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Abstract

This manuscript establishes the boundedness results for a class of singular integral opera-
tors to a more general framework by imposing conditions on the Hardy-Littlewood maxi-
mal function. We establish the results where we construct a suitable range space L") (R )
for a given domain space L°(") (R ) such that the operator maps L*() (R ) into L{() (R} )
under appropriate assumptions. Conversely, for a prescribed range space L!() (R ), we de-
termine a corresponding domain space L5(') (R ;) ensuring that the operator maps L) (R )
into L!()(R ). In both settings, we provide illustrative examples to explicitly construct
the respective spaces. Since our approach fundamentally relies on the boundedness of the
maximal operator, the main results are valid only when the essential infimum s_ > 1. In
the limiting case s_ = 1, we derive weak-type boundedness results of the form (1,#(+)).
Additionally, we present analogous formulations of these results in the classical setting.

Keywords: variable lebesgue spaces; logarithmic operator; Hardy-Littlewood maximal operator

MSC: 42B25; 42B35; 46E30; 47B34

1. Introduction

Fractional integral operators play a central role in harmonic analysis and its applica-
tions to partial differential equations, potential theory, and related areas. Among the most
classical objects in this direction are the Riesz potentials and their variants, which have
been extensively studied due to their mapping properties between Lebesgue spaces [1-6].
A natural and important generalization of these operators is given by the Bessel-Riesz
operators, whose kernels incorporate an additional decay factor at infinity, allowing for a
more flexible treatment of both local and global behavior [7,8]. The Bessel-Riesz operator
I,y is defined via the kernel Ky o (x) = [x|*7"(1 + |x|)~7. For v = 0, it reduces to the
Riesz potential; for & = n, it becomes the Bessel potential (up to a normalization). The
boundedness properties of I, on classical Lebesgue spaces follow from Young's inequality
and appropriate integrability conditions on the kernel. Specifically, when Ky, € L5(R9),
the operator maps LF to LY with1/q = 1/p + 1/s — 1. These classical results, however, rely
heavily on the translation invariance of the underlying spaces [9,10].

In recent decades, the theory of function spaces with variable exponents has emerged
as a rich and rapidly developing area of analysis [11-13]. The variable Lebesgue spaces
L3()(IT), where the exponent s(-) is a measurable function, provide a natural framework
for studying problems with non-standard growth conditions, such as those arising in
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electrorheological fluids, image processing, and nonlinear elasticity. Unlike their classical
counterparts, these spaces lack translation invariance in a crucial sense, rendering clas-
sical tools like Young’s inequality for convolution invalid (for details, please see [14]).
Nevertheless, significant progress has been made in understanding the boundedness of
classical operators in this setting. Diening’s seminal work established the boundedness
of the Hardy-Littlewood maximal operator on L5(") under the log-Holder continuity con-
dition [15-17]. Subsequent works extended these results to singular integrals, fractional
integrals, and other fundamental operators [18-22]. Cruz-Uribe, Gogatishvili and Kopaliani
studied an important connection between variable-exponent Lebesgue spaces and logarith-
mic function spaces in [23] and established sharp sufficient conditions for the embedding
LPO(Q) < L(logL)*(Q), « > 0, together with applications to the integrability of the
maximal function. The embedding result in [23] shows that the correct target space at the
borderline is precisely a logarithmic Orlicz space L(log L)“. In this article, we introduce a
new class of logarithmic fractional integral operators Iiof 8 whose kernels Kiofzy g incorpo-
rate a logarithmic perturbation of the classical Bessel-Riesz singularity. The inclusion of
logarithmic perturbations in the kernel introduces additional technical challenges. Loga-
rithmic factors appear naturally in borderline cases of Sobolev embeddings, in the study of
weighted inequalities, and in the analysis of certain PDEs with critical growth (Detailed
descriptions can be found in [24-27]).

Understanding how such logarithmic singularities interact with variable exponents is
therefore of considerable theoretical and practical interest. This article aims to fill this gap
by conducting a systematic study of the logarithmic operator Ii(,)ﬂg,, 8 where the logarithmic
factor appears only locally near the origin, while the kernel retains the classical decay at
infinity. This operator generalizes the classical Riesz operator (8 = 0,y = 0) and introduces
a refined singularity structure that captures critical behaviors. We study the boundedness
of Illxo;g g in variable Lebesgue spaces in diagonal and non-diagonal cases. In particular, we
construct a suitable range space for a given domain space such that the operator is bounded.
Conversely, for a prescribed range space, we determine a corresponding domain space
ensuring the boundedness. Illustrative examples are provided to explicitly construct the
respective spaces. Our approach relies on the boundedness of the maximal operator, where
the main results hold if essential infimum s_ > 1. Therefore, in the limiting case when
s_ =1, we establish weak-type (1,(-)) boundedness.

The structure of this paper is as follows. Section 2 recalls necessary preliminaries on
variable Lebesgue spaces and the Hardy-Littlewood maximal operator. Section 3 introduces
the logarithmic operator, establishes a key pointwise estimate (Lemma 1) and contains
the main boundedness theorems, including boundedness results in the diagonal case
(Theorem 2), boundedness results in the non-diagonal case (Theorems 3-6) and weak-type
estimates (Theorem 7). Finally, Section 4 offers concluding remarks.

Notations. Throughout the paper, R, = (0, ) and R? denotes d-dimensional Eu-
clidean space. The symbol IT denotes a measurable subset of R? and § is a measurable func-
tion. All integrals are taken with respect to the Lebesgue measure. The letters C, Cy, C, ...
denote positive constants whose values may change from line to line but are always
independent of the functions involved unless otherwise stated.

2. Preliminaries

Let IT C RY. We define S(IT) = {s(-) | s : IT — [1, 0] is a measurable function}. Sup-

pose s(-) € S(IT) and H C IT; then, s_(H) = ess inIf{s(y) and s4 (H) = esssups(i);

He ueH
further, ﬁ + ﬁ = 1. We recall below several known results on Lebesgue spaces, which
can be found in [14].

https://doi.org/10.3390 /math14142558


https://doi.org/10.3390/math14142558

Mathematics 2026, 14, 2558

30f18

Definition 1. Suppose s(-) € S(I1) and § is a measurable function; then, the modular of § is
defined as

= s(p)
@) = 18P et 8 0

where Tlo = {p € I1:5(p) = oo a.e.}. Note that oy (T) > 0and o,y (F) = o5\ (|S]); further,
0s)(§) =0 F =0forae p €Il

Definition 2. Suppose s(-) € S(I1); then, the Lebesgue space with variable exponent L) (IT) is
defined as

LsO(11) = {3 : 0s()(§/®) < oo, for some ® > 0}. )
The norm on L3 (IT) is given as
||8:||Ls(<) =inf{® > 0:0,,(3/0) <1}, 3)
this norm is called the Luxemburg norm.

Proposition 1. Let IT C RY, s(-) € S(IT) and s < oco. Then, for a measurable function §
and each 1 > 1, 1°-0(F) < c(yF) < n°+0(F). And for the case when 0 < n < 1, we get
reverse inequalities.

Proposition 2. Suppose IT C R, s(-) € S(IT) and § € L) (I1) with I15lsc) > 0; then,
o(F/ 18 s0) < 1. And for the case when s < oo, 0(F/|F|l;s)) = 1 for all non-trivial
§ € L0 (10).

Definition 3. A measurable function s(-) : IT — R is locally log-Holder continuous, denoted by
s(-) € LHy(I1), if there is a constant Cy in a way that ¥/ py, pp € TTwith [y — pa| < ; we have
Co

|s(p1) —s(p2)| < “log(p — )’

A measurable function s(-) is log-Holder continuous at infinity, written as s(-) € LHeo (I1), if there
are constants Coo and seo, and ¥ y € 11,

Ceo

s(#) — se| < w~

In the case that s(-) is log-Holder continuous locally and at infinity, then it is written as
s(-) € LH(IT).
Remark 1. Let s < oo, then s(i) € LH(II) is equivalent to s(-) € LH(IT).

Definition 4. Let § € L}, (R?), then the Hardy-Littlewood maximal operator M of § is given as

s L ’
M3 () =sup 157 [ BW)ldv, 4 € R @

where the supremum is taken over the cubes A C RY with sides parallel to the coordinate axes.
When d =1, A is an interval and “cube” is replaced by “interval” throughout.
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Next, we state the result that establishes the boundedness of M in variable Lebesgue
Ls0) spaces.

Theorem 1 ([14]). Suppose s(-) € S(R?) and 1/s(-) € LH(R?). Then,

1BX ez >3 | sr < ClS N psco-

And for s_ > 1, we have
[MF 500 < CIB N s (5)

The constant C is dependent on the dimension d, the log-Holder continuity of 1/s(-), and the values
of s— and See.

Definition 5. Let 7y € (0,00) and a € (0,d). The Bessel-Riesz operator I, is convolution of a

function § € LZSC') (RY) with Bessel-Riesz kernel Ky, = ie.,

|+
(+u)7”
Ly *F(p / Koy (p—v)§(v)dv, (6)
where Ky, = 0 for u = 0.

Bessel-Riesz kernel K, ,, is given by the product of the Bessel kernel K,, = W
and the Riesz kernel K, = |p|*~%. The corresponding operator I, has been the subject of
intensive investigation, and its boundedness is now well understood under several distinct

sets of assumptions [21,22,28,29].

3. Main Results

Let0 <a <1,7 > 0,and B € R. We define the logarithmic Bessel-Riesz kernel K W B
onR\ {0} by

|t

I og(1/1uDIB, 0 < |u| <1,

KL"%,g(u): (me[ g(1/|ul)] ia
=1+ |p)) 77, lu| > 1.

This defines a globally measurable kernel with a logarithmic perturbation at the
origin and classical decay at infinity. The associated convolution operator is defined, for
measurable §, by

log log
le,vﬁ /K:wﬁ v)§(v)dv, ueR.
Observe that, for 0 < |u| <1,

K8 5(1) = Kusy (1) [log(1/ ).

Remark 2 (Qualitative behavior of the kernel). The parameter p controls the local singularity
of K}f% p near the origin:

o B> 0;Thefactor [log(1/|u|)]P — +ooas |u| — 0%, making the kernel more singular than Ky .
* :B_Osz'yO_K’X/'Y'

o B < 0;Thefactor [log(1/|u|)]P — Oas |u| — 0F, giving a strictly weaker singularity than Ky .
For |u| > 1, the factor [log(1/|u|)]P is absent and all three cases share the same decay |pu|*~ (1 +
|i|)~7; thus, B has no effect on the global behavior of the operator. Table 1 illustrates these effects
numerically for« =1/3, vy =1,and g € {—1,0,1}.
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Table 1. Values of K1 3

o Wﬁ(‘u) fora =1/3, v =1, and selected B. For |u| > 1, all values coincide (no

B-dependence).

2 B=—-1 B=0 =1
0.01 0.2133 0.9772 4477
0.05 0.4097 1.2024 3.528
0.10 0.5623 1.2328 2.703
0.50 1.0000 1.1447 1309
1.00 0.5000 (all B)

2.00 0.2100 (all B)
5.00 0.0487 (all B)

Now, we present our main results concerning the boundedness of the logarithmic
Bessel-Riesz operator I " ?f gon variable Lebesgue L?(*) (R ;) spaces. Throughout the section,
we assume that 1 < s_ <s; < ocoandt; < co. First, we establish a pointwise estimate that

will play a central role in the subsequent analysis.

Lemmal. Let0 < a <1,y > 0,and p € R, and let s(-) € S(Ry) with s < oco. Suppose
F € LO)(Ryy). Then, for every u € Ry and 8 > 0 there exists an integer Mg such that 2Meg > 1
and 2Me—19 < 1, and

¥ Mot (2¢9)" [lo k)18l
o B

K=—00

1
> (259)" 5
+ 113l 0 Y M)z

Kk=Mpy

where C > 0 is independent of u, §, and 6.

Proof. Fix u € Ry and 6 > 0. Choose an integer My such that 2M¢9 > 1 and 2Me—19 < 1.
Using a dyadic decomposition of R, we write

log log B
g Z/mqy v|<2+1g Ky plh—v)S(v)dv.

Now,
I8 3 (n) = L) + ha(p),

where I (1) corresponds to x < My — 1 and I () to x > M.
For the near part I; (i), we use the definition of the kernel and the fact that for

0<|ul <1,
‘0471

Klog (V) S Cﬁ |]’l

w,,B ) [log(l/lm)]lﬁlr

(14 [p])7
where Cg > 0 depends only on . For vin {v: 20 < |u —v| < 2519}, we have

e —v*h < (2%0)7,  log(1/|u—v]) < log(1/(2°6)).
Therefore,

Mo~ 1 (org)a— 1[1og(1 /(zfce))pm
<
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where C = C(«,, B). Multiplying and dividing by 2°6 yields

Mo (29)(log(1/(29))] ¥ 1

|Il(}4)| < CK:ZOO (1 + 2"9)7 219 269< |ju—v|<2x+19 |§(1/)| dv
Mo=1 org)afloe(1/(250))] Bl
< CM3(n) K_Z_w( ) El i(zKe()v )] _

For the far part I(y), we have | — v| > 1, so the logarithmic factor is absent and

1 _ _
K8 s(u—v) = [ —v[* 11+ [p—v)) ™

Therefore,
o (2;(0)0471 /
I < v v)| dv.
| 2(‘M>| = K:Z]\:/Ig (1 _I_ZKQ)’Y 269<|u—v|<2x+19 |3( )l

Using Holder’s inequality, we obtain

1— L
dv < C o s+
/2"9§|147v|<2’<+19| )] 151/ 5 (2°0)

Hence,
1
©(259)" T

I < C|IF; s —_—t
|2(}”)| | ||L()K:ZJVIQ (1+2%6)7

Combining the estimates for I; (1) and I (u) yields the desired inequality. [

The next theorem addresses the boundedness in the diagonal case.

Theorem 2. Let0 <« < 1,y > Qwitha < vy, and s(-) € LH(R) with s, < oo. Then, the
logarithmic operator Iioﬁ 8 is bounded on L") (R 1), that is, there exists a constant C > 0 such that

1
1% 551150 s < €I85

forall § € LO)(R,).

Proof. Since s(-) € LH(R, ) and s; < oo, the Hardy-Littlewood maximal operator M is
bounded on L5() (R4 ). Thus, there exists a constant Cy > 0 such that

M0 < CollSs0-

Let§ € L*()(Ry) and u € R... By definition,

1 1
580 = [ K sn =) 50

We split the integral into local and global parts:

log log log _
RESG0= [ K30 dvs K (00— v) §(v) dv = I (o) + B(p).

lu—v|>1

Now,

[log(1/ |1 = v[)] |5 (v)|dv.

a—1
nwi< ¥ Lk

K= —o0 J 2° < |pu—v| <25t 1+|.u |)
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Because,
= v* 7 < (@97, log(1/[p—v]) < log(1/2%) < [x|.
Therefore,
-1
hmi<c _2_@(2")0‘-1(1 FIDP L sycaen BV
<C};w? 1+Mﬂﬁ1£«uvam@”w

< CM3(p) _Zl 2 (1 + [ ) P,

K=—00

Because a > 0, the series converges, and therefore
[L(p)| < CLMF(p).

Similarly,

|L(u)| < Z/ % i oK )ya-1- V/ 13(v)| dv
B < fp—vl<zett (1+[p— |)’y =0 28 < |p—v|<2x+l

< M3 (u 22” 7 < CMF(p).

Combining the two estimates, we obtain

L8 53 ()] < CMF(p).

1% 3 (n)
Cco

log
§ M3
&7,p
0’5(.)( g@) ) ~ s()< ><1

Taking infimum over such @ and using the boundedness of the maximal operator, we obtain

Let ® > 0 be such that 0., (MF/©) < 1. Then, < M%(%)

. By the monotonicity

of the modular,

I
s 81l ) < CIMS | sr < ClIB s

which completes the proof.
The following theorem constructs the target range space explicitly from a given domain
space. [

Theorem 3. Lets(-) € S(Ry), 1 <s_ <s; <oo,ands(-) € LH(R;). Let0 <o < 1,7 >0,
and B € R, and assume o — i < 7. Define t(-) € S(Ry) by

1 1 1 54 )
— = = (=) |
0~ T (0~
Then, the logarithmic operator Iio;‘; g is bounded from L3O(Ry) to LIO(R4).

Proof. Since1 <s_ <s; < ooands(-) € LH(Ry), the maximal operator is bounded:

M 00 < Coll S0

https:/ /doi.org/10.3390 /math14142558
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By Lemma 1, we have

My—1 r~xp\a o K 1Bl 0 K 0‘7&
1 30 < C (Msw y, EOrlost o)) +||3||LS<A>K2MBET?ZK9)W)

K=—00

* Mt Kp\a x0\\118l = (ZKQ)“_i
C{M3G0) Y @0 Tog(l/ @O + Bl L g | @

K=—00 k=Mp

Next, we use the standard estimate
llog(1/(2))] "' < c(1+ x|,

which yields
My—1 My—1

Y (@0) [log(1/(20)] P < C Y (2%0) (1 + [x|)IF

K=—00 K=—00

Since the polynomial factor (1 + |«|)f! is dominated by the exponential decay of 2** as
K — —00, we obtain

My—1 My—1

Y @) og(1/ %)) " <ot ) (29"
Finally, since & > 0,
My—1
_Z (2K)1X

is a convergent geometric series. Hence,

Mp—1

Y @) <¢

K=—00

and therefore
Mp—1

0* ) (2" < e

K=—00

Therefore, (7) implies

1 *k *%*
s8] < C <9“M3(V)+9“ o+ WHSHLS(‘))'
Choosing
s5(1)
9_( MF(u) ><(M)s+1)t<m
Coll3 s '
we obtain "
H
log M (1) )<
I <C| = Sllpsc
1% 5(0) 1(c0|3|w 13110
Thus,

o t(ﬂ)
TN ( M3() )SW
ClIZ Il 500 ~ \CollFls0)
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Integrating,
log
[7°.§ M
&7,p ( 5 )
oy <ol = — ) £ 1
f”(cllsm) OGS0
Hence,
1
12 531l < ClIB s
O

Corollary 1. Let1 < s < coand 0 < a < 1,')/2O,and,BE]Rsaifisfyzx—l < 7. Then,

S
there exists 1 < t < oo satisfying % =1 Jrlws (% — (@ — ) ), such that the logarithmic operator is
bounded. That is, there exists a constant C > 0 such that

1
HIoc(,)’%,ﬁSHU(RH < C||3||L5(R+)-

Proof. Since s is constant, we have s_ = s = s, and the condition « — % < 7y ensures that
all assumptions of Theorem 3 are satisfied. Hence, the result follows by taking s(-) = s in
Theorem 3. O

Now, we present an example to demonstrate that all hypotheses of Theorem 3 can be
verified explicitly for a concrete, non-trivial variable exponent function s() that is neither
constant nor piecewise constant. The resulting f(-) is a genuine variable exponent satisfying
1 < t_ <t} < co. The constant-exponent subcase, treated via Corollary 1, provides a
further numerical check.

Example 1. Let
1

- €R,.
Talogler ) MR

s(u) =2

Because log(e + u) > 1 for all u > 0, we have

2<s(u) <5 forally e Ry,

N 1

with s_ = 2 (attained in the limit 4 — co) and s = % (attained at y = 0),501 < s_ <s; < oo.
The local log-Holder condition (LHy): The function s is differentiable on R with

1
e+ p)[log(e+p)J?’

Sl(ﬂ) = _2<

so |s'(u)| < & forall p > 0, i.e., s is Lipschitz with constant L = . Using the elementary

inequality h < j{)gh for i € (0,}), we obtain, for all py, py € Ry with |pg — pz| < 1,

L/e B Co c _L
—loglm —pa| ~ —loglpur —po|” T 2e2°

Is(u1) —s(p2)| < Lfp — 2| <

Hence, s(-) € LHo(Ry). Log-Holder condition at infinity (LHe): Set S0 = 2. Then, for all

l’leR-'rr

1 Coo 1
= < y COO = <.
2log(e+u) ~ log(e+ |u|) 2

Hence, s(-) € LHeo(R+.), and therefore s(-) € LH(Ry). Leta = §, v = 1,and € R. Then,

[5(1) = 500

5° 15 T

https://doi.org/10.3390 /math14142558


https://doi.org/10.3390/math14142558

Mathematics 2026, 14, 2558

10 of 18

so all assumptions of Theorem 3 are satisfied. The exponent t(-) is given by

() Y (e 2 2R 2

Hp) 14954 \s(p) s(m) s(u) 3 s(p) 7 s(u)  21s(p)’
ie.,
21 21 1
t(V)—mS(V)—m(Z‘f‘Zlog(eer)) NS
In particular, t_ = % and ty = %, sol < t_ <t < oo. Consequently,
L5 O(Ry) — LO(RY)

&Y. "

is bounded. In the constant-exponent case, take s = 2, o = % v =1,and any B € R. Then,

s 3 2 6o 7T
and by Corollary 1,
L1y y12y 17 7
f - 1+9s\s V)=3\2"73) "3 6 18
sot= % and
1 18
Lvs: L>(Ry) — L7 (Ry)
is bounded.
Remark 3. Theorem 3 holds only when ﬁ = ﬁ (ﬁ —(a— fy)s%) a.e. and the result

does not hold if this relation fails for y € R.. Therefore, in Theorem 4, we discuss the cases
where the boundedness holds for all possible scenarios of the exponent functions. However, in this
case, additional conditions on the maximal function in terms of the norm ||§|| () are required.
Furthermore, Theorem 4 does not cover Theorem 3, because we impose conditions on the maximal
function in Theorem 4, while Theorem 3 does not depend on such conditions. In the case of equality,
Theorem 3 becomes a special case of Theorem 4.

Definition 6. Let s(-),t(-) € S(Ry) with1 < s_ < s; < coand t; < oco. Assume that
o — i < 7. We say that the pair (s(-),t(-)) satisfies the (« — i < 7v)-logarithmic boundedness
property if for every § € L5)(R*) and every y € Ry the following holds: Define the sets

Ay = {y ER, : MF(u) < Co||3||Ls<->(R+)}'

Ar = {p € Ry s M3 () > Coll§ll o, |-

Then, (s(-),t(-)) satisfies the logarithmic boundedness property if

11 (Sl (“7)5?:{)) forae. p € Ay,

tw) = 14 s+ \s(p)
and ) . .
5+
" < 155, (s(y) - (zx—’y)s(y)> forae. y € Aj.

https://doi.org/10.3390 /math14142558
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Theorem 4. Let s(-),t(-) € S(Ry) with a — i < vy and suppose the pair (s(-), t(-)) satisfies
the logarithmic (x — i < 7y)-boundedness property. Assume s(-) € LH(R™) with1 < s_ <
sS4 < ooand t4 < oco. Then, there exists a constant C > 0 such that

1
||Ia(,)§,53”u<‘)(n+) < CHSHLS(')(Rﬂ-

Proof. Since1 < s_ <s; < coands(-) € LH(R,), by the boundedness of the maximal
operator there exists Cy > 0 such that

M3l 0,y < Collllso g, )

Now, for any € R* and § € L*()(R.) with § # 0, by using Lemma 1 together with the
condition & — i < 7, we obtain

_1
1% 55001 < Ca( M5 G0) + 6 I 0e, )

Further, by choosing

ss(p)

o M&(“IJ) ((a=7)s4-—D)t(w)
Coll8ll 50 () '

and simplifying as in the classical case, we get

%+M71 asys(p) s(p)

7+771
log Co( Coll§lsergey ) ™I e (M () T G0
|Ia7,5 ( )| S C2 ass(p) s(u) _

Co(MF(1)) T P70 (Col|§l 01 ) ™

Now, we consider two cases depending on u € R™.

If u € Ay, then the boundedness property implies (1—(#5)(5}2)1‘(]1) + % —1<0. Thus,

MG (p) )Ew

|Ilog
Coll &l 1500 ()

w8 ()| < Cz(Co+1)< 131500

If u € Ay, then the boundedness property implies % + tg—yg —1>0,and
we obtain

s(u

log M%( ) )
I W) < Co(Co+1) [ =L <[P
|u¢'y[3 ( )| 2( 0 )<C0”S”L5(~)( N ” ||L()(72+)

Thus, forally € R*,

lo t(p)
LsSl \ T (ms "
CalI& s () =\ CollBlls0)(r+)

By the definition of the modular, and using the boundedness of the maximal operator,

we obtain 1
og
§ M
__wmp® <o, —8: <1.
(C?}”SHLS R+ ) o s() (COH%”LE(»)(R‘F)) o
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log
I ’/53

Hence, Ty ( ols ) < 1. Therefore,

@O,
HLS(')(R-#)

1
||I:§,,gg||y(-)(7z+) < C3H3||LS(~)(R+)-

O

The following theorem is the converse construction to Theorem 3: here, the target
range space is given and the domain space is constructed; at 8 = 0 it reduces to Theorem 6
of [22].

Theorem 5. Let t(-) € S(Ry) with t; < oo and - + “tt% < 1, and suppose t(-) € LH(R).
Defines(-) € S(R) by ﬁ = ﬁ + % a.e. on Ry.. Then, the logarithmic operator is bounded
from L3C) (R, into LI (R,

Proof. Since f; < oo and

1 lXt+
—+—<1,
t + t_
together with the relation
1 1 oty

s~ ) Hn)
it follows that 1 < s_ < s; < co. Moreover, from ¢(-) € LH(R ) and the relation between
s(-) and t(-), we deduce that s(-) € LH(R).
Hence, by the boundedness of the Hardy-Littlewood maximal operator, there exists
Co > 0 such that for all § € L5(") (Ry),

M3 0w,y < CollSllso g, )

Lety e Ry and § € Ls(')(R+), § # 0. By Lemma 1, for any 6 > 0,

Mo—=1 (Hkp\a K 18| co kYA 5
log " (276)" [log(1/(276))] (26)" *
|IIX/'Yqu(y)| <C (M&(H) K:Z_oo (1+2%0)7 + HSHLS(') K§A (142%0)7 |°
=g
As in the classical case, the logarithmic factor affects only the near-field sum. Using
the standard estimate
[log(1/(2°6))]1P' < C(1+ [x[)¥l,

we obtain convergence of the first series and hence

Mol (2%6)" flog(1/(2°60)))F! _

114
(1+20)7 = CF%

K=—00

For the second sum, using the identity

1 1
HW—— = ——,
S4 t+
we obtain
e kp\* s
Z (2 G)K + SCQ,&'
M, (14 2%0)
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Thus,
1 _ 1
e 53 ()] scl(ews(y)w f+|3||Ls(.>>.

tis(u)

ot
Choose 6 = (W) " Substituting into the above inequality and simplifying
: 1 _ 1 aty :
using ;o5 = g + iy We obtain

s(p)

log M) ™
I <G| ==—"— Sl s .
g8 (1) 2<C0||3||Ls<-)(R+) I8l

Or )
lo K s
1SS0l \ T ( mse \
ColI8 00w ) ~ \ Coll3llps0 r.) .
Hence,
log f
et N ME
CZHSHLs Ry | s(+) Co||5||LS<‘)(R+)
By the boundedness of M, the right-hand side is bounded by 1; hence,
1% g8l e,y < CUB 0@
O

Corollary 2. If 1 < t < oo and %—l— a < 1, then there exists 1 < s < oo satisfying % =
Y+ a ae., such that the logarithmic operator ['%8xvp : [S(Ry) — LY(R,) is bounded. In
particular, there exists a constant C > 0 such that

l
115 681l e ey < ClISILs ey )-

Proof. Since t is constant, we have t_ = t; = t, and the condition % + a« < 1 holds. There-
fore, all assumptions of Theorem 5 are satisfied. The conclusion follows by substituting
t(-) =t into Theorem 5. O

The following example demonstrates that the hypotheses of Theorem 5 are satisfiable
by a concrete variable exponent f(u) that is piecewise-defined. Moreover, it makes the
formula s(u) = t(u)/(1 + at;) fully explicit and verifies the log-Holder condition for
the resulting s(-). The constant-exponent subcase provides a further clean numerical
illustration via Corollary 2.

Example 2. Let
o) n+4, uelo1),
G4 pe(l ),

thent_ =4,ty =5,and hencel < t_ <ty < oo, Leta:%and'y>0,ﬁ€R. Then,
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Moreover, t(-) € LH(R.). Therefore, by Theorem 5, there exists s(-) defined by
p+4  pu+4 3(p+4)
1+lxt+_l+g_ 8 7 VE[O/].)!
L=t He[1,00),
1+3 8
satisfying
s() () tC) T
such that
1 . .
L LO(Ry) — LIO(R,)
is bounded.
In the constant exponent case, if we take t = 5 and o = %, then
T 2
t 53 15 7
Therefore, by Corollary 2, there exists s = % such that
1
v L°(Ry) — L'(Ry)
is bounded.
Remark 4. Theorem 5 holds only when % = ﬁ + f‘(%, a.e. and the result does not hold if this

relation fails for y € R.. Therefore, in Theorem 6, we discuss the cases where the boundedness holds
for all possible scenarios of the exponent functions. However, in this case, additional conditions on
the maximal function in terms of the norm ||F|| «() are required.

Definition 7. Let s(-),t(-) € S(Ry) with1 < s_ < s; < ooand t; < oo, and assume that
L — L — o The pair (s(-),t(-)) is said to satisfy the (i - ﬁ = tx) -boundedness property if

St t+

for every § € LSO)(R), defining
Ay = {3 € Ry : M) < Coll§l 10, -

Ay ={p € Ry : MF(p) > CollFll sy}

we have 1 1 ;
Xl
+ ora.e. u € Ay,
) = i iy Sreere s
and
1 1 Dét+
+ ora.e. u € Aj.
S H Tige e s s
Theorem 6. Lets(-),t(-) € S(Ry) with i - % = w, and suppose the pair (s(-), t(-)) satisfies
the (% - % = )-boundedness property. Assumes(-) € LH(Ry)and1 < s_ <sy < oo. Then,
there exists C > 0 such that
HIlog

2 slow,) < Cllo, )
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Proof. Since 1 < s_ < s; < o0 and s(-) € LH(R), the Hardy-Littlewood maximal
operator is bounded; hence, there exists Cyp > 0 such that

M3 0, ) < CollSls0m,)

LetZ € L5(0) (Ry),§ # 0,and fix u € R. By the pointwise estimate for the logarithmic
operator (Lemma 1), we obtain

1 " -1
1% 55 ()| < C3 (eww +07 % ||S||Ls<.>am))f

where the logarithmic factor contributes only to the local part and is absorbed into the constant.

We choose
ts(p)

o_ MS(}!) I ‘
Coll§ 0 s

Substituting this choice into the above inequality and simplifying, we obtain

ut+s(y)+s(/4) at+€(;)+s(;1)_1
1% 5(30)] <C*C0(C0||§||Ls<<>) G0 T 4 (M)
[x,fy,‘B ]’l = %5 atys(p) (7;171

Co(MF (1)) 1 (CollF o)) 1

w

We now discuss two cases. If 4 € Aj, then Mj(;()” ) + % —1 < 0. Hence,

s(p

log * MS:(.“) 0
I8 3(u)| < CE(Co+ 1) =220 <.
‘u,’y,ﬁ (l’l)| 5( 0 )<C0|S|L5(‘)(R+) H HL J(Ry)"

If u € Ay, then “t;(;()” ) + E g 1 > 0, and the same estimate follows.

Thus, forall y € R,

s()

log MS(}J) T
I <G| =————— S(
| a,v,B ( )| = 6<C0||S||L5(>)(R+) ||S||L R+)
‘Ilog ( )| t(y) S(”‘)
«,,B H < MS(V) .
ColIBl 150 () ~ \ CollSl 0y

log
tx’yﬁf < < MF >
7 (cznsnp ) O\ ColI3 00 )

By the boundedness of the maximal operator, the right-hand side is bounded by 1,

Or

Hence,

and hence

!
1 551l g < CollBll s s
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Theorem 7. Let t(-) € S(Ry)andlet0 < a <1, > 0,and p € R with % =1—w. Then, the

logarithmic Bessel-Riesz operator Iio,% g is of weak type (1,t(-)); that is, for every § € LY(R4.) and
every g > 0, there exists a constant C > 0 such that

<C|I§ .
oy = ClBle,

e,

15550 [>s

Proof. The case § = 0 is trivial, so we assume § # 0. Fix y € Ry and a free parameter
8 > 0. Let My be the unique integer satisfying 279 > 1 and 2M/~19 < 1. We decompose
the operator as Ia b ﬁ{g’( 1) = L (i) + I(p) as in the proof of Lemma 1. Then,

[L(p)] < C1 0% MB(p). ®)

And
1L(1)] < C26* I3l (R, - 9)

For any g > 0,
{meRyLE 50 > g} € {: (1) > g/2} U{p: [L(w)| > g/2}.

26|31 =
Choose 6 = <2gL1R+> ; then, (9) implies | (i) < g/2forall p € Ry, som({y :

|L(u)| > g/2}) = 0. The weak-(1,1) boundedness of M together with (8) gives

2C, 6
8

({01 > g/21) < ol {500 > 555 ) < 295 sl .

Hence,

1

2C,6% SISy T
m({p € Ry : LB 50| > 8}) <~ [|§ln = C C<“R’> , (0

8

where C* absorbs all numerical constants.
Let Eg = {p € Ry : |IOg F(u)| > g}. Forany ® with 0 < ©® < g, by definition of

a,B
the modular,
1
(S = [ (&) i < (&) mie) < o (8)" (Bl )

1 1 I8l \eT _ [ g\
Since . 1—ua, = —t4, and therefore ( 2 ) = (HSHLl) . So,

+
(8 < (8" ()" 5= (omtoa)
©/ \I8ll/ g © [[3llrr,)

Therefore, 0y. (gXE / @) < 1 provided © > Cy ||§|[1(, ) for a suitable constant Cy =

@\OQ

(C*)!/t+. By the definition of the Luxemburg norm,

<G8l wyy-
O@Ry) R4)

HgX{VGR+ |IM,33(H)\>2}
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Remark 5. Theorems 3 and 5 are genuinely distinct and neither implies the other, because the
exponent formulas are asymmetric in sy and ty and are not mutual inverses in closed form.
Theorems 4 and 6 are verification criteria: given an arbitrary pre-specified pair (s(-),t(-)) (not
necessarily of the explicit form of Theorem 3 or 5), the pointwise “boundedness property” of
Definitions 6 and 7 provides a sufficient condition for boundedness. Theorems 3 and 5 are recovered
as the special cases in which the boundedness property holds with equality everywhere (i.e., Ay = @).

4. Conclusions

In this paper, we studied a new class of logarithmic Bessel-Riesz operators, whose
kernels incorporate a logarithmic perturbation of the classical Bessel-Riesz singularity. The
core of our analysis is the establishment of a sharp pointwise estimate for the logarithmic
Bessel-Riesz operator in terms of the Hardy-Littlewood maximal operator. This estimate,
obtained via a dyadic decomposition adapted to the logarithmic structure, provides a tool
for controlling the operator and serves as the foundation for all subsequent results. Building
on this pointwise control, we have developed a comprehensive boundedness theory for
the logarithmic Bessel-Riesz operator in variable Lebesgue spaces. Within this framework,
we derived explicit and verifiable conditions under which the logarithmic Bessel-Riesz
operator maps L*() (R ) into L!() (R ). Furthermore, we presented illustrative examples
demonstrating the applicability of the developed theory in both variable and constant
exponent cases. These examples highlight the flexibility of the proposed framework and
confirm the sharpness of the obtained conditions. We believe that the combination of
logarithmic modifications and variable exponent analysis developed in this work provides
a versatile framework that can significantly enrich the theory of modern harmonic analysis.
Opverall, this work establishes a foundational step in the study of logarithmic perturbations
of classical operators in variable exponent spaces and provides new tools and perspectives
for future investigations in this rapidly evolving area.

5. Future Work

The methods developed in this paper open several directions for future research. One
natural extension is the study of commutators of logarithmic Bessel-Riesz operators with
symbols in BMO or Lipschitz spaces, where the interaction between oscillatory behavior
and logarithmic singularities is expected to yield new phenomena. Another promising
direction is the investigation of boundedness properties in more general function spaces,
such as variable Morrey spaces, weighted variable Lebesgue spaces, or grand Lebesgue
spaces. In addition, the techniques introduced here may be adapted to analyze other classes
of fractional and potential-type operators with non-standard kernels, particularly those
involving logarithmic or slowly varying perturbations.
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