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Abstract

In this paper, we study the nonconvex quadratic programming over the intersection of two
balls in n-dimensional complex space, which is called the uniform CDT subproblem and is
significant in both optimization theory and applications. We first prove the hidden con-
vexity of the problem by using the S-lemma. In order to construct an algorithm, we prove
the hidden convexity again by reformulating it as a convex problem (C). Subsequently, we
employ the eigenvalue approximation method and the generalized Nesterov’s accelerated
gradient descent algorithm to solve the problem (C) within an error tolerance of €. Then, we
prove that the proposed algorithm is linear-time with respect to the density of the matrix
in the objective function. The density is related to the number of non-zero entries of the
matrix. We do numerical experiments to compare the proposed linear-time algorithm with
the CVX solver, with the method proposed by Burer and with the algorithm proposed
by Sakaue et al. Numerical results show that the linear-time algorithm performs much
better than other methods, which verify that the proposed algorithm is applicable to many
large-scale problems nowadays.

Keywords: complex uniform CDT subproblem; hidden convexity; generalized Nesterov’s
accelerated gradient method; linear-time global algorithm

MSC: 90C20; 90C25; 90C26

1. Introduction

Optimization problems over the complex field have attracted significant attention in
both theory and applications. In this paper, we study the nonconvex quadratic program-
ming over the intersection of two balls in n-dimensional complex space. It is a special
class of nonconvex quadratic programming over the intersection of two general ellip-
soids, which is known as the Celis-Dennis-Tapia (CDT) problem or the two trust-region
subproblem (TTRS).

UCDT f(w) = wf Aw + 2R (b w)
s.t. wlw —1 <0,
wlw + ZR(cHw) +d <0,

w e C",

min

where d € R, b,c € C" are complex vectors, A € C**" is an Hermitian matrix whose
eigenvalues are real numbers. Without loss of generality, we assume that the first constraint
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is the unit ball. We call this problem “uniform” as the quadratic terms in both constraints
share the same identity matrix I. Throughout this paper, R(-) and Z(-) stand for the real
part and the imaginary part of (-), respectively. Let val(-) denote the optimal value of
problem (-). Assume that A % 0 and denote its eigenvalues by A1 < Ay < ... < A, in
which at least the smallest one of them is negative, thatis, A; < 0. Without loss of generality,
we study UCDT under the following assumptions.

Assumption 1. Assume that there exists @ in the interior of the feasible region of UCDT, i.e.,
M — 1 < 0and @M@ + 2R (M) + d < 0. In other words, Slater’s condition holds for UCDT.

Assumption 2. Define O := {wHw —1<0,w € C"} and O := {ww +2R(cHw) +d <0,
w € C"}. Assume that O € Qyp and Qy ¢ . Otherwise, UCDT degenerates to a quadratic
problem with only one ball constraint, which is known as a trust region subproblem (TRS) in the
complex domain.

The nonconvex quadratic programming over a ball constraint is the famous trust re-
gion subproblem (TRS). It is known that the standard semidefinite programming relaxation,
i.e., the Shor relaxation, is an equivalent convex relaxation for TRS. By equivalent, it means
that the optimal value of the SDP relaxation is equal to that of the original problem. The
optimal solution of TRS can be extracted from the optimal solution of the SDP relaxation.
Then, we can solve the equivalent convex problem instead of the original nonconvex prob-
lem. This property of the nonconvex problem was defined as ‘hidden convexity’, which
has been thoroughly surveyed in [1]. Leveraging hidden convexity, researchers can devise
algorithms for the equivalent convex formulation. Increasingly efficient algorithms have
been developed. Among these algorithms, whether a linear-time algorithm can be designed
for an optimization problem is of great importance because there are now a large number
of large-scale optimization problems that need to be solved quickly while maintaining
solution accuracy. A key milestone was reached in 2016 with the first linear-time algorithm
proposed by [2]. This was soon followed by additional linear-time approaches in [3-5].

As is well-known, TRS is essential to the trust region method in nonlinear program-
ming, which is often combined with sequential quadratic programming (SQP) in practice.
SQP is an efficient iterative method for constrained nonlinear optimization. As noted
by [6], the matrix in its quadratic subproblem approximates the Hessian of the Lagrangian
and is typically indefinite in nonconvex settings. Consequently, when SQP is combined
with a trust-region framework [7] for an optimization problem with a ball constraint, the
subproblem with another ball constraint related to the stepsize to be solved at each iteration
takes the form of UCDT precisely.

UCDT is a very special class problem of the CDT subproblem, which was first intro-
duced in [8]. CDT minimizes a TRS subject to an additional convex quadratic constraint.
The real CDT subproblem has been extensively studied. The presence of the second
quadratic constraint makes it considerably more challenging than TRS, even when both
constraints are convex. Notably, ref. [9] proved that CDT can, in general, exhibit a duality
gap. Consequently, a significant body of work has focused on deriving easily verifiable
conditions that certify when no duality gap occurs, along with algorithms that guarantee
global optimality. The first polynomial-time algorithm for solving CDT was established
by [10] in 2016, followed by further polynomial-time methods such as those in [11,12]. In
2023, ref. [13] studied a class of extended CDT subproblems, proposed a family of relax-
ations, and studied some of its key properties, such as convexity issues, exactness of the
relaxation, and a sufficient condition for exactness. Ref. [14] showed that nonconvex ho-
mogeneous quadratically constrained quadratic optimization with at most two constraints
admits no local-non-global minimizers, which motivated our investigation.
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As an important member of CDT, UCDT has attracted considerable attention.
Kelly et al. [15] have shown that a particular disjunctive semidefinite relaxation is ex-
act. Recently, ref. [16] has constructed a new, polynomially sized semidefinite relaxation,
which adds second-order cone constraints to the classical SDP relaxation, for UCDT and
proved that the new relaxation is exact. In other words, UCDT also has hidden convexity
in the real space.

Parallel to the study of optimization problems in the real domain, related research in
the complex domain has also been advancing. Complex quadratic programming, and the
complex CDT problem in particular, has been widely studied in the literature. Ref. [17] ana-
lyzed the minimization of an indefinite quadratic function with two quadratic constraints,
proving that strong duality holds in the complex domain and deriving necessary and suffi-
cient optimality conditions. Ref. [18] investigated convexity properties in quadratic matrix
programming, which reduces to a complex-variable problem when the matrix variable
is of size n x 2. More recently, ref. [19] considered minimizing a general homogeneous
quadratic function subject to four complex homogeneous quadratic constraints, proposing
an easily verifiable necessary and sufficient condition to determine whether the associated
semidefinite programming (SDP) relaxation is tight. When tightness is confirmed, a globally
optimal solution can be extracted in polynomial time.

The UCDT problem also arises in many applications. It is of significant practical
importance. For example, the core task of radar is to detect whether a target is present.
In an interference environment with clutter and noise, to achieve optimal detection, the
Generalized Likelihood Ratio Test (GLRT) detector is typically employed. The radar
transmits a sequence of coded pulses, which is defined as the vector ¢ € C" [20]. To
maximize the target detection probability, it is necessary to maximize a quadratic form of c:

cH Ac,

where A is an indefinite Hermitian matrix constructed from parameters such as the inter-
ference covariance matrix and the target Doppler frequency. The radar transmitter has a
limited power budget. Hence, in the waveform design process, a total transmit energy
constraint must be imposed, which takes the mathematical form:

el < 1.

Beyond radar detection, UCDT appears in statistical applications, such as robust
maximume-likelihood estimation, Gaussian mixture modeling, and logistic regression. This
is because the log-likelihood Hessian in these problems is inherently nonconvex and may
contain negative eigenvalues at certain points (including local maxima or saddle points),
without needing to impose an explicit negative quadratic perturbation. Motivated by the
theoretical and practical demand for an efficient solver, this paper focuses on the complex
optimization model UCDT and develops a linear-time algorithm for it, sharing the same
crucial property of hidden convexity in the complex number field; we note that a linear-time
algorithm for it remains lacking in existing work.

The rest of the paper is structured as follows. In Section 2, we prove the hidden convex-
ity of UCDT using the S-lemma. We also give a tight convex relaxation with strong duality,
reconfirming this property. In Section 3, we propose a linear-time global algorithm that
employs the Lanczos method and a generalized Nesterov accelerated gradient technique.
In Section 4, we do numerical experiments to compare the proposed linear-time algorithm
with the CVX solver, with the method proposed by Burer [16] and with the algorithm
proposed by Sakaue et al. [12]. Conclusions are made in Section 5.
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2. Hidden Convexity of UCDT

In this section, we first prove the hidden convexity of UCDT by applying the S-
lemma over the complex domain, following the framework of [17], which builds on the
foundational result of [21]. This proof establishes the theoretical strong duality of the
problem. Alternatively, we provide a second proof by reformulating UCDT as an equivalent
convex program, an approach inspired by [22]. This equivalent convex reformulation,
presented in Section 2.2, serves as a computationally tractable foundation for our linear-
time algorithm.

2.1. Proof Method Based on S-Lemma

Before restating the S-lemma, we first translate the property of a quadratic form being
positive semidefinite into an equivalent matrix condition.

Lemma 1. Let A € C"" be an Hermitian matrix, w,b € C", ¢ € R. We can adjust a quadratic
inequality to a semidefinite matrix:

A b

w Aw + 2R (0"w) +¢ >0 N

c

Proof. By introducing w = z/7 € C" withz € C" and 0 # 7 € C, we have

wHAw+2R(wa) +c>0Vw & (%)HA(g) +2R(bH§) +c¢>0,Vz,T #0,

& Az 4 2R (2bHz2) 4 c|1|? > 0,Vz, T # 0,
& ZHAz 4 2R (Th"2) + c|7]? > 0,Vz, T,

o (e 2 ()=o

Then, we recall the S-lemma proposed by [21] over the complex domain, which
reads as:

O

Theorem 1. (S-lemma) Let fi(w) = wH Ayw + 2R (bFw) + ¢, where Ay € C"*™ are Hermitian
matrices, w, by € C" and ¢, € R, (k = 0,1,2). If there exists wy € C" such that f1(wy) < 0,
fa(wo) < 0 hold, then the following two statements are equivalent:
(i) The system fo(wp) < 0, f1(wp) <0, f2(wp) < 0is unsolvable.
(ii) There exists yy > 0, pp > 0 such that
Vw e C",  fo(w)+ p1fi(w) + pafo(w) >0
holds.

To apply the S-lemma, the optimal value of the problem UCDT can be formulated by
val (UCDT) = sup{t‘ {w" Aw + 2R (bHw) —t < 0,
wlw—-1<0, wlw+2R(cHw)+d <0,weC"} = @}. 1)
Let

fo(w) = whAw + 2R (b"w) —t,  fi(w) = ww -1, folw) = whw + 2R (cHw) +d.
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With Assumption 1, there exists @ such that

fi(@) <0, fo(@) <O.

Therefore, the conditions for using the S-lemma have been met, and we have

val(UCDT)

sup{t’Vw €C", fo(w)+purfi(w) +puafa(w) >0, py,p2 > 0}

sup{t’ {wHAw + 2R (b w) — t} +m {wHw - 1}
+ 1 [wHw + 2R (cMw) +d], Vw € C", uy, pp > 0}

A+]xl1l+"llzl b+]/£2C
(b + ;leC)H —t—m + Vzd

sup{t’

The last equation is deduced from Lemma 1 and the problem on the right side of the

=0, wu,ux > 0}- )

equation is convex as the objective function is linear and the feasible set is defined by linear
matrix inequality, which is convex, together with nonnegativity constraints on the variables,
which are also convex.

From the process above, we reveal the hidden convexity of UCDT in optimization
theory by reformulating it to an equivalent semidefinite programming (2), which is convex
and can be solved in polynomial time.

2.2. Proof Method Based on an Equivalent Convex Quadratic Programming

Following the ideas in [5,22], we provide an alternative proof of the hidden con-
vexity of UCDT via a tight convex quadratic programming relaxation. This equivalent
convex reformulation not only reconfirms the hidden convexity property but also lays the
groundwork for the linear-time algorithm presented in the following section.

Introduce a new real variable t and use the smallest eigenvalue A, to relax the objective
function; we have the following convex quadratic programming:

(C) min  g(w,t) = w(A - \Dw+ 2R (b w) + At 3)
s.t. wlw <t,
t—1<0,
t+2R(cHw) +d <0,
weC"teR.

Theorem 2. UCDT is equivalent to the convex quadratic programming relaxation (C) in the sense
that val(C) = val (UCDT). Moreover, let vy = x + iy, with x,y € R" and (x,y) # (0,0) be an
eigenvector of matrix A corresponding to the smallest eigenvalue Aq. Then, for any optimal solution
of (C) which is denoted by (w*, t*),

w(s) = w* + 57

can globally solve UCDT, where

(w*Hﬁ +oHw*) + \/(w*Hﬁ + oHw*)2 — 4505 (w*Hw* — t¥)

T 205 ’
. T T .
S e R -y, RO - Z(Tx #0,
y—ix, R(c)Ty —Z(c)Tx = 0.
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Proof. Firstly, we prove that val(C) < val(UCDT), which is obvious as (C) is a relaxation
of UCDT.
Let @ be the optimal solution of UCDT. Then, @ satisfies that

oo —1<0, @'o+2R(cHw)+d <o0.
Let f = @wH®, so that (@, f) is a feasible solution of (C), then

val(C) < g(w,f)
= (A - MD@D+ 2R D) + M F
@ Aw + 2R (b w)
= 0al(UCDT).

=

Secondly, we prove that the lower bound val(C) is attainable for val(UCDT).
Let (w*, t*) be the optimal solution of UCDT. Then, (w*, t*) satisfies that

wHw* < t, t—-1<0, t* +2’R(cHw*) +d<0.

When w*Hw* = t*, w* satisfies the constraints of UCDT, so that w* is a feasible solution of
UCDT, then it holds that

val(UCDT) < f(w")
= w'Aw* + 2R (0" w*)
w? Aw* 4+ 2R (WM w*) + A (t — wFw*)
W (A - M Dw* + 2R (M w*) + Aqt*
= oal(C).

We continue our proof under the assumption w*fw* < t*. With the assumption of A
and Aq, the matrix A — A1 has a zero eigenvalue, which shares the same corresponding
eigenvectors of A for matrix A.

Let v; denote an eigenvector. It satisfies that

(A — /\11)1)1 =0,

where v1 = x +iy,x,y € R", xTx + yTy # 0. Then, v; = iv; = ix — y is also an eigenvector
of the zero eigenvalue for the matrix A — A1I. We can prove that eigenvectors v; and v, are
linearly independent when x # 0 and y # 0.

Suppose that v1 and v; are linear dependent, and then there must exist k1, k, € R not
both zero such that

ki1 +kovy = Ik (x + ly) + kz(ix — y)
= (k1x - kz]/) + l(kly + kzx)
= 0.

Therefore, kix — kpy = 0 and k1y + kox = 0 hold at the same time. As x # 0 and y # 0,
the two equalities hold if and only if k; = k; = 0, which causes a contradiction with the
assumption. Thus v; and v; are linearly independent.

Since v1 and v, are linear independent when x # 0 and y # 0, then we construct a
linear combination of v; and v, as:

https://doi.org/10.3390 /math14142539
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0=uv1+rvy, rER.

By appropriate choice of 7, we can construct a & such that

As cHo = (R(c) —iZ(c))T((x —ry) +i(y +rx)), then

R(c"5) = R()T(x—ry) +Z(c)"(y +rx)
= [R(O)"x+Z(c) y] — r[R(c)"y = Z(c) x].
R(c)Tx+Z(c)T .
IfR()Ty—T(c)Tx #0,letr = %, then R (cH9) = 0.
If R(c)Ty — Z(c)Tx = 0, we adjust the linear combination of v; and v, and redefine
& = —vy = y — ix, then R(cM%) = 0.
Furthermore, define
w(s) =w* 459, seR.

The constraint

t* 4+ 2R(cH (w* 4 50)) +d
=t +2R(cMw*) +2sR(cHo) +d
= "4+ 2R(Mw*)+d <0

t* +2R(cHw(s)) +d

still holds. Then (w(s), t*) is a feasible solution of (C) for any s such that
w(s)Hw(s) < t*.
Substitute (w(s), t*) into the object function of (C), we have

g(w(s),t*) = w(s)"(A—MDw(s) +2R (0" w(s)) + Agt*
= (w* +50)F (A - MI)(w* +57) + 2R (b (w* + 58)) + Aqt*
= w'(A - MDw" + 2R w*) 4+ 25R(075) + At

Given that w(0)Hw(0) < t and the function w(s)"w(s) is continuous in s € R, it
follows from the continuity that there exists a neighborhood U (0) of 0 satisfying Vs € U(0),
w(s)Hw(s) < t.

Since (w*, t*) is the optimal solution of (C), we can conclude that R (b"5) = 0 and
(w(s), t*) remains an optimal solution of (C). Otherwise, we can always find an s that is
of opposite sign to R(b%), such that sR(b'5) < 0. This implies g(w(s), t*) < g(w*,t*),
yielding a contradiction. As (w(s), t*) satisfies that

w(s)"w(s) + 2R (cHw(s)) +d < t* + 2R (cPw(s)) +d <0,

w(s) is a feasible solution of UCDT.
Substituting w(s) into the object function of UCDT, we have

https://doi.org/10.3390 /math14142539


https://doi.org/10.3390/math14142539

Mathematics 2026, 14, 2539 8 of 20

flw(s)) = w(s) Aw(s) + 2R (b w(s))

= (w* +s9)H (A = M) (w* +55) + 2R (b (w* + 57)) + Aw(s)Tw(s)

= w'(A - Do+ 2RBPw*) + Aw(s)Hw(s)

= w (A= MDw* +2ROTw*) + At + Aq[w(s)Fw(s) — £]

= val(C) + M[w(s)Hw(s) — t*]

> oal(C).
The last inequality holds since A; < 0 and w(s)"w(s) < t*. Furthermore, it holds as an
equality when w(s)H
s that

w(s) = t*. We can deduce that this equation has a root in terms of

(w1 + oMw*) £ \/ (wHo + oHw*)2 — doHo(wH Huw — 1)
20H G
Under this condition, the lower bound val(C) is attainable for val(UCDT).
The proof is complete. [

S = —

The computational complexity of calculating the eigenvalues of a matrix is known as
O(n?). In order to achieve the linear-time computational efficiency, we need the following
estimation on the largest eigenvalue of A, denoted by Ay (A).

Theorem 3 ([2,23]). Given a symmetric matrix A € C"*" with || A|| < p, where || - || denotes the
spectral norm of matrix -, parameter €,8 > 0 and let N(> n) be an upper bound of the number of

non-zero entries in A, the Lanczos method runs in time O(¥ log %) and returns a unit vector
w € C" for which
wH Aw > Amax(A) — €

with probability at least 1 — 6.

As ||pI — A|| < 2p and the largest eigenvalue of matrix pI — A is p — A;. We can use
Theorem 3 to estimate A and obtain the following result.

Corollary 1. Given a symmetric matrix A € C"*" with || A|| < p, parameter €,6 > 0 and let
N(> n) be an upper bound of the number of non-zero entries in A, the Lanczos method runs in
time O(% log %) and returns a unit vector u € C" for which

u Au <A +e
with probability at least 1 — 6.
Define A; = uf Au — e. Then, we have
A—MI=A—-MI=0.

Therefore, we solve the following approximate convex programming of (3) instead of
solving problem (3) directly.

https://doi.org/10.3390 /math14142539
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(AC) min §(w,t) = wl(A - A Dw+2R(bTw) + At (4)
s.t. wHw <t,
t—1<0,
t+2R(cHw) +d <0,
we C'telR.

As the two problems (3) and (4) share the same feasible region, the difference between
their objective functions is given by A; (t — ww), where 0 < t — wfw < 1. The Lanczos
method guarantees with high probability that [A; — A1| < €, where A; is the smallest
eigenvalue of A. Consequently, for any feasible solution, the difference in objective values
is bounded by €, and hence the difference between the optimal values |val(AC) — val (C)|
is also bounded by €.

3. Nesterov’s Accelerated Gradient Method and Complexity

In this section, we first transform the complex problem (AC) into an equivalent real
problem (AC’). Then, we solve the problem (AC") using the Nesterov accelerated gradient
method and analyze its worst-case complexity.

By decomposing the complex vector into its real and imaginary components, we
convert the n-dimensional complex vector w into a 2n-dimensional real vector z. Therefore,
(AC) is transformed into an equivalent real-variable problem (AC") of dimension (27 + 1).
The problem (AC") is formulated as follows.

(AC")  min  $(zt) =z (Q— M)z +29"z+ At
s.t. 2Tz —t <0,
Wz4+d+t<0,
t <1,
z € R™,t € R,

where

_( R -T(4) _
Q= ( T Ron ) Il = Al

Let Q:={zTz—t <0, hTz+d+t<0, t<1, ze R¥, teR}.

Lemma 2. Problem (AC) and problem (AC") are equivalent by means of

val(AC) = g(w*,t"),
val(AC") = §(z",t") = ¢(R(w"), Z(w"),t*),
val(AC) = wal(AC"),

where (w*, t*) and (z*, t*) are the optimal solutions of (AC) and (AC") respectively.

Proof. It can be easily verified that we can construct a feasible solution of (AC") from the
optimal solution (w*, t*) of (AC), and vice versa. [
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Thus
V4(zt) = 2(Q-Ml)z+2q,
vtg(zrt) = }\lr
Vet = <Z(Q—/\~)§I)z+2q>,
1

and we can conclude that ¢(z, t) is Lipschitz continuous, since ¥(z1, t1), (z2,t2) € Q,

Vg (z1,t1) = V§(z2,02)|l, = <Z(Q_}‘1?(Zl—zz)>

2[[(Q = A1) (z1 — z) |
2(1Ql1+ A1) 121 — z2l,
2(/1Q1 + [A1]) | (z1,t1) = (z2,t2) ]2

2

IN A

where || Q] + |A1] < 2[|A| < 2p.
Next, we utilize the following algorithm proposed in [24], which serves as a general-
ized form of Nesterov’s accelerated gradient method, to solve (AC").

Theorem 4 ([24,25]). Let {(z, tx)} be the sequence generated by Algorithm 1, (z*,t*) be the
global minimizer of (AC"). Then, it holds that

W, gt -8 <0( ),

and Algorithm 1 returns an e-approximation solution of (AC") in O(\/g ) iterations.

Algorithm 1 Generalized Nesterov’s Accelerated Gradient Method

1. Input: A,b,c,d
2. Choosefy =6_1 € (0,1), (ZO, to) = (Z_l,t_l) € O. Letk:=0.

3. Let
v = ze+ 00 — 1) (zk — zk-1),
sk = b+ 00 — 1) (ke —trq)
and
Vg = Vag(yksi),
Vige = Vig(yr sp)-
Update

(zK41, ) = arg min, 2"V + pllz = yell®] + [t Vige + ot = s0)?]. - ()

4. Choose 0y,1 € (0,1] satisfying

1=k 1

2 = 2
9k+1 Ok

5. Output: zi,t
If the stopping criterion does not hold, update k := k + 1 and go to step (2).
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In the algorithm above, we need to solve (5), which is a proximal quadratic subproblem
constrained on ():

G(zt) = 2'Vagk+plz =il +t- Vige +p(t —5¢)°
= zf (2(Q =AM D)yx+2q) + pzlz — Zpy[z + py[yk + Aqt + pt* — 2pst + ps%.

To simplify the expression, define

p o= 2[(Q—ADyx+q— oyl
Vi Vi

-

¢ = Ay —2psk,
p = psp,
then we have
G(z,t) = pzTz + plz 41+ pt> + ot + ¢.
Therefore, the task of solving (5) is replaced by solving the following equivalent

problem:

(SA) min  G(z,t) = pzlz+ plz + pt* + ot
(zt)eQ

Since this problem is convex and quadratic, we can find the optimal (2, f) by solving
the KKT conditions of problem (SA).
The KKT system for problem (SA) consists of three parts as follows:

1.  Stationarity
20 +p)z+p+ph =0, 2pt+¢—p1+pa+p3 =0 ©6)
2. Complementary slackness
pi1(zlz—t) =0, po(hTz+d+1t)=0, us(t—1)=0. )
3. Primal feasibility
2Tz—1t<0, hWlz+d+t<0, t—-1<0, (8)

where 11, itp, u3 > 0 are the Lagrangian multipliers corresponding to the primal constraints,
respectively.
We solve the KKT system from the two equations in (6). It can be deduced that

B p+ uoh

I e e,
2(p + p1)

2p

z(p1, p2) = t(p1, p2, 43)

Since p > 0 and p1, y2, u3 > 0, we divide the system into different cases.

Case 1. Suppose p; = 0, yp = 0. Then we have

zmm:_%, umwgzigff

a)Imgzonmnﬂaam)zuaaoy:—%.
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(I) If uz >0, thent(0,0,u3) = 1, so that

Uz = —20—¢ > 0.

In either case, if z =
(2(0,0),£(0,0,u3)) = (2,
Case 2. Suppose 1 = 0, yp > 0. Then, we have

z(0,0) and t = (0,0, u3) satisfy the three inequalities in (8),
f) is optimal.

_pt+ ush
20

—H2— U3 — @

, t(or ]/12/ l’l3) = 2P

z(0, p2) =

7

and
hTz(O, H2) +d+t(0, pp, p3) = 0.

() Ifus =0,then
_2pd—¢—hTp
Mo = =T

(I) If uz > 0, then £(0, up, u3) = 1, so that

20(d+1) —hT
VBZ_VZ_ZP_QOI FZZ%

In either case, if z = z(0,up) and t = t(0, i, yi3) satisfy the three inequalities in (8),
(z(0, u2),t(0, 2, u3)) = (£, ) is optimal.
Case 3. Suppose 1 > 0, po = 0. Then, we have

_ p _Mm—K—-9
z(yl,O) - Z(P‘f’ﬂl)’ t(l‘lfof “l/l3) zp s

and
2(p1,0) 2 (1, 0) — #(p1,0, p3) = 0.
(I) If uy3 = 0, then we have

2(u1 — @) (p+11)* —pp'p =0,

which is a unary cubic equation. p; can be solved by the known formula from

this equation.
(I) If ug > 0, then £(p1,0, u3) = 1, so that

T
ps=moe—20, = —H%-

In either case, if z = z(y1,0) and t = t(pq,0, u3) satisfy the three inequalities in (8),
(z(p1,0),t(p1,0,u3)) = (£, ) is optimal.

Case 4. Suppose 1 > 0, po > 0. Then, we have

B p+ poh

_M—p—p—¢
2(p+ p1)

20

z(p1, p2) = t(p1, p2, 43)

7

and

I’ZTZ(;Ml, }42) + d + t(,ull Uz, ;I/l3) = 0/ Z(lull HZ)TZ(]’“/ ,MZ) - t(;’ll/ Ha, H3) = 0.
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(I) If y3 = 0, then we have

p(p + pah) T (p + pah) = 2(p + 1)* (1 — 2 — 9) =0,
(11— p2— @) (o + 1) +2dp(p + 1) — ph™" (p + p2h) = 0.

We can obtain 1 and p, by solving the above binary cubic equations.
(I) If uz > 0, then t(pq, po, u3) = 1, so that

M3 =p1—p2— @ —2p,

(p+ p2h)T(p + p2h) —4(p + u1)* =0,
2(d+1)(p+ p1) — hT (p + pah) = 0.

We can obtain 1 and p, by solving the above binary quadratic equations.

In either case, if z = z(p1, y2) and t = t(p1, ya, p3) satisfy the three inequalities in (8),
(z(p1, 12), (i, 2, 13)) = (2,F) is optimal.

Remark 1. In Case 4, we need to solve a system of binary quadratic equations. The common
methods include the iterative method and the resultant method. The resultant method’s calculation
process can be segmented into the following steps.

Step 1: Reformulate the binary quadratic equations into the following form.

3+ ar1 (1) p2 + ar2(1) =0,
V% + a1 (p1)p2 +axn(pr) =0,

where a11(p1),a12(p1),421 (1),422 (1) are polynomials of 1.

Step 2: Solve the resultant, which is an equation deduced from the coefficient determinant,
a polynomial of yq. If there exist roots of yy, it indicates that the whole system has solutions.
Otherwise, it has no solution.

Step 3: Substitute each value of 1 back into the original equations to solve for the corresponding
value of yy.

After analyzing all possible cases, we can deduce that (5) can be modeled in O(m)
time, where m > n is an upper bound of the number of non-zero entries in Q. Then, (5) can
be solved in O(n) time. With Theorem 4, we have the following conclusion.

Lemma 3. The time complexity of approximately solving (AC") under € is

onff)

Combining Corollary 1, Theorem 2, and Lemma 3, we can deduce the following
main result.

Theorem 5. Given the parameters € > 0,6 > 0, with probability at least 1 — & over the randomiza-
tion of an approximate eigenvector oracle, we can find an e-approximate solution of UCDT, @ € C",
satisfying the ball constraints

oo —-1<0, oo+ 2R(cHw)+d <0,

and the objective value
f(@) <val(UCDT) +¢€
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in total time
Ol m 4 g n
( \/;10 ) ) )

From this Theorem, we can have a linear-time algorithm for UCDT. By “linear”, it
refers to the number of nonzero elements in the matrix being linear, so this algorithm is
suitable for sparse matrices.

Remark 2. It is known that (CDT¢) has hidden convexity and admits a polynomial-time solution.
However, no linear-time algorithm currently exists. Notably, Algorithm 1 can be extended to
approximate (CDT¢) by bounding it. Specifically, by replacing the ellipsoidal constraint with a ball
constraint defined via the maximum or minimum eigenvalue, our algorithm yields a lower bound
(via relaxation) or an upper bound (via restriction).

Remark 3. The two proofs and the algorithm presented in Sections 2 and 3 exploit the specific
structure of the complex domain. The corresponding real problem cannot be directly addressed by
the same simple convex relaxation and solution recovery method. There exist other tight relaxations
for the real case, such as the BETA-SDP relaxation proposed by Burer [16] mentioned in Section 1,
but that is not the relaxation considered in Section 2 of this paper. Solving that convex relaxation
requires lifting to the matrix level and introducing additional second-order cone constraints. To the
best of our knowledge, the lifted problem does not admit a linear-time algorithm.

4. Numerical Experiment

In this section, we test the performance of Algorithm 1. All numerical tests are
implemented in Python 3.13.5 and run on a laptop equipped with an Intel (R) Core (TM)
i7-13620H processor (with a base frequency of 2.40 GHz) and 16 GB RAM. All instances
are generated randomly. We initialize p as the square root of the largest eigenvalue of the
matrix QT Q.

To rigorously evaluate the performance of the proposed algorithm, we designed a
generator capable of precisely controlling the problem dimension n, the matrix sparsity
d, and the condition number «. For sparse construction, Ny, = |d - n?/2| positions are
uniformly sampled and filled with complex Gaussian random variables CN (0, 1) in the
lower triangular region. A Hermitian matrix M is then obtained via symmetrization,
and the diagonal entries are filled with real Gaussian variables. To precisely control the
condition number x, we employ an affine spectral transformation. The extreme eigenvalues
Amin and Amax of M are extracted using the Lanczos method, and the spectrum is linearly
mapped to the interval [—1/x, 1] via A = aM + b, ensuring that A attains the exact target
condition number. For constraint parameterization, the linear terms b, c € C" are sampled
from the complex standard normal distribution after scaling by 1/ v/2, while the scalar
constant d is chosen from [—2, —0.1] to guarantee strict feasibility of the constraint sphere.

First, we compare the computational efficiency of different methods under different
€ values and matrix dimensions. Among them, tcyx, trpe, and f 441 denote solving the
problem directly by the CVX solver, the algorithm proposed by [12], and Algorithm 1
proposed by us, respectively.

We can read from the results in Table 1 that Algorithm 1 runs faster than the other two
methods when the dimension is large.

Additionally, we specifically visualized the difference in computational efficiency be-
tween the CVX solver and our Algorithm 1 under specific €. The comparison of the running
time among Algorithm 1, the CVX solver and the algorithm proposed by Sakaue et al. [12]
with e = 107%, ¢ = 107, ¢ = 10~* is displayed in Figure 1, Figure 2 and Figure 3,
respectively.
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Table 1. Numerical results of median execution time (s) for different optimality tolerances €. The best
performances for each dimension are highlighted in bold.

. " 300 500 800 1000 1200 2000
tovx 0.195 1.192 5.087 9.458 14520  61.437
104 tPE 0.072 0.277 1.307 3.002 5.259 25.471
FAlgl 0.110 0.535 1.380 2.101 2.993 8.339
tovx 0.196 1.204 5.480 9.505 15.043 61778
105 tPE 0.073 0.261 1.311 2.963 5.386 25.291
FAlg1 0.122 0.551 1.379 2.112 2.999 8.132
tovx 0.212 1316 5.381 9.916 14557  63.361
10-6 tPE 0.076 0.266 1.287 2.920 5.424 25.155
FAlg1 0.129 0.541 1.423 2.158 3.114 7.668

The computational efficiency of the algorithm is also assessed through comparison
with the BETA SDP [16]. The corresponding execution time curves are illustrated in
Figures 4-6.

From the figure, it is observed that the presence of the second-order cone constraints
in the BETA leads to a significantly high-order polynomial growth as n increases. There-
fore, we only do tests when dimension # is relatively small. In contrast, Algorithm 1
demonstrates the advantage of linear-time complexity.

Median Scalability Comparison (e =10-%)
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Figure 1. ¢ = 107°.

0 Median Scalability Comparison (e =10")
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Figure 2. ¢ = 107°.
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o Median Scalability Comparison (e =10~%)
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Figure 4. Result for e = 1074,

Scalability Comparison (e=107)
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Figure 5. Result for e = 1077.

Next, we employ boxplots to illustrate the algorithm’s resilience to ill-conditioning at
x = 10%. In the vast majority of cases, the optimality gaps consistently fall within the order
of 1077 to 1077, significantly outperforming the prescribed tolerance of 10~°. The results
are illustrated in Figure 7.
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Then, we investigated the impact of the eigenvalue approximation tolerance
e € {1074,1075,107%} on the solution time. Experiment results in Figure 8 show that
the algorithm is empirically highly robust with respect to this parameter.

Scalability Comparison (¢=107°)

—m— Burer (2024) BETA SDP -

1001 —e— Alg 1
m
°
je
8 801
Q
2
9]
£ 601
= o
C
e
o 401
S
=]
£
o 201

o] e=——1

50 100 150 200 250 300 350 400
Dimension (n)

Figure 6. Result for e = 107°.

To investigate the impact of spectral aliasing on the algorithm, we constructed three
extreme spectral distribution test cases (n = 1000, x = 10): Uniform, with eigenvalues
evenly spaced; Top-Clustered, with eigenvalues clustered near A;,4y; and Bottom-Clustered,
with eigenvalues clustered near Ap,n, which is the worst-case for the algorithm.

Robustness to IlI-Conditioned Matrices

1044
1073
10764
1077+
1084
1094
10710 |

10-11 4

Relative Optimality Gap (Log Scale)

10712 |

1 10! 102 10°
Condition Number (k)

Figure 7. Robustness to ill-conditioned Matrices under different condition number.

Table 2 shows that although clustered spectra increase the time cost in the Lanczos
methods stage, the main Nesterov acceleration stage exhibits stable to spectral distributions,
converging within approximately six iterations. This finding confirms that the algorithm
maintains exceptionally high numerical stability even when handling ill-conditioned prob-
lems with complex geometric structures.

Table 2. Robustness analysis across different eigenvalue spectral distributions.

Spectral Distribution Lanczos (s) Nesterov (s) Total (s) Iterations
Uniform 0.350 0.033 0.383 6.0
Bottom-Clustered 1.491 0.032 1.523 54
Top-Clustered 1.571 0.033 1.604 6.0
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Impact on Computational Efficiency
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Figure 8. The impact of the eigenvalue approximation tolerance.

Define density d of matrix Q as d = 5, where m is the number of nonzero entries in Q
and 7 is the dimension. We also compare the computational time of our Algorithm 1 with
€ = 10% under different density d of matrix Q and show the results in Figures 9 and 10.
From the two pictures, we can observe intuitively that for the same dimension, the smaller
the density, the faster the computational efficiency. We can also observe that the computa-
tional time increases linearly with the dimension.

40-

30- /

Time (s)
N
S

e —a
0-
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Density

Matrix Size (n)
~8— n=1000 —A= n=4000 == n=6000 ¥ n=8000 —<= n=12,000
—#- n=2000

Figure 9. The running time of Algorithm 1 for different density d with e = 107°.

40-

Median Time (s)

2000 4000 6000 8000 10,000 12,000
Matrix Size (n)
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\-0— density=0.10  ~#~ density=0.30 = density=0.50 —4— density=0.70  —¥— density=0.90

Figure 10. The running time of Algorithm 1 for different matrix size n with ¢ = 107°.
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5. Conclusions

In this paper, we propose a linear-time e-approximation scheme for the n-dimensional
complex problem UCDT. We first establish the hidden convexity of UCDT via the S-lemma
and an equivalent convex reformulation (C). Subsequently, by employing eigenvalue ap-
proximation and the complex-to-real transformation (C), we derive an efficiently solvable
real approximate problem (AC"). Finally, we solve (AC") using a generalized Nesterov
accelerated gradient descent algorithm, achieving an overall linear-time complexity. Nu-
merical experiments confirm that the proposed algorithm significantly outperforms the
standard CVX solver in terms of computational efficiency, while demonstrating strong
robustness and insensitivity to the condition number.

However, the proposed algorithm relies on Assumptions 1 and 2. When Slater’s
condition fails, or one constraint is redundant, the equivalence to (C) may break down, and
the algorithm may require a fallback to the SDP formulation. Moreover, the linear-time
guarantee is asymptotic and may be affected by the conditioning of Q in practice, as the
Lipschitz constant p depends on A.

Our future work includes extending the algorithm to the general complex CDT sub-
problem and applying the proposed algorithm within an SQP framework for nonconvex
complex nonlinear programming. In addition, we will also focus on the hidden convexity
of more nonconvex optimization problems and designing fast global and approximate
algorithms for the real UCDT subproblem and the CDT subproblem.
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