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Abstract

This paper investigates the long-term behavior of diffusion models in population dynam-
ics before absorption. By establishing the intrinsic ultracontractivity of the associated
Markov semigroups, we obtain sharp quantitative estimates for three fundamental limiting
objects: the quasi-stationary distribution, the quasi-ergodic distribution, and the mean
quasi-ergodic distribution. Specifically, we determine their domains of attraction and
prove that convergence to each occurs at an exponential rate. Moreover, we show that the
conditioned Q-process is uniformly exponentially ergodic, and we characterize the mixing
speed of the original process in terms of the spectral gap. These results provide a unified
framework for understanding pre-absorption dynamics in population processes.

Keywords: diffusion models in population dynamics; intrinsic ultracontractivity; quasi-stationary
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1. Introduction
1.1. Background and Motivation

Understanding how demographic stochasticity affects the long-term behavior of a
density-regulated population is a central question in population dynamics. The stochastic
logistic Feller diffusion model serves as a canonical framework for this inquiry. Its most
profound feature is not the deterministic sigmoidal growth curve, but the way stochasticity
fundamentally reshapes long-term behavior—when population size becomes sufficiently
small, fluctuations in birth and death processes can no longer be neglected, and extinction
is almost certain. In this regime, the population’s transient dynamics are precisely charac-
terized by the quasi-stationary distribution and the quasi-ergodic distribution [1,2], which
are conditioned on non-extinction.

Mathematically, the model is a nonlinear diffusion process with an absorbing boundary
at zero, where the infinitesimal generator is degenerate. This degeneracy prevents direct
application of classical ergodic theory [3]. While recent advances in large deviation theory,
spectral theory, and functional inequalities have significantly improved our understanding
of the existence, uniqueness, and convergence rates of quasi-stationary distributions [4-7],
the explicit analytic expressions for the quasi-stationary distribution, the quasi-ergodic
distribution, and the stationary distribution obtained via the Doob h-transform remain
scattered across the literature and lack systematic synthesis.
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Such explicit expressions are not only of theoretical interest—they provide tractable
tools for applied problems, including extinction risk assessment in population ecology, the
maintenance of rare alleles in evolutionary biology, and minimal residual disease dynamics
in tumor growth models [8,9].

1.2. The Model

We consider the stochastic differential equation
dZy = \/Z4dBy + (rZs — cZF)dt, Zy >0,

where (B;; t > 0) is a standard one-dimensional Brownian motion, the initial state Z is
given, and r and c are assumed to be positive. The minimal solution Z is a logistic Feller
diffusion process on E = (0, o0) with a lifetime of § = inf{t > 0: Z; = 0 or oo}.

To better investigate the properties of {Z;, t > 0}, we introduce the process {X;, t > 0}
defined by X; = 21/Z;. Then we have

1 rx | cox®
dX; = dBi —q(Xo)dt, q(x) = 5 — >+
Process X is still absorbed at 0, and limiting properties of {Z,t > 0} can be readily deduced

from {X;,t > 0}. Throughout the paper, we focus on the diffusion process X.

1.3. Literature Review

Quasi-stationary distributions and quasi-ergodic distributions describe the behavior of
Markov processes conditioned on long-term survival, which is a key problem in the study
of absorbed Markov processes. In recent years, many authors have made contributions to
this area. On the one hand, using purely probabilistic methods, several important results
on quasi-stationary distributions and quasi-ergodic distributions of Markov processes
have been obtained; see [10-12]. The latest results in [11] provide necessary and sufficient
conditions for exponential convergence to a unique quasi-stationary distribution in the total
variation norm. These conditions also guarantee the existence and exponential ergodicity
of the Q-process.

On the other hand, spectral theory of self-adjoint operators has also yielded profound
results; see [13-17]. In [14], the authors prove that if P is an irreducible, trace class, and
ultracontractive semigroup, then the unique quasi-stationary distribution attracts all initial
distributions supported in the allowed states at an exponential rate. Moreover, the process
admits a quasi-ergodic distribution, and its LP-spectral bounds are independent of p for
1 < p < co. In [17], the authors give the relationship between uniform convergence to a
unique quasi-stationary distribution, the existence of the Q-process for a symmetric Markov
process, and the intrinsic ultracontractivity of its associated semigroup.

For the diffusion process X, ref. [18] proved that a unique quasi-stationary distribution
exists and that the conditional distribution of X converges uniformly exponentially to the
quasi-stationary distribution. Our approach differs from that of [18], and we conduct a
more in-depth study of X. In fact, our approach builds upon and extends the results of [19].

1.4. Novelty and Contribution

Compared to existing works on quasi-stationary distributions for diffusion processes,
the present paper provides the following new contributions:

1. First explicit spectral gap estimates for the stochastic logistic Feller diffusion with
absorption, providing sharp exponential convergence rates to the quasi-stationary
distribution, the quasi-ergodic distribution, and the mean quasi-ergodic distribution.
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2. Unified treatment of quasi-stationary distribution, quasi-ergodic distribution, mean
quasi-ergodic distribution, and mixing speed within a single spectral framework
based on intrinsic ultracontractivity.

3. Explicit expressions for the convergence rates in terms of the first two eigenvalues
A1, Ap and eigenfunctions @1, @7 of the generator.

4. Uniform exponential ergodicity of the Q-process, with explicit characterization of its
transition density.

These results extend and sharpen previous findings by [7,17,18] by providing quanti-
tative convergence rates and explicit limiting objects for this specific but important class of
population models.

1.5. Organization of the Paper

The remainder of this paper is organized as follows. Section 2 presents preliminary
material, including notation, key definitions, and known results from spectral theory.
Section 3 states all major results, including exponential convergence to the quasi-stationary
distribution, the Q-process and its ergodicity, the quasi-ergodic distribution and mean
quasi-ergodic distribution, and mixing speed with limit theorems. Section 4 provides a
discussion of the results, including biological interpretation, comparison with the literature,
limitations, and future directions. All proofs are collected in the Appendix A.

2. Preliminaries
2.1. Notation and Basic Setup

We define the speed measure m of the diffusion process X on E:

m(x) = /1x e QWay,

where

r(1—y? (vt —

The process X is an m-symmetric diffusion process with state space E = (0, c0) and
lifetime = inf{t > 0: X; = 0 or co}.
We denote by P(E) the set of probability measures on (E, B). The norm in the usual

Banach space L”(E; m) is written as || - ||,,m, 1 < p < co. The inner product and norm in
L%(E; m) are written as (-, ), and || - ||, respectively.

2.2. Markov Semigroup and Generator

Let (£,D(€)) be the Dirichlet form on L?(E;m) generated by X = (X;,Py,Q),
(—A,D(A)) be its generator, and {P; = e~A'} be its associated irreducible semigroup.
The semigroup P acts on f € L?(E;m) as

PA() = Bl F(X0)Lppgy) = [ p(tx ) ()mdy),

where p(t,x,y) is the jointly continuous, strictly positive integral kernel of P}, and E,
denotes the expectation with respect to Py.
Denote by A; the infimum of the spectrum o (.A) of A:

M =info(A) =inf{(Au,u) : u € D(A), [|u|| =1}.

2.3. Spectral Properties

The following properties of the semigroup P; are known from [19-22]:
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Proposition 1. P; is trace class for all t > 0.
Proposition 2. P; is intrinsically ultracontractive for all t > 0.

As a consequence of these properties, the generator A has purely discrete spectrum
with eigenvalues {A;}?°; satisfying 0 < Ay < Ay < --- — oo, and there exists a complete
orthonormal basis {¢;} of L?(E;m). Each ¢; € D(A) is a continuous function on E with
Agp; = Ajg;, i > 1,and ¢; can be chosen to be strictly positive on E.

We recall the equivalent condition for intrinsic ultracontractivity (see [23]):

Proposition 3. If p(t,x,y) > 0and Py is trace class, then Py is intrinsically ultracontractive if
and only if for any t > O there exists ¢; € (0,00) such that

p(t,x,y) = cib(x)bi(y), Vx,y € E,
where by € LY(E;m) N L®(E;m) and by(x) = /p(t, x, x).

The following lemma summarizes key properties of the heat kernel and eigenfunctions
(see [17]):
Lemma 1. The heat kernel p(t, x,y) on (0,00) x E x E satisfies:

1. Eigenfunction expansion:

p(t,xy) = i”"t%(x)(m(y),

where the series converges absolutely and uniformly for (t,x,y) € [e,00) x E X E for any
e>0.
2. Integral representation: Forany e > 0, p € [1,00],t >0, f € LP(E;m), and x € E,

PFW) = Lo N0i) = [ pltox ) floim(ay),

where the series converges absolutely and uniformly for (t,x) € [€,00) x E for any € > 0.
3. by is a continuous function in L2(E;m) and |¢;(x)| < e*t/2by(x) foralli > 1, x € E, and
t>0.
4. Foreach x € E, by(x) and eM*/2b;(x) are analytic, logarithmically convex, monotonically
decreasing functions of t.

Lemma 2. The eigenfunctions satisfy:

1. @1 € LY(E;m) N L®(E; m) and there exists a decreasing function ¢; such that

A=)ty (x), Vi>1,x€E, t>0.

|pi(x)| < Cre
2. Forany ¢ > 0 there exists t(¢) such that for all t > t(e),

eMip(t,x,y)
1_8§%§1+£/ X, GE/
o1()91(y) Y

and consequently,

(1—¢e)m(p1)e1 < eMip1 < (14 ¢e)m(p1)er.
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2.4. Key Definitions

We now recall the definitions of quasi-stationary distribution and related concepts.

Definition 1. A probability measure v on E is called a quasi-stationary distribution of the diffusion
process X if
P(Xpe-|T>t)=v(), t=>0,

where P, (-) = [ Px(-)v(dx).

Definition 2. A probability measure p on E is called a quasi-limiting distribution of the diffusion
process X if
tle Py(Xt € F| T >t)=v(F), FeB(E),

for some probability measure v. We then say that p is attracted to v, or is in the domain of attraction
of v, under conditional evolution.

Definition 3. The Q-process is defined as the diffusion process X conditioned to never exit E. More
precisely, if the following limit is well defined,

Qu(A) = im Py(A|{ > 1), A€F,s>0,
—o0

then {Qx}xeg is the law of a continuous process with transition semigroup given by Doob’s
h-transform:

Pt¢1f:eA1tPt(Z))1f), t>0/f€L2<E/(P%m)
1
3. Major Results

In this section, we state the major results of the paper. All proofs are deferred to the
Appendix A.

3.1. Asymptotic Behavior of the Semigroup

As established in Proposition 2, the semigroup P; is intrinsically ultracontractive. This
property, together with the trace class property, implies the following asymptotic behavior,
which is crucial for studying long-term dynamics.

Lemma 3. Forall f € LP(E;m), 1 < p,p* < oo with % + pl—* =1, and for any t > s > 0,
we have
[Pt x,y) = g1() g1 (y)| < e M ()bs(y), x,y € E.

Consequently,

lim *sup (e Pef(x)) = ll91(x) [[1,0(91, )] = O.
pEP(E)

3.2. Exponential Convergence to the Quasi-Stationary Distribution

Our first major result establishes the existence, uniqueness, and exponential conver-
gence to the quasi-stationary distribution.

Theorem 1. The diffusion process X has a unique quasi-stationary distribution given by

y=9
lo1lla

This quasi-stationary distribution attracts all probability measures p € P (E) uniformly exponen-
tially. Specifically,
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lim 2= MH [Py (X €+ [ 7> £) — ()| rv

t—ro0
 sup |He2te) = (@2 Dv(P)lo(gs) |
FeB(E) [p1llio(e1)

3.3. The Q-Process and Its Ergodicity

The next result concerns the Q-process, which represents the original process condi-
tioned on never being absorbed.

Theorem 2. Let (£, D(E)) be a regular Dirichlet form and X be its associated diffusion process.
Then the Q-process of X exists and coincides with X?¥1. That is, for all s > 0 and x € E,

lim sup |Py(F | { > t) — P{Y(F)| = 0.
tooopeF,

Moreover, X9 admits a @3 - m-symmetric transition function P{* and a transition density function

eMip(t,x,y)

1txy) = p1(x)1(y)

Theorem 3. Foralls > 0,

lim sup [PY'(Xs€:)—Py(Xs€-[{>t)|rv =0,
tﬁoope'P(E)

and
tlim sup ||PS(X¢ € ) = P(X; € )|ty = 0.
7% p1,p2€P(E)

3.4. Quasi-Ergodic Distribution and Mean Quasi-Ergodic Distribution

The following results describe the quasi-ergodic behavior of the process.

Theorem 4. The diffusion process X has a unique quasi-ergodic distribution given by

= gi-m
This quasi-ergodic distribution attracts all probability measures p € P(E) uniformly exponentially,
as follows:
Jim e~ BY (X, € ) = ()l
= sup |(¢11r, 92)p(9297 )],
FeB(E)

Theorem 5. Let (€, D(E)) be a regular Dirichlet form and X be its associated diffusion process.
Forallp € P(E) and 0 < a < 1, the mean quasi-ergodic distribution satisfies

lim
t—o0

=0, VAe€B(E).
TV

Ep<a1t /OM 1u(X,)ds | £ > t) —u(A)

Moreover, the convergence rate is proportional to time t: for any t* > 0,
lim sup at

E Lo 14(Xs)d
— S
=% 4cB(E) b (“t /0 alXs)

(26 ||by- ||[| by |1 + m(@1)]eMt p(bee ) || by |
p(@1)m(@1) (A2 — A1)

£> 1) - ula)

TV

< 4" 4
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3.5. Mixing Speed and Limit Theorems

Finally, we characterize the mixing speed of the diffusion process and establish related
limit theorems.

Theorem 6. Let (€, D(E)) be a regular Dirichlet form and X be its associated diffusion process.
Forallp € P(E), v = q1-m/| 1|1, and p = ¢3 - m:
1. Foranya =aA (1 —a)with0 < a < 1, there exists a finite function ®1 such that

lim e2=M sup By (14(Xar)15(X1) | ¢ > t) — u(A)v(B)|

t=o0 A,BEB(E)

= sup [®i(p,a, A B)l.

A,BEB(E)

2. Foranyp=aAN(b—a)A(1—b)with0 < a <b <1, there exists a finite function P,

such that
lim e~ AP sup By (14(Xat)15(Xpe) | ¢ > t) — p(A)p(B)]
t—oo A,BeB(E)
= sup [P2(p,B, A B)l

A,BeB(E)

The explicit forms of ®; and P, are given in the Appendix A.

Theorem 7. Forallp € P(E)and0 < «, B <1,

lim sup
=% 4 BeB(E)

B, (L [ gs- L 7 d
p<M/O 1A(XS)S-E/O 15(X,)dr

£> 1) - pAu(E)] o

Theorem 8. Forallp € P(E),0 <a <1,ande >0,

tlgg’AzléI(DE)Pp< %(/OM 14(Xs)ds — y(A)‘ >e |l > t) =0.
Moreover, for any p > 0,
1 gt 4
fh—’rg"Alelgl()E) E, <‘0ct/o 14(Xs)ds —u(A)| | ¢ > t) =0.

4. Discussion

In this section, we interpret our results biologically, compare them with the existing
literature, discuss limitations, and outline future directions.

4.1. Recapitulation of Main Findings

In this paper, we have developed a complete spectral theory of quasi-stationarity for
the stochastic logistic Feller diffusion. Our main results are:

*  Explicit exponential convergence rates to the quasi-stationary distribution, the quasi-
ergodic distribution, and the mean quasi-ergodic distribution, all expressed in terms
of A1, A2, @1, @2.

¢ Uniform exponential ergodicity of the Q-process, with explicit transition density.

¢  Sharp estimates of mixing speed, mixed limit theorems, and a weak law of large
numbers for the conditioned process.

https://doi.org/10.3390/math14142521
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4.2. Biological Interpretation

Our results carry concrete biological interpretations. The quasi-stationary distribution
v answers the following question: Given that the population has survived up to now, what is its
current size distribution? The exponential convergence rate A, — A1 quantifies the memory
time of the population; a larger gap means faster forgetting of initial conditions.The quasi-
ergodic distribution y describes the time-averaged behavior along a single long surviving
trajectory, while the mean quasi-ergodic distribution corresponds to the ensemble average over
all surviving paths. The distinction matters in practice; the quasi-ergodic distribution is relevant
to predicting the long-term behavior of a specific population, whereas the mean quasi-ergodic
distribution is relevant to predicting the average behavior across multiple independent populations.

The spectral gap A, — A1 also controls the mixing speed. A small gap indicates long
memory — extinction risk and population size remain correlated for extended periods.
Conversely, a large gap implies rapid relaxation to the quasi-stationary regime.

4.3. Position Within the Literature
Compared to previous works, our contribution provides several new elements:

¢  While [7] established the existence of quasi-stationary distributions for logistic
Feller diffusions, we provide explicit exponential convergence rates via spectral
gap estimates.

e Unlike [18] which used probabilistic methods, our spectral approach yields explicit
expressions for the convergence rates and the limiting objects in terms of ¢1, ¢7.

¢ Compared to [17] which studied general symmetric Markov processes, we apply the
framework to a concrete biological model and obtain sharp, interpretable results.

*  To the best of our knowledge, this is the first work that simultaneously character-
izes quasi-stationary distributions, quasi-ergodic distributions, mean quasi-ergodic
distributions, and mixing speed for this model within a unified spectral framework.

4.4. Limitations and Priorities for Future Work

We acknowledge several limitations.

4.4.1. Robustness of Intrinsic Ultracontractivity

Our analysis relies on the intrinsic ultracontractivity of P;, which holds for the present
generator with symmetric drift. For non-symmetric drifts, singular coefficients, or non-local
operators (e.g., Lévy-type generators), the spectral decomposition may fail.

4.4.2. Vanishing Spectral Gap

In metastable or highly heterogeneous environments, A, — A1 may become arbitrarily
small. Exponential convergence then gives way to polynomial or sub-exponential rates.

4.4.3. Non-Autonomous and Perturbed Dynamics

Time-dependent environments break the semigroup property. Whether our estimates
persist under small perturbations remains open.

Among these limitations, the most pressing is numerical validation, as it would
provide immediate empirical testing of our theoretical rates.

4.5. Outlook

Several promising directions remain for future work. We intend to:

*  Numerical validation: Implement an Euler-Maruyama scheme with an absorbing
boundary at zero, estimate the quasi-stationary distribution via histograms of surviv-
ing trajectories, and compare the empirical convergence rate with A, — A;.

https://doi.org/10.3390/math14142521
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¢  Concrete applications: Apply our model to real-world systems—single-species popu-
lation dynamics in ecology, continuous stirred-tank reactors in chemical engineering,
and disease extinction in epidemiology.

¢  Theoretical extensions: Generalize to multi-dimensional or interacting particle sys-
tems, models with Allee effects or other nonlinearities, and quasi-stationary behavior
in the presence of catastrophes or resetting events.

4.6. Concluding Remark

In summary, this paper provides a mathematically rigorous and biologically inter-
pretable characterization of quasi-stationary and quasi-ergodic behaviors for the stochastic
logistic Feller diffusion. The unified spectral framework developed here can serve as a
foundation for future theoretical extensions and applied investigations.
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have read and agreed to the published version of the manuscript.
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Appendix A. Proofs

All technical proofs are collected here for completeness.

Appendix A.1. Proof of Proposition 1
From Tomisaki ([22] Corollary 2.7), we can infer that

/ p(t,x,x)m(dx) = Ze*)"’t < o0,
E i=1

where A; are the eigenvalues of A. Therefore, {P;} is trace class for all t > 0.

Appendix A.2. Proof of Proposition 2
{P}+0 is proved to be intrinsically ultracontractive by Miura ([19] Theorem 3.4).

Appendix A.3. Proof of Lemma 3

Since P is intrinsically ultracontractive and of trace class, for any 7,5 > 0, we have

M) (T4 5,x,) — 91(x) 91 ()|

e~ (Ai=A1)(T+s)

agk

(P1(x)€01(]/)|

e~ (AmA)(T5) G2 (1)) 3 () (M) (T+9) g2 (1)) 2

IA
agk

e II7e L

(

2
< ( e*()\i*/\l)S(P%(x)e*(/\zf/h)T)%(
i=2

2

e*()\i*/\l)s%z (y)e*(/\Z*/h)T) 3

agk

2

_ e/\lse—()\z—/\l)Tbs(X)bs (y)
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Let T =t — 5. Then for any t > s > 0, we obtain
[Pt x,y) = p1(x) g1 (y)| < eMoem M Db ()b () = €22l () be(y).
Then, from Lemma 1,

Ip( ' PLF(x)) = 91 (x) 1,091, )] < &%= =M b b o £ -

Forallt >s > 0and f € LP(E;m), p € [1, ], we have

(M Pef(x)) = ll91(x) 11,0 (91, )]
= lo(y e MM gy, fgy)]

i=2

< Y e M g bl fllp — 0, as £ oo.
i=2
Appendix A.4. Proof of Theorem 1
Forall F € B(E) and p € P(E), we have

Pilp) —v(F)p(Pi1)
p(P:1)
p(CRp e MM (i, 1F) — (91, 1)v(F)]gi)
p(eM!P1)

P,(X; € F| X; € E) — v(F) = o(

A=At

Multiplying both sides by e! , we deduce that

eM2=WH P, (X, € F | X; € E) —v(F))
p([(92,1F) — (2, 1)v(F)]92)

p(eMtP1)
_ ple” M (g3, 1p) — (93, 1)v(F)]g3])
p(eMtP1) ‘

(A3—As)

Therefore, forany0 < e <land 0 < e < 2a=h)

such that for all ¢ > f(e),

, Lemma 2 implies that there exists f(¢)

p(e= =22 (g3, 15) — (@3, 1)v(F)]|@3])
p(eMtP1)
2e~ A= M)n(|g3))o (| 9s))
(1—e)m(p1)p(g1)
2(czp)2e~Ms—Aa—2e(As—M)]t
1—¢

IN

— 0, ast— oo.

This completes the proof.

Appendix A.5. Proof of Theorem 2

The proof follows directly from Champagnat et al. [11] and Li et al. [17], using the
intrinsic ultracontractivity of P;. The explicit form of the transition density is obtained from
the definition of Doob’s h-transform.
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Appendix A.6. Proof of Theorem 3
This follows from Lemma 1, Lemma 2, and Fubini’s theorem. For any F € B(E) and

€ € (0, 1), there exists a constant ¢ > 0 such that

Sup“Px(Xs €F | §> t)*Pfl(Xs € F)‘

x€E
< SB[ M 9P 1(X) — m(g1) @1(X)|
- eMtP1(x)
n [m (1)1 (x) — e P e Er {1 (Xs)}
eMIP1(x )4’1( x)
eMs ) e~ (1= E=s) (| gy, (t—s)Exp1(X5))
(1—¢e)m (€01)(P1()
+Z§’i2€ A=)t (| ;)| i ()|
(1—¢)m(p1)p1(x)
< i(%_s))zeﬁlfze)(mfm)(tfs) /(1=

i=2

i 2 —(1—-2¢)(A; /\1)t/(17€).

Taking t — oo yields the desired result.

Appendix A.7. Proof of Theorem 4
By Lemma 1, forall p € P(E) and F € B(E), we obtain

PY (X, € F) — u(F) = p(eM' ¢ ' Pi(p11F)) — u(F)

=p(Y e MM Ay, g pigr ).
i—2

A=At and using Lemma 2, forany 0 < € < Qg:ﬁi , we have

Multiplying by e

e M2 MY PIN (X, € F) — u(F)) — (911F, 92)p(9297 1)
= |p(e” M=) (1 g1, 93) 03/ 1)

(A3—A 1
<e M2 o1l g3l 931 11,0
< e l=hs=—MotMielt = 0 agt — 0.

Appendix A.8. Proof of Theorem 5
Forall p € P(E) and 0 < « < 1, using Lemma 1, Lemma 3, and Fubini’s theorem, for

any A € B(E), t* > 0,and t > 2t*/a, we have

EP% [ 1a00)dsle > 1)~ p(a)

_aiho Ep{eAlsPs[(lA* (A))eM =) P,_1]}ds
B (eAltPtl)
L p{eM P14 — p(A))eM OB 1) }ds
- p(eMtP1)

5L p{eMo (14 — u(A)eM )P 1] }ds
' PR T)

l oct t*P{e BPs[(1a —#(A))EAl(tfs)Pt_sl]}ds
- p(eMiP1) :
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The first and third terms (over [0, t*] and [at — t*, at]) vanish as t — oco. For the middle
term, using the Cauchy-Schwarz inequality and Lemma 3, we obtain the bound stated in

the theorem. The detailed calculations follow the same lines as in the proof of Lemma 3.

Appendix A.9. Proof of Theorem 6

We begin by establishing a preliminary identity. For any A,B € B(E) and 0 < a <

b <1, due to the Markov property of X, we have

Ex[14(Xat)1p(Xpr)11<]

= Ex[Ex (14 (Xar) 1o (Xpe) Loy | Fat)]

= Ex{1a(Xat)Ex, [18(X(p—a)t) (Pr—pt 1) (X (p—a)e) ]}
= Par{1aPp_ay[1B(Pr-pe1)]}(x), t=0, x € E.

Proof of Part (1). For all p € P(E), by the semigroup property of P;, (A1) with b = 1, and

Lemmal, forall0 < a < 1andt > 0, we have

Eo[14(Xat)1p(Xe)|C > ] — u(A)v(B)
P(Par(1aPi—atlp)) — p(u(A)v(B)Pi1)

p(P1)
(TR e it ([1,eM =P y1p — u(A)v(B)eM P y1], 1) gy}
o p(eMtP1)
N p{X5, e MU= (1, 0,) (pila, ¢1) 1}
p(eMtP1) '

Using the same procedure as in the proof of Theorem 1, we conclude that

MR sup By (14 (Xa)15(X1)[C > 1) — p(A)v(B))]
A,BeB(E)

sup (9114, 92)v(B)p(92)
A,BEB(E) p(g1)

lim e
t—o0

’ a< =,

_ ) awp (9214, 91)(15, 92)

, a>z,
A,BEB(E) llo1ll1

sup (9114, 92)[v(B)p(92)m(¢1) + (15, 92)p(91)]
ABEB(E) p(e)m(e1)

, a=

N —

O

(A1)

Proof of Part (2). The proof is similar to that of part (1). Forall0 <a <b <landt >0,

we have
Ep[14(Xat)1p(Xp)|G > t] — p(A)u(B)
_ {1 Py [1ae "IN,y (1geI DN, 1))}

p(eMtP1)
_ p{ €M1 Py [~ DMt Py (e1MIP,_ 1 1) 3 (A)u(B)
p(eMtP1)
Cp{Er e Wi Aet (pb-aMip,  (1pe=(1-0MIP 1), il a) s}
p(eM!P1)
p{L, e~ imhat (p—ahtpy, o (e(1=0DMip 1 1), @) @i fu(A)u(B)
p(eM!P1)
N p{ L2 e M=M=t ((1-DNIp 1 1) i, p11a) g1}
p(eMtPl)
" p{ L2 e M= MU=DH(((1, 1) @i, 9118) @1, @11a) 91 } .
p(eM!P1)
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Following the same procedure as in the proof of Theorem 1, we conclude that

lim 2B sup By [14(Xar)15(Xp)|C > 1] — u(A)u(B)| =

f=eo A,BEB(E)
sup (P14, 92)1n(B)e(2) | o< (b—a)r(1—b),
A,BEB(E) (1)
sup |(9214, ¢1)(p1, 9218)], b—a<aA(l-0),
A,BEB(E)
sup (@1, @21p)1(A)m(g2) | l—b<an(b—a),
A,BEB(E) m(¢1)
1,4, B
sup (9124, @2)1(B)plg2) | (9214, 91)(91, 9218)|, (b—a)=a<(1-D),
ABeB(E) p(e1)
sup (114, qu()u(B)p(soz) o (@1 @21p)p(A)m(g2) | (b—a)=(1-b)<a,
ABEB(E) p(g1) m(¢p1)
, 021 A
sup |(9214, 91)(91, 9215) + (91, @215)1(A)mi(g2) ’ (1-b)=a< (b—a),
A,BEB(E) m(¢1)
1 1 A
sup (9114,02)1(B)p(g2) + (9214, 91) (91, 9215) + (1, g2 L) A)m(gn) , otherwise.
ABEB(E) p(e1) m(e1)

In particular, the result for two mixed parameters in Theorem 6 can be generalized to
a finite number of parameters. [J

Appendix A.10. Proof of Theorem 7

Forany p € P(E), A,B € B(E), and 0 < «,B < 1, using Fubini’s theorem and a
change of variables, we have

Ep<1 /OM 14(Xo)ds - ;t/oﬁt 15(X, )dr

at

C> 1) = n(A(s)

< /1 db/b’E (L4 (Xaut)1p(Xppe) | £ > 1) _MA)MB)’M

da

o(14(Xaat) Lp (Xope) | € > 1) = p(A)u(B)|db.

From Theorem 6 and the dominated convergence theorem, the right-hand side tends to 0
ast — oo.

Appendix A.11. Proof of Theorem §
Forallp € P(E),0 < « <1, and € > 0, using Chebyshev’s inequality, we obtain

)
C>t>/e2

Combining Theorem 5 and Theorem 7 yields the first result. The LP convergence follows

lim sup Pp(
=% 4eB(E)

l/M 14(Xs)ds — y(A)‘ >€

«t Jo

2
<lim sup E
=% 4eB(E) p(

l/“t 1,(Xo)ds — 1(A)

at Jo

from a standard truncation argument.
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