. mathematics

Article

Maple Encoding of Optimal Systems for Solvable Lie Algebras

Nimra Sher Asghar >*{, Hassan Azad 3 and Tooba Feroze

W) Check for updates

Academic Editor: Baccouch Mahboub

Received: 22 May 2026

Revised: 8 July 2026

Accepted: 10 July 2026

Published: 14 July 2026

Copyright: © 2026 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license.

1,%

School of Natural Sciences, National University of Sciences and Technology, H-12, Islamabad 44000, Pakistan
2 School of Mathematical Sciences, University of Nottingham, University Park, Nottingham NG7 2RD, UK
Abdus Salam School of Mathematical Sciences, Government College University, Lahore 54600, Pakistan;
hassan.azad@sms.edu.pk

Correspondence: nimra.phdmaths22sns@student.nust.edu.pk or

nimra.sherasghar@nottingham.ac.uk (N.S.A.); tferoze@sns.nust.edu.pk (T.F.)

Abstract

This paper presents a Maple code for the systematic computation of optimal systems of
solvable Lie algebras, built on an ideal based algorithmic framework. The main contribution
is a fully automated Maple implementation that computes ideals, possible representative
forms, adjoint factorizations, and conjugacy classes in a single reproducible workflow. The
code is validated on a 9-dimensional solvable Lie algebra, where all ideals were determined
in approximately five minutes, while the subsequent forms, adjoint factorizations, and
conjugacy classes were each obtained in under a minute, a task that would take considerably
longer manually. One-dimensional representatives are further extended to two-dimensional
subalgebras through normalizers and quotient algebras. The code is then applied to the
Lax equation, where its optimal system is used to derive invariant solutions, which are
analyzed graphically to illustrate their behavior in detail.

Keywords: solvable lie algebra; ideals; conjugacy classes; invariant solutions

MSC: 17B80

1. Introduction

An optimal system (OS) is a collection of subalgebras chosen from a Lie algebra
that aids in finding functionally independent invariant solutions of differential equations
(DEs). In other words, the construction of an OS involves classifying subalgebras into
inequivalence classes in such a way that every subalgebra is equivalent to one representative
of these classes. Selecting one representative from each class ensures that all possible
invariant solutions are considered without redundancy. This is one of the main reasons
why optimal systems are important in symmetry analysis of differential equations.

The formation of one-dimensional OSs for Lie algebras was first introduced by Ovsian-
nikov. He employed the global matrix approach for the adjoint transformations and also
discussed the construction of OSs of higher dimensions, as given in refs. [1,2].

Mathematical physics has witnessed substantial advancements in this technique. In
particular, Patera et al. extended Ovsiannikov’s work, as discussed in ref. [3]. Regarding
OSs of higher-dimensional Lie algebras, Galas further advanced Ovsiannikov’s approach
by considering the problem of non-solvable algebras and by eliminating equivalent sub-
algebras, as discussed in ref. [4]. Patera and Winternitz provided conjugacy classes of all
real Lie algebras of dimensions less than and equal to four. Their results were obtained by
using the group of inner automorphisms, i.e., the Lie group obtained by exponentiating the
adjoint representation of the considered Lie algebra, as discussed in ref. [5].
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Another way of determining OSs was introduced by Ibragimov in refs. [6-8]. In this
approach, a generator is subjected to suitable adjoint transformations and is simplified as
much as possible. This method is useful and has been widely applied in the construction of
invariant solutions of D&s. However, it usually involves complex algebraic calculations
and lacks an algorithmic approach. This situation leads to the problem of developing
computational methods for determining conjugacy classes of subalgebras.

Addressing this challenge, Amata and Oliveri developed an algorithmic procedure,
described in ref. [9], without detailed proofs. Later they introduced the SymboLie package
for the automatic determination of OSs. Recently, Amata, Oliveri and Sgroi presented
another computational approach for determining optimal systems, as given in ref. [10].
These works provide valuable symbolic tools for Lie subalgebra classification; however,
they may leave out some Lie subalgebras in certain cases.

The present work follows a different approach which converts the ideal-based con-
struction of Ali et al. [11] into a practical Maple procedure for solvable Lie algebras.
Although optimal systems can be obtained manually for small algebras, the manual process
requires repeated computation of ideals, possible representatives, adjoint transformations,
normalizers, quotient algebras and removal of conjugate cases. For higher-dimensional
algebras, this becomes time-consuming, and some ideals or conjugacy classes may be
missed. The proposed code performs these repeated steps systematically and produces
intermediate outputs, so the final representatives can be checked and reproduced with
less manual effort. Compared with Ibragimov’s direct adjoint simplification [6-8], the
implementation first uses ideals to reduce the possible forms and then applies adjoint trans-
formations to those reduced cases. Compared with SymboLie and related computational
approaches [9,10], the present code emphasizes a transparent ideal-based workflow and
also extends one-dimensional representatives to higher-dimensional subalgebras through
normalizers and quotient algebras.

The reason for using this method is that ideals naturally describe the structure of
solvable Lie algebras. If £ is a solvable Lie algebra and X € £, then X is contained
in a smallest ideal of £. This smallest ideal determines the possible shape of the one-
dimensional subalgebra generated by AX". Therefore, by determining all ideals, one obtains a
systematic starting point for finding conjugacy classes. The adjoint group is then factorized
according to these ideals, and conjugate cases are removed. This method ensures that every
possible conjugacy class is addressed without overlap because ideals naturally partition
the Lie algebra into disjoint substructures. This approach not only simplifies the analysis
but also ensures that no conjugacy class is left out.

Researchers and practitioners across a range of domains can find the methodology
more accessible and user-friendly as it offers a streamlined and efficient method of handling
Lie symmetry generators and associated OSs. The organization of this article is as follows:
In Section 2, we apply the algorithms given in ref. [11] to develop the theoretical framework
for determining all ideals, possible forms, adjoint factorizations, and conjugacy classes of
one-dimensional subalgebras within solvable Lie algebras; this section illustrates the overall
computational workflow for constructing ideals and conjugacy classes of subalgebras of
solvable Lie algebras using a flowchart. In Section 3, this framework is implemented in
Maple and validated through a 9-dimensional (9-D) solvable Lie algebra, ensuring the
accuracy of the determined ideals and conjugacy classes. In Section 4, two-dimensional
subalgebras are computed by extending the one-dimensional representatives via the nor-
malizer construction. In Section 5, the application of this program in the domain of DEs
is carried out: the Lie symmetries of the provided DE are first identified, and once the
corresponding Lie algebra is obtained, the program is used to determine the OSs. These
systems are then instrumental in determining the invariant solutions of the partial differen-
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tial equations (P DEs), providing deeper insight into their structure and potential solutions;
the invariant solutions obtained are thoroughly analyzed, with a focus on their physical
behavior and characteristics. Lastly, in Section 6, we present our conclusions.

2. Computational Framework for Constructing Optimal Systems of
Solvable Lie Algebras

The theoretical basis of the present implementation is the ideal-based construction
of conjugacy classes of subalgebras of finite-dimensional solvable Lie algebras developed
in [11]. Let £ be a finite-dimensional solvable Lie algebra. A subspace Z C L is an ideal if:

(X, V] eI, VXel, VYel

Ideals are important here because they are invariant under inner automorphisms and
therefore provide natural containers for conjugacy classes. If } € L, then the smallest
ideal containing ) determines the shape from which the corresponding one-dimensional
subalgebra is classified. Once these forms are known, the possible forms of one-dimensional
subalgebras can be determined. The adjoint action is then applied only to these forms in
order to remove conjugate cases. The implemented procedure is summarized step by step
using the flowchart in Figure 1.

Input
Finite-dimensional Lie algebra L
with basis {el, €2, ..., en}
and non-zero commutation relations

Check if L is solvable If No
Query("Solvable") {  Stop

Initialize:

Form the quotient algebra L/I
For each Current Ideal |

Does Lt contain
one-dimensional ideals?

If Yes

Lift these ideals to L and
obtain higher-dimensional
ideals of L

embed (Y)
a series of normalizers
<Y1>c<Y1Y2>c..clL

This gives a factorization of the
adjoint group e”(tnad(Yn)) -+
en(t1ad(Y1))

Compute adjoint factorization

Remove conjugate representatives

Current Ideals

One Dimensional Ideals

If Yes
Determine
one-dimensional
ideals of L

Obtain all ideals of L

Determine possible forms/shapes
of elements from the

Store

smallest ideals containing them

For each possible form Y

If Yes

If No

For Y in derived algebra L'

One-dimensional
optimal system of L

Obtain (d+1)-dimensional
subalgebras

get a factorization
er(tlad(Y1)

--eA(trad(Yr) er(tr+lad(Yr+1)):

-+ eM(tnad(Yn))
of the adjoint group
where Y1 = Y,..,.Yr

are independent mod L’

and Yr+l,..,.Yn arein L',

Remove remaining
conjugate cases

No higher-dimensional | If Yes
extension )

Construct quotient
algebra N(S)/S

If No

IsN(S)=$?

For each representative S = <X>,
compute N(S)

. Repeat until no further extensions exist

Higher-dimensional optimal systems

Figure 1. Computational workflow for constructing optimal systems of finite-dimensional solvable
Lie algebras. Step 1: input the basis and commutation relations of £, and verify solvability through
the derived series. Step 2: compute one-dimensional ideals and then construct higher-dimensional
ideals recursively by using quotient algebras. Step 3: determine possible representative forms from
the smallest ideals containing the elements. Step 4: compute adjoint factorizations associated with
these forms and remove conjugate representatives. Step 5: for higher-dimensional systems, extend
each representative S = (X') by computing its normalizer N(S) = {Y € L : [}, S] C S} and classify
one-dimensional subalgebras of the quotient algebra N(S)/S; the quotient representatives are lifted
back to £, and the procedure is repeated until no further extensions exist.
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3. Maple Implementation and Validation on a Nine-Dimensional
Solvable Lie Algebra

This section implements the framework of Section 2 in Maple and validates it on a
nine-dimensional solvable Lie algebra. The presentation follows the main computational
stages: construction of ideals, determination of possible representative forms, adjoint
factorization, and extraction of one-dimensional conjugacy classes.

Consider the nine-dimensional Lie algebra with basis (el,e2,e3, ¢4, €5, ¢6,¢7, €8, €9).
The non-zero commutation relations are:

[el,e4] =e2, [el,e5] =e3, [el,e6] =el, [el,e8] =el,
[€2,e6] = €2, [e2,e7] = —e3, [e3,e6] =e3, [e3,e7] =e2, 1)
[e4,e7] = —e5, [e4,e8] = —e4, [e6,e7] =e4, [e5,e8] = —eb.

The 9-D Lie algebra is entered into Maple by specifying its basis and non-zero commutation
relations , as shown in Listing 1.

Listing 1: Maple input for the nine-dimensional Lie algebra.

VectStrEqg :=[’Input The Lie Algebra’], [’Input The Basis’];
g := LieAlgebraData (VectStrEq, L1);

DGsetup (g, VectStrEg[2], [alphal);

Basis := DGinfo(Ll, "FrameBaseVectors");

The solvability of the algebra is verified by the command in Listing 2:

Listing 2: Maple command for verifying solvability.

Query ("Solvable");

Which examines the derived series of the algebra. For the Lie algebra £ defined by (1),
Maple returns t rue. Hence, the code is applicable. The input and solvability verification
are shown in Figure 2. The other functions used in the code are defined in Appendix A.

Lie Algebra == op(VectStrEq[1]);
[el,ed]|=e2, [el, eS| =e3, [el,e6]=el, [el, e8] =el, [e2,e6]=e2, [e2, e7] = -e3, [e3, e6] =3,
[e3,e7]=e2, [e4, e7] = -€5, [e4, e8] = —e4, [e5, e7]| =ed, [e5, e8] = -&I
Dimension_of Lie_Algebra — print(nops( VectStrEq|2]), Dimensional Lie Algebra);
9. Dimensional Lie Algebra
Lie Algebra_is_Solvable =— Query("Solvable");
true

Figure 2. Input of the 9-D Lie algebra and verification of solvability.

The implementation proceeds through the following steps.
Step 1: How to Find All the Ideals of the Lie Algebra

The first step determines all ideals of the solvable Lie algebra £. The computation
begins with one-dimensional ideals, which are then used as initial data for the recursive

construction of higher-dimensional ideals through quotient algebras. The Maple execution
of this step is given below.
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Listing 3: Maple code for determining all ideals of the Lie algebra.
All_TIdeals := [ ];
onedimensionalideals := FindONEDIMIdeals () ;
current_ideal_list := onedimensionalideals;
if current_ideal_list = [ ] then
d_alggebra := DerivedAlgebral();
d_alggebra := sort (d_alggebra);
if d_alggebra <> [ ] then
d_al:=evalDG([LinearAlgebra:-DotProduct ([seq(l,i=1..nops(d_alggebra))l],
[op(d_alggebra)], conjugate false)]);
dall := MyFunction(op(d_al));
g_prime := dall;
subsets := generateSubsets (g_prime);
subsets := ‘minus‘ ({op(subsets)}, {[ 1});
ide := [ 1;
for ele in subsets do
if Query(ele, "Subalgebra") then
if Query(ele, "Ideal") then
ide := [op(ide), ele]:
end if:
end if:
end doj;
current_ideal_list := ide:
end if:
end if;
All_TIdeals := [op(All_Ideals), op(current_ideal_list)];
Current_ideal := [];
for elements in current_ideal_list do
idealss_id:=evalDG([LinearAlgebra:-DotProduct ([seq(l,i=1..nops (elements)) ],
elements, conjugate = false)]);
co_effs:=DGinfo (evalDG (op (idealss_id)), "CoefficientSet", {op (VectStrEqg[2]) });
if nops(co_effs) = 1 then
Current_ideal := [op(Current_ideal), elements]:
else
co_effs := ‘minus‘(co_effs, {1});
egs := map (proc (c) options operator, arrow; c = 0 end proc,co_effs):
elements := subs(egs, elements):
Current_ideal := [op(Current_ideal), elements]:
end if:
end doj;
current_ideal_list := Current_ideal;
current_ideal_list := map(sortList, current_ideal_list);
current_ideal_list := convert (current_ideal_list, set);

for elemm to nops (VectStrEg[2]) do

ideal_list := find_other_ideal();
ideal_list := convert (ideal_list, set);
ideal_list := [op(ideal_list)];
idealss := ideal_list;
current_ideal_list := idealss;
if current_ideal_list = [ ] then
d_alggebra := DerivedAlgebral();
d_alggebra := sort(d_alggebra);
if d_alggebra <> [ ] then

d_al:=evalDG([LinearAlgebra:-DotProduct ([seq(l,i=1..nops(d_alggebra))l,
[op(d_alggebra)],conjugate = false)]);

dall := MyFunction(op(d_al));

g_prime := dall;

subsets := generateSubsets (g_prime);
subsets := ‘minus‘({op(subsets)}, {[ 1});
ide := [ 1;

for ele in subsets do
if Query(ele, "Subalgebra") = true then
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if Query(ele, "Ideal") = true then
ide := [op(ide), ele]:
end if:
end if:
end doj;
current_ideal_list := ide:
end if:
end if;
All _TIdeals := [op(All_Ideals), op(current_ideal_list)];
Current_ideal := [ 1;

for elements in current_ideal_list do
idealss_id:=evalDG([LinearAlgebra:-DotProduct ([seq(l,i=1..nops (elements))],

elements, conjugate = false)]);
co_effs := DGinfo(evalDG(op (idealss_id)), "CoefficientSet", {op(VectStrEql[2])})
7
if nops(co_effs) = 1 then
Current_ideal := [op(Current_ideal), elements];
else
co_effs := ‘minus‘(co_effs, {1});
egs := map (proc (c) options operator, arrow; c¢c = 0 endproc, co_effs);
elements := subs(egs, elements);
Current_ideal := [op(Current_ideal), elements];
end if:
end do:
current_ideal_list := Current_ideal:
current_ideal_list := map(sortList, current_ideal_list):
current_ideal_list := convert (current_ideal_list, set):
end do:
iideals := [ 1;

for elements in All_TIdeals do

elements := sort (elements);
iideals := [op(iideals), elements];
end do;
All_TIdeals_algebraa := convert (iideals, set);

All_Tdealss_algebra:="'minus ' ({op(All_Ideals_algebraa)}, {All_Ideals_algebraal-1]1});

reem_el := ‘minus({op(VectStrEq[2])}, {op(All_Ideals_algebraal-21)1});
result := Query([op(reem_el), op(All_Ideals_algebraal-2])1,

"Ideal");

if result = true then

All_TIdeals_algebraa:=[op(All_Idealss_algebra), [op(reem_el),op(All_Ideals_algebraa

[(-21)11:

end if:

All_TIdeals_algebra := All_TIdeals_algebraa;
originallist := All_Ideals_algebra;

for elements in originallList do
for 1 to nops(originallist) do

or_result := has(elements, {al[il});
if or_result = true then
elo := ‘minus‘({op(elements)}, {elements[1l]});
originallist := remove (has, originallist, {sort([op(elements[1])[1],
op(elo)])}):
end if:
end do:
end do:
All_Tdeals_of_liealgebra := originallist;

Applying this code to the nine-dimensional Lie algebra generates the complete list of
ideals of £. The output is shown in Figure 3.
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Ideals All Ideals of lie algebra
[[99]. [e2, e3], [el, e2, e3], [e2, 3, e9], [e6+ a, e9. el e, e.?} [el. e2, e3, 9],

[e2. e3. ed, 5], [e7+ a, €9. e2, e3, e4. 25]. lel. e2. e3. e4. €3], [el. e2. e3,
26169},[62,23,241251691,[68‘+'G4€9,2[122163,24165],[67‘+ a, es
+—a429,ef,23,23,e4,e5},[66‘+'aze7‘+'03284+ 0429,21,63.23,24,25}
[91,92,83,64,95,89],[82,83,94,95,87,69},[e7-+-0368,91,82,83,94,85
9,9], [e7+ ay e, el e2, e3. ed. e3. e&], [98 +a,e9 el e2 e3. ed. el 96], [98
+a; e9. el. e2, e3. e4, e3. e7]. [e6 +a,e7 +ag €S, el. e2. e3, ed. e5. e9].
[26 +a,e7 +age9. el e2. e3, ed. e5, 28}. [26 +a,e8+azed. el e2. e3.
e4,e5,e7],[e7A+'a298‘+ 0329121162,63164165166},[ef,e},€3,€4,€5,€8
e? {26‘+'a227,ef,23,23,24,25,28,29],{26‘+'a228,el,22,23,64,25,27

1.
89],[86'+'0289,€f,€3,83,84,65,97,88],{87'+'0288,€f.€2,83,84,95,86
9,9], [9,7 +a,e9, el el e3, ed, 5. €6, 9.8], [98 +a,e9. el el e3, ed. e5, eb,
e?’]. [

el, e2, e3. ed, e5, e7. e8, 9], | eb, el, e2, e3, e4, e3, e7, &8, 99}}

Figure 3. All Ideals of the defined 9-D Lie algebra

Step 2: Determining the Possible Shapes

Starting from the ideals of smallest dimension, the code determines the possible
representative forms of elements of L. The execution of this step in Maple is as follows:

Listing 4: Maple code for determining the possible representative forms.

constantt := {seqg(al[i], 1 = 1 .. nops(VectStrEq[2]))};
updateid := [];
Idealss:="minus({op(All_Ideals_of_liealgebra)}, {All_Ideals_of_liealgebral[-1]});
for elements in Idealss do
has_element := has(elements, constantt);
if has_element = true then

result_id:=evalDG([LinearAlgebra:-DotProduct ([seq(l,i=1..nops (elements)) ],
elements, conjugate = false)]);

result_id := MyFunction (op (result_id));

check_r := member (result_id, Idealss);

if ‘or‘(check_r = true, nops(result_id) = nops (VectStrEqg[2])) then

updateid := [op(updateid), elements];
end if:

end if:
end do:
UpdateID := updateid;
ideals_algebra := ‘minus‘(Idealss, {op(UpdatelD)});
if Query ("Abelian") then

Form := FindONEDIMIdeals () :
else

idealss := [];

for element in ideals_algebra do
idealssid:=evalDG([LinearAlgebra:-DotProduct ([seq(l,i=1..nops (element)) ],

element, conjugate = false)]);
idealssid := MyFunction (op (idealssid));
idealss := [op(idealss), idealssid]:
end do:
idealss := convert (idealss, set);
idealss := [op(idealss), All_Ideals_of_liealgebral[-1]11];
ceff := cat(c, 1 .. 20);
newestlist := [];

for 1 to nops(idealss) do
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constant_1list := [1, seq(ceff[i][k], k = 1 .. nops(idealss[i])-1)];
newestlist := [op(newestlist), constant_list];
end doj;
forms := CalculateDotProducts (newestlist, idealss);
Form := forms:
end if;
Form := Form;

The output of this step gives the possible forms of the elements in the 9-D Lie algebra.
These forms are shown in Figure 4.

Shapes Form
“99], [23 +¢2 93} [e] +c3,e2 +c3, 93} [e_’ + ¢4, e3 + ¢4, 99} [e] +¢3, e2

4= 052 e3 + 053 89].. [e_’Jr 061 e3 + 062 ed + (163 95} [e] 4= 071 el + (172 e3
+c7ed+c7, 95} {el +c8,e2+c8,e3+ c8;e6+ 8, 9.9]. [9_7+c91 el
+e9,ed +c9,e5+¢9, 99} [e] + 10, e2+ cl0,e3+ cl0; ed + cl0, e5
+CI05€9} [e_’+d]1 e3+cﬂze4+c]13 e5+cH4 e’ + 611529], [el

4= cl_’l e2 + 0122 e3 + 0133 ed + 0124 el + 0125 el + 0136 e9], [el 4= cBl e?
+el3,e3+cl3 ed+cl3 el +cl3 e6+ 0135€8+(1137€9], [el+c]41 e?
telde3+clded+cld el +cld el + l:‘f46€8+(,‘]4?29], [e6+d51 el
+cl5293+d53 93+c]54e4+cl5595+cf5se7+c]57€8+cl5899}]

Figure 4. Possible shapes of the defined 9-D Lie algebra

Step 3: Determining the Factorization of the Adjoint Group

If the form is an ideal, it cannot be conjugate to any other element of L. If it is not an
ideal, the code checks whether it lies in the derived algebra £'. In that case, the element Y
is inserted from the £’ into a normalizer series < Y = Y; >, < Y1, ), >, and so on until
the series reaches the full Lie algebra, or until no further enlargement is possible. When the
full algebra is reached, this series gives a factorization of the adjoint group into exponential
factors ek (k) | e€194(V1) where ad is the adjoint representation is given by:

. €? el
If Y ¢ L', then the adjoint group will be decomposed into e€1%4(V1) _ _, gemad (V) gem10d(Vns1) |
ek84(%)  where Vimi1--- Y € L and these Y1 = ), ..., Yy elements not in £'. The Maple

execution of this step is as follows:

Listing 5: Maple code for determining the adjoint factorizations.

d_alggebra := DerivedAlgebral();

d_alggebra := sort (d_alggebra);

if d_alggebra <> [] then
d_al:=evalDG(LinearAlgebra:-DotProduct ([seqg(l,i=1..
nops (d_alggebra)) ], [op(d_alggebra)], conjugate = false));
d_alggebra := MyFunction(d_al):

end if:

g_prime := d_alggebra:

List_of_Adjoint_Factorization_with_ID_subspaces := [ ]:
for element in Form do
result := Query(element, "Ideal");

if result = true then
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List_of_Adjoint_Factorization_with_ID_subspaces:={op (List
of_Adjoint_Factorization_with_ID_subspaces), [[ 1,

element] }:

else
dcall := MyFunction (op(element)) :
ooo := {op(dcall)}:
res := check_elements (g_prime, 000);
if res = true then
1 _ist := [];
Sub_Nor := element;
1_ist := [op(l_ist), op(Sub_Nor)];
Sub_Nor := SubalgebraNormalizer (Sub_Nor);
1_ist := [1l_ist, Sub_Nor];
Sub_Nor := DGinfo (evalDG (LinearAlgebra:-DotProduct ([segq(l, 1 =1
nops (Sub_Nor) )], [op (Sub_Nor) ],conjugate = false)), "ObjectGenerators");
aabl := [op(Sub_Nor)];
dcalll := [];
for eles in aabl do
c_alll := [_DG([["vector", L1, [11, [[leles], 1111)1;
dcalll := [op(dcalll), op(c_alll)];
end doj;
Sub_Nor := [op(dcalll)l];
Sub_Nor := SubalgebraNormalizer (Sub_Nor) ;
1_ist := [op(l_ist), Sub_Nor];
if nops (Sub_Nor) <> nops (VectStrEqg[2]) then
Sub_Nor := SubalgebraNormalizer (Sub_Nor) ;
1_ist := [1l_ist, Sub_Nor];
end if;
Normalizer_Series := 1_ist;
K := [oo00[1l1];
Fac := ‘minus({op (Normalizer_Series[-1])}, {op(K)});

for ee in Fac do

ABE := Query([ee, op(element)], "Abelian");
if ABE = true then
Fac := ‘minus‘(Fac, {ee}):
end if:
end do;
adj_fac := [op(Fac)];
List_of_Adjoint_Factorization_with_ID_subspaces := {op(

List_of_Adjoint_Factorization_with_ID_subspaces),
[adj_fac, element]}:

else
bas := DGinfo(Ll, "FrameBaseVectors");
c_R := '‘minus‘({op(bas)}, {op(g_prime)});
fac_R := {op(c_R), op(g_prime)};
c_R := '‘minus‘({op(bas)}, {op(element[1l])I[1]1});
c_R := [op(c_R)];
for ee in c_R do
ABE := Query([ee, op(element)], "Abelian");
if ABE = true then
c_R := ‘minus‘({op(c_R)}, {ee}):
end if:
end do;
c_R_adj_fac := [op(c_R)];
List_of_Adjoint_Factorization_with_ID_subspaces := {op

(List_of_Adjoint_Factorization_with_ID_subspaces),
[c_R_adj_fac, element]}:
end if:
end if:
end do:
List_of_Adjoint_Factorization_with_ID_subspaces;
List_of_Adjoint_Factorization_with_forms := List_of_Adjoint_
Factorization_with_ID_subspaces;
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The program generates an adjoint factorization for each possible form of the 9-D Lie al-
gebra. The output is shown in Figure 5, where each form is displayed with its corresponding
adjoint factors so that the classification can be verified from the intermediate data.

Adjoint Factorizations |List_of Adjoint_Factorization_with_forms

[[[ 1, [e9]], [[26, e7, [e:’ +c2; eS'H, [[26, e7l. [e:’ +c4 e3+c4, 99”, [[eﬁ, e7, e8],
[92 +c6, e3 + c6, ed + c6, e5 } [[el, 6, e7, e8], [9_7 +c9 e3+cled+cY;ed

[eIA+ c3 e2 + c3233]],[[e4,e5,e6,e7,e&],[el

]
Fe, 69”, [[94, es, eb, e7, e8]
+e5, e2+ 5, e3 + ¢S, ePH,

|

[e4, e5. e6, 7. e8], {ei +c7 e2+c7,e3+c7; ed
+c7, 35”, [[84, el eb, e7, ed|, [ef +cl0 e2+cll,e3+clO ed+cll, e5
+clo; QQH, [[94, 3, eb, e7, e8], [ef +cl2e2+cl2,e3+cl2, ed+cl2, e5
4*612568‘F612569H,[[81,82,63,64,65,61 eSL[e64kcl5leJAFcl5zeJ
+eli,ed+clS ed+cli e5+cl5 el +cli, eS8+ clf e9”, {[ei, e3, e4, e5, eb,
e7, e8], [ 2+ clle3+cllyed +cllyes+cll, el +cll, eQH, [[e_’, e3, ed, eJ,
a6, e7, e8], [el + c8, e2+ c8, e3 + 8, e6 + ¢§, e9]]. [[e2. e3. e4, e5. e6, e7. e8],
[GI‘F6131€24’Cfﬁzeg‘F013364‘F013465‘F013566‘FC]36€8‘FC]37€9”.[[el
e3, e4, e3, eb, e7, e8], [e] +cld el +cld,e3tclded+cld, e5+cld e7
+cl4ge8 +cld, eQH}

Figure 5. Adjoint factorization of the defined 9-D Lie algebra

Step 4: Determining Conjugacy Classes of One-Dimensional Subalgebras

Finally, the adjoint factorizations obtained in Step 3 are applied to the possible forms
obtained in Step 2. This gives the conjugacy classes of one-dimensional subalgebras of L.
The Maple function adj () implements the adjoint action given in (2). The Maple execution

is as follows:

Listing 6: Maple procedure for computing one-dimensional conjugacy classes.

adj := proc (a, b, t)
local term, series, m;

series := b;

term := b;

m := 1;

if a = [ ] then
series := b;

else
while m <= 4 do

term := LieBracket (a, term);
series := series+t”mxterm/factorial (m);
m := m+l;
end do:
end if;

return series
end proc:
#In the adj function, if the coefficients of the result is a
series, the function returns the first five terms of the
exponential series.
conjugacy_class := [ ];
res_ult := evalDG(adj ('’ Input the Adjoint_Factorization’,’Input
the ID_subspaces ’,’ Input any variable e.g r,s,t etc.’));
yes_conjugacy_class:=evalDG (res_ult) :
conjugacy_class:=[op (conjugacy_class), yes_conjugacy_class];
OneDimensional_Conjugacy_Classes := conjugacy_class;
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By inserting the forms and their corresponding adjoint factorizations into the ‘adj
function, we obtain the conjugacy classes of the one-dimensional subalgebra of the 9-D
solvable Lie algebra. The output is shown in Figure 6.

Conjugacy Classes | One_Dimensional_Conjugacy_Classes where, epsilon ==+ 1

[29, e? + 621 e3, e + 6‘4] e’ +eed e? + cél e3teedtees ed+ 6‘93 el
+ee9, el, e]Jrcfi3 ef. el teedt+eed el +eedteedteed el +eel
+eed Ael +e6+ c.156 e7 + 0157 es + c].‘?8 e9. e7 + 6‘115 e9 el +eeb

+8e9,e1+8€6+8@8+8€9,e]+ee7+ee8+ee§]where,e:tl

Figure 6. Conjugacy classes of the defined nine-dimensional solvable Lie algebra.

The one-dimensional subalgebras listed in Figure 6 are non-conjugate under the adjoint
action. Therefore, they form a one-dimensional optimal system of 9-D Lie algebra (1) as
follows:

OS1(L) = (e9), (el), (e2+c21e3), (e2+ c41e3+ €e9),
(€2 4 c61€3 + eed +€e5), (el + c53e9), (el + eed + ee5),
(el +eed +ee5+¢€e9), (el +ee8 +¢€e9), (€7 + cl15e9),
(Ael + e6 + c154e7 + c157e8 + c15g¢9), (el + ee6 + €e9),
(e1 4 ee6 + ee8 + €€9), (el + ee7 + ee8 + €e9),

(e4 + c93e5 + €¢9), e=+£1.

This validation confirms that the Maple implementation follows the ideal-based pro-
cedure and produces the required representatives for the considered nine-dimensional
solvable Lie algebra. These results confirm the accuracy and efficiency of the code in han-
dling high-dimensional solvable Lie algebras and provide a robust foundation for further
applications in symmetry analysis and invariant solutions of PDEs.

4. Two-Dimensional Subalgebras

In this section, we use the one-dimensional optimal system obtained in Section 3 to
construct two-dimensional subalgebras of the nine-dimensional solvable Lie algebra. The
detailed extension procedure has already been described in Section 2; therefore, we apply it
here directly to the representatives obtained from the Maple computation.

Let S; = (X;) be a representative of a one-dimensional conjugacy class. For each
such S;, we compute its normalizer N(S;) in L. If N(S;) = S;, then no two-dimensional
extension arises from this representative. If N(S;) properly contains S;, then the quotient
algebra N(S;)/S; is formed. The one-dimensional representatives of this quotient algebra
determine the possible extension directions. Lifting these representatives back to £ gives
two-dimensional subalgebras of the form (X, Y). After the lifted subalgebras are obtained,
conjugate cases are removed under the adjoint action of L.

The following subsections list the results obtained by applying this procedure to the
one-dimensional representatives of the nine-dimensional solvable Lie algebra. For each
case, we give the normalizer, the quotient algebra, the one-dimensional representatives in
the quotient, and the corresponding two-dimensional subalgebras.
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4.1. Extension of (€9)

For the one-dimensional subalgebra (¢9), the normalizer is the following full Lie
algebra:
N({e9)) = (el,e2,¢e3,¢4,¢5,¢6,¢7,¢8,¢9).

Therefore,
N({e9))/(e9) = (e1,e2,e3,¢4,e5,26,¢7,28).

The quotient algebra is determined by the following non-zero commutation relations:

[el,e4] = €2, [el,eB] =e3, |[el,e6] =el, [el,e8] =el, [e2,e6] =e2,
[€2,e7] = —e3, [e3,e6] =e3, |[e3,e7] =¢2, |[e4,e7] = —e5, [e4,e8] = —ed, (4)
[e6,€7] = ed, [e5,e8] = —eb.

Applying the Maple code to this 8-dimensional solvable quotient algebra gives the follow-
ing one-dimensional representatives:
(24 alqe3), (el), (e2+alyeB+ed+e5),
(el+ed£eb), (el+e8), (e6+ alze7 + alye8), (5)
(e7), (el+eb), (elLe7+eB).

Lifting these representatives to £ gives the following two-dimensional subalgebras:

(e2 4+ alqe3,e9), (el,e9), (e2+alye3+ed+e5,e9), (el ted+e5,e9),
(el £e8,e9), (e6+ alze7 +alyge8,e9), (e7,€9), (el+e6,e9), (el+e7+e8,e9).

4.2. Extension of {el)

For the representative (el), its normalizer is:
N({e1)) = (el,e2,¢3,¢6,¢7,¢8,¢9). 7)
Thus,
N({e1))/{el) = (e2,e3,¢e6,¢7,e8,&9). 8)

The induced 6-dimensional solvable quotient algebra has the following non-zero commutators:
[e2,e6] = @2, [e2,e7] = —e3, |[e3,é6] =e3, [é3,e7] = é2. )

The one-dimensional subalgebras of the quotient algebra given in Equation (9) are repre-
sented by:
(89), (e84 a2129), (22 +a2,83), (22 + a23e3 +&9),

(@2 +na24e3+e8+e9), (€6 + a25e7 + n24e8 + n2789), (10)
(2+e6+e8+¢89), (e3+e7+e8+e9).

Therefore, the corresponding two-dimensional subalgebras are:

(€9,e1), (e84 a21€9,el), (e2+ a2ye3,el), (e2+ a23e3 +e9,el),
(e2 4+ a24e3 £ e8+e9,el), (e6+ a25e7 + a24e8 + a27¢9,¢1), (11)
(2t e6+e8+e9,el), (eBte7+e8+te9,el).
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4.3. Extension of (e2 + c21€3)
For the one-dimensional subalgebra (e2 + c21€3), the normalizer is:
N((e2 4 c21e3)) = (el,e2,¢e3,e4,€5,e6,¢8,¢9). (12)
The 7-dimensional solvable quotient algebra is:
N((e2 + c21€3))/{e2 + c21e3) = (e1,e3,¢4,¢e5,e6,e8,9). (13)
The non-zero commutators are:
lel,e4] = —c21e3, [el,e5] =e3, [el,e6] =el, [el, e8] =el, (14)

[e3,e6] = €3, [e4,e8] = —ed, [e5,e8] = —eb.

The one-dimensional representatives in the quotient algebra are:

(e3), (e9), (eé5), (e3+&9), (ed+a31e5), (el+e9), (el+ed+eb),
(e1+e5+89), (el+ed+e5+e9), (el+es5+e8+e9), (e6+ a3,88+ a33e9), (15)
(elte6+e9), (eltedtesteb), (eltedte6+e9), (el+teb+te6+e9),
(el £ e4+e5+e6+e9).
Hence, the two-dimensional subalgebras obtained by extending (e2 + c21e3) are:
(€3,e2+c21e3), (€9,e2+ c21e3), (e5,e2+c21e3), (e3+e9,e2+ c21e3),
(e4 + w31€5,e2 4 c21e3), (el +e9,e2+ c21e3), (el +ed £ e5,e2+ c21e3),
(el £e5+e9,e2 + c21€3), (el £ed+e5+e9,e2 + c21€3),
(el 4 e5 4 e8 £ ¢9,e2 + c21e3), (e6 + a32e8 + a33¢9, €2 + c21€3), (16)
(el £e6 +€9,e2 + c21e3), (el £ ed £ €5+ e6,e2 + c21€3),
(el 4 ed £ 6 £ €9, 62 + c21e3), (el &5+ e6 £ €9,e2 + c21e3),
(el ted+e5+e6+e9,e2+ c21€3).

4.4. Extension of (€2 + c41€3 £+ €9)

For the one-dimensional subalgebra (e2 + c4;e3 & €9), the normalizer and the following

6-dimensional solvable quotient algebra:

N({(e2 + cd1e3 £ ¢9)) = (el,e2,¢e3,¢e4,¢e5,¢8,¢9) / (e2 + c41e3 £ e9) = (e1,e3,4,e5,28,9),

has the non-zero commutators:

(17)

[el,e4) = —ch183 — @9, [el,e5] =¢e3, [el,e8] =el, [é4,e8] = —ed, [e5,e8] = —e5. (18)

The one-dimensional representatives of 6-dimensional quotient algebra are:

(e1y, (e5), (e8), (&9), (e3+ a4,129), (e5+e9),
(ed +¢e5), (e1+eb), (el +ed+eb).

(19)
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Thus, the corresponding two-dimensional subalgebras obtained by extending (e2 + c4;e3
€9) are:

el,e2 4 c41e3+¢9), (e5,e2+ c41e3+¢9), (e8,e2+ cd1e3 +¢9),
9,2 4 c41e3 +¢9), (€3 + ad1€9,e2 + c41e3 £ €9),

e5+e9,e2 + c41e3 +€9), (ed+e5,e2 + c41e3 +¢9),

el e5,e2 4 c41e3+¢9), (el +ed £ e5,e2 + c41e3 £ €9).

(20)

o~ o~~~

4.5. Extension of (e4 + ¢93e5 + €9)

For the one-dimensional subalgebra (e4 + c93¢5 & ¢9), the corresponding 5-dimensional
solvable quotient algebra is:

N((e4 + c93e5 +€9))/ (e4 + c93e5 £ €9) = (e2,e3,e5,¢6,e9), (21)
and has the following non-zero commutators:
[22,26] = @2, [€3,26] = 3. (22)
The representatives of one-dimensional subalgebras of 5-dimensional algebra (22) are:

(e3), (29), (e2+wa51e3), (e3+¢&9), (e5+ a5,89), (e2+ ab3e3 £ éb),
(2 +abye3+e9), (2+e5+e9), (e3+eb+e9), (e2+e6+e9), (23)
(22 4+ abse3 +e5+29), (&5 + abeeb + a5789).

Hence, the two-dimensional subalgebras obtained by one-dimensional extension of (e4 +
c93e5 + €9) are:

e3,e4 4 c93¢5 +¢9), (€9,e4 4+ c93e5+¢9), (e2+ a51e3,ed + c93e5 £ €9),
e3+e9,e4 + c93e5+¢9), (e5+ a5e9,e4 + 93e5 £ ¢9),
€2 4+ a53e3 +e5,e4 + c93e5 +¢9), (e2+ abged £ €9, ed + c93e5 £ €9),

{

{

< (24)
(2t e5+e9,e4+ c93e5+¢9), (e3+e5+e9,ed+ 9365+ e9),

{

{

€2+ e6 +¢9,e4 + 935+ ¢9), (€2 + abse3 + 5 + €9, e4 + c93e5 + €9),
e5 + a54e6 + a57¢9, ed + c93e5 £ €9).

4.6. Extension of (€2 + c61€3 & e4 & e5)

For the one-dimensional subalgebra (e2 + c61e3 & e4 & €5), the following 5-dimensional
solvable quotient algebra

N((e2+c61e3ted £e5))/(e2+ c61e3 + ed +e5) = (e3,¢4,e5, —e6 +¢8,89),  (25)
has the following non-zero commutators:
[e3, —é6 + e8| = —e3, [e4,—e6+ e8] = —e4, [e5, —eb + e8] = —éb. (26)
Its one-dimensional subalgebras representatives are:

(e5), (29), (e4+ w6185), (e5+&9), (€3 + w684 + w6385),

(27)
(64 + w6485+ 9), (€3 + w6564 + 665 £289), (—é6 + &8 + u67é9).

The two-dimensional subalgebras are:
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5,62 + c61e3 ed +e5), (9,2 + c61e3 + ed + €5),

ed + n61e5,e2 + c61e3 +ed +e5), (e5+e9,e2 + c61e3 + ed + e5),

€3 + abyed + ab3e5,e2 + c61e3 £ ed £ e5),  (ed + ab4e5 + €9, 2 + c61e3 + e4 + €5),

€3 + absed + abgeb +¢9,e2 + c61e3 £ ed +e5), (—eb + e8 + abye9,e2 4 c61e3 + ed + e5).

(28)

o~ o~~~

4.7. Extension of (el + c53¢9)

For the one-dimensional subalgebra (el + ¢53¢9), the 5-dimensional solvable quotient
algebra is:
N((el+ c53€9))/ (el + c53¢9) = (e2,&3,é7, —e6 + &8,&9), (29)

and it has the following non-zero commutators:
[e2,e7] = —e3, |[e2,—é6+ e8] = —e2, [e3,e7] =e2, [e3,—eb6+ e8] = —e3. (30)
The one-dimensional subalgebras are:
(@9), (e2+a7,e3), (e2+a7,e3+29), (e7+ a7389), (—eb6+ €8+ a7,9). (31)
Therefore, the two-dimensional subalgebras are:

(€9,e1 +c53e9), (e2+ a71€3,el 4 c53¢9), (e2+ a7,e3 £ e9,el + c53¢9),

(32)
(e7 + a73€9, el + c53¢9), (—e6 + 8 + a74€9, el + c53¢9).

4.8. Extension of (el £ e4 + e5)

For the one-dimensional subalgebra (el + e4 + e5), the following associated 4-
dimensional solvable quotient algebra

N((el £e4+e5))/ (el £ ed+e5) = (e2,e3, —2e6 + €8,¢9,el £ ed +e5) / (el £ e4 £ €5)

(33)
= (2,83, —2¢e6 + e8,29),
has the non-zero brackets are:
[62, —2e6 + 8] = —2¢2, [e3, —2¢e6 + e8] = —2¢é3. (34)
Its one-dimensional representatives are:
e3), (&9), (e2+a81e3), (e3+¢&9), (e2+ a83+e9), (—26+ &8+ n83e9). (35)

Thus, the corresponding two-dimensional extensions of (el + e4 + e5) are:

(e3,e1 - ed +e5), (€9,el ed+eb), (e2+ a81e3,el + ed + e5),
(e3+te9,el £ed+e5), (e2+ a8re3+e9,el+ed+e5), (36)
(—2e6 + €8 + a83¢9,e1 + e4 £ €5).
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4.9. Extension of (el £ e8 % €9)

For the following one-dimensional subalgebra (el & 8 + €9), the 5-dimensional solv-
able quotient algebra

N((el1+e8+e9))/ (el +e8+e9) = (e2,¢3,e1+ e6,¢67,89). (37)
has the following non-zero commutators:
[e2,e1+e6] =e2, [e2,e7] = —e3, |[e3,el+é6)=e3, [e3,¢7] =e2. (38)
Its one-dimensional representatives are:
(e9), (e2+te3), (2+a9ne3+e9), (BLte7+e9), (el+e6+ a9e7+a9389). (39)
Thus, the two-dimensional extensions are:

(€9,e1 e84+ ¢9), (e2+e3,el+e8+¢9), (e2+ a91e3+e9,el £ e8+¢9),

40
(e3+e7+te9,el £e8+e9), (el+eb6+ a9e7 + a93e9,el + e8 + ¢9). 40

4.10. Extension of (el £ e4 & e5 £ €9)

For the one-dimensional subalgebra (el + e4 + €5 4 ¢9), the quotient algebra is abelian,
and its one-dimensional representatives are:

(€9), (€3 4 «10129), (€2 + 010,23 + 0101 29). (41)
Hence, the corresponding two-dimensional extensions are:

(€9,e1 £ ed +e5+¢9), (e3+ al01e9,el £ ed £ e5 £ ¢9),

42
(€2 + 10,3 + a107€9, €1 + e4 £ €5 + €9). 42

4.11. Extension of (el £ e6 £ ¢9)

For the one-dimensional subalgebra (el £ e6 + €9), the following 5-dimensional solv-
able quotient algebra

N((el £e6+e9))/ (el £e6+e9) = (e1 + &8,e2 + é4,e3 + &5,¢7,e9). (43)
has the following two-dimensional extensions:

(€9,e1 £ e6+¢9), (€24 ed+ alli(e3+e5),el+Leb+e9),
(2 +e4+ ally(e3 +e5) £e9,el £ e6 +¢9), (44)
(el + e8 + allze7 + al14e9, el £ e6 £ €9).

4.12. Extension of (el £ e6 & e8 £ €9)
For the one-dimensional subalgebra (el & ¢6 £ €8 + ¢9), the following quotient algebra

1
N({el+tebte8+e9))/ (el Leb+e8Le9) = <21§1 +e‘8,e‘7,é9>, (45)

https:/ /doi.org/10.3390/math14142534


https://doi.org/10.3390/math14142534

Mathematics 2026, 14, 2534 17 of 30

is abelian and hence, the corresponding two-dimensional extensions are:

(€9,e1 £e6+e8+e9), (e7+ al21e9,el+e6+e8+e9),

(46)
<;el + e8 + al12ye7 + «123e9, el 4= e6 4= €8 + e9>.

4.13. Extension of (el £ €7 & e8 £ €9)

For the following one-dimensional subalgebra (el £ €7 £ €8 £ ¢9), the 3-dimensional
solvable quotient algebra

N({elte7te8+e9))/ (el e7 +e8+¢e9) = (el + 6,1 + 8,29). (47)
is abelian, and its two-dimensional extensions are:

(€9,e1+e7 £e8+e9), (el+e8+ al31e9,el +e7+e8+¢e9),

48
(el +e6+ al3y(el + e8) + al31e9,el £ €7 £ e8 £ €9). 49

4.14. Extension of (e6 + Ael + c15¢e7 + c157¢8 + c15g€9)

For the one-dimensional subalgebra (e6 + Ael + c¢15¢e7 4 c157e8 + c15g¢9), assuming
c15;7 # —1, the following 3-dimensional abelian quotient algebra

N({e6 + Ael + c15¢e7 + c157¢8 + c15g€9) ) / (€6 + Ael + c15¢e7 + c157e8 + c15g¢9)

A . (49)
= <C157+1€1 + e8,é7,é9>.
has the following two-dimensional extensions:
(€9, e6 + Ael + c15¢e7 + c157e8 4 c15g¢9), (€7 + al41€9,¢e6 + Ael + c154e7 + ¢157¢8 + ¢155¢9),
(50)

A
<c15 1 el + e8 4 al4re7 4 a141e9,e6 + Ael 4 c154e7 + c157e8 + 6158€9>-
7

4.15. Extension of (€7 + c115€9)

For the one-dimensional subalgebra (e7 4 c115¢9), the 4-dimensional solvable algebra
is:
N((e7 + c115e9)) / (€7 + c115¢9) = (€1, 6, €8, &9). (51)
and it has the following non-zero commutators:
[e1,e6] = el, [e1,e8] = el. (52)

Thus, the corresponding two-dimensional extensions are:

(el,e7 + c115€9), (€9,e7 4 c115¢9), (el £+ e9,e7 + c115¢9),

(53)
(el e84 ¢9,e7 + c115¢9), (e6 + a151e8 + a152¢9, 7 + c115¢9).

Therefore, the representatives of the conjugacy classes of two-dimensional subalgebras of
9-D Lie algebra (1) are:
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O08,(L) = {(e2+ al1e3,¢9), (el,e9), (e2+ alpe3 tedte5,¢9), (el tedte5,e9), (el e8,e9),

(e6 + alze7 + alye8,¢9), (e7,e9), (el +e6,e9), (el+e7 +e8,e9), (e8+ a21e9,el), (e2+ a2;e3,el),
(e2 4+ a23e3 £ ¢9,¢e1), (e2+ a24e3 £e8+e9,el), (e6+ a25e7 + a24e8 + a27¢9,¢e1), (e2+e6+e8+e9,el),
(e3+e7+e8+e9,el), (e3,e2+ c21e3), (e5,e2+ c21e3), (e3+e9,e2+ c21e3), (e4d+ a31e5,e2 + c21€3),
(el +€9,e2 4 c21e3), (el edte5,e2+ c21e3), (el L e5+e9,e2 + c21e3), (el +ed+eb+e9,e2 + c21e3),
(el +e5+e8 4 €9,e2 + c21e3), (€6 + a32e8 + a33e9, €2 + c21€3), (el £e6+e9,e2 + c21€3),
(el £ e4 +e5 £ e6,e2 + c21e3), (el £ed+eb6+e9,e2+ c21e3), (el £e5+eb+e9,e2 + c21e3),
(el £ed+e5+te6+e9,e2+c21e3), (el,e2+c41e3+e9), (€52 + c41e3+e9), (e8,e2+ c41e3 £ e9),
(€3 + ad1e9,e2 + c41e3 £¢9), (e5Ete9,e2+ c41e3+e9), (edte5,e2+ c41e3+e9), (el Le5,e2+ c41e3 £e9),
(el +ed +e5,e2 4 c41e3 +¢9), (e3,e4 4 c93¢5+€9), (9,4 + 935+ €9), (e2 + ab1e3,e4 + 3¢5 + ¢9),
(e3+e9,e4+4 c93e5+¢9), (e5+ a5ye9,e4 + c93e5+£¢e9), (e2+ a53e3 & e5,e4 + c93e5 £ ¢9),
(e2 4+ abge3 +¢9,e4 + 935 £ ¢9), (e2+e5+e9,e4 4 c93e5+e9), (e3+eb+e9,ed + c93e5 =+ ¢9),
(e2 £ e6+e9,e4 + c93e5+€9), (e2+ a5se3 £+ e5+e9,e4 + c93e5 +€9), (e5+ adse6 + a57e9, e4 + c93e5 £ ¢€9), (54)
(e5,e2 +c61e3 +ed te5), (e4d+ ab1e5,e2+ c61e3 £ ed+e5), (e5+e9,e2 + c61e3 +ed £+ e5),

(€3 + abped + w63e5, €2 + c61e3 £ ed £ €5), (e4 + w6465 + €9, e2 4 c61€3 £ e4 £ €5),

(€3 4 absed + abge5 £ €9, 2 + c61e3 £ ed + eb), (—e6 + €8 4 n67¢9,e2 + c61e3 + ed + €5),

(€2 + a71e3,el + c53¢9), (€2 + a72e3 +¢€9,el + c53€9), (€7 + 73¢9, el + c53¢9), (—eb + e8 + a74€9, el + c53¢9),

(e3,e1 - ed4 +-e5), (e2+ a81e3,el +ed +e5), (e3+e9,el +ed+e5), (e2+ a8e3+e9,el + ed + e5),

(—2e6 + e8 + a83¢9,e¢1 L ed +e5), (2 +e3,el £ e8+¢9), (e2+ a91e3 +¢9,el £+ e8 £ ¢9),

(e3+e7+e9,e1 e84 ¢9), (el + eb+ a9e7 + a93¢9,el +e8+e9), (e3+ al01¢9,el £+ ed +e5+e9),

(€2 + a102e3 + 10169, €1 £ e4 £ €5 £ ¢9), (2 +e4+ ally(e3 +e5),el +eb6 £ e9),

(e2 4+ e4 4+ al1y(e3 +e5) £ 9, el + e6 +¢9), (e1 4 8 4+ allze7 + al14e9, el £ e6 £ €9),

(€9,e1 £ e6 +e8+e9), (€7 +al21e9,el £ e6 +e8+¢9), ((1/2)el + 8 + al2e7 + a123¢9, el + 6 + €8 £ €9),

(€9,e6 + Ael + c15¢e7 + c157¢8 + c15g¢9), (€7 + a141€9,¢e6 + Ael + c154e7 + ¢157¢8 + ¢15g¢9),

((A/c157 +1)el + e8 + aldye7 + al4q1e9,e6 + Ael + c15¢e7 + c157e8 + c15g¢9), (el,e7 + c115e9),

(el +e9,e7 4 c115¢9), (el e84 e9,e7 4 c115¢9), (e6 + a151e8 + a152¢9,e7 + c115¢9) }.

Here, all parameters are real constants, with the restriction c157 # —1. The repeated
representatives have been omitted, since they generate the same two-dimensional subspace.

5. Application

This section demonstrates the use of the Maple implementation in the symmetry
analysis of the Lax equation. The example is relevant for two reasons. First, the Lax
equation is a classical nonlinear dispersive shallow-water wave equation. Second, its
Lie point symmetry algebra is finite-dimensional and solvable, so it falls directly within
the scope of the proposed code. After the symmetry algebra is obtained, the optimal
system provides a minimal set of inequivalent reductions and prevents repeated analysis
of conjugate subalgebras.

In the study of shallow water waves, Peter D. Lax derived the nonlinear dispersive
wave equation, as described in ref. [12]:

A := v; + 1000z + 200505y + 300705 + Vyyxxx = O, (55)
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which is known as the Lax equation. Here, v(x, t) denotes the fluid velocity at time f in the
x direction.

5.1. Lie Symmetries and Optimal System

A general point-symmetry generator for a PDE in the variables (x, t, v) is written as:
V = Cx(x,t,0)0x + Gt(x,t,0)0t + 110(x, £,0) 0y, (56)

where Cx(x,t,v),8(x,t,v), and 17,(x, t,v) are the coefficient functions. The generator (56) is
a symmetry of Equation (55) if it satisfies the following invariance criterion:

EV(A)[a=0 =0, (57)
where

5V =V + U?Jjav:( + U?ﬁavt + Uljfxavxx + ngxavxxx + ngxxavxxxx + U?chxxxxa (58)

Uxxxxx’

denotes the 5th prolongation of V for the Lax Equation (55). The coefficient 7; is given as:

11 = Dy(11p — §xvx — Crvt) + G0y + Givge. (59)

Here, | is a multi-index and D; denotes the corresponding total derivative operator. For
explanation, one of them can be indicated as Dy and is defined as:

Dy = 0x 4 030y + Uxx0p, + Vix0p, + VxxxO0yy + - - -, (60)

where vy, = Dy(v;). Using the Lie symmetry analysis method, the determining equations
of (55) are given as:

(6)o=0, (C)x=0, (&) =0, (Cx)r=0,

(61)
)0 =0, @x=5En 10=—5C)w.

Solving the determining system (61) gives the following infinitesimals:

Cx(x, t,0) = éagx +ap, &i(x,t,v) =azt+ay, and 1ny(x,t0) = —%agv. (62)

Thus, the Lie algebra of symmetries of the Lax equation (55) is spanned by the following
three-dimensional geometric vector fields:

d d 1 9 9 2 9
_ _ 92 — 22 52 63
V1 3 V2 3 V3 5xax+tat SUav (63)

Table 1 gives the commutator structure of the basis (63).

Table 1. Commutator table.

[,] V1 V2 V3
V1 0 0 V1
V2 0 0 tv2
V3 ! —-iv2 0
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The only two non-zero commutators are:
1
[V1,V3] =V1, [V2,V3]= EV2. (64)

This algebra is a special case of the example discussed in Lemma 4.2 of ref. [11]. We
now determine its one-dimensional OS and use the resulting representatives to reduce
the Lax equation. The adjoint representation Table of Lie algebra (64) is given by Table 2.
Executing the Maple code for the Lie algebra (64) gives the one-dimensional OS, such as
V1,V2,V1+ V2, and V3. Maple output is shown in Figure 7.

Table 2. Adjoint representation.

Ad V1 V2 V3
1% V1 V2 V3 —eV1
V2 1% V2 V3—£V2
V3 V1 eSV2 V3

#OurPut
Lie_Algebra = op(VectStrEq[1]);
[VL,V3]|=VI1, [V2 V3]= % V2
Dimension_of Lie_Algebra = print(nops(VectStrEq[2]), Dimensional Lie Algebra):
3, Dimensional Lie Algebra

Lie_Algebra_is_Solvable = Query("Solvable");

true
Ideals All Ideals of lie_algebra
[[v2), [V2), [VL, V21, [3, V1, V21
Shapes Form
[[VJ], [v21. [V] c VQ], [V3+c41 Vi+c4, VQH
Adjoint Factorizations List_of Adjoint Factorization_with_forms

{[[ LIVIILIL ) [P2]]. [[Vi], [V1+031 V.’H, [[VJ, v2], [V3+c41 VI+cd, VE]”

Conjugacy Classes One_Dimensional_Conjugacy Classes where, epsilon =+ 1
[ V1, V2, Vi+e V2, V3] where,e=+1

Figure 7. Optimal system for the Lie algebra of the Lax equation.

5.2. Symmetry Reductions and Exact Solutions

We now use the representatives of the one-dimensional OSs to obtain inequivalent
invariant reductions of the Lax equation (55). For a symmetry generator of the form (56),
the characteristic equation is:

dx dt do

= = . 65
G ED) GG o) )
5.2.1. Subalgebra V1 = a%
For V1, the characteristic equation is:
dx dt dv
01 0 (66)

which yields the following invariants, X = x and v = ¢(X). Using these similarity
variables, we determine the following reduced ordinary differential equation: (ODE)

30¢2¢/ + 204)/4)// + 10¢¢/// + (P///// =0. (67)
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The Lie point symmetries of (67) are spanned by the following two-dimensional geometric
vector fields:

0

ul = —,
a"a 3 (68)

The commutator Table of (68) is given by Table 3, from which we can see that there is only
one non-zero commutator:
U1, uz] = Uut. (69)

This 2-dimensional Lie algebra is also discussed in Lemma 4.1 of ref. [11]. The adjoint
representation Table of Lie algebra (69) is given by Table 4.

Table 3. Commutator table.

[,] ui u2
ui 0 ui1
uz —u1 0

Table 4. Adjoint representation.

Ad ui uz2
ui1 ui1 U2 —ell
uz2 efU1 uz2

Executing the code for the Lie algebra of the reduced Equation (67) gives the one-
dimensional OS, such as U1 and U2. The Maple output is shown in Figure 8.

#OutPut
Lie_Algebra == op(VectStrEq[1]):
UL, U2]=U1
Dimension_of Lie_Algebra = print(nops( VectStrEq[2]), Dimensional Lie Algebra);
2. Dimensional Lie Algebra
Lie Algebra_is Solvable == Query("Solvable");
frue

Ideals All Ideals of lie algebra
[[u1], (w2, Ul

Shapes Form

[[UI], [UZ +c2; UI”
Adjoint Factorizations List of Adjoint Factorization_with_forms

{[[ 1. [ur]l, [[U]], [U2+021 UJ]]}

Conjugacy Classes One_Dimensional _Conjugacy Classes where, epsilon ==+ 1

[UL, U2] where, e = +1

Figure 8. Optimal system for the Lie algebra of equation (67).

Symmetry Reductions by Subalgebras U1 and U2

The OS of the reduced Equation (67) gives two inequivalent reductions. The corre-
sponding characteristic equation is:

dx _ d¢
Cx(x, ) mp(x,9)

(70)
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CaseI: Ul = %
For U1, the characteristic equation is:
dx d
Z-2 )
1 0

which yields the invariant ¢(x) = c and therefore gives the invariant solution v(x, t) = ¢ of
the Lax equation (55), where c is an arbitrary constant.

. — 40 9
Case II: U2 = x5 — 24)%
For U2, the characteristic equation is:

dx  d¢

Y (72)

From (72), we get ¢(x) = px~2. Hence, the invariant solution of the Lax equation (55) is:

v(x,t) = px~2, where p =0,-2, and — 6. (73)

Figure 9 illustrates the qualitative structure of the inverse-square family v = px~2.

The parameter p determines the amplitude and sign of the stationary profile. The value
p = 0 gives the trivial member of the family, whereas p = —2 and p = —6 give non-zero
singular profiles. Since the solution is independent of ¢, the three-dimensional surface
remains unchanged along the time direction. The singularity at x = 0 and the decay as |x| 2
away from the origin show the steep local spatial structure of this reduced shallow-water

wave state.

10-

(a) 2D profiles for p = 0, -2, —6

(b) 3D time-independent surface

Figure 9. Graphical illustration of the stationary inverse-square solution v = px~2. Panel (a) shows
the two-dimensional profiles for p = { 0 (green),—2 (blue), —6 (red) }, while panel (b) shows that the
surface is independent of time.

5.2.2. Subalgebra V2 = %

For V2, the Lax equation (55) is transformed into fr = 0, with T = t and
v = F(T). Therefore, the solution is given as F(t) = c¢. Hence, the invariant solution
of the Lax equation (55) is v(x,t) = ¢, which corresponds to a spatially homogeneous
equilibrium solution.
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5.2.3. Subalgebra V3 = %x% + ta% - %v%
The characteristic equation for the subalgebra V3:
d dt d
x _dt v 78)

¥/5 t  —20/5

yields the following invariants p = xt~/5 and v = +=2/5¢y(p). The Lax equation (55) is
transformed into ODE:

!/

— 2pP(p) — 29(p) +109(p)p(p)" + 209 (p) p(p)" +30p(p)p(p) +
ll)(p)/”” — 0

By using the power series solution, let

(75)

¥(p) = Zbani?”- (76)

Substituting (76) in (75) and comparing coefficients, we obtain the following recursion formula:

1
S = T iy D)+ 2)(n+3)(n+ 4)(n +5

1 2 1
{—gnan — 5 +10 Y (n—k+3)
) =0

n
(n—k+2)(n—k+Dagay_,13+20 ) (k+1)(n—k+2)(n—k+V)ax1ay_k12  (77)
k=0

n k
+30) Y (n—k+1D)aar_ja,_ts1}, ¥V n=012,...
§=01=0

Thus, for arbitrarily chosen constants a; (i =0,1,...,4), we obtain:
1 2 2
a5 = ———{—=ap + 60apaz + 40a1a; + 30a5a }. (78)
120 5
Hence, the power series solution of (75) is:

o

¥(p) = ag + a1p + axp® + azp® +agp* +asp® + Y apsp"tO

n=1
1 2
=ag+ap +ap® + a3p3 +agp* — @{_an + 60agas + 40a1a, + 30a(2)a1}p5
—i{ ! {—lna —%a +10i(n—k+3)
D R (R [ [ A R = 79)
n

(n—k+2)(n—k+1aa, 113+20 ) (k+1)(n—k+2)(n —k+1)ag 18, k12
k=0

n k
+30 ) Y (n—k+ Dayay_ay_r }1p" .
§=0i=0
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Thus, the exact power series solution of the Lax equation (55) is:
2 2 2, 3,-1 4,58 1 2
v(x, ) =apts +a1xtBd +axx i 4 azx’t +agx s — ol 5% + 60agas
+40a1a + 3003, }15t 5 i{ !
a1a agaq }x —
172 01 =+ 1) (n+2)(n+3)(n+4)(n+5)
1 2 1
{—gnan — g +10 Z(n —k+3)(n—k+2)(n—k+1)aga, 3 (80)
k=0
n n k
+20) (k+1)(n—k+2)(n—k+1)agy1ay 2 +30) Y (n—k
k=0 k=01=0
—(n+7)
+ D@y gay g

Figure 10 illustrates the local profile of the similarity power-series solution. For the
selected constants a; = 1,i = 0,1,.. ., 4, the solution evolves through the similarity variable
p = xt~1/5 and the amplitude factor t~2/5. Therefore, the plotted profiles represent self-
similar behaviour of the reduced Lax equation. As justified in the convergence argument
below, the series is local near p = 0; consequently, the graphical representation should
be interpreted as a local visualization of the similarity solution rather than as a global
description for all x and ¢.

-40000

-60000

-800001

-100000

-1200001

(a) 2D profiles at t = { 1 (red),
2 (yellow), 5 (blue), 8 (green) } (b) 3D similarity surface

Figure 10. Graphical illustration of the similarity power-series solution (80) fora; =1,i =0,1,...,4.
Panel (a) shows two-dimensional sections at selected times, and panel (b) shows the corresponding
three-dimensional surface.

Convergence of the power series. Equation (75) can be written in the normal
analytic form:

1 ’ 2 " /i /
9O = Spy’ + Zp— 109y — 209’y — 3097y,

The right-hand side is analyticin p, ¥, ', " and ¢"”". Hence, by the standard local existence
theorem for analytic ordinary differential equations, for arbitrary initial values ag, ay, ..., a4
there exists a unique analytic solution in a neighbourhood of p = 0 [13]. The recursion
Formula (77) gives exactly the Taylor coefficients of this local analytic solution. Therefore,
the power series in (79) and the corresponding invariant solution (80) are locally convergent
for sufficiently small |p| = |xt~1/3].
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5.2.4. Subalgebra V1£V2 =2 4+ 2
For V1 + V2, (55) is transformed into:
— @ +300%D 4200’ D" + 100" + """ =0, (81)

with z = x £t and v = ®(z). The Lie symmetry algebra of (81) is one-dimensional and
is generated by &} = a%- Applying the code to this algebra gives OS &} itself. The

corresponding reduction gives ®(z) = ¢, and hence the invariant solution v(x,t) = c.

6. Conclusions

A Maple code for constructing optimal systems of solvable Lie algebras has been
developed, based on the ideal-based framework of ref. [11]. The implementation computes
ideals, possible representative forms, adjoint factorizations, and conjugacy classes in a single
reproducible workflow, with checkable intermediate output at every stage. The method
was validated on solvable Lie algebras up to nine dimensions, where the determination
of all ideals took approximately five minutes, while the forms, adjoint factorizations,
and conjugacy classes were each obtained in under a minute, so that the complete one-
dimensional optimal system was found within a few minutes, a task that would take
considerably longer if carried out manually. The underlying construction is not limited to
this dimension, and the code can, in principle, be applied to solvable Lie algebras of higher
orders as well. One dimensional representatives were further extended to two-dimensional
subalgebras through normalizers and quotient algebras.

The application to the Lax equation shows how the computed optimal system supports
symmetry reduction of a nonlinear dispersive shallow water model, yielding a constant
solution, a nontrivial stationary inverse square solution, and a locally convergent similarity
power series solution. These results connect the Lie algebraic classification obtained by the
code with concrete invariant solutions of a nonlinear differential equation.

From a computational point of view, the main cost occurs in enumerating candidate
forms from ideals and in repeated ideal /subalgebra and normalizer computations. There-
fore, the runtime is expected to grow substantially for algebras with many one-dimensional
ideals or many free structure parameters. The present implementation is restricted to
solvable Lie algebras; extension to non-solvable algebras, for example through Levi decom-
position into a semisimple part and a solvable radical, is a natural future direction.
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Appendix A

Listing Al: Below are the functions used in the above-mentioned code:

> generateSubsets

local S,

S combinat:-subsets (elements) ;
subset_list [1;

while not S[finished]

sub_set

proc(elements::1list)

subset_list, sub_set;

do
S [nextvalue] () ;

subset_list [op (subset_list), sub_set]

end do;
return subset_list
end proc:

> CreateBasisList := proc(inputList::1list)

local n, result;

n nops (inputList);

result := [seqg(inputList[i n], i n 1, -1)

return result
end proc:

> CreateCefflist
local resultlist,
[1111;

for 1 to nops(originallList)-1 do

proc(originallist)
i;

resultList

resultList [1,
-11)11;

end do;

[op(resultlList),

return resultlist;

end proc:
> DotProduct := proc(u::list, v::list)
local i;
return [add(u[i]l=*vI[i], 1 =1 min (nops (u),

end proc:

1;

op (originalList[-1i

nops(v)))1;

> CalculateDotProducts:=proc(cefflist:: (list (list)),basislist::

(list (list)))
return zip(proc (a, b) options operator, arrow;
DotProduct (a, b) end proc, cefflist, basislist);

end proc:

> MyFunction := proc(v_alg)

local val_alg, vallg, element, v_all;

val_alg := DGinfo(evalDG(v_alg), "ObjectGenerators");
val_alg := [op(val_alqg)l;
vallg := [];

for element in val_alg do

v_all := [_DG([["vector", L1, []], [[[element],
vallg := [op(vallg), op(v_all)];
end do;

return vallg;
end proc:

> sortList proc (sublist)

sort (sublist) :
end proc:

> check_elements elements_to_check)

proc (g_prime,

element, results, result;

[1;
for 1 to nops(elements_to_check)

local i,

results

do

1111) 15
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element := elements_to_check[i];
if member (element, g_prime) then
results := [op(results), true]:
else
results := [op(results), false]:
end if:
end do:
if has(results, false) then
result := false:
else
result := true:
end if:
return result;
end proc:
> process_subsets := proc(subsets)

local element, com, result, is_ideal, element_com, ele,
new_subsets, Onedimensional_IDeals, basislist, cefflist;
new_subsets := [];
Onedimensional_IDeals := [];
for element in subsets do
com := LinearAlgebra:-DotProduct ([seg(a[i], 1 =1
nops (element)) ], [op(element)], conjugate = false);
result := Query([com], "Subalgebra");
if result then
is_ideal := Query([com], "Ideal");
if is_ideal then
basislist := CreateBasisList (element);
cefflist := CreateCefflist([seg(ali], 1 =1
nops (element))]);
element_com := CalculateDotProducts( cefflist,
basislist);
for ele in element_com do
result := Query(ele, "Subalgebra");
if result then
is_ideal := Query(ele, "Ideal");
if is_ideal then

Onedimensional_IDeals := [op (Onedimensional_
IDeals), ele]:
end if:
end if:
end do:
new_subsets := generateSubsets (element);
new_subsets := ‘minus‘({op(new_subsets)}, {([]1});
new_subsets := ‘minus‘({op(subsets)}, new_subsets);
new_subsets := [op(new_subsets)];
break
end if
end if
end do;
Onedimensional_IDeals := Onedimensional_IDeals;
return [new_subsets, Onedimensional_IDeals];
end proc:
> FindONEDIMIdeals := proc /()

local centerr, c_alg, calg, d_al, dall, element, 7Z_g,
d_alggebra, g_prime, Onedimensional_IDeals_listt, result,
is_ideal, Z_g_prime, subsets, i,

gg_prime, resultt, iddeal;

centerr := Center();
centerr := sort (centerr);
if centerr <> [ ] then
c_alg := evalDG([LinearAlgebra:-DotProduct ([seqg(l, i=1..
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nops (centerr))], [op(centerr)], conjugate = false)]);
calg := MyFunction (op(c_alg));
if dall <> [ ] then
centerr := calg:
end if:
end if;
Z_g := centerr;
d_alggebra := DerivedAlgebral();
d_alggebra := sort (d_alggebra);
if d_alggebra <> [ ] then
d_al := evalDG([LinearAlgebra:-DotProduct ([seq(l, i = 1..
nops (d_alggebra) )
], l[op(d_alggebra)], conjugate = false)]);
dall := MyFunction(op(d_al));
if dall <> [ ] then
d_alggebra := dall
end if:
end if;
g_prime := d_alggebra;
gg_prime := d_alggebra;
Onedimensional_IDeals_listt := [ ];
if Z2_g <> [ ] then
subsets := generateSubsets(Z_g);
subsets := ‘minus‘ ({op(subsets)}, {[ 1});
subsets := sort ([op(subsets)], proc (a, b) options
operator, arrow; nops(b) < nops(a) end proc);

while subsets <> [ ] do
resultt := process_subsets (subsets);
subsets := resultt[l]; iddeal := resulttl[2];
Onedimensional_IDeals_listt := [op(Onedimensional_
IDeals_listt), op(resultt[2])];
end do:
end if;

Onedimensional_IDeals_listt:=Onedimensional_IDeals_listt;

g_prime := ‘minus ({op(g_prime)}, {op(Z_g)});
g_prime := [op(g_prime)];
if g_prime <> [ ] and g_prime <> Z_g then
7Z_g_prime := Centralizer (g_prime);
if Z_g_prime <> [ ] then
d_al := evalDG([LinearAlgebra:-DotProduct ([seq(l,i=1..
nops (Z_g_prime))
1, [op(Z_g_prime)], conjugate = false)]);
7Z_g_prime := MyFunction (op(d_al));
end if;
7_g_prime := sort(Z_g_prime);
Z_g_prime := ‘minus‘({op(Z_g_prime)}, {op(Z_g)});
7Z_g_prime := [op(Z_g_prime)];
if Z_g_prime <> [ ] then
subsets := generateSubsets (Z_g_prime);
subsets := ‘minus‘ ({op(subsets)}, {[]1});
subsets := sort ([op(subsets)], proc (a, b) options

operator, arrow; nops(b) < nops(a) end proc);

while subsets <> [ ] do
resultt := process_subsets (subsets);
subsets := resultt[l]; iddeal := resultt[2];
Onedimensional_TIDeals_listt:=[op (Onedimensional_
IDeals_listt), op(resultt[2])]:

end do:

end if:
end if;

Onedimensional_IDeals_listt:=Onedimensional_IDeals_listt;
if Onedimensional_TIDeals_listt = [ ] then
if gg_prime <> [ ] then
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subsets := generateSubsets (gg_prime);
subsets := ‘minus‘({op(subsets)}, {[ 1});
subsets := sort ([op(subsets)], proc (a, b) options

operator, arrow; nops (b) < nops(a) end proc);

while subsets <> [ ] do
resultt := process_subsets (subsets);
subsets := resultt[l]; iddeal := resultt[2];
Onedimensional_IDeals_listt := [op(Onedimensional_
IDeals_listt), op(resultt[2])]:

end do:

end if:
end if;

return Onedimensional_IDeals_listt;
end proc:

> processnext_subsets := proc(elements, subsets)
local element, com, result, is_ideal, element_com, ele,
new_subsets, dimensional_IDeals, next_ideal, basislist,
cefflist;
new_subsets := [];
next_ideal := [];
for element in subsets do

com := LinearAlgebra:-DotProduct ([seg(a[i] , 1 =1
nops (element)) ], [op(element)], conjugate = false);
com := [op(elements), com];

result := Query(com, "Subalgebra");

if result then is_ideal := Query(com, "Ideal");

if is_ideal then

basislist := CreateBasisList (element);

cefflist := CreateCefflist([seg(ali]l, 1 =1 .. nops
(element)) 1) ;

element_com := CalculateDotProducts (cefflist,

basislist);
for ele in element_com do
result := Query([op(elements), op(ele)],
"Subalgebra");
if result then
is_ideal := Query([op(elements), op(ele)l],
"Ideal");
if is_ideal then
next_ideal := [op(next_ideal), [op(elements),
op(ele)]];
end if:
end if:
end doj;
new_subsets := generateSubsets (element) ;

new_subsets ‘minus® ({op (new_subsets)}, {[]});

new_subsets ‘minus ({op(subsets)}, new_subsets);

new_subsets [op (new_subsets) ];
break
end if:
end if:
end do;
next_ideal := next_ideal;
return [new_subsets, next_ideall];
end proc:

> find_other_ideal := proc()
local IDeals_listt, elements, basiss, subsets, Basis,
resultt, iddeal;
IDeals_listt := [];
for elements in current_ideal_list do
basiss := ‘minus‘({op(VectStrEq([2])}, {op(elements)});
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Basis := [op(basiss)];
if Basis <> [] then
subsets := generateSubsets (Basis);
subsets := ‘minus‘({op(subsets)}, {[]1});
subsets := sort ([op(subsets)], proc (a, b) options

operator, arrow; nops(b) < nops(a) end proc);

while subsets <> [] do
resultt := processnext_subsets (elements, subsets);
subsets := resultt[1l];
iddeal := resultt(2];
IDeals_listt := [op(IDeals_listt), op(resultt[2])];
IDeals_listt := sort (IDeals_listt);

end do:

end if:
end do;

return IDeals_listt;
end proc:
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