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Abstract

We study the approximation of functions by localized shallow neural networks on bounded
Lipschitz domains. For a non-polynomial activation, we establish a direct, Jackson-type
estimate on the Besov scale B} ,((}), the approximation error decaying as N ~5/4 in the
width N with an explicit constant tracked through the activation and the domain. In one
spatial variable we prove the corresponding Bernstein-type converse on the nonlinear
free-knot Besov scale B7 ;. For coordinate-subset additive classes we refine the direct

estimate to the rate N5/

, in which the effective dimension d governs the exponent while
the ambient dimension enters only through the constant. A deterministic construction
corroborates the predicted decay rates, and an effective-dimension reading of educational

tabular data is consistent with the additive setting.

Keywords: shallow neural networks; Besov spaces; direct and inverse estimates; effective
dimension; nonlinear approximation
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1. Introduction

The approximation of functions by shallow neural networks lies at the meeting point
of constructive approximation theory and the analysis of learning architectures. For a
non-polynomial activation ¢, the single-hidden-layer class of N-term ridge combinations is
dense in L? on bounded domains [1,2], and the quantitative question is the rate at which
the best approximation error decreases as the width N grows. When the target carries
smoothness measured on the Besov scale B;,q,
dis N~5/% and the exponent degrades as d grows. This dependence of the attainable rate

the governing rate on a domain of dimension

on the ambient dimension is the analytic form of the curse of dimensionality, and it is the
structural obstruction that the present paper addresses.

A substantial body of work establishes direct, Jackson-type rates for shallow and deep
networks. The variation-space framework of [3-5] yields L? rates for ReLU* activations,
the weighted variation spaces of [6] supply the domain-intrinsic formulation on bounded
domains, the ridge-spline representer theory of [7] connects single-hidden-layer networks
to free-knot spline families, and the Besov and Sobolev rates of [8] place these results
within the classical smoothness scales. Here, the variation space is the space of functions

represented as f(x) = / o(w-x+b)du(w, b), normed by the infimum of the total variation
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|it| over such representations—equivalently, the gauge of the closed symmetric convex hull
of the dictionary {o(w - x + b) }. Across this literature the direct theory is well developed.
The converse, Bernstein-type theory, which would characterize the approximation classes
of the network families, remains comparatively underdeveloped in dimension d > 2, and
the absence of a usable multivariate inverse inequality is recorded as an open problem in
the survey of [9].

A complementary line of work confronts the curse of dimensionality by restricting the
structure of the target. When a function depends, up to superposition, on a small number
of coordinates at a time, the attainable rate is governed by an effective dimension d that
can be considerably smaller than 4. In the statistical estimation literature this phenomenon
is the minimax theory of composition and additive models [10,11], and approximation-
theoretic counterparts under low intrinsic dimension and tractability hypotheses have been
developed in [12,13]. The additive structure is the conceptually delimited setting in which
the dependence on the ambient dimension separates from the dependence on the effective
dimension, and it is the object on which the refinement of this paper is built.

Tabular data arising in applied settings frequently exhibit precisely this structure.
In educational prediction the response of interest, such as a final examination grade, is
often governed by a small set of dominant factors rather than by high-order interactions
among all recorded attributes [14-16]. The methodological premium in this domain is on
transparent and feature-parsimonious models whose structure can be inspected, in contrast
with the massive parameterization of an opaque predictor [17,18]. A construction whose
approximation rate is governed by an effective dimension, and whose units are explicit
rather than the endpoint of an opaque optimization, is aligned with this premium, and it is
in this sense that the analytic theory developed below speaks to the applied setting.

This paper develops explicit approximation rates for a localized shallow network class
on additive Besov classes, together with the converse theory available in one dimension,
and validates the resulting rates by a deterministic construction. The first result, Theorem 5,
is a direct estimate. For the localized class on a bounded Lipschitz domain ) C ]Rd, every
f € By ,(Q) admits the bound E?\,(f)Lp(Q) < CN—s/d |f|B§,q(Q) with a constant whose
dependence on the activation and on the Lipschitz character of the domain is tracked
explicitly. The second result, Corollary 1, is the converse in dimension d = 1. An (*
summability condition on the dyadic approximation errors places f on the nonlinear
free-knot Besov scale Bﬁ/T, where % =ua+ %. The third result, Theorem 6, is the effective-
dimension refinement. On the coordinate-subset additive class Sj (€2) the rate improves to

N~5/%, with the ambient dimension entering the estimate only through the constant, by
d

way of the multiplicity ( J > and a fixed embedding factor. A constructive validation in
0

Section 4 exhibits the two regimes side by side and corroborates the effective-dimension
reading on educational tabular data.

The Locus of Novelty: Localized Direct Rates, the Univariate Converse, and the Additive Refinement

s/d rate. Tts

The direct estimate of Theorem 5 is a localized and explicit form of the N™
point of difference from the variation-space results cited above is twofold. The estimate is
carried on the Besov seminorm itself, delivered through the homogeneous K-functional
rather than through a passage to a complete norm, so that no spurious lower-order term
enters the bound. The constant is then tracked deterministically through the activation pa-
rameters and the Lipschitz character of the domain, by way of an explicit quasi-interpolant
built from the activation. The result is therefore positioned not as a first demonstration of
the rate but as the explicit, constant-tracking instance on which the refinement of Theorem 6
can be erected as a black box. This attention to explicit, trackable error constants places the

present estimates within the wider constructive-approximation program in which quantita-
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tive error bounds are made explicit for concrete operator families, as in the recent fractional
Schurer-type construction of [19].

The converse of Corollary 1 is delivered in dimension d = 1 by reducing the univariate
network class to free-knot piecewise polynomials, on which a Bernstein-type inequality
on the nonlinear scale is available [20], and by combining this inequality with a dyadic
near-best construction through real interpolation on the diagonal scale. The restriction
to one spatial variable is not incidental. The multivariate converse rests on an inverse
inequality that is presently unavailable (Remark 7).

The effective-dimension refinement of Theorem 6 is the principal contribution. The
effective-dimension phenomenon itself is established in the statistical estimation literature
as a minimax risk rate under composition or additive hypotheses [10,11]. The present
statement is of a different type. It is a constructive approximation estimate, in which the

rate N~/ is produced by an explicit allocation of the width budget across the (;)
0

coordinate faces, each face inheriting the direct estimate of Theorem 5 in dimension d,
and the dependence on the ambient dimension is confined to the constant. The contrast is
between a statistical minimax rate, which is a statement about estimation from samples
and is given up to unspecified constants, and a deterministic approximation rate, which

is a statement about the construction and carries a constant explicit in J and in the
0

embedding factor. The single-subset case dy = d returns the ambient rate of Theorem 5, so
the refinement is a genuine interpolation between the two dimensional regimes rather than
a separate construction.

The remainder of the paper is organized as follows. Section 2 fixes the notation and
recalls the background material, namely the modulus of smoothness on bounded Lips-
chitz domains, the Besov scale, the standing hypotheses on the activation function, the
localized shallow class, and the coordinate-subset additive class, together with the results
from the classical theory that are invoked without restatement. Section 3 establishes the
approximation-theoretic results, namely, the polynomial reproduction and the o-realized
B-spline basis, the local Jackson estimate, the direct estimate of Theorem 5, the univariate
converse of Corollary 1, the width-allocation lemma, and the effective-dimension refine-
ment of Theorem 6. Section 4 reports the constructive validation of the predicted rates and
the effective-dimension reading on educational tabular data.

2. Preliminaries

We begin by recalling the definitions and background material concerning shallow-
neural-network approximation in the Besov scale, the modulus of smoothness on bounded
Lipschitz domains, and the coordinate-subset decomposition that underlies the additive
class introduced in Section 3. Familiarity with the classical theory of Besov and Triebel—-
Lizorkin spaces, the theory of nonlinear N-term approximation, and the approximation
theory of shallow neural networks under non-polynomial activation is presupposed. Stan-
dard monographs for the classical theory of function spaces include [21,22]; for the con-
structive approximation framework and the modulus of smoothness, we refer to [23]; for
the foundational density and approximation capabilities of shallow networks under non-
polynomial activation, we refer to [1,2]; for recent advances concerning the tractability and
dimension-independent bounds of such networks, see [13].

Throughout this paper we work in the Euclidean space RY with dimension d > 1.
The relation A < B indicates that A < CB for a positive constant C whose dependence
is either irrelevant in the context or stated explicitly; A ~ B means A < Band B < A;
the symbol A < B is used interchangeably with A ~ B. When the explicit value or the
parameter dependence of a constant enters the assertion, the constant is denoted Cy, C, ...
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and tracked throughout the argument. The expression Ny denotes the set of non-negative
integers and N the set of positive integers.
The Fourier transform of f and its inverse are normalized as

for= [ foetax, fn) = [ fle)emetae. )

We denote by S(R?) the Schwartz space and by S’(R?) the space of tempered distributions.
For 1 < p < co we denote by p’ the conjugate exponent defined by 1/p + 1/p' = 1, with
the convention 1" = oo and oo’ = 1.

Let O C R? be a bounded domain with Lipschitz boundary. For a measurable function
gon ) and an exponent 0 < p < oo, the LP(Q)) (quasi-)norm is defined in the standard
manner. For an integer 7 > 1 and a vector & € R?, the rth order forward difference operator,
taken along the direction 7, is

0) = L1 () ok ), @

k=0

which coincides with the r-fold iterate (A} )" f. The modulus of smoothness of order r of
fell(Q)is

wy(f, t)p := sup HAZfHLP(th), t>0, 3)

Ih|<t

where Q,, ;= {x € Q:x+kh € Qfork=0,1,...,r} is the subset of () on which the rth
difference is well defined. In one dimension, (2) and (3) reduce to the difference operator
and the modulus of [23] (Ch. 2, § 7, Egs. (7.1) and (7.2), p. 44). For bounded Lipschitz
domains Q) C RY, the modulus (3) agrees with the multivariate construction of [22] (§ 2.1.1);
the identification is recorded in Remark 1.

Remark 1 (Identity with the adapted-difference convention). For a fixed h € RY, let Apaf
denote the adapted difference of [22] (§ 2.1.1, Eq. (2.18), p. 32), defined to equal A} f(x) when
x+kh € Qforallk =0,...,r and to equal zero otherwise. The set on which A} of = A} f is
exactly Q,y, and on the complement Q \ Q,,, the adapted difference vanishes, contributing nothing

to the inteqral / | - |P. Hence, for every h,
Q

147,0.f]

Taking the supremum over |h| < t and integrating in t, the domain-restriction convention (3)
and the zero-extension convention of [22] (§ 2.1.1, Egs. (2.18) and (2.19), p. 32) define the same
seminorm (9) below.

LrQ) — ||A;lfHLP(Q,h)' (4)

We fix once and for all the activation function assumption used in this paper. Through-
out, 0 : R — R is a measurable non-polynomial function. The set of conditions (A1), (A4z),
(As) below is declared here once and is assumed in every definition, theorem, lemma, and
corollary that follows; it is not restated at each occurrence.

Assumption 1 (Standing hypothesis on the activation function). The activation function
o : R — R satisfies:

(A1) o € Lig.(R). Here, Lio.(R) denotes the measurable functions essentially bounded on every
compact subset of R; condition (Ay) is the minimal activation regularity ensuring that each
ridge unit o(w - x + b) is a well-defined element of LV (Q)) on the bounded domain, and it is
not a smoothness hypothesis on o.

(Ap) There exist constants K, > 0 and m, € Ny such that
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Ni(o;m)

o(t)] < Ke(L+]H)™,  teR. 5)

(As) There exists an integer ry > 1 such that the distributional derivative o") belongs to LL.(R).

The smoothness index s, permitted by o is fixed in the direct theorem of Section 3. Under the
additional condition (Ay) (Assumption 2) that theorem works with s, := 1, + 1 on the open range
0 < s < sg; this local convention supersedes the placeholder s, := r, used in earlier drafts.

For the localized direct estimate of Section 3, one further structural condition on ¢
is invoked; it is stated separately because it is not implied by (A;)-(A3) and is used only
where the localized rate is asserted.

Assumption 2 (Exact localization generator). In addition to Assumption 1, the activation o
admits an exact spline generator:

(Ay) There exist an integer vy > 1, a width W € N with W > r, + 1, and a function A €

Ny (0;1) with supp A C [0,W], 0 < A <1, Z A(t — k) = 1, and whose integer shifts
keZ
reproduce every univariate polynomial of degree at most t;

(Aly) The integer translates { \(- — k) }xcz, are locally linearly independent and form an LP-stable
basis of their span for every 1 < p < oo; equivalently, A is the cardinal B-spline of order W.

The conditions (Ay) and (A}) hold for ReLUF (with vy = k +2, W = k41, A the cardinal
B-spline of order k + 1) and for compactly supported spline-type activations; for activations whose
finite o-combinations cannot have compact support they are a genuine restriction. In particular, for
the sigmoid and the hyperbolic tangent, whose finite oc-combinations are not compactly supported, the
localized class does not embed naturally; (As) is retained because the exact polynomial reproduction
it supplies is the mechanism underlying the explicit constants of Lemmas 1 and 2.

A single point of normalization is fixed for the shallow network parametrization used
in this paper.

Definition 1 (Shallow network class). For N > 1, the shallow network class associated with the
activation o is

N
Nn(o) := {xr—> ajo(w;-x+0b;): a,b €R, wieRd}. (6)
i=1

No norm constraint on the parameters (a;, w;, b;) is imposed in (6); the variation-type constraints
that enter the direct estimates appear in the hypotheses of the theorems of Section 3, and the parameter
constraints of the trained models appear in the experimental protocol of Section 4.

Definition 2 (Localized shallow class). For N > 1 and input dimension m > 1, the localized
shallow class is

)

M
= {x — Zgj(x) [T 9i0(x) = g € Niyp(oym), i € Nyw(o;1), M(v' +mv") < N},
j=1

its size measured by the total ridge-unit count. The single-hidden-layer class (6) embeds via M = 1,
Y1 = 1. The associated best-approximation quantity is

N = inf  [If =gl < En(Hyp ®)
EN (o5m)
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For functions defined on subsets of R?, the parametrization (6) serves as the structural
template used throughout this paper. Results adapted from [1] (§ 2, p. 149) and [3] (Eq. (3),
p. 314) correspond to finite-dimensional affine parametrizations that differ from (6) only by
an elementary re-labeling of the affine terms; in particular, the threshold form o (w; - x — 6;)
of [1] (§ 2) is recovered through 6; = —b;. The kernel-based G-network framework of [13]
(§1, (1.1)), formulated over compact metric input and parameter spaces, is invoked at
the level of its approximation result in Section 3, where the compactness of the parameter
domain is made explicit; it is not treated here as an affine reparametrization of (6).

Remark 2 (Relation to the standard shallow class). The class N3 (c;m) contains Ny (o)
through M =1, ;; = 1, whence EX(f) < En(f); the localization enriches the standard class by
univariate ridge products, at the bounded unit-budget cost « of Lemma 3, which is independent of
N and equals one when dy = d.

We now turn to the paper-specific function classes and associated quantities.

Definition 3 (Besov space on a bounded Lipschitz domain). Let Q C R? be a bounded domain
with Lipschitz boundary. For 1 < p < 00,0 < q < 00,5 > 0, and an integer r > s, the Besov
seminorm is

1 dt 1/q
(/ (tswr(f,t)p)q) , 0<g<oo,
0 t
|flBs,,(0) = )
sup t°w;(f,t)p, q = oo,
0<t<1
and the Besov norm is
1£ 1185, (02 = 1f ey + 1f s, () (10)

The Besov space By, ,(Q)) consists of those f € LF(Q) for which Hf||B;~7/q(Q) < oo,

The seminorm (9) is independent of the choice of r > s, up to a constant depending
only onr,s, p, g, and Q). In one dimension, this is [23] (Ch. 2, Thm 10.1, p. 55); for bounded
Lipschitz domains it follows from the characterization via adapted differences in [22]
(§2.1.1, 2.18 and 2.19) together with Remark 1. The statement is taken as axiomatic-level
here and restated in Theorem 3.

Remark 3 (Function spaces and the localized class). Three space-level objects and one function
class enter the estimates in distinct roles. The Besov space By, , (Q}) (Definition 3) is the smoothness
class on which the direct rate is stated; the Bessel-potential space W*F(Q) = F; ,(Q)) enters only
as the bridge to the Sobolev-scale literature through Theorem 2; the homogeneous Sobolev seminorm
W; is the penalty in the K-functional of Theorem 4. The variation space of [3,6] is the representer
framework against which the localized estimate is contrasted in Section 1 and is not a hypothesis
here. The localized class N, (o; m) (Definition 2) contains the standard class N (c) through M = 1,
$j1 = 1, whence EXN(f) < EN(f). The direct estimate (Theorem 5) maps Besov smoothness to a
decay rate of E?\,; the converse (Corollary 1) returns Besov membership from an £*-summability of E?\].

Definition 4 (Best approximation error). For f € LF(Q) and N > 1, the best approximation
error of f by N (o) in LP(Q) is

En(f)p = ge/i\r/;;f(a) 1f = 8ller)- (11)

This approximation-error quantity is formulated in accordance with the classical constructive
approximation literature (see, e.g., [23] (Ch. 2, § 4, Eq. (4.1), p. 28)); for its structurally equiv-
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alent instantiations concerning shallow neural network classes, see, e.g., [1] (Eq. (6.1), p. 168)
and [9] (p. 376).

For the additive class introduced in Section 3 the following notation is used. Through-
d
out the additive setting we assume that () is a bounded product domain, () = HQi

with each (3; C R a bounded open interval. Fix an integer 1 < dy < d. For a slu];set

T Cc {1,...,d} with |T| = dy we denote by Q7 the projection of Q) onto the coordinates

indexed by T, and for x € Q) we denote by x7 = (x;);c7 the corresponding sub-vector;

under the product assumption, Q7 = H (); is a bounded Lipschitz domain in R%. The
i€eT

number of such subsets is (; ) .
0

Definition 5 (Coordinate-subset additive Besov class). Fix an integer 1 < dy < d and
parameters s > 0,1 < p < 00,0 < g < oo. The coordinate-subset additive Besov class is

SCS,O(Q) =f:0— R‘ f(x) = | IZ:d gr(xr), 81 € B;,q(QT) , (12)
T|=d

the sum running over coordinate subsets T C {1,...,d} with |T| = dy. The associated seminorm is

\f|5;0(n) =infq ) 18Tl n 1 f= D 81 81 € Byy(Qr) ¢ (13)
|T|=do |T|=do

The infimum is taken over all admissible decompositions of f; since such a decomposition is not
unique, the infimum renders | - | S5 () @ well-defined seminorm on 8, (Q), and it is this quantity
that Step 3 of the proof of Theorem 6 returns. The structural assumption (12) explicitly constrains
the target function to a superposition of low-dimensional interactions, providing a formally circum-
scribed framework to mitigate the curse of dimensionality. Targets carrying genuine high-order
interactions among all coordinates lie outside S;O (Q)); the additive class is offered as a formally
circumscribed first-order description of low-effective-dimension structure, not as an exact model
of every interaction pattern. For analogous theoretical frameworks that exploit low intrinsic di-
mensionality and compositional structures in neural network approximation, see, e.g., [12] (§ 4)
and [13] (§ 1).

Four results from the classical theory close this section and are used in Section 3
without restatement of their proofs.

Theorem 1 (Universal density for non-polynomial activation). Let ¢ : R — R satisfy

Assumption 1. Then, | | Ny (o) is dense in LV (Q) for every 1 < p < oo, and dense in C(Q2)
N>1
when o is continuous.

This is the shallow network density theorem under non-polynomial activation; it is
cited from [1] (Thm 3.1, p. 153) and [2] (Thm 6.13, p. 74) and serves as the existence layer of
the constructive estimate of Section 3.

Theorem 2 (Sobolev-Besov embedding on bounded Lipschitz domains). Let () C R? bea
bounded domain with Lipschitz boundary, let 1 < p < oo and s > 0, and let W*F (Q)) denote the
Bessel-potential space, which coincides with F;,Z(Q). Then, the continuous embeddings

BS

p,min

(52 (Q) = WP(Q) 5 B o (€)) (14)

p,max
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hold with embedding constants depending only on d, s, p, and Q). For p = 2, the two indices
coincide, and W?(Q)) = B3,(Q)).

This is cited from [21] (§ 1.5.1, Thm (iii), p. 41, and § 2.3.2, Eq. (22), p. 96) for the
relations on R? ; their transfer to bounded Lipschitz domains uses the universal bounded
linear extension operator of [24] (§ 4, Thm 4.1, p. 254), also recorded in [22] (§ 4.2, Cor. 4.12,
p- 107). It provides the bridge used at every comparison point between the Besov estimates
of this paper and the Sobolev estimates of [25] (Thm A), [26] (Thm 2.2), and [27] (Cor 1 & 2).

Theorem 3 (Modulus of smoothness equivalence). For1 < p < 0,0 < g < 00,5 > 0, and
integers r1,1y > s,

</01( *wr, (f,1)p) dtt)w = (/01 (fswrz(frt)}?)q{i:>l/q/ (15)

with implicit constants depending only on rq, v, s, p, q, and Q).

This equivalence is established in [23] (Ch. 2, Thm 10.1, p. 55) in one dimension and
in [22] (§ 2.1.1, Egs. (2.18) and (2.19), p. 32) for bounded Lipschitz domains; by Remark 1 it
applies to the seminorm (9) in the stated form.

Theorem 4 (K-functional/modulus equivalence). Let1 < p < oo, let r € N, and let ) C R™
be either R™ itself or a bounded Lipschitz domain. For the homogeneous Sobolev seminorm

1/p

|g|w§(ﬂ = ( Z ||aag|| (with the customary modification for p = oo), define the
la[=r

homogeneous K-functional

K(f#5L0(Q), Wi(@) = inf{ £ ~ gl + ¥ Iy | >0, (16)

for every f € LP(Q), the infimum running over g with |g|wlri(0) < oco. Then, there exist constants
M, My > 0, depending only on r, p, m, and the Lipschitz character of 3, such that

My (Ur(f, t)Lp(Q) < K(f, t; LP(Q),W;,(Q)) <M, wr(f, t)Lp(Q), 0<t<1. (17)

The penalty term in (16) is the homogeneous seminorm |g| tirs SO the equivalence (17)
transfers a Besov seminorm rather than a complete-norm quantity; this is the form used in
the localized direct estimate of Section 3. In one dimension, (17) is [23] (Ch. 6, § 2, Thm 2.4,
Eq. (2.11), p. 177), with the homogeneous K-functional (16) introduced in [23] (Ch. 6, § 1,
Eq. (1.11), p. 172); for R and for bounded Lipschitz domains the multivariate isotropic
form, with the seminorm penalty stated as in (16), is [28] (Thm 1, Eq. (1.7), p. 120).

We close this section by recording the notational conventions governing the transfer of
constants from cited results to this paper. All cited results are transferred to the conventions
of (1), (3), and (6). Three conversion items are recorded here once and applied at every
citation point:

(C1) Citations adopting the Fourier convention f(& / f(x)e~"*¢ dx contribute a factor

of (271)? in the relevant Plancherel-type or integral-representation constants.
(G) Citations stating shallow-network results under a parametrization of the form

N

Z a;o(w, x — ;) or under a coefficient norm constraint Y |aj| < M are transferred
i=1

to (6) through the re-indexing 6; = —b;, with the constraint level M recorded at the

point of citation.
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(C3) Citations stating estimates in W7 (Q) = F;,(Q), 1 < p < oo, are transferred to
the Besov scale via Theorem 2: an upper bound in W** yields an upper bound in
B, max(p2) (1), and a lower bound transfers from B ., »)(€2). The direction of each
transfer is recorded at the point of citation.

3. The Constructive Machinery: Direct Estimates and the
Effective-Dimension Refinement

This section establishes the approximation-theoretic results of the paper. The o-realized
B-spline basis of Lemma 1 is the structural ingredient from which the local Jackson estimate
of Lemma 2 is assembled. Its ambient instance is the direct estimate of Theorem 5, and its
univariate converse is Corollary 1. The deterministic width allocation of Lemma 3 then
distributes a single budget across the coordinate subsets and yields the effective-dimension
refinement of Theorem 6.

Lemma 1 (Exact o-realized B-spline basis). Let o satisfy Assumptions 1 and 2, m > 1. Let
h > 0and {Q}}jczn be the side-h cubes from translating [0, h]"™ along hZ™. For j € Z", put
m

CD](X) = HIIJ]‘,I(X[) with l,bj,l(t) = A(t/h —jl) S NVO(U';l). Then,
=1

(i) 0 < ®; < 1and D;isa product of m univariate single-hidden-layer networks, with mvy
units in total, independent of h and of the index set;

(i) supp®; C Qf := H[hjl,h(jl + W)], cover multiplicity < W™;

(iii) ) ®=1onR"™;
jezm

(iv) For every polynomial P of total degree < ., there are scalars c;(P), linear and local in P, with

Y ci(P)®; = P;
J

(v)  The family {®;} admits local de Boor-Fix dual functionals {A;}, Aj supported in Q;f, with
Aj(@y) = 6j and |A;(F)| < clh*m/PHPHLp(Q;), Cy = Ci(o,m,W).

Vo

Proof of Lemma 1. Let A = )_ a;0(A; - +;) be the (A4) generator.

i=1

(i)  The reparametrization y;,(t) = Y aio((Ai/h)t + (Bi — Aij1)) shows ¥j € Nyy(o;1);
0<A<1gives0 < CIDJ- <1,a prc;duct of m factors, mvg units.

(i) ®@;(x) # 0 forces x; € [hj;, h(j; + W)] for all [; each x; lies in at most W such intervals,
so multiplicity < W™.

(iii) Asonly W" summands are nonzero at fixed x,

;q)j(x) = H(;Am/h - k)) =T[1=1

l 1
(iv) The Marsden identity for A [23] (Ch. 5, § 3, Egs. (3.6) and (3.8), pp. 141-142) gives
local linear functionals ji, with ) 1, (p)A(- — n) = p for univariate p of degree <r;
n
tensoring over the m coordinates and rescaling by 1 produce local linear ¢;(P) with

ch(P)CDj = P for P of total degree < 7.
i

(v) By (A}), the translates of A are locally linearly independent and L-stable, so the
de Boor-Fix functionals of [23] (Ch. 5, § 3, Eq. (3.9), pp. 142-143) exist, are biorthogo-
nal, and carry the LP-stability bound of [23] (Ch. 5, § 4, Egs. (4.11)—(4.12), p. 146);
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the tensorization and the rescaling t + t/h give the displayed h-scaling with
C1 = C](U, m, W)
O

Lemma 2 (Local Jackson estimate on a bounded Lipschitz domain). Let o satisfy Assump-
tions 1 and 2 with parameters Ky, my, v, and generator data (vo,W). Let m > 1, Q C R™
a bounded Lipschitz domain, 1 < p < 00,0 < g < 00,0 < 5 < rg+ 1. Then, there are
C; = Cy(o,s,p,q,m,Q) > 0and an integer Ny = Ny(c, s, p,q,m, Q) > 1 such that for every
f € B}, ;(Q) and every integer N > No,

EN(Hr) < N Iflg (o) (18)

Cj depends on o through K;,mgy,rs,vo, W and on Q) through its Lipschitz character via the
extension constant Cyy; it is independent of N and f. The estimate holds for every m > 1.

Remark 4 (Domain dependence). The Q-dependence of Cy is carried by Cyy = Cy (), s, p, q,m),
depending on Q) only through its Lipschitz character.

Remark 5 (Smoothness range). The open range 0 < s < r, + 1 reflects the local degree v: the
quasi-interpolant reproduces P, so the local estimate delivers W'o ™' on the seminorm, and the
modulus monotonicity transfers it to h® for 0 < s < ry + 1. We set s, := 1, + 1; the open endpoint
is retained.

Remark 6 (Relation to single-hidden-layer Sobolev rates). For ¢ = ReLU* (r, = k) the
estimate of Lemma 2 reads

E?\](f)LP(Q) SC]N_S/m |f|B;/q(Q)/ 0<s<k+1,

with Cy explicit through (vo, W) = (k + 2,k + 1); the error is measured in LP(Q)) and the
dimension m enters only through the exponent s/m. A single-hidden-layer counterpart is recorded
in [25] (Thm D) (after Siegel and Xu [4]): on Q = [0,1]™, for a target f € B*(Q) withs > 1 and
a differentiation order y > 0 satisfying u < s — % and u < k + 3, a width-N single-hidden-layer
class realizes

inf £ = fullieco) S 1f o) N~ (ogN)T, -+ #= 3 4+ min( B0 k—pe+ b),

the error being measured in the Sobolev norm H"(Q)) = WH2(Q); here, u denotes the order of
differentiation and remains distinct from the spatial dimension m, while the logarithmic exponent
q > 0 vanishes for s below the threshold (m + 1) (k — p + %) +u+ % and is positive beyond
it. The two estimates are of the same algebraic type—decay polynomial in N, up to logarithmic
factors, with an exponent increasing in the target smoothness and decreasing in the dimension—iyet
they do not share a common exponent: the present exponent s/m governs an LF error, whereas t
carries the smoothness deficit s — p induced by the stronger H" norm, a dimension denominator
2(m + 1), and the logarithmic correction (log N)7. The construction of [25] (Thm D) proceeds
through the algebraic expansion of the network output into monomials; the present construction
proceeds through the localized class N f([((f; m) and the Besov scale. The Sobolev and Besov scales
are placed in a common frame by Theorem 2 (convention (Cz)); no identity of exponents and no
identity of constants is asserted.

Proof of Lemma 2. The argument tracks every constant. Constants Cq, Cy, ... have their
dependence displayed at the point of definition.
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Since () is a bounded Lipschitz domain, there is a bounded linear extension operator,
universal in the order of smoothness, £ : By ,(Q)) — Bj, ,(R™) with operator norm depend-
ing on Q) only through its Lipschitz character [24] (§ 4, Thm 4.1, p. 254); see also [22] (§ 4.2,
Cor. 4.12, p. 107). Put F := £ f. We use the extension only at the seminorm level through
the modulus: for the modulus of smoothness of order 7, + 1,

Wrpt1 (F 1) oy < Cw wrpi1 (f, ) 1r() 0<t<], (19)

with Cy = Cw (), s, p,q,m) depending on () only through its Lipschitz character. Fix a
closed cube Q* D QO of side Ry := 1+ diam(Q). For M € Nset h := Ry/M (h = M
and let 7 C Z" index the side-h cubes meeting () together with a collar of width W
layers; then every x € Q" has all its W™ nonzero contributions ®;(x) indexed within 7,
so ) @; =1on Q" (Lemma 1 (iii)), and #.7 < CoM", Co = Co(m, W, Ry). Write Q for the
€J
lez-neighborhood of Q*.
Let {®;};c s be the basis of Lemma 1 for side i and {A;} its de Boor-Fix duals (part
(v)). Define Q,F := Z Aj(F)@;. By Lemma 1 (iv)~(v) and biorthogonality, Qj reproduces
=
P,,: QP =P for P ]E P;,. The LP-stability of {A;},0 < ®; < 1, and multiplicity W" give,
on each cell,
1QnEllr(q) = CollEllr(qy), G2 = Calo,m, W),

hence I — Qy, is bounded on L? with constant C5 = Cs(c, m, W) after summation with
multiplicity W™ over Q Since Qy, reproduces P, for every P € P, ,

IF = QuFllr(g) = 1T = Qu)(F = P)l[1r(g) < (1+C2)HF—PHLP(Q;?); (20)

taking the infimum over P and applying the Bramble-Hilbert lemma on Q;«‘ (star-shaped of
diameter < &) [29] (Lemma 4.3.8, p. 102),

1 c+1 —
PIGI}Pfyg ||F - PHLP(Q}*) S C3hr ’F|W;;U+1(Q;‘)’ C3 - C3(mlr(7/p)' (21)

We now deliver the Besov seminorm through the homogeneous K-functional, avoiding any
complete-norm passage. For any decomposition F = Fy + F; with Fy € L?, F; € W;;’H, the
LP-boundedness of I — Qj, and the seminorm estimate (20) and (21) give, after raising to
the pth power (with the customary modification for p = o), summing over J and using
the multiplicity W™ once,

(I = Qu)Fllr(g+) < GslIFollpr(g) + Cyh™ ! |F1|W;g+1(@, Cy = (1+ C)CsW™/P.

Taking the infimum over the decomposition identifies the right-hand side with the homoge-
neous K-functional K (1 retl BoLP, W;VH) (Q), and by the equivalence of the K-functional
with the modulus of smoothness (Theorem 4),

(I = Qn)Fllrr(g+) < Cowrps1(F 1)y, Co = Celo,m,1q,p).

For 0 < s < 7, + 1, the seminorm (9), the monotonicity of t + t *w,, . 1(F,t)p, and the
embedding B;,q — B;,oo give wy, +1(F, h)pp < C7h° |F|B§},q(@) for every 0 < q < oo, the
right-hand side carrying only the Besov seminorm because I — Qj, annihilates P, . With
the modulus extension bound (19),

||F - QhFHLp(Q) S C8 hs ‘f|B?y,q(Q)’ C8 = C6C7CW. (22)
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Each A;(F) is a scalar and ®; = 1:[ ;1 is a product of m univariate single-hidden-layer

networks (Lemma 1 (i)); writing the scalar as a degree-zero member of Nj(c;m), each
term A;(F)®; has the form gjl:[l/’ﬂ with g; € Ni(o;m). Hence, fy := Q)F € Ny (o5 m)

with ridge-unit count Y (1 +mvg) < CoM™ (1 + mvp). Put v := 14 mvy and choose M :=
jeJ

{(N/(cov))“mJ,No .= Cov 2", so that CoM™v < N for N > Npand M > 1[N/ (Cov)]¥/™,

whence 1* = RIM 5 < R§2°(Cov)*/™N~5/™, With (22),

B (e < I = fullisiey < N flgs ) Cp:= GsRZ(Cou)*/™.

Since Cg = C¢C;Cy by (19), the domain enters Cj only through the extension con-
stant Cyy = Cw (€, s, p, g, m), which depends on Q) through its Lipschitz character alone
(Remark 4). The number v = 1 4 mvj is fixed by ¢ and m; no tolerance shrinks with N and
no unit count grows with N, so C; is a constant. The reproduction of P, being exact under
(A4)-(A}) is what keeps v independent of N. [J

The ambient instance m = d of the local estimate just established is the direct the-
orem of the paper, which we record next together with the converse it admits in one
spatial variable.

Theorem 5 (Direct Jackson-type estimate for localized shallow networks on B;/q(Q)).
Let QO C R? be a bounded domain with Lipschitz boundary. Let o satisfy Assumption 1
(A1)-(A3) together with the localization hypothesis Assumption 2 (As), with associated pa-
rameters Ky, my, 1o and generator data (vo, W), and set sy :== 1o+ 1. Let 1 < p < 00,0 < g < 00,
and 0 < s < s,. Then, there exist a constant C = C(o,s,p,q,d,Q) > 0 and an integer
No = No(o,s,p,q,d,Q) > 1 such that for every f € B;,q(Q) and every integer N > Ny,

EN(Fira) < CN7*/4 |f1B3,(0)- (23)
where EX(f) Q) = irblf If — gllzr(q) is the localized best-approximation quantity of
geMN (o)

Definition 2, and | - | B}, (0) is the homogeneous Besov seminorm of Definition 3. The constant C
depends on o through Ky, mgy, v, vo, W and on Q) through its Lipschitz character; it is independent
of N and of f.

Proof of Theorem 5. The estimate is the ambient instance m = d of Lemma 2, whose
mechanism is the following chain.

(i) A quasi-interpolant Qj, built from the activation (Lemma 1) reproduces P, on a scale-h

cover of ();
(ii) The Bramble-Hilbert lemma gives the local bound ||f — Qpfllrr < W Y f| on
each cell;

(iii) The homogeneous K-functional and its equivalence with the modulus (Theorem 4),
followed by the inclusion By, ; < By, ., convert this into /°|f|p; ; and

(iv) The choice & < N~!/4 within the unit budget of Definition 2 yields the rate N~—*/¢
The constant is assembled from the generator data (vy, W) and the Lipschitz character
of (). The detailed argument follows.

It identifies (23) as the ambient instance m = d of the local Jackson estimate of Lemma 2
and then accounts for the provenance of the constant through the admissible mechanisms
recorded in Section 2. Constants Cj, C;, C have their dependence displayed at the point
of definition. Throughout, the modulus of smoothness is the isotropic rth order modulus
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wy (-, t)Lr of (3); this matches the geometry of the modulus—-K-functional equivalence of
Theorem 4, so no conversion between isotropic and coordinatewise moduli is required at
any step.
We initialize the argument by explicitly fixing the admissible difference order. Since
0 < s < sy =1y + 1, the integer
r:=[s]+1 (24)

satisfies s < r < 7y + 1. This is the order admitted by Lemma 2, whose quasi-interpolant
reproduces P, and hence delivers the seminorm decay for every s in the open range
0 < s < ry + 1 (see Remark 5); the value (24) is the order in the modulus characterization
of | - |B§w used below.

We proceed with a principled reduction to the ambient lemma for m = d. Fix
f € B} ;(Q) and an integer N > Ny, with Ny as furnished by Lemma 2 in dimension m = d.
The hypotheses of the present theorem are the hypotheses of that lemma with m = 4:
the activation satisfies Assumptions 1 and 2 with the same parameters K, m, 7, (vo, W);
the domain O C R? is bounded with Lipschitz boundary; the indices satisfy 1 < p < oo,
0<g<0o,and 0 < s <1y + 1. Consequently Lemma 2 applies verbatim with m = d and
yields a constant C; = C(0,s, p,q,d,Q) > 0, independent of N and f, for which

By SN flps ) N=No. (25)

This is (23) with C = C;. The remaining steps record the membership underlying E?\, and
the provenance of C; in the admissible mechanisms, so that no power of N or factor in the
constant is left without attribution.

We subsequently establish membership and isolate the corresponding localized quan-
tity. The estimate (25) is realized by an explicit element of the localized class. By Lemma 1,
under Assumption 2 the integer shifts of the generator A € ./\/VO (0;1) furnish, after tensor-

—-1/d

ing over the d coordinates and rescaling by the side & < N™*/%, a quasi-interpolant

d
Quf = YN0 TTwiu(-) € Mi(osd),
1

jer 1=

which reproduces PP;, and has cardinality #7 < Coh~% < N, in accordance with the size
convention M(v' + dv"") < N of Definition 2; here, v/,v" are fixed by (vp, W) and are
independent of N, so the budget #7 =< N is consistent with that convention. Since the
single-hidden-layer class (6) embeds in N, IE](O',' d) through M = 1, 1 ; = 1, Definition 2
records EX(f) ) < EN(f)rr(q); the direct bound (25) controls the localized quantity
itself, which is the assertion of the theorem.

We here explicitly extract the constant using the modulus and the homogeneous K-
functional. The decay in (25) originates in the local Jackson mechanism of Lemma 2: the
quasi-interpolant of reproduces P;_, so on a Whitney-type cover of () at scale h it returns
the local seminorm decay /', and the monotonicity of the modulus of smoothness transfers
I to h® for 0 < s < 75 + 1. In the notation of (3), this is the bound

E?\](f)LP(Q) S Cl wr(f/ Nil/d)Lp(Q)/ Cl = Cl(U/ r, Pld>l (26)

with C; carrying the activation regularity through K, and r,; by the distributional-derivative
regularization mechanism of Section 2, the existence of an admissible network being
furnished by the non-polynomial density mechanism (Theorem 1). To pass from (26) to the
Besov seminorm we use the homogeneous-smoothness bridge. By Theorem 4 the modulus
is equivalent to the homogeneous K-functional (the homogeneous K-functional and its
equivalence with the modulus are those of Theorem 4, (16) and (17)),
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wr(f, ) r () < K(f 5 LP (Q), Wy (D)), (27)

the penalty in the K-functional being the homogeneous seminorm | - |W,§ and not the
complete norm. Equivalence (27) is the multivariate isotropic statement recorded for
Q c R? in Theorem 4, whose multivariate provenance rests on [28] (Thm 1, Eq. (1.7),
p- 120); there, the equivalence is stated for a Lipschitz-graph domain, with the homogeneous
seminorm and K-functional introduced at [28] (Egs. (1.1),(1.3), p. 119). The Besov seminorm
of Definition 3 admits the corresponding modulus characterization
s = [ Do , 28
I3 H wr(f oy L9((0,1), dt/t) @)
with the usual supremum reading when g = co. For every g < oo the inclusion By, ,(Q) —
B}, (Q}) gives, with an embedding constant C; = Cy(s, p, q),

wr(f ) < Elfleu) < G lflg,0, 0<t<l (29)

Here, C; is the constant of the elementary inclusion £9((0,1),dt/t) — (% underlying
B} 4(Q) = B} (Q); it depends only on s and g and may be taken as C; = 25(In2)~ /4
for0 < g < w0and C; = 1 for g = co. Evaluating (29) at t = N~Vd <1 (which holds for
N > Np > 1) and substituting into (26) yields

EX(Awr) < LGN~ |flp ). (30)

Setting C := C; C; recovers (23) and identifies its provenance: the exponent —s/d is the
decay carried by (27)—-(29); the c-dependence of C enters through via Ko, 7, v9, W; the Q-
dependence enters through the Lipschitz character of the domain, by the extension constant
of the local estimate (Remark 4). No coordinate-subset mechanism enters, in agreement

with the ambient setting m = d, for which the multiplicity factor (d

d> = 1 is absent from

the constant.

Finally, the endpoint estimate is resolved via the associated canonical reduction. The
hypothesis 0 < s < s, = r, + 1 is displayed explicitly and the endpoint s = s, is excluded,
consistent with the open range of Lemma 2 (Remark 5): the order (24) requires r < r, 41,
hence s < r, +1. Ass — 07 the factor N —=s/d s 1 and (23) becomes vacuous, so the
statement asserts no nontrivial decay at s = 0. For p = 2 and integer s the identification
B3 ,(Q) = W%*(Q) of Theorem 2 (convention (Cs)) aligns (23) with the classical L? régime;
the same transfer between the Sobolev and Besov measures relates the present rate to
the single-hidden-layer Sobolev estimates of [26] (Thm 2.2) and [27] (Cor. 1 & 2), which
share the form N~/ on the Sobolev scale; no identity of constants is asserted across these
references. This completes the proof. [

Corollary 1 (Inverse estimate, d = 1). Let d = 1, Q = (0,1), let ¢ = ReLU* satisfy
Assumption 1 withry = kand s, :=1,+1=k+1,andlet1 < p < oo. Fix a with0 < & < 54
and set T := (a+1/p)~ L. Suppose f € LP(Q) obeys, for some A > 0, the approximation-
space bound

1/t
Ifla = LZ (2 Eg;‘ (f)LP(Q))T] < A (31)
=
Then, f € Bf (Q) and
£l ) < C (IIfllri) +A), (32)

with C' = C'(k,a, p) > 0 explicit and independent of f.
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Proof of Corollary 1. This is the standard converse: the Besov smoothness of f is bounded
by the ¢* sum of the dyadic best-approximation errors, obtained by the standard Bernstein
route: reduction to free-knot piecewise polynomials, the Bernstein-type inequality, dyadic
summation, and real interpolation [23] (Ch. 12). The argument pairs the direct mechanism
underlying Theorem 5 with a Bernstein-type inequality for the univariate network class, the
two being combined through the discrete characterization of a real-interpolation space and
the diagonal interpolation identity of the nonlinear Besov scale. Every constant is tracked;
the construction uses a 2-near-best element at each scale, so attainment of the infimum in
E} is not required.

As the first step, we circumscribe the univariate structure of the underlying class. For
x € (0,1), each summand a; (w;x 4 b;)~ is a polynomial of degree k on {w;x + b; > 0} and
vanishes on the complementary half-line, with a single breakpoint at x = —b;/w;. Hence,
every ¢ € Ny(0) restricted to (0,1) is a piecewise polynomial of degree at most k with at
most N interior breakpoints, that is, with at most N +1 < 2N polynomial pieces, and is
of class C¥~1. By Definition 2 the localized class N K[(U; 1) embeds in the same family of
piecewise polynomials, the number of pieces of an element of width N being at most ¢y N
for a constant ¢y fixed by the generator data (vy, W) and independent of N.

In the second stage, the intermediate estimates are structurally bounded by invoking
a cited univariate Bernstein inequality. Fix once and for all the index

B:=3(a+k+1), sothat a<p<k+1, (33)

and set p := (B +1/p)~". For piecewise polynomials of degree at most k with  pieces on
(0,1), with free coefficients, the Bernstein-type inequality

I8 ,6 < CpnP gl O<Bp<k+1, p=(B+1/p)", (34)
Bpp(Q)

holds with Cg = Cg(k, B, p); this is recorded in [20] (Thm 5.14) (the admissible range there
being p € (0, 0), which is the reason the present statement is confined to 1 < p < ). By
Step 1, an element of the localized class of width 7, has at most cyn. pieces, so (34) applies
to it with n = con,. The power of the width thus produced is the distributional-derivative
regularization mechanism of Section 2.

Advancing to the third step, we explicitly construct the dyadic increments and enforce
their seminorm control. For each j > 0 choose g,; € J\fzbj (0;1) with

If = &illrq) < ZEgj(f)LF’(Q)- (35)

The best-approximation numbers are monotone, E;j“ < B

5j» S0 by the triangle inequality
with (35),

A\

182111 = &aillr) < If = 8unrlleei) + IIf — &aillr )
2(Eypr + Ey) < 4E5(Fir(o)- (36)

IN

5.0i(031) (the class is additively closed with the width

The increment g,j:1 — g,; lies in A7
adding), hence has at most 3¢ 2/ pieces; applying (34) with n = 3¢y 2/ and inserting (36),

|g2j+1—g2/‘35p(0) < Cp(3co2)P 4} (fry = C22PE)(f)r),  Coi=4Cg (3c)P. (37)

Write a; := Zj“Egj (f)rr(q), so that ||(a;)[[+ < A by (31) and 27*3E;]- = Zj(ﬁ_"‘)aj. Summing
the increments and isolating the base element g1 = g,

n—1 n—1
‘gzn B () < ];‘82141 fng\ng(Qﬁ ’gllBg,p(Q) < G ;)21(5 a)aj+|g1|35,p(0). (38)

]
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Let K(-,t) := K(f,t;LF(Q)), ng(())) be the real-interpolation K-functional of the
couple. With the dyadic scale t,, := 27" and the splitting f = (f — gou) + gon for n > 0,

K(£27) < 1f =gl + 27821l o 9)

while for n < 0 the trivial splitting gives K(f,27 ") < K(f,1) < | fllLr()- The discrete
equivalent norm of the space (L7, B‘g’p)gﬂ— with 6 := a/p uses the weight £, = 21P9 = pne
and the index 7; we bound its two contributions in £* separately.

For the first term of (39), (35) gives 2"*|| f — gon||1r < 24y, hence

|@1f = g2ll19) 150]| . < 20 @a)llr < 24 (40)

YAl

For the second term, (38) and 242~ "F2/(F—2) — o~ (F-a)(n—)) yield

n—1 .
2027 gon| 5 < Cp Y 27 Bilg o= (Bmedn|gy ), (41)
By =0 Bop
The first summand is the convolution (k * a), with the kernel k,, := 2~ (B—am >

1, which is summable since B > a. For T > 1, Young’s inequality gives ||k x al[;r <
Kkl llaller = (2P7% — 1)71A, while for 0 < T < 1, the T-subadditivity of | - |* gives
Ik *allge < [[Klleellaller = (27~ — 1)_1/TA; in either case

(2P —1)7", T>1,
lkxaller < xA, K= [[k]| pmingen) = {(Zr(ﬂ—a) _1)VT gcret, (42)
The base contribution in (41) is geometric: since & < B,
i, - -y ®
81l < Cochlisaller < Cocg(Ifllr +24), (44)

the last step using [|g1 |1 < ||f|\m+||f—g1|\%z; < ||fllr +2E} (f) and E{ (f) = ag < A. Finally,

T

the n < 0 tail contributes || f||.r (Z 2"‘”) = [|fllr(1- 2_”)_1/7. Collecting (40)—(44)
n<0

through the (" quasi-triangle inequality,

1/t
(Z [2”“K(f,27”ﬁ)} ) < Gs (HfHLP(Q) +A), (45)

nez

with C5 = Cs(k,a, p) assembled explicitly from Cy, «, co, B, T. By the discrete character-
ization of the real-interpolation space, (45) states that f € (L” (Q),Bﬁp(Q))a /Bt with
interpolation norm at most Cs (|| f||.» + A).

The diagonal real-interpolation identity for the nonlinear (free-knot) Besov scale,
recorded in [20] (Eq. (5.3)) (therein attributed to [23] (Ch. 12, Cor. 8.5)), reads

(LP(Q), Bpo(Q)g, = Bh(Q),  q=(0p+1/p)"", 0<6<1. (46)

With 8 = a/B, one has 88 = a and g = (« +1/p) ™! = 7, so the right-hand side is B? ; and
the choice of B € («, k + 1) does not enter the resulting scale. Combining with (45),
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£l ) < C'(Iflry+4), € =C'(kap),

which is (32). The existence of the near-best elements used at each scale is furnished by the
non-polynomial density mechanism (Theorem 1). This completes the proof. [

Remark 7 (Direct and inverse theory). Theorem 5 and Corollary 1 act in opposite directions
on the same approximation process: the direct estimate sends Besov smoothness to a decay rate
of best approximation, while the inverse estimate returns an {* approximation-space condition as
membership on a Besov scale. The two statements are recorded on the two scales natural to each

direction: the linear scale By, , for Theorem 5 and the nonlinear (free-knot) diagonal scale BY ,

% =a+ %, for Corollary 1. Since a > 0 gives T < p, the two scales carry different integrability
and are kept distinct. The inverse estimate is presented under an ¢* summability hypothesis rather
than a single power rate: a bare rate EE’\] (f) < ANT* locates f only in the interpolation space
(L?, Bgrp)“ ™ which on this change-of-integrability scale is not identified with a Besov space; the
diagonal identity (46) returns a Besov membership precisely on the diagonal fine index g = T.

The converse is presented in a single spatial variable, where the elements of Ny(o) are
univariate free-knot piecewise polynomials and the Bernstein-type inequality (34) is available in
explicit form [20] (Thm 5.14). A Bernstein-type inequality for the multivariate shallow-network
class with unconstrained parameters, which is the ingredient an inverse estimate in dimension
d > 2 would rest upon, is presently an open problem in the approximation theory of neural
networks [9] (Sec. 7.1.1, p. 391). For activations other than ReLU* the reduction of Step 1 to
piecewise polynomials no longer applies, so the Bernstein-type inequality does not transfer directly;
an extension would rest on a Bernstein-type inequality for the corresponding nonlinear family
within the framework of [20]. The present development therefore advances the direct theory in its
multivariate generality (Theorem 5) and supplies the converse in the setting where it admits an
explicit constant; the additive refinement of the following section operates on the direct side, where
the multivariate estimates are available.

The refinement to additive classes rests on a deterministic distribution of the width
budget across the coordinate subsets. We isolate this allocation as the following lemma,
from which the effective-dimension estimate of Theorem 6 follows.

Lemma 3 (Width allocation and superposition over coordinate subsets). Let () C R? be a
bounded domain with Lipschitz boundary, let o satisfy Assumption 1 (Ay)—(Az) together with
the localization hypothesis Assumption 2 (Ay), whose generator data contribute the per-term costs
v/, V" of the size convention in Definition 2, and let 1 < p < 00,0 < g < 00,0 < s < s,. Fix

an integer 1 < do < d and write T = {T C {1,...,d} : |T| = do}, so that |T| = (;) For
0

TeTletT ={1,..,d}\T,andfory € Qrlet Qf := {z € R :x € Q, xy =y, xpc = z}
denote the fibre of () over y. Put

1/p
vi+dv’ max | sup ol , 1<p<oo,
K :i= m S [1,00), A= TeT yeQT| T|d do
1, p =00,

where | - [4_g, is a (d — do)-dimensional Lebesgue measure; both quantities are finite (since () is
bounded) and independent of N. The per-term costs v', v are fixed by the generator data (vo, W) of
Assumption 2 and are independent of N; hence « depends on the activation only through (vo, W).
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Suppose that for each T € T there is g1 € By, ,(Qr) and that the direct estimate of Theorem 5,
applied on Qyr in dimension dy, furnishes a constant Cy = C1(0, s, p,q,do, Qr) > 0and an integer
Np > 1 with

En(gn)rian < Cin~*/®grlps oy, n=Ni (47)

Set

d S/do d
f._ /d, ._ d
Chi= ACy (2k)° 0(d0> . Npi= 2K(dO>N1 (2 Nl(do)).

Then, for every integer N > Ny there is an allocation { Nt }rc7 of nonnegative integers with

Z Nt < N such that
TeT

TeT

E%( Y gT> < CENT0 Y gl (48)
TeT LP(Q)

The exponent —s/dy is governed by the subset dimension dy; the ambient dimension d enters (48)

only through the constant C*, via the multiplicity (; ) and the embedding factor «.
0

Proof of Lemma 3. Throughout, each gr is read both as an element of B}, ,(Qr) and as
the function x — gr(x1) on Q, which depends on x only through the sub-vector xr. We
argue in four steps: an explicit embedding of a dy-variable localized approximant into the
ambient localized class, the transfer of the LV (Qr) error to L?(Q2), the deterministic width
allocation, and the superposition with attribution of the exponent.

As zeroth step, we explicitly embed a dy-active component into the ambient function
class. Fix T € T and let ¢ € N} (c;dp) be any competitor for E, (87)1r(00p), SO that, by
Definition 2,

M
y) = Zhj(y)Hle,z(yl)f hi € Ny(o;do), ¢j) € Nyn(e;1), M@V +dov”) <,

leT

the univariate factors being indexed by the coordinates of T. Define ¢(x) := ¢(x7) on Q as
follows. Each ridge unit of /;( Z a;o(w; -y + b;), w; € RY, is zero-padded to @; € R?

by setting (@;); = (w;); forl € T and (w;); = 0 forl € T; then, w; - x = w; - xT, so the
resulting E]- € N,/(c;d) has the same number v/ of ridge units and satisfies h]( x) = hj(xr).
Completing the tensor structure to all d coordinates by the admissible trivial factors
%/1 =19, forl € T and f/;]-,l = 1for | € T (the constant unit being admissible by the
embedding convention of Definition 2), we obtain

1=1

M d
x) = Eh;’(ﬂ [19(x) € Np(ozd),  me= MV +dv").
f

The size inflates from M(v' + dov”’) < n to

/ 1
v +dv <xn (49)

m= M+ dv") = MO+ dor’) - -5 <

the factor x being the deterministic cost of carrying a dg-active component in the d-
coordinate localized class; it is independent of N and reduces to x = 1 when dy = d.

Moving into the primary analysis (step 1), we establish a transparent per-component
approximation that facilitates the subsequent error transfer. Apply (47) on Q)7 in dimension
do: for n > Nj, choose a competitor ¢ € /\/’,2 (0;dp) with

IlgT — ¢rlliriay) < 2Cin %% 187183, (0r) (50)
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(any factor exceeding the infimum suffices; the displayed slack is absorbed below). Let
or(x) = ¢pr(xr) € N,ZT(U; d) be its embedding from zeroth step, with mr < xn. Since
¢7(x) — ¢1(x) = (97 — ¢1)(xT) depends on x only through x7, Tonelli’s theorem applied
to the nonnegative integrand | (g7 — ¢1)(x7)|” gives, for1 < p < oo,

lgr = 7lI75 () :/(2T|(3T—¢T)(y)|p|0¥\d_do dy < A lgr—¢rll},q,)

so that ||gT — $T||Lp(0) < Allgr — ¢1ll1r(qy); for p = oo, the same bound holds with A =1,
since the essential supremum over () of a function of x7 equals that over (27. Combining
with (50),

IgT — ¢rlliriay < 2ACin~*/% 87l 0r), M= Ni. (51)

Progressing to the second phase, we employ a width allocation, favoring mathematical
parsimony over arbitrary parameter scaling. For N > Nj, allocate equally,

n::{l\;J, Nr:=mr<xn (TeT).
K(do)

The total budget is admissible: using |¢] < t and (49),

Ev e (2)en (0|2 <) 2 v

d
do

The threshold is met: for N > Ny = 2k (; )
0

the elementary bound [t| > t/2fort > 1,

Ny, one has N/(K( )) > 2N; > 1; hence, by

2 Nl/ (52)

so (47) is applicable for this # on every Q)t.

In this third and concluding step, the superposition is systematically evaluated so that
the corresponding exponent is attributed. By the zeroth step, the budgets are additive over
T. For each T € T, the embedded competitor ¢ of step 1, written out as a member of
/\/',ElT (0;d), is

My i
gr(x) =Y hrj() [ [9ru(x),  Mr(v' +adv") =mr,
=1 1=1

its blocks and factors being those produced by the zeroth-step embedding from the

My
data of the dy-variable competitor ¢r(y) = ZhT,j(l/)HlPT,j,l(yl)r where hr(y) =
j=1 leT

V/
Z ar,jio(wrji Yy +br;;) withwr;; € R%. Explicitly, the zero-padded ridge block and
i=1

the trivially completed tensor factors are

- v/ ~ _ (wrji), 1€T,
hrj(x) =} ario(@r i x+br;i) € Ny(opd),  (@r)i = {0 " e
i=1 ) S ’

- Uril leT,
IPT,]',I = / lPT,j,l € ./\/V//(U;l) (1eT).
1, leTs,
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T

EX (Zﬁ) <|psr-o
LP(Q) T

The factors indexed by I € T¢ equal 1 in value, so that ¢7(x) = ¢r(x7) as recorded in
step 1; under the size convention of Definition 2, however, each of the 4 univariate factors
is counted at cost v/, whence every term costs v’ + dv” and the Mt terms contribute the
per-component budget M7 (v’ + dv") = mr. The budgets are thus additive across 7, and

=Y ¢r € N}, (0:d) S N (e;d),

TeT

because ZmT = ZMT> (v/ +dv") < N by the second phase, the common per-
T T
term cost v/ + dv” factoring out of the sum. Hence, ® is an admissible competitor for

EX (Z gT> , and by the triangle inequality in L (Q)) together with (51),
T LP(Q)

< —¢ < 2ACyn=/% . .
v S TnggT orllir) < 2AC T;T|gT|BM(QT)

It remains to convert the per-component budget n into the total budget N. The lower
bound (52) gives

—s/do s/d
n=s/d < ( Nd ) = (ZK)S/dO(d> "N,
2(4,) do

and substituting,

d S/do B
EX <28T> < AC (21)7 <d> N~ Y gl )
T LP(Q) 0 TeT

=Ct

where the absolute factor 2 from (50) has been absorbed into C ‘
The dependence on the ambient dimension d is confined to the constant: the

allocation (52) is linear in N, the multiplicity (;) and the embedding factor x enter-
0

ing only as N-independent divisors, so substitution preserves the per-component exponent

S/do
—s/dg supplied by (47) in dimension dy and produces p > and (2x)*/% as constant
0

prefactors. No step contributes a power of N other than the per-component rate together
with the linear allocation; consequently, the exponent —s/dy is governed by the subset

dimension dy, while d acts only through C*!. When dy = d one has =1Lx=1A=1,

d
and the allocation n = N involves no rounding, so C* reduces to C; and (48) recovers
Theorem 5. O

d
Theorem 6 (Direct estimate for the coordinate-subset additive class). Let Q) = H 0; c R4
i=1
be a bounded product domain with each Q); C R a bounded open interval. Let o satisfy Assumption 1

(A1)—(A3) together with Assumption 2 (Ag),let1 < p < 00,0 < g < 00,0 < s < s, and fix
an integer 1 < dy < d. Then, there exist a constant c'" = C"((T,S, p,q,d,dy) > 0and an integer
Ny > 1 such that, for every f € S; (Q)) and every integer N > N,

EX(f)ir(qy < C' N~/ |f\$;0(0)- (53)
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The exponent —s /dy is governed by the effective dimension dy; the ambient dimension d enters only

through C", via ( d
do

rate N~%/4 of Theorem 5.

and the factor x recorded below. For dy = d, the estimate (53) reduces to the

Proof of Theorem 6. The argument proceeds in four steps: discharge of the domain reg-
ularity required on each coordinate-subset face, the per-component direct estimate, the
deterministic width allocation across subsets, and passage to the additive seminorm by an
infimum over admissible decompositions. The degenerate case dy = d is recovered at the
end. The mechanism that produces the improved exponent is the coordinate-subset decom-
position; every other ingredient is carried, as a black box, by the two results established
earlier in the paper.

To establish a transparent baseline, the zeroth step formally discharges the requisite

domain regularity across the coordinate-subset faces. Fix T C {1,...,d} with |T| = dy.
d
Since ) = | [ ©; is a product of bounded open intervals, the projection onto the coordinates

i=1
indexed by T is the product of the corresponding factors,

Qr =[] c R%, (54)

i€T
which is a bounded box and is therefore a bounded Lipschitz domain in R%. Identity (54)
furnishes the domain regularity under which both Theorem 5 and Lemma 3 are applicable

on each Qr. The product structure further renders the fibre Q7 = H (); independent
i€Te
of y € Q7 for each T, so the supremum over y € Qr in the geometric factor of Lemma 3

reduces to the corresponding product, and the lemma aggregates these across subsets by
the maximum,

1/p
A = max H |y (1<p< o), A=1 (p=o), (55)
Tl=do \ jeTe

finite and independent of N.
Transitioning to the first principal stage, the per-component direct estimate is estab-

lished via the earlier results. Let f = ) gr(xr) be any admissible decomposition, with
|T|=do

QT € B;,q(QT) as in Definition 5. For each T, Theorem 5, applied on the domain Q7 in

dimension dy (legitimate by zeroth step), supplies a constant C; = Cy (o, s, p,q,do, Q) >0

and an integer Ny > 1 with

E(8T)1r(ay) < Crn s/ 87l (Qr), 1= Ni. (56)

Estimate (56) is precisely the per-component hypothesis required by Lemma 3: a single-face
direct bound at the rate n~5/% against the face seminorm.
Advancing to the second step, we explicitly execute the deterministic width allocation.
With (56) in force on every face, apply Lemma 3. Writing
1// + d UN

K= W S [1,00), (57)

(x > 1because dy < dand v/,v” > 0), and setting

¢t e ncy o ()7 o4
= 1(21() do ’ NO = 2x d() Nl, (58)
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the lemma yields, for every integer N > Ny, an allocation {NT}\T\:dO of nonnegative

integers with Z N7 < N such that
|T|=do

EX Y gr <CINTHM Y 187183, (Qr)- (59)
|T‘:d0 LP(Q) |T|:d0

Because f = ) g7 for the chosen decomposition, the left side of (59) equals EX(f)r Q)
|T|=do
Penultimately in the third phase, the coordinate-subset decomposition transparently
facilitates the passage to the additive seminorm, isolating the structural origin of the
improved exponent. The bound (59) holds for the fixed but arbitrary admissible decomposi-

tion f = ) gr of stage 1. The prefactor C EN~/4 is a nonnegative constant independent
|T|=do
of that decomposition, hence it may be drawn outside an infimum taken over the right side.

Passing to the infimum over all admissible decompositions f = ) gr gives
|T|=do

EN(fir) S CINT/0infe Y lgrlp p) : f= Y. &1 81 € By (Qr) p. (60)
|T|=do |T|=do

By the seminorm of Definition 5, the infimum on the right of (60) is exactly |f]| S5 () Setting
0

C" := C*and N{/ := [Ny] (an integer) establishes (53). The infimum acts on the seminorm
factor alone and leaves both the constant C* and the power N~/ unchanged.
As the fourth and final step, we directly recover the estimates for the degenerate

case dy = d. For dy = d the index set reduces to the single subset T = {1,...,d}, so
d

d

and Q1 = Q) by (54). With a single coordinate subset no allocation across faces is invoked,
and Definition 5 gives S3(Q2) = B} ,(Q) with \f|S;(Q) = |f|B;q(Q). Applying Theorem 5
directly on () in dimension d therefore yields

> = 1 and, by (57), ¥ = 1; the complementary set T¢ is empty, whence A = 1 by (55)

EN(Aw@ SN flg ), N=Ni,

which is the estimate of Theorem 5. The ambient-dimension rate is thereby recovered as
the single-subset specialization of (53). O

4. Constructive Validation: Effective-Dimension Decay Rates

The theoretical results of the preceding sections are the principal contribution of
this paper; the present section is an illustrative validation of their constructive content.

—s/d

Theorem 5 predicts the ambient-dimension decay EX( f) 12(q) ~ N7, while Theorem 6

predicts the effective-dimension decay E3(f) )~ N =5/ on the additive class S5, (Q).
We exhibit a deterministic construction whose measured decay exponents are on par with
these two predictions, and a held-out diagnostic on educational tabular data whose effective
dimension is consistent with the modeling object of Theorem 6.

4.1. Schema of the Localized Shallow Network and Parameter Configuration

The localized shallow construction used in this section is summarized in Figure 1. The

d
inputxe Q=]]Q; C R is processed by the o-realized localized system of Definition 2:
i=1
each univariate factor ¥; ; is the linear B-spline (hat function), the finite-difference realization
of the ReLU activation at k = 1, and the ridge units are assembled into the localized basis
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of Lemma 1; the output is a linear read-out of that basis, obtained by a deterministic
least-squares projection. Two coordinate-structured branches are compared at ambient
dimension d = 3: the additive construction (dy = 1), which approximates the target
coordinatewise at width N = dny, and the full construction (dyg = d), which employs a
tensor grid at width N = n¢. Throughout, N denotes the dimension of the localized system
(the basis count), the constructive surrogate for the network width, and not a count of
trained units.

Additive const;uction

1D pr 2
B =1: fa= ) plx)
i=1

width N = dny

Target on Localized system: Decay-rate alignment on par with| Effective-dimension law
d linear B-spline 7a~s/dy=2 (Theorem 6) — —s/d
— 3 ——>| A o O(N—/4
a=[[acRr (0 =RelLU, k =1), Tp~rs/d~0.667 (Theorem 5) ( )
=il order s =2
Full construction 12, dense g Deterministic LS
dp = d: tensor grid projection; fit
o width N = nfl 7 = 0.700

Educational corroboration: Held-out L? error
UCI Student Performance; vs. interaction order 1 -~ ------~- !
corroborates do
remove G1, G2 = dy=1

Deterministic LS
projection; fit
74 = 2.106

Figure 1. Schema of the localized shallow construction. The localized system is the linear B-spline,
the finite-difference realization of the ReLU activation at k = 1, of approximation order s = 2 on the
product domain Q) C RR3. The construction proceeds along two coordinate-structured branches: the
additive construction (dg = 1) approximates the target coordinatewise at width N = d n1, while the
full construction (dy = d) employs a tensor grid at width N = nf’ ; in both, N denotes the dimension
of the localized system rather than a count of trained units, and the approximant is obtained by
a deterministic least-squares projection on a dense evaluation grid. The fitted decay exponents
74 = 2.106 and 7 = 0.700 are on par with the effective-dimension rate s /dy = 2 of Theorem 6 and
the ambient rate s/d ~ 0.667 of Theorem 5, respectively. The educational corroboration (dashed
link) estimates the effective dimension of the response by the held-out L? error as a function of the
admitted interaction order m, returning dy = 1.

We recorded the parameter configuration of the construction. Because the approximant
was obtained by a deterministic least-squares projection, with no iterative training and no
restart variance, the construction carried no trained hyperparameters in the sense of an
optimized model; the settings in Table 1 were fixed inputs of the localized system. The
ambient dimension was d = 3 and the system order was s = 2, an axiomatic-level property
of the linear B-spline system held fixed and not inferred from the measured decay. The
error was measured in L?(Q) (p = 2) on a dense evaluation grid, and reproducibility
was fixed by the deterministic seed 20260601. The additive branch used the width grid
N € {6,12,24,48,96,192} (N = dny) and the full branch used N € {8,27,64,125,216,343}
(N = nf ); the corresponding fitted exponents and their comparison with the predicted
rates are reported in Table 1 and Figure 1.

4.2. The Constructive Scheme

The validation was carried out by an explicit, coordinatewise construction rather than
by a trained network, so that the measured exponent reflected the constructive upper
bound itself and not the contingent endpoint of an optimization. The localized system
was the linear B-spline (hat function), which is the finite-difference realization of the ReLU
activation at k = 1 admitted by Assumptions 1 and 2; its approximation order was s, with
the associated value r = 2, so the present experiment probed the range up to second order.
Two constructions were compared at ambient dimension d = 3. The additive construction

d
(do = 1) approximated the target coordinatewise, f4(x) = ) _ ¢(x;), and consumed width
i=1
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N = d - ny; this is the transparent, constructive analogue of the per-component step of
Theorem 6. The full construction (dyp = d) approximated a genuinely d-variate target on
a full tensor grid and consumed width N = n¢. Both used a deterministic least-squares
projection; in the notation of Theorem 6, they instantiated the per-component estimate
(Step 1), the deterministic width allocation (Step 2), and the degenerate single-subset case
(Step 4), with the black-box interface to Theorem 5 and Lemma 3 left intact. We emphasize
that the width N here denotes the dimension of the localized system, i.e., the basis count,
which is the constructive surrogate for the network width of Definition 2.

Table 1. Parameter configuration of the constructive validation. The settings are fixed inputs of
the deterministic localized system; the approximant in each branch is a deterministic least-squares
projection on a dense evaluation grid, with no iterative training and no restart variance. The system
order s = 2 is held fixed and is not inferred from the measured decay.

Parameter/Component Configuration Value
Ambient dimension d=3
d

Domain Q= H );, bounded product of intervals

i=1
Localized system Linear B-spline (hat function), ReLU k = 1 realization
System order s s = 2 (axiomatic-level; held fixed)
Error metric L*(Q) (p = 2), dense evaluation grid
Projection Deterministic least-squares (no iterative training)
Random seed 20260601 (deterministic reproducibility)
Additive branch (dg = 1) Width N =dny, N € {6,12,24,48,96,192}
Full branch (dy = d) Width N = n{, N € {8,27,64,125,216,343}

4.3. Protocol and the Choice of p = 2

All errors were computed at ambient dimension d = 3 under a single deterministic
least-squares projection (seed 20260601), evaluated on a dense grid, with no iterative
training and no restart variance; the widths N are provided in Table 2. The design matrix
was assembled by evaluating the localized B-spline system on a dense evaluation grid over
(); the coefficient vector was the solution of the associated normal equations, computed
once under seed 20260601 with no iterative training and no restart variance. The additive
construction (dy = 1) used the coordinatewise system {¢(x;) }%_;, and the full construction
(dy = d) used the tensor system on the full grid; in both cases the reported error is the L2
discrepancy on the same dense grid. We instantiated the LP (Q)) error of Theorems 5 and 6
at p = 2. Beyond its coincidence with the root-mean-square error, this value renders the
empirical functional a transparent, inner-product-induced quantity, keeping the numerical
diagnostic on the same analytic footing as the seminorms | - | B;,, that the theory constrains,
rather than treating it as a black-box objective.

4.4. Decay-Rate Alignment

The measured errors are collected in Table 2 and displayed in Figure 2. A least-
squares fit of log Ey against log N returned the decay exponent 7,4 = 2.106 for the additive
construction, on par with the prediction s/dy = 2 of Theorem 6, and 75 = 0.700 for the
full construction, on par with the rate s/d ~ 0.667 of Theorem 5 recovered at dy = d. The
additive construction decayed systematically faster than the full construction across the
entire range of widths; that separation is the constructive signature of the mechanism of
Theorem 6, namely, that the decay exponent is governed by the effective dimension dy and
not by the ambient dimension d, the latter entering only through the constant C” via the

https:/ /doi.org/10.3390/math14142491


https://doi.org/10.3390/math14142491

Mathematics 2026, 14, 2491

25 of 28

d
) and the factor x. The full construction, the single-subset specialization

do

do = d, serves as the consistency checkpoint against the ambient rate of Theorem 5; the two
reference slopes —s/dy and —s/d in Figure 2 are anchored at the leading datum of each
series, and the fitted slopes track them across the decade in N.

multiplicity (

Table 2. Constructive approximation error Ey in the L? metric for the additive construction (dg = 1)
and the full construction (dy = d), at ambient dimension d = 3, under the linear (ReLU, k = 1)
localized system of approximation order s = 2. The width N denotes the dimension of the localized
system. The fitted decay exponents are 74 = 2.106, on par with the prediction s/dy = 2 of Theorem 6,
and 7g = 0.700, on par with the rate s/d ~ 0.667 of Theorem 5 recovered at dy = d.

Additive Construction (dy = 1) Full Construction (dyg = d)
N En N En
6 0.9815 8 0.3463
12 0.6330 27 0.2939
24 0.1107 64 0.1291
48 0.0192 125 0.0694
96 0.0043 216 0.0477
192 0.0010 343 0.0278

Decay-rate alignment

10" - .
—
[a\]
= 10
~— F
Z
(R =
s . al 0 NN T=
S 10MF o TNQ TR
= =-=
I R T T A LR LR S EE R S Dy rora. g
=) T
o
= 2
s 102k -
g @ Additive construction (dp = 1): Ey [ SN
é B Full construction (dy = d): Ey N
é 3| |[——Fitted slope 74 = 2.106 X
< 107 F | —— Fitted slope 75 = 0.700 2 E
F |- = —Reference slope —s/dy = —2.00 (C3
[=-=-= Reference slope —s/d = —0.67 (C1)
10'4 L L il i i i 1 1 i i 1

10’ 10?
System width N (basis count)
Figure 2. Decay-rate alignment of the constructive approximant. The additive construction (dy = 1)
decays at the fitted exponent 74 = 2.106, on par with s/dy = 2; the full construction (dg = d) decays
at7p = 0.700, on par with s /d ~ 0.667. Reference slopes —s/dy and —s/d are anchored at the leading
datum of each series.

4.5. Educational Corroboration

To connect the additive class with applied tabular data, we estimated the effective
dimension of an educational response. On the UCI Student Performance data, with the
response taken to be the final grade and the two intermediate grades G1, G2 discarded so
that the task was nontrivial, we recorded the held-out L? error as a function of the admitted
interaction order m. The error was systematically governed by a single coordinate, the
selected effective dimension being dy = 1 (Figure 3); this is consistent with the modeling
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object of the additive class S; (Q)) of Definition 5. The relevance of a transparent, low-
effective-dimension construction in this setting is in keeping with the place of explainable
and feature-parsimonious models in educational prediction [14,17], where principled
structure is preferred to the massive parameterization of a black-box predictor. The data
are publicly available under the CC BY 4.0 license with DOI 10.24432/C5TG7T.

Effective-dimension selection
29 T T T
—@— Held-out error vs. interaction ordp
Y Selected dy = 1

=

Held-out error (L?)

? )
1 2 3 4 5
Interaction order m

»

Figure 3. Effective-dimension selection on the educational response. The held-out L? error as a
function of the admitted interaction order m is systematically governed by a single coordinate, the
selected effective dimension being dy = 1.
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