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Abstract

Suppose that G is an n-vertex tree with a path Pk attached to a vertex b ∈ G and with another
pendant vertex c that is also attached to b. If G∗ is the tree constructed from G by moving
the attachment point of the path from b to c, then under the hypothesis n ≥ 2k + 2 we
have HT(G∗) > HT(G). This result allows us to exhibit families of trees with a monotonic
behavior of the values of their HT index: the index increases as the number of pendant
vertices decreases, thus giving support to the conjecture that the maximum HT index
among n-vertex trees is attained by the n-path.
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1. Introduction
In this article, a graph G = (V, E) will be a finite simple connected undirected graph

with vertex set V = {1, 2, . . . , n}, edge set E and vertex degrees d1, d2, . . . , dn. For all graph
theoretical concepts the reader can consult reference [1].

Mathematical chemistry uses these graphs to model molecules, identifying the vertices
as the atoms and the edges as the atomic bonds between the vertices. Many descriptors, or
indices, i.e., real-valued functions on the domain of all graphs, have been defined with the
intention of describing the physico-chemical properties of the molecules and classifying
them according to the values of their descriptors.

The simple random walk on G is the Markov chain {Xn, n ≥ 0} with state space V
and with uniform transition probabilities from a given vertex i to any of its di neighboring
vertices. The hitting time Tj of the vertex j is defined as the infimum of the number of
transitions that the random walk needs to get to the vertex j:

Tj = inf{n ≥ 0 : Xn = j},

and its expectation when the walk is started at i is denoted by EiTj. Reader beware: EiTi = 0,

and this should not be confused with the mean return time to the vertex i, EiT+
i = 2|E|

di
,

which involves a slightly different random variable T+
i = inf{n ≥ 1 : Xn = i}. The reader

can consult [2] for all facts involving hitting times that will be used below.
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We defined in [3] a new probabilistic index, the hitting time index HT(G) of a graph
G, as

HT(G) = ∑
i<j

D(i, j), (1)

where D(i, j) = max{EiTj, EjTi}.
We showed that D(i, j) is actually a distance on the set of all vertices of G, found

some inequalities involving HT(G) and other descriptors, and computed HT(G) for some
families of graphs.

When evaluating HT(G), one way to do it is to begin by finding the transition prob-
ability P of the random walk on G, with entries P(i, j) = 1

di
in case i and j are neighbors,

and zero otherwise. Then we form the matrix W, whose rows are all equal to the stationary
distribution π = 1

2|E| [d1, d2, . . . , dn]. Then we get the well-known fundamental matrix

Z = (I − P + W)−1,

where I is the n × n identity matrix. Then, the matrix E of expected hitting times is obtained
with the matrix Z, whose entries are given by

E(i, j) = EiTj = (Z(j, j)− Z(i, j))/πj.

The interested reader may consult reference [2] for a thorough discussion of the matrices Z
and E. Finally, the HT index of the graph G is found by adding (n

2) terms,

∑
i<j

max{E(i, j), E(j, i)}.

A brief summary of previous results reading the HT index follows. In [3], specifying
a bit more about what was said above, we showed inequalities relating the HT index
to the random walk index, the Kirchhoff index and the Wiener index. We computed in
closed form the HT index for some families of graphs and gave the conjecture that the
graphs that maximize and minimize HT are the n-path Pn and the complete graph Kn,
respectively. In [4] the authors closely studied the relationship between the HT index and
the Kirchhoff index, gave some formulas for the HT index of bi-stars and broom graphs,
and found upper and lower bounds for the HT index in terms of the maximum degree,
the hyper-Wiener index, the Wiener index and the Harary index. In [5], new formulas
were found, which were much simpler than those given in [4], for the HT index of broom
graphs; some monotonicity results for certain broom graphs were also found. Even better,
more compact formulas for the HT index of broom graphs, as well as wider monotonicity
results, were found in [6]. In [7] some inequalities related to the HT index were refined,
new results were found (HT(T) is an integer when T is a tree, and the HT index is not
monotonic under edge addition) and new closed-form expressions for some families of
graphs with cutpoints were also found. Finally, in [8], a new relation between the HT index
and the Kirchhoff index was given, and closed-form formulas for the HT index of some
families of edge-transitive graphs were found.

In this article, we show the new result that the HT index increases when we subject
the tree under consideration to a “straightening” procedure, whereby parts of the tree are
turned into an increasingly larger path. This result supports the conjecture, weaker than
the one formulated in [3], that the maximum value over all n-vertex trees is attained by the
n-path Pn, and it allows us to establish some hierarchies of values of the HT index over
some families of trees that extend a few results in [4–6], and yield other new results.
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2. The Results
The following formula will be essential in our derivations. Its proof can be found

in [9].

Lemma 1. If G is a tree, for any pair of vertices a and b in G we have

EaTb + EbTa = 2(n − 1)d(a, b). (2)

We will also be using the following (one-directional) refinement of (2) found in [10].

Lemma 2. For any tree G and two vertices a, b ∈ G, let P be the unique path from a to b, V(P)
the set of vertices in P and E(Gx) the connected component of E − P containing x. Then,

EaTb = d(a, b)2 + 2 ∑
x∈V(P)

|E(Gx)|d(x, b) (3)

In what follows, we lay the groundwork to prove our main proposition, where we
show that if we have a tree G with one pendant vertex c and one path Pk both incident
on the same vertex b, and we construct a new tree G∗ where we move the attachment
point of Pk from b to c, thereby creating a Pk+1 path incident at b, then HT(G) < HT(G∗).
In general, it is not true that the value of every term D(x, y) in the summation defining
HT(G) is smaller than the value of the corresponding term D∗(x, y) in HT(G∗), though
the increases in some terms supersede the decreases in other terms, and for most terms the
equality D(x, y) = D∗(x, y) holds.

We will consider an n-vertex tree G composed of a subtree G1, a path Pk with vertices
d1, d2, . . . , dk attached to b ∈ G1, and another pendant vertex c that is also attached to b. We
create the new tree G∗ by removing the edge (d1, b) and replacing it with the edge (d1, c). In
other words, we move the attachment point of Pk from b to c, thereby creating a Pk+1 path
incident at b. First we notice that all hitting times EiTj and EiT∗

j are equal when i, j ∈ G1

and when i, j ∈ Pk.
The reason is that for any x ∈ G1 − {b} and y ∈ G1 we have ExTy = ExT∗

y because all
parameters used in Formula (3) to compute hitting times, between the vertices mentioned,
are identical for both trees G and G∗. Notice that b is not included among the starting
points, but it is included in the target points.

But now, with the same choices for x and y we have, by (2):

EyTx = 2(n − 1)d(x, y)− ExTy = 2(n − 1)d(x, y)− ExT∗
y = EyT∗

x .

A similar argument shows that ExTy = ExT∗
y whenever x, y ∈ Pk, implying that

D(i, j) = D∗(i, j) whenever (i, j) ∈ G1 ∪ Pk. (4)

Now we need to consider all other missing choices for pairs (i, j).
Case 1. For x ∈ G1, we have

EcTx = 1 + EbTx, and ExTc = ExTb + 2n − 3,

so that
D(x, c) = max{1 + EbTx, 2n − 3 + ExTb}. (5)

Also
ExT∗

c = ExTb + EbT∗
c
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and since
Edk

T∗
b = (k + 1)2 = Edk

T∗
c + EcT∗

b = k2 + EcT∗
b ,

solving for EcT∗
b we get

EcT∗
b = 2k + 1,

and using (2), we get
EbT∗

c = 2n − 2k − 3.

Then we can write

ExT∗
c = ExT∗

b + EbT∗
c = ExTb + 2n − 2k − 3,

and
EcT∗

x = EcT∗
b + EbT∗

x = 2k + 1 + EbTx,

and therefore
D∗(x, c) = max{EbTx + 2k + 1, ExTb + 2n − 2k − 3}. (6)

From (5) and (6), we conclude that

D∗(c, x) ≥ D(c, x)− 2k, for x ∈ G1. (7)

Case 2. We will look at x ∈ G1 and di ∈ Pk. We start by noticing that

Edk
Tb = k2 = Edk

Tdi
+ Edi

Tb = (k − i)2 + Edi
Tb,

and solving for Edi
Tb we get

Edi
Tb = (2k − i)i,

and also, applying (2), we have

EbTdi
= 2(n − 1)i − (2k − i)i = (2n − 2k + i − 2)i.

Now, ExTdi
= ExTb + EbTdi

= ExTb + (2n − 2k + i − 2)i, and Edi
Tx = Edi

Tb + EbTx =

(2k − i)i + EbTx, and therefore

D(x, di) = max{ExTb + (2n − 2k + i − 2)i, EbTx + (2k − i)i}. (8)

On the other hand

Edk
T∗

b = (k + 1)2 = Edk
T∗

di
+ Edi

T∗
b = (k − i)2 + Edi

T∗
b .

Solving for Edi
T∗

b we get
Edi

T∗
b = (2k − i + 1)(i + 1),

and using (2) we get
EbT∗

di
= (2n − 2k + i − 3)(i + 1).

Then we can write

Edi
T∗

x = Edi
T∗

b + EbT∗
x = (2k − i + 1)(i + 1) + EbTx,

and
ExT∗

di
= ExT∗

b + EbT∗
di
= ExTb + (2n − 2k + i − 3)(i + 1),
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so that

D∗(x, di) = max{ExTb + (2n − 2k + i − 3)(i + 1), EbTx + (2k − i + 1)(i + 1)}. (9)

If D(x, di) = EbTx + (2k − i)i then D∗(x, di) ≥ EbTx + (2k − i)i + 2k + 1 = D(x, di) +

2k + 1. And if D(x, di) = ExTb + (2n − 2k + i − 2)i then D∗(x, di) ≥ ExTb + 2n − 2k − 3 =

D(x, di) + 2n − 2k − 3. Then we can guarantee

D∗(x, di) ≥ D(x, di) + 2k + 1, (10)

for x ∈ G1, di ∈ Pk, as long as 2n − 2k − 3 ≥ 2k + 1, i.e., as long as n ≥ 2k + 2.
Case 3. Now we will look at the behavior of c with respect to Pk, with the help of the

values for EbTdi
and Edi

Tb found in case 2. First we find

EcTdi
= EcTb + EbTdi

= 1 + (2n − 2k + i − 2)i,

and
Edi

Tc = Edi
Tb + EbTc = (2k − i)i + 2n − 3.

On the other hand, it is clear by the way the graph G∗ has been built that

Edi
T∗

c = Edi
Tb = (2k − i)i,

and then by (2) we have
EcT∗

di
= (2n − 2k + i − 2)i.

Now, for i = 1 it is clear that

D(c, d1) = max{2n − 2k, 2n + 2k − 4} = 2n + 2k − 4,

valid for all k ≥ 1, and

D∗(c, d1) = max{2k − 1, 2n − 2k − 1} = 2n − 2k − 1,

whenever n ≥ 2k. Therefore, we have that

D∗(c, d1) = D(c, d1)− 4k + 3, for n ≥ 2k. (11)

For the rest of the values i ≥ 2 we argue that if D(c, di) = 1 + (2n − 2k + i − 2)i, then

D∗(c, di) ≥ D(c, di)− 1, (12)

whereas if D(c, di) = (2k − i)i + 2n − 3, then

D∗(c, di) ≥ D(c, di)− 2n + 3. (13)

Therefore, (12) and (13) imply that we can guarantee

D∗(c, di) ≥ D(c, di)− 2n + 3. for 2 ≤ i ≤ k. (14)

Now we are ready to prove our main result in the following

Proposition 1. Let G be an n-vertex tree composed of a subtree G1 on n − k − 1 vertices, a path
Pk with vertices d1, d2, . . . , dk attached to b ∈ G1 and another pendant vertex c attached also to b.
Let G∗ be the tree constructed from G by removing the edge (d1, b) and replacing it with the edge
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(d1, c), or in other words, by moving the attachment point of the path from b to c. Then, under the
hypothesis n ≥ 2k + 2 we have

HT(G∗) > HT(G).

Proof. Putting together the conditions (4), (7), (10), (11) and (14), and noticing that all these
hold simultaneously under the most restrictive hypothesis n ≥ 2k + 2, we can claim

HT(G∗) ≥ HT(G) + (2k + 1)k(n − k − 1)− 2k(n − k − 1)− 4k + 3− (k − 1)(2n − 3), (15)

for n ≥ 2k + 2, on account of the addition of the contributions of
(i) n − k − 1 pairs (c, j) with j ∈ G1 in case 1, where each pair loses at most 2k

(Equation (7));
(ii) The k(n − k − 1) pairs of vertices (i, j) with i ∈ G1, j ∈ Pk in case 2, where each pair

gains at least 2k + 1 (Equation (10));
(iii) One pair (c, d1) that loses 4k − 3 (Equation (11));
(iv) The k − 1 pairs of vertices (c, j) with j ∈ {d2, . . . dk} in case 3 , where each pair

loses at most 2n − 3 (Equation (14)).
Now we can rewrite (15) as

HT(G∗) ≥ HT(G) + F(n, k),

where F(n, k) is the sum of all those summands in terms of n and k that can be regrouped as

F(n, k) = n(2k2 − 3k + 2)− k2(2k + 1).

We want to check that F(n, k) > 0 under the constraint given, which is equivalent to
showing that

n >
k2(2k + 1)

2k2 − 3k + 2
,

on account of the fact that 2k2 − 3k + 2 has no real roots. Since n ≥ 2k + 2, it is enough to
show that

2k + 2 >
k2(2k + 1)

2k2 − 3k + 2
,

or
2k3 − 3k2 − 2k + 4 > 0.

But this is true for k = 1 by direct check, and it is true for k ≥ 2 using elementary Calculus.

Note 1. The condition n ≥ 2k + 2 is sufficient, but not necessary. See the note after
example (ii) below.

Now we can prove a number of corollaries of the main result.
(i) Comb graphs. A 2n-vertex comb graph H2n, n ≥ 3, is constructed by adding to

each vertex of an n-path Pn (including the endpoints) an additional pendant vertex. We can
apply proposition 1 starting from the left repeatedly until we have an n + 2-path attached
to a vertex which cannot be used as the b vertex of the proposition because k = n + 2 and
2k + 2 exceeds n. Then we start applying the proposition from the right until the graph
turns into a 2n-path P2n. The sequence of graphs thus generated is monotonic in the value
of their HT index. See Figure 1 for an illustration of the straightening process applied to
H10: we show the progression from the initial graph marked (a), through the successive
applications of Proposition 1, marked (b), (c), etc., indicating at each step which vertices are
the ones responsible for the edge operation, namely vertices b, c and d1. We also show the
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increasing values of the HT index in the progression of graphs. Similar labelings will be
applied below to the rest of the examples.

(a)
d1 b

c

(b)
d1 b

c

(c)

b

c

d1

(d)

Figure 1. Straightening of H10.

(ii) Broom graphs. The Bn,d broom graph is constructed by adding n − d pendant
vertices to one end of a d-vertex path Pd. Starting from Sn, the n-star graph, the value of the
HT index increases as the number of pendant vertices decreases to two (when we have an
n-path Pn). We apply Proposition 1 to the n-star graph Sn, n ≥ 6, which can be thought of
as the broom Bn,2, until we get to a Bn,⌊ n

2 ⌋+1, and we get the sequence

HT(Bn,2) < HT(Bn,3) < · · · < HT(Bn,⌊ n
2 ⌋+1).

This extends results that we found in [5,6].
Once we reach the broom Bn,⌊ n

2 ⌋+1, we cannot enlarge the path obtained so far without
violating the condition n ≥ 2k + 2, so we start applying the proposition choosing c and d1

as two of the remaining pendant vertices. Eventually we get to Bn,n−1 = Pn, though these
graphs following Bn,⌊ n

2 ⌋+1 are no longer brooms. In Figure 2, we show the straightening
process of S6, in which all intermediate graphs are brooms, and in Figure 3 we show the
process for S7, in which the intermediate graphs are brooms only up to B7,4.

(a)
b

d1

c

(b)
b

d1

c

(c)
b

d1

c
(d)

Figure 2. Straightening of S6.

Note 2. The straightening of S7 serves to illustrate that the condition n ≥ 2k + 2 is suffi-
cient, but not necessary. When moving from the graph in step (c) to the next graph, instead
of the procedure shown in Figure 3, we could have chosen to lengthen the current P3 by tak-
ing d1 to be the vertex that attaches the P3 to b, and still we would have seen an increase in
the value of the HT index (from 348 to 396) even though n = 7 < 2(k) + 2 = 2(3) + 2 = 8.
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(a)
b

d1

c

(b)
b

d1c

(c)
b

d1

c

(d)
b

d1 c

(e)

Figure 3. Straightening of S7.

(iii) Double broom graphs. A double broom graph D(d, a, b) is constructed by adding
to a (d − 1)-path Pd−1 a set of a pendant vertices on one end and b pendant vertices on
the other end. We apply proposition 1 starting on the side with the least pendant vertices,
say, a ≤ b. Then the condition n ≥ 2k + 2 holds for every k ≤ a. That means that we can
straighten the end with the a pendant vertices until we get a broom Ba+b+d−1,a+d−1. Along
the way, we get a sequence of increasing values of some intermediate graphs which are not
double brooms because not all the subgraphs incident at a are pendant vertices, but we do
find that

HT(D(d, a, b)) < HT(D(d + a − 1, 1, b) = HT(Ba+b+d−1,a+d−1).

In other words, the hitting time index of any double broom is bounded above by the hitting
time index of the one-sided broom with the larger number of pendant vertices of the two
endpoints of the double broom. In Figure 4 we show the straightening of the double broom
D(4, 3, 4) into the broom B10,6.

(a) D(4, 3, 4)

b

d1

c
(b)

b

d1

c

(c) B10,6

Figure 4. Straightening of D(4, 3, 4).

3. Concluding Remarks
In this article, we have discussed an edge operation on trees that increases the value

of the HT index. Namely, if we start with an n-vertex tree G with a path Pk attached to
a vertex b ∈ G and with another pendant vertex c that is also attached to b, and if G∗ is
the tree constructed from G by moving the attachment point of the path from b to c, then
under the hypothesis n ≥ 2k + 2 we find that HT(G∗) > HT(G). We saw that the condition
imposed on the length of the path Pk is sufficient but not necessary, and we showed several
families of trees with a monotonic behavior of the values of their HT index: the index
increases as the number of pendant vertices decreases, thus giving support to—though not
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proving—the conjecture that the maximum HT index among n-vertex trees is attained by
the n-path.

For future work, we plan to study a more general edge operation on n-vertex trees,
where a pair of paths Pk and Pr, incident on the same vertex b, can be replaced by a path
Pk+r incident on b, while the value of the HT is increased. Hopefully, the conditions on n, k
and r will be such that we will be able to finally prove the maximality conjecture.
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