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Abstract

In this paper, we introduce and investigate a new subclass of bi-univalent Bazilevié-type
functions associated with the Gregory generating function. The proposed class is defined by
means of subordination and depends on the parameters v and «, which provides a broader
framework containing several previously studied subclasses as special cases. By using the
coefficient comparison method together with standard estimates for functions with positive
real part, we obtain upper bounds for the initial Taylor-Maclaurin coefficients |a;| and |a3].
Furthermore, the Fekete-Szego functional |a3 — &a3| is estimated for functions belonging to
this class. Several special cases are also derived to demonstrate the connection between the
present results and earlier known results related to Gregory-type bi-univalent functions.

Keywords: analytic (holomorphic) function; bi-univalent function; Bazilevi¢ functions;
Fekete-Szegd inequality; Gregory polynomial; starlike function
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1. Introduction

Let X denote the class of bi-univalent functions. It can be formulated as follows:

fl) =t Y anc”. M

n=1
These functions are defined analytically on the open unit disc.

Q={c:¢eC:gl <1}

Consider the following subclass:
S = {f € A: f is an analytic and injective function in Q}.

This class includes functions of set A univalent within the disc Q). According to The
Koebe One-Quarter theorem [1], every function within the class f € S represents the open
unit disc () on a domain containing a disc of radius }1. Consequently, every function f € S
has an inverse function f~! that satisfies the following conditions:

fHf(e)=¢ and f(f (@) =@ for|@| < Ro(f),
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where Ro(f) > 1. The inverse function

g(@) =f @),

can be expressed as follows when developed into a sequence:

g((D) = — az(Dz + (Za% - a3)603 — (511% —5azas + 114)(;)4 4+

The symbol X denotes the class of all bi-univalent functions defined on the open unit
disk Q). This class includes a number of distinctive functions that have been extensively
studied within the framework of bi-univalent function theory, most notably the following:

fle) =5 o) =tog( 1), fale) =log 1

The inverse representations associated with these functions can be written as follows:

@ _1 e® —1 e?® —1

i@ =1n hl'@="5" £'@=G6 7

The study of the limits of the coefficients of these functions began with Lewin in (1967) [2],
who arrived at an estimate for the second coefficient of |a,| < 1.51. Later, Brannan and
Taha [3] improved upon this estimate, proposing a better limit of |a;| < /2.

Over time, interest in studying prime coefficients has grown significantly resulting in a
large body of research in this area. However, the search for general limits of the coefficients,
particularly |a,| for n > 4, remains incomplete and requires further investigation, see
Table 1.

Table 1. A brief review of the literature relating to the a, operators of functions in the class .

Research Findings Estimates
Lewin (1967) [2] lap| < 1.51
Brannan et al. (1980) [3] lap| < V2
Netanyahu (1969) [4] maxy |ap| = %
Tan (1984) [5] lay| < 1.485
Different researchers [6,7] |az| and |as]
Open Problem [8,9] |ay| unresolved

Let P be the class of analytic functions defined on unit unit disc (), satisfying the
condition p(0) = 1, and possessing the property of being positive

R{p(g)} >0, ¢eQ.

Such functions admit the series expansion

p(¢) =1+ pig+pc®+---,pi €P. )

This class is widely known as the Carathéodory class of functions [10]. The concept of
dependency is fundamental to the study of the geometric and analytic properties of several
subclasses of univalent functions. Lindelof [11] established the initial framework for this
concept, and the contributions of Rogosinski [12,13] and Littlewood [14] further supported
and developed this field.
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A function @ is defined as a Schwarz function if it is analytic within the open disc (),
satisfies the condition ¢(0) = 0, and remains bounded such that its absolute value does not
exceed 1 at all points of ().

c(0)=0 and |c(g)| <1 forallce Q.

In light of this concept, if f and g are analytic functions in (), then we describe f as a
function of g in (), and this is written as follows:

f=<g or f(g) <glc),

whenever there exists a Schwarz function such that

flg) =glclg)), ce€Q.

It should be noted that whenever g is a univalent function in (), the following can
be deduced:

f=g < f(0)=¢g(0)and f(Q) C g(Q).

The concept of subordination is attributed to Robertson [15], who introduced it within
the framework of analytic functions. Let f and g be (holomorphic functions) defined
on the open unit disk Q) in the complex plane. Then, f is described as subordinate to g,
and this relationship is considered one of the fundamental relationships and is referred to
in mathematical literature as:

flg) <g(g), ceq,

if an analytic function exists ¢ so that the following conditions are met |¢(¢)| < 1 satisfying
f(g)/¢(g) is holomorphic in Q) and

For some Schwartz functions @, when @(¢) = 1, the subordination is reduced to the classi-
cal subordination. If @(¢) = ¢, this concept is synonymous with partitioning. The concept
of starlike functions is fundamental in geometric function theory. A function f € Ais
described as a starlike function of order p where (0 < B < 1) if

() -+ seo

Nasr and Aouf [16] derived a class of starlike functions

afe(1 + ]1/(’5]{(5) - 1)) >0, (veC\{0}ice Q).

This category is called the symbol S*(B), while in the special case where p = 0 we use

the notation S* = $*(0), which embodies the category of starlike functions according
to the traditional well-known concept. It is established in the literature that S* C S,
and that all functions of this class are univalent within the open unit disc Q2 (see [17-20]).
Furthermore, the class S* can be described equivalently by employing the concept of
dependency by reformulating its properties based on the dependency relationships that

= {2 ) e}

https://doi.org/10.3390 /math14142519

connect its elements:



https://doi.org/10.3390/math14142519

Mathematics 2026, 14, 2519

4of 14

Geometrically speaking, a function f is said to be starlike with respect to the point @y = £(0)
if f is a univalent on the open unit disc ), and its image f(()) represents a starlike with
respect to the point @y. More precisely, this means that every straight line segment reaches
the point wy, and any point on f(Q)) remains entirely within this image

{nfO)+ A -n)flg):n€01], ¢ €} Cf(Q).

In generalizing the concept of star functions, Ma and Minda substituted the traditional
function with a sufficiently general holomorphic function satisfying the following condi-
tions: it maps univalently onto a region that is starlike with respect to the point and exhibits
symmetric with respect to the real axis. This approach allowed for the study of a broad and
comprehensive class of functions encompassing many known special cases, thus enabling
the construction of a unified theoretical framework that integrates these diverse cases.

In mathematical literature, functions belonging to this category are usually referred to
as Ma—Minda starlike functions, I recognition of the authors” outstanding contributions
to the field. This generalization in turn led to the development of a rich array of subfam-
ilies, which have garnered considerable research attention, as documented in numerous
studies [21-25].

Definition 1. The function f is defined as a Bazilevic¢ function of order « > 0 introduced by
Bazilevi€ in [26], if there exist:
a starlike function g(g) in Q), and a function p(g) with positive real part satisfying

f{p(c)} >0 inQ,

such that o
f(g)gtxgé)l—a =p(s), cenN
Equivalently,
¢f'(c)
8%{f(g)“g(g)l-“} >0, ¢€Q
Remark 1.

1. When o = 1, this class is reduced to include the category of starlike functions.
2. When o = 0, therefore, this class is reduced to include the category of convex functions.

3. The class of Bazilevi¢ functions generalises several important geometric subclasses of univa-
lent functions.

Definition 2. An analytic function f in () is called a Non-Bazilevic function by [27] if it does not
satisfy the Bazilevic condition; that is, there does not exist « > 0, a starlike function g(g), and a
function p(c) with R{p(¢)} > 0 such that

¢f'(c)
%{f(g)“g(g)l”‘} >0, forall g € Q).

Definition 3. The class A% (¢) was studied by Daniel Breaz et al. by [28] and others as follows:

a0 = {1+ 1 (L) (£2) -1) < g0 vecrohsenl, o

where ¢(g) is Carathéodory functions.
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Campbell and Sherigan [29,30] developed new classes of bi-univalent functions, focus-
ing primarily on defining the limits of the differential coefficients |a;| and |as|. In a related
context, Yusuf et al. [31] studied the Fekete-Szeg6 inequality within some special classes of
functions. The Fekete-Szego inequality, introduced in [32], is a fundamental problem in
coefficient theory. The Fekete-Szeg6 inequality can be expressed as follows:

las — §a%| <1420 2/0-0) feR.

Based on the data and results from previous studies, we examine the function g that
transforms the open unit disc () into a star field centered at point 1. This function is
characterized by the fact that the coefficients of its series are given by what are known as
Gregory coefficients, which are rational numbers that decrease in value similar to what is
known in the case of Bernoulli numbers

1 1 1 19 3 863

2' 12" 24" 720" 160" 60480 "
Gregory coefficients occupy a prominent place in the fields of numerical analysis and
number theory, and they have enjoyed continuous interest since their introduction by
Gregory in 1671. They are considered mathematical entities that have been rediscovered
repeatedly in various contexts reflecting their importance and rich structure.

These transactions have appeared in scientific literature under various names, in-
cluding inverse logarithmic numbers, Cauchy numbers, and the second type of Bernoulli
numbers, in addition to other names that reflect the diversity of their uses and applica-
tions. In this study, our focus is on the generative function G of the Gregory coefficients as
presented in [33-37] as follows:

L1 1
= 1). 4
G(g) = 10g1+g n;xng, 56 g+249+ - (lgl<1) (4)

Clearly, forn =0, - - - , 5 the coefficients are given by

1 1 1 19 3

:l = — = = —_— = —— = —_— = ——.
X0 ;X1 5 X2 12 X3 24’ X4 750’ X5 160

Figure 1 shows the analytical behavior of the Gregory coefficient image within the open
unit disc.

0.4

0.3

Figure 1. The image of G(¢) is given, confined within the open unit disc Q).

https:/ /doi.org/10.3390/math14142519
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Lemma 1 ([1,38]). We assume that the function c is included in the class ‘P, and it is defined
as (2). Then

ek — venek| <2, f0O<y <1,
lemen —crey| <4, ifm+n=k+1,
|Cniok — venci| <2(1+2y), fory €R,

2
eyl

- 2

o |eq |2
27

Motivated by the recent growing interest in Gregory generating functions, we in-
troduce a new subclass of Bazilevi¢-type bi-univalent functions associated with Gregory
polynomials. This class generalizes several previously studied subclasses and provides new
coefficient estimates for |ay|, |a3], and the Fekete-Szego functional. To clarify the novelty
and contribution of the present study, we compare our proposed class with the most closely
related subclasses previously investigated in the literature. The comparison demonstrates
that the current framework extends several existing Gregory-related bi-univalent classes
and introduces a Bazilevié-type structure that has not been considered before. The main dif-
ferences between the proposed class and the related Gregory-type bi-univalent subclasses
are summarized in Table 2.

Table 2. Comparison of the proposed class with related Gregory-type bi-univalent subclasses.

Property [35] [36] [371  Present
Gregory generating function v v v v
Bi-univalent framework v v v v
Bazilevi¢ structure X X X v
Parameter o X X X v
Parameter v x  Partial Partial v
New class S§ (v, «) X X X v
Bound for |a;| v v v v
Bound for |a3| v v v v
Fekete-Szego inequality v v v v
Contains previous classes x  Partial Partial v

Remark 2. The classes investigated in Murugusundaramoorthy et al. [35], Al-Hawary et al. [36],
and Hadi et al. [37] may be recovered from the present framework under suitable restrictions on
the parameters.

However, the present study introduces a new Bazilevi¢-type bi-univalent class associ-
ated with the Gregory generating function, namely

S¢(v,a),

which depends simultaneously on the parameters v and «.

Consequently, the obtained coefficient estimates and the corresponding Fekete-Szego
inequalities constitute genuine extensions of the previously known results rather than
simple repetitions thereof.

https://doi.org/10.3390/math14142519
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Definition 4. The class S*(G) contains the function f(g) in (1) if

s%c):{1+i<($é?>(%?)“—i><G@Lue(xmbgea}, 5)

where v € C\{0} and G(g) is the generating of Gregory function in (4).

Remark 3.
1. When v = 1, it is concluded to be the class of Bazilevi¢ functions.

2. Whenv = 1and a = 0, it is concluded that class of starlike functions is realized in this context.

2. The Class Coefficient Bound

In the present section, we study a subclass based on Gregory coefficients where these
coefficients are generators of a class of bi-univalent analytic functions. Initial estimates of
coefficients are also derived, |a;| and |a3|, along with proof of the Fekete-Szegt inequality.
This study relies on the following two principles.

Lemma 2 ([1]). Ifp € P, then |sc| < 2,k > 1 for each x, where p is an analytic function defined
on O, and it is written in the following form:

pe) =1+sic+s6” +--+,
and the inequality is sharp for all x € N.

Lemma 3 ([39]). Lets,e € Rand 1,62 € C. If [g1|< H and |g2| < H; then

2|s|H, for|s| > le|,

s+e)g+(s—e)gr| <
I ) ( ezl {2|e|H, for |s| < el

Definition 5. Let « > 0and v € C\{0}. Consider a function f € Q) as given in (1) belongs to
this category S*(G) (v, ) if the required conditions are subordinations,

() ) <0
() () ) e

where v € C\ {0} and G(g) is given by Equation (4), while (@) = f~1(®).
Theorem 1. If f € S*(G)(v, a), then

|az| < min{ Wy, W, },

lag| < min{ My, My}.

Proof. Let f € $*(G)(v, a). Based on the subordinations in (6) and (7), there exist two ana-
lytic functions ¢ and b that satisfy the condition c(0) = 0 = b(0), where |c(¢)], |b(@)| < 1,

T D e o0 o

https://doi.org/10.3390 /math14142519
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e (@) (5(@)\"
1/ (wg (@ g(@
- —1)=G(b Q.
() (55) -1) —cteeen, e 0
Therefore, the function
1+c(g) 2
:7:1 B
t(¢) (0 +51¢+5pc>+--- € P,
hence
$1 1 s\ o, 1 1) 3
C(Q):EG‘FE 2= 5 |6 +§ 53—51524'2 ¢ty
and

1 1
G(c(g)) =1+ %g + 45 (122 = 752)c% + @(m? — 56515y +48s3)c° +--+, ¢ € Q. (10)

Also, the function

14+ b(@)

—_— — 2 .o
_1—b(c’0> 1+e10+er0” + e P,

(@)

2 3
a2 . )3y ...
b(w) = 2CD+2<€2 2)(@ +2 e3 —ejep + 2 @+ ,

and
1 1
Gb(@) =1+ %w + 45 (1202 - 7e2)@? + @(m{' — 56ejey +48e3)@> + -, @ € Q. (11)

Consequently, we get

1+11/<<gff;c§)) (f(gg)y_l) —1 (“+V1)ﬂzg n (("‘2+“2>“§2j2(0¢+2)a3)€2 I 12)
and
) )

(a2 4+ o —2)ad +2(a + 2)[243 — a3]) @>
+ ~ +

By comparing the coefficients of the two series given in Equations (12) and (13), we obtain
the following results:

(a+1)a2:si, (14)
v 4
2 2
((a* +a—2)a5+2(a+2)az) 1 )
o = @(1252 —7s7), (15)
(lX + 1)[12 e1
s 16
" 1 (16)
" (62 +a~2)a3 +2(a +2) 23 ]
" +o—2)ay +2(a+2)[2a5 —az|) 1 5
By comparing the coefficients in (14) and (16), we obtain the following relations:
51 = —e1. (18)

https:/ /doi.org/10.3390/math14142519
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1 2
s%+e%:32{(aj/—2 ) }a%. (19)
If we add (15) to (17), it follows that
(?+3a+2)7, 1 7 2, 2
{f}ﬂz = 1(52 +e) — Zg(sl +e1). (20)

Substituting the value of s7 + 5 by comparing the coefficients in (19) and (20), we
obtain the following relations:

(s2+e2). (21)

{ (a+1)Br(a+2)+14(x+ 1)) }az
312 2

I

Consequently,

iy — ‘ 3v2(sp + €3) ’
4 [(oc +1)(Bv(a +2) + 14(a + 1))]

We conclude from Lemma 2 that

312

ap| <
2l = \l“(a+1)(3u(a+2)+14(a+1

’z: Wi.
)

The other constraint for the coefficient a; is directly calculated by

|az| = ‘ ‘ =: Wa.

v
2(a+1)

Thus,
|az| é min{W1, Wz}.

Subtracting (17) from (15) with s% = e%, we find that

2(a+2)az —2(a +2)a3
v

1
= —(sp —e2). 22
(52— e) (22)
Solving the equation to find a3 and using the previous quadratic terms, we obtain

_ o V(sa—e)
az = ap m (23)

The above equation with (19) becomes

B vz(s% + e%) v(sy —ep)
= 32(a+1)2 + 8(a+2) " @4

Based on the last relationship, and with applying Lemma 2 combination along with using
the triangle inequality, we deduce the following result:

|a|<‘ v \+‘ v ‘-*M (25)
=18+ 102l T 4(ar2)l T Y
and using our first assertion with (21), it follows that

3v2(s2 + e2) v(s2 —e2)

B et )G +2) +14@+1) | Blat2) (26)

https://doi.org/10.3390/math14142519
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Based on the triangle inequality and a straightforward application of the Lemma 2 formula,
we achieve the following results relating to the last two equations:

1/2 v

A DG +2) + 4@+ 1)  4@at2)

|as| < ( = M. (27)

This completes the proof. [J

The following corollaries are obtained by assigning particular values to the involved
parameters in Theorem 1.
For &« = 0, the below result can be obtained.

Corollary 1. For f(g) € %5 (c), we have

312
< mi -
jaa] = mm{ ‘2(3v+7)

7 7

vil ’L
20V I1208v+7)

lv(v+1)| Bv(v+1)]  [Bv(v+1)]
8 ‘2v+28] f  [l2v+28]

and

las| = min{
For v = 1, the below result can be obtained.

Corollary 2. For f(g) € %Y (¢), we have

a2|§min{\/ 3 p ! }—\/ 5 /
(a+1)(170 +20)" 2(a 4+ 1) (a+1)((17a 4 20)

and

< mi ! ! : 1
5] = ”””{ (a+ )(17a +20) " 4 +2) 8@+ 17 | 4<a+2>}

1 1
8(a+1)2 + 4(a+2)

Forv =1,a = 0, the below result can be obtained.

Corollary 3. For f(g) € A (c), we have

3 1 3
< 1 i N -
o] = mm{ V 20’2} 20’

1 28} 28

and

a3l Smind =, — p = —.
23] = { 4160 | ~ 160

To provide a clearer interpretation of the obtained coefficient estimates, we present
selected numerical values of the upper bound of |a;| for different choices of the parameters
« and v. These values illustrate how the bound varies as the parameters change, see Table 3

and Figure 2 as follows:

https://doi.org/10.3390 /math14142519
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Table 3. Numerical values of the coefficient bounds for selected parameters.

12 v W1 W2 min { W1 ’ W2 }
0.5 0.2722 0.2500 0.2500
0 1.0 0.3873 0.5000 0.3873
0.5 1.0 0.2955 0.3333 0.2955
1.0 1.0 0.2434 0.2500 0.2434
1.0 1.5 0.3371 0.3750 0.3371
2.0 1.0 0.1873 0.1667 0.1667

Surface behavior of the upper bound for |a,|

min{Wy, w,}
°
=

5
2.000.00

Figure 2. Surface plot illustrating the behavior of the upper bound of |a;| with respect to the

parameters & and v.

3. Fekete-Szego Inequality

Based on the previous results the Fekete-Szegt inequality associated with the Gregory
function and the class of bi-univalent functions can be deduced.

Theorem 2. Let f(¢) € ABy(c)). If ¢ € R, then

2 < 3v((a+1)(Bv(a+2)+14(a+1)
2| <V (at2)” |1 o §| 6v(a+2
‘”3 - ‘5‘12‘ =7 12]1—¢lv 3u( a+l)(3vgtx+2g+14(a+l) :
4 1-¢lz
3v((a+1)(Bv(a+2)+14(a+1))” 6v(a+2)
Proof. We infer from (21) and (23) that
v(s2 —e) o2
‘;‘”12 (Dé i 2) + (1 g)
_ v(s2—e) 3v2(1—¢)(s2 + e2)
8(a +2) 4|(a+1)(Bu(a+2) + 14 +1)]
_K[ 3v(1—¢)(s2+er) (z—ez)}
4 (a+1)Bv(a+2)+14(a+1)) 2(a+2)
_Vv ¢ 1 g1
i (W mrg )+ (- e )

where
3v(1-¢)
(a+1)Bv(a+2)+14(a+1))"

Wﬁ"f =

https://doi.org/10.3390 /math14142519
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Taking the module value, we get

v

10 )+ (e

2
’03 - gﬂz‘ =

Employing Lemma 3 yields

2 ;g 1
’a3 — @%’ < ‘/{ (a+2)’é 0= LWV = 2(a+2)
= o; o; 7
4 4|WI/ ’ |W1/ 2 ﬁ
Consequently,
)| < v ﬁ, |1 _ §| é (a+1)(31/(20¢(:i)2-;-14(a+1))
’ﬂs - 5“2’ =7 4)1—¢| (a+1)(3v(a+2)+14(a+1)) 7
4 1-¢l2
(a+1)Bv(a+2)+14(a+1))’ = 2(a+2)

which is analogous to the accurate outcome. [

Remark 4. The obtained Fekete—Szeg0 inequality reduces to several known inequalities under
suitable choices of a and v. In particular, for & = 0, the results reduce to the Gregory-type starlike
bi-univalent case.

Corollary 4. Case 1: Tnking v = 1, we have

2 17 < (a+1)(3(a+2)+14(a+1))
2| « 1) @ray 1-¢ = 2(a+2)
’as - 602’ =g 41—¢| 1 ¢ > @HEEr2) 14
@+ 1) (3(a+2) +14(a 1))’ = 2(a+2)
Case 2: Taking a = 0, we get
vf1, p-gs D
ﬂ3—§“% §{ 2|1 3v+7) -
R L R I e

Case 3: Taking v =1 and a = 0, we have

1] 1, [1-¢| <5
2 =
’03—5ﬂ2’§* 1- :

4. Concluding and Valuable Remark

In this paper, we introduced a new subclass of bi-univalent Bazilevi¢ functions associ-
ated with Gregory polynomials. By employing subordination techniques and coefficient
comparison methods, we derived estimates for the initial Taylor coefficients and estab-
lished the corresponding Fekete-Szegt inequality. The obtained results generalize several
previously known results in the literature. Future work may include the investigation of
higher-order Hankel determinants, Toeplitz determinants, and extensions to harmonic and
g-analogue settings.
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