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Abstract

This paper considers stochastic optimal control of stochastic differential delay equations
(SDDEs) with jumps and Markov switching, and its economical applications. The Hamilton-
Jacobi-Bellman (HJB) equation and the inverse HJB-equation are derived by applying the
Dynkin’s formula and solution of the Dirichlet-Poisson problem for those SDDEs. Three
cases of modified Ramsey stochastic models in economics are studied; namely, a Ramsey
diffusion model with jumps, a Ramsey diffusion model with Markov switching, and a
Ramsey diffusion model with jumps and Markov switching. We also present numerical
examples for all three cases. The contributions of the paper are four-fold: introducing and
studying three new models for SDDEs: with jumps, Markov switching and both; studying
optimal control for those models; applications of these results to economics with Ramsey’s
stochastic models; and numerical examples for these different models.

Keywords: optimal control; SDDE; jumps; Markov switching; HJB equation; economics;
Ramsey model
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1. Introduction

Stochastic optimal control is a subject of many research papers and books—see,
e.g, [1-3]—with infinite dimensions” stochastic optimal control [4] and jump-diffusion
applied stochastic control [5]. Stochastic delay equations are also a subject of studies in
many papers and books, including [6-9]. Delay differential equations driven by Lévy pro-
cesses are considered in [10]. Averaged SDDEs with semi-Markov switching and stochastic
optimal control for them and with application in economics were studied in [11].

Let us also mention some recent papers on SDDE. Stochastic delay differential equa-
tions with applications to disease modelling were considered in [12]. A comprehensive
stability analysis of numerical simulation of fractional stochastic delay differential equa-
tions using spectral scheme was studied in [13]. The paper [14] considered solving some
stochastic delay differential equations by Daubechies wavelet. General decay stability in
mean square of stochastic delay differential equations was studied in [15]. The averaging
principle for stochastic delay differential equations with Hadamard fractional integral
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was investigated in [16]. Investigation of stability nonlinear stochastic differential equa-
tions with state-dependent delay was taken by [17]. The paper [18] was devoted to the
controllability results of stochastic neutral functional differential equations with delay.

We mention, that no book or paper considered stochastic optimal control problems for
SDDEs with jumps and regime-switching, or dealt with the Dirichlet-Poisson problem, the
Dynkin formula, the HJB and inverse HJB-equations for such equations, and in particular
with their applications in economics. These are exactly the subjects of investigation in
the present paper, and those results are new and original. For stochastic optimal control
and optimal performance definitions see Section 2.7. For definitions and basics of the
theory related to the stochastic optimal control and stochastic optimal performance see [1,2].
For cases under consideration in the present work, equations with jumps and equations
with jumps and Markov switching, we present related definitions for the cost/objective
functionals and optimal performances.

In the earlier paper [19] we considered the following SDDE with control u(t) (SDDE):

x(t) = x(0) + /Ot a(x(s—1),u(s))ds + /Ot b(x(s —1),u(s))dw(s), 1)

Here: x(t) = ¢(t), t € [—1,0],is a given continuous process, u(t) is a control process and
w(t) is a standard Wiener process.

The solution of the SDDE In the case is not Markov. However, we can make it
Markovian by considering the pair (x¢, x(t)) where x; := x(t +s), s € [—1,0], is the path
of the process on the interval [t — 1, {] (see details in [20]). In this way, this pair is a strong
Markov process to which one can apply the theoretical basics of the corresponding weak
infinitesimal generator; see, e.g., [21] for more details. A solution of the Dirichlet-Poisson
problem and a Dynkin formula for the SDDE are presented. We mention that these results
are obtained from the Dynkin formulas and boundary value problems for multiplicative
operator functionals of Markov processes [22]. Therefore, the Dynkin formula and the
solution of the Dirichlet-Poisson problem are used in this case to obtain the Hamilton—
Jacobi-Bellman (HJB) and the inverse HJB-equations. Complete proofs were given for two
theorems about the stochastic optimal control for the diffusion model only in paper [19],
namely, Theorem 1 (H]B-equation) and Theorem 2 (inverse of the H]B-equation). An
application was given to a Ramsey model [23,24], a stochastic model in economics, that
takes into account the delay and randomness in the production cycle.

The Ramsey—Cass-Koopmans model, (known also as the Ramsey growth model) is a
neoclassical model of economic growth based primarily on the work of Frank P. Ramsey [24]
with significant extensions by David Cass [25] and Tjalling Koopmans [26]. This model is
very popular nowadays as well—see, e.g., [27-33].

Let us also mention some papers on the stochastic Ramsey’s model. A stochastic
version of the Ramsey’s growth model was considered in [34]. The solution of the discrete-
time stochastic Ramsey model was presented in [35]. Sustainability in the stochastic Ramsey
model was investigated in [36]. Paper [37] studied the stochastic growth model and real
business cycles. In the authors’ opinion, the paper [38] was one of the first ones to consider
the stochastic Ramsey’s model.

The model in [19] was described by the equation

dK(t) = [AK(t — T) — u(K(£))C(8)] dt + o(K(t — T))dw(t).

Here: K is the capital, C is the production rate, u is a control process, A is a positive constant,
o is the diffusion coefficient of the SDDE. The “initial capital”

K(t) =¢(t), te[-T,0],
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is a continuous bounded positive function. For this stochastic economic model the optimal
control was found to be umin = K(0) - C(0), and the optimal performance was
K2(0 C%(0) 0
J(Ktimin) = 50 4+ K0 +IT¢

2
- 1<2(0)(1+C2 )+ [0 926

The delay T was normalized to T = 1 by time rescaling. This is one of our assumptions
in the theoretical considerations that follow. However, the obtained results are valid for
general delay T > 0.

In the current paper we consider stochastic optimal control of SDDEs with jumps and
Markov switching, and present application to some three new Ramsey stochastic models
in economics.

The novelty and contributions of the paper are four-fold: introducing and studying
three new models for SDDEs: with jumps, Markov switching and both; studying optimal
control for those models; applications of these results to economics with Ramsey’s stochastic
models; and numerical examples for these different models. We note that the paper [19]
contains only diffusion model with delay without jumps and Markov switching. Also, the
paper [11] contains only averaged diffusion model with semi-Markov switching, again
without jumps and Markov switching. The applications in both papers are given to
diffusion economic Ramsey models, without jumps and Markov switching. Therefore, the
current paper contains new and original results compare with the mentioned former and

latter papers.
The main type of SDDE under consideration is an equation with Markov switching
and jumps:
x(t) = )+ x(s—1), r(s))ds

+ fo s—1>, (s),r(s))dw(s) + [y 77 yx(s)v(dy, ds,u(s)),

where r(t) is a continuous-time finite-state Markov chain with state space X =
{1,2,...,N} [39], and where v(dy,dt,u) is a Poisson random measure with parame-
ter ull(dy)dt [22] and u is a control state. We note that all sources of randomness,
w(t),r(t),v(dy,t, u), are independent.

The SDDE in (2) with jumps and Markov switching is very general and includes
models with jumps only and Markov switching only; it has many applications, including
economics, finance, and other fields; see, e.g., [40,41]. The states of the Markov chain
r(t) may describe different modes of economy, say, in economics, or different positions of
traders in finance, to name a few.

From Equation (2) we can construct other SDDEs such as SDDEs with jumps only,

x(t) = +f0 x(s —1),u(s))ds + [y b(x(s — 1), u(s))dw(s) )
+ fof 1 yx(s)v(dy,ds,u(s)),
and SDDEs with Markov switching only,
x(t) = x(0)+ [ya(x(s—1),u(s),r(s))ds @

+ [y b(x(s — 1), u(s), r(s))duw(s).

Of course, it is possible to consider the case when v(dy, dt, u) also depends on the
Markov chain r(f), i.e., regime-switching. However, we do not consider this case in the
present work, leaving it for future exploration.

The equations associated with (2)-(4) are some new versions of the Ramsey model in
economics that have the following forms:
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Ramsey model with jumps and Markov switching,

AK(t) = [ACO)K(E=T) —u(K(E)C(H)] dt 5)
+ o(K(t—T),r(t)dw(t) + [ yv(dy,dt, u(s)),
and associated Ramsey model with jumps only,
dK(t) = [AK(t = T) — u(K(t))C(t)] dt + o (K(t — T))dw(t)
(6)
—i—/ v(dy,dt, u(s)),
and Ramsey model with Markov switching only
dK(t) = [A(r(£)K(t—T)—u(K(t))C(t)]dt @)

We note that model (7) is, for example, a particular case of model (4) with
a(x,u,r)=A(r)K—u(K)C b(x,u,r)=0c(Kr).

The paper is organized as follows. Controlled SDDEs with jumps and Markov switch-
ing are considered in Section 2. Hamilton-Jacobi-Bellman (HJB) equations for SDDEs with
jumps and Markov switching and main results, Theorems 1-6, are studied in Section 3.
Optimization problems for Ramsey’s models are investigated in Section 4. Numerical
examples are presented in Section 5. Conclusion is highlighted in Section 6. Section 7 is
considered discussion and future work. Appendix A contains 10 figures to visualize the
results. Appendix B gives the proofs for all Theorems 1-6.

2. Controlled Stochastic Differential Delay Equations with Jumps and
Markov Switching

This section contains new three models of controlled SDDEs with jumps and Markov
switching. It starts with introduction of some basic notations (Section 2.1), description of SD-
DEs with jumps and Markov switching (Section 2.2), SDDEs with jumps only (Section 2.3),
SDDESs with Markov switching only, (Section 2.4), and weak infinitesimal operators for all
three new models from Sections 2.2-2.4 (Section 2.5). The models are new and original
compare with htose introduced in [11,19], where we considered only diffusion models
without jumps and Markov switching. Then Section 2.6 describes Dynkin’s formula for
SDDEs with jumps and Markov switching, highlighting those results for SDEs with jumps
only (Section 2.6.1) and Markov switching only (Section 2.6.2). Section 2.7 are devoted to
the solutions of Dirichlet-Poisson problem for SDDEs with. jumps and Markov switching
(Section 2.7.1), highlighting the results for SDDEs with jumps only (Section 2.7.2) and
Markov switching only (Section 2.7.3). These results are new and original compare with
those from [19] and [11]. Section 2.8 describes statement of the problem for optimal control
and optimal performance.

2.1. Some Basic Notations

Let us remind some basic facts and notions from [20,42,43] necessary for subsequent
exposition in this paper.

We consider the following objects in this paper: x(t),t € [—1,00) to be a stochas-
tic process; F,,(x) is a minimal c-algebra with respect to which x(t) is measurable for
every t € [u,v]; w(t),t € [0,00) is a Wiener process with w(0) = 0, and with F,(dw)
be inga minimal Borel o-algebra such that w(t) — w(s) is measurable for all ¢,s with
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u <s <t <wv;Fp(dr) is a minimal Borel o-algebra such that r(t) — r(s) is measurable
forall t,s with u <s < t < v, where r(t) is a finite-state Markov chain with state space
X =1{1,2,...,N}[39]; Fiu(dv) is a minimal Borel o-algebra for which v(du, t) — v(du,s) is
measurable for all f,s with u < s < f < v, where v(du, dt) is a Poisson random measure [22];

As for the control, u(t) € U, t € [—1, 00) with values from ¢/ = Borel set, and such that
u(t) is Fyp(u)-adapted for all t € [u, v]. See [20,42,43] for more details.

2.2. Controlled SDDE with Jumps and Markov Switching
Here, D the Banach space of all cadlag functions defined on the interval [—1,0] and

equipped with the Skorokhod topology; see [44] for definitions and further details.
Suppose that a(-,-,r), b(-, -, r) are continuous functionals defined on D x U x X.

Definition 1. A stochastic process x(t) is called a solution of the stochastic differential delay
equation with jumps and Markov switching

dx(t) = a(x(t—1),u(t),r(t))dt+b(x(t —1),u(t),r(t))dw(t)

+ [ yx(bv(dy,dr), ¢ e [0,00) (8)

provided
F_14(x) V For(dw) V For(u) V For(dv) V Foy (dr)

is independent of Feo (dw) for every t € [0, 00). The notation F; V F, \/ F3 V Fy \V Fs is used for the
minimal o-algebra containing Fy, F», F3, Fy and Fs, and x(t) satisfies

x(t) — x(s) = [la(x(l—1),u(]),r(D)dl o)
+ o [Pp(x(l = 1),u(l), r(1)dw(l) + [L [T yx(lv(dy,dl),
where the middle integral is the It6 integral and the last one is the Poisson integral [22].
In the integral form Equation (8) has the form
x(t) = +f0 x(s—1), ( ) (s))ds (10)

+ fO ’”(5) w(s +fof 1 yx(s)v(dy,ds).

The initial process x(t) = ¢(t),t € [—1,0], where ¢ € D is a given cadlag function. In
this way, the processes ¢(t),t € [—1,0],w(t) and u(t),t > 0, are defined on the probability
space (O, F, F, P) and F; := F_1;(x) V For(dw) V For(u) V For(dv) V Foe(dr).

We suppose that following conditions are satisfied for Equation (9):

Ada(p,u,r)and b(¢,u,r) are continuous real-valued functionals defined on D x U x X;

A.2 ¢ € D is a cadlag function in the interval [—1, 0], independent of w(s),s > 0, and
Elg(1)[* < oo

A3Vep,p cD:

0
(g, ,7) = a(g,w,1)| + b r) = b, u N K [ [9(6) ~p(o)las, (D)

with |a(y,u,r)| + |b(y,u,r)| < M for some M,K >0andally € D,u e U,r =r(0) € X.
A4 fjloo y?TI(dy) < oo, where I1(dy) is a measure associated with v(dy, dt), i.e.,
Ev(dy,dt) = I1(dy)dt.

Remark 1. We have the following existence of a solution statement (see also [19]): if the assumptions
A.1-A.4 are satisfied, then the solution of the initial value problem (9) exists and the pair (x;, x(t))
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is a unique stochastic Markov process [20,42,43]. The solution x(t) can be viewed at time t > 0 as
an element x; of the space D, or as a point in R.

2.3. Controlled SDDE with Jumps Only

In this case we do not have regime-switching, i.e. (t) = 0, and functionals a(-,-), b(-, -)
are continuous and defined on D x If only.

Definition 2. The following stochastic process x(t) is called a solution of the SDDE with jumps only

dx(t) = a(x(t—1),u(t))dt+b(x(t —1),u(t))dw(t) W)
+ [T yx(t)v(dy,dt), t€[0,0)

provided
F_14(x) V For(dw) V For(u) V For (dv)

is independent of Feo (dw) for every t € [0,00). Thus, x(t) satisfies

x(t) —x(s) = ftu( x(r —1),u(r))dr + [Lb(x(r — 1), u(r))dw(r)
+ ffl ux()v(du,dl),

where the pre-last integral is the It6 integral and the last one is a Poisson integral [22].

Equation (12) is meant in the integral form

x(t) = (0)+fo ( ( 1),u(s))ds + [y b(x(s — 1), u(s))duw(s) (13)
+ Otf yw(dy,ds),

with the initial process x(t) = ¢(t),t € [—1,0], where ¢ € D is a given cadlag function. In
this way, the processes ¢(t),t € [—1,0], w(t) and u(t),t > 0, are defined on the probability
space (O, F, F, P) and F; := F_1;(x) V Fot (dw) V Foe(u) V Foe (dv).

We consider he following conditions to be satisfied for the Equation (12):

B.14a(¢,u) and b(¢, u) are continuous real-valued functionals defined on D x Uf;

B.2 ¢ € D is cadlag with probability 1 in the interval [—1,0], independent of w(s),
s > 0,and E|p(t)|* < oo; here, |.| is the Skorokhod norm, [44].

B.3 Ve, ¢y € D:

() — ap,w)] + [b(, ) — b0 <K [ 6(6) ~ 9(6)1d6

with |a(y, u)| + |b(n,u)] < M for some constants M, K > 0and ally € D,u € U.
B.4 fjloo y*T1(dy) < +oo, where TI(dy) is a measure associated with v(dy, dt), i.e.,
Ev(dy,dt) = I1(dy)dt.

Remark 2. We have the following existence of a solution statement (see also [19]): if the assumptions
B.1-B.4 are satisfied, then the solution of the initial value problem (11) exists and the pair (x;, x(t))
is a unique stochastic Markov process [20,42,43].

2.4. Controlled SDDE with Markov Switching Only

In this case we do not have jumps, i.e., v = 0, and functionals a(-,-,7), b(-,-,r) are
continuous functionals defined on D x U x X.
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Definition 3. The following stochastic process x(t) is called a solution of the SDDE with Markov
switching only

dx(t) = a(x(t —1),u(t),r(t))dt + b(x(t —1),u(t),r(t))dw(t), te[0,00) (14)

provided
F_14(x) V For(dw) V For (u) V Foy(dr)

is independent of Fyeo (dw) for every t € [0,00). The process x(t) satisfies the following SDDE

x(t) — x(s) = [la(x(I—1),u(l),r(1))dl 5)
+ [ b= 1), (1), 7 (1)duw(1),

where the middle integral is the It6 integral and the last one is the Poisson integral [22].

Equation (15) in integral form has the following form

x(t) = x(0)+ [ya(x(s—1),u(s),r(s))ds (16)
+ [y b(x(s — 1), u(s), r(s))duw(s).

Here, the initial process x(t) = ¢(t),t € [—1,0], where ¢ € D is a given cadlag function.
Therefore, we assume that the processes ¢(t),t € [—1,0], w(t) and u(t),t > 0, are defined
on the probability space (Q), F, F;, P) and F; := F_1;(x) V For(dw) \V Fos (1) V Fo(dr). See [19].

Let the following conditions be satisfied for Equation (14):

C.1 a(¢,u,r) and b(¢,u,r) are continuous real-valued functionals defined on
DxU X X;

C.2 ¢ € Dis cadlag function in the interval [—1, 0], independent of w(s),s > 0, and
Elp(t)* < oo,

C3 V¢, 9 €D:

0
|a(@,u,r) —a(y,u,r)| +[b(¢p,u,r) = b(p,u,r)| < K/f1 |9(6) — (6)]do,
with |a(y,u,r)| + |b(y,u,r)| < M for some M,K >0andally € D,u cU,r =r(0) € X.

Remark 3. We have the following existence of a solution statement (see also [19]): if the assumptions
C.1-C.3 are satisfied, then the solution of the initial value problem (16) exists and the pair (x;, x(t))
is a unique stochastic Markov process [20,42,43]. The solution x(t) can be viewed at time t > 0 as
an element x; of the space D, or as a point in R. See [19].

2.5. Weak Infinitesimal Operators of Markov Processes (xt, x(t)), (x¢, x(t),v(dy, t),7(t))),
(xt, x(t),v(dy, t)) and (x;, x(t),7(t))

It is well-known that the solution x(t) of stochastic differential delay equations (SDDEs)
(1) (see also in [19]) is not Markov. We can make it as a Markov process if we take the pair
(xt,x(t)) := (x(t +5),x(t)), s € [-1,0]. In what follows, E, ,o)[-] := E[:|xo = x,x(0)] and
E, x(0)ul'] == E[-|x0 = x,x(0),u(0) = u]. We note that the following triplet (x;, x(t), r(t)) is
also Markov as long as r(t) is a Markov chain.

Definition 4. A real valued functional J(x¢, x(t),u(t)) on D is said to be in the domain of A", the
weak infinitesimal operator (w.i.o.) of the process (xt, x(t)), if the limit

tim o (B2 o) (x0,2(8),u(t)) = (5, x(0),10)) /4) 1= q(x,x(0), ),
x=xo=¢cD,ucl,
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exists pointwise on D X U, and

lim sup |E} | (xt,x(t),u) —q(x,x(0),u)| =0.

t—0+ x,u

Here x; := x(0) = x(t +6),0 € [-1,0], is in D and E! £(0) is the expectation under the condi-
tional probability with respect to x, x(0) and u. Therefore, we set A" J(x,x(0),u) := g(x, x(0), u).

We denote by A{, for n open and bounded set G C R, the w.i.o. of X} = x¢, the process
stopped at 7 := inf{t : x(t) & G}.

We need one more condition to be satisfied, which is related to the w.i.o.:

A.5 The inequality (11) is satisfied for all initial functions ¢, ¢ € D and every p > 0
with || < p,|¢| < p. Moreover, A is the weak infinitesimal operator of the process ¥(t)
satisfying equation (1) with a, b replaced by 4, b and satisfying assumptions A.1-A.3. Let
also the functions @ = a,b = b are defined on the bounded open set G.

We suppose that F is continuous and bounded on bounded sets.

Definition 5. Then the restriction of F to G is in D(AL), provided F € D(A) and A"] = q is
bounded on bounded sets, and we have

(17)

where u = u(0) (see [43]).

Also let F(a, B), F} (oc ,B) (vc B) be continuous and bounded in &, B. Then J(x) € D(A%),
and we have three cases for the generator of three processes (SDDE with jumps and Markov
switching, SDDE with jumps only and SDEE with Markov switching only).

Generator for the SDDE with Markov switching and jumps is

AGJ(x(0),7) == q(x(0),7) = F(x(0), x(0),r) — F(x(~1),x(0),r)
+ / L"F(x(s),x(0),r) ds+
[ /”° £(0)y,¥(0),7) ~ F(x(~1),x(0)) (18)
- Fx(x(S) x(0), r)y|1(dy)ds
+/ Z qr;F(x(s),x(0), j)ds.
Here: the operator L" is defined by (17). It is acted on F as a function of x(0) only (see [43]),
and Q := (gij)i j=12,..,N is the generator of Markov chain r(t).

We note that 4th and 5th terms in (18) are bounded due to conditions A.1-A.5.
The generator for the SDDE with jumps only is (which follows from (18))

Ac](x(0)) = q(x(0)) = F(x(0),x(0)) — F(x(~1),x(0))
+/0 L*F(x(s), x(0)) ds

[0 TR + 20, x0)

— F(x(=1),x(0)) — Fx(x(s), x(0))y]11(dy)ds.

(19)
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This follows from (18) with r(t) = 0. Here: the operator L" is defined by (17) and it is acted
on F as a function of x(0) only (see [43]). We note that 4th term in (19) is bounded as long
as Fy, is continuous and bounded, and conditions B.1-B.4 and A.5 hold.

The generator for the SDDE with Markov switching is (which follows from (18))

AGJ(x(0),r) == q(x(0),r) = F(x(0),x(0),r) = F(x(-1),x(0),7)
+/i L"F(x(s),x(0),r)ds

0N |
+/l];qrjp(x(s),x([)),])ds'

This follows from (18) with v = 0. Here the operator L* is defined by (17) and acts on F as a
function of x(0) only (see [43]), and Q := (qij);,j=12,..,~ is the generator of Markov chain
r(t). We note that 4th term in (20) is bounded as long as F is continuous and bounded,
i i,j € X, are finite, and conditions C1.-C.3 and A.5 hold.

2.6. Dynkin’s Formula for SDDEs with Jumps and Markov Switching
2.6.1. Dynkin’s Formula for SDDEs with Jumps and Markov Switching

We obtain from (9) and (18) the following Itd formula for the functional J(x¢, x(t),r(t)):

0
T(xe, x(£), 7 (1)) :/ F(x(t +6), x(t), r(t)) d8 :

-1

Pt 301, 0)) = T x(0),7) + [ F(x(5)x(5), 7(6)) s
—/tF( (s—1),x ds+/ / L*F(x(t + 0), x(s), r(s)) dods
// x(s — 1)) EL(x(t + 8), x(s), r(s)) d8dw(s)+ (20)

/ / /+°° x(t+8) + x(0)y, x(s), 7(s)) — F(x(~1),x(0),7)
— Fe(x (f+9) x(s),7(s))y]T1(dy)dsd6

+// Zq,] x(t +6), x(s), )dsde.

The next results, including Lemma 1, follow from this It6 formula and from general
Dynkin’s formula for Markov processes, [21,22]. We note that the process (x¢, x(t),7(t)) is
Markov, as is the process (x¢, x(t), v(dy, t)r(t)).

Lemma 1. Dynkin’s formula for SDDEs with jumps and Markov switching.

We consider T to be a stopping time for the strong Markov process (x¢,x(t)) such that
E, x(0)|T| < 00. We suppose that all conditions from Sections 2.1-2.5 are satisfied, including
A.1-A.5. Then we have the following Dynkin’s formula:
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Exx Or)](xT/ (T) V(T)) (x X(O 7’))
+ Ex x(0) /OF(x(s ,x(s),r A F (s—1),x(s),r(s))ds
/O _OlL”F ,x(s), 7(s)) d0ds+
0 +oo
/0 [, [ Gt +6) + 2y, x(5,1(5)) o

- F(X(*l)rx(o) ) Fi(x(t +6), x(s),7(s))y|T1(dy)dsd6
+ Eyp(o) /O /7 1}; griF(x(t +0), x(s), j)dsdodt
= J(5,%(0)) + Eqagoys || AaT (s, 3(6),7(5)) ds

where AL, is defined in (18) and L* in (17).

2.6.2. Dynkin’s Formula for SDDEs with Jumps Only
Fom (13) and (19) we obtain the It6 formula for the functional J(x;, x(t)):

Jx(0) = [ Fx(e+6),5(0) a6

I, 3(6)) = 1 x(0) + [ FGx ds

—/ x(s—1), ds+// L'F  x(s)) dods
+ / / x(s = 1)) Ff(x(t + 0), x(s)) doduo(s)

+///+°° x(t+6)

+x(0)y, x(s)) — F(x(=1),x(0)) — Fx(x(t +6), x(s))y/T1(dy)dsd,
where operator L* is defined in (17).
Corollary 1. Dynkin’s formula for SDDEs with jumps only.

Consider T as a stopping time for the strong Markov process (xt, x(t)) such that E, (oy|T| < 0.
We have then the following Dynkin’s formula (which follows from (21)):

Eqaio)] (0 ¥()) = J(5,X(0) + Exxo) [ F(x(6), x(5)) ds—
f/OTp( (5= 1),(s)) ds + Ey 0 // LYF(¢(6), x(s)) dods+

Exx( / / /+°° (x(t + ) + x(0)y, x(s)) — F(x(~1), x(0))— (22)
— Fe(x(t +6), x(s))y]T1(dy)dsde

T ~
= J(5,x(0) + Eqo) || Ac) (xs,x(5)) ds,
where Ag is defined in (19) and L* in (17).
Proof. Follows from Lemma 1 above. [

Corollary 2. Dynkin’s formula for SDDEs with Markov Switching Only.
From (16) and (20) we obtain the following It6 formula for the functional J(x;, x(t),r(t)):
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+// x(s —1))FL(x(t+80),x(s),7(s)) dodw(s)+
+// Zq,] x(t + ), x(s), j)dsdo.

We consider T to be a stopping time for the strong Markov process (xt, x(t)) such that E, o) |T| < oo.
Then we have the following Dynkin’s formula which follows from (21):

E. (o)) (xz, x(7),7(7)) = J(x,x(0,7))
+ Ex x(0)r /TF(x(s), ; F (s—1),x(s),r(s))ds
Evx(0 / / LUF x(s), 7(s)) dods+
Eyri0)r /O /7 1 ]; griF(x(t +0), x(s), j)dsdodt

= J(5,%(0)) + Eqagoy || AaT (s, 3(),7(5)) ds

(23)

where AY, is defined in (18) and L" in (17).

Proof. Follows from Lemma 1 above. [

2.7. Solution of Dirichlet—Poisson Problem for SODDEs with Jumps and Markov Switching
2.7.1. Solution of Dirichlet-Poisson Problem for SDDEs with Jumps and Markov Switching

Let ¢(x,x(0),r) € C(d(H x G x X) be bounded and F(x,x(0),u,r) € C(D x C x
U x X) be such that

Eevo| [ [ IR x(5) (5, r(5) st

forall (x,x(0),r) € HxG x X.

Here: tyyxgxx = inf{t: (x4, x(t),7(t)) € H x G x X}, Cis aset of continuous and bounded
functions on D x C x U x X, and o(H x G x X) is a regular boundary of H x G x X,
H e C,G €D (see eg., [21]).

Lemma 2. Solution of Dirichlet-Poisson problem for SDDEs with jumps and Markov switching.
Define

0 rTHxc
030, 0) 1= Egaio| [ [ Fl0(6), (6),u(0),r(9) e
(

) ) 1Jo
+ Ex x(0) ¥ (15, x(16),7(76))],  (x,x(0),r) € HX G x X.
Then (see also [22])

AL (x,x(0),u) = — /_OlF(¢(9),x,u)d9, in HxG Yuel
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and
lim ] (xt, x(t), u) = p(x(16),x(16)) V(x,x(0)) € Hx G,

tTTG

where AL, is generator defined above in (18) (see AL).

Proof. Follows from the solution of the Dirichlet-Poisson problem for SDDEs in [19] with
AY replaced by AE in (18). We note that in this case, | € D(AE) and 5th and 6th terms
in (18) are bounded due to conditions from Sections 2.1-2.5, including A.1-A.5. O

2.7.2. Dirichlet-Poisson Problem’s Solution for SDDEs with Jumps Only

Let us take 1(x, x(0)) € C(d(H x G) to be bounded and let F(x, x(0),u) € C(D x C x U)
be such that

0 rTHxc
Eyx0) [/_1/0 IF(¢(8), x(s), u(s)) dsdf| < oo
forall (x,x(0)) € HxG.
Here: Ty g = inf{t: (xt, x(¢)) € H x G}, Cis a set of continuous and bounded functions
onD x C xU,and d(H x G) is a regular boundary of H x G, H € C,G € D (see e.g., [21]).
Corollary 3. Solution of Dirichlet—Poisson problem for SDDEs with jumps only.
Define
0 THxG
105(0),) 1= By | [ [ Fp(6),x(5)u(s)) st
+ Ex,x(O) [IP(XTG,X(TG))], (X,X(O)) € HxG.
Then (see also [22])
B 0
AcJ(x,x(0),u) = —/ F(p(8),x,u)d6, in HxG Yuel
-1
and
gm](xt,x(t),u) =(x(16),x(16)) V(x,x(0)) € HxG,
e

where Ag is generator defined above in (19) (see Ag).

Proof. Follows from Lemma 2 above. [

2.7.3. Solution of Dirichlet-Poisson Problem for SDDEs with Markov Switching Only

We consider ¢(x, x(0),7) € C(d(H x G x X) to be bounded and let F(x, x(0),u,r) €
C(D x C x U x X) be such that

Eevn| [ " IF(@)3(5)u(s), ) o] < o

forall (x,x(0),r) € HxG xX.

Here: Tyxgxx = inf{t: (x4, x(t),7(t)) € H x G x X}, Cis aset of continuous and bounded
functions on D x C x U x X, and o(H x G x X) is a regular boundary of H x G x X,
H € C,G €D (see eg., [21]).

Corollary 4. Solution of Dirichlet—Poisson problem for SDDEs with Markov Switching.
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Define
0 THxG
030, 0) 1= Egaio| [ [ F06), 6),u(5),r(9) e
+ Ex(0)r[9(¥76, X(76), 7(%6))], - (x,%(0),7) € HXx G x X.
Then (see also [22])
_ 0
ALJ(x,x(0),u) = —KlF(¢(9),x,u) d6, in HxG Vuel
and
bin J (i, x(8), 1) = 9(x(16), x(76)) - ¥(x,x(0)) € Hx G,
G
where A, is generator defined above in (20).
Proof. Follows from Lemma 2 above. [
2.8. Optimal Control and Performance: Statements of the Problems
2.8.1. Statement of the Problem for SDDEs with Jumps and Markov Switchings
Assume that the cost function is given in the form
T30, ) = Exsoy | [ [ E9(0),x(5)u(s),1(5) e
x,x(0),u,r) = ,x(s),u(s),r(s))ds
x,x(0),r 1 Jo (24)

_H:b(xTchxxIx(THxGxX)/r(THxGxX))]~

Here, F is bounded real and continuous function, ¥ is a bounded real function, and
TyxGxx 1S the exit time of the process (x;, x(t)) defined in (12) from the fixed open set
Hx G x X C D x C x X. We note that ity « g can be a fixed time ty. We assume that
E, x(0)|THxGx x| < 00,V (x,x(0),7) € Hx G x X.

The problem is: for each (x,x(0),7) € H x G x X find number J*(x,x(0),r) and
control u* = u*(x,x(0),7),w) such that

J*(x,x(0),r) := irulf{](x,x(O),u,r)} = J(x,x(0),u*,r).

Remark 4. The infimum here is taken over all F; -adapted processes u(t) € U. Such a control u*,
if it exists, is called an optimal control and J*(x,x(0), r) is called the optimal performance.

2.8.2. Statement of the Problem for SDDEs with Jumps Only
Assume that the cost function is given in the form
0 THxG
o300 0) =y | [ [ Fp(0),x(5),u(s)) s

+ l/J(erXc/ 'x(THXG))] .

(25)

Here, F is bounded real and continuous function, ¢ is a bounded real function, and Tz« is
the exit time of the process (x;, x(t)) defined in (11) from the fixed openset H x G C D x C.
In particular, Ty« can be a fixed time 9. We assume that E, . (q)[Trxc| < o0, V(x,x(0)) €
H x G.

The problem here is: for each (x,x(0)) € H x G find number [*(x, x(0)) and control
u* = u*(x,x(0)),w) such that

J*(x,x(0)) := inf{] (x, x(0), u)} = J(x, x(0), u”).
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2.8.3. Statement of the Problem for SDDEs with Markov Switchings Only
We assume that the cost function is given in the form
T30 ) = Exso | [ [ 910, x(5)u(s),1(5) o
x,x(0),u,r) = ,x(s),u(s),r(s))ds
x,x(0),r 1 Jo (26)

+ll](xTHXG><X/x(THXGXX)/r(THXGXX)):I .

Here: F is bounded real and continuous function, ¢ is a bounded real function, and
TyxGxx 1s the exit time of the process (x;, x(t)) defined in (14) from the fixed open set
HxGx X C DxCx X. In particular, Ty, can be a fixed time t;. We assume that
Ex,x(O),r|TH><G><X| < OO,V(X,X(O),I’) € HxGxX.

The problem in this case is: for each (x, x(0),7) € H x G x X find number J*(x, x(0), r)
and control u* = u*(x,x(0),7), w) such that

J*(x,x(0),7) :== irb}f{](x,x(O),u, r)} = J(x,x(0), u*,r).

3. Hamilton-Jacobi-Bellman Equation for SDDEs with Jumps and
Markov Switching

This Section 3 contains the descriptions of HJB and converse HJB equations for SDDEs
with jumps and Markov switching (Theorems 1 and 2, Section 3.1), HJB and converse HJB
equations for SDDEs with jumps only (Theorems 3 and 4, Section 3.2). HJB and converse
HJB equations for SDDEs with Markov switching only (Theorems 5 and 6, Section 3.3).
Derivations and proofs of those results are presented in Appendix B. Wenote, that these
results are new and original and are different from those in [11,19], which considered only
diffusion SDDEs without jumps and Markov switching.

3.1. Hamilton-Jacobi-Bellman Equation for SODDEs with Jumps and Markov Switching

Only Markov controls are considered here: u(t) := u(x;, x(t),7(t)). We define the
following operator for every u € U

(A"])(x,%(0), ) = F(x(0),x(0),u(0),r) — F(x(~1),x(0),u(0),r)+
0 0 +0o0

+/;1LUF(¢(9),X(O>’u(O),F)d9+ﬁl/;1 [F(x(s) + x(0)y, x(0),7)

— F(x(—1),x(0),7) — Fx(x(s), x(0), r)y|I1(dy)ds )
0 N

+/1g;%fww»mm4wa

where 1(0) := u(x,x(0),r); operator L* is given by (17) (see L"):

I x(0) = [ F(g(®),x(0),u(0)) do

-1

For each control u, the pair (x¢, x(t),r(t)), where x(t) is the solution of Equation (9), is
an Ito diffusion with the infinitesimal generator (AJ])(x,x(0)) = (A;J)(x, x(0),r) with A
from (18).
Theorem 1. (HJB-equation for SDDE with jumps and Markov switchings). Define

J*(x,x(0),r) = inf{J(x,x(0),u,7) : u:= u(x,x(0),r) — Markov control }.
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Suppose that | € D(A"") and the optimal control u* exists. Then

0
inf [1P(¢(9),x,v,r)d9+(A'])(x,x(O,r)) —0, o8

V(x,x(0),r) € Hx G x X,

and
J*(x,x(0),7) = ¢p(x,x(0),r), ¥(x,x(0),r) € 0(H x G x X).

Here, functions F and  are given by (17) and operator A*" is given by (27); d(H x G x X) is the
boundary of set H x G x X for (x, x(t),r(t)).
The infimum in (28) is achieved when u = u*(x, x(0), r), where u* is optimal. In other words,

0
E(¢(0),x,u*,r)d0 + (A¥ ") (x,x(0),7) = 0,
[ F@(8), 50, r)ad 4 (A7) (x,x(0), 1) )
V(x,x(0)) € Hx G x X,
which is Equation (28).
Proof. See Appendix B. O

Theorem 2. (Converse of the H|B-equation for SODE with jumps and Markov switchings). Let g
be a bounded function and g € D(A""). Suppose that for all u € U the inequality

/_ 01 F(x,x(0),(8),u,r) d6 + (A" g)(x, x(0),7) > 0,

(x,x(0)) e Hx G x X
with the following boundary condition
g(x,x(0),7) = 9(x,x(0)), (x,x(0),r) €0H xGx X (30)

are satisfied. Then g(x,x(0),r) < J(x,x(0),u,r) for all Markov controls u € U and for all
(x,x(0),r) € Hx G x X.
Moreover, if for every (x,x(0),r) € H x G x X there exists u® such that

/701 F(x,x(0),¢(0),u’,r)do + (A”O'rg)(x,x(O),r) =0, (31)

then u® is a Markov control, g(x,r) = J(x,x(0),u° r) = J*(x,x(0),r), and therefore u° is an
optimal control.

Proof. See Appendix B. [J

3.2. Hamilton—Jacobi—-Bellman Equation for SDDEs with Jumps Only

Only Markov controls are considered here as well. u(t) := u(x;, x(t)). Let us define
the following operator for every u € U

(A"])(x,x(0)) = F(x(0),x(0),u(0)) — F(x(—1),x(0),u(0))+

0 0 +o00
+/_1 L”F(¢(9),x(0),u(0))d9+/_l /_1 [F(x(s) + x(0)y, x(0) (32)
— F(x(—1),x(0)) — Fx(x(s), x(0))y|I1(dy)ds,
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where #(0) := u(x,x(0)); operator L* is given by (11):

J3(0) = [ F(g(6), x(0)u(0) de

J-1

For each control u, the pair (x¢, x(t)), where x(t) is the solution of Equation (12), is an
Ito diffusion with the infinitesimal generator (A])(x,x(0)) = (Ag])(x,x(0)).

Theorem 3. (HJB-equation for SDDE with jumps only). Define
T (x,x(0)) = inf{J(x,x(0),u) : u:= u(x,x(0)) — Markov control }. (33)

Suppose that | € D(A") and the optimal control u* exists. Then

/_01 F(¢p(0),x,v)d0+ (A'T*)(x,x(0))| =0 ,V(x,x(0)) € HxG, (34)

inf
veld

and

J*(x,x(0)) = ¢(x,x(0)), V(x,x(0)) € 9(H x G).

Here: functions F and ¢ are given by (17) and operator A" is given by (32), d(H x G) is the
boundary of set H x G for (xt, x(t)). The infimum in (34) is achieved when v = u*(x,x(0)), where
u* is optimal. In other words,

O *
/ F(¢(6), x,1*) d8 + (A" J*)(x,x(0)) =0, V¥(x,x(0)) € Hx G, (35)
-1

which is Equation (34).

Proof. See Appendix B. [

Theorem 4. (Converse of the H]B-equation for SDDE with jumps only). Let g be a bounded
function and g € D(A"). Suppose that for all u € U the inequality

/j F(x,x(0), $(0), 1) 46 + (A"g) (x,x(0)) > 0, (x,x(0)) € Hx G
and the boundary condition
g(x,2(0)) = p(x,x(0)), (x,x(0)) € 0H x G (36)
are satisfied. Then g(x,x(0)) < J(x, x(0), u) for all Markoo controls u € U and for all (x, x(0)) €

H x G.
Moreover, if for every (x,x(0)) € H x G there exists u® such that

/701 F(x,x(0), ¢(8),u) d6 + (A ¢) (x,x(0)) =0, (37)

then u® is a Markov control, g(x) = J(x,x(0),u’) = J*(x,x(0)), and therefore u° is an
optimal control.

Proof. See Appendix B. [
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3.3. Hamilton—Jacobi—Bellman Equation for SDDEs with Markov Switching Only

We consider only Markov controls u(t) := u(x¢, x(t), r(t)). We define the following
operator for every u € U

(A*])(x, x(0),7) = F(x(0),x(0),u(0),7) = F(x(=1),x(0), u(0),r)+

N
+ l 01 LYF(¢(8), x(0),u(0), ) d + [ Olqurjp(x(s),xm), j)ds. (38)

Here, u(0) := u(x, x(0),r); operator L" is given by (17):

0
I x(0) = [ F(p(6),x(0),u(0)) do

-1
For each control u, the pair (x¢, x(t),r(t)), where x(t) is the solution of Equation (9),
is an Ito diffusion with the infinitesimal generator (AJ])(x,x(0)) = (A*"])(x,x(0),r) with
A" from (38).
Theorem 5. (HJB-equation for SDDE with Markov Switchings Only). Define
J*(x,x(0),r) = inf{J(x,x(0),u,7) : u:= u(x,x(0),r) — Markov control }.

Suppose that | € D(A"") and the optimal control u* exists. Then

0
Jlellfl /71 F(¢p(0),x,v,r)d0 + (A" T*)(x,x(0,7))| =0, 39)

V(x,x(0),7r) € Hx G x X,

and
J*(x,x(0),7) = p(x,x(0),r), ¥(x,x(0),r) € d(H x G x X).

Here, functions F and  are given by (17) and operator A*" is given by (38), d(H x G x X) is the
boundary of set H x G x X for (x, x(t),r(t)).
The infimum in (39) is achieved for u = u*(x,x(0),r), with u* being optimal, i.e.,

0 o _
/4 F(¢p(0),x,u*,r)d0+ (A" "T*)(x,x(0),7) =0, (40)

V(x,x(0)) € Hx G x X,
which is Equation (39).
Proof. See Appendix B. [

Theorem 6. (Converse of the H[B-equation for SODDE with jumps and Markov switchings Only.)
Let g be a bounded function and g € D(A™"). Suppose that for all u € U the inequality

/;01 F(x, x(0), p(8), u,r) d6 + (A" g)(x, x(0),7) > 0,
(x,x(0)) e Hx G x X

with the following boundary condition

g(x,x(0),r) = 9(x,x(0)), (x,x(0),r) €dH xGxX (41)
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are satisfied. Then g(x,x(0),r) < J(x,x(0),u,r) for all Markov controls u € U and for all
(x,x(0),r) € Hx G x X.
Moreover, if for every (x,x(0),r) € H x G x X there exists u® such that

/701 F(x,x(0),¢(0),u’,r)do + (A”O'rg)(x,x(O),r) =0, (42)

then u® is a Markov control, g(x,r) = J(x,x(0),u° r) = J*(x,x(0),r), and therefore u° is an
optimal control.

Proof. See Appendix B. [J

4. Optimizations of Economics Ramsey’s Models

In this Section 4 we consider optimization results for economic Ramsay’s models
with jumps and Markov switching. The optimal controls and cost functions are found for
economic Ramsay’s models with jumps and Markov switching (Section 4.2.1), for economic
Ramsay’s models with jumps only (Section 4.2.2) and for economic Ramsay’s models with
Markov switching only (Section 4.2.3). These results are new and original and are different
from those in [11,19] where we considered only diffusion economic Ramsay’s models
without jumps and Markov switching.

4.1. Descriptions of the Models

For the description and optimal control of the diffusion Ramsey model with delay
we refer to [19], and for the description of the averaged diffusion Ramsey model with
semi-Markov regime-switching we refer to [11].

In the current paper, as we mentioned in the Introduction, we consider three new
Ramsey models in economics.

The first model is the Ramsey diffusion model with jumps and Markov switchings:

dK(t) = [A(r(t))K(t—T) —u(K(t))C(t)]dt

+o(K(E = T), r(O)dw(t) + [ y(dy, db). 43)

We suppose that functions A(r) > 0 and ¢(-,7) > 0 are bounded and continuous functions
by r on X.
The second one is the Ramsey diffusion model with jumps:

dK(t) = [AK(t — T) — u(K(t))C(t)] dt + o (K(t — T))dw(t)

+o00 (44)
+ / ) yv(dy,dt).
The jumps in the model describe sudden shocks in an economical evolutions, such as
sudden change of the capital K or in the consumption C.

The third model is the Ramsey diffusion model with Markov switchings:

dK(t) = [A(r(t))K(t = T) — u(K(t))C(t)] dt (45)

+ o(K(t—=T),r(t))dw(t).

The regimes in the model describe different states of the economy. For all three models, the
initial condition is

K(t) = ¢(t), te[-1,0]. (46)

In the next section we present a numerical example with optimization calculations for
both cases.
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4.2. Optimization Derivations

Optimization calculations are provided for the Ramsey diffusion model with jumps
and with Markov switching. The models are different because their cost functions are
different—see (48), (50) and (52). The problem is to minimize the investment capital under
the assumption of labor being constant.

4.2.1. Optimization Derivations for Ramsey Diffusion Model with Jumps and
Markov Switching

Here, we consider the Ramsey diffusion model with jumps and Markov switching
in (34) with boundary condition (35).

Let us choose the following cost function:

(K, u,7) = Kz WIS / 6) do + 22(0) +K2(0)2”2(0) /_ :ooyzﬂ(dy). 47)

We note that the cost function should be positive-definite, and the choice for | to be as
in (48) was inspired by [19]. The new expression for the |, compared with | in [19], contains
regime-switching coefficient A(r) and the last jump term with measure I'1(dy) in (48).

The operator A ] has the following form taking into account (38)

2 2 2 )
u 2(0) LK (0)2u (0) /_: PId)

+ % |, LK)+ yK(0))? = K2(0) — 2K(0)yK(0)]T1(dy)

u2 2 u2 o0
O), KOO [ gy

since

2
FK(0),K(~1),u(0),r) = 2O 4 gy 4 100)

L*J(K,u,r) = K(0) (A(r) -K(0) — u(0) - C(0) + 202(K(0))).

—_

From Theorem 1 (28), we obtain the following H]B-equation
2 2 +o00
mf[ —l—/ 0)do + 1 (0) K4(0)w*(0) / y?TI(dy)
2 2 -1
+ ¢ ( ) = ¢*(=1) + A(r) - K*(0
—+o00

)
+u0) K(0)-C(0) + 3°(KI0) + 5K%0) [

or equivalently,
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inf [u2(o) (2 + K2(0) /_+°° yZH(dy)> — 2K(0)C(0)u(0) + (2¢*(0) — 2¢*(—1) +2 /_01 ¢*(6) do

FR2(0)(1 4 2A(r)) + 02(K(0))) + K2(0) / -

VA | =0
Let
4K2(0)C2(0) > 4(2¢2(0) — 2¢2(—1) + 2/_01 $2(0) do
+ K2(0)(1 +2A(r)) + 02(K(0))) + K2(0) /7 Tx’ 1(dy)) (z +K2(0) / +1°° yZH(dy)).

Hence, the infimum is achieved when

w(0) = — (_ 2K(0) - C(0) ) _ K(0) - C(0)
2(2+ K2(0) [ y211(dy)) (2+K2(0) [1712T1(dy))

K(0)-C(0)

a0 | i)

Therefore umi, =

A(r)K2(0) K2(0) - C*(0)
2 2(2+ K2(0) [1°2T1(dy))?

o, K*(0) - C2(0)
+ L ¢7(6)d8 + 2(2+ K2(0) [ y211(dy))?

](Kr Umin, 1’) = =

[ To y*T1(dy).

As long as the last expression is positive for all ¥ € X, and A(r) is positive, then

A(r)K2(0) K2(0) - C*(0)
2 2(2+ K2(0) [T°y211(dy))?
0, K*(0) - C2(0) e
+ /71(p (0)d6 + 2(2 + K2(0) fjloo y2T1(dy))2 /,1 yI(dy)]
min, A(r) C%(0)
2 2(2+ K2(0) [ 12T1(dy))?

s K2(0) - C*(0) o
+L¢ (6)d6 + 20T R0) [ AT /71 yAII(dy)).

](K, umin) = mrin](K, Umin, 7) = l’nrll’l[

(48)
= K2(0)]

4.2.2. Optimization Derivations for Ramsey Diffusion Model with Jumps

Let us consider the Ramsey diffusion model with jumps in (45), with boundary
condition (47). In this case, the cost function is (here, A(r) = 1)

(K, u) = @ + /;01 $2(0) d0 + ”22(0) + K2(0)2u2(0) /_ To I1(dy). (49)
From (49) it follows that timin = - (’g)(‘})_{.;(sln 7777 and the cost function is
J(K, timin) =
)
~ K0 S 0
[ e };fj;g;(dy))z [
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4.2.3. Optimization Derivations for Ramsey Diffusion Model with Markov Switching

Let us consider the Ramsey diffusion model with Markov switching in (46), with
boundary condition (47). In this case, the cost function is (here, I1(dy) = 0)

2 0 2
1K, u) = ADK(O) +/ o2(0)do + 0. (51)
2 -1 2
From (49) it follows that uyi, = K(O)éc(o) and the cost function is
](K/ umin) =
min, A(r) =~ C%(0) (52)

= K2(0)]

S +/_014>2(9)d9].

5. Numerical Examples

This Section 5 contains numerical examples for all three economic Ramsay’s mod-
els with jumps and Markov switching (Section 5.3), economic Ramsay’s models with
jumps only (Section 5.1) and economic Ramsay’s models with Markov switching only
(Section 3.2). These numerical examples are new and original. We note that the paper [19]
does not contain any numerical example and paper [11] contains numerical example only
for averaged economic Ramsay’s models with semi-Markov regime-switching.

Suppose that A(0) =2, A(1) =3,C(0) =1, K(0) =1, ¢(0) = 1. We also suppose that
jumps has exponential distribution (here, density is Ae~¥) with parameter A = 1. We take
¢(t) = " and consider two cases, a = 1and a = —1.

5.1. Numerical Example: Optimization Calculation for Ramsey Diffusion Model with Jumps Only

From Section 4.2.2 it follows that [ _+1°° y?T1(dy) = 2. Then Ui, = 1/4 and, according
to (51), when a = 1, then J(K, umin) = 0.94, and when a = —1, then J (K, upin) = 3.71.

For dependence | on jumps (on A in our case, the rest of the parameters are fixed),
see Appendix A, Figure A3 (a = — £ 1). For dependence ] on jumps (K(0) and C(0) in
our case, the rest of the parameters are fixed), see Appendix A, Figure A7 (a = —1) and
Figure A8 (a = 1).

5.2. Numerical Example: Optimization Calculation for Ramsey Diffusion Model with Markov
Switching Only

Taking into account results of Section 4.2.3, we have that uni, = 1/2 and, according
to (53), when a = 1, then J(K, umin) = 1.68, and when a = —1, then J (K, umin) = 4.45.

For dependence | on Markov switching (on A(r) in our case, the rest of the parameters
are fixed), see Appendix A, Figure A4 (a = +1). For dependence | on Markov switching
(K(0) and C(0) in our case, the rest of the parameters are fixed), see Appendix A, Figure A9
(a = —1) and Figure A10 (a = 1).

5.3. Numerical Example: Optimization Calculation for Ramsey Diffusion Model with Jumps and
Markov Switching

Taking into account results of section 4.2.1, we have that umi, = 1/4 and, according
to (49), when a = 1, then J(K, tmin) = 1.53, and when a = —1, then J(K, umn) = 4.3.

For dependence | on jumps and Markov switching (on A and min A(r) in our case,
the rest of the parameters are fixed), see Appendix A, Figure Al (2 = —1) and Figure A2
(a = 1). For dependence | on jumps and Markov switching (K(0) and C(0) in our case,
the rest of the parameters are fixed), see Appendix A, Figure A5 (¢ = —1) and Figure A6
(a=1).
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6. Conclusions

This paper considered optimal control of SDDEs with jumps and Markov switching,
and its economical applications. We derived a Hamilton—Jacobi-Bellman (HJB) equation
and the inverse H]B-equation by applying the Dynkin formula and solution of the Dirichlet—
Poisson problem. Three cases of modified Ramsey stochastic models in economics have
been studied; namely, a Ramsey diffusion model with jumps, a Ramsey diffusion model
with Markov switching, and a Ramsey diffusion model with jumps and Markov switching.
We have also presented numerical examples for all three cases. The contributions of the
paper are four-fold: introducing and studying three new models for SDDEs—with jumps,
Markov switching and both; studying optimal control for those models; applications of
these results to economics with Ramsey’s stochastic models; numerical examples for these
different models.

7. Discussion and Future Work

The future work will be devoted to the sensitivity analysis of the Markov transition
matrix coefficients to demonstrate how persistence in certain regimes affects long-term
optimal control. Another interesting topic would be considering “tempered fractional
gradient descent” as a promising perspective or future extension, given its relevance
to optimal control and stochastic systems. In the economic application, our choice of
stochastic parameters was not based on real data, and was not justified. However, to
explain how jumps and Markov switching affect the rate of capital accumulation differently
than standard diffusion, we have presented visualizations of our results in Figures A1-A10.
Thus, in our future work we will consider these models and their analysis based on real
economics data.

Author Contributions: Conceptualization, A.V.S.; methodology, A.V.S.; software, M.S. and A.V.S;
validation, M.S.; formal analysis, A.V.S. and M.S,; investigation, A.V.S. and M.S.; resources, M.S.
and A.V.S,; data curation, writing—original draft preparation, A.V.S. and M.S.; writing—review and
editing, A.V.S. and M.S,; visualization, supervision, project administration, funding acquisition, A.V.S.
All authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by NSERC grant number RT732266.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: The original contributions presented in this study are included in the
article. Further inquiries can be directed to the corresponding author.

Acknowledgments: All authors are thankful to the ICIAM 2023 organizing committee (Tokyo, Japan)
for the opportunity to present these results in the Poster session (Poster24, 13102, C034). The second
author thanks the NSERC for continuing support. We also thank to Sudeesha Nawodh (University
of Calgary) for preparing all the Figures A1-A10. And finally, the authors thank three anonymous
referees for their valuable comments and suggestions that definitely improved the paper.

Conflicts of Interest: The authors declare no conflicts of interest.

Appendix A. Figures

The Figures below are visualization of the dependence of cost functions | on jumps
and Markov switching, regarding different parameters of the models under consideration.
The Figures are new and original. We note that [11,19] do not contain any visualizations of
the their results.
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Both jumps and Markov switching: | vs A and min A(r) (a=-1)
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Figure Al. Dependence of cost function | on A and min A(r): jumps and Markov switching case
(a=-1).
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Figure A2. Dependence of cost function | on A and min A(r): jumps and Markov switching case
(a=1).
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Jumps only: | vs A for different a

3.5

3.0 4

251

J(K, u_min)

2.0 4

1.5+

1.0 +

1 2 3 2 5
A (jump rate parameter)

Figure A3. Dependence of cost function ] on A: jumps case (a = %1).
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Figure A4. Dependence of cost function | on A(r): Markov switching case (@ = £1).
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Figure A5. Dependence of cost function | on K(0) and C(0): jumps and Markov switching case

(a=-1).
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Jumps and Markov: | vs K(0) and C(0) (a=1,min A(r)=2,A=1)

)

J(K, u_min

Figure A6. Dependence of cost function | on K(0) and C(0): jumps and Markov switching case

(a=1).
Jumps only: ] vs K(0) and C(0) (a=-1,A=1)
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Figure A7. Dependence of cost function J on K(0) and C(0): jumps case (a2 = —1)
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Jumps only: | vs K(0) and C(0) (a=1,A=1)

)

J(K, u_min

Figure A8. Dependence of cost function J on K(0) and C(0): jumps case (a = 1).

Markov only: J vs K(0) and C(0) (a=-1,min A(r)=2)
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Figure A9. Dependence of cost function ] on K(0) and C(0): Markov switching case (@ = —1).
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Markov only: ] vs K(0) and C(0) (a=1,min A(r)=2)
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Figure A10. Dependence of cost function | on K(0) and C(0): Markov switching case (a = 1).

Appendix B. Proofs

This Appendix B contains proofs for all Theorems 1-6 considered in Section 2.3.
Those proofs are new and original and based on new weak infinitesimal operators (w.i.o.)
considered in Section 2.5 for different SDEs considered in Sections 2.2-2.4. We note that
paper [19] considered w.i.o. only for diffusion SDDE and paper [11] considered only w.i.o.
for averaged diffusion SDDE with semi-Markov switching.

Proof of Theorem 1. Follows the ideas of Theorem 3.1 in [19] and Lemma 2 above with
replacement operator A{; by A" from (27), i.e.,

(A""])(x,x(0),7) = F(x(0),x(0),u(0),r) — F(x(—1),x(0),u(0),r)+
0 +o0
+/ L'F ,u(O),r)dG—i—/ L [F(x(s) + x(0)y, x(0), 7)
(—1) x(0),7) — Fx(x(s), x(0), r)yJu(s)I1(dy)ds
+ [ 1]; iF (x(s), %(0), )ds

We note that

L"F(x(0)) = q(x(0),u) :=

= F/ 0)("( ))a(x(0),u) + FJ’C'(O)X(O)(x(O))%bz(x(O),u).
Let us show the details of this proof. We have to prove (28). We fix (x,x(0,7(0)) €
H x G x X, where X = {1,2,..., N}-state space of a Markov chain r(t). Let « < Tgyxcxx

be a stopping time, where Ty«cxx = inf{t : (x4, x(t),7(t)) ¢ H x G x X}. Using the
strong Markov property of (x;, x(t),r(t)) we obtain:
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B 0100 e 20, 10,0))] = 13 3(0), 6, 70)) ~ By | [ F(9(60), (5, ), r(5) ).

From here we have:

P 7(0)10,7(0)) = Eqoysio [ [ F@0),x(5), (), r(5))dl] + By o0 (i ) 0,70

Consider V € H x G x X such that V := {(y,y(0),7(0)) € Hx xG x X : |(y,y(0) —
(x,x(0)))| < €,Vr(0)}. We now let & = 7y. If we suppose that the optimal control u* exists,
then we choose Vv € U

L= b v x(0),1(0), if (xx(0),7(0)) €V
u*(x,x(0),7(0)), if (x,x(0),7(0)) € HxGx X\ V.

Thus, J* (x4, x(a),r(a)) = J*(xa, x(a),u*,7(x))), and, taking into account the last two
expressions above, we have

J* (x,%(0),7(0)) < J*(x,2(0),1,7(0))) = Eyrioprio)lf 1 Jo F(@(8), x(s), u(s), r(s))dsd6]
+ Exx(0),(0) U (¥, x (), 1, 7(2))].

According to Dynkin’s formula (21) we obtain:

Ey x(0),1(0) U (%a, x(a0), 1, 7(a))] = J (%, %(0),7(0)) + Ex x(0),(0) [/Ok A" ] (xs5,x(s),v,7(s))ds],

where A"" is defined above or in (27). If we substitute the last expression into the previous
inequality, then we will have

Exomol [ [ (9, 9(0),v(5),r(o))dsdo + [ 4% x(5),v,(5))ds] 2 0.

In this way,

Exeor)lfy o Fxs, x(s), ¢(8), v(s), 7(s))dsd6 + [ A [(xs,x(s), v, 7(s))ds]
E, x(0),r(0) 2]

> 0.
Finally, putting € — 0 we obtain

/071 F(x,x(0),¢(0),v,r(0))d0 + A" J(x,x(0),v,r(0)) >0,

which combined with (29) gives (28), and the proof is complete. We note that 7(0) = r. O

Proof of Theorem 2. Follows the ideas of Theorem 3.2 in [19] and Lemma 2 above with
replacement A{, by A" from (27), i.e.,

(A""])(x,%(0),7) = F(x(0),x(0),u(0),r) — F(x(—1),x(0), u(0),r)+
0 0 +o00

+/71 L"F(¢(9),x(0),u(0),r)d9+/71/71 [F(x(s) + x(0)y, x(0), 7)

— F(x(—1),x(0),7) — Fx(x(s), x(0), r)y]u(s)I1(dy)ds

0 N
+[ 1]; 4riF (x(s), x(0), )ds,

Let us show the details of the proof. We suppose that function g satisfies (30) and (31). If
we take u to be a Markov control, then
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0
a7y = = [ F(x,x(0), ¢(68),u%, ) o
-1
for all # in G. Applying Dynkin’s formula (21), we have

Exx(0)r(0) [8 (. X(T), 7(1))] = g(x,%(0),7(0)) + Exx(0)(0) [ fo (A""8) (x5, x(s), 7(s))ds]

8(x,x(0),7(0)) = Exxoprio)fy  Jo  F(@(8),x(s), u(s),r(s))dds).

Therefore, we have

8(x,x(0),r (0)1) < Evaopro)lfo  Jo  F(9(6),x(s),u(s),r(s))dbds + g(xr, x(t), ()]
—o—+oo Ex,x(O),r(O)[ 0 f()THXGXX F(‘P(e)/x(s)/u( )/ ( ))d9d5+¢(xTchxxl (THXGXX)/ (THXGXX))]/
where 7, := min{v, Ty« gxx, inf{t > 0: |[x;| > v},inf{t > 0: |x(t)| > v}}, Yo < 4o0. This
proves the first statement of Theorem 2. Finally, if uY is such that (31) holds, then the above
derivation gives the equality, and Theorem 2 is proved. [J

v

Proof of Theorem 3. Follows from the proof of Theorem 1 above with replacement opera-
tor A*" in (27) by A*" from (32), i.e.,

(A*])(x,x(0)) = F(x(0), x(0), u(0)) — F(x(=1),x(0),u(0))+

+/ L' ao+ [* [ TIFGx(s) + 20, x(0)

(x(—=1),x(0)) — Fx(x(s), x(0))y]u(s)I1(dy)ds
In this case, 9i; =0, Vije X. O

Proof of Theorem 4. Follows from the proof of Theorem 2 above with replacement A*" in
(27) by A" from (32), i.e.,

(A*])(x, 2(0)) = F(x(0), x(0), u(0)) — F(x(=1),x(0),u(0))+

+/ LiE d9+/ /+°° *(0)y, x(0)

(x(=1),x(0)) — Fx(x(s), x(0))y]u(s)I1(dy)ds
In this case, 9i; =0, Vije X. O

Proof of Theorem 5. Follows from the proof of Theorem 1 above with replacement opera-
tor A*" in (27) by A*" from (38), i.e.,

(A"])(x,x(0),7) = F(x(0),x(0),u(0),r) — F(x(=1),x(0),u(0),r)+
+/0 L*F(¢(6),x(0),u(0),r) d6+/0 % F(x(s),x(0),)ds
. , ’ ’ 71j:1qr] ’ +])as.

In this case, measure v(dy,dt) =0. O

Proof of Theorem 6. Follows from the proof of Theorem 2 above with replacement A"”"
in (27) by A" from (38), i.e.,

(A*])(x, x(0),7) = F(x(0),x(0),u(0),7) = F(x(=1),x(0),u(0),r)+

0 " 0 N )
+[1L F(¢(6),x(0),u(0),7) d6+/1]§qer(x(s),x(0),])ds.

In this case, measure v(dy,dt) =0. O
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