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Abstract

This paper presents a Maple code for the systematic computation of optimal systems of
solvable Lie algebras, built on an ideal based algorithmic framework. The main contribution
is a fully automated Maple implementation that computes ideals, possible representative
forms, adjoint factorizations, and conjugacy classes in a single reproducible workflow. The
code is validated on a 9-dimensional solvable Lie algebra, where all ideals were determined
in approximately five minutes, while the subsequent forms, adjoint factorizations, and
conjugacy classes were each obtained in under a minute, a task that would take considerably
longer manually. One-dimensional representatives are further extended to two-dimensional
subalgebras through normalizers and quotient algebras. The code is then applied to the
Lax equation, where its optimal system is used to derive invariant solutions, which are
analyzed graphically to illustrate their behavior in detail.
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1. Introduction
An optimal system (OS) is a collection of subalgebras chosen from a Lie algebra

that aids in finding functionally independent invariant solutions of differential equations
(DEs). In other words, the construction of an OS involves classifying subalgebras into
inequivalence classes in such a way that every subalgebra is equivalent to one representative
of these classes. Selecting one representative from each class ensures that all possible
invariant solutions are considered without redundancy. This is one of the main reasons
why optimal systems are important in symmetry analysis of differential equations.

The formation of one-dimensional OSs for Lie algebras was first introduced by Ovsian-
nikov. He employed the global matrix approach for the adjoint transformations and also
discussed the construction of OSs of higher dimensions, as given in refs. [1,2].

Mathematical physics has witnessed substantial advancements in this technique. In
particular, Patera et al. extended Ovsiannikov’s work, as discussed in ref. [3]. Regarding
OSs of higher-dimensional Lie algebras, Galas further advanced Ovsiannikov’s approach
by considering the problem of non-solvable algebras and by eliminating equivalent sub-
algebras, as discussed in ref. [4]. Patera and Winternitz provided conjugacy classes of all
real Lie algebras of dimensions less than and equal to four. Their results were obtained by
using the group of inner automorphisms, i.e., the Lie group obtained by exponentiating the
adjoint representation of the considered Lie algebra, as discussed in ref. [5].
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Another way of determining OSs was introduced by Ibragimov in refs. [6–8]. In this
approach, a generator is subjected to suitable adjoint transformations and is simplified as
much as possible. This method is useful and has been widely applied in the construction of
invariant solutions of DEs. However, it usually involves complex algebraic calculations
and lacks an algorithmic approach. This situation leads to the problem of developing
computational methods for determining conjugacy classes of subalgebras.

Addressing this challenge, Amata and Oliveri developed an algorithmic procedure,
described in ref. [9], without detailed proofs. Later they introduced the SymboLie package
for the automatic determination of OSs. Recently, Amata, Oliveri and Sgroi presented
another computational approach for determining optimal systems, as given in ref. [10].
These works provide valuable symbolic tools for Lie subalgebra classification; however,
they may leave out some Lie subalgebras in certain cases.

The present work follows a different approach which converts the ideal-based con-
struction of Ali et al. [11] into a practical Maple procedure for solvable Lie algebras.
Although optimal systems can be obtained manually for small algebras, the manual process
requires repeated computation of ideals, possible representatives, adjoint transformations,
normalizers, quotient algebras and removal of conjugate cases. For higher-dimensional
algebras, this becomes time-consuming, and some ideals or conjugacy classes may be
missed. The proposed code performs these repeated steps systematically and produces
intermediate outputs, so the final representatives can be checked and reproduced with
less manual effort. Compared with Ibragimov’s direct adjoint simplification [6–8], the
implementation first uses ideals to reduce the possible forms and then applies adjoint trans-
formations to those reduced cases. Compared with SymboLie and related computational
approaches [9,10], the present code emphasizes a transparent ideal-based workflow and
also extends one-dimensional representatives to higher-dimensional subalgebras through
normalizers and quotient algebras.

The reason for using this method is that ideals naturally describe the structure of
solvable Lie algebras. If L is a solvable Lie algebra and X ∈ L, then X is contained
in a smallest ideal of L. This smallest ideal determines the possible shape of the one-
dimensional subalgebra generated by X . Therefore, by determining all ideals, one obtains a
systematic starting point for finding conjugacy classes. The adjoint group is then factorized
according to these ideals, and conjugate cases are removed. This method ensures that every
possible conjugacy class is addressed without overlap because ideals naturally partition
the Lie algebra into disjoint substructures. This approach not only simplifies the analysis
but also ensures that no conjugacy class is left out.

Researchers and practitioners across a range of domains can find the methodology
more accessible and user-friendly as it offers a streamlined and efficient method of handling
Lie symmetry generators and associated OSs. The organization of this article is as follows:
In Section 2, we apply the algorithms given in ref. [11] to develop the theoretical framework
for determining all ideals, possible forms, adjoint factorizations, and conjugacy classes of
one-dimensional subalgebras within solvable Lie algebras; this section illustrates the overall
computational workflow for constructing ideals and conjugacy classes of subalgebras of
solvable Lie algebras using a flowchart. In Section 3, this framework is implemented in
Maple and validated through a 9-dimensional (9-D) solvable Lie algebra, ensuring the
accuracy of the determined ideals and conjugacy classes. In Section 4, two-dimensional
subalgebras are computed by extending the one-dimensional representatives via the nor-
malizer construction. In Section 5, the application of this program in the domain of DEs
is carried out: the Lie symmetries of the provided DE are first identified, and once the
corresponding Lie algebra is obtained, the program is used to determine the OSs. These
systems are then instrumental in determining the invariant solutions of the partial differen-
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tial equations (PDEs), providing deeper insight into their structure and potential solutions;
the invariant solutions obtained are thoroughly analyzed, with a focus on their physical
behavior and characteristics. Lastly, in Section 6, we present our conclusions.

2. Computational Framework for Constructing Optimal Systems of
Solvable Lie Algebras

The theoretical basis of the present implementation is the ideal-based construction
of conjugacy classes of subalgebras of finite-dimensional solvable Lie algebras developed
in [11]. Let L be a finite-dimensional solvable Lie algebra. A subspace I ⊆ L is an ideal if:

[X ,Y ] ∈ I , ∀X ∈ L, ∀Y ∈ I .

Ideals are important here because they are invariant under inner automorphisms and
therefore provide natural containers for conjugacy classes. If Y ∈ L, then the smallest
ideal containing Y determines the shape from which the corresponding one-dimensional
subalgebra is classified. Once these forms are known, the possible forms of one-dimensional
subalgebras can be determined. The adjoint action is then applied only to these forms in
order to remove conjugate cases. The implemented procedure is summarized step by step
using the flowchart in Figure 1.

Figure 1. Computational workflow for constructing optimal systems of finite-dimensional solvable
Lie algebras. Step 1: input the basis and commutation relations of L, and verify solvability through
the derived series. Step 2: compute one-dimensional ideals and then construct higher-dimensional
ideals recursively by using quotient algebras. Step 3: determine possible representative forms from
the smallest ideals containing the elements. Step 4: compute adjoint factorizations associated with
these forms and remove conjugate representatives. Step 5: for higher-dimensional systems, extend
each representative S = ⟨X ⟩ by computing its normalizer N(S) = {Y ∈ L : [Y , S] ⊆ S} and classify
one-dimensional subalgebras of the quotient algebra N(S)/S; the quotient representatives are lifted
back to L, and the procedure is repeated until no further extensions exist.
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3. Maple Implementation and Validation on a Nine-Dimensional
Solvable Lie Algebra

This section implements the framework of Section 2 in Maple and validates it on a
nine-dimensional solvable Lie algebra. The presentation follows the main computational
stages: construction of ideals, determination of possible representative forms, adjoint
factorization, and extraction of one-dimensional conjugacy classes.

Consider the nine-dimensional Lie algebra with basis ⟨e1, e2, e3, e4, e5, e6, e7, e8, e9⟩.
The non-zero commutation relations are:

[e1, e4] = e2, [e1, e5] = e3, [e1, e6] = e1, [e1, e8] = e1,

[e2, e6] = e2, [e2, e7] = −e3, [e3, e6] = e3, [e3, e7] = e2,

[e4, e7] = −e5, [e4, e8] = −e4, [e6, e7] = e4, [e5, e8] = −e5.

(1)

The 9-D Lie algebra is entered into Maple by specifying its basis and non-zero commutation
relations , as shown in Listing 1.

Listing 1: Maple input for the nine-dimensional Lie algebra.

VectStrEq :=[’Input The Lie Algebra’], [’Input The Basis’];

g := LieAlgebraData(VectStrEq, L1);

DGsetup(g, VectStrEq[2], [alpha]);

Basis := DGinfo(L1, "FrameBaseVectors");

The solvability of the algebra is verified by the command in Listing 2:

Listing 2: Maple command for verifying solvability.

Query("Solvable");

Which examines the derived series of the algebra. For the Lie algebra L defined by (1),
Maple returns true. Hence, the code is applicable. The input and solvability verification
are shown in Figure 2. The other functions used in the code are defined in Appendix A.

Figure 2. Input of the 9-D Lie algebra and verification of solvability.

The implementation proceeds through the following steps.

Step 1: How to Find All the Ideals of the Lie Algebra

The first step determines all ideals of the solvable Lie algebra L. The computation
begins with one-dimensional ideals, which are then used as initial data for the recursive
construction of higher-dimensional ideals through quotient algebras. The Maple execution
of this step is given below.
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Listing 3: Maple code for determining all ideals of the Lie algebra.

All_Ideals := [ ];

onedimensionalideals := FindONEDIMIdeals();

current_ideal_list := onedimensionalideals;

if current_ideal_list = [ ] then

d_alggebra := DerivedAlgebra();

d_alggebra := sort(d_alggebra);

if d_alggebra <> [ ] then

d_al:=evalDG([LinearAlgebra:-DotProduct([seq(1,i=1..nops(d_alggebra))],

[op(d_alggebra)], conjugate = false)]);

dall := MyFunction(op(d_al));

g_prime := dall;

subsets := generateSubsets(g_prime);

subsets := ‘minus‘({op(subsets)}, {[ ]});

ide := [ ];

for ele in subsets do

if Query(ele, "Subalgebra") then

if Query(ele, "Ideal") then

ide := [op(ide), ele]:

end if:

end if:

end do;

current_ideal_list := ide:

end if:

end if;

All_Ideals := [op(All_Ideals), op(current_ideal_list)];

Current_ideal := [];

for elements in current_ideal_list do

idealss_id:=evalDG([LinearAlgebra:-DotProduct([seq(1,i=1..nops(elements))],

elements,conjugate = false)]);

co_effs:=DGinfo(evalDG(op(idealss_id)),"CoefficientSet",{op(VectStrEq[2])});

if nops(co_effs) = 1 then

Current_ideal := [op(Current_ideal), elements]:

else

co_effs := ‘minus‘(co_effs, {1});

eqs := map(proc (c) options operator, arrow; c = 0 end proc,co_effs):

elements := subs(eqs, elements):

Current_ideal := [op(Current_ideal), elements]:

end if:

end do;

current_ideal_list := Current_ideal;

current_ideal_list := map(sortList, current_ideal_list);

current_ideal_list := convert(current_ideal_list, set);

for elemm to nops(VectStrEq[2]) do

ideal_list := find_other_ideal();

ideal_list := convert(ideal_list, set);

ideal_list := [op(ideal_list)];

idealss := ideal_list;

current_ideal_list := idealss;

if current_ideal_list = [ ] then

d_alggebra := DerivedAlgebra();

d_alggebra := sort(d_alggebra);

if d_alggebra <> [ ] then

d_al:=evalDG([LinearAlgebra:-DotProduct([seq(1,i=1..nops(d_alggebra))],

[op(d_alggebra)],conjugate = false)]);

dall := MyFunction(op(d_al));

g_prime := dall;

subsets := generateSubsets(g_prime);

subsets := ‘minus‘({op(subsets)}, {[ ]});

ide := [ ];

for ele in subsets do

if Query(ele, "Subalgebra") = true then
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if Query(ele, "Ideal") = true then

ide := [op(ide), ele]:

end if:

end if:

end do;

current_ideal_list := ide:

end if:

end if;

All_Ideals := [op(All_Ideals), op(current_ideal_list)];

Current_ideal := [ ];

for elements in current_ideal_list do

idealss_id:=evalDG([LinearAlgebra:-DotProduct([seq(1,i=1..nops(elements))],

elements, conjugate = false)]);

co_effs := DGinfo(evalDG(op(idealss_id)), "CoefficientSet",{op(VectStrEq[2])})

;

if nops(co_effs) = 1 then

Current_ideal := [op(Current_ideal), elements];

else

co_effs := ‘minus‘(co_effs, {1});

eqs := map(proc (c) options operator, arrow; c = 0 endproc, co_effs);

elements := subs(eqs, elements);

Current_ideal := [op(Current_ideal), elements];

end if:

end do:

current_ideal_list := Current_ideal:

current_ideal_list := map(sortList, current_ideal_list):

current_ideal_list := convert(current_ideal_list, set):

end do:

iideals := [ ];

for elements in All_Ideals do

elements := sort(elements);

iideals := [op(iideals), elements];

end do;

All_Ideals_algebraa := convert(iideals, set);

All_Idealss_algebra:=‘minus‘({op(All_Ideals_algebraa)},{All_Ideals_algebraa[-1]});

reem_el := ‘minus‘({op(VectStrEq[2])}, {op(All_Ideals_algebraa[-2])});

result := Query([op(reem_el), op(All_Ideals_algebraa[-2])],

"Ideal");

if result = true then

All_Ideals_algebraa:=[op(All_Idealss_algebra),[op(reem_el),op(All_Ideals_algebraa

[-2])]]:

end if:

All_Ideals_algebra := All_Ideals_algebraa;

originalList := All_Ideals_algebra;

for elements in originalList do

for i to nops(originalList) do

or_result := has(elements, {a[i]});

if or_result = true then

elo := ‘minus‘({op(elements)}, {elements[1]});

originalList := remove(has, originalList, {sort([op(elements[1])[1],

op(elo)])}):

end if:

end do:

end do:

All_Ideals_of_liealgebra := originalList;

Applying this code to the nine-dimensional Lie algebra generates the complete list of
ideals of L. The output is shown in Figure 3.
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Figure 3. All Ideals of the defined 9-D Lie algebra

Step 2: Determining the Possible Shapes

Starting from the ideals of smallest dimension, the code determines the possible
representative forms of elements of L. The execution of this step in Maple is as follows:

Listing 4: Maple code for determining the possible representative forms.

constantt := {seq(a[i], i = 1 .. nops(VectStrEq[2]))};

updateid := [];

Idealss:=‘minus‘({op(All_Ideals_of_liealgebra)},{All_Ideals_of_liealgebra[-1]});

for elements in Idealss do

has_element := has(elements, constantt);

if has_element = true then

result_id:=evalDG([LinearAlgebra:-DotProduct([seq(1,i=1..nops(elements))],

elements, conjugate = false)]);

result_id := MyFunction(op(result_id));

check_r := member(result_id, Idealss);

if ‘or‘(check_r = true, nops(result_id) = nops(VectStrEq[2])) then

updateid := [op(updateid), elements];

end if:

end if:

end do:

UpdateID := updateid;

ideals_algebra := ‘minus‘(Idealss, {op(UpdateID)});

if Query("Abelian") then

Form := FindONEDIMIdeals():

else

idealss := [];

for element in ideals_algebra do

idealssid:=evalDG([LinearAlgebra:-DotProduct([seq(1,i=1..nops(element))],

element, conjugate = false)]);

idealssid := MyFunction(op(idealssid));

idealss := [op(idealss), idealssid]:

end do:

idealss := convert(idealss, set);

idealss := [op(idealss), All_Ideals_of_liealgebra[-1]];

ceff := cat(c, 1 .. 20);

newestlist := [];

for i to nops(idealss) do
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constant_list := [1, seq(ceff[i][k], k = 1 .. nops(idealss[i])-1)];

newestlist := [op(newestlist), constant_list];

end do;

forms := CalculateDotProducts(newestlist, idealss);

Form := forms:

end if;

Form := Form;

The output of this step gives the possible forms of the elements in the 9-D Lie algebra.
These forms are shown in Figure 4.

Figure 4. Possible shapes of the defined 9-D Lie algebra

Step 3: Determining the Factorization of the Adjoint Group

If the form is an ideal, it cannot be conjugate to any other element of L. If it is not an
ideal, the code checks whether it lies in the derived algebra L′. In that case, the element Y
is inserted from the L′ into a normalizer series < Y = Y1 >, < Y1,Y2 >, and so on until
the series reaches the full Lie algebra, or until no further enlargement is possible. When the
full algebra is reached, this series gives a factorization of the adjoint group into exponential
factors eϵkad(Yk) . . . eϵ1ad(Y1), where ad is the adjoint representation is given by:

ad(eϵYiYj) = Yj + ϵ[Yi,Yj] +
ϵ2

2!
[Yi, [Yi,Yj]] +

ϵ3

3!
[Yi, [Yi, [Yi,Yj]]] + . . . . (2)

If Y /∈ L′, then the adjoint group will be decomposed into eϵ1ad(Y1) . . . eϵmad(Ym)eϵm+1ad(Ym+1) . . .
eϵkad(Yk), where Ym+1 . . .Yk ∈ L′ and these Y1 = Y , . . . ,Ym elements not in L′. The Maple
execution of this step is as follows:

Listing 5: Maple code for determining the adjoint factorizations.

d_alggebra := DerivedAlgebra();

d_alggebra := sort(d_alggebra);

if d_alggebra <> [] then

d_al:=evalDG(LinearAlgebra:-DotProduct([seq(1,i=1..

nops(d_alggebra))],[op(d_alggebra)], conjugate = false));

d_alggebra := MyFunction(d_al):

end if:

g_prime := d_alggebra:

List_of_Adjoint_Factorization_with_ID_subspaces := [ ]:

for element in Form do

result := Query(element, "Ideal");

if result = true then
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List_of_Adjoint_Factorization_with_ID_subspaces:={op(List

_of_Adjoint_Factorization_with_ID_subspaces), [[ ],

element]}:

else

dcall := MyFunction(op(element)):

ooo := {op(dcall)}:

res := check_elements(g_prime, ooo);

if res = true then

l_ist := [];

Sub_Nor := element;

l_ist := [op(l_ist), op(Sub_Nor)];

Sub_Nor := SubalgebraNormalizer(Sub_Nor);

l_ist := [l_ist, Sub_Nor];

Sub_Nor := DGinfo(evalDG(LinearAlgebra:-DotProduct([seq(1, i = 1 ..

nops(Sub_Nor))],[op(Sub_Nor)],conjugate = false)),"ObjectGenerators");

aab1 := [op(Sub_Nor)];

dcall1 := [];

for eles in aab1 do

c_all1 := [_DG([["vector", L1, []], [[[eles], 1]]])];

dcall1 := [op(dcall1), op(c_all1)];

end do;

Sub_Nor := [op(dcall1)];

Sub_Nor := SubalgebraNormalizer(Sub_Nor);

l_ist := [op(l_ist), Sub_Nor];

if nops(Sub_Nor) <> nops(VectStrEq[2]) then

Sub_Nor := SubalgebraNormalizer(Sub_Nor);

l_ist := [l_ist, Sub_Nor];

end if;

Normalizer_Series := l_ist;

K := [ooo[1]];

Fac := ‘minus‘({op(Normalizer_Series[-1])}, {op(K)});

for ee in Fac do

ABE := Query([ee, op(element)], "Abelian");

if ABE = true then

Fac := ‘minus‘(Fac, {ee}):

end if:

end do;

adj_fac := [op(Fac)];

List_of_Adjoint_Factorization_with_ID_subspaces := {op(

List_of_Adjoint_Factorization_with_ID_subspaces),

[adj_fac, element]}:

else

bas := DGinfo(L1, "FrameBaseVectors");

c_R := ‘minus‘({op(bas)}, {op(g_prime)});

fac_R := {op(c_R), op(g_prime)};

c_R := ‘minus‘({op(bas)}, {op(element[1])[1]});

c_R := [op(c_R)];

for ee in c_R do

ABE := Query([ee, op(element)], "Abelian");

if ABE = true then

c_R := ‘minus‘({op(c_R)}, {ee}):

end if:

end do;

c_R_adj_fac := [op(c_R)];

List_of_Adjoint_Factorization_with_ID_subspaces := {op

(List_of_Adjoint_Factorization_with_ID_subspaces),

[c_R_adj_fac, element]}:

end if:

end if:

end do:

List_of_Adjoint_Factorization_with_ID_subspaces;

List_of_Adjoint_Factorization_with_forms := List_of_Adjoint_

Factorization_with_ID_subspaces;
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The program generates an adjoint factorization for each possible form of the 9-D Lie al-
gebra. The output is shown in Figure 5, where each form is displayed with its corresponding
adjoint factors so that the classification can be verified from the intermediate data.

Figure 5. Adjoint factorization of the defined 9-D Lie algebra

Step 4: Determining Conjugacy Classes of One-Dimensional Subalgebras

Finally, the adjoint factorizations obtained in Step 3 are applied to the possible forms
obtained in Step 2. This gives the conjugacy classes of one-dimensional subalgebras of L.
The Maple function adj() implements the adjoint action given in (2). The Maple execution
is as follows:

Listing 6: Maple procedure for computing one-dimensional conjugacy classes.

adj := proc (a, b, t)

local term, series, m;

series := b;

term := b;

m := 1;

if a = [ ] then

series := b;

else

while m <= 4 do

term := LieBracket(a, term);

series := series+t^m*term/factorial(m);

m := m+1;

end do:

end if;

return series

end proc:

#In the adj function, if the coefficients of the result is a

series, the function returns the first five terms of the

exponential series.

conjugacy_class := [ ];

res_ult := evalDG(adj(’Input the Adjoint_Factorization’,’Input

the ID_subspaces ’,’ Input any variable e.g r,s,t etc.’));

yes_conjugacy_class:=evalDG(res_ult):

conjugacy_class:=[op(conjugacy_class), yes_conjugacy_class];

OneDimensional_Conjugacy_Classes := conjugacy_class;
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By inserting the forms and their corresponding adjoint factorizations into the ‘adj‘
function, we obtain the conjugacy classes of the one-dimensional subalgebra of the 9-D
solvable Lie algebra. The output is shown in Figure 6.

Figure 6. Conjugacy classes of the defined nine-dimensional solvable Lie algebra.

The one-dimensional subalgebras listed in Figure 6 are non-conjugate under the adjoint
action. Therefore, they form a one-dimensional optimal system of 9-D Lie algebra (1) as
follows:

OS1(L) = ⟨e9⟩, ⟨e1⟩, ⟨e2 + c21e3⟩, ⟨e2 + c41e3 + εe9⟩,
⟨e2 + c61e3 + εe4 + εe5⟩, ⟨e1 + c53e9⟩, ⟨e1 + εe4 + εe5⟩,
⟨e1 + εe4 + εe5 + εe9⟩, ⟨e1 + εe8 + εe9⟩, ⟨e7 + c115e9⟩,
⟨Ae1 + e6 + c156e7 + c157e8 + c158e9⟩, ⟨e1 + εe6 + εe9⟩,
⟨e1 + εe6 + εe8 + εe9⟩, ⟨e1 + εe7 + εe8 + εe9⟩,
⟨e4 + c93e5 + εe9⟩, ε = ±1.

(3)

This validation confirms that the Maple implementation follows the ideal-based pro-
cedure and produces the required representatives for the considered nine-dimensional
solvable Lie algebra. These results confirm the accuracy and efficiency of the code in han-
dling high-dimensional solvable Lie algebras and provide a robust foundation for further
applications in symmetry analysis and invariant solutions of PDEs.

4. Two-Dimensional Subalgebras
In this section, we use the one-dimensional optimal system obtained in Section 3 to

construct two-dimensional subalgebras of the nine-dimensional solvable Lie algebra. The
detailed extension procedure has already been described in Section 2; therefore, we apply it
here directly to the representatives obtained from the Maple computation.

Let Si = ⟨Xi⟩ be a representative of a one-dimensional conjugacy class. For each
such Si, we compute its normalizer N(Si) in L. If N(Si) = Si, then no two-dimensional
extension arises from this representative. If N(Si) properly contains Si, then the quotient
algebra N(Si)/Si is formed. The one-dimensional representatives of this quotient algebra
determine the possible extension directions. Lifting these representatives back to L gives
two-dimensional subalgebras of the form ⟨Xi, Y⟩. After the lifted subalgebras are obtained,
conjugate cases are removed under the adjoint action of L.

The following subsections list the results obtained by applying this procedure to the
one-dimensional representatives of the nine-dimensional solvable Lie algebra. For each
case, we give the normalizer, the quotient algebra, the one-dimensional representatives in
the quotient, and the corresponding two-dimensional subalgebras.
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4.1. Extension of ⟨e9⟩
For the one-dimensional subalgebra ⟨e9⟩, the normalizer is the following full Lie

algebra:
N(⟨e9⟩) = ⟨e1, e2, e3, e4, e5, e6, e7, e8, e9⟩.

Therefore,
N(⟨e9⟩)/⟨e9⟩ = ⟨ē1, ē2, ē3, ē4, ē5, ē6, ē7, ē8⟩.

The quotient algebra is determined by the following non-zero commutation relations:

[ē1, ē4] = ē2, [ē1, ē5] = ē3, [ē1, ē6] = ē1, [ē1, ē8] = ē1, [ē2, ē6] = ē2,

[ē2, ē7] = −ē3, [ē3, ē6] = ē3, [ē3, ē7] = ē2, [ē4, ē7] = −ē5, [ē4, ē8] = −ē4,

[ē6, ē7] = ē4, [ē5, ē8] = −ē5.

(4)

Applying the Maple code to this 8-dimensional solvable quotient algebra gives the follow-
ing one-dimensional representatives:

⟨ē2 + α11 ē3⟩, ⟨ē1⟩, ⟨ē2 + α12 ē3 ± ē4 ± ē5⟩,
⟨ē1 ± ē4 ± ē5⟩, ⟨ē1 ± ē8⟩, ⟨ē6 + α13 ē7 + α14 ē8⟩,
⟨ē7⟩, ⟨ē1 ± ē6⟩, ⟨ē1 ± ē7 ± ē8⟩.

(5)

Lifting these representatives to L gives the following two-dimensional subalgebras:

⟨e2 + α11e3, e9⟩, ⟨e1, e9⟩, ⟨e2 + α12e3 ± e4 ± e5, e9⟩, ⟨e1 ± e4 ± e5, e9⟩,
⟨e1 ± e8, e9⟩, ⟨e6 + α13e7 + α14e8, e9⟩, ⟨e7, e9⟩, ⟨e1 ± e6, e9⟩, ⟨e1 ± e7 ± e8, e9⟩.

(6)

4.2. Extension of ⟨e1⟩
For the representative ⟨e1⟩, its normalizer is:

N(⟨e1⟩) = ⟨e1, e2, e3, e6, e7, e8, e9⟩. (7)

Thus,
N(⟨e1⟩)/⟨e1⟩ = ⟨ē2, ē3, ē6, ē7, ē8, ē9⟩. (8)

The induced 6-dimensional solvable quotient algebra has the following non-zero commutators:

[ē2, ē6] = ē2, [ē2, ē7] = −ē3, [ē3, ē6] = ē3, [ē3, ē7] = ē2. (9)

The one-dimensional subalgebras of the quotient algebra given in Equation (9) are repre-
sented by:

⟨ē9⟩, ⟨ē8 + α21 ē9⟩, ⟨ē2 + α22 ē3⟩, ⟨ē2 + α23 ē3 ± ē9⟩,
⟨ē2 + α24 ē3 ± ē8 ± ē9⟩, ⟨ē6 + α25 ē7 + α26 ē8 + α27 ē9⟩,
⟨ē2 ± ē6 ± ē8 ± ē9⟩, ⟨ē3 ± ē7 ± ē8 ± ē9⟩.

(10)

Therefore, the corresponding two-dimensional subalgebras are:

⟨e9, e1⟩, ⟨e8 + α21e9, e1⟩, ⟨e2 + α22e3, e1⟩, ⟨e2 + α23e3 ± e9, e1⟩,
⟨e2 + α24e3 ± e8 ± e9, e1⟩, ⟨e6 + α25e7 + α26e8 + α27e9, e1⟩,
⟨e2 ± e6 ± e8 ± e9, e1⟩, ⟨e3 ± e7 ± e8 ± e9, e1⟩.

(11)
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4.3. Extension of ⟨e2 + c21e3⟩
For the one-dimensional subalgebra ⟨e2 + c21e3⟩, the normalizer is:

N(⟨e2 + c21e3⟩) = ⟨e1, e2, e3, e4, e5, e6, e8, e9⟩. (12)

The 7-dimensional solvable quotient algebra is:

N(⟨e2 + c21e3⟩)/⟨e2 + c21e3⟩ = ⟨ē1, ē3, ē4, ē5, ē6, ē8, ē9⟩. (13)

The non-zero commutators are:

[e1, e4] = −c21e3, [e1, e5] = e3, [e1, e6] = e1, [e1, e8] = e1,

[e3, e6] = e3, [e4, e8] = −e4, [e5, e8] = −e5.
(14)

The one-dimensional representatives in the quotient algebra are:

⟨ē3⟩, ⟨ē9⟩, ⟨ē5⟩, ⟨ē3 ± ē9⟩, ⟨ē4 + α31 ē5⟩, ⟨ē1 ± ē9⟩, ⟨ē1 ± ē4 ± ē5⟩,
⟨ē1 ± ē5 ± ē9⟩, ⟨ē1 ± ē4 ± ē5 ± ē9⟩, ⟨ē1 ± ē5 ± ē8 ± ē9⟩, ⟨ē6 + α32 ē8 + α33 ē9⟩,
⟨ē1 ± ē6 ± ē9⟩, ⟨ē1 ± ē4 ± ē5 ± ē6⟩, ⟨ē1 ± ē4 ± ē6 ± ē9⟩, ⟨ē1 ± ē5 ± ē6 ± ē9⟩,
⟨ē1 ± ē4 ± ē5 ± ē6 ± ē9⟩.

(15)

Hence, the two-dimensional subalgebras obtained by extending ⟨e2 + c21e3⟩ are:

⟨e3, e2 + c21e3⟩, ⟨e9, e2 + c21e3⟩, ⟨e5, e2 + c21e3⟩, ⟨e3 ± e9, e2 + c21e3⟩,
⟨e4 + α31e5, e2 + c21e3⟩, ⟨e1 ± e9, e2 + c21e3⟩, ⟨e1 ± e4 ± e5, e2 + c21e3⟩,
⟨e1 ± e5 ± e9, e2 + c21e3⟩, ⟨e1 ± e4 ± e5 ± e9, e2 + c21e3⟩,
⟨e1 ± e5 ± e8 ± e9, e2 + c21e3⟩, ⟨e6 + α32e8 + α33e9, e2 + c21e3⟩,
⟨e1 ± e6 ± e9, e2 + c21e3⟩, ⟨e1 ± e4 ± e5 ± e6, e2 + c21e3⟩,
⟨e1 ± e4 ± e6 ± e9, e2 + c21e3⟩, ⟨e1 ± e5 ± e6 ± e9, e2 + c21e3⟩,
⟨e1 ± e4 ± e5 ± e6 ± e9, e2 + c21e3⟩.

(16)

4.4. Extension of ⟨e2 + c41e3 ± e9⟩
For the one-dimensional subalgebra ⟨e2+ c41e3± e9⟩, the normalizer and the following

6-dimensional solvable quotient algebra:

N(⟨e2 + c41e3 ± e9⟩) = ⟨e1, e2, e3, e4, e5, e8, e9⟩/⟨e2 + c41e3 ± e9⟩ = ⟨ē1, ē3, ē4, ē5, ē8, ē9⟩, (17)

has the non-zero commutators:

[ē1, ē4] = −c41 ē3 − ē9, [ē1, ē5] = ē3, [ē1, ē8] = ē1, [ē4, ē8] = −ē4, [ē5, ē8] = −ē5. (18)

The one-dimensional representatives of 6-dimensional quotient algebra are:

⟨ē1⟩, ⟨ē5⟩, ⟨ē8⟩, ⟨ē9⟩, ⟨ē3 + α41 ē9⟩, ⟨ē5 ± ē9⟩,
⟨ē4 ± ē5⟩, ⟨ē1 ± ē5⟩, ⟨ē1 ± ē4 ± ē5⟩.

(19)
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Thus, the corresponding two-dimensional subalgebras obtained by extending ⟨e2+ c41e3±
e9⟩ are:

⟨e1, e2 + c41e3 ± e9⟩, ⟨e5, e2 + c41e3 ± e9⟩, ⟨e8, e2 + c41e3 ± e9⟩,
⟨e9, e2 + c41e3 ± e9⟩, ⟨e3 + α41e9, e2 + c41e3 ± e9⟩,
⟨e5 ± e9, e2 + c41e3 ± e9⟩, ⟨e4 ± e5, e2 + c41e3 ± e9⟩,
⟨e1 ± e5, e2 + c41e3 ± e9⟩, ⟨e1 ± e4 ± e5, e2 + c41e3 ± e9⟩.

(20)

4.5. Extension of ⟨e4 + c93e5 ± e9⟩
For the one-dimensional subalgebra ⟨e4+ c93e5± e9⟩, the corresponding 5-dimensional

solvable quotient algebra is:

N(⟨e4 + c93e5 ± e9⟩)/⟨e4 + c93e5 ± e9⟩ = ⟨ē2, ē3, ē5, ē6, ē9⟩, (21)

and has the following non-zero commutators:

[ē2, ē6] = ē2, [ē3, ē6] = ē3. (22)

The representatives of one-dimensional subalgebras of 5-dimensional algebra (22) are:

⟨ē3⟩, ⟨ē9⟩, ⟨ē2 + α51 ē3⟩, ⟨ē3 ± ē9⟩, ⟨ē5 + α52 ē9⟩, ⟨ē2 + α53 ē3 ± ē5⟩,
⟨ē2 + α54 ē3 ± ē9⟩, ⟨ē2 ± ē5 ± ē9⟩, ⟨ē3 ± ē5 ± ē9⟩, ⟨ē2 ± ē6 ± ē9⟩,
⟨ē2 + α55 ē3 ± ē5 ± ē9⟩, ⟨ē5 + α56 ē6 + α57 ē9⟩.

(23)

Hence, the two-dimensional subalgebras obtained by one-dimensional extension of ⟨e4 +
c93e5 ± e9⟩ are:

⟨e3, e4 + c93e5 ± e9⟩, ⟨e9, e4 + c93e5 ± e9⟩, ⟨e2 + α51e3, e4 + c93e5 ± e9⟩,
⟨e3 ± e9, e4 + c93e5 ± e9⟩, ⟨e5 + α52e9, e4 + c93e5 ± e9⟩,
⟨e2 + α53e3 ± e5, e4 + c93e5 ± e9⟩, ⟨e2 + α54e3 ± e9, e4 + c93e5 ± e9⟩,
⟨e2 ± e5 ± e9, e4 + c93e5 ± e9⟩, ⟨e3 ± e5 ± e9, e4 + c93e5 ± e9⟩,
⟨e2 ± e6 ± e9, e4 + c93e5 ± e9⟩, ⟨e2 + α55e3 ± e5 ± e9, e4 + c93e5 ± e9⟩,
⟨e5 + α56e6 + α57e9, e4 + c93e5 ± e9⟩.

(24)

4.6. Extension of ⟨e2 + c61e3 ± e4 ± e5⟩
For the one-dimensional subalgebra ⟨e2+ c61e3± e4± e5⟩, the following 5-dimensional

solvable quotient algebra

N(⟨e2 + c61e3 ± e4 ± e5⟩)/⟨e2 + c61e3 ± e4 ± e5⟩ = ⟨ē3, ē4, ē5,−ē6 + ē8, ē9⟩, (25)

has the following non-zero commutators:

[ē3,−ē6 + ē8] = −ē3, [ē4,−ē6 + ē8] = −ē4, [ē5,−ē6 + ē8] = −ē5. (26)

Its one-dimensional subalgebras representatives are:

⟨ē5⟩, ⟨ē9⟩, ⟨ē4 + α61 ē5⟩, ⟨ē5 ± ē9⟩, ⟨ē3 + α62 ē4 + α63 ē5⟩,
⟨ē4 + α64 ē5 ± ē9⟩, ⟨ē3 + α65 ē4 + α66 ē5 ± ē9⟩, ⟨−ē6 + ē8 + α67 ē9⟩.

(27)

The two-dimensional subalgebras are:
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⟨e5, e2 + c61e3 ± e4 ± e5⟩, ⟨e9, e2 + c61e3 ± e4 ± e5⟩,
⟨e4 + α61e5, e2 + c61e3 ± e4 ± e5⟩, ⟨e5 ± e9, e2 + c61e3 ± e4 ± e5⟩,
⟨e3 + α62e4 + α63e5, e2 + c61e3 ± e4 ± e5⟩, ⟨e4 + α64e5 ± e9, e2 + c61e3 ± e4 ± e5⟩,
⟨e3 + α65e4 + α66e5 ± e9, e2 + c61e3 ± e4 ± e5⟩, ⟨−e6 + e8 + α67e9, e2 + c61e3 ± e4 ± e5⟩.

(28)

4.7. Extension of ⟨e1 + c53e9⟩
For the one-dimensional subalgebra ⟨e1 + c53e9⟩, the 5-dimensional solvable quotient

algebra is:
N(⟨e1 + c53e9⟩)/⟨e1 + c53e9⟩ = ⟨ē2, ē3, ē7,−ē6 + ē8, ē9⟩, (29)

and it has the following non-zero commutators:

[ē2, ē7] = −ē3, [ē2,−ē6 + ē8] = −ē2, [ē3, ē7] = ē2, [ē3,−ē6 + ē8] = −ē3. (30)

The one-dimensional subalgebras are:

⟨ē9⟩, ⟨ē2 + α71 ē3⟩, ⟨ē2 + α72 ē3 ± ē9⟩, ⟨ē7 + α73 ē9⟩, ⟨−ē6 + ē8 + α74 ē9⟩. (31)

Therefore, the two-dimensional subalgebras are:

⟨e9, e1 + c53e9⟩, ⟨e2 + α71e3, e1 + c53e9⟩, ⟨e2 + α72e3 ± e9, e1 + c53e9⟩,
⟨e7 + α73e9, e1 + c53e9⟩, ⟨−e6 + e8 + α74e9, e1 + c53e9⟩.

(32)

4.8. Extension of ⟨e1 ± e4 ± e5⟩
For the one-dimensional subalgebra ⟨e1 ± e4 ± e5⟩, the following associated 4-

dimensional solvable quotient algebra

N(⟨e1 ± e4 ± e5⟩)/⟨e1 ± e4 ± e5⟩ = ⟨e2, e3,−2e6 + e8, e9, e1 ± e4 ± e5⟩/⟨e1 ± e4 ± e5⟩
= ⟨ē2, ē3,−2ē6 + ē8, ē9⟩,

(33)

has the non-zero brackets are:

[ē2,−2ē6 + ē8] = −2ē2, [ē3,−2ē6 + ē8] = −2ē3. (34)

Its one-dimensional representatives are:

⟨ē3⟩, ⟨ē9⟩, ⟨ē2 + α81 ē3⟩, ⟨ē3 ± ē9⟩, ⟨ē2 + α82 ē3 ± ē9⟩, ⟨−2ē6 + ē8 + α83 ē9⟩. (35)

Thus, the corresponding two-dimensional extensions of ⟨e1 ± e4 ± e5⟩ are:

⟨e3, e1 ± e4 ± e5⟩, ⟨e9, e1 ± e4 ± e5⟩, ⟨e2 + α81e3, e1 ± e4 ± e5⟩,
⟨e3 ± e9, e1 ± e4 ± e5⟩, ⟨e2 + α82e3 ± e9, e1 ± e4 ± e5⟩,
⟨−2e6 + e8 + α83e9, e1 ± e4 ± e5⟩.

(36)
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4.9. Extension of ⟨e1 ± e8 ± e9⟩
For the following one-dimensional subalgebra ⟨e1 ± e8 ± e9⟩, the 5-dimensional solv-

able quotient algebra

N(⟨e1 ± e8 ± e9⟩)/⟨e1 ± e8 ± e9⟩ = ⟨ē2, ē3, ē1 + ē6, ē7, ē9⟩. (37)

has the following non-zero commutators:

[ē2, ē1 + ē6] = ē2, [ē2, ē7] = −ē3, [ē3, ē1 + ē6] = ē3, [ē3, ē7] = ē2. (38)

Its one-dimensional representatives are:

⟨ē9⟩, ⟨ē2 ± ē3⟩, ⟨ē2 + α91 ē3 ± ē9⟩, ⟨ē3 ± ē7 ± ē9⟩, ⟨ē1 + ē6 + α92 ē7 + α93 ē9⟩. (39)

Thus, the two-dimensional extensions are:

⟨e9, e1 ± e8 ± e9⟩, ⟨e2 ± e3, e1 ± e8 ± e9⟩, ⟨e2 + α91e3 ± e9, e1 ± e8 ± e9⟩,
⟨e3 ± e7 ± e9, e1 ± e8 ± e9⟩, ⟨e1 + e6 + α92e7 + α93e9, e1 ± e8 ± e9⟩.

(40)

4.10. Extension of ⟨e1 ± e4 ± e5 ± e9⟩
For the one-dimensional subalgebra ⟨e1± e4± e5± e9⟩, the quotient algebra is abelian,

and its one-dimensional representatives are:

⟨ē9⟩, ⟨ē3 + α101 ē9⟩, ⟨ē2 + α102 ē3 + α101 ē9⟩. (41)

Hence, the corresponding two-dimensional extensions are:

⟨e9, e1 ± e4 ± e5 ± e9⟩, ⟨e3 + α101e9, e1 ± e4 ± e5 ± e9⟩,
⟨e2 + α102e3 + α101e9, e1 ± e4 ± e5 ± e9⟩.

(42)

4.11. Extension of ⟨e1 ± e6 ± e9⟩
For the one-dimensional subalgebra ⟨e1 ± e6 ± e9⟩, the following 5-dimensional solv-

able quotient algebra

N(⟨e1 ± e6 ± e9⟩)/⟨e1 ± e6 ± e9⟩ = ⟨ē1 + ē8, ē2 + ē4, ē3 + ē5, ē7, ē9⟩. (43)

has the following two-dimensional extensions:

⟨e9, e1 ± e6 ± e9⟩, ⟨e2 + e4 + α111(e3 + e5), e1 ± e6 ± e9⟩,
⟨e2 + e4 + α112(e3 + e5)± e9, e1 ± e6 ± e9⟩,
⟨e1 + e8 + α113e7 + α114e9, e1 ± e6 ± e9⟩.

(44)

4.12. Extension of ⟨e1 ± e6 ± e8 ± e9⟩
For the one-dimensional subalgebra ⟨e1± e6± e8± e9⟩, the following quotient algebra

N(⟨e1 ± e6 ± e8 ± e9⟩)/⟨e1 ± e6 ± e8 ± e9⟩ =
〈

1
2

ē1 + ē8, ē7, ē9
〉

, (45)
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is abelian and hence, the corresponding two-dimensional extensions are:

⟨e9, e1 ± e6 ± e8 ± e9⟩, ⟨e7 + α121e9, e1 ± e6 ± e8 ± e9⟩,〈
1
2

e1 + e8 + α122e7 + α123e9, e1 ± e6 ± e8 ± e9
〉

.
(46)

4.13. Extension of ⟨e1 ± e7 ± e8 ± e9⟩
For the following one-dimensional subalgebra ⟨e1 ± e7 ± e8 ± e9⟩, the 3-dimensional

solvable quotient algebra

N(⟨e1 ± e7 ± e8 ± e9⟩)/⟨e1 ± e7 ± e8 ± e9⟩ = ⟨ē1 + ē6, ē1 + ē8, ē9⟩. (47)

is abelian, and its two-dimensional extensions are:

⟨e9, e1 ± e7 ± e8 ± e9⟩, ⟨e1 + e8 + α131e9, e1 ± e7 ± e8 ± e9⟩,
⟨e1 + e6 + α132(e1 + e8) + α131e9, e1 ± e7 ± e8 ± e9⟩.

(48)

4.14. Extension of ⟨e6 + Ae1 + c156e7 + c157e8 + c158e9⟩
For the one-dimensional subalgebra ⟨e6 + Ae1 + c156e7 + c157e8 + c158e9⟩, assuming

c157 ̸= −1, the following 3-dimensional abelian quotient algebra

N(⟨e6 + Ae1 + c156e7 + c157e8 + c158e9⟩)/⟨e6 + Ae1 + c156e7 + c157e8 + c158e9⟩

=

〈
A

c157 + 1
ē1 + ē8, ē7, ē9

〉
.

(49)

has the following two-dimensional extensions:

⟨e9, e6 + Ae1 + c156e7 + c157e8 + c158e9⟩, ⟨e7 + α141e9, e6 + Ae1 + c156e7 + c157e8 + c158e9⟩,〈
A

c157 + 1
e1 + e8 + α142e7 + α141e9, e6 + Ae1 + c156e7 + c157e8 + c158e9

〉
.

(50)

4.15. Extension of ⟨e7 + c115e9⟩
For the one-dimensional subalgebra ⟨e7 + c115e9⟩, the 4-dimensional solvable algebra

is:
N(⟨e7 + c115e9⟩)/⟨e7 + c115e9⟩ = ⟨ē1, ē6, ē8, ē9⟩. (51)

and it has the following non-zero commutators:

[ē1, ē6] = ē1, [ē1, ē8] = ē1. (52)

Thus, the corresponding two-dimensional extensions are:

⟨e1, e7 + c115e9⟩, ⟨e9, e7 + c115e9⟩, ⟨e1 ± e9, e7 + c115e9⟩,
⟨e1 ± e8 ± e9, e7 + c115e9⟩, ⟨e6 + α151e8 + α152e9, e7 + c115e9⟩.

(53)

Therefore, the representatives of the conjugacy classes of two-dimensional subalgebras of
9-D Lie algebra (1) are:
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OS2(L) = {⟨e2 + α11e3, e9⟩, ⟨e1, e9⟩, ⟨e2 + α12e3 ± e4 ± e5, e9⟩, ⟨e1 ± e4 ± e5, e9⟩, ⟨e1 ± e8, e9⟩,
⟨e6 + α13e7 + α14e8, e9⟩, ⟨e7, e9⟩, ⟨e1 ± e6, e9⟩, ⟨e1 ± e7 ± e8, e9⟩, ⟨e8 + α21e9, e1⟩, ⟨e2 + α22e3, e1⟩,
⟨e2 + α23e3 ± e9, e1⟩, ⟨e2 + α24e3 ± e8 ± e9, e1⟩, ⟨e6 + α25e7 + α26e8 + α27e9, e1⟩, ⟨e2 ± e6 ± e8 ± e9, e1⟩,
⟨e3 ± e7 ± e8 ± e9, e1⟩, ⟨e3, e2 + c21e3⟩, ⟨e5, e2 + c21e3⟩, ⟨e3 ± e9, e2 + c21e3⟩, ⟨e4 + α31e5, e2 + c21e3⟩,
⟨e1 ± e9, e2 + c21e3⟩, ⟨e1 ± e4 ± e5, e2 + c21e3⟩, ⟨e1 ± e5 ± e9, e2 + c21e3⟩, ⟨e1 ± e4 ± e5 ± e9, e2 + c21e3⟩,
⟨e1 ± e5 ± e8 ± e9, e2 + c21e3⟩, ⟨e6 + α32e8 + α33e9, e2 + c21e3⟩, ⟨e1 ± e6 ± e9, e2 + c21e3⟩,
⟨e1 ± e4 ± e5 ± e6, e2 + c21e3⟩, ⟨e1 ± e4 ± e6 ± e9, e2 + c21e3⟩, ⟨e1 ± e5 ± e6 ± e9, e2 + c21e3⟩,
⟨e1 ± e4 ± e5 ± e6 ± e9, e2 + c21e3⟩, ⟨e1, e2 + c41e3 ± e9⟩, ⟨e5, e2 + c41e3 ± e9⟩, ⟨e8, e2 + c41e3 ± e9⟩,
⟨e3 + α41e9, e2 + c41e3 ± e9⟩, ⟨e5 ± e9, e2 + c41e3 ± e9⟩, ⟨e4 ± e5, e2 + c41e3 ± e9⟩, ⟨e1 ± e5, e2 + c41e3 ± e9⟩,
⟨e1 ± e4 ± e5, e2 + c41e3 ± e9⟩, ⟨e3, e4 + c93e5 ± e9⟩, ⟨e9, e4 + c93e5 ± e9⟩, ⟨e2 + α51e3, e4 + c93e5 ± e9⟩,
⟨e3 ± e9, e4 + c93e5 ± e9⟩, ⟨e5 + α52e9, e4 + c93e5 ± e9⟩, ⟨e2 + α53e3 ± e5, e4 + c93e5 ± e9⟩,
⟨e2 + α54e3 ± e9, e4 + c93e5 ± e9⟩, ⟨e2 ± e5 ± e9, e4 + c93e5 ± e9⟩, ⟨e3 ± e5 ± e9, e4 + c93e5 ± e9⟩,
⟨e2 ± e6 ± e9, e4 + c93e5 ± e9⟩, ⟨e2 + α55e3 ± e5 ± e9, e4 + c93e5 ± e9⟩, ⟨e5 + α56e6 + α57e9, e4 + c93e5 ± e9⟩,
⟨e5, e2 + c61e3 ± e4 ± e5⟩, ⟨e4 + α61e5, e2 + c61e3 ± e4 ± e5⟩, ⟨e5 ± e9, e2 + c61e3 ± e4 ± e5⟩,
⟨e3 + α62e4 + α63e5, e2 + c61e3 ± e4 ± e5⟩, ⟨e4 + α64e5 ± e9, e2 + c61e3 ± e4 ± e5⟩,
⟨e3 + α65e4 + α66e5 ± e9, e2 + c61e3 ± e4 ± e5⟩, ⟨−e6 + e8 + α67e9, e2 + c61e3 ± e4 ± e5⟩,
⟨e2 + α71e3, e1 + c53e9⟩, ⟨e2 + α72e3 ± e9, e1 + c53e9⟩, ⟨e7 + α73e9, e1 + c53e9⟩, ⟨−e6 + e8 + α74e9, e1 + c53e9⟩,
⟨e3, e1 ± e4 ± e5⟩, ⟨e2 + α81e3, e1 ± e4 ± e5⟩, ⟨e3 ± e9, e1 ± e4 ± e5⟩, ⟨e2 + α82e3 ± e9, e1 ± e4 ± e5⟩,
⟨−2e6 + e8 + α83e9, e1 ± e4 ± e5⟩, ⟨e2 ± e3, e1 ± e8 ± e9⟩, ⟨e2 + α91e3 ± e9, e1 ± e8 ± e9⟩,
⟨e3 ± e7 ± e9, e1 ± e8 ± e9⟩, ⟨e1 + e6 + α92e7 + α93e9, e1 ± e8 ± e9⟩, ⟨e3 + α101e9, e1 ± e4 ± e5 ± e9⟩,
⟨e2 + α102e3 + α101e9, e1 ± e4 ± e5 ± e9⟩, ⟨e2 + e4 + α111(e3 + e5), e1 ± e6 ± e9⟩,
⟨e2 + e4 + α112(e3 + e5)± e9, e1 ± e6 ± e9⟩, ⟨e1 + e8 + α113e7 + α114e9, e1 ± e6 ± e9⟩,
⟨e9, e1 ± e6 ± e8 ± e9⟩, ⟨e7 + α121e9, e1 ± e6 ± e8 ± e9⟩, ⟨(1/2)e1 + e8 + α122e7 + α123e9, e1 ± e6 ± e8 ± e9⟩,
⟨e9, e6 + Ae1 + c156e7 + c157e8 + c158e9⟩, ⟨e7 + α141e9, e6 + Ae1 + c156e7 + c157e8 + c158e9⟩,
⟨(A/c157 + 1)e1 + e8 + α142e7 + α141e9, e6 + Ae1 + c156e7 + c157e8 + c158e9⟩, ⟨e1, e7 + c115e9⟩,
⟨e1 ± e9, e7 + c115e9⟩, ⟨e1 ± e8 ± e9, e7 + c115e9⟩, ⟨e6 + α151e8 + α152e9, e7 + c115e9⟩}.

(54)

Here, all parameters are real constants, with the restriction c15,7 ̸= −1. The repeated
representatives have been omitted, since they generate the same two-dimensional subspace.

5. Application
This section demonstrates the use of the Maple implementation in the symmetry

analysis of the Lax equation. The example is relevant for two reasons. First, the Lax
equation is a classical nonlinear dispersive shallow-water wave equation. Second, its
Lie point symmetry algebra is finite-dimensional and solvable, so it falls directly within
the scope of the proposed code. After the symmetry algebra is obtained, the optimal
system provides a minimal set of inequivalent reductions and prevents repeated analysis
of conjugate subalgebras.

In the study of shallow water waves, Peter D. Lax derived the nonlinear dispersive
wave equation, as described in ref. [12]:

∆ := vt + 10vvxxx + 20vxvxx + 30v2vx + vxxxxx = 0, (55)
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which is known as the Lax equation. Here, v(x, t) denotes the fluid velocity at time t in the
x direction.

5.1. Lie Symmetries and Optimal System

A general point-symmetry generator for a PDE in the variables (x, t, v) is written as:

V = ξx(x, t, v)∂x + ξt(x, t, v)∂t + ηv(x, t, v)∂v, (56)

where ξx(x, t, v), ξt(x, t, v), and ηv(x, t, v) are the coefficient functions. The generator (56) is
a symmetry of Equation (55) if it satisfies the following invariance criterion:

EV(∆)|∆=0 = 0, (57)

where

EV = V + ηx
v ∂vx + ηt

v∂vt + ηxx
v ∂vxx + ηxxx

v ∂vxxx + ηxxxx
v ∂vxxxx + ηxxxxx

v ∂vxxxxx , (58)

denotes the 5th prolongation of V for the Lax Equation (55). The coefficient ηJ is given as:

ηJ = DJ(ηv − ξxvx − ξtvt) + ξxvJx + ξtvJt. (59)

Here, J is a multi-index and DJ denotes the corresponding total derivative operator. For
explanation, one of them can be indicated as Dx and is defined as:

Dx = ∂x + vx∂v + vxx∂vx + vtx∂vt + vxxx∂vxx + . . . , (60)

where vtx = Dx(vt). Using the Lie symmetry analysis method, the determining equations
of (55) are given as:

(ξt)v = 0, (ξt)x = 0, (ξt)tt = 0, (ξx)t = 0,

(ξx)v = 0, (ξx)x =
1
5
(ξt)t, ηv = −2

5
(ξt)tv.

(61)

Solving the determining system (61) gives the following infinitesimals:

ξx(x, t, v) =
1
5

a3x + a2, ξt(x, t, v) = a3t + a1, and ηv(x, t, v) = −2
5

a3v. (62)

Thus, the Lie algebra of symmetries of the Lax equation (55) is spanned by the following
three-dimensional geometric vector fields:

V1 =
∂

∂t
, V2 =

∂

∂x
, V3 =

1
5

x
∂

∂x
+ t

∂

∂t
− 2

5
v

∂

∂v
. (63)

Table 1 gives the commutator structure of the basis (63).

Table 1. Commutator table.

[ , ] V1 V2 V3

V1 0 0 V1

V2 0 0 1
5 V2

V3 −V1 − 1
5 V2 0
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The only two non-zero commutators are:

[V1, V3] = V1, [V2, V3] =
1
5

V2. (64)

This algebra is a special case of the example discussed in Lemma 4.2 of ref. [11]. We
now determine its one-dimensional OS and use the resulting representatives to reduce
the Lax equation. The adjoint representation Table of Lie algebra (64) is given by Table 2.
Executing the Maple code for the Lie algebra (64) gives the one-dimensional OS , such as
V1, V2, V1 ± V2, and V3. Maple output is shown in Figure 7.

Table 2. Adjoint representation.

Ad V1 V2 V3

V1 V1 V2 V3 − ϵV1

V2 V1 V2 V3 − ϵ
5 V2

V3 eϵV1 e
ϵ
5 V2 V3

Figure 7. Optimal system for the Lie algebra of the Lax equation.

5.2. Symmetry Reductions and Exact Solutions

We now use the representatives of the one-dimensional OSs to obtain inequivalent
invariant reductions of the Lax equation (55). For a symmetry generator of the form (56),
the characteristic equation is:

dx
ξx(x, t, v)

=
dt

ξt(x, t, v)
=

dv
ηv(x, t, v)

. (65)

5.2.1. Subalgebra V1 = ∂
∂t

For V1, the characteristic equation is:

dx
0

=
dt
1

=
dv
0

, (66)

which yields the following invariants, X = x and v = ϕ(X). Using these similarity
variables, we determine the following reduced ordinary differential equation: (ODE )

30ϕ2ϕ′ + 20ϕ′ϕ′′ + 10ϕϕ′′′ + ϕ′′′′′ = 0. (67)
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The Lie point symmetries of (67) are spanned by the following two-dimensional geometric
vector fields:

U1 =
∂

∂x
,

U2 = x
∂

∂x
− 2ϕ

∂

∂ϕ
.

(68)

The commutator Table of (68) is given by Table 3, from which we can see that there is only
one non-zero commutator:

[U1, U2] = U1. (69)

This 2-dimensional Lie algebra is also discussed in Lemma 4.1 of ref. [11]. The adjoint
representation Table of Lie algebra (69) is given by Table 4.

Table 3. Commutator table.

[ , ] U1 U2

U1 0 U1

U2 − U1 0

Table 4. Adjoint representation.

Ad U1 U2

U1 U1 U2 − ϵU1

U2 eϵU1 U2

Executing the code for the Lie algebra of the reduced Equation (67) gives the one-
dimensional OS , such as U1 and U2. The Maple output is shown in Figure 8.

Figure 8. Optimal system for the Lie algebra of equation (67).

Symmetry Reductions by Subalgebras U1 and U2

The OS of the reduced Equation (67) gives two inequivalent reductions. The corre-
sponding characteristic equation is:

dx
ξx(x, ϕ)

=
dϕ

ηϕ(x, ϕ)
, (70)
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Case I: U1 = ∂
∂x

For U1, the characteristic equation is:

dx
1

=
dϕ

0
, (71)

which yields the invariant ϕ(x) = c and therefore gives the invariant solution v(x, t) = c of
the Lax equation (55), where c is an arbitrary constant.

Case II: U2 = x ∂
∂x

− 2ϕ ∂
∂ϕ

For U2, the characteristic equation is:

dx
x

=
dϕ

−2ϕ
. (72)

From (72), we get ϕ(x) = ρx−2. Hence, the invariant solution of the Lax equation (55) is:

v(x, t) = ρx−2, where ρ = 0,−2, and − 6. (73)

Figure 9 illustrates the qualitative structure of the inverse-square family v = ρx−2.
The parameter ρ determines the amplitude and sign of the stationary profile. The value
ρ = 0 gives the trivial member of the family, whereas ρ = −2 and ρ = −6 give non-zero
singular profiles. Since the solution is independent of t, the three-dimensional surface
remains unchanged along the time direction. The singularity at x = 0 and the decay as |x|−2

away from the origin show the steep local spatial structure of this reduced shallow-water
wave state.

(a) 2D profiles for ρ = 0,−2,−6 (b) 3D time-independent surface

Figure 9. Graphical illustration of the stationary inverse-square solution v = ρx−2. Panel (a) shows
the two-dimensional profiles for ρ = { 0 (green),−2 (blue), −6 (red) }, while panel (b) shows that the
surface is independent of time.

5.2.2. Subalgebra V2 = ∂
∂x

For V2, the Lax equation (55) is transformed into fT = 0, with T = t and
v = F(T). Therefore, the solution is given as F(t) = c. Hence, the invariant solution
of the Lax equation (55) is v(x, t) = c, which corresponds to a spatially homogeneous
equilibrium solution.
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5.2.3. Subalgebra V3 = 1
5 x ∂

∂x
+ t ∂

∂t
− 2

5 v ∂
∂v

The characteristic equation for the subalgebra V3:

dx
x/5

=
dt
t
=

dv
−2v/5

, (74)

yields the following invariants p = xt−1/5 and v = t−2/5ψ(p). The Lax equation (55) is
transformed into ODE :

− 1
5

pψ(p)′ − 2
5

ψ(p) + 10ψ(p)ψ(p)′′′ + 20ψ(p)′ψ(p)′′ + 30ψ(p)2ψ(p)′+

ψ(p)′′′′′ = 0.
(75)

By using the power series solution, let

ψ(p) =
∞

∑
n=0

an pn. (76)

Substituting (76) in (75) and comparing coefficients, we obtain the following recursion formula:

an+5 = − 1
(n + 1)(n + 2)(n + 3)(n + 4)(n + 5)

{−1
5

nan −
2
5

an + 10
n

∑
k=0

(n − k + 3)

(n − k + 2)(n − k + 1)akan−k+3 + 20
n

∑
k=0

(k + 1)(n − k + 2)(n − k + 1)ak+1an−k+2

+ 30
n

∑
k=0

k

∑
l=0

(n − k + 1)alak−lan−k+1}, ∀ n = 0, 1, 2, . . .

(77)

Thus, for arbitrarily chosen constants ai (i = 0, 1, ..., 4), we obtain:

a5 = − 1
120

{−2
5

a0 + 60a0a3 + 40a1a2 + 30a2
0a1}. (78)

Hence, the power series solution of (75) is:

ψ(p) = a0 + a1 p + a2 p2 + a3 p3 + a4 p4 + a5 p5 +
∞

∑
n=1

an+5 pn+5

= a0 + a1 p + a2 p2 + a3 p3 + a4 p4 − 1
120

{−2
5

a0 + 60a0a3 + 40a1a2 + 30a2
0a1}p5

−
∞

∑
n=1

{ 1
(n + 1)(n + 2)(n + 3)(n + 4)(n + 5)

{−1
5

nan −
2
5

an + 10
n

∑
k=0

(n − k + 3)

(n − k + 2)(n − k + 1)akan−k+3 + 20
n

∑
k=0

(k + 1)(n − k + 2)(n − k + 1)ak+1an−k+2

+ 30
n

∑
k=0

k

∑
l=0

(n − k + 1)alak−lan−k+1}}pn+5.

(79)
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Thus, the exact power series solution of the Lax equation (55) is:

v(x, t) = a0t
−2
5 + a1xt

−3
5 + a2x2t

−4
5 + a3x3t−1 + a4x4t

−6
5 − 1

120
{−2

5
a0 + 60a0a3

+ 40a1a2 + 30a2
0a1}x5t

−7
5 −

∞

∑
n=1

{ 1
(n + 1)(n + 2)(n + 3)(n + 4)(n + 5)

{−1
5

nan −
2
5

an + 10
n

∑
k=0

(n − k + 3)(n − k + 2)(n − k + 1)akan−k+3

+ 20
n

∑
k=0

(k + 1)(n − k + 2)(n − k + 1)ak+1an−k+2 + 30
n

∑
k=0

k

∑
l=0

(n − k

+ 1)alak−lan−k+1}}xn+5t
−(n+7)

5 .

(80)

Figure 10 illustrates the local profile of the similarity power-series solution. For the
selected constants ai = 1, i = 0, 1, . . . , 4, the solution evolves through the similarity variable
p = xt−1/5 and the amplitude factor t−2/5. Therefore, the plotted profiles represent self-
similar behaviour of the reduced Lax equation. As justified in the convergence argument
below, the series is local near p = 0; consequently, the graphical representation should
be interpreted as a local visualization of the similarity solution rather than as a global
description for all x and t.

(a) 2D profiles at t = { 1 (red),
2 (yellow), 5 (blue), 8 (green) } (b) 3D similarity surface

Figure 10. Graphical illustration of the similarity power-series solution (80) for ai = 1, i = 0, 1, . . . , 4.
Panel (a) shows two-dimensional sections at selected times, and panel (b) shows the corresponding
three-dimensional surface.

Convergence of the power series. Equation (75) can be written in the normal
analytic form:

ψ(5) =
1
5

pψ′ +
2
5

ψ − 10ψψ′′′ − 20ψ′ψ′′ − 30ψ2ψ′.

The right-hand side is analytic in p, ψ, ψ′, ψ′′ and ψ′′′. Hence, by the standard local existence
theorem for analytic ordinary differential equations, for arbitrary initial values a0, a1, . . . , a4

there exists a unique analytic solution in a neighbourhood of p = 0 [13]. The recursion
Formula (77) gives exactly the Taylor coefficients of this local analytic solution. Therefore,
the power series in (79) and the corresponding invariant solution (80) are locally convergent
for sufficiently small |p| = |xt−1/5|.
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5.2.4. Subalgebra V1 ± V2 = ∂
∂t
+ ∂

∂x

For V1 ± V2, (55) is transformed into:

− Φ′ + 30Φ2Φ′ + 20Φ′Φ′′ + 10ΦΦ′′′ + Φ′′′′′ = 0, (81)

with z = x ± t and v = Φ(z). The Lie symmetry algebra of (81) is one-dimensional and
is generated by X1 = ∂

∂z
. Applying the code to this algebra gives OS X1 itself. The

corresponding reduction gives Φ(z) = c, and hence the invariant solution v(x, t) = c.

6. Conclusions
A Maple code for constructing optimal systems of solvable Lie algebras has been

developed, based on the ideal-based framework of ref. [11]. The implementation computes
ideals, possible representative forms, adjoint factorizations, and conjugacy classes in a single
reproducible workflow, with checkable intermediate output at every stage. The method
was validated on solvable Lie algebras up to nine dimensions, where the determination
of all ideals took approximately five minutes, while the forms, adjoint factorizations,
and conjugacy classes were each obtained in under a minute, so that the complete one-
dimensional optimal system was found within a few minutes, a task that would take
considerably longer if carried out manually. The underlying construction is not limited to
this dimension, and the code can, in principle, be applied to solvable Lie algebras of higher
orders as well. One dimensional representatives were further extended to two-dimensional
subalgebras through normalizers and quotient algebras.

The application to the Lax equation shows how the computed optimal system supports
symmetry reduction of a nonlinear dispersive shallow water model, yielding a constant
solution, a nontrivial stationary inverse square solution, and a locally convergent similarity
power series solution. These results connect the Lie algebraic classification obtained by the
code with concrete invariant solutions of a nonlinear differential equation.

From a computational point of view, the main cost occurs in enumerating candidate
forms from ideals and in repeated ideal/subalgebra and normalizer computations. There-
fore, the runtime is expected to grow substantially for algebras with many one-dimensional
ideals or many free structure parameters. The present implementation is restricted to
solvable Lie algebras; extension to non-solvable algebras, for example through Levi decom-
position into a semisimple part and a solvable radical, is a natural future direction.
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Appendix A

Listing A1: Below are the functions used in the above-mentioned code:

> generateSubsets := proc(elements::list)

local S, subset_list, sub_set;

S := combinat:-subsets(elements);

subset_list := [];

while not S[finished] do

sub_set := S[nextvalue]();

subset_list := [op(subset_list), sub_set]

end do;

return subset_list

end proc:

> CreateBasisList := proc(inputList::list)

local n, result;

n := nops(inputList);

result := [seq(inputList[i .. n], i = n .. 1, -1)];

return result

end proc:

> CreateCeffList := proc(originalList)

local resultList, i;

resultList := [[1]];

for i to nops(originalList)-1 do

resultList := [op(resultList), [1, op(originalList[-i ..

-1])]];

end do;

return resultList;

end proc:

> DotProduct := proc(u::list, v::list)

local i;

return [add(u[i]*v[i], i = 1 .. min(nops(u), nops(v)))];

end proc:

> CalculateDotProducts:=proc(cefflist::(list(list)),basislist::

(list(list)))

return zip(proc (a, b) options operator, arrow;

DotProduct(a, b) end proc, cefflist, basislist);

end proc:

> MyFunction := proc(v_alg)

local val_alg, vallg, element, v_all;

val_alg := DGinfo(evalDG(v_alg), "ObjectGenerators");

val_alg := [op(val_alg)];

vallg := [];

for element in val_alg do

v_all := [_DG([["vector", L1, []], [[[element], 1]]])];

vallg := [op(vallg), op(v_all)];

end do;

return vallg;

end proc:

> sortList := proc(sublist)

sort(sublist):

end proc:

> check_elements := proc(g_prime, elements_to_check)

local i, element, results, result;

results := [ ];

for i to nops(elements_to_check) do
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element := elements_to_check[i];

if member(element, g_prime) then

results := [op(results), true]:

else

results := [op(results), false]:

end if:

end do:

if has(results, false) then

result := false:

else

result := true:

end if:

return result;

end proc:

> process_subsets := proc(subsets)

local element, com, result, is_ideal, element_com, ele,

new_subsets, Onedimensional_IDeals, basislist, cefflist;

new_subsets := [];

Onedimensional_IDeals := [];

for element in subsets do

com := LinearAlgebra:-DotProduct([seq(a[i], i = 1 ..

nops(element))], [op(element)], conjugate = false);

result := Query([com], "Subalgebra");

if result then

is_ideal := Query([com], "Ideal");

if is_ideal then

basislist := CreateBasisList(element);

cefflist := CreateCeffList([seq(a[i], i = 1 ..

nops(element))]);

element_com := CalculateDotProducts( cefflist,

basislist);

for ele in element_com do

result := Query(ele, "Subalgebra");

if result then

is_ideal := Query(ele, "Ideal");

if is_ideal then

Onedimensional_IDeals := [op(Onedimensional_

IDeals), ele]:

end if:

end if:

end do:

new_subsets := generateSubsets(element);

new_subsets := ‘minus‘({op(new_subsets)}, {[]});

new_subsets := ‘minus‘({op(subsets)}, new_subsets);

new_subsets := [op(new_subsets)];

break

end if

end if

end do;

Onedimensional_IDeals := Onedimensional_IDeals;

return [new_subsets, Onedimensional_IDeals];

end proc:

> FindONEDIMIdeals := proc()

local centerr, c_alg, calg, d_al, dall, element, Z_g,

d_alggebra, g_prime, Onedimensional_IDeals_listt, result,

is_ideal, Z_g_prime, subsets, i,

gg_prime, resultt, iddeal;

centerr := Center();

centerr := sort(centerr);

if centerr <> [ ] then

c_alg := evalDG([LinearAlgebra:-DotProduct([seq(1, i=1..
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nops(centerr))], [op(centerr)], conjugate = false)]);

calg := MyFunction(op(c_alg));

if dall <> [ ] then

centerr := calg:

end if:

end if;

Z_g := centerr;

d_alggebra := DerivedAlgebra();

d_alggebra := sort(d_alggebra);

if d_alggebra <> [ ] then

d_al := evalDG([LinearAlgebra:-DotProduct([seq(1, i = 1..

nops(d_alggebra))

], [op(d_alggebra)], conjugate = false)]);

dall := MyFunction(op(d_al));

if dall <> [ ] then

d_alggebra := dall

end if:

end if;

g_prime := d_alggebra;

gg_prime := d_alggebra;

Onedimensional_IDeals_listt := [ ];

if Z_g <> [ ] then

subsets := generateSubsets(Z_g);

subsets := ‘minus‘({op(subsets)}, {[ ]});

subsets := sort([op(subsets)], proc (a, b) options

operator, arrow; nops(b) < nops(a) end proc);

while subsets <> [ ] do

resultt := process_subsets(subsets);

subsets := resultt[1]; iddeal := resultt[2];

Onedimensional_IDeals_listt := [op(Onedimensional_

IDeals_listt), op(resultt[2])];

end do:

end if;

Onedimensional_IDeals_listt:=Onedimensional_IDeals_listt;

g_prime := ‘minus‘({op(g_prime)}, {op(Z_g)});

g_prime := [op(g_prime)];

if g_prime <> [ ] and g_prime <> Z_g then

Z_g_prime := Centralizer(g_prime);

if Z_g_prime <> [ ] then

d_al := evalDG([LinearAlgebra:-DotProduct([seq(1,i=1..

nops(Z_g_prime))

], [op(Z_g_prime)], conjugate = false)]);

Z_g_prime := MyFunction(op(d_al));

end if;

Z_g_prime := sort(Z_g_prime);

Z_g_prime := ‘minus‘({op(Z_g_prime)}, {op(Z_g)});

Z_g_prime := [op(Z_g_prime)];

if Z_g_prime <> [ ] then

subsets := generateSubsets(Z_g_prime);

subsets := ‘minus‘({op(subsets)}, {[]});

subsets := sort([op(subsets)], proc (a, b) options

operator, arrow; nops(b) < nops(a) end proc);

while subsets <> [ ] do

resultt := process_subsets(subsets);

subsets := resultt[1]; iddeal := resultt[2];

Onedimensional_IDeals_listt:=[op(Onedimensional_

IDeals_listt), op(resultt[2])]:

end do:

end if:

end if;

Onedimensional_IDeals_listt:=Onedimensional_IDeals_listt;

if Onedimensional_IDeals_listt = [ ] then

if gg_prime <> [ ] then
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subsets := generateSubsets(gg_prime);

subsets := ‘minus‘({op(subsets)}, {[ ]});

subsets := sort([op(subsets)], proc (a, b) options

operator, arrow; nops(b) < nops(a) end proc);

while subsets <> [ ] do

resultt := process_subsets(subsets);

subsets := resultt[1]; iddeal := resultt[2];

Onedimensional_IDeals_listt := [op(Onedimensional_

IDeals_listt), op(resultt[2])]:

end do:

end if:

end if;

return Onedimensional_IDeals_listt;

end proc:

> processnext_subsets := proc(elements, subsets)

local element, com, result, is_ideal, element_com, ele,

new_subsets, dimensional_IDeals, next_ideal, basislist,

cefflist;

new_subsets := [];

next_ideal := [];

for element in subsets do

com := LinearAlgebra:-DotProduct([seq(a[i] , i = 1 ..

nops(element))], [op(element)], conjugate = false);

com := [op(elements), com];

result := Query(com, "Subalgebra");

if result then is_ideal := Query(com, "Ideal");

if is_ideal then

basislist := CreateBasisList(element);

cefflist := CreateCeffList([seq(a[i], i = 1 .. nops

(element))]);

element_com := CalculateDotProducts(cefflist,

basislist);

for ele in element_com do

result := Query([op(elements), op(ele)],

"Subalgebra");

if result then

is_ideal := Query([op(elements), op(ele)],

"Ideal");

if is_ideal then

next_ideal := [op(next_ideal),[op(elements),

op(ele)]];

end if:

end if:

end do;

new_subsets := generateSubsets(element);

new_subsets := ‘minus‘({op(new_subsets)}, {[]});

new_subsets := ‘minus‘({op(subsets)}, new_subsets);

new_subsets := [op(new_subsets)];

break

end if:

end if:

end do;

next_ideal := next_ideal;

return [new_subsets, next_ideal];

end proc:

> find_other_ideal := proc()

local IDeals_listt, elements, basiss, subsets, Basis,

resultt, iddeal;

IDeals_listt := [];

for elements in current_ideal_list do

basiss := ‘minus‘({op(VectStrEq[2])}, {op(elements)});
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Basis := [op(basiss)];

if Basis <> [] then

subsets := generateSubsets(Basis);

subsets := ‘minus‘({op(subsets)}, {[]});

subsets := sort([op(subsets)], proc (a, b) options

operator, arrow; nops(b) < nops(a) end proc);

while subsets <> [] do

resultt := processnext_subsets(elements, subsets);

subsets := resultt[1];

iddeal := resultt[2];

IDeals_listt := [op(IDeals_listt), op(resultt[2])];

IDeals_listt := sort(IDeals_listt);

end do:

end if:

end do;

return IDeals_listt;

end proc:
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