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Abstract

We establish a new lower bound for the average local discrepancy of the Farey sequence.
First, we prove a general lower-bound formula for arbitrary sequences in the unit interval
in terms of their gap distribution, namely the gaps larger than the average gap and the
minimum gap. We then apply this result to the Farey sequence and obtain an explicit lower
bound of logarithmic order. This complements the existing literature, which mainly focuses
on upper bounds, and provides a new constraint on a quantity that is closely related to
the Franel-Landau criterion for the Riemann Hypothesis. Finally, we examine the effect
of gap permutations on the average local discrepancy and propose a conjecture for the
corresponding mean value over all such permutations.
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MSC: 11B57; 11K38; 11M26

1. Introduction and Statement of Main Results

The Farey sequence F, = {fi, f2,..., fn} of order n € N is an ascending sequence
of irreducible fractions between 0 and 1 whose denominators do not exceed n, see
e.g., [1-10]. Throughout this paper we exclude the fraction 0/1 from F,. For givenn € N
and i € N with i < N, the local discrepancy 7, (i) is defined as

fr, (i) = Nfi —1i.

The normalized local discrepancy is defined as

e (i) i
J— n — ﬁ .
N

TF n (Z) - N
The absolute discrepancy of the Farey sequence F, is generally defined as
D,, = sup |rg, (i)].
i<N

The absolute discrepancy of the Farey sequence was derived in [3] to be D,, = 1/n,
and taking that N = O(n?), we have that 7, (i) = O(n). We define the average local
discrepancy as

= 5 LI = s 0],

i<N i<N

Mathematics 2026, 14, 2543

https://doi.org/10.3390/math14142543


https://crossmark.crossref.org/dialog?doi=10.3390/math14142543&domain=pdf&date_stamp=2026-07-15
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-9857-1703
https://doi.org/10.3390/math14142543

Mathematics 2026, 14, 2543

20f12

which is also the sum of the absolute values of the normalized local discrepancies of
the elements in F,. It is important to recall an equivalent formulation of the Riemann
Hypothesis (RH). The Franel-Landau formulation [11,12] is expressed as

re, = O(n*¢) Ve >0 < RH.

This connection makes the study of bounds for rr, a problem of intrinsic interest—see,
e.g., [6], for further insights on this connection. Most of the existing literature focuses
on upper bounds for the local discrepancy of Farey fractions [5,10,13,14], on the absolute
discrepancy of the sequence [3], or on related estimates for partial sums [15]. By contrast,
lower bounds for the average local discrepancy appear to be much less developed. The
aim of the present work is to address this point by deriving a lower bound for rf, from
information on the gap structure of the sequence.

Our starting point is a general question: given an increasing sequence in the unit
interval, to what extent can its average local discrepancy be estimated solely from the sizes
of its gaps? We show that a nontrivial lower bound can indeed be obtained from two
pieces of information: the gaps larger than the average gap and the minimum gap of the
sequence. In Theorem 1 we first derive a formula to compute a lower bound of the average
local discrepancy of any increasing sequence in the unit interval, Ay, by only using its gap
values that are larger than the average gap, stored in §, and the value of its minimum gap,
min. This formula reads as

where N is the total number of gaps and M is the number of gaps larger than 1/N. Defining
A; = gi—1/N, and Apin = 1/N — gmin We can rewrite the above formula in a more
compact way avoiding the substraction:

1

A .
it 4Amin

M
Y Az

i=1

NI~
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1

In general, this bound is not sharp. Applying this to F,; in Corollary 1 we obtain
the following;:

2 gy (8(4) 1 G v am) ()

1/2+€

This lower bound grows as log # and it is within the O (n ) from RH. This suggests
that by reordering the gaps of F, it should be possible to construct a new sequence with
lower average local discrepancy than the initial sequence F,. This is illustrated in Figure 1
for Fp, achieving a reduction of rf,, by more than a factor of 2 while remaining above the
analytical lower bound from Corollary 1. In this particular optimization the largest gaps are
placed sequentially surrounded by the smallest available gaps to cancel their contribution
to the local discrepancy. The problem of finding the gap ordering with minimal average
local discrepancy seems to be hard to solve as it requires checking a large number of
permutations. Corollary 1 provides a lower bound to the solution of this problem without
explicitly finding a solution. This is possible thanks to the fact that the Farey gaps are well

known. The gap distribution in the Farey sequence is given by [16,17]

0, ifz <3/7%;
h(z) = < 6log(7?z/3)/ (m?z?), if3/m? <z <12/7%

—12log(1/2+\/1/4—3/(n%z)) /(n?2?), if12/m* <z,
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where z represents the gap value multiplied by the factor 3n?/72. Figure 2 shows an
illustration of the distribution of Farey gaps together with the numerical evaluation for
Fi00. The percentage of gaps in F, larger than the average gap is approximately given by

/ h(z)dz ~ 33.18%.
1
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Figure 1. Gap sizes and normalized local discrepancies of the Farey sequence Fy4 (top 2 plots) and
one optimized sequence obtained by reordering the gaps in Fys (bottom 2 plots), reducing rr, by
more than a factor 2. The number of gaps in Fys is N = 212.
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Figure 2. Distribution of the Farey gaps shown for the analytical estimate [17] in orange and an
illustration for Fyy) in blue, along with the key parameters of the analytical estimate. The first dashed
line marks the mode of the distribution at v/¢/n? and the second dashed line marks the mean at
7%/ (3n?). The shaded area denotes one standard deviation starting from the mean of the distribution.

From the results in [18] we can bound the size of a gap, g, according to the minimum order
of the two Farey fractions delimiting the gap, defined as k, as ¢ > 1/(kn). These and other
bounds are illustrated in Figure 3. The Farey fractions of an order lower than or equal to 31/ 7>
are surrounded by two gaps larger than the average gap. This implies that there are at least

3/t 27 9
Y (k) = $n2 +O(nlogn) = FN—FO(\/ﬁlogN)
k=1
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pairs of gaps, larger than the average, that are adjacent (which represent about 18% of
all gaps). This means that about 56% of the gaps larger than the average gap are placed
together, which is not an optimal arrangement in terms of local discrepancy.

1/n} .
——- Y=
1/(2n) | Y= %
1(3n) | 1
1/(4n) \‘ L
o 1/(6n) “ . ngfdi:r l;arey sequence
S 1/(sn) ‘l(!
5 l"l,‘s
@ W?/é{ﬁj ----------- s -]ls:l::.q- . .
- RETA
g .ll.:_“_li H 'ill;
gy
1/n2 i i E e
1 3n/m? n/2 n

Minimum order of the Farey fractions
next to the gap

Figure 3. Gap sizes versus minimum order of the adjacent Farey fractions (blue dots correspond to
Farey sequence of order n = 56).

Beyond the Farey application, the gap-based viewpoint suggests that the ordering of
the gaps may play a substantial role in determining the size of the average local discrepancy.
This motivates the study of the family of sequences obtained by permuting the gaps of a
given sequence. Defining 75 as the mean of the average local discrepancies of all sequences
generated as gap permutations of a given sequence S, we encounter that

- 3/2
Fs ~ xosN°/2,

where 0 is the standard deviation of the gaps in S. Proposed bounds for x are given in
Conjecture 1. If the conjecture is true, we would have that

3/2

3
Tr, & ?)@n\/logn -c,

where we have used that of, = 2/logn — ¢/n?, from [18], with ¢ ~ 1.058. This estimate
of 7r, is to be compared to the RH conditional estimate g, = O(n'/2%€), and to the just
computed lower bound as O(log 1), implying that the mean over gap permutations, 7r, , is
significantly above the expected estimate of rr, from RH and the known lower bound.

2. Results

We define the Single-distinct-gap sequence, SDGgx = {a1,42,...,4N}, as a sequence
of N points between 0 and 1 where all gaps but one are equal, as
j 1;_% forl1 <j<k
a; = ,
! (jfl)%Jrg for N>j>k
where g is the size of the unequal gap that occurs between the kth and the (k + 1)th elements,
with 1 <k < N, and all the other gaps have a size of gmin = (1 — g)/ (N — 1). The first gap
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of this sequence is defined to be a;. The same approach is taken for F, and other sequences
throughout this work. This allows for the sum of gaps to be 1, and allows us to keep N as
the number of gaps. The Single-distinct-gap sequence plays the role of a building block in
this work as it depicts how the small gaps cancel the contribution of a single large gap to
the local discrepancy.

Lemma 1. The average local discrepancy of the Single-distinct-gap sequence, rg DGyx is bounded as

1 (g*gmin)z _ 1

A1/N - g 80N 7 B0,

'SDGg; =

where g is the size of the single distinct gap and gmin = (1 — g)/ (N — 1) is the size of the other
N — 1 gaps. The inequality becomes an identity for k = (N —1)/2 and N odd.

Proof. We define A; as the deviation of the jth gap from the average gap:
Ary1=g—1/N, and Aj = gmin —1/N for j # k + 1.

It should be noted that g + (N — 1)gmin = 1, and therefore, N = (§ — gmin)/ Amin. The
average local discrepancy of SDG,  can be expressed as

N

TSDGyyx = Z

Defining Amin = 1/N — gmin and using Zf\il Aj=0we have that the sum within the
absolute value is given by

1= (N=DAmin, k+1<i<N.

Therefore, rg DGyx is expressed as two sums for the elements before and after the kth

element as
k N—k—1
TSDGyy = Amin ;1 + Amin Zl L,
1= =

7506y, = 5 (k1) + (N — k= 1) (N ~ £)) A

This expression has a minimum for k = (N —1)/2,

1 1 — Gmin )
TSDGg (n_1)2 = Z(NZ —1)Amin = 1 ((fggrmn) - 1) Amin ,

Amin
where we have used the fact that N = (¢ — ¢min)/Amin. O

We define the M-distinct-gaps sequence, MD Gg’,% = {by1,by,..., by}, with N elements,
by = 1, having M gaps larger than 1/N and M — N equal gaps of size gmin < 1/N.
The vectors § and k contain the size and locations of the M gaps, respectively. We define
Amin =1/N — Imin-
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Lemma 2. The average local discrepancy of the M-distinct-gaps sequence, "MDG._;/ has a lower
3

bound given by
14 (gi— gmin)2 M
> - A8t omn) 77
rMDGgE —_ 1221 1/N — Zmin 4 (1/N gmm) @
where g; represents the size of the ith distinct gap and gmin = (1
the other N — M gaps. Defining

— Y 9i)/ (N — M) is the size of

J grmn .
= Z /] € [[O,MH,

mm
the inequality (1) becomes an identity when
1 .
ki=N ]1+2(N 1), je[1,M], kj e N. )

Proof. Observe that N; — N;_1 is exactly the effective number of minimal gaps needed to
compensate the excess of discrepancy of the jth large gap above the average gap. Note that
No :0andNM = N.

Similarly to the proof of Lemma 1, the normalized local discrepancy of the MD Gﬁﬁ
sequence, defined as r MDG (i), is given by piece-wise functions y;(i) defined in between

the jth and (j + 1)th large gaps as

y](l) = Amin|i_ il with i € [k] +1,k]'+1] .

This is seen in Figure 4, which shows an illustration of a part of an M-distinct-gap
sequence with the piece-wise functions in the bottom plot. Therefore, we express

rMDGﬁ% as
&

+ (N —km —1)(N —kyp))

0.4
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Figure 4. Illustration of part of an M-distinct-gaps sequence (top), its gaps in units of Ap,;, (middle
plot), and the normalized local discrepancy (also in units of Anin) along with the piece-wise functions
in between the large gaps (bottom).
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We define R;, the contribution of the jth distinct gap to r MDG_;, 8 the sum between
8/
the [N;_1] + 1 and [ N;| locations:

[N;]
Rj= Y ‘rMDGﬁ(i)‘
1= LN]',1J+1
Looking at R; it is evident that the first necessary conditions to minimize this
contribution are k; < Nj and k; > Nj. The contribution of the first gap under these
conditions is given by

Amin LNlJ .
R1=Tk1(k1+1)+Amin Y lj— Ny
j:k1+l
k N{| —k
= im0+ D)+ NN = ) + BB () k- 1)
k Ni| -k
— Ain (B 40+ BB 0 - 14w
k N —k 1
> Amin<21(kl+1)+ 12 1(N1—k1—1)> > Aminz(le—l)
_ 1&g —gmn)? 1,
4 Amm 4 min s

where, for the first inequality, we have used that (a — b)(a —1+b) > a(a — 1) for any
a € Rand 0 < b < 1. The second inequality is established by finding the maximum over kj.
The bound on R; is already in the desired form. It should be noted that the contribution of
the last distinct gap, Ry, follows an identical development. The contribution of the second
large gap, R, is representative of all inner gaps, and it is given by

Ra = Bin (2728 — W) +1) - (Vi k2~ L)

n [Nz | — ko

(N — ke = 1)+ (N} (N ) )

:Amm<k2_2LN1J(k2—N1+1_{N1})

No| —k
+L2J22(N2—k2—1+{N2})>
kh — N Ny, —k
ZAmin<221(k2_N1+1)+ 22 2(N2—k2—1))
1 2 1(82_gmin>2 1
> - _ 1) = —62 eminj  — A
= Armn4 ((N2 Nl) 1) 1 Amin 4Am1n

Since this derivation holds equally for all inner gaps, and

M

we have demonstrated the first statement of the lemma.
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When the condition (2) is met, the corresponding M-distinct-gaps sequence is a
succession of Single-distinct-gap subsequences with odd numbers of gaps and the distinct
gap in the center. Hence, the average local discrepancy is given by

1M4 n)? M
'MDG,, = *Z gmn -

1/N_ min) s
F 4 11/N Gmin — 5 gmin)

asper Lemmal. [

Theorem 1. Let Ay = {ay,a,...,an} bea sequence of points in the unit interval with ay = 1.
Let g contain the M < N gaps of Ay that are larger than the average gap, i.e., 1/ N, and let gmin
be the minimum gap in An. Then, the average local discrepancy of Ay, denoted by r ,;, has a lower
bound given by

Proof. Let Ay = {ay,...,ax} be a sequence in the unit interval with ay = 1, and let
g1,--.,8M be the gaps of Ay that are larger than the average gap 1/N. Denote by gmin
the minimum gap in Ay. The remaining N — M gaps therefore all belong to the interval
[gmin, 1/N]. Let §~ and k= contain the N — M gap sizes and locations of the gaps below
the average, respectively, in the same order as in Ay. We define the contribution of each
large gap, R;, following the same concept as in Lemma 2, while the formulation here is

more tedious,
N;

R; = Z ‘rAN(i)

l‘:N]',] +1

,J €L M],

where Ny = 0, Nj = k;j and p; is defined to fulfill the following condition,

pj+1 j pj
Y (1/N-g7)>Y (si—1/N)>Y (1/N—-g7). 3)
i=1 i=1 i=1

In the case that all §;” = gmin, we have that R; and N; are identical to those defined
in Lemma 2. When not all g;” are equal to gmin, we have that (1/N — ¢;7) < (1/N — gmin)
for at least one j. Therefore, to fulfill the inequality (3), p; and N; cannot decrease when one
or more g; increase with respect to gmin. This implies that

& — 8min
] - Z 1/N gmm

for at least one j. As R; is a sum of non-negative numbers up to N;, we have

1M( gmin)> M1
V2 3L/ g gmm_4(N_gmm>'
O

Corollary 1. The average local discrepancy of F, has a lower bound given by

9 7'2) 6 9 logn
2 ey (1080 )+ = gt~ kg ) 0B,
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Proof. By Figure 3, all the Farey fractions of an order lower than or equal to 3n/7? are
surrounded by two gaps larger than the average gap. There are ¢(k) Farey fractions of order
k, each surrounded by two gaps of size larger than 1/ (kn). For F, we have that g, = 1/n2.
Therefore, using Theorem 1, the average local discrepancy of F, is bounded as

3/ (k) (1/(kn) —1/n2)2 317 o(k) (1/k —1/n)?

TE 2 ; n2/(3n2)—1/n2 T = 2 w31

1 3n/m? 1 2 1
T3 0) k; 4’<"><k2‘zm+nz>

9 (2 6 9 o
= xpr=y (B ) = gt~ ) O,

where we have used two known estimates [19,20],

3
Y g(k) = ?nz +O(nlogn),

n k
y 28— 8 0((togm)i toglogn)),
k=1

and we present the derivation of the estimate of the remaining sum:

I N N L

k<n k<n ™ dlk d<nm<n/d

=) de) logn—logd—l—’y)—i-O(logn),
d<N

where Hj are the harmonic numbers, fulfilling Hy = logk + v + O(1/k). Because both
series converge absolutely, we may use the limit

I ¢2)2’
obtaining:
_logn+vy  7'(2) logn
L o)

We recall that 7(2) = 72/6. O

3. Conjectural Behavior Under Gap Permutations

The lower bound established in Theorem 1 depends only on the gap structure of the
sequence and not on any special arithmetic property of the Farey sequence. This naturally
leads to the question of how much of the average local discrepancy is determined by the
multiset of gaps alone, and how much depends on their ordering.

Let S = {ay,...,an} C (0,1] be an increasing sequence with ay = 1, and let

8i=4a;—4a; 1, 1<i<N,

https://doi.org/10.3390/math14142543
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with the convention ay = 0. For a fixed multiset of gaps {41, ...,¢n}, consider the family
of all sequences obtained by permuting these gaps and forming the corresponding partial
sums. We denote this family by P(S) and define

_ 1

= P

rr,
| TEP(S)

where rr denotes the average local discrepancy of the sequence T.

The quantity 7s measures the typical size of the average local discrepancy among
all sequences with the same gap multiset as S. Numerical experiments suggest that 7s is
governed, to the first order, by the standard deviation of the gaps.

Let 0s denote the standard deviation of the gaps of S. The data indicate that, for broad
classes of sequences,

s <X ogN 3/2,

More precisely, the ratio 75/ (05 N3/2) appears to remain bounded away from both 0
and oo and to vary in a relatively narrow interval.

Conjecture 1. There exist absolute constants c1,cp > 0 such that, for every sequence S in the
unit interval,

C1 0'5N3/2 <T7g <c 0'5N3/2.

On the basis of the numerical evidence currently available, one may tentatively take

1 4 /2

B

These values should, however, be regarded as empirical and provisional.

A heuristic explanation for the scaling N3/2 is as follows. The local discrepancy is
obtained by summing partial sums of the centered gaps:

Under random gap permutations, these partial sums behave qualitatively like a
centered random walk with a step size of order 5. One therefore expects a typical
fluctuation of order o5v/N at a given position, and summing such contributions over
N positions leads to the scale 05 N°/2. The lower bound, c;, has been tentatively observed
to appear for an extreme type of sequence of N elements with two gaps of sizes 1/N + x
and 1/N — x, with x < 1/N, and all other gap sizes being exactly 1/N. We may name
this sequence the plus-minus sequence, PM, ;_ i, where k.. are the locations of the plus
and minus gaps, respectively. Analytically, this sequence has 7pp; ~ cN3/2/(3+/2). The
upper bound, ¢, is tentatively observed to appear for the Single-distinct-gap sequence
with N = 3, that has 7spg = ospgV/N — 1I(N + 1)/3. For the random sequence,
Trand = OrandN°/2\/71/2/4 is computed in [18], which lies in between the previous
proposed bounds.

For the Farey sequence, the gap standard deviation satisfies [16,18]

2y/logn —c

UFn = 7’12

7

with ¢ ~ 1.058. Since

3
N ~ 727/12,
7T
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the conjecture would imply
7r, < ny/logn.

This is much larger than the conditional scale O(n'/2*€) appearing in the Franel-Landau
criterion. If it is the case, the Farey ordering would be highly non-generic among the
permutations of its own gap multiset, in the sense that its average local discrepancy would
be substantially smaller than the permutation-averaged value.

This perspective suggests that the arithmetic structure of the Farey sequence is reflected
not only in the size of its gaps, but also in their highly non-random arrangement.

4. Conclusions

In this work we established a general lower-bound formula for the average local
discrepancy of sequences in the unit interval in terms of their gap distribution, and we
applied it to the Farey sequence to obtain an explicit logarithmic lower bound. This
provides a new lower estimate for a quantity of classical interest and complements previous
work focused mainly on upper bounds.

These results also highlight the importance of gap ordering in the size of the average
local discrepancy. This suggests that sequences with the same gap multiset may exhibit
substantially different behavior, and it motivates the conjectural description proposed here
for the mean value over all gap permutations.
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Conflicts of Interest: The authors declare no conflict of interest.

References

® N oG PN

10.
11.

12.

13.
14.

15.
16.
17.
18.

Cobeli, C.; Zaharescu, A. The Haros-Farey sequence at two hundred years. Acta Univ. Apulensis Math. Inform. 2003, 5, 1-38.
Codeca, P. Alcune proprieta della discrepanza locale delle sequenze di Farey. Atti Accad. Sci. Istit. Bologna 1981, 13, 163-173.
Dress, F. Discrépance des suites de Farey. J. Théor. Nr. Bordx. 1999, 11, 345-367. [CrossRef]

Hardy, G.H.; Wright, EM. An Introduction to the Theory of Numbers, 5th ed.; Oxford Science Publications: Oxford, UK, 1996.
Niederreiter, H. The Distribution of Farey Points. Math. Ann. 1973, 201, 341-345. [CrossRef]

Kanemitsu, S.; Yoshimoto, M. Farey series and the Riemann hypothesis. Acta Arith. 1996, 75, 351-374. [CrossRef]

Tomas, R. From Farey sequences to resonance diagrams. Phys. Rev. Spec.-Top.-Accel. Beams 2014, 17, 014001. [CrossRef]
Khoshnoudirad, D. Farey lines defining Farey diagrams and application to some discrete structures. Appl. Anal. Discret. Math.
2015, 9, 73-84. [CrossRef]

Matveev, A.O. Farey Sequences: Duality and Maps Between Subsequences, 1st ed.; De Gruyter: Berlin, Germany; Boston, MA, USA,
2017.

Ledoan, A.H. The discrepancy of Farey series. Acta Math. Hung. 2018, 156, 465—480. [CrossRef]

Franel, J.; Landau, E. Les suites de Farey et le probleme des nombres premiers. Nachr. Ges. Wiss. Gott. Math.-Phys. KI. 1924, 1924,
198-201.

Landau, E. Bemerkungen zu der vorstehenden Abhandlung von Herrn Franel. Nachr. Ges. Wiss. Gott. Math.-Phys. KI. 1924, 1924,
202-206.

Tomaés, R. Number of Farey fractions with equal numerators and the rank of unit fractions. Integers 2024, 26, 014001.

Tomads Garcia, R. New Analytical Formulas for the Rank of Farey Fractions and Estimates of the Local Discrepancy. Mathematics
2025, 13, 140. [CrossRef]

Tomas, R. Partial Franel Sums. J. Integer Seq. 2022, 25, 22.1.5

Hall, R.R. A Note on Farey Series. J. Lond. Math. Soc. 1970, 2, 139-148. [CrossRef]

Panti, G. The weighted Farey sequence and a sliding section for the horocycle flow. arXiv 2015, arXiv:1503.02539.

Tomaés Garcia, R. Resonance gaps, discrepancies, and lines. Phys. Rev. Accel. Beams 2025, 28, 114001. [CrossRef]

https://doi.org/10.3390 /math14142543


http://doi.org/10.5802/jtnb.255
http://dx.doi.org/10.1007/bf01428199
http://dx.doi.org/10.4064/aa-75-4-351-374
http://dx.doi.org/10.1103/physrevstab.17.014001
http://dx.doi.org/10.2298/aadm150219008k
http://dx.doi.org/10.1007/s10474-018-0868-x
http://dx.doi.org/10.3390/math13010140
http://dx.doi.org/10.1112/jlms/s2-2.1.139
http://dx.doi.org/10.1103/2gfw-xckn
https://doi.org/10.3390/math14142543

Mathematics 2026, 14, 2543 12 of 12

19. Kanemitsu, S.; Kuzumaki, T.; Yoshimoto, M. Some sums involving Farey fractions II. J. Math. Soc. Jpn. 2000, 52, 915-947. [CrossRef]
20. Walfisz, A. Weylsche Exponentialsummen in der neueren Zahlentheorie, Mathematische Foschungsberichte. VEB Dtsch. Verl. Der
Wiss. 1963, 15, 191.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.3390/math14142543


http://dx.doi.org/10.2969/jmsj/05240915
https://doi.org/10.3390/math14142543

	Introduction and Statement of Main Results
	Results
	Conjectural Behavior Under Gap Permutations
	Conclusions
	References

