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Abstract

Combinatorial optimization problems (COPs) offer essential mathematical frameworks and
algorithmic foundations for modeling complex real-world decision-making tasks. Recent
advances in deep reinforcement learning (DRL) have shown promising results for solv-
ing COPs, offering the potential to reduce dependence on domain-specific expertise and
improve generalization across problem instances. These developments have accelerated
research in the field and spurred the emergence of numerous innovative methods. Neverthe-
less, significant theoretical and practical challenges remain. A systematic synthesis of these
challenges and their corresponding solutions is critical to guiding the future development
of DRL-based approaches. To address this need, we propose a unified challenge-driven
framework consisting of four core components: an environment, a state-action-reward
mechanism, a solver, and an evaluation module. Using this framework, we conduct a
systematic review of approximately 300 recent studies, mapping the evolution of challenges
and the progress made in addressing them. We provide a multidimensional analysis of
solver designs, training paradigms, and state-of-the-art (SOTA) performance, while docu-
menting publicly available code repositories. Finally, we identify key open problems within
the proposed framework to stimulate novel research directions.
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these, routing and scheduling problems have attracted the most extensive and in-depth re-
search, owing to their foundational importance in critical industries, including logistics and
manufacturing, and their inherent status as NP-hard problems. Routing problems focus on
optimizing vehicle paths within spatial networks, while scheduling problems emphasize
the allocation and sequencing of tasks across limited resources. These problems have
been widely applied in transportation logistics [3], semiconductor manufacturing [4-6],
flexible robotics [7], network function virtualization [8], power systems [9], and healthcare
services [10]. The majority of COPs are NP-hard, implying that the size of the solution
space grows exponentially with problem scale. Consequently, exact methods, such as
branch-and-bound [11] and integer linear programming [12], can guarantee optimality but
are typically limited to small- or medium-scale instances due to computational intractabil-
ity [13]. In contrast, heuristic and metaheuristic algorithms [14-16] produce high-quality
approximate solutions within reasonable runtime. However, these approaches often re-
quire extensive domain-specific tuning for each problem variant and frequently fail to meet
real-time response requirements in dynamic environments [17]. Additionally, traditional
optimization methods struggle to capture transferable knowledge under varying envi-
ronmental conditions, often requiring repeated re-optimization for each new scenario. In
contrast, recent advances in deep reinforcement learning (DRL)-based neural combinatorial
optimization (NCO) solvers have demonstrated substantial improvements in solving COPs,
not only enhancing solution quality and reducing computational time, but also significantly
improving generalization across unseen problem instances. For example, NeuOpt [18]
outperforms heuristic solvers such as LKH in terms of average route length when solving
capacitated vehicle routing problem (CVRP) instances with N = 100. GOLP [19] represents
the first neural solver capable of effectively scaling to traveling salesman problem (TSP) in-
stances with 100,000 nodes (TSP100K), achieving a 5.1% optimality gap and a 174 x speedup
relative to LKH-3. Furthermore, MTNCO [20], MVMOoE [21], and RouteFinder [22] enable
multi-task learning across CVRP variants, facilitating rapid adaptation to new problem
configurations with altered constraints or objectives. RL4CO [2] provides a comprehensive
empirical evaluation across four distinct classes of COPs, systematically demonstrating
the superior performance of DRL-based approaches over traditional exact solvers and
metaheuristics. The emergence of these methods, coupled with sustained research momen-
tum, indicates that DRL-based NCO solvers represent an active and rapidly developing
research direction for addressing complex COPs. However, their practical advantages over
well-established exact and heuristic solvers remain context-dependent and require careful
empirical validation on standardized benchmarks.

1.1. Motivation

This study was motivated by two core research questions (RQs), which were aimed at
elucidating the underlying motivations and conceptual foundations of our work.

1.  Why is this review being conducted?
2. What are the differences between this review and the previous ones?

This review was motivated by four specific gaps in the existing literature: (1) the
absence of a unified analytical framework that captures interdependencies among environ-
ment, state, action, reward, and solver design; (2) domain fragmentation, where surveys
focus narrowly on either routing or scheduling without capturing cross-domain patterns;
(3) limited performance benchmarking, with many prior reviews lacking systematic, multi-
benchmark evaluations; and (4) insufficient coverage of foundational challenges such as
state representation design and reward engineering that underlie higher-level issues like
the curse of dimensionality.
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In recent years, several review articles have summarized advances in DRL for solving
COPs. However, the existing reviews exhibit several limitations. First, most studies lack
a unified conceptual framework that systematically decomposes COPs into core compo-
nents, namely environment modeling, state-action-reward design, solver architecture, and
performance evaluation, impeding a deeper understanding of their intrinsic relationships
and evolutionary patterns. For instance, the reviews by [23,24] primarily adopt solver
categorization as their central analytical thread, whereas in scheduling problems the state—
action-reward design components carry equal technical significance [25-28]. Second, many
existing reviews concentrate on specific problem domains, such as scheduling [29-36]
or routing [24,37], but with the rapid emergence of multi-task learning and foundation
models [20-22] this narrow focus fails to capture critical advances in cross-problem gener-
alization and unified modeling. Moreover, many reviews [1,23,30,32-38] have not reported
performance metrics, while others [24,29,31,39,40] provide only limited dataset coverage
and narrow method comparisons. Third, current reviews predominantly focus on domain-
specific challenges such as the curse of dimensionality and training efficiency [30], while
overlooking foundational components that underpin these challenges: the environment—
state—action-reward framework (Figure 1). The literature also lacks systematic coverage of
other critical challenges, including large-scale optimization [19], sample efficiency [41,42],
sparse rewards [43,44], multi-objective optimization [3,45], dynamic environments [46,47],
unified benchmarking [2], and real-world deployment [48]. Furthermore, several reviews
addressing multiple COP classes [1,23,40] either overemphasize traditional machine learn-
ing or suffer from limited coverage.
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Figure 1. Three-tiered cascaded challenge framework.

To position this review against prior work, Table 1 provides a systematic compar-
ison with existing surveys on COPs. Unlike previous studies, this review introduces a
challenge-driven unified framework, which systematically organizes four core compo-
nents: environment, state—action-reward mechanism, solver, and evaluation benchmark.
While encompassing a broad spectrum of well-studied COPs, we focus specifically on two
representative categories, scheduling and routing problems, to illustrate their conceptual
typicality and methodological universality. To systematically characterize the prevailing
challenges in the field, we propose a three-tiered challenge framework. Methodologically,
we concentrate on state-of-the-art (SOTA) DRL approaches that have demonstrated su-
perior performance in recent years. To ensure both breadth and depth, we conducted a
comprehensive, systematic review of approximately 300 high-quality peer-reviewed pub-
lications, prioritizing methodological rigor and empirical reproducibility. Subsequently,
we performed a systematic analysis of representative DRL-based solvers, synthesizing key
design characteristics, including problem types, solver architectures, feature embedding
strategies, training algorithms, and open-source implementations. Finally, we have com-
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piled the SOTA performance results across the 17 most widely adopted benchmark datasets

in the field, providing a standardized reference for future comparative studies.

Table 1. Comparison between this work and related reviews.

Features

Ref Problem Methodological Time Range Number Year
UPSF Env S A R DO MA BM

Lv etal. [29] Scheduling  DRL 2019-2024 60 2025 v v v v v v
Zhang et al. [30] Scheduling DRL 2016-2023 93 2025 v v
Xu et al. [31] Scheduling  DRL&GP 2003-2024 128 2025 v v v v v v
Ngwu et al. [32] Scheduling  DRL 2010-2024 53 2025 v
Wang et al. [33] Scheduling  DRL 2013-2023 44 2024 v v v v
Kayhan et al. [34] Scheduling  DRL 1995-2020 80 2023 v v
Smit et al.[35] Scheduling  DRL 2020-2024 57 2025 v
Khadivi et al. [36] Scheduling  DRL 1995-2024 112 2025 v v v v
Lietal. [39] Routing ML 2015-2021 68 2022 v
Shahbazian et al. [37]  Routing ML 2020-2023 57 2024 v v
Wu et al. [24] Routing ML 2017-2025 230 2025 v v v v
Zhang et al. [38] COPs ML 2017-2025 195 2023 v v v v v
Garmendia et al. [40] COPs DRL 2015-2022 10 2024 v v
Wang et al. [23] COPs ML 2015-2023 29 2024 v
Chung et al. [1] COPs DRL 2017-2024 34 2025 v v v
Ours COPs DRL 2017-2025 303 v v v v v v v v

Notation: Symbol vindicates an in-depth elaboration. Abbreviations correspond to the following terms: reference
(Ref); unified problem-solving framework (UPSF); DRL environments (Env); state (S); action (A); reward (R);
dynamic optimization (DO); multi-agent (MA); benchmarks (BM); machine learning (ML); genetic program-
ming (GP).

1.2. Research Method

This study conducted a systematic search. The search strategy (Figure 2) employed
a two-level keyword assembly: (i) COP-related terms; (ii) DRL-related terms connected
by OR. The two groups were combined with AND. Searches were conducted in Web of
Science, IEEE Xplore, SpringerLink, ACM Digital Library, Elsevier ScienceDirect, MDPI,
and arXiv. The literature cut-off date was May 2025.
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Figure 2. Research method.
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Inclusion criteria: (i) studies applying DRL methods to COPs; (ii) peer-reviewed

journal articles, conference proceedings, and high-quality preprints (arXiv); (iii) publication
year 2017-2025. Exclusion criteria: (i) studies using only traditional RL without deep neural
networks; (ii) studies applying DRL to non-COP domains; (iii) duplicate publications or
non-peer-reviewed technical reports. Screening followed a two-stage process: title and
abstract screening to remove clearly irrelevant records, followed by full-text review to
confirm eligibility.

To reduce selection bias, supplementary backward and forward citation searches were
conducted from key publications. The final set of publications was reviewed by multiple
co-authors to ensure balanced coverage across problem domains and methodological
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approaches. Publication quality was assessed by prioritizing venues indexed in Web
of Science, supplemented by selective inclusion of influential arXiv preprints that have
demonstrated significant impact in the NCO community.

We have documented our review protocol transparently, including the explicit search
strategy, documented inclusion/exclusion criteria, multi-stage screening process, and
quality assessment approach, to enable readers to assess the rigor and reproducibility of
the literature selection.

1.3. Contributions

This review presents a comprehensive synthesis of recent advances in DRL-based
COPs, offering a systematic and panoramic overview of methodologies developed to date.
The main contributions are as follows:

1. We propose a challenge-driven unified analytical framework for the systematic under-
standing, comparison, and design of DRL-based COP solvers.

2. Within this unified framework, we conducted a comprehensive survey of approx-
imately 300 recent publications, offering a detailed review of methodologies and
challenges in environment construction, state representation, action space design,
and reward function engineering for DRL-based COPs. Through multi-dimensional
analysis across solver categories, network architectures, training paradigms, and
SOTA results, we systematically evaluated the current research landscape, identifying
trends, limitations, and empirical gaps.

3.  Weidentify a set of key open RQs to guide future investigations into novel paradigms,
evaluation benchmarks, and scalability in DRL-based COPs.

4. We introduce Awesome-DRL4COPs, a continuously maintained, open-source reposi-
tory that consolidates fragmented research on DRL for COPs into a curated, version-
controlled resource. Equipped with structured metadata and automated update
pipelines, the platform enables efficient literature discovery, reproducibility tracking,
and serves as a dynamic, navigable knowledge hub for researchers at the intersection
of DRL and COPs.

In summary, the central contribution of this paper is twofold. First, we introduce a
challenge-driven unified framework that systematically decomposes the DRL-for-COPs
pipeline into five interconnected dimensions: environment, state, action, reward, and
solver. This framework serves as both an organizational structure for the review and a
design methodology for practitioners. Second, we conducted a comprehensive systematic
review of 303 publications organized within this framework, covering methodological
advances, benchmark performance, and open challenges. The framework and the review
are complementary: the framework provides the analytical lens through which the literature
is examined, while the review validated the framework’s utility by demonstrating its
capacity to organize, compare, and synthesize a large and diverse body of research.

1.4. Review Structure

Unlike the existing reviews that organize literature along a single axis (typically
by solver architecture or problem type), our framework (Figure 3) provides a multi-
dimensional design methodology: from unified framework and COP formalization
(Section 2) through environment characterization (Section 3), MDP formulation and state—
action-reward design (Section 4), solver algorithms and architectures (Section 5), bench-
mark evaluation (Section 6), and open research directions (Section 7), followed by conclud-
ing with key findings and a critical discussion of limitations (Section 8). This end-to-end
pathway enables researchers to navigate from problem specification to solution deployment
within a single, coherent framework.
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Figure 3. The structure of the challenge-driven methodology and systematic review conducted in
the study.

2. Unified Framework

Formally, a combinatorial optimization problem is defined as

min f(x) subjectto x € X CQ, 1)
xeQ
where () is a discrete (finite or countably infinite) solution space, f : () — R is the objective
function, and X C () is the feasible subset defined by constraints C = {c,...,cn} with
cx : QO — {0,1}. For NP-hard COPs, |Q)| grows exponentially with instance size, motivating
DRL-based approximate methods.

This review constructs a unified DRL-based framework for COPs (Figure 4), compris-
ing three core modules: environment, agent, and evaluation. The environment module
models COP instances by specifying problem types and attribute features, establishing
constraint boundaries and optimization objectives. The agent-environment interaction
encompasses the state space, action space, and reward mechanism, addressing challenges
such as the curse of dimensionality, suboptimal solution quality, and environmental uncer-
tainty. The agent module integrates RL algorithms with specialized solvers to transform
COP instances into learnable decision sequences. The evaluation module quantifies and
compares solver performance against established benchmarks using standardized metrics.
Collectively, this framework integrates the theoretical foundations, technical implementa-
tion pathways, and validation methodologies of DRL for COPs.

1. Environment
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e
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Figure 4. Unified DRL-based framework for COPs.

3. Environments

COPs encompass a broad spectrum of problem classes including routing, scheduling,
assignment, packing, covering, graph coloring, and facility location [1]. Rather than
attempting shallow coverage of all COP families, this review focuses on routing (TSP, VRP,
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OP, PDP) and scheduling (JSP, FSP) as the two most extensively investigated domains
in the DRL-for-COPs literature. This choice was data-driven: routing and scheduling
collectively account for over 85% of the 303 publications surveyed. For other COP families,
including graph coloring, bin packing, knapsack, and facility location, DRL methods have
also been applied, as demonstrated by the RL4CO benchmark [2] which implements 27
COP environments spanning routing, scheduling, electronic design automation (mDPP),
and graph problems. However, the volume of DRL research in these domains remains
substantially smaller than in routing and scheduling. Our deliberate focus on the two most
extensively studied domains enables the depth of analysis that a broader but shallower
survey could not provide. Figure 5 presents our taxonomy categorizing environments by
problem attributes and types.

)
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Figure 5. Typical environments and attribute set.

Additional attributes extend fundamental formulations into a wide spectrum of vari-
ants, classified into three categories: (1) Generic: dynamic (D) and multi-objective (M), ap-
plicable across domains, yielding variants such as DJSP [49,50], DTSP [51,52], DVRP [53,54],
M]JSP [55,56], and MTSP [57,58]. (2) Routing-specific: multiple (m) yielding mTSP [59],
prize collecting (PC) yielding PCTSP [60], asymmetric (A) yielding ATSP [19]; for VRP—
capacitated (C) [61], split delivery (SD) [62], open routes (O) [22], duration limits (L) [21],
backhaul (B) [63], time windows (TW) [64,65], electric (E) [66-68], heterogeneous (H) [69,70],
and skill constraints [71]. (3) Scheduling-specific: flexible (F) [27,72], distributed (Di) [73],
and permutation (P) [74]. Figure 6 illustrates attribute-based routing problems; Figure 7
shows an EVRP instance with nine customers, six charging stations, and two vehicles.

—_

—

Multiple attributes combine to form composite variants: two-attribute examples include
DEFJSP [75], MDESP [76], and HCVRP [69,70]; three-attribute examples include MDFJSP [46]
and DiMDESP [77]. Scheduling attributes follow the hierarchical order Di-M-P-D-F; rout-
ing attributes follow RL4CO conventions [2].

o @] Q.
@)
O O [Oe
O O Q,
©
Instance TSP OVRP VRPL VRPB VRPTW
© Depot QO Customer O Backhaul — Feasible route (5) Demands @ Service duration ® Time window

Figure 6. Different VRP attributes.
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Figure 7. EVRP instance and feasible solution.

Figure 8 shows the historical progression of routing and scheduling research. Flexi-
ble scheduling, dynamic environments, multi-objective optimization, and EVRP are the
most prominent directions, reflecting industrial demand for scalable, robust solutions.
The routing research paradigm exhibits distinct phases: early encoder—decoder optimiza-
tion [42,62,78,79], followed by universal multi-task algorithms [19,20,63,80-85], with cur-
rent emphasis on unified heterogeneous frameworks [21,22].

100
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[_JFFsP FJSP
N\ VRPTW [__|DFSP DJSP
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NN
SN

S8
R

= /A=Y

T T T T
2020 2021 2022 2023 2024 2025
Year

Figure 8. Publication statistics of DRL-based COPs research.

The choice of environment type directly shapes DRL agent design. In static settings
(e.g., standard TSP, static JSP), state representations capture the initial instance and construc-
tion progress, with fixed-size action spaces and terminal rewards. Dynamic environments
(e.g., DVRP, DJSP) require state encodings of real-time events, variable action spaces, and in-
termediate reward signals for timely guidance. Routing problems with Euclidean structure
naturally suit attention-based architectures, while scheduling problems with precedence
constraints benefit from graph-based representations (DG, HG). Multi-objective settings de-
mand vector-valued rewards and specialized training strategies, while partially observable
settings (POMDP) require belief-state representations or recurrent architectures. These con-
nections between environment characteristics and agent design choices are systematically
elaborated in the subsequent sections.

4. DRL Formulation

DRL addresses COPs by modeling them as MDPs, defined by state—action-reward
dynamics. This section outlines the DRL framework design according to the following RQs:
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1.  RQI: How can COPs be modeled as dynamic decision processes, and under what
formal conditions do MDP, POMDP, SMDP, and Dec-POMDP formulations apply?

2. RQ2: How can state representations be designed to capture structural dependencies
across COP types, and what are the trade-offs between vector-based, graph-based,
matrix-based, Petri net-based, and hybrid representations?

3. RQ3: How should action spaces be structured for different solver paradigms (L2C,
L2I), and how does action space dimensionality affect training efficiency?

4.  RQ4: How can reward functions be engineered to address sparse feedback, multi-
objective trade-offs, and dynamic constraints?

COPs introduce several distinctive characteristics that differentiate DRL formulation
from standard RL settings. First, solutions are represented as partial constructions: at each
decision step, the agent builds an incomplete solution (e.g., a partial tour in TSP, a partial
schedule in JSP), and the state must encode both the problem instance and the current
construction progress. Second, feasibility constraints are integral to COP formulations:
actions violating problem constraints must be explicitly masked or penalized, making
the action space dynamic and state-dependent. Third, rewards are typically delayed:
in constructive NCO solvers, meaningful feedback is only available upon solution com-
pletion (sparse terminal reward), which differs fundamentally from standard RL where
intermediate rewards are often available. These characteristics have driven COP-specific
techniques such as encoder—decoder architectures for sequential construction, feasibility
masking for constrained action spaces, and specialized baselines for variance reduction
under sparse rewards.

4.1. MDP

Figure 9 illustrates the agent-environment interaction mechanisms across different
MDP frameworks. MDP is a widely adopted formalism for modeling the evolution of
dynamic systems over time and serves as the standard mathematical framework for DRL
tasks [86]. COPs based on DRL are typically modeled using MDP or its extended variants.
For foundational insights into MDP, see [86,87]. Key MDP extensions include the partially
observable MDP (POMDP), the semi-MDP (SMDP), and the decentralized POMDP (Dec-
POMDP). Unlike conventional MDP framework diagrams, this study incorporates routing
and scheduling state transition models within the environment module based on prior
research [88], enabling clearer visualization of inter-temporal state transitions where state
updates are triggered by action executions. The observation model is embedded within the
POMDP framework and situated along the environment-to-agent pathway, as observations
are generated following state updates. The algorithm module trains the policy network to
guide agent decision-making.

An MDP is defined as the 5-tuple (S, A, P, R, ), where S is a measurable state space,
A is a measurable action space, P : S x A — A(S) is a Markov transition kernel, R :
S x A — Ris a bounded measurable reward function, and -y € [0,1) is the discount factor.
The value function is V7 (s) = Ex[Y5 ¥R (st,a¢) | so = s|, with the Bellman equation
V*(s) = maxae 4[R(s,a) + v [¢ P(ds' | s,a)V*(s')]. The classic MDP (Figure 9a) is suited
to fully observable environments, widely applied in static JSP [7,72] and dynamic settings
with immediate event impacts [45,89,90]; multi-agent extensions maintain observability via
coordinated architectures [90,91] or event-driven protocols [92,93].

A POMDP extends the MDP via the 7-tuple (S, A, O, P, Z, R, ), where O is a measur-
able observation space and Z : S x A — A(O) is the observation model. The agent main-
tains a belief state by € A(S) updated via Bayes’ rule: by1(s') = 17 Z(0p41 | 8’ a1) [ P(s' |
s,at)bt(s)ds. For approximate beliefs b;, bounded optimality loss requires exponential sta-
bility of the belief filter: 3C > 0,A € (0,1) with E[||b; — b;||;] < CA’. Sufficient conditions

https://doi.org/10.3390 /math14142538


https://doi.org/10.3390/math14142538

Mathematics 2026, 14, 2538

10 of 46

include uniform positivity of the observation likelihood (& > 0, j(-) with Z(o | s) > eu(0))
and the Doeblin (uniform ergodicity) condition on the transition kernel. POMDP (Figure 9b)
is applied in chemical batch scheduling [94] and dynamic vehicle routing [53].
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Figure 9. Agent—-environment interaction paradigms.

An SMDP is defined as the 6-tuple (S, A, P,R,v,T), where T is the set of possi-
ble action durations T = 7(s,a) € R>(. The expected discounted reward is R(s,a) =
E[Z;;é K7 (s, ax) | so = s,a0 = a]. The Bellman operator (7V)(s) = max,ec4[R(s,a) +
Yo P(s' | 5,a)E[yT*)]V(s')] is a contraction mapping when p := supsraIE['yT(s'“)] <1,
guaranteeing convergence to V*. SMDP (Figure 9c) enables hierarchical RL with op-
tions [95], event-driven state updates [59,96], and temporal reward accumulation in stochas-
tic environments [97].

A Dec-POMDP extends POMDP to N agents via the 8-tuple, which can be written as
(S, {Ai}fil, {Oi}f\il,P, Z,R,v,N), with joint policy = = (73, ..., Ty) where 7; : H; —
A(A;). Under CTDE, a centralized critic accesses the global state during training while
each agent uses only local observations during execution [4,98]. Dec-POMDP (Figure 9d)
is applied in job-as-agent formulations [99], factory partitioning [100], heterogeneous
multi-agent systems [101,102], and hierarchical routing [103].

4.2. State Representation

In COPs, systems are modeled as MDPs or their extended forms, where state repre-
sentation plays a critical role. Its importance is evident in four key aspects: (1) As shown
in Figure 9, the system state serves as the foundation for decision-making; agents per-
ceive environmental states and rewards to select appropriate actions. A well-designed
state representation captures diverse system contexts, enabling faster policy convergence.
(2) Effective state representation mitigates the curse of dimensionality [74,97,102,104-106].
(3) State representations are fed into DRL algorithms as feature vectors, directly influencing
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learning efficiency and solution quality. (4) They also form the basis for responding to
dynamic events.

To address state representation challenges, the existing studies predominantly em-
ploy five approaches: vector-based, graph-based, matrix-based, Petri net-based, and hy-
brid methods.

4.2.1. Vector-Based

In routing problems, state features evolve from simple node coordinates to incorporate
problem-specific constraints. For the VRP, states comprise node coordinates [62]; for the
CVRP, vehicle features (position, capacity) and node demands are added, often as 3D
vectors [2]. More complex variants incorporate time windows (VRPTW), route duration
limits (VRPL), or dynamic battery levels (EVRP) [20,22]. Enhanced representations may
include topological details such as neighbor coordinates and inter-node distances [61,80].

In scheduling contexts, vector-based state features are extracted at the entity level
(machines, jobs, operations, factories, AGVs) as multidimensional attributes. As summa-
rized in Table 2, 13 core feature categories are systematically documented. Two encoding
approaches coexist: vector-based methods encode raw temporal sequences, while numer-
ical methods summarize distributions via statistical descriptors (mean, std, min, max,
range). This representation offers concise and flexible encoding that adapts well to dynamic
environments, but it is limited in its capacity to model complex constraints, and it relies on

co-design with the action space and reward function [107].

Table 2. Vector-based state representation features and formulas.

Feature Sub-Feature Formula
Vector [105,108-113] P =lpu,pi2,-- -, Pnn,v]
Minimum [114] min; ; pjj
Maximum [115] max;; pij
_ ):,”:1 ):"11 pij
Processing time Mean [17,43,88,100,101,106,116,117] p= 7;1:1 i
n M 5)2
Std [97,118-124] op = B LBy PP i’il(fjf] &
i=1"1
Sum [4,8,92,125-128] T T pij

Range [129]

max;j pjj — min;; p;;

Machine utilization

For machine k [105,106,126,130]
Mean [28,48,92,101,122,128,129,131,132]

Std [5,115,118,121,130,133-144]
Range [46,140]

op;
U — Y1 Xioq XijkPijk
k N Z?n ML([:Tk
— Lk=1“k
Ugpe = 75,

J Bl (Ug—Ugve)?
Ustg = k=1 m

maxy Uy — miny Uy

Remaining processing time

For job i [88,90,106,107,115-117,119,136,145]

RT]z' = Z]"l;opi+1 APTI”

1 if MCT, > T,
Machine status Binary for machine k [4,28,90,96,105,125,146-148] Statusy = if Mc k> Seur
0 otherwise
Number of ibs Static [76,101,107,114,115,119,126,147,149-151] n
) Dynamic [28,89,102,120,122-124,129,135,152] [UCjop|
n ’ n . 2
Job completion rate Mean/Std [5,117,120,121,127,128,130,133-140,142,153-155] CRJage = E=1 R Ry = o/ BRI CRIme 2
i i - - _ Ziearj(ni—OP)_ _ _Ziern[ETo;|
Tardiness rate Actual and estimated [5,130-134,137-141,144,146,153,154,156,157]  Tard, = ):ieuc/-(,bWrOPi)’ Tard, = Zieucﬂ,b(“ﬁopi)
For job i [104,124,149,156] C = max; Cij

Completion time

For machine k [8,28,45,106,153,158]
Operation [109,128]

MCT} = max;;{C;; | O;; assigned to M}
Cij = STjj + pyj

Machine workload

For machine k [45,90,122,126,131,133,136,155]

op;
n 1
_ Lin X
W= ——op————

max; g bk Xijk

Lijie Xijie
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Table 2. Cont.

Feature Sub-Feature Formula

Slack time For job i [8,48,76,107,113,114,116,117,119,153] Slack; = D; = Teur = T op, 11 APT
Idle time For machine k [4,77,90,97,101,151,159,160] Idle, = Teyy — MCTy

Number of machines Static [28,77,89,115,124,126,131,151,161] m

Setup time For operation O;; on machine k [4,116,147,150,151] Sijk

Notation: n: number of jobs, m: number of machines, J;: job i, O;;: operation j of job i, p;;: processing time of
Ojj, OP;: number of scheduled operations of job i, 1;: total number of operations of job i, Cj;: completion time of
Ojj, Ci: completion time of job i, D;: due time of job 7, Uj: utilization rate of machine k, MCTj: completion time
of machine k, CRJ;: completion rate of job i, Tard;: tardiness rate of job i, UC obt set of uncompleted jobs, Ty,
current time, V: number of AGVs. APT};: average processing time of O;; over compatible machines, AT]: set of
actual tardy jobs, ET]: set of estimated tardy jobs, ETp;,: set of estimated tardy operations of job 7, ST;;: start time
of Ojj, Xjjx: indicator if O;; is assigned to machine k, t;j: processing time of O;; on machine k.

4.2.2. Graph-Based

Compared to vector-based representations, graph models explicitly capture structural
dependencies between operations and resources. The existing methods are classified into
four graph-based subclasses: disjunctive graph (DG) [25,41,91,162], heterogeneous graph
(HG) [7,27,72], directed acyclic graph (DAG) [9,163], and bipartite graph (BG) [164,165].
The structural properties and instance-solution visualizations of DG and HG are presented
in Figure 10. DGs for the JSP assign each operation to a unique machine, whereas FJSP DGs
allow multiple candidate machines per operation. HGs represent multiple entity types
(machines, jobs, operations) as distinct node categories. Stitched disjunctive graph (SGD),
directed acyclic graph (DAG), and bipartite graph (BG) representations, employed by a
limited number of studies [9,163-165], are discussed in the text with citations retained.

In Figure 10c,ik, operation nodes with compatible machine options are highlighted in
orange. A feasible schedule is obtained by orienting the undirected disjunctive edges. Upon
completion of scheduling, the DG transforms into a DAG, as illustrated in Figure 10b,d.
A formal definition of the DG is provided in [162]. The SDG extends the DG into a dy-
namically stitched structure for distributed scheduling with stochastic job arrivals [166],
while the static SDG constructs a global graph by concatenating individual DGs of multiple
factories prior to scheduling [73,167]. The HG extends the DG by integrating heteroge-
neous entities, including machines and transportation resources [168,169]. The BG models
machines and buffers as two disjoint node sets connected by directed edges, capturing
machine—job dependencies [164,165]. The DAG captures path-scheduling relationships
through its directed, acyclic structure [9,163].

Graph models inherently support structured state representation, enabling explicit
modeling of complex scheduling characteristics: dependency chains, concurrent re-
source conflicts, and queuing behaviors. Their dynamic topology allows real-time
adaptation via node/edge insertion or deletion in response to temporal events. Fol-
lowing graph construction, GNNs are commonly employed to learn latent represen-
tations of nodes and edges. Common architectures include: graph convolutional net-
works (GCNs) [44,163,170,171], graph isomorphism networks (GINs) [25,91,162,172-179],
graph attention networks (GATs) [7,50,168,180-187], heterogeneous graph neural networks
(HGNN ) [72,169,188-194]. However, GNN-based feature extraction introduces significant
computational overhead. As the problem scale increases, this leads to prohibitive training
costs and degraded real-time inference performance.
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(i) FJISP H

instance.

(d) FJSP DG solution.

(j) FJSP HG solution. (k) FFSP HG instance. (1) FFSP HG solution.

Figure 10. Graph-based state representations for scheduling: disjunctive graphs (DG, rows 1-2) and
heterogeneous graphs (HG, rows 2-3). Nodes labeled 0j; denote the i-th operation of job j; nodes My
denote machines. Solid black arcs represent precedence constraints; colored dashed arcs indicate
operations assigned to the same machine.

4.2.3. Matrix-Based

Matrix representations encode structural relationships among machines, jobs, and
operations into 2D matrices [49,195,196] or multi-channel 3D tensors [26,197,198]. En-
coded features are fed into DRL algorithms via three main approaches: direct input af-
ter flattening, feature mapping via MLPs, or input to CNNs/RNNSs for automatic em-
bedding. These nonlinear transformations extract higher-level abstractions that capture
latent relationships among entities. However, fixed dimensions limit adaptability to
dynamic-scale scenarios, and flattening or convolution operations may obscure higher-
order topological dependencies.

4.2.4. Petri Nets-Based

Petri nets model concurrent and synchronized dynamic systems by representing
resources, events, and constraints as places, transitions, and tokens, respectively. They ad-
dress machine sequencing challenges by identifying minimal and maximal paths within the
net [199]. Recent work has integrated Petri nets with PPO for JSP state representation [200]
and applied them in robotic FSP [201,202]. While offering strong semantic interpretability,
their state space grows exponentially with the number of resources and tasks, limiting
scalability in large-scale problems.

4.2.5. Hybrid

Hybrid state representations combine multiple encoding paradigms, primarily in
MARL settings [75,203]. For example, vectors and DGs have been used for high- and low-
level agents respectively [75], and matrix-DG combinations encode categorized informa-
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tion [204]. While hybrid approaches enhance representational flexibility, they significantly
increase state-space complexity.

In summary, existing work has adopted diverse state representation strategies, but
two key limitations remain: (1) feature design is heavily dependent on expert knowl-
edge, particularly for heterogeneous entities (operations, jobs, machines, AGVs, factories);
(2) there is no consensus on feature efficacy: although some studies suggest that increas-
ing raw features improves performance [27], neither theoretical analysis nor systematic
experimentation has identified which features are critical or how many are needed to reach

performance saturation.

4.3. Action Generation

Actions are used to generate feasible solutions to the problem. A high-dimensional
action space directly exacerbates the curse of dimensionality, and its design is a key factor
influencing the training stability and convergence of DRL algorithms [205]. Figure 11
summarizes the primary action generation methods in the existing literature, categorized
into three types: end-to-end (E2E), dispatching rules-based (DRs), and operator selection-
based (OS). The numbers within the circles represent statistical data: red circles denote the
number of papers in each category or subcategory, while gray circles indicate the frequency
of occurrence of specific DRs across all relevant studies.

[ Action generation ’
I

v .
e L [or P

T 1
dzg:gi'gn sPT (@) [ mor (19)
= @ (@
0+M | FIF0 (39) [ R
J+M [ Eobp (23) [ MwR
O+F decision [ SRPT@ [ LOR @
D

Figure 11. Classification of action generation methods and statistics on paper counts and DRs

frequencies.

4.3.1. E2E

The E2E action generation approach directly outputs specific actions upon input
of a problem instance into the DRL model. In routing problems, the most common ac-
tion is selecting the next unvisited node from the set of unvisited nodes [60,64,79,206].
In contrast, action generation in scheduling problems is typically more complex. Single
decisions involve either operation selection (O) [25,50,108,167,172,207-210] or job sequenc-
ing (J) [77,94,100,160,164,165,178,211]. Composite decisions combine atomic actions, such
as operation selection and machine assignment (O + M) [4,7,72,176,177,182,212-215], op-
eration selection and factory assignment (O + F) [73,166], operation selection and job se-
lection (O +J) [114], and operation selection, machine assignment, and vehicle assignment
(O +M+V)[168,169]. The combinatorial nature of these composite actions often leads
to exponential growth in the action space, substantially increasing training complexity,
particularly for large-scale problems [72,198,216-219].

To mitigate this challenge, the existing approaches primarily fall into two cate-
gories: invalid action masking [25,200,220] and composite action decomposition. For
instance, Bonetta et al. [221] employed a state matrix to filter invalid actions in real time;
Yuan et al. [222] improved training efficiency by masking illegal machine assignments and
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repeated operations. In composite action decomposition, several studies [27,93,99,159,160]
reformulated composite decisions as independent atomic actions within a MARL frame-
work. For example, certain works [27,93,159] modeled each machine as an agent, allowing
it to select one job or operation per step. Wang et al. [99] used job agents, each selecting
a robot-related action at each decision step. An alternative approach embeds machine
availability into the state representation, enabling the policy network to implicitly infer
optimal machine assignments without explicitly including machine selection in the ac-
tion space [160]. Furthermore, some methods cascade operation selection and machine
assignment, reducing the action space from combinatorial to polynomial complexity [190].

4.3.2. DRs-Based

The DRs-based approach integrates expert knowledge into the DRL framework, where
the action space is composed of heuristic DRs. This method constructs a compact, problem-
scale-independent action set through experiential customization, thereby significantly
reducing the search space and improving training efficiency. The statistical profile in
Figure 12 illustrates this effect. Commonly employed DRs include: shortest processing
time (SPT), longest processing time (LPT), first-in-first-out (FIFO), earliest due date (EDD),
shortest remaining processing time (SRPT), random selection (RS), most operations remain-
ing (MOR), longest remaining processing time (LRPT), least work remaining (LWR), most
work remaining (MWR), least operations remaining (LOR), and last-in-first-out (LIFO).
The model selects a single heuristic from this predefined set [49]. Composite DRs involve
integrated decisions that combine multiple scheduling logics, such as operation selection
and machine assignment [146], job selection and machine assignment [5,105,138,191], or
joint planning of jobs, machines, and maintenance [56]. These composite rules are broadly
categorized into four types. The first type employs manually predefined combinations,
such as the 11 rule variants integrating job selection and factory assignment strategies [134].
The second type constructs fixed composites via Cartesian products of basic rules for
operation and machine selection [138,146]. The third type uses weighted combinations,
wherein agents output continuous weight vectors to dynamically adjust rule mixtures,
enabling adaptive behavior [114,118]. The fourth type leverages genetic programming (GP)
to automatically evolve rule structures, treating basic rules as terminals and optimizing
them through evolutionary search to enhance performance and generalization [89,120].

120

— 120(Max) *

-

o

o
T

60

40

Total number of DRs

20

0

Figure 12. Distribution of the total number of DRs in the action space.

However, these methods are constrained by the expressive capacity of the rule library:
if the optimal scheduling strategy cannot be represented by existing rules or their com-
binations, performance is inherently limited. To overcome the bottleneck of manual rule
design, researchers have introduced automated synthesis techniques. For instance, niching
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genetic programming generates diverse, high-performing rules, expanding the effective
action space and improving adaptability in dynamic environments [205].

A further challenge lies in evaluating DR effectiveness. Current approaches primarily
include: (1) comparative performance analysis between designed DRs and classical static
rules [97,154,157]; (2) statistical screening of frequently selected rules via large-scale simu-
lation experiments [145]; and (3) creation of new composite rules through combination or
evolutionary evolution of basic rules [89,114,118,205].

4.3.3. OS-Based

The OS-based approach involves the agent not directly selecting the next node to visit
at each decision step, but rather choosing which operator to apply to modify the current
solution. L2I [61] employed one of the most comprehensive and representative action spaces,
treating a curated set of operations research operators, including 2-opt, relocate, and cross, as
discrete actions. It treats different parameter values of the same operator as distinct actions,
enabling the agent to learn precisely which parameter of which operator to select under spe-
cific states. The actions of NLNS [223] were defined by its neural repair mechanism. Given
a partially destroyed solution, the repair network decides whether to connect the end of the
current route fragment to the end of another fragment or to the depot. DACT [42] selected
a pair of nodes, after which a fixed pairwise operator, such as 2-opt, performs the actual
transformation. N2S [224] also operated on node pairs, specifically defined as removing a
pickup—-delivery pair and reinserting them at new positions within the route. This design
effectively enforces precedence constraints in the PDP, avoiding violations that commonly
arise from traditional operators such as 2-opt. NHC [225] selected operators, including
insertion, swap, and 2-opt, conditioned on the problem type. Its distinguishing feature is the
encoding of both instance-level and solution-level information into edge features, allowing
action selection to account for not only spatial node positions but also semantic relationships
captured by edge weights. This enables the model to address problems dominated by
edge-based structure, such as PRP, TSP, and GPP, by recommending targeted improvements
that reduce evaluation counts and enhance solution quality. NeuOpt [18] frames its action
space around k-opt exchanges. Through action factorization, it decomposes traditional
k-opt moves into sequences of elementary steps, permitting dynamic determination of k
and the combination of operations at varying granularities during search. Its action space
includes temporarily infeasible moves, bypassing the limitations of conventional masking
mechanisms and encouraging exploration in constraint boundaries, thereby improving
convergence and optimization efficiency in complex constrained problems.

The OS-based action generation method significantly compresses the action space,
reducing it from a combinatorial scale dependent on node count, O(N?), to a fixed, man-
ageable size, making learning feasible and efficient. By embedding proven local search
operators from operations research, it circumvents the need for the agent to learn basic
optimization primitives from scratch, allowing it to focus on higher-level sequencing strate-
gies. Consequently, the learned policy effectively orchestrates these simple operations into
complex, globally optimal behaviors that surpass the performance of any single operator or
their random combination. However, as the above survey reveals, the design of the action
space remains heavily reliant on expert-defined operators. An operator effective for TSP,
such as 2-opt, may be ill-suited for problems like PDP [224]. This dependency limits the
generalizability and automation potential of neural solvers.
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4.4. Reward Design
4.4.1. Sparse Rewards

In routing problems, the optimization objective is typically to minimize the total
traveling distance [62]. For scheduling problems, the objective functions, as illustrated in
Figure 13, mainly fall into two categories: Makespan and Tardiness. Directly transforming
these objective functions into rewards in an MDP may lead to sparse rewards. Recent
studies have thus focused on modifying the reward signals themselves, primarily through
dense reward design [72,88,108,217], reward shaping [43,115,117,196,226], and HRL [56].

Other
10(7.1%) \
Weighted tardiness
4 (2.9%) ]

[
Total tardinessj

18 (12.9%)
Mean tardiness
7 (5%)

Makespan
101 (72.1%)

Figure 13. Objective function of scheduling problems.

Dense reward mechanisms convert sparse global objectives into immediate, step-wise
rewards, and they have been widely adopted in recent research [93,214]. For instance,
multiple studies have defined the reward as the Makespan difference between consecu-
tive states [72,88,108,217]; Wu et al. [49] proposed a reward based on machine idle time
and proved its negative linear correlation with Makespan; Xu et al. [105] reformulated
Makespan minimization as idle time reduction and designed a stepwise computable reward
function. Reward shaping enhances DRL efficiency by embedding prior knowledge into
the reward structure [226]. Zhang et al. [43] assigned weighted delay rewards upon job
completion to decompose the global objective into agent-specific feedback; Liu et al. [196]
backtracked production processes to allocate rewards based on queue time; Liang et al. [117]
used the objective function directly with relative performance scaling; Liu et al. [227] in-
corporated job urgency and slack-time deviation; Liu et al. [115] designed a dual-reward
mechanism with distinct discount factors to balance immediate and long-term signals.
Muller et al. [228] mapped inventory buffer importance to rewards instead of penalizing
idle time, while Lassoued et al. [200] transformed sparse Makespan into locally optimizable
machine utilization metrics. HRL mitigates sparsity by decomposing tasks into subtasks
with denser intermediate rewards. Li et al. [56] employed a two-level architecture: a high-
level agent dynamically switches objectives to generate multi-objective signals, while a
low-level agent receives action-aligned immediate rewards.

Current dense reward designs remain largely heuristic and task-specific, limiting
generalizability. Future work should focus on automating reward function synthesis via
meta-learning or inverse RL and establishing unified evaluation metrics for reward density,
stability, and transferability across job shop configurations. Additionally, integrating
causal reasoning into reward shaping may improve interpretability and robustness in
dynamic environments.

4.4.2. Multi-Objective Optimization

To address the challenges of multi-objective optimization, the existing research primar-
ily employs four categories of strategies: the weighted sum method, decomposition-based
methods, hierarchical methods, and Pareto optimization methods. These approaches
collectively tackle a core challenge: how to guide agents in making efficient trade-offs
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among multiple competing or conflicting objectives. The advantages, disadvantages, and
representative literature for each category are systematically compared in Table 3.

Table 3. Classification and literature review comparison table of multi-objective optimization methods.

Type A&L Reference List
SW: [5,45,65,76,85,89,90,93,94,106,120,121,138,154,158,163,

A: simple, efficient, easy implementation;

WS . R . AP . 175,198,214,228-233]
L: weight selection difficulty, incomplete pareto coverage DW: [77,91,143,186]
A: efficient pareto approximation, parallelizable, flexible; WS: [57,58,141,176,187]
DB L: high computational complexity, subproblem conflicts Tchebycheff: [146,234,255]
Fhig P prextty, subp Hindsight experience replay: [55]
A: avoids conflicts, dynamic adaptation;
HB L: reward design complexity, high collaboration complexity [46,56,130,131,133,139,144,153,156]
PO A: direct pareto front, no prior preference; [150,151,236]

L: high computational complexity, complex design

Notation: Abbreviations correspond to the following terms: advantages (A); limitations (L); action (A); weighted
sum (W), decomposition-based (D); hierarchical-based (HB); Pareto optimization (PO); static weights (SW);
dynamic weights (DW).

Objective conflicts are handled through three primary mechanisms: decomposition-
based (DB) methods scalarize multiple objectives via weighted sum R = ) wyr or Tcheby-
cheff aggregation, with varying weight vectors enabling coverage of different Pareto-front
regions [57,176]; hierarchical-based (HB) methods decouple objective preference selection
from schedule optimization across decision levels [46,56]; and Pareto-based (PB) methods
explicitly approximate the Pareto front using multi-policy or population-based training,
with hindsight experience replay improving objective-space coverage [55]. Pareto-front
coverage is achieved through diverse weight sampling during training (DB), varying pref-
erence configurations across episodes (HB), or diversity-preserving mechanisms such as
crowding distance (PB); however, uniform coverage remains challenging for non-convex
fronts or problems exceeding three objectives.

Current multi-objective optimization methods, while effective in balancing conflicting
goals, face three key limitations: (1) weighted sum approaches rely on predefined prefer-
ences and lack adaptability in dynamic environments; (2) decomposition-based methods
exhibit unstable convergence in high-dimensional spaces with weak inter-subproblem
coordination; and (3) hierarchical and Pareto methods incur high computational costs and
lack systematic support for real-time responsiveness and interpretability. A key challenge
in multi-objective DRL for COPs is ensuring adequate coverage of the Pareto front: the
set of non-dominated solutions capturing optimal trade-offs among conflicting objectives.
DB methods sample diverse weight vectors during training, teaching the policy to map
weight configurations to distinct front regions; at inference, users steer solutions via weight
specification. HB methods vary the high-level preference across episodes to build a solution
portfolio. PB methods explicitly enforce diversity through crowding-distance selection or
multi-population training, preserving spread along the front. Yet uniform coverage remains
difficult, particularly for non-convex fronts or problems with more than three objectives,
where the requisite weight combinations explode combinatorially.

5. Solving Algorithms

Algorithms for solving COPs typically consist of two components: general-purpose
RL algorithms and policy architectures. Following the classification in RL4CO [2] and
POMO [78], solvers are categorized into two distinct types: learning to construct (L2C)
and learning to improve (L2I). L2C solvers generate complete solutions by sequentially
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adding nodes to partial solutions through learned iterative mechanisms. Representa-
tive methods include Ptr-Net [237], AM [62], POMO [78], ScheduleNet [59], Pointer-
former [84], GLOP [19], MVMOoE [21], 2D-Ptr [69], DAN [27], PolyNet [238], PARCO [70],
and RouteFinder [22]. These solvers efficiently produce solutions but often yield inferior
solution quality compared to L2I methods or classical optimization tools such as LKH and
OR-Tools. Moreover, under complex constraints, L2C solvers frequently fail to satisfy all
problem constraints during construction [2,24].

In contrast, L2I solvers learn to perform iterative optimization within the solution
space by applying local search operators, such as k-opt exchanges, to refine existing solu-
tions. Notable approaches include NeuRewriter [239], N2S [224], NLNS [223], DACT [42],
NeuOpt [18], and NCS [240]. While L2I solvers significantly enhance solution quality
through iterative refinement, they incur high computational costs due to repeated encoding
of solution structures at each step. Furthermore, their final performance and convergence
speed are highly sensitive to the quality of the initial solution [2,24].

This section is organized around three complementary dimensions. First, the solver
taxonomy is established in Section 5.1 (general-purpose RL algorithms) and Section 5.2
(policy architectures), categorizing methods by construction paradigm (L2C vs. L2I), RL
algorithm family, and architecture type. Second, Section 5.3 organizes five core challenges
into explicit sub-subsections, namely large-scale optimization, dynamic environments,
generalization capability, sample efficiency, and simulation-to-reality transfer, each survey-
ing how different solver types address the same challenge. Third, Section 5.4 provides a
visual synthesis of emerging research trends. A temporal development roadmap (Figure 14)
illustrates key advances and milestone algorithms:
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Figure 14. A roadmap of representative solver evolution.

5.1. General-Purpose RL Algorithms

Formally, the RL objective is to learn a policy 71y that maximizes the expected cumula-
tive reward over the distribution of problem instances x ~ P(x) [2]:

T-1
0* = argmglx ]ExNP(x) Eﬂ.’g(a|x) Z ’)/tR(St, Clt) . (2)
t=0
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For policy gradient methods, the REINFORCE estimator with baseline b(s) is [62]:

VoL(0 | s) = Epy(s)[(L(7) — b(s)) Velog pe (7t | 5)], ©)

where b(s) is a baseline function for variance reduction.

General-purpose RL algorithms are commonly classified into three categories: (1) value-
based methods, which indirectly optimize the policy by estimating the value function, such
as Deep Q-Network (DOQN) [150,158], Double Deep Q-Network (DDQN) [56,205], Dueling
Deep Q-Network (Dueling DQN) [195], Dueling Double Deep Q-Network (D3QN) [17,43],
Rainbow Deep Q-Network (RDQN) [138], Expected Deep Q-Network (EDQN) [152], and
QMIX [99] for multi-agent settings; (2) policy-based methods, which directly learn the
policy function, such as PPO [27,50,72], the most widely adopted in scheduling tasks; REIN-
FORCE [62,78], commonly applied in routing problems; Evolution Strategies (ES) [172,176]
for parameter optimization; and MAPPO [135,185] for multi-agent systems; and (3) actor—
critic methods, which combine value and policy estimation by using a critic to guide policy
updates, such as Advantage Actor—Critic (A2C) [109], Asynchronous Advantage Actor—
Critic (A3C) [161,167], Soft Actor—-Critic (SAC) [88,162,215], and Deep Deterministic Policy
Gradient (DDPG) [96,163].

To further analyze research trends in general-purpose RL algorithms for solving
COPs, Figure 15 presents a grouped bar chart showing the top three RL algorithms each
year. Three key observations emerge: (1) PPO has become the dominant algorithm for
COPs, owing to its versatility and training stability; (2) REINFORCE remains widely
used in routing problems, largely due to early foundational works such as AM [62] and
POMO [78], which integrated REINFORCE with powerful sequence models and established
a prevailing research paradigm; (3) DQN has maintained sustained relevance over time,
supported by its architecture-compatible design, straightforward implementation, high
stability, and scalability.
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Figure 15. Annual comparison of top three RL algorithms.

5.2. Policy Architectures

Policy architectures parameterize agent behaviors within environments. Their evolu-
tion reflects a trajectory from basic designs toward general-purpose foundation models.
Representative advances are summarized in Figure 14.

The predominant architectural paradigm for L2C solvers is the encoder—decoder
model [62], which defines a stochastic policy pe(7t | s) for constructing a solution
= (m,...,m,) given instance s, factorized as
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n

po(m|s) =] [pe(m |'s miu—1)- 4)
=1

The encoder maps dy-dimensional input features x; to dj,-dimensional node embeddings
AR
1

head attention (MHA) and feed-forward (FF) sublayers with skip-connections and batch

= W¥*x; + b¥, updated through N attention layers. Each layer consists of multi-

normalization:

=

o= BN e mEAl (YY), 5)
1

n = BN'(; + FF' (i) ). ©6)

The graph embedding is 7(N) = % Yy hEN). The decoder computes per-head queries, keys,
and values as 9(e) = WQh(C), ki = WXn;, v; = WV h;, with scaled dot-product attention

Attention(Q, K, V) = softmax QKT 174 (7)
7 4 \/ﬁ 7

and multi-head attention MHA(Q, K, V) = Concat(heady, ... ,headh)WO. The pointer
mechanism [241] computes logits as ul(t) =o' tanh(Wie; + Wad;), and the output distribu-
tionis p(mr; =i | s, my1) = softmax(u(t))i. The composition Decoder o Encoder : X —
A(IT) maps problem instances to distributions over solution permutations.

Early L2C solvers aimed to replace traditional heuristics with DRL-based E2E solvers.
Ptr-Net [241] was among the first RL approaches for COPs, using policy gradients to
train pointer networks while preserving input sequence invariance. Subsequent work
addressed its limitations in dynamic state representations, such as in VRP, by replacing
LSTM encoders with element-wise projections, enabling updated embeddings after state
transitions [242]. AM [62] significantly advanced this line by adopting Transformer archi-
tectures [243], establishing itself as the dominant framework. POMO [78] extended AM
by exploiting solution symmetry in TSP and CVRP. Sym-NCO [244] generalized this idea
by leveraging shared symmetries across COPs, enabling class-level generalization beyond
POMO’s problem-specific symmetries. MDAM [79] introduced multi-decoder ensembles,
though its performance remained limited by static configurations and node-scale con-
straints. MatNet [165] replaced self-attention with cross-attention to improve end-to-end
performance on asymmetric COPs.

Subsequent research expanded into large-scale instances [19,245], cross-problem learn-
ing [60], multi-task modeling [21,22], multi-agent systems [70,246], complex constraints [71],
novel applications [68], and improved architectures [247,248], yielding a range of innovative
frameworks.

To bridge the solution quality gap between early L2C solvers and classical meth-
ods [239,249], L2I solvers employ policy gradients to learn selection strategies for local
search operators, such as 2-opt [249]. This approach outperforms handcrafted rules and has
been extended to 3-opt [250]. The evolution of L2I solvers centers on expanding action space
flexibility: DACT [42] uses dual-aspect attention to guide 2-opt selection; NeuOpt [18] adapts
to any k > 2 and automatically selects optimal k; NHC [225] introduces a neural heuristic for
graph COPs. Collectively, these methods integrate operations research operators with DRL
adaptivity, achieving substantial gains in solution quality, efficiency, and scalability.

Representative works are categorized across dimensions in Tables 4 and 5. Below, we
organize the review around key challenges as thematic pillars.

https:/ /doi.org/10.3390/math14142538


https://doi.org/10.3390/math14142538

Mathematics 2026, 14, 2538 22 of 46
Table 4. A summary of the literature on L2C.

Ref Problem S A Obj Embedding Algorithm Agent Env Link Year
S2V-DQN [251] MVC, TSP, MAXCUT Graph E2E SO GNN Q-learning SA Static Link 2017
PtrNet [237] TSP Vector E2E SO LSTM RF SA Static Link 2018
VRP-RL [242] VRP Vector E2E SO MLP RF SA Dynamic  Link 2018
AM [62] TSP *, VRP *, OP Vector E2E SO TF RF SA Dynamic Link 2019
POMO [78] TSP, CVRP, KP Vector E2E SO TF RF SA Static Link 2020
12D [173] CJSP Graph E2E SO GIN PPO SA Static Link 2020
HCVRP-DRL [252] HCVRP Vector E2E SO TF RF SA Static Link 2021
MDAM [79] TSP *, VRP *, OP Vector E2E SO TF RF SA Dynamic  Link 2021
HAM [253] PDP Vector E2E SO TF RF SA Static Link 2021
ScheduleNet [59] CJSP Graph E2E SO GAT RF MA Static Link 2021
MatNet [165] ATSP, FFSP Graph E2E SO GAT RF SA Static Link 2021
GTA-RL [51] DTSP, DVRP Graph E2E SO GAT RF SA Dynamic  Link 2022
Sym-NCO [244] TSP *, CVRP, OP Vector E2E SO TF RF SA Static Link 2022
REGAT [82] TSP, CVRP Graph E2E SO GAT PPO + RF SA Static Link 2022
MPGN [177] FJSP Graph E2E SO GIN PPO SA Static Link 2022
DMDDQN [141] MDFJSP Vector DRs MO MLP DDQN SA Dynamic  Link 2022
MASA [99] FFSP Vector E2E SO RNN QMIX MA Static Link 2022
MLDRL [58] MTSP, MVRPTW Vector E2E MO TF AC SA Static Link 2023
H-TSP [245] TSP Vector E2E SO CNN + TF PPO + RF SA Static Link 2023
Pointerformer [84] TSP Vector E2E SO TF RF SA Static Link 2023
Zhang et al. [52] DTSP Vector E2E SO TF RF SA Dynamic  Link 2023
NHDE [254] MTSP Graph E2E MO HGAT RF SA Static Link 2023
COMPASS [255] TSP, CVRP, JSP Vector E2E SO TF RF SA Static Link 2023
HADRL [256] EVRP Vector E2E SO TF RF SA Static Link 2023
Yuan et al. [25] cJsp Graph E2E SO GIN PPO SA Static Link 2023
Wu et al. [26] DJSpP Matrix DRs SO CNN PPO SA Dynamic  Link 2023
Song etal. [72] FJSP Graph E2E SO HGNN PPO SA Static Link 2023
HJS [190] FJSP Graph DRs SO HGNN RF SA Static  Link 2023
Lin et al. [60] TSP *, CVRP, OP Vector E2E SO TF RF SA Static Link 2024
Wang et al. [63] VRPB Vector E2E SO TF RF SA Static Link 2024
GLOP [19] TSP *, CVRP Graph DRs SO TF + GNN RF SA Static Link 2024
FER [247] TSP, CVRP Vector E2E SO TF A2C SA Static Link 2024
MD-MTA [257] MDVRP, MDOVRP Vector E2E SO TF RF SA Static Link 2024
MVMOoE [21] 16 VRPs Vector E2E SO TF RF SA Static Link 2024
Iklassov et al. [258] VRPTW Vector E2E SO LSTM + MLP RF SA Dynamic  Link 2024
MTNCO [20] 11 VRPs Vector E2E SO TF RF SA Static Link 2024
2D-Ptr [69] HCVRP Vector E2E SO TF RF SA Static Link 2024
Wu et al. [49] DJSP Matrix DRs SO MLP PPO SA Dynamic  Link 2024
Si et al. [88] cJsp Vector DRs SO MLP SAC MA Static Link 2024
PetriRL [200] CJSP Petrinet E2E SO MLP PPO SA Static Link 2024
Monaci et al. [108] CJsp Vector E2E SO LSTM PPO SA Static Link 2024
Wheatley [180] CJSP Graph E2E SO GAT PPO SA Static Link 2024
RS [220] FJSP Graph E2E SO HGIN RF SA Static Link 2024
Hammami et al. [175] MDJSP Graph E2E MO GNN PPO SA Dynamic  Link 2024
GRL [214] MFJSP Graph E2E MO GNN PPO SA Static Link 2024
PGRL [176] MEFJSP Graph E2E MO GIN + MLP ES SA Static Link 2024
Lei et al. [75] DFJSP Graph E2E SO GIN + MLP DDQN + PPO MA Dynamic  Link 2024
E2E-MAPPO [91] MFJSP Graph E2E MO MLP MAPPO MA Static Link 2024
DAN [27] FJSP Graph E2E SO GAT PPO SA Static Link 2024
Luo et al. [259] CFSP Vector E2E SO CNN +LSTM AC SA Static Link 2024
DRON [94] MDESP Vector E2E MO RNN DQN SA Dynamic  Link 2024
Grumbach et al. [76] MDEFSP Vector E2E MO MLP PPO + A2C SA Dynamic  Link 2024
RouteFinder [22] 48 VRPs Vector E2E SO TF RF SA Static Link 2025
AEDRL [68] EVRP Vector E2E SO TF RF SA Static Link 2025
PARCO [70] HCVRP, PDP, FFSP Vector E2E SO TF RF MA Static Link 2025
Skill-VRP [71] Skill-VRP Vector E2E SO TF RF SA Static Link 2025
PolyNet [238] TSP, CVRPTW, JSP Vector E2E SO TF RF SA Static Link 2025
ReLD [260] 16 VRPs Vector E2E SO TF RF SA Static Link 2025
CAMP [246] PVRP Vector E2E SO TF RF MA Static Link 2025
RRNCO [261] TSP, CVRPTW Vector E2E SO TF RF SA Static Link 2025
EDSP [219] FJsp Graph E2E SO HGAT PPO SA Static Link 2025
MMAPPO [45] MDFESP Vector DRs MO MLP MAPPO MA Dynamic  Link 2025
Yuan et al. [198] MDFJSP Matrix E2E MO MLP PPO SA Dynamic  Link 2025

Notation: Symbol * indicates that the term encompasses multiple variants of the problem. Abbreviations
correspond to the following terms: reference (Ref); state (S); action (A); objectives (Obj), single-objective (SO);
multi-objective (MO); single-agent (SA); multi-agent (MA); REINFORCE (RF); transformer (TF).
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Table 5. A summary of the literature on L2I.

Ref Problem S A Obj Embedding  Algorithm  Agent Env Link  Year
NeuRewriter [239] JSP, CVRP Vector OS SO LSTM A2C SA Static  Link 2019
L2l [61] CVRP Vector  OS SO TF RF SA Static  Link 2020
NLNS [223] CVRP,SDVRP  Vector OS SO MLP RF SA Static  Link 2020
N2OPT [249] TSP Graph  OS SO GCN RF SA Static  Link 2020
NBOPT [250] TSP Graph  OS SO GCN AC SA Static  Link 2021
DACT [42] TSP, CVRP Vector OS SO TF PPO SA Static  Link 2021
Wu et al. [80] TSP, CVRP Vector OS SO TF AC SA Static  Link 2022
N2S [224] PDP Vector  OS SO TF PPO SA Static  Link 2022
NeuOpt [18] TSP, CVPR Vector OS SO TF PPO SA Static Link 2023
NHC [225] TSP, PRP, GPP  Graph  OS SO GNN RF SA Static  Link 2024
NCS [240] PDP Vector OS SO TF PPO SA Static  Link 2024
Zhang et al. [262] cJsp Graph  OS SO GNN RF SA Static  Link 2024

Notation: Abbreviations correspond to the following terms: reference (Ref); state (S); action (A); objectives (Obj),
single-objective (SO); environment (Env); single-agent (SA); REINFORCE (RF); transformer (TF).

5.3. Key Challenges and Solution Strategies
5.3.1. Large-Scale Optimization

L2C and L2I solvers face challenges in real-time processing of large-scale instances
due to the combined effect of quadratic growth in neural network complexity and the
expansion of the MDP’s state—action space [24]. To mitigate these costs, several studies have
adopted efficient network architectures [47,81,84,206]. Lin et al. [206] proposed a stochastic
policy parameterized by an attention-based model that integrates pointer networks with
graph embedding layers. Trained via policy gradient with a roll-out baseline, this model
demonstrated efficient solving of large-scale EVRPTW instances beyond the capacity of
the existing methods. Building on this work, Pointerformer [84] incorporated a reversible
residual network in the encoder and a multi-pointer decoder to limit memory consumption,
thereby improving scalability for large-scale TSPs. Other approaches decomposed large-
scale problems into smaller subproblems. H-TSP [245] employed a spatially structured
HRL framework to scale E2E DRL to problems with tens of thousands of nodes, achieving
a two-order-of-magnitude speedup over search-based methods. Lei et al. [75] applied an
HRL architecture to large-scale DFJSP, where a high-level agent partitioned the problem
into static FJSP subproblems of varying scales, and two lower-level agents solved these
subproblems. GLOP [19] decomposed routing problems into sub-TSPs, further splitting
each TSP into Shortest Hamiltonian Path Problems. It combined non-autoregressive and
autoregressive neural heuristics, and extensive evaluations on large-scale TSP, ATSP, CVRP,
and PCTSP instances demonstrated its competitive, SOTA real-time performance. However,
unlike some L2I algorithms, GLOP cannot continuously improve solution quality with
additional computation time.

Most architectures still rely on computationally heavy components such as Transform-
ers, limiting their scalability to large-scale dynamic problems. Therefore, future research
could pursue two directions: replacing the widely used Transformer in L2C solvers with
lightweight neural architectures, and integrating L2C and L2I approaches. One promising
strategy is to leverage L2C methods for rapid initial solution generation and apply L2I
techniques for iterative refinement, thereby balancing computational speed with solution
quality to better suit large-scale real-time applications. Regarding the curse of dimensional-
ity, beyond the state and action space optimization methods discussed in Section 4, archi-
tectural approaches such as MARL have been employed to decompose complex scheduling
problems into decoupled subproblems, mitigating dimensionality challenges arising from
interdependent decision-making in large-scale systems [44,99,101,102,104,147,164,263,264].
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5.3.2. Dynamic Environments

Dynamic events can alter system states in real time. In routing problems, typi-
cal dynamic events include: changes in traffic congestion [51,64,66,67], updates in cus-
tomer demand [3,53,54,65,258,265], and stochastic prizes [62,79]. In scheduling prob-
lems, common dynamic events encompass: random job arrivals [17,26,50,107,117,134—
136,166,209,266], machine breakdowns [28,50,98,120,130,135,136,197,209,210,230,267], vari-
able processing times [17,49,109,117,196,264], due date variability [43,101,114,198], trans-
portation time fluctuations [44,102,118,138], reordering of jobs or operations [138,197,230],
job rework [118,135,147], and urgent job insertions [5,188].

One strategy involves adopting more effective state representation methods. As
illustrated in Figure 16, we systematically summarize the state representation mecha-
nisms employed in existing studies under dynamic event triggers. Vector-based methods
typically represent dynamic environments using fixed-dimensional statistical features
or global counts. When dynamic events occur, only feature values are updated, while
the dimensionality of the state representation remains unchanged. This approach offers
structural simplicity, computational efficiency, and strong generalization, making it the
most widely adopted strategy for dynamic environments. Common neural architectures
for extracting higher-level features include MLP [137,268], LSTM [136], Bi-LSTM [129],
and Transformers [115]. Graph-based methods effectively model complex constraints and
dependencies among entities. Under dynamic events, graph structures allow efficient state
updates via local modifications, such as adding, removing, or altering nodes and edges.
The size-agnostic nature of GNNs enables them to handle inputs of arbitrary scale, ensur-
ing dimension invariance. Common graph representation frameworks include dynamic
DG [41,50,168,170-172,175,209], SGD [166], HG [44,98,188,191,230], and DAG [9,163]. Popu-
lar GNN variants for embedding learning include GCN [163,170,230,269], GAT [50,168,183],
and GIN [166,172,175,270]. When representing dynamic states as 2D [49,195,196] or 3D
matrices [26,56,197,198,210,266], two approaches address disruptions from new job inser-
tions. The first dynamically expands the matrix dimensions to accommodate increasing
job counts [26,266]. The second fixes the matrix dimensions to the maximum anticipated
number of jobs and operations, applying zero padding for insufficient entries and updating
values in place when new jobs arrive [56,198].
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Figure 16. Typical processing patterns of different state representations after dynamic event triggering.
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The second category comprises methods employing hierarchical or MARL archi-
tectures. In the context of the DFJSP, HRL [75] established a hierarchical framework to
effectively manage large-scale scheduling under stochastic job arrivals. For dynamic event
handling, MARL approaches commonly adopt a centralized training with decentralized
execution (CTDE) framework [17,101,118,147,188,196,197,271], offering rapid response,
strong fault tolerance, and operational robustness. Zhang et al. [17] enabled centralized
optimization and decentralized execution through cloud-edge collaboration. Li et al. [118]
decomposed the complex scheduling problem into three sub-tasks—task selection, machine
assignment, and AGV scheduling—and assigned a dedicated agent to each, allowing local-
ized decision-making. Within heterogeneous MARL frameworks, Zhang et al. [43] designed
job-specific and machine-specific agents, integrating reward shaping, DRL algorithms, and
dynamic adaptation mechanisms to deliver an efficient solution for complex shop floor
scheduling under dynamic conditions.

While the existing approaches have proposed diverse and effective solutions from
architectural and representation perspectives, they are typically trained and optimized
under predefined perturbation distributions and are often restricted to specific dynamic
events. To address this gap, meta-learning and transfer learning offer promising avenues.
These paradigms enable models to learn not only how to solve tasks but also how to
adapt their learning strategies, facilitating rapid generalization to novel perturbations with
minimal samples or prior experience.

5.3.3. Generalization Capability

Regarding generalization across problem scales, many methods have enhanced gener-
alization capabilities by designing effective model architectures. Att-GCN + MCTS [272]
proposed a hybrid approach combining heatmap generation with Monte Carlo Tree Search
(MCTS) to enable effective scaling of small-scale pretrained models to large-scale instances.
HCVRP-DRL [252] designed a vehicle selection decoder for handling heterogeneous fleet
constraints and a node selection decoder for route construction in the context of the hetero-
geneous capacitated vehicle routing problem (HCVRP), achieving robust generalization
across various problem scales. DACT [42] adopted a dual-aspect collaborative transformer
architecture to separately embed node features and positional features. FER [247] in-
troduced an innovative encoder—optimizer—-decoder framework that not only iteratively
optimized feature embeddings to expand the search space but also dynamically updated
probability distributions to enable more diverse exploration. Some studies have enhanced
generalization through novel training methodologies: Sym-NCO [244] implemented a
regularization-based training scheme leveraging common symmetries in various COPs
and their solutions; 2D-Ptr [69] simultaneously selected vehicle-node pairs as actions,
with its input dimensions decoupled from the number of vehicles or customers. It dy-
namically fused vehicle and node information through self-attention and cross-attention
modules, thereby flexibly adapting to varying fleet sizes or customer counts. EL-DRL [83]
addressed distribution shift limitations by adopting an ensemble-based DRL approach
that learned a set of diversified sub-policies to handle different instance distributions.
RIDGE [273] proposed a knowledge-inspired REINFORCE algorithm, designing an adap-
tive baseline-guided gradient estimator to approximate the theoretical optimal bound.
ReLD [260] addressed the limitations of lightweight decoders in cross-scale generalization
by enhancing the decoder architecture.

In the context of cross-problem-type generalization, COMPASS [255] introduced la-
tent space search, enabling rapid identification of high-performance policy regions for
new instances during inference via evolutionary strategies, thereby achieving policy adap-
tation without retraining. MTNCO [20] framed diverse routing problems as combina-
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tions of shared base attributes, allowing a single model to solve multiple VRP variants
simultaneously through attribute composition. Meanwhile, MVMOoE [21] improved zero-
shot generalization to unseen VRP variants by adopting a mixture-of-experts architecture.
RouteFinder [22] adopted a framework similar to MTNCO [20], treating each VRP variant
as a subset of a broader VRP problem with distinct attributes, and it achieved cross-task
generalization through global feature embeddings and lightweight adapter layers.

Whether in cross-scale or cross-problem-type generalization, feature representation di-
rectly determines an agent’s capacity to understand and abstract state information, serving
as a core determinant of generalization performance. L2D [173] represented the state of JSP
instances using domain graphs and employs GCNs to extract structural features, enabling
a size-agnostic policy that generalizes effectively across large-scale instances. Schedu-
leNet [59] modeled the problem state as an agent—task graph and used type-aware graph
attention to generate node embeddings, achieving strong generalization across diverse
multi-agent scheduling tasks with varying problem sizes. HGNN-PPO [72] formulated
FJSP instances as hypergraphs and decoupled state representation from decision-making
via a hypergraph neural network. HJS [190] extended this modeling framework to incorpo-
rate transportation constraints, better reflecting real-world manufacturing environments.
DAN [27] improved decision interpretability by separately modeling operation sequences
and machine contention through a dual attention mechanism. PetriRL [200] enhanced
interpretability using a Petri net-based graphical representation. EDSP [219] introduced
diverse policy generation alongside a novel graph representation, outperforming both
HGNN-PPO [72] and DAN [27] on large-scale instances.

These methods have collectively advanced generalization in combinatorial optimiza-
tion by integrating structured representations, adaptive architectures, and dynamic learning
mechanisms, ranging from transformer-based feature disentanglement to symmetry-aware
training and mixture-of-experts frameworks. Yet, their success remains largely empirical,
with limited theoretical grounding in how feature embeddings encode problem invariances
across scales and types. Future work should establish formal connections between archi-
tectural design, representation invariance, and generalization bounds in combinatorial
search spaces.

5.3.4. Sample Efficiency

To improve sample efficiency, the existing methods primarily rely on data augmenta-
tion [78,244,260], curriculum learning [42], and post-processing [18,61,224]. POMO [78] em-
ploys symmetric coordinate transformation for data augmentation; Sym-NCO [244] intro-
duces orthogonal rotation; and ReLD [260] expands this framework to four transformations:
rotation, reflection, scaling, and noise. DACT [42] uses curriculum learning to progressively
supply higher-quality initial solutions during training, replacing random initialization and
improving sample efficiency. For post-processing, L2I-type solvers [18,61,224] enhance
solution quality via iterative refinement.

Among these, data augmentation is compatible with other methods; L2I-type ap-
proaches trade computation time for improved solution quality; and most techniques
depend on specific problem structures and training distributions. Future work should pri-
oritize lightweight adaptive architectures and more efficient data generation mechanisms.

5.3.5. Simulation-to-Reality Transfer

To bridge the gap between simulation and deployment, D-EVRP-SVR-SP [67] eval-
uated an electric vehicle routing algorithm using real vehicle parameters in actual geo-
graphical settings, quantifying its deployment potential and demonstrating adaptability to
real-world uncertainties. RGCMA [47] conducted algorithm testing and proof-of-concept
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experiments within the Beijing distribution network of JD Logistics. DRL-DT [48] devel-
oped a transfer learning framework based on digital twin technology to enable seamless
transition from virtual simulations to physical production lines. GEN-DRL [179] con-
structed a virtual hanging workshop environment using digital twin technology and vali-
dated its algorithms with synthetic data and public benchmarks. In these studies, trained
models operated exclusively within digital twin environments, with decision-making
confined to simulation validation rather than physical execution.

Other studies have employed offline simulation frameworks incorporating real produc-
tion data, including applications in automotive engine manufacturing [166], assembly and
debugging workshops [135], semiconductor fabrication [274], prototype machining [214],
intelligent gear production [131], automotive subframe processing [99], aerospace compo-
nent manufacturing [46], and steel production [259]. To better reflect real-world conditions,
HCVRP-DRL [252] incorporated heterogeneous vehicle constraints. MD-MTA [257] and
SVRP [258] extended DRL methodologies to complex COPs by integrating multi-depot
and skill constraints. Skill-VRP [71] explicitly modeled skill requirements in vehicle rout-
ing. RRNCO [261] first introduced asymmetric real-world travel distances and times into
training frameworks via context-gated mechanisms and neural adaptive bias structures.

Despite extensive efforts in leveraging real-world datasets, scaling to large problems,
and modeling complex constraints, deployment of these models in live production envi-
ronments remains rare. Future work must prioritize the transition of trained models into
operational systems and enable their continuous learning and adaptation.

5.4. Visual Analysis

We employed Sankey diagrams to visualize flow relationships and compositional
preferences among solvers across multiple dimensions, as shown in Figure 17. This visu-
alization revealed research trends, algorithmic preferences, and the alignment between
problem characteristics, environmental settings, and solver architectures. By examining
Figure 17 in conjunction with Tables 4 and 5, we identified the following key findings:
(1) Routing and scheduling problems have attracted sustained research attention, with
multi-task COPs and universal solver design emerging as recent focal points [20-22];
(2) L2C solvers dominate current approaches, with vector features paired with Transformer
encoders or graph features combined with GNN encoders now standard for feature rep-
resentation; (3) REINFORCE is predominantly used for routing problems, while PPO is
favored in scheduling tasks; (4) E2E action generation methods significantly outnumber
DRs-based approaches. These results suggest that, despite their interpretability and con-
trolled action spaces, DR-based methods are increasingly outperformed by E2E approaches
in solution quality, particularly in complex dynamic environments, where E2E methods
achieve superior performance without requiring expert-crafted heuristics.
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Figure 17. Sankey diagram of multi-level taxonomy for scheduling problem. Abbreviations corre-
spond to the following terms: single-objective (SO); multi-objective (MO); single-agent (SA); multi-
agent (MA); REINFORCE (RF); Transformer (TF).

6. Performance on Benchmark Datasets
6.1. Benchmark Datasets

Standardized benchmarks play a pivotal role in enabling fair comparisons and ad-
vancing research. Table 6 summarizes 17 widely adopted benchmark datasets for routing
and scheduling problems, categorized into three main types: the VRP and its variants, the
JSP, and the FJSP. The table also lists representative references that explicitly used these
datasets and reported experimental results within the scope of this review. Collectively,
these 17 datasets form the mainstream benchmarks for evaluating DRL approaches to COPs.
Their varying scales and problem complexities provide a robust foundation for objectively
assessing algorithmic generalization, solving efficiency, and solution optimality.

Table 6. Benchmark datasets.

Dataset Problem Reference List

TSPLIB [275] TSP [42,57,58,80,82-84,244,247 273 ,276,277]

CVRPLIB [278] CVRP [20-22,42,47,60,80,82,83,247,252,277,279,280]

Solomon [281] CVRP [20,21,65]

TSP/CVRP [62] TSP, CVRP [13,18,20-22,42,60-62,78,79,82,84,223,237-239,244,247,249-251,255,260,277,282]

ABZ [283] Jsp [25,59,98,110,172,208,220,262,284]

FT [285] JSP [25,26,44,59,109,110,160,172,197,208-210,220,262,284]

ORB [286] JSP [25,59,98,109,110,149,172,197,208,210,220,262,284]

YN [287] Jsp [25,59,110,172,208,220,262,284]

LA [288] JSP [25,26,49,59,98,109,111,149,160,172,197,208-210,220,262]

SWYV [289] JSP [25,59,110,172,208,220,262,284]

TA [290] Jsp [6,25,26,49,50,55,59,73,88,110,160,162,167,172-174,178,181,200,207,208,220,236,259,262,284,291,292]
DMU [293] Jsp [6,25,50,55,88,110,128,149,162,172,173,292]

Hurink [294] FJSP [7,27,72,75,105,155,163,176,177,179,182,184-187,189,204,213,215,217-220,222,263,295]

MK [296] FJSP [7,27,72,92,98,105,121,163,169,176,179,182-187,189,192,204,212,213,215-218,220,222,230,295]
Behnke [297] FJSP [177,215,219,263]

Dauzere [298] FJSP [105,216,222]

Barnes [299] FJSP [216,222]
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6.2. Benchmark Results

Tables 7-10 summarize experimental results on mainstream routing and scheduling
benchmark datasets. For routing problems, Table 10 reports average path lengths and total
testing time; for scheduling problems, average Makespan is reported. Detailed results
are provided in the supplementary materials. In Table 7, CVRPLIB(A) and CVRPLIB(B)
denote the Set-X(n101-n200) and Set-X(n502-n1001) subsets of the CVRPLIB dataset, re-
spectively. The existing studies typically report results on only partial instances, hindering
cross-literature comparisons on shared benchmarks. Our analysis reveals the following
key observations:

(1) Benchmark datasets exhibit substantial diversity: scheduling problems encompass
a wider variety of dataset types than routing problems. Many studies evaluate
only limited subsets; comprehensive evaluations across all instances within specific
domains remain rare.

(2) The key elements of the MDP model determine optimization performance. Graph-
based state representation has become the dominant approach for JSP and FJSP
(Table 4). The GNN feature embedding architecture directly affects solution quality.
ScheduleNet [59] introduced type-aware graph attention with differentiated parame-
ters and type-specific message aggregation for multi-type HGs, achieving SOTA on
ABZ, ORB, YN, and TA datasets. Improper reward functions can reduce training
efficiency and cause premature convergence. PBMP [160] used preference learning to
develop a reward predictor, achieving performance matching the upper bound on the
FT dataset. GMAS [163] formulated scheduling as DAG connection probability pre-
diction with GCN-based feature extraction, achieving optimal results on the Hurink
and Brandimarte datasets. Xu et al. [105] employed a transformer-based state encoder,
achieving a best average Makespan of 2292.5 on the Dauzeére dataset.

(3) Exact and heuristic solvers find optimal solutions in feasible time for small-scale
instances, but solution time increases sharply with problem size and complexity
(Table 10).

(4) L2Isolvers generally outperform L2C methods in solution quality (e.g., L21 [61] and
NeuOpt [18] on CVRP with N = 100), but require longer inference times. Recent
L2C solvers achieve comparable results in seconds, including MTNCO [20], MV-
MOoE/4E [21], RE-POMO [22], and ReLD-MoEL [260]. For small-scale TSP and CVRP,
the performance gap between leading NCO and classical OR solvers has narrowed
to negligible levels. Recent research has shifted focus to improving generalization,
addressing large-scale problems, and adapting to complex variants.

Table 7. SOTA results on public VRP benchmark datasets.

Ref TSPLIB CVRPLIB(A) CVRPLIB(B) Solomon
AM [62] 59,012 37,606 - -
POMO [78] 32,283 30,848 131,554 1474
Wu et al. [80] 31,652 - - -
FER [247] 31,981 28,510 - -
MVMOE [21] - 28,679 116,627 1364
RF-POMO [22] - - 116,468 1398
MTPOMO [20] - 30,302 117,447 -
RGCMA [47] - 29,590 - -
Opt. 30,479 27,220 101,874 1170
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Table 8. SOTA results on public JSP benchmark datasets.

Ref ABZ FT ORB YN LA SWV TA DMU

Park et al. [208] 9948 850.3 11009 1139.0 12587 27113  2825.1 -
Yuan et al. [25] 9572 8313 10939 10983  1225.6 2653.0 27509  5933.3

L2D [173] - - - - - - 2939.8 6463.8
ScheduleNet [59] 9454 889.3 1087.0 1081.5 12124 2865.8 2699.3 -
Han et al. [284] - 747.7 - - 1163.8 - - -
Zhang et al. [262] - 723.7 - - - - - -
PBMP [160] - 716.7 - - - - - -
UB 835.2 716.7 902.8 912.0 1107.3 2236.8 2366.6 4623.6

Table 9. SOTA results on public FJSP benchmark datasets.

Hurink
Ref Brandimarte Dauzere Behnke Barnes
edata rdata vdata
Song et al. [72] 1116.33 986.10 931.45 191.30 2414.89 36353 1172.67
MPGN [177] 126095 1081.45 951.85 187.60 2566.06 279.27  1284.76
Yuan et al. [222] 1187.93 1041.83 963.50 189.10 2463.22 - 1133.62
GMAS [163] 1024.65 93225 919.53 172.30 - - -
DAN [27] 1119.73  978.28  925.40 184.30 2412.94 278.04 -
ME-GNN [213] 111523 988.28  925.20 190.70 - - -
Liu et al. [218] 1113.28  977.90 924.78 178.30 - - -
GGCT [295] 1116.78 987.38  930.53 191.20 - - -
Xu et al. [105] 1087.58 973.10 926.70 180.10 2292.50 - -
RS [220] 1101.48 976.20 926.50 179.00 - - -

Tang et al. [189] 121240 1061.28 963.73 197.50 - - -
DDAN [184] 1112.23  980.68  925.26 179.00 - - -
MCGA-PPO [217] 1115.05 987.60 931.35 191.00 - - -
GEN-DRL [179] 1171.75 1039.10 951.05 184.20 -
CARL [182] - - - 186.60 2513.50 -

MH-RHN [216] - - - 181.00 2389.83 - 1091.57
EDSP [219] - - 934.00 - - 268.82 -
UB 1028.88 93428  919.50 172.50 221144  271.00  997.00

Table 10. SOTA results on public TSP/CVRP benchmark datasets.

TSP(N=20) TSP(N=50 TSP(N=100) CVRP(N=20) CVRP(N=50) CVRP (N =100)

Methods Type P— . . . . . : : . : X
Obj. Time Obj. Time Obj. Time Obj. Time Obj. Time  Obj. Time
Concorde (t [277]) ES 3.83 5m 5.69 1Bm 776 1h - - - - -
LKH (t [277]) HS 3.83 43s 5.69 6m 7.76 26 m 6.10 2h 10.38 7h 15.65 14h
Gurobi (t [277]) HS 38 9s 569 3m 776 18m 610 1m - - - -
OR Tools (T [277]) HS 3.83 1m 5.85 5m 8.07 24 m 6.46 2m 11.28 14 m 17.11 48 m
GA (t[13]) HS 3.86 2h 5.96 8h 8.33 31h - - - - - -
Ptr-Net (+ [62]) (G) [237] 2C  3.89 ; 5.95 - 8.3 - - - - - -
Ptr-Net (t [62]) (5-1280) [237]  L2C - - 5.75 - 8.00 - - - - - - -
S2V-DON (G) [251] L2C - - - - 8.31 - - - - - - -
AM (G) [62] L2C 385 0s 5.80 2s 8.12 6s 6.40 1s 10.98 3s 16.80 8s
AM (5-1280) [62] L2C 38 5m 573 24m 794 1h 6.25 6m 1062  28m  16.23 2h
N2OPT [249] L2I 384 15m 5.70 29m 7.83 41 m - - - - - -
N3OPT [250] L2I 384 32m 5.70 48m 782 80 m - - - — - -
POMO (Aug-8) [78] L2C 3.83 3s 5.69 16s 7.77 1m 6.14 5s 10.42 26s 15.73 2m
NeuRewriter (1 [78]) [239] L2I - - - - - - 6.16 22m 1051 18 m 16.10 1h
NLNS (+ [78]) [223] L21 . . . . . . 619 7m 1054 24m 1599 1h
L2I (t[78]) [61] L2I - - - - - - 6.12 12m  10.35 17 m 15.57 24 m
Wu et al. [80] L2I  3.83 1h 570 15h 787 2h 6.12 2h 10.45 4h 16.03 5h
Sym-NCO (G) [244] L2C - - - - 7.84 2s - - - - 16.10 3s
Sym-NCO (S-100) [244] L2C - - - - 7.79 13s - - - - 15.87 16s
Pointerformer [84] L2C 3.83 6s 5.69 12s 7.77 6s - - - - - -
MDAM (B-250) [79] L2C 3.84 3m 5.70 14m 779 44m 6.14 5m 10.48 15m 15.99 53 m
COMPASS [255] L2C - - - - 7.77 2h - - - - 15.59 4h
DACT (t[18]) [42] L2I 3.83 1.5h 5.69 41h 777 135h 6.13 4h 10.38 16h 15.74 1.7d
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Table 10. Cont.

Methods

TSP(N=20) TSP(N=500 TSP(N=1000 CVRP(N=200 CVRP(N=50 CVRP (N =100)
Obj. Time Obj. Time Obj. Time Obj. Time Obj. Time  Obj. Time

Type

NeuOpt [18]

EAS (Aug-8, S-200) (1 [18]) [282]
G-DGANet (G) [13]
G-DGANet (S-1280) [13]
REGAT (G) [82]
REGAT (S-1280) [82]
FER-POMO (Aug-8, S-200) [247]
MTNCO [20]

MTNCO (Aug-8) [20]
MTNCO + SGBS [20]
MVMOoE/4E [21]

Liu al et. [276]

SAT [277]
RE-POMO [22]
RF-MoE-L [22]
PolyNet [238]
PolyNet-EAS [238]
ReLD-MoEL [260]

L2  3.83 1h 5.69 27h 777 7h 6.13 13.7h 1037 16d 1558 3.8d
L2C 383 24m 570 2h 777 109h 613 38.00 1038 3.1h 15.61 16 h
L2C 383 4s 5.75 13s 8.02 30s - - - -

L2C 383 12m 572 1h 779 215h - - - - -

L2C 383 1s 5.76 4s 8.04 11s - - - - - -
L2C 383 10m 574 56m  7.90 2h - -
L2C 384 24m 570 1.8h 777 85h 6.13 28m  10.38 3h 15.65 14h

L2c - - - - - - - - 1056  3s 1590  11s
Lc - B, - - . - - - 1047 20s 1580 12m
c - - - . - . - - 1040 23m 1566 12.6m
L2C - - - - 1043  4s 1576 11s

L2C 3.83 1m 570 204m 7.80 1h -
L2C 383 2m 5.69 6m 7.81 16 m 6.12 2m 10.43 8m 15.77 18 m

L2C - - - - - - - - 10.44 2s 15.84 10s
L2c - - - - - - - - 1042 2s 1582 125
L2C - - - - 777 4m - - - - 15.64 5m
2c - - - - 777 3h - - - - 1558  4h
L2c - - - - - - - - - - 1571 10s

Notation: Symbol 1 indicates that the result is taken from the subsequently given reference. Abbreviations
correspond to the following terms: the number of augmentations (Aug); the number of samplings (S); the beam
search width (B); greedy search (G); exact solver (ES); heuristic solver (HS).

7. Open Research Directions

Building upon a systematic analysis of technical challenges, this study reviews current
DRL approaches for solving COPs. It identifies core challenges in the field and outlines
future research directions across six key dimensions: fundamental modeling (state and
action space design), standardized benchmark platform development, application do-
main expansion, COP family extension, and synergistic integration with large language
models (LLMs).

A. Automated and intelligent feature extraction with efficient representation.

Current state representations in DRL-based methods predominantly rely on hand-
crafted features, as detailed in Section 4.2. The design of these features depends heavily
on expert knowledge, with their effectiveness, completeness, and embedding strategies
significantly influencing both the learning efficiency and solution quality of DRL agents.
For example, [72] extracted 10 features from graph structures comprising operation nodes,
machine nodes, and arcs, while DAN [27] extended the feature set to 26 features using
an HGNN and a dual attention mechanism, respectively. Performance evaluations on
three subsets of the Hurink benchmark dataset [294] revealed the distinct strengths and
limitations of these approaches [27]. This raises fundamental questions: which features are
most informative, how many are sufficient, and which embedding model yields the most
effective representation? Future research should prioritize automated feature learning by
developing methods that directly derive low-dimensional, information-rich state embed-
dings from raw or semi-structured data to enable intelligent and efficient feature extraction.

B. More effective action space design methods.

In Section 4.3, we discuss action generation approaches. E2E methods may enable
models to discover optimal solutions but often lead to combinatorial explosion in the
action space, reducing learning efficiency [27,72,91,184,189,198,200,214,216-220,222]. DRs
approaches rely on expert-designed rules, which may constrain solution quality. Although
rule synthesis [89,114,118] and genetic programming (GP) [205] can automatically generate
scheduling rules, they introduce additional computational overhead and increase algorith-
mic complexity. HRL [75,166] reduces action space dimensionality by decoupling composite
actions, but it only optimizes the structural design of the action space. Future work should
focus on designing action spaces that are scalable, learnable, and capable of generating
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feasible and efficient schedules without compromising solution quality. Potential directions
include developing adaptive action space frameworks with integrated constraint-handling
mechanisms and exploring deep model-based approaches for action generation.

C. Establishing a fair, unified, and efficient evaluation framework.

When reviewing SOTA results on benchmark datasets, we found that only 38.4% of
studies evaluated models on widely adopted benchmarks. The majority of researchers
instead relied on custom-built simulation environments and randomly generated synthetic
data. Furthermore, substantial variations in training protocols and evaluation criteria hinder
direct comparison and reproducibility. For instance, among 190 papers, over 90 distinct
performance metrics were defined and applied, many of which exhibit redundancy and
inconsistent definitions. Metrics quantifying deviation from optimal solutions alone encom-
pass more than 20 variant terminologies, including gap [88,162], gap percentage [75,169],
relative percentage increase (RPI) [158], and relative percentage deviation (RPD) [25,182]. In
terms of benchmark infrastructure, RL4CO [2] offers a standardized, reproducible, and com-
prehensive platform for evaluating DRL solutions to COPs. Future efforts should focus on ex-
panding this open-source framework by establishing diverse COP simulation environments,
standardizing input/output interfaces, and supporting large-scale parallel evaluation.

D. Expanding the application scenarios of traditional COPs.

Taking scheduling as an example, current applications of the two major problem
models remain largely confined to classical manufacturing environments, including au-
tomotive engine manufacturing [166], assembly and calibration workshops [135], semi-
conductor fabrication facilities [274], prototype development workshops for mechanical
components [214], intelligent gear production lines [131], and subframe machining work-
shops [99]. Among the reviewed studies, only [8] applied the FJSP framework to virtual
network function mapping and scheduling in network function virtualization environ-
ments. As a classical combinatorial optimization model, the JSP and its variants exhibit
greater potential when integrated with DRL algorithms. Future research should extend
these models beyond traditional manufacturing contexts to domains such as logistics and
transportation scheduling, cloud computing and data center resource allocation, energy
system scheduling, and communication network scheduling, by fully leveraging their
capacity to model resource constraints and sequence dependencies.

E. Extending DRL to under-explored COP families.

While this review focuses on routing and scheduling, which together account for over
85% of DRL-for-COPs publications, several important COP families remain comparatively
under-explored. These include graph coloring, bin packing, knapsack, and facility location,
for which the RL4CO benchmark [2] already provides standardized environments but
the volume of published research remains limited. Dedicated surveys and systematic
benchmarking studies targeting these COP families would be valuable contributions, as
would the development of general-purpose DRL solvers capable of transferring knowledge
across diverse COP types.

E. Exploring novel research paradigms for COPs.

The recent emergence of LLMs with remarkable capabilities across multiple domains
has opened new research avenues for intelligent scheduling. Several exploratory studies
have begun to explore this direction. For example, Starjob [300] addressed the high scenario
dependency and reliance on expert knowledge in heuristic dispatching rules for the DiJSP
by automatically generating such rules through LLMs combined with population-based
self-evolution. In algorithm design, Feng et al. [301] employed LLMs to automatically
construct or compose existing metaheuristic algorithms for solving the FJSP, using LLMs’
capabilities in code generation and iterative refinement to enhance algorithm performance.
REMOoH [302] and HeurAgenix [303] developed LLM-based frameworks for generating and
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adapting heuristic rules, dynamically selecting rules during problem resolution to improve
solution quality and model adaptability. Future DRL frameworks could fully leverage
LLMs’ abilities in natural language understanding, code generation, and reasoning to
advance state representation, feature extraction, routing and scheduling rule generation,
reward function design, transfer learning, and simulation scenario synthesis, offering
innovative solutions to systemic challenges in intelligent scheduling.

8. Conclusions

This paper systematically evaluates DRL-based methods for solving COPs from a
challenge-oriented perspective, addressing gaps left by prior surveys: (1) We propose a
unified framework organized around key challenges, integrating environment design, state—
action-reward formulation, DRL algorithms, solvers, and evaluation metrics into a cohesive
pipeline, thereby enabling systematic categorization of existing research. (2) We introduce a
taxonomy based on problem attributes and types to classify existing environments. (3) We
provide a detailed analysis and comparative assessment of challenges across multiple
layers, foundational, training, and application, facing current DRL approaches. (4) We
summarize SOTA results on 17 publicly available datasets, significantly exceeding the
scope of prior surveys, which typically cover only a handful. (5) This work constitutes the
most comprehensive survey to date, encompassing approximately 300 high-quality papers
and covering a broad spectrum of COPs.

Through this investigation, we find that the community has developed a range of
innovative and effective solutions to core challenges in the field. Significant advances have
been made in model architecture design, representation learning, and solver construction,
establishing a prevailing paradigm for solving COPs. Nevertheless, substantial limitations
remain in DRL-based approaches, particularly in handling large-scale problems, generaliz-
ing across instances, adapting to dynamic environments, and enabling practical deployment.
These constraints impede their potential as efficient, general-purpose combinatorial opti-
mization algorithms across diverse applications. To address these gaps, we identify several
critical open questions that should guide future research and innovation. Furthermore,
we maintain a continuously updated open-source repository that integrates fragmented
studies on DRL for COPs into a unified, version-controlled framework. Equipped with
structured metadata and automated update mechanismes, this resource facilitates systematic
literature tracking and provides researchers with a navigable, curated collection of tools
and benchmarks. We hope this review provides a clear and organized foundation for future
work, supporting more coherent and reproducible research in DRL for COPs.

Several limitations of this review should be acknowledged. First, despite our system-
atic search protocol, the coverage of the surveyed literature may not be exhaustive. The
rapid pace of publication in DRL for COPs means that some very recent works may have
been missed, particularly those published after our May 2025 cut-off date. Second, our
analysis was primarily qualitative: while we compiled SOTA performance results across 17
benchmark datasets, we did not conduct a formal meta-analysis or statistical synthesis of
the reported results. The heterogeneity of experimental protocols across studies, including
variations in hardware, hyperparameter tuning, and evaluation metrics, precluded rigor-
ous quantitative comparison. Third, the scope of this review was intentionally focused on
routing and scheduling as the two most extensively studied COP families. Other impor-
tant problem classes, such as graph coloring, bin packing, knapsack, and facility location,
received only passing mention. A comprehensive treatment of DRL applications to these
domains would require a dedicated review. Fourth, our discussion of solver performance
relied on the reported results from the original publications; we did not independently
re-implement or re-evaluate the surveyed methods. The accuracy of our synthesis was

https://doi.org/10.3390 /math14142538


https://doi.org/10.3390/math14142538

Mathematics 2026, 14, 2538 34 of 46

therefore contingent on the reliability of the source publications. Fifth, while we have
substantially strengthened the mathematical formalization in this revision, the treatment of
several topics, including convergence guarantees for multi-agent settings and theoretical
generalization bounds for neural solvers, remains at a survey level and does not provide
original theoretical contributions. Finally, this review reflects the state of the field as of
mid-2025; the conclusions drawn here may evolve as the field matures and as standardized
benchmarks and evaluation protocols become more widely adopted.
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