted as a claim of optimality against
all linear codes of the same length and dimension.

Table 2. Dimension steering for the family ¢ = 2%, n = q> — 1, and ¢y = p° = 4. The three non-naive
repeated-root codes use the same half-cyclotomic layer-distance bound A(q) but different multiplicity

profiles.
q N =4n A(q) Uniform H" Dim Balanced Dim Uniform H~ Dim Gain Over HT
2 7 28 2 12 14 16 +2
4 63 252 13 124 126 128 +2
8 511 2044 96 1020 1022 1024 +2
16 4095 16,380 725 8188 8190 8192 +2
32 32,767 131,068 5632 65,532 65,534 65,536 +2

Example 3. Tukeq =4, p=2,s=2,e0 =4, andn = 43 — 1 =63. The repeated-root length is
N = 252. The coset-size distribution is Ny = 3 and N3 = 20. Thus |H"| =2 +3-10 = 32 and
|H™| =14 3-10 = 31. The certified simple-root layer bound is A(4) = |4-20/(2(4—1))] = 13.
The 2-adic repeated-root factors for s = 2 are (Py, Py, P, P3) = (1,2,2,4).

Taking the balanced chain Ty = Ty = H" and T, = Tz = H~ gives dimp y Cbal =
252 — (324 32+ 31 + 31) = 126. Since every active layer has distance at least 13, the distance
reduction theorem gives

A1 (Cha) > min{1-13,2-13,2-13,4-13} = 13.

Hence the construction gives the certified repeated-root code [252,126,> 13|4. The two natural
uniform endpoints are C = (252,124, > 13]4 and C_ = [252,128, > 13| 4. Therefore the balanced
profile gains two dimensions over the uniform upper lift without lowering the certified distance,
while remaining exactly half-rate.

By contrast, the naive single-layer lift Ty = H' and Ty = T, = Tz = @ has dimension
252 — 32 = 220, but the empty higher layers are full spaces with distance 1. Hence the repeated-root
distance reduction of [27] gives

dy > min{1-13,2-1,2-1,4-1} =2.

Thus the large dimension of the naive lift is obtained at the cost of a very small certified repeated-root
distance. The balanced and uniform profiles avoid this collapse by keeping nontrivial half-cyclotomic
layers active at all multiplicity levels.

Table 3 makes the comparison transparent. The naive lift has the largest dimension but
loses the repeated-root distance certificate. The uniform upper lift preserves the certified
distance but is below half-rate. The balanced profile preserves the same certified distance
and reaches exact half-rate. This is the structural flexibility obtained from the multiplicity-
profile method.

https://doi.org/10.3390 /math14142488


https://doi.org/10.3390/math14142488

Mathematics 2026, 14, 2488

28 of 33

Table 3. Comparison of four repeated-root profiles over F4 with n = 63 and ¢y = 4. The balanced

code is the exact half-rate member.

Profile Layers Dimension Certified d Comment
Naive single layer HT, 0,0, 220 >2 distance collapses
Uniform upper Ht Ht Ht Ht 124 >13 conservative lift
Balanced mixed HY,HT,H ,H™ 126 >13 exact half-rate
Uniform lower H,H ,H ,H™ 128 >13 higher-rate endpoint

For comparison with Grassl’s database, Example 1 gives the exact repeated-root code

[28, 14, 4]5, while Grassl’s database records a [28, 14, 8], code and the matching upper bound

8. Hence that small example is not best-known as a general binary linear code. Its role is to

verify the repeated-root profile mechanism in a case where the full generator polynomial

and exact distance can be computed explicitly.

Example 4. Fix g = 4 and n = 63, and let eg = 2°. The layer sizes remain |H"| = 32 and

|H™| = 31, and the certified layer distance remains 13. For the balanced profile, ey/2 layers are
chosen equal to H and eq /2 layers equal to H™. Therefore dim Cp,o = 63eg/2 and dyy(Cpa) > 13.
The uniform upper lift has dimension 63ey/2 — ey/2, so the balanced profile gains ey /2 dimensions

at the same certified lower bound.

Table 4 illustrates a feature that is absent from the simple-root construction of [26]. In

the simple-root case there is only one defining set. In the repeated-root case there are p°

multiplicity levels, and the profile can be tuned across these levels. Thus multiplicity is not

merely a complication of repeated-root constacyclic codes, as in the classification problems

studied for special lengths in [29]; it becomes a useful design variable.

Table 4. Fixed q = 4, n = 63: increasing the repeated-root index enlarges the dimension-steering

interval while the certified lower bound remains 13.

eg = p° Length N = 63¢y HT Dim Balanced Dim H™ Dim Gain Over Ht Certified d
2 126 62 63 64 +1 >13
4 252 124 126 128 +2 >13
8 504 248 252 256 +4 >13
16 1008 496 504 512 +8 >13

Example 5. Let g = 3, p = 3,7 = 1, and n = 3% — 1 = 26. Then the cyclotomic cosets in
Ze1 have sizes 1 and 3, with Ny = 2 and N3 = 8. Here |[HT| = |[H | = 1+3-4 = 13,
so the upper and lower half-cyclotomic layers have the same size. The certified layer bound is
A(3) = [3-8/(2(3—1))] = 6. For eg = 3°, the constant profile gives dimp, C = 26ey — 13ey =
13eg, dy(C) > 6. Thus the method still gives exact half-rate repeated-root codes with certified
distance. However, because |H™ | = |H™ |, there is no dimension interval to exploit. This baseline

clarifies where the advantage of the mixed-layer construction comes from: it is strongest when two

admissible half-cyclotomic layers have the same certified distance but different sizes.

The first row of Table 5 gives the certified repeated-root parameter [78,39,> 6]s.

Grassl’s database gives lower and upper bounds 18 < d < 25 for general ternary linear

codes with parameters [78,39]. Thus this entry is not competitive with the best-known

general linear-code bounds. This comparison again emphasizes that the present examples

are designed to demonstrate the repeated-root profile mechanism rather than to claim

universal improvements over the best-known tables.
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Table 5. Odd-characteristic baseline for g = 3, n = 26. Upper and lower half-cyclotomic layers have
equal size, so the profile gives half-rate codes but no upper/lower dimension steering.

ey = p° Length N = 26¢g Layer Size Dimension Certified d
3 78 13 39 >6
9 234 13 117 >6
27 702 13 351 >6

8.1. Discussion

The examples show that the main role of the repeated-root multiplicity profile is not
merely to increase the length, but to distribute simple-root defining sets across the p°
torsion layers. A uniform lift assigns the same multiplicity to all selected irreducible factors,
while a mixed profile allows different protected layers to appear at different repeated-root
levels. This gives a controlled way to adjust the dimension while preserving the strongest
available layer-distance certificate.

The detailed example in Table 1 illustrates this effect clearly. The uniform upper lift
has parameters [68, 32, 8|4, whereas the balanced mixed profile gives [68,34, 8|4. Thus, the
mixed profile gains two dimensions without decreasing the exact minimum distance. By
contrast, the naive single-layer lift has much larger dimension, but its higher layers are
full-space layers of distance 1, so the repeated-root distance collapses to 2.

This also explains the comparison with the simple-root construction of [26]. The simple-
root construction provides good half-cyclotomic defining sets at length n. The present
construction uses these sets as layer inputs and distributes them across the repeated-root
length np®. The distance formula of [27] then converts the layer distances into an exact
repeated-root distance formula or into a certified lower bound. Hence, the layers are not
only analyzed after the code is constructed; they are part of the design.

The method has natural limitations. If the available upper and lower half-cyclotomic
layers have the same size, then mixing them does not create a dimension-steering interval,
although it may still give half-rate repeated-root codes with certified distance. Also,
heuristic distance estimates are not used as certificates; the tables use only exact distances
or proved lower bounds. The construction is most effective when there are nested simple-
root layers with comparable certified distances but different sizes, since this is precisely
when multiplicity profiles can increase dimension without forcing a distance collapse.

8.2. MAGMA Verification Code
For reproducibility, we include a concise MAGMA script verifying Example 1 and

Table 1. The remaining numerical tables are obtained by the same substitutions in the
dimension and layer-bound formulas.

F<a> := GF(4);
K<b> := ext<F | 4>;
R<x> := PolynomialRing(F);

beta := b~ ((#K-1) div 51);
lambda0 := F!(beta~17);

function PFactor(t,p,s)

A := Intseq(t,p);

while #A 1t s do Append(TA,0); end while;
return &*x[A[i]l+1 : i in [1..s]];

end function;
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function CodeFromGenerator (g,N)
R :

Parent(g);

F BaseRing(R) ;

x := R.1;

G := Matrix(F, [[Coefficient(x~j*g,i) : i in [0..N-1]]
: j in [0..N-Degree(g)-111);

return LinearCode(G);

end function;

// Simple-root factors for gq=4, n=17, r=3.

M1 := R!MinimalPolynomial(beta) ;
M7 := R!MinimalPolynomial(beta~7);
M34 := R!MinimalPolynomial(beta~34);

Factorization(x~17-lambda0) ;

// H~+ = C_1 union C_7 union C_34,

// H™- = C_1 union C_7.

CHplus := CodeFromGenerator (M1*M7*M34,17);
CHminus := CodeFromGenerator (M1xM7,17);

<Length(CHplus), Dimension(CHplus), MinimumDistance(CHplus)>;
<Length(CHminus), Dimension(CHminus), MinimumDistance(CHminus)>;

// Mixed repeated-root profile:

// e_l=e_T=4, e_34=2.

Crep := CodeFromGenerator (M1~4*M7~4%M34"~2,68) ;
<Length(Crep), Dimension(Crep), MinimumDistance(Crep)>;

// Distance reduction check.
P := [PFactor(t,2,2) : t in [0..3]];
Min([P[i]%[8,8,7,71[i] : i in [1..4]11);

// Table comparison.

N := 68;
Hplus := 9;
Hminus := 8;

uniform_upper_dim := N-4xHplus;

N-2xHplus-2*Hminus;

mixed_dim

uniform_lower_dim := N-4xHminus;

naive_dim = N-Hplus;

uniform_upper_d := 8;

mixed_d = 8;

uniform_lower_d := 7;

naive_d := Min([P[1]%8,P[2],P[3],P[4]1]);

<"Uniform upper", uniform_upper_dim, uniform_upper_d>;
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<"Balanced mixed", mixed_dim, mixed_d>;
<"Uniform lower", uniform_lower_dim, uniform_lower_d>;

<"Naive", naive_dim, naive_d>;

9. Conclusions

We introduced half-cyclotomic repeated-root constacyclic codes of length np® through
multiplicity profiles on the cyclotomic cosets of x" — Ag. These profiles produce nested
simple-root layers, allowing the repeated-root distance formula [27] to be combined with
half-cyclotomic simple-root bounds [26,30]. The main results are the layer reconstruction
and dimension formulas, the exact distance reduction theorem, the layerwise lower bounds,
the conditional half-rate family theorem, and explicit constructions for the three arithmetic
length families considered in the paper.

The main conceptual point is that repeated-root multiplicities are used as active design
variables rather than only as repeated algebraic factors. By choosing different defining
sets at different multiplicity levels, the construction controls dimension through the total
size of the layers and controls distance through the weakest P;-weighted simple-root layer
distance. This separates the theoretical mechanism from the computational verification:
the framework is algebraic, while exact computations are used only to certify particular
layer distances or examples.

The numerical examples illustrate this mechanism. In particular, the detailed
mixed-profile example gives [68, 34, 84, while the corresponding uniform upper lift gives
[68, 32, 8] 4. Thus, the mixed profile gains two dimensions without decreasing the exact
minimum distance. The examples also show why naive single-layer lifts may fail: once
higher layers become full-space layers of distance 1, the repeated-root distance certificate
can collapse.

The construction is not claimed to produce new optimal codes beyond Grassl’s
database unless an exact comparison for the same length and dimension is available.
In the examples, we therefore state exact parameters or certified lower bounds, and any
best-known or record-breaking claim requires separate verification.

Computationally, the method reduces repeated-root distance analysis to simple-root
layer computations and the finite minimum in Theorem 4. Thus, instead of searching
directly in the repeated-root ambient space, one constructs nested layers, verifies or certifies
their simple-root distances, and evaluates the corresponding P;-weighted minimum.

The framework may also extend to repeated-root quasi-cyclic or quasi-twisted codes
by using several interacting layer chains. A skew constacyclic analogue is another possible
direction, but it would require suitable noncommutative factorization tools and a skew
version of the repeated-root distance reduction formula.

From a practical viewpoint, the construction is most useful when good simple-root
constacyclic layers are already available and one wants to tune the repeated-root dimension
without losing the verified layer-distance certificate. Future refinements can focus on
optimizing admissible layered profiles and inserting exact layer distances into Theorem 4
to obtain sharper repeated-root parameters.
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