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Abstract

We propose the A-Baskakov operator based on A-binomial distribution, which is a new
Baskakov-type operator. First, the moments and the central moments for them and their
quantitative properties are computed. Second, we obtain the rate of convergence of the
new operators in different function spaces using the modulus of continuity, K-functional
and Steklov mean function. Then, weighted approximation and point-wise estimates are
also discussed. Finally, theoretical results are supported by illustrative graphics and tables
using Matlab software.

Keywords: A-Baskakov operators; Voronovskaja-type theorem; rate of convergence;
weighted approximation; point-wise estimates
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1. Introduction

Probability distributions have many importance applications in operator approxima-
tion theory. Let { X} }?* ; be independent Bernoulli random variables with P(X; = 1) = p,
P(Xy=0)=1—p,k=1,--- forsome p € (0,1). While p = z, let Z, denote the number of
variables with value 1in Xy, k =1,-- - ,r, then Z, has a binomial distribution B(r, x) with
parameters (7, x):

P(Z, =i) = (?)z"(l —z) 7 i=01,---,r.

Therefore, the classic Bernstein operators can be given by

"o\ A ! ) i Z
Ki(f;z) = Z (,)zl(l —z) lf() = ZIP’(Zr = z)f() = Ef<r>
i=0 \! 7 iz r r

The research about Bernstein operators and their modifications can be seen in [1-14]. Let
Y; denote the number of variables with value 0 before the rth variable with value 1, then Y,
has a negative binomial distribution with parameters (7, p):

r+i—1
i

IP’(Yr—i)—( >pr(l—p)i,i—0,1,2~~.

While p = ﬁ, z € [0,0), the classic Baskakov operators can be given by
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i=0

The research about Baskakov operators and their modifications can be seen in [15-22]. Let
{Ux}2, be the independent Poisson distribution 77(q) with parameter g:

i
) —etl =
P(X=i)=e i!,l—O,l,Z, ,q>0.
Then, foranyr € Ny :=1,2---, V, = Uy + Uy + - - - + U, follows the Poisson distribution
n(rq):
i .

P(V, = i) :e—”q@,z =0,1,2,---,q > 0.

While g = z, z € [0, 00), the classic Szdsz-Mirakyan operators can be given by
(i) = Yoo U (1) gV @
T = il r r)

The research about Szasz—Mirakyan operators and their modifications can be seen in [23-34].
For A being a real number, the A-falling factorial (r); , is defined by

(r)w:{ r(r=A)(r—2A) - (r—(i—1)A), i=1,2---
' L =0,

In [35,36], Kim considered the following A-binomial coefficients by

<F)A:1' (r')A: Oip =A== DA) .

0 i i! i!

The degenerate exponential function €/, (x) = (1 + )\x)% for A > 0 is defined by

[e.9) xl

&) = (1420F = B0y
=
We easily obtain that )llirr(lj e} (x) = ™. In[37], Y. K. Ma and T. Kim constructed negative
%

A-binomial distribution by

r+({—1)A
i

P(Yr,/\:i):( )A(l—p)ief\(p—l),i:O,1,2,-~~.

where A € (0,1). In this paper, we construct a new family of Baskakov operators (named
A-Baskakov operators) with a parameter A in term of the negative A-binomial distribution

p=1-—17;by

B, (f:2) = Ef(Y;;A) _ i (r+ (ii— 1)A>A(1—Hfzi)”ﬂ/7\f<;> 3)

i=0

wherer € N,z € [0,00) and f € C[0, o). Meanwhile, we easily know that the operators
B, ) are linear and positive. While A — 17, the operators (3) turn out to be the classical
Baskakov operators (1) and A — 07, the operators (3) turn out to be the classical Szdsz—
Mirakyan operators (2).
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2. Auxiliary Lemmas

In this section, we give certain auxiliary lemmas which will be used to discuss the
approximation properties for the operators (3).

Lemma 1 ([37], Theorem 2.3). For k € N, we have

+(i—1DA); (1 =p)
el (p—1) '

k (r
=Y So(k,i)
i=0

where Sy (k, i) = %]i( Vi) - ) i=0,1,

-,k is the Stirling number of the second kind.

Now, we define the moments for the operators (3) by T’r‘, (z) = B, (&K2), k € N.

Then, the following lemma can be established immediately.
Lemma 2. Fork € Nand z € [0, c0), we have

(r+(i— 1)/\)Mzi

3
= Sg (k, Z) z ,
i=0 rk

A 1
T () =1T),(2) =2 T7,(2) = (1 - ) 2,

T; \(z) = (1 + i) (1 +— >z3 ( ) z
a2 §
.

5 . 4 X 3 )
Twn—n(uc)zu,n<1+a>zs+ﬂn<1+c>z4
j=1

31 <1+ /\>Zz+7152-

Proof. Setting p = 1 — 7%z, we easily know

-0 =¢ (-5 ) =
alr=b=al"157%) T arar

Using Lemma 15 and (3), we have

T, (z) = ( - ) —E(Y},)

i >> (1 p)
ZSZ S (p—1)
k

7k gSz(k,i)(r + (i = 1)A); 2

Choosing k = 0,1,2,3,4,5, 6, we can obtain the desired result. [

https:/ /doi.org/10.3390/math14142549
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Next, we obtain the second-order, fourth-order and sixth-order central moment com-
putation formula and limit equalities:

Lemma 3. For z € [0,00), we have

Az2 4+ 2
Bra(z) = Boa (€ —2)%2) = T, (2) — 22T\ (2) + 210, (2) = 5,

lim 7B, \(z) = Az + 2, lim 1B\ (6 — 2)%2) = 322(1 + A2)%,
lim B, ) ((6 — z)é;z) =152%(1 + Az)%.
Proof. Using Lemma 2, we can rewrite

A 2
T?,/\(Z) = ]-/T},)\(Z) = Z,Ti/\(z) = Zz _|_ z r—l—zl

T ()= 2+ 3A (2% +22) N 20223 + 3722 + 2
r,

r r2 ’
A4 3 2.4 3 2 2,4 2.3 2
Tf/\(z):z4+6z + 6z +11)\z —0—1;3)tz +7z +6/\z +12)\;§ +7Az +Z,
’ r r r
5 4 2.5 4 3
TSA(Z> 5 10Az°> + 10z n 35A°z° + 6(;)\2 + 25z
’ T r
50A%z% 4+ 110A%z* + 75723 + 1522 1
+ 1"3 +O ]"73 7

15028 +152°  85A%z° + 150A2° + 65z*

TS, (z) =2+ j + i 3 i
2250728 + 525022 4 390Az* + 902° 1

+ +o0 .

/3 /3

Hence, we have

AZ% 4z
Bra(2) = Ba((€—2)%2) = T(2) = 22T 1 (2) + 220, (2) = =,

and
lim 7B, (z) = Az* + z.

r—r00

Similarly, we have

B ((€—2)%2) = THA(2) —42To,(2) + 622, (2) — 42°T) 1 (2) + 2' T (2)

_ 3A%z% 4 6Mz2 4 322 N 6A2z% + 124223 + 7022 + 2
- ) 3

_ 322 (1+Az)? +0(1).

r? 2

B, ((2-2)%2) = T8\ (2) — 62T5\(2) + 152°T (=) — 202°T2 (2)
+152*T2 , (z) — 62°T} ) (z) + 2°TY \ (2)

_ 150320 4450720 145024 41520 ( 1 )

3 73

1523(1 4+ Az)3
~ 1523(14 Az) +0(1>'

3
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Hence,
4.\ _ 3.2 2
rlgglor B, A((@—z) ,z) =3z°(1+ Az)7,
6..) _ 15,3 3
rh_)rgor B,A<(§—z) ,z) =152"(1+ Az)°.
O
Remark 1. For A € (0,1), z € [0, c0), and sufficiently large r, we obtain
rBra(z) <2(1+2%), 4)
B, ((€—2)%2) <6(1+22)7, ©)
B, ((€—2)%z) <45(1+22)°. ©®)

Proof. Using the property of preserving the sign under limits and Lemma 3, for sufficiently
large r, we have

rBra(z) <2(1+2%).

Similarly,
B, ((6-2)%z2) <6(1+22)2,
and
PBoa((6-2)%2) <15(1+22)323(1+2%)F <45(1+22)%
O]

In order to obtain the approximation of the operators (3), we need the following
two lemmas.

Lemma 4. For f € Cppl0,00) and r € N, we have

B A (O < NIl
where Cpp[0,00) := {f € C[0,00) : f be bounded function on [0,00)} endowed with the norm
£l = sup |f(z)]
z€[0,00)

Proof. By the definition of the operators (3) and Lemma 2, for any z € [0, ),

i}(r+(ii—1)A>Awf(i)‘
<L () (7))

r+({i—1)A zt B B
SIIfIIiZ())< R e AR ]

|Br,/\(f;z)| =

Taking the supremum over all z € [0, 00), we obtain the desired result. [J

Lemma 5. For f € C[0,c0) and a > 0, then the operator sequence {B, ,(f;z)} converges to f(z)
uniformly on [0, a].

Proof. Using the classical Korovkin theorem [38], we only need to prove the following
three limit equalities:

https:/ /doi.org/10.3390/math14142549
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: k. k _ —
rh_)% ”Br,)\(g ,Z) —Z H[O,u] = 0, k= O, 1,2.

By B, 1(¢%z) = 1and B, )(¢';z) = z, the above limit equality holds for k = 0 and k = 1.
From Lemma 2, we have

_ AaZ 4 a
Sy

B, A (E%2) — zz||[0,a] = sup — 0, asr — oo.

z€[0,a]

Thus, the proof of Lemma 5 is completed. O

3. Approximation Properties

In this section, we discuss approximation properties for the operators B,, in
four subsections.

3.1. Voronovskaja-Type Theorem

Theorem 1. For f € C[0,00), A € (0,1), f" exists at a point z € [0,00), then

22 4
lim 7(B,(f;2) - f(2)) = “2

r—oo 2

f(@).

Proof. Using the two-order Taylor’s formula for f, we obtain

fQ=fD+f@E-2)+ %f”(Z)(é‘ ~2)?+0(51)(E ~2)° )

where

O(¢;t) = (§—2)2 ’
0, ¢ =z

Using the L’'Hopital’s Rule, we have

lim ©(E ) = + lim £&) = F(2) _ %f”(z) ~0.

i—z 25z —z

This means ©(-;t) € C[0,00). Applying the operators to (7), we can write
B (f32) — £(2) = Boa(E ~ 52)f () & fra(2)f" (2) + Bp (O(G1) (& —2)%2)
= 2B (@) + B, (OGN (E ~2)%2).

Using the Cauchy—Schwarz inequality, we can obtain

r

B, (0(51(E —2)%2) | < \/Ba(@(E1):2)[PB a((E —2)%2).

We know that @%(t;t) = 0 and @%(&;t) € C[0, ). Then, it follows in Lemma (5) that
rh_,fﬁ‘o B, A (@2((’,‘; t);z) = @*(t;t) = 0.

Using the Lemma 3, we can get

lim B, 1 (©(&)(2 — 2)%2) =0,

https://doi.org/10.3390 /math14142549
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and we complete the proof of Theorem 1. [J

3.2. Rate of Convergence
For any f € C|0, o), we recall the following K-functional:

K(f;u) = giengz{llf =gl +ullg”ll}

where u € [0,00) and S?[0,00) = {g : g,¢” € Cpo[0,00)}. Next, the usual modulus of
smoothness and the second-order modulus of smoothness of f can be defined by

w*(fiu) = sup  |f(z+0) = f(z)],
ve(0,u],z€[0,00)
wi(fiu) = sup  |f(z+20) =2f(z+0) + f(z)].

ve(0,u],z€[0,00)

We easily get the two properties of the usual modulus of smoothness as follows:

10 - 1) < @t (14 B2, ®)

_ 5\2
10 - f) < @it (1+ E220), ©)

By DeVore-Lorentz theorem (see [38], p. 177, Theorem 2.4), there exists an absolute positive
constant C > 0 depending only on f such that

K(f;u) < Cws(f; Vu). (10)

Theorem 2. For f € C[0,00), A € (0,1), r € N, then for any z € [0, c0), we have

B2 (f32) = f(2)] < 207 (f3 1/ Bra(2))-

Proof. Applying the positive and linear properties of the operators B, ) and (9), we have

BrA(fi2) — f(2) < Bra(If(8) = f(2)];2)

< w*(f;u) (1 + W)

= w*(f;u) <1+ ﬁ’;ﬁ)

Taking u = /B, 1(z), we complete the proof of Theorem 2. [

Theorem 3. For f € C[0,00), A € (0,1), r € N, then for any z € [0, 00), we have

Boalfi2) ~ £2)] < 303 (£51/Bra(2) )

Proof. By the result of R. Pdltdnea [39], for any positive linear operators L,, the following
inequality holds:
1
Lr(fi2) = f2)] < [Lr(@%2) = 1] - @) + L ILE = z2) [ (fiw)
1
(1) + gt (€ - 2%52) i gin),

2u?

https:/ /doi.org/10.3390/math14142549
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Assuming that L, := B, ) and using Lemma 3, we obtain

N2,
Boa(fi2) — f(2)] < (1 ¥ W>wg<¢;u),

Taking u = /B, 1(z), we complete the proof of Theorem 3. [

Theorem 4. For f € C1[0,00), A € (0,1), r € Ny, then for any z € [0,00), we have

1B,1(F;2) — F(2)] < 2/Bon ()" (f’; &,A(Z))-

Proof. Applying the operators B, 5 on both sides of the below equality

@O =fE+f@E-2)+ () - f2) - (R —2)+ (@)
=f2)+f(2)( -z +/ z))dy,

and using (8), the Cauchy—Bunyakovsky-Schwarz inequality and Lemma 3, we have

BrA(fi2) — f(2)| < Bra(If(E) - f(2)];2)

<|f' @B (E —z2)| +

o [ (70 - £ @) aniz)
< (B (1 -2+ S22

B, —2)2;
< @ (f5u) Br,A((C—z)Z;z)<1+ (6 —2) Z))‘

u
Taking u = /B, 1(z), we obtain the desired inequality. [
Theorem 5. For f € Cpp[0,00), A € (0,1), r € N, then for any z € [0,00), we have
B,a(f32) — £(2)] < 263 (£ [Bra(a) )

Proof. Forany g € S2[0, ), by the second-order Taylor expansion with integral remainder
for z € [0,00), we have

¢
$(0) =@ +g@E -2+ [ E—mg" . ay
Applying the operator B, ) to both sides of the equality (11) and Lemma 3, we obtain
¢ ¢
[B/A(8:2) — 8(2)] = [Bra </Z (o n)g”(n)dn;Z) < Brx <‘/Z (& —mg"(n)dn ;Z>
< B (llg"1E —2)%2) = Bral2)lI"

By Lemma 4, we have

BrA(fi2) = f(2) = [Bra(f — &2) — (f = 8)(2) + Bra(g:2) — g(2)]
< [Bra(f —82) = (f —8) ()| + [Bra(g:2) — g(2)]
<2|f =gl +Bra@)" -

https:/ /doi.org/10.3390/math14142549
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1B, (fx;2) — fx(2)] <

Taking the infimum on both sides of the inequality above over any g € $2[0, o) we have

1B, A(f52) — f(2)| < 2K(f; Bra(2))

By (11), we complete the proof of Theorem 5. [

For any f € Cppl0,0) and x > 0, the second-order Steklov mean is denoted as

4 1% 1%
fule) = 3 [ [7 @fGtotp) ~ flz+ 200 +p))dodo
By direct calculation, we can yield
1fx = fII < w3 (f; x)- (12)
Iff € Cpo [O, OO), then f),((Z),f),C(Z) S CBo[O, OO) and
1 9 *
el < Szez(fix). (13)
Theorem 6. Forany f € Cpp[0,00) and A € (0,1), r € N, then for any z € [0, o0), we have
13,
Boalfi2) ~ £2)| < ot (£iy/Boa®) )

Proof. Forz € [0,00), x > 0, by the definition of the second-order Steklov mean, we can get

B (f32) = F(2)] < Brallfy = fi2) + [Bralfii2) = fa(2)| + [ fx(2) = f(2)]-

Using Lemma 4 and (12), we have
B a(Ifx = f1:2) < [Brallfy = FE2)I < Mlfx = fII < w3 (5 20)-
By the second-order Taylor expansion with integral remainder for f), we have
! ¢ 1/
7@ = (&) = @@ =2+ [ (0= 2)f(0)do.

Using Lemma 3 and (13), we can have

B, A (/Zg(a —z) %’(a)da;z) ’

(
Boa( [ (0= 2040 ) | = SR IBAG) < apraG)ei ()

B, (f1(2)(6—2)z) |+

<A

Hence,
1B, (F;2) — f(2)] < (297(2[%(2) +z) W3(F:x)

for z € [0,00). Choosing x = /By (z), we get the desired result. [J

3.3. Weighted Approximation

Let S,[0, 00) be the function space of all functions f defined on [0, o) satisfying the
condition |f(z)| < Cf(1+ z%) with an absolute positive constant C 7 depending only on
f. Let 5[0, c0) denote the subspace of all continuous functions in S,[0, ). Let C5[0, o)

https:/ /doi.org/10.3390/math14142549
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denote the subspace of the functions f € C3[0,c0) with lim )]

*
JHm S —Cf < co. The norm of

the subspace C}[0, c0) is defined by || ||, = sup |1f _'(_ )l . Meantime, we recall the modulus
z€[0,00)
of continuity of f on the closed interval [0, ], x > 0 by

wi(fiu)= sup  [flz+u) = f(2)].

u>0,z4u,z€[0,x]

Theorem 7. For f € C3[0,00), A € (0,1), we have

1Boa(F) — fllcion < 4CH(1 + By (K) + 2, ( BoA(r )
>

Proof. Forany z € [0,x] and & > x + 1, we easily get (& —z)? > (& —«)? > 1, thus,

£ —fF@I <@ +1f(2) < Cr2 4+ +7)
<Cr(2+2+(E-2+2?) < (2432 +2(E - 2)?)
< Cp(4+32%) (8 —2)? <4CF(1447) (2 —2)%

And forany z € [0,x],0 < § < k+1and u > 0, we have
@)= F)] < welfile -2 < (14 E ) anrim.

Combining the two inequalities above, we can derive

10 - f@)| < ¢, + )& -2+ (14 E Yt fin)
By Cauchy-Bunyakovsky—Schwarz inequality and Lemma 3, for any z € [0, k], we have

1B,A(fi2) — f(2)| < B a(If(E) — f(2)]:2)
< 4Cf(1 + KZ)B,,,/\((@’ — z)z;z> + Bm<<1 + |Cu_z|>;z>w,<(f;u)

<A4CH(1+ %) B () + (1 + 1 B, ((¢ z)z;z)>wk(f;u)
<< 4C;(1+ R2)Ba(x) + (1+ LI >) (0.

By choosing u = /B, 1(z) and the supremum over all z € [0, x|, we have the desired
results. [

As is well known, if the function f(z) is not uniformly continuous on the infinite inter-
val [0, 00), the usual modulus of smoothness w*(f; u) does not tend to 0 as u — 0. In [40],
Yiiksel and Ispir constructed the following weighted modulus of continuity in C}[0, c0):

N /o B IR
T = o e v O €0

Lemma 6 ([40]). For f € C}[0, c0), we have:

(1) With respect to u, OO*(f; u) is a monotonically non-decreasing function;

2) lim O*(fiu) = 0;
()ugg+ (fiu) =0;

https://doi.org/10.3390/math14142549
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(3) Foranys € Ny, it holds that O (f;su) < sQ*(f;u);
(@) Foranyp > 0, 0*(f;ou) < 2(1+p)(1+ u?)O*(f;u).

Theorem 8. For f € C5[0,00), A € (0,1), and sufficiently large r, we obtain

1B, (f52) — f(2)] N
(1+22)3 = 400 (f'\ﬁ)'

Proof. For ¢,z € [0,00), x > 0, applying the definition of O*(f; 1) and the property (4) in

Lemma 6, we obtain

F@) = @) < (14 @ -22) (1 + 20 (Fi]g — )
<2(1+

¢ —z| 2\ V*( £- _ )2 72
(1+ = a0 (14 € -27) 0+ »
41+ X (1+22)Q%(fix), -zl <x
B EU R R e e I R
For any x € (0,v/2 — 1), we have
3
1@ - s < s+ 20+ (14 E Do
L3
<s+2) (14 £ orri,
By the Cauchy-Bunyakovsky-Schwarz inequality, we have
3.
Boa(fi2) — F(2)] < 8(1+ ) (1 + “iﬁ”)@*m)
—22,2) - B, — 242
§8(1+Z2) (1+ \/Br,/\(|€ ‘ ;3 B,/\(lg ‘ ))Q*(f;)()~

Using (4) and (5) and taking x = #, we can obtain
2 23\ * 1
Boalfia) — £2)] < 81+ ) (14 V20 + 2T )0 (£ )
2% * i
8(1+V12)(1+2%)20 <f,ﬁ>
5 uf o 1
<40(1+2%)20 (f,\/;>,

and Theorem 8 is proved. [

Theorem 9. For f € C5[0,00), f”' € C3[0,00), A € (0,1), and sufficiently large r, we have

<35(1+22)20* (f”;\};)

Boalfi2) — £(2) L2 p02)

Proof. By the second-order Taylor expansion for f € C5[0, ), we have

https:/ /doi.org/10.3390/math14142549
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F©) = F&) + )2+ LD g 22
@+ -0+ D22 e ),

where |« —z| < | —z] and ©y(§,z) = % Applying (14) and choosing x € (0,1),
we have

02(6,2) <20+ 1+ )04 () (14 6 Xf's) -2

Using the operators B,, on both sides of the above inequality and applying the
Cauchy-Bunyakovsky-Schwarz inequality and Remark 1, we can get

—Z 5'Z
B, 1 (0:(5,2);2) < 21+ x*)*(1+ ) (f"; x) (Bm (€-2%z) + W)

X

\/Bm ¢z )Br,A((C—Z)6}2))
X3

201+ X2 (1 + )" (f"; x) (ﬁm

214 221+ 20 () (2(1 ), ¥asa “2)3).

r x3r3
Taking x = %, we have

f”( )

"B (fi2z) — f(2) — =—=—=PBra(2)| < B A (O2(C,2);2)

1
21431 +22)0 ( ;

r) (1+22) +15(1 +2%)3)
1

1
<34(1+ x*)%(1+22)2 Q*(” )<35(1+z)20*<";).
f 7 f 7
Hence, we obtain the desired result. [
Theorem 10. For f € C5[0,00), A € (0,1), we have
lim [[B, A (f) = fll2 = 0.

Proof. Using the Korovkin theorem [41], we only need to prove the following three
limit equalities:

: k..\ _ ki — _
lim [[B,1(852) = 2], = 0,k = 0,1,2, (15)

By B, 1(¢%z) = 1, the limit equality (15) holds for k = 0. Similarly, the limit equality (15)
holds for k = 1. From Lemma (3), we have

2041
T 2r

r

A 1
||Br,A(§2}Z) - 22”2 = sup 2 ;Z — 0,asr — oo.

z€[0,00

y 1422
Thus, the proof of Theorem 10 is completed. O

Theorem 11. For f € C5[0,00), A € (0,1) and x > 0, we have

Bea (i)~ FB) _
(1 + 22)1+x :

lim sup
r—>ooz€[0 o)
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Proof. For any fixed zp € (0, ), the later will be provided. Then

wp BealF2) G [Boa(fz) () Bea(f2) — £(2)

sup

+ sup

ze[O,oo) (1 + ZZ)]+K — ZE[O,ZO] (1 + ZZ)]+K ZG[ZO,OO) (1 + ZZ)lJrK
B\ (1+¢%2) f(2)] (16)
<|B — 1T su £ + su
1BalF) = Fllozay + Wllz_sup =Gy + o oy
=L+ L+13

Using [f(z)| < C(1 +2%) < |Ifll2(1 + 2%), we have

Ifll2(t+2%) _ lIfll2
) (1+ZZ)1+K — (1+ZZ)K

I; = sup
z€(zg,00

Br,/\ (1-‘,—62;2)

for Ve > 0. Applying rlgngo sup = 1, there exits Ry € N, such that for all

1422
ZG[Z0,00)
r> Ry,
Ba(1+8%z)  (L+z)" e,
z€[zp,00) 1422 B ”fHZ 3 ‘
Thus,
B, (1+¢%2) Ifll2 €
L=|fl2 sup —7 < +S,9r > Ry.
selre) (LHZTF T (1425 3
Hence,
2|lfllz | e
L+I3< ————+ -,Vr > Rj. 17
2t b= et s r>Ry (17)

Next, in view of Lemma 5, for the given ¢, there exists R, € N, such that

€
11 = ||Br,)\(f) _f”[O,ZO] < g,VV > Rz. (18)
Sufficiently large zg is chosen such that

112

<
(14 23)*

€
. (19)
Let R = max{Rj, Ry }. Combining (15), (16), (17), (18), and (19), we have

ByA(f;2) — f(2)]
(1 + Z2)1+K

sup < ¢€,Vr > R.

z€(0,00)
Hence, the proof of Theorem 11 is completed. O

3.4. Point-Wise Estimates

In this subsection, we derive three point-wise estimates of the operators (3). First, we recall
that a function f € Lipy, (v, D), v € (0,1], D C [0, ) if it satisfies the following inequality:

f(&) = f(2)| <M —z]",§ € D,z € [0,),

where M is an absolute positive constant depending only on 7y and f.
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Lipyy ™ (1) = {f € Cpol0,00: |f(8) — f(z)| <M

Theorem 12. For f € C3[0,c0) NLipy (7, D), A € (0,1), then for any z € [0, c0), we have

X
2

B (f32) = £(2)] < M((Bra(2))? +2d7(zD)),

where d(z; D) = inf{|{ — z| : { € D} denotes the distance between z and D.

Proof. Assuming D be that closure of D and utilizing the properties of infimum, there
exists a point &y € D such that d(z; D) = |&y — z|. Using the triangle inequality

f(&) = f@)] < [£(E) = f(Go)| + |f(Go) = f(2)],

we have

1B A (f;2) = f(2)| < By a(1£(6) — f(Go)liz) +Bra(lf (o) — f(2)];2)
<M{B, (¢ —Col”52) + 180 — 2"}
<M{B, (I8 — 2|7 + (8o — 2[";2) + |Go — 2|7}
<M{B,A(|¢ —2[7;2) +2[¢0 — 2|7}

Choosing s1 = % and sy = % and utilizing the well-known Holder inequality, we obtain

1
5

1B, (F;2) — f(2)] < M{(Bm(|€ —212)) (B, A (1%2)) +2d7<z;D>}

<m{(Ba((6-22)) " + 207 D)}
= M( (B (2))F

and we get the desired result. O

+2d7(z;D)>,

Next, Lenze introduced the following Lipcshitz-type maximal function of the order y
in [42]:

@;(fiz) = sup 'f(|?_j§z)', 7€ (01]. (20)
Gel00) iz

Theorem 13. For f € C3[0,00), A € (0,1), then for any z € (0, o0), we have
o 1
1B, A(fi2) = f(2)] < @3 (f;2) (Bra(2)) 2.
Proof. Using the equation (20), we have
Bya(f;2) = f(2)| < @3 (f;2)BrallE —2[7;2).

By the well-known Holder inequality, we get

S

B (f32) = f(2)| < @3(f;2)(Bra((§ —2)752))2 = @5 (f:2) (Bral(2))?,

and we get the desired relation. O

Finally, Ozarslan and Aktuglu considered the following Lipschitz-type space with two
distinct parameters k7 > 0,x, > 0in [43]:

I —z2["
(1 + K122 + KQZ)

-5 €0,00),z € (0,00),}
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where 7 € (0,1] and M is an absolute positive constant depending only on 7, 1,k and f.

Theorem 14. For f € Lipl(&l’KZ) (7), A € (0,1), then for any z € (0, o0), we have

B (f32) — (2)] < M(f“”)

K122 + K22

Proof. Utilizing the well-known Holder inequality with s; = % and s, = we obtain

2
2—y’

Br,A(f;Z)—f(ZHSBr,A(|f(C)—f(Z)|;Z)SBr,A(M €z )

(1+ K122 + K02) 2
M
< B l")
(122 +122) 2
M s - S2 &
7 (Bra(le —2[;2))7 (B (17%52)) 2

(K122 + K22)

_ M( Bra2) )

K122 + K02

This completes the proof of Theorem 14. [J

4. Numerical Examples

Note E, ) (f;2z) = |B,A(f;2) — f(2)|, the error function of approximation by the opera-
tors B, 5 (f;z) to the target function f(z).

Example 1. Let f(z) = z* — 623 + 1322 — 12z + 4,z € [0,1], A = 0.45 and r = 5,10, 20, 40.

Figure 1 shows the convergence of the operators B, ,(f;z) to the target function f(z)
while we choose different . We can clearly see that when the values of r are increasing,
the graph of the operators B, ) (f;z) are going to the graph of the target function f(z)
under A given. Table 1 shows the error of approximation for Es45(f;z), E10045(f;2),
E0,045 (f, z), and E40,045 (f, z) at the points {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}. Combining
with Figure 2, we can clearly see that when the values of r are increasing, the error function
of the approximation E, ) (f;z) becomes smaller.

10

9t

. r=5
8r r=10

* r=20
7t x r=40

f(z) =2 —62° +1322 — 12z + 4

0 0.1 02 03 04 05 06 07 08 09 1

Figure 1. The operators By 45(f;z) and the target function f(z).
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10

ol

8r r=5

r =10

4 Lt

ol

sl

n

o o1 02 03 04 05 06 07 08 09 1

Figure 2. Approximation error function E, ¢ 45(f; z).
Table 1. Error of approximation E, ( 45(f; z) for r = 5,10, 20, 40.

z Eso45(f;z) E10,0.45(f;2) E20,0.45(f;2) Eg0,045(f;2)
0.1 0.7055 0.4538 0.3300 0.2584
0.2 1.2528 0.7953 0.5800 0.4561
0.3 1.6973 1.0356 0.7561 0.5951
0.4 2.1081 1.1905 0.8638 0.6797
0.5 2.5671 1.2808 0.9134 0.7159
0.6 3.1695 1.3317 0.9179 0.7118
0.7 4.0234 1.3734 0.8926 0.6775
0.8 5.2503 1.4407 0.8560 0.6251
0.9 6.9847 1.5732 0.8291 0.5685

Example 2. Let f(z) =23 — 222 —z+ 2,z € [0.5,2.5], r = 20.

Figure 3 shows the graphs of the operators By , (f;z), the Baskakov operators By ( f; x)

and the Szdsz—-Mirakyan operators Sy (f;x). Combining with Figure 4 and Table 2, we

can clearly see that when the values of A are monotonically increasing towards 1, the error

between the operators By ) (f;z) and the Baskakov operators becomes smaller. Combining

with Figure 5 and and Table 3, we can clearly see that when the values of A are monotonically

decreasing towards 0, the error between the operators Sy » (f;z) and the Szadsz-Mirakyan

operators becomes smaller.

6

5

X ¥

-+ % x00

A =0.01
A =0.02
A =0.05
A=01
A=02
A=08
A=09
A =095

A =098
A=0.99
Sa(f;2)
Buo(f32)

|
25

Figure 3. The operators By, (f;z), the Baskakov operators Byg(f;x) and the Szasz—Mirakyan
operators Sy (f; x).
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0.8

0.6

0.4 -

0.2

0@
0.5

Figure 4. Error between the operators By  (f;z) and the Baskakov operators Byg(f; x).

A=0.01
A=0.02
A=0.05
A=01
A=02

A=08
A=09
A=0.95
A=098
A =099

c+ 3k X O00 X ¥

Table 2. Error of approximation |BZO,/\ (f;2z) — Bao(f; x)| at points z = {0.5,0.9,1.3,1.7,2.1,2.5}.

A 0.5 0.9 1.3 1.7 21 2.5
0.01 0.0037 0.0299 0.1617 0.4498 0.9533 1.7310
0.02 0.0037 0.0296 0.1601 0.4455 0.9441 1.7142
0.05 0.0035 0.0288 0.1555 0.4325 0.9164 1.6639
0.10 0.0033 0.0274 0.1478 0.4108 0.8701 1.5796
0.20 0.0029 0.0246 0.1322 0.3670 0.7770 1.4101
0.80 0.0007 0.0065 0.0342 0.0945 0.1995 0.3614
0.90 0.0003 0.0033 0.0172 0.0475 0.1002 0.1815
0.95 0.0002 0.0017 0.0086 0.0238 0.0502 0.0909
0.98 0.0001 0.0007 0.0035 0.0095 0.0201 0.0364
0.99 0.0000 0.0003 0.0017 0.0048 0.0101 0.0182
or
18y X =0.01 ﬁt
16 * A_oos i
X A=01 g o
14+ O A=02 i o
O A=08 F3 OO
12F A=09 3 0
¥ A=095 < o
4L £ A=098 j} &L
. A=099 o
0.8 ﬁ{OOO
0.6 ﬁiooo
#5°
0.4+ 4H 5O
S
o2r H 00K

1.5

Figure 5. Error between the operators By 5 (f;z) and the Szasz-Mirakyan operators Sy (f; x).

Table 3. Error of approximation |Byg 1 (f;z) — Sao(f; x)| at points z = {0.5,0.9,1.3,1.7,2.1,2.5}.

A 0.5 0.9 1.3 1.7 21 2.5
0.01 0.0000 0.0003 0.0015 0.0043 0.0092 0.0167
0.02 0.0001 0.0005 0.0031 0.0086 0.0184 0.0335
0.05 0.0002 0.0014 0.0077 0.0216 0.0460 0.0838
0.10 0.0004 0.0027 0.0154 0.0434 0.0923 0.1681
0.20 0.0009 0.0055 0.0310 0.0872 0.1855 0.3376
0.80 0.0031 0.0236 0.1290 0.3596 0.7630 1.3863
0.90 0.0034 0.0269 0.1460 0.4067 0.8623 1.5662
0.95 0.0036 0.0285 0.1546 0.4303 0.9122 1.6568
0.98 0.0037 0.0295 0.1597 0.4446 0.9423 1.7113
0.99 0.0037 0.0298 0.1615 0.4494 0.9524 1.7295
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5. Conclusions

In our manuscript, we construct A-Baskakov operators based on negative A-binomial
distribution. We yield many approximation properties of the A-Baskakov operators (3).
First, we obtain a Voronovskaja-type theorem of them. Then, we yield the rate of conver-
gence of the new operators in different function spaces based on the modulus of continuity,
K-functional and Steklov mean function. Then, weighted approximation and point-wise es-
timates are also discussed. Finally, theoretical results are supported by illustrative graphics
and tables using Matlab software.

We remark that the new operators have the following properties:

¢  The operators are linear and positive.
*  While A — 17, the operators (3) turn out to be the classical Baskakov operators (1).
e While A — 07, the operators (3) turn out to be the classical Szdsz-Mirakyan
operators (2).
In the future, we will construct the following modification of the new operators:
e  Kantorovich-type modification.
*  Durrmeyer-type modification.
¢  Based on the methods of Usta, F.
*  Higher order operators.
*  Riemann-Liouville fractional integral.
e g-and (p,q)-analogue.
Also, we will consider the following open problems:
*  Approximation properties in L” and Orlicz spaces of the new operators.
*  Application in CAGD or Pattern Recognition.
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