. mathematics

Article

Boundary Value Problems for Some Quasilinear Parabolic
Equations Under Minimal Conditions on the Coefficients

Sergey Pyatkov

W) Check for updates

Academic Editor: Rodica Luca

Received: 18 June 2026

Revised: 11 July 2026

Accepted: 14 July 2026

Published: 16 July 2026

Copyright: © 2026 by the author.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license.

Engineering School of Digital Technologies, Yugra State University, Chekhov St. 16,
628011 Khanty-Mansiysk, Russia; s_pyatkov@ugrasu.ru

Abstract

Quasilinear parabolic boundary value problems are considered. Sharp conditions on the data
ensuring the existence and uniqueness of solutions in Sobolev classes W;'Z(Q) (p>(n+2)/2
are exposed. They are smoothness and consistency conditions on the data and some
inequalities ensuring the maximum principle for a solution. The proof of a priori estimates
employs the method of frozen coefficients. The proof of existence relies on a priori bounds
and Leray-Schauder-type continuation.
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1. Introduction

We examine quasilinear parabolic equations of the form
n
Mu=u;— ) Ox, (a;(t, x, u)ux;) + b(x, t,u, Vu) =0, (1)
iji=1

where (t,x) € Q = (0,T) x G, G C R" is a bounded domain in R" with boundary T.
Let S = (0, T) x I'. The initial and boundary conditions are written in either the form

u|t:0 = Uy, M|S = g(t/x)/ (2)
or .
ou ou
uli=o = tto, S+ P x )]s =0, 55 = i}; Ajjllx; V. ®)

Equations of the parabolic type are encountered in many areas of mathematics and
mathematical physics, and those encountered most frequently are linear and quasi-linear
parabolic equations of second order. They are considered by many authors. First, we should
refer to the monographs [1,2], where solutions to the problems (1), (2) and (1), (3) are sought
in the Holder spaces. In our opinion, the conditions on the coefficients of the equation here
are far from optimal. Among the recent results devoted to solvability problems in Holder
spaces we mention the article [3], where the maximum principle approach is provided
to study interior maximal C* smoothness (i.e., local C>** regularity with respect to the
parabolic distance) of solutions and a short survey on the regularity theory for fully nonlin-
ear parabolic equations of second order is exhibited. Moreover, we refer to [4], where the
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oblique boundary value problem is studied for model equation u; — F(D?u) = f in Holder
spaces. Ly-theory for fully nonlinear parabolic equations is exposed in [5]. This article is
devoted mainly to the existence problems of viscosity solutions but some remarks are made

. 1,2
on existence of Wp,l oc

F(t,x,u, Du, Dzu) is the Lipschitz conditions on u, Du, D?u and some growth conditions.

(Q)-solutions. The main conditions imposed on a nonlinear function

We refer also to the article [6] devoted to L,-estimates for the Hessians of viscosity solutions
to fully nonlinear parabolic equations with oblique boundary conditions. Properties of
viscosity solutions are also studied in [7] and many other articles (see [8]). The weighted
and mixed-norm Sobolev estimates for fully nonlinear elliptic and parabolic equations in
the whole space under a relaxed convexity condition with almost VMO dependence on
space—time variables are proven in [9]. The problem (1), (2) in Sobolev spaces is considered
in Theorem 4 in [8], where the functions 4;; meet the Lipschitz conditions in u, and the func-
tion b(t, x, u, p) has at most linear growth in the variables (u, p) and satisfies the Lipschitz
condition in p. The weighted and mixed-norm Sobolev estimates for fully nonlinear model
elliptic and parabolic equations in the whole space under a relaxed convexity condition
with almost VMO dependence on space-time variables are proven in [9]. The local (in time)
solvability results in [10] for the problem (1), (3) are proven under the condition that the
functions a;; are of the class C? in all variables and the function b meets the Lischitz condi-
tion in (#, p). Much weaker conditions on the functions a;; with almost the same conditions
on b are used in the articles [11,12] (see also the references therein) in the case of second-
order parabolic operators in non-divergence form. The data are Carathéodory functions,
and the principal part is of VMOy-type with respect to the variables (¢, x). The functions
a;j(t, x,u, p) (p = Vu) of the main part are continuously differentiable with respect to the
variables u, p and the derivatives 4;;,, 4;j,, meet the Lipschitz condition in u, p. Assuming
the existence of a strong solution u, the authors assume that the Frechet derivative of the
operator at u is invertible. Next, the implicit function theorem is applied to prove the
existence of a solution for small perturbations of the data. Moreover, the Newton iteration
procedure is utilized in order to construct an approximating sequence that converges to u
in the corresponding Sobolev space. The local (in time) existence and uniqueness theorem
is also obtained.

The semigroup approach to quasilinear evolution problems has been developed
in [13-15]. Here in the quasilinear case the functions spaces used consist of functions
that are Holder continuous or continuously differentiable with respect to . The weighted
Sobolev spaces are used in [16-18] also in the abstract setting, where the approach based
on maximal L,-regularity is involved. In this case, as well as in many other articles de-
voted abstract problems, the main part of the operator is independent of t. Among the
recent articles we mention [17]. There are a lot of articles devoted to different model cases
(see, for instance [19]).

Our main results are connected with existence and uniqueness theorems for solutions
to the problems (1), (2) and (1), (3) under the minimal smoothness conditions on the data
of the problems, in particular, on the coefficients of the parabolic operator and the function
¥ in (3). A solution is sought in the class W;’z(Q). To establish the Holder continuity of
a solution, we use the approach proposed in [1]. In contrast to the results of [1,2], to prove
maximum estimates for a solution, we use a different approach, which allows to easily prove
maximum estimates in the case of the boundary condition (3) for generalized solutions
which are absent in [1,2]. The W;’Z(Q)—estimates of a solution rely on arguments with
the use of frozen coefficients. The results can be used in: establishing solvability results
for a large class of inverse parabolic problems; establishing existence and uniqueness of
solutions under perturbations; and providing constructive approximation methods via
iterative techniques.
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2. Preliminaries

Let E be a Banach space. The notations for Sobolev and Besov spaces W;(G; E),
B;q(G; E), W;(Q; E), etc., are conventional (see [20,21]). If E = R or E = R" then we denote
the last space simply by W;(Q). The Hoélder spaces C%B(Q),C%P(S) are defined, for exam-
ple, in [1]. Given an interval | = (0, T), denote W,"(Q) = W;(J;Lp(G)) N Lp(J; W5(G)).
Similarly, Wy"(S) = W3 (J; Lp(T)) N Ly(J; Wy(T)). Let (u,v) = [ u(x)v(x) dx. All consid-
ered spaces and coefficients of Equation (1) are assumed to be real. Denote Qr = (0,7) x G
and S; = (0,7) x T. We assume that T’ € C? (see the definition in [1] (Chapter 1)).

Proceed with one auxiliary result. Consider the linear problem

n n
Mu = uy — 2 axi(ai]-uxj) + Z Ajly, +aou = f/ (4)
ij=1 i—1

where (t,x) € Q = (0,T) x G. Initial and boundary conditions are written as follows: either

uli=0 = uo, uls = g(t x), ®)
or 5
u
ult=0 = uo, W+0u|s—g, (6)
with 7 = (vq,...,1,) the outward unit normal to I' and g—;\‘] = E?J:l ajjuyvi. It is as-
sumed that
2-2/p ko,2ko 2 n+2
up € W, (G), geW, (S),feLp(Q),l"eC,p>T,

2(0,x) = up(x)|r in the case of the condition (5),
0
% +0(0,x)ug|r = g(0,x) if p > 3 in the case of the condition (6), (7)
where kg = sy = 1 —1/2p in the case of the conditions (5) and kg = 59 = 1/2 —1/2p
otherwise. Other conditions on the data are as follows: there exists a constant §, > 0
such that

n

6ol1* < Y ay¢iEi < |27 /60 VE € RY; (8)
ij=1
— n-+2
a;; € C(Q), ajjx, 4 € Ly, (Q) (g2 > n+2,q2 > p), ag € Ly, (Q) (g1 > 5z p); 9)
n-+1 1
a;;,0 € Bp(0, T; Ly, (T)) N Ly, (0, T; BY(T)), P <1- P 2s0, g3 > p,  (10)

wherei,j =1,2,...,n. The following theorem is valid (we use slightly stronger conditions
than those in [22] (Theorem 3.4) or [23] (Theorem 5.3); see also [24,25] (Theorem 2.1)).

Theorem 1. Let p > (n+2)/2 and let conditions (7)-(9) in the case of problem (4), (5), or
conditions (7)—(10) in the case of problem (4), (6) hold. In the latter case we also assume that p # 3.
Then there exists a unique solution u to problems (4), (5) and (4), (6) such that u € W;'Z(Q) and u
satisfies the estimate

Il < Colllollya-2rn gy + 1Ly + Iglgrom s ) 1)
where we can assume that constant Cy depends only on Jy. It depends also on the norms of

coefficients and domain G but it is bounded whenever these norms in the spaces indicated in (9), (10)
are bounded.
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In what follows, the constants c¢,Cj,¢c; (i = 0,1,...) are positive constants that can
change from line to line.
Let vt (t,x) = max(v(t, x),0). The following theorem results from Lemma 1.2.3 in [26].

Theorem 2. Let u be a non-negative measurable function in Q. Then

d dt:/oo N dk:/oo Ly)dk,
J it = [N dk = [ p(w)

Ne={(t,x) € Q:u(t,x) >k}, Ly ={(t,x) € Q:u(t,x) >k},
where y(-) is the Lebesgue measure.

Corollary 1. Let u be a non-negative measurable function in Q. Then

/Q(“ — k)" dxdt = /kooll(Nr) dtr = /kooy(LT) dr, k> 0.

Proof. Indeed,
/Q(u—k)+ dxdt:/o V(Ng)dgz/k n(Le)de,

where Nx = {(t,x) : (u—k)* > &} = {(t,x) : u(t,x) > k+¢}. In this case, we in-
fer Ne = Njy¢ and Jolu —k)*dxdt = fooo (Nk+¢) dZ. Make the change of variables
k + ¢ = 7. We obtain that [ (u — k)™ dxdt = J u(Ne) dt. The case of the set L is
considered by analogy. [

Below, we present an inequality similar to that in Sect. 3 of Ch. 2 in [1].
Lemmal. Let u € Loo(0, T; Ly(Q)) N La(0, T; W3 (G)). Then u € Ly(Q), r € [2,2(n+2)/n], and

1-s

Hu”L,(Q) < C0||u| Leo(0,T;Ly (G || ||L2 0,T;WL(G)) <

CO(”””LOO(O,T-LZ + ||MH2 OTWI(G)))l/Z = C0|1/l|1,

where s = n(r —2)/2r.

Proof. The inequality follows from the interpolation inequality Hu||W;(G) < CH”“?/\/; ©)

||u|| [20] and the embedding W;,(G) C L,(G) (r = 2n/(n — 2s)) [20] (Sect. 4.6.1, 4.6.2).
It sufflces to prove the inequality for ¥ = 2(n + 2)/n, in this case r = 2n/(n — 2s) with
s=n/(n+2)and

T 1/r
o < ([ Il ) < ([ cluun;@m)dt) <
(Clc)l/r(/o ||Ll|| ”u”L (G)dt) < (Clc)l/rHu”SLZ(O’T;Wzl(G) ”u”Lw(OTLZ(G))
O

3. Basic Results
Denote I'r = SU{(0,x) : x € G}. The functions 4;; are assumed to be continuous in
Q X (—00,00) and

n

Y. aipipj > Solp? VB = (p1,--.,pn) €R", (t,x) €Q uER, (12)
ij=1
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where Jy > 0 is a constant, the function b(t, x, u, ) meets the Caratheodory condition and

b(t, x,u, P)u > —Boaiipip; —golul® —g1lul, V§ €R", ae. (t,x) € Q, |u| > g, p € R". (13)

for some constant 7izg > 0. Here the abbreviation a.e. stands for almost everywhere.
Moreover, for every R > 0, there exist a constant 31 > 0 and a function g3 such that

[b(t, x,u, )| < B1|pI* +83(t,x) V(t,x) € Q, u € [-R,R], p € R, (14)

where g; € LP(Q), i=1,2,3,81,8,8 > 0a.e., B; are non-negative constants.
We look for a solution to the problems (1), (2) and (1), (3) in the space W;’Z(Q). We ad-
ditionally assume that for every R > 0

ijx; € Ly (Q;C([=R,R])), aiju € Leo(Q; C([~R,R])), g3 > n+2, 43 > p, g € W;'™1(S), (15)

wherei,j =1,2,...,n. In the case of the problem (1), (3), we require that
50,250 n-+2
$ e WS C([I=R,R])), u € L, (S;C([=R R])), p > —5—, g4 >n+1, 94 > p, (16)

a;; € By(0,T; Loy (T C([—R, R]))) N Lgg (0, T; B (T; C([~R, R]))) VR > 0, g5 > p, (17)

where (1 +1)/g5 <1 —1/p = 2sg and the derivatives are just generalized derivatives in
the Sobolev sense.

Remark 1. The condition (12) is employed in almost all estimates below and ensures parabolicity
of the problem. The condition (13) is involved only in the estimate of the maximum of the module of
a solution. The condition (14) is used to establish the Holder and W;’Z(Q) estimates for a solution.
At last, the conditions (15)-(17) are provided to obtain W;’2(Q) estimates.

By a solution to the problems (1), (2) and (1), (3), we mean a function u € W;’2(Q),
p > (n+2)/2satisfying Equation (1) and the boundary condition (2), respectively, (3)
a.e. in Q, respectively, on S. Note that if u € W;’2(Q) (p > (n+2)/2) then the embed-
ding theorems ensure that ul;—g = 1y € Wﬁfz/p(G) C C*0(G),e0 = 1— (n+2)/2p,
u|g = g € C&02%0(8S) ([25] (Theorems 1.19 and 1.22)).

Theorem 3. Assume that u € W;'Z(Q) (p > (n+2)/2) is a solution to the problem (1)-(2),
the conditions (12)—(14) hold, and g(t,x) € Loo(S), g € Leo(G). Then there exists a constant
M > 0, depending on 6y, Bo, ||82||L,,(Q)/ [wll o (ryy Such that [[ull;_g) < M.

Proof. The idea of the proof is similar to that in Sect. 2 of Ch. 5 in [1] but we use Theorem 1
rather than Theorem 6.1 of Ch. 2 in [1]. Make the change of variables u = Mo (A > 0).
The function v is a solution to the equation

n
Mu=v;— ) Ox; (aj(t, x, ve“)vxj) + e Mb(x, t,veM,eM Vo) + Av = 0. (18)
ij=1
The initial and boundary conditions are written as

vli=0 = uo, vls = g(t,x)e”, (19)

Let w = |o|", w®) = (Jo|" —k)*t, Ax(t) = {x € G : w(t,x) > k}. In this case
fOT Ac(t)dt = u(Ly), Ly = {(t,x) : w(t,x) > k}. Multiply (18) by |v|"2vw®) and integrate
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over G. Choose my > max(||uo| 1, (c), ng*MHLm(S), ifip). In view of this choice, w(®) lr, =0
for k > ko = my'. Integrating by parts, we obtain that

n
d / D D -1 m—2_ (k) 2m—2
mat o ljglﬂz;vx,vx,[(m o™ W™ 4+ mlo[7 ]

+ e Mb(t, x, veM, M V) 0" 20w dx = 0. (20)
The condition (13) yields

19

mot Jo +/ 2 aij0x;0x,[(m — 1) [o|™~ 20" 4+ m|o|?"2] + Aww® dx <

1] 1
1
;0x, 05 |0|" 2w 0 + flo|mw® dx, f = + —¢1-
[, Botiosos o flo f=lgal+ s
This inequality can be rewritten in the form

19

perll dx+/ Z aijx; U, [[0]" 200 (m — 1= Bo) + m|v|?" 2] + Aww® dx

1] 1
< / Flo|mw® dx,
G
Next, we take m = By + 1. In this case we arrive at the inequality

19

P G(w(k))2 dx + 2(5—31 /G [V 2 + Aww® dx < /waw(k) dx. (21)

Integrating in t, we conclude that

tg&lg}() /G(w(k))zdx + /Q IVw® 2 + Aww® dxdt < ¢ /Lk Fww® dxdt, (22)

where the constant ¢y depends on m, y. The Holder inequality implies that
[ fww® dxat < |l o) lww® 1, 0,y 1/p 417 =1

Since ww® < 2(w®)2 + k2, we have ||ww®|| (L) S cl(||w(k)||% G) + K2 (u(Le)VP).
4 2p!

This inequality, (22), and the inequality (w®)2 < ww® provide the estimate

k)\2 k)2 k))2 k)2 2 1/p
tggg}()/(}(w( )) dx+/Q|Vw( )12+ A (w®))? dxdt < cp||w HLZV/(Q)-FCQk (u(Ly)) 7. (23)

||w(k)||9 ||w(k H ), where r = 2(n+2)/n,0r+ (1 —6)2 = 2p’. Since p > (n +2)/2
6 e (01 ) The 1nequahty

The Riesz-Thorin theorem or the results in [20] (Sect. 1.18.4) ensure that || (¥ | Ly ( ) <

lab| < elal?/p+ PP /P, p =p/(p 1), e>0, (24)

and Lemma 1, imply that

—

allw®IR, g < 1@ +clw®2, g

In this case the inequality (23) yields
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max
te(0,T)

wafw+@ﬁmwﬁ+uwmfmmsmﬁ%mwfw+kﬂwmﬁ@- (25)

Note that the constant c3 is independent of A. Choosing A > max(1,2c3),
we conclude that

(k)\2 (k)12 (k)\2 < 2 1/p"
tggg/)T()/G(w ) dx—l—/Q|Vw |7 4+ A(w'\™)) = dxdt < 2cok”(u(Lyg)) (26)

Next, the Holder inequality, Lemma 1 and (26) imply that
w40 < [0l 0) (L) 072042 < el (L)) 47202
< 2cy/eak(p(Ly)), a = (n+4)/2(n+2) +1/(2p") > 1.
Thus, we obtain the inequality
/Q 0™ dQ < esk(u(L))", & = (n+4)/2(n +2) +1/(2p') > 1. 27)
As a consequence, we have

/Q 0k dQ < cako(1(Q))* = Mo, & = (n+4)/2(n+2) +1/(2p/) > 1. (28)

By Theorem 2 fQ w®) = [ u(Ly)dr = f(k). In this case, f'(k) = —p(Ly) and the
inequality (26) can be written in the form f(k) < c3k((—f'(k))%, or in the form f’(k) <
—caf (R)V2 /KM%, ¢ = 5 /& Integrating this inequality, we arrive at the relation

1-1/a kl-1/a Kl-1/a
1-1/a ~ 1-1/a _ Cak C4Ky <o G4
(FHD'TV" < (F(ko)) Ry ey

—1/a

1
which ensures that f(k) = 0 for k > k; = (65(;17;1))“/(“_1), cs = (Mp)' =V« + %
Hence, |v|™ < ki a.e. O

Proceed with the problem (1), (3). We assume that ¢ € W;O’ZSO (S; C([—R, R]) for every
R > 0and
Y(t,x,u)sgnu > —gq — Balu|, (29)

where B3 > 0 a constant and g4 € W;O’ZSO(S). There exists a function p € C?(G) such
that Vp-v = |Vp|, 1/2 < |Vp| < 2 onT (this function was constructed in the proof of
Theorem 13.1 in [2]). Next, consider an even extension of the function g4 for t < 0 and
construct ¢(t) = 1fort > —T/2, ¢(t) = 0fort < —3T/4, ¢(t) € C*([~T, T]). There exists
a solution p1(t,x) € W;’Z((—3T/4, T) x G) to the problem p; — Ap; =0, aa"%|5 = (),
p1(—3T/4,x) = 0 (Theorem 1). Here v is the outward unit normal to S.

Theorem 4. Assume that u € W;'Z(Q) (p > (n+2)/2) is a solution to the problem (1), (3),
the conditions (12)—(14), (29) hold, and uy € Leo(G). Then there exists a constant M > 0,

depending on po, [|82l1,(Q)- 4ol (c) a7 (184l 020 g such that |jull1 ) < M.
Proof. The proof is in line with that of Theorem 3. Repeating the arguments, we arrive

at (20) with an additional summand | = — [ e~ *y(t, x,eMv) |v|"~20w*) dT on the right-
hand side. Estimate it. In view of the conditions on ¥, we have
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J< [ (gae™ + Balo) ol "l ar.

Next,
[ dopafollo ol dx+ [ o Vpsfol"w® dx = [ To-vpafo]" !
Therefore, we derive the inequality
Aﬁ3|v\mw(k) ar <2 / Vo - vBs|o/"w®) dr <
2/ AoBs o] dx+2/ Vo V(Bslo"w®) dx <
et | Balol™a! dx+z/ [V (Balo"0 ) dx.
The first summand here is estimated by the quantity
/ Balo|™w® dx < 53/ ww® dx < cs /G(w(k>)2dx +esk2u(Ag(1)). (30)
The estimate for the second summand is of the form
J1VBsfol "0 dx < [ TPt ee) (@) dx + Ru(a®). @D
Next, we use the equality
/ Apq |o|™ 2ow®) dx —i—/ Vo1 - V(o™ 2ow®)) dx = /Fg4|v|’”*20w(k) dr
which guarantees the relation
| feMgalol" 2o ar| < | |vP1||V<|v\m*2vw<">>|dr+mio [ 1801/ [ol"® dx.
The former summand on the right-hand side of the previous inequality is bounded by
L AVpilVloP 20w ax < e [ 1902 +ce) (Vo P + Roa, ) dr. (32

where x4, () is the indicator of the set Ay(t). Thus, the estimates (32) validate the relation

T
/0 /Ge*)”gdv\m*sz(k) dxdt < S/Q (Vw2 4 c(e) /Qgg,((w(k))2 + K2 x1, (t x)) dxdt,

where g3 = |Ap1| 4+ |Vp1|?. By the embedding theorems, §3 € L,(Q). The same arguments
as those involved in the estimate of the right-hand side in (22) ensure the inequality

/ 33 (wh))2dxdt < 81|w(k)|% + c(sl)/ |w® 2 dxdt,
Q Q
with &1 as an arbitrary positive constant. Moreover,

2 ~ 211 5 1/p' _
k /ngk(t,x) dxdt < K|S, 0 (W(Le) P, P =p/(p—1).
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These inequalities for an appropriate 1 and (30), (31) validate the estimate
T /
/ Jdt < 38/ (Voo 2 dxd + c(s)(/ 1w ® 2 dxdt + K2 (u (L) 7).
0 Q Q

Thus, the inequality (26) from the previous theorem for an appropriate A and ¢ is
replaced with

tg(lg,?()/c(w ) x+/Q|Vw "+ Mw™)"dx < cqk”(pu(Li)) (33)

Further, we can repeat the arguments of the previous theorem. [

Remark 2. The claims of Theorems 3 and 4 are valid also for generalized solutions to the prob-
lems (1), (2) and (1), (3). The arquments are almost the same as those in [1] (Sect. 1, 2 of Ch. 5).
The only difference is that on the final step we repeat the arguments of the proofs of Theorems 3
and 4.

Theorem 5. Let u € W;’Z(Q) (p > (n+2)/2) be a solution to the problem (1), (2) or the
problem (1), (3). Assume that the conditions (12)—(14) in the case of the problem (1), (2) or, re-
spectively, the conditions (12)—(14), (29) in the case of the problem (1), (3) are fulfilled. Moreover,
there exists g9 > 0 such that ug € C*0(G), g € C20%0(S) in the case of the problem (1), (2)
and ug € C*0(G) in the case of the problem (1), (3). Then there exist constants My, a1 > 0,
depending on B, |183llL, (@) NullL.q) =M, HuOHCZ»:O(G), and |8l ceozeq () in the case of prob-
fem (1), 2) and on B, 18511000, T4y = M. [0y B. 14 o2 5 i the case of
problem (1), (3) such that ||ul| ca, 20 () < M1

Proof. The claim in the case of problem (1), (2) results from Theorem 1.1 of Ch. 5 in [1].
Unfortunately, a similar result in the case of the problem (1), (3) is proven in [1] under
more stringent conditions on the data (see Theorem 7.1 of Ch. 5 [1]). So we outline the
proof which is in line with that in [1]. Let B,(x() be a ball of radius r centered at xy and
Q(p, ) ={(t,x) : x € By(xg), to < t < to+ T}. Fix (to, x0) € Q and multiply Equation (1)
by u®&2(t,x), u® = max(u — k,0), k > MaXye(p,r)nG Ho(x), where  is an arbitrary
smooth function with values between 0 and 1 and is vanishing for x € R" \ B,(xg) for
every t. Integrating the equality obtained over By(xg) = B and by parts, we infer

19 2 k)\2 2 (k
2at/BpﬂG€ (u( )> dx+/Bp Z uz;”x] ux, (_f +2 Z jjly; U )§§Xi+

1]1 i,j=1

b(t,x,u, V) u® & dx = —/r ] &yt x,u)u® dr+/B e&(u®)2dx, (34)
N8y o

Let Ap(t) = {x € BN G :u(t,x) >k}, Ly = {(t,x) € Q(p, 7) N Q : u(t,x) > k}. The
conditions of the theorem yield

10 2, ()2 219,02 () k)
231 Jy Sl >dx+/ 50|V |dxs/wc1|w 1VE|Eu

+AlVa Pl - go @ ant [ (g palul) b ar+ [ Jegl )R

Using the inequality |Vu®|VE|cu®) < e Vu® 262 1 c(eq)|VE?(u®)? for suffi-
ciently small €1, we validate the inequality
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-2 / 22 x4 2 / 502 Vu® 2 dx < / B Vu® 2R E2 4 gu2y®) 4o
B,NG 3 JB,NG B,NG

4
g, Cla Bl [ a2 (VEP + €l dx

Integrating in t from t( to t < ty + T we obtain the inequality

2000 (1, )2 dx+ 2 [ 6022 Vu® 2 dudt <
teﬁﬁ‘,?oﬁﬂ/gpm;““ (t,x)) x+3/Lk 082|Vu® |2 dxdt <

/L Zﬁl‘vu(k)|2u(k)§2+2g3§2|u(k)|dxdt+2/ éz(g4+ﬁ3|u|)|u(k)|d5
k

+2/ a(u®2(|veR +lal) dxdt+/ u® (19, x))2 dx.  (35)
We have that (g4 + B3|u|) < (ga + B3M) = 4. Arguing as before (see the construction

of the function p;1), we can construct a function p, such that py; — Ap, = 0, av 2|5 = §a.
In this case, we derive the equality

A |u Czdxdt+/ Vo,V |u gzdxdt:/ 5:2u®) ds
/Q(m) P2l Q" P2V I sn0m o

which ensures the inequality

dS< A 2 2|V v
/snmp,ﬂ“g“ﬁs'“') /|Pz|<§ 1 ®)] 12|V p, [ VE[2]u®) |+

V0, |22|Vu®)| dxdt < s/Lk &2|Vu® 2 dxd + c(e /Lk O RIVER + (|Apa| + [V pa|?)E2 ducdt.
The Holder inequality yields
c(e) /Lk(|Apzl + Voo )2 dxdt < o | gdxdn) 7.
So we can write out the estimate

2 ®ds < 2Vu® 2 dxdt
Sy E s BaluD a1 ds < e [ &219ul)P et

s)/ |u(k)\2|V§|2dxdt+c1(s)(/ cdxdt)/?. (36)
Ly Ly
Similarly, we infer
/ 2g3§2u<">dxdt§cz<M)</ ¢ dxdt)!/V' (37)
Ly Ly

Using (36), (37), and choosing small ¢, we can rewrite (35) in the form

max /B GCZ(u(k))zdx+1/ 5082 Vu® 2 dxdt < / 261 |Vu® Pu® @ dxdt
o0

t€to,to+T]

+c3/L er(u®) (|V§|2+§’|§t\)dxdt+c4/ & dxdt)/V +/ 2™ (1, %)) dx. (38)
k
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In what follows, we assume that k > max,cq(p,r)nc #(t, x) — 6, where & = 59/ (12f1).
This assumption proves that

max / Cz(u(k))zder}/ 5022 Vul® 2 dxdt <
te[to,to+7] /BoNG 6 /L,

+o3 / cr (u®)2(|VER + &|&]) dadt + c4</ Edxdt)! /7 + & (u® (ty, x))? dx.
Ly Ly B,NG
where k > max,cq(,r)ng U(t, x) — 6, k > maxycg(pr)ng to(x). Similar inequality is de-
rived for the function (—u)®). The conditions of Theorem 8.2 of Ch. 2 (see Remark 8.1 after
this theorem) in [1] are fulfilled and, thus, the theorem is proven. O

Lemma 2. Let the condition (15)—(17) be fulfilled. If u € W;l’zsl(S) (s1 = 1—-1/2p) and
1l Lo (s) = M, then there exists e > O such that

190t x,) o ) < 1 (M) + 2 (M)l 22 (39)

(s)
Ifue W;’Z(Q) and ||u||;_ sy = M, then there exists ¢ > 0 such that
12

ot gy < <olilags) gz g + (M) g g 1 € W), (40)
foralli,j.
Proof. The proof of the estimate (39) is essentially simpler than that of (40). It relies on
the equality

1
¢t x,01) — @(t,x,02) = /O Po(t,x, 02+ E(v1 — v2)) dE (01 — 02).

Hence, we proceed with the proof of (40). We employ the definition of the norm [20]
(Subsect. 4.4.1), [21]. The norm in W;?*%(S) is defined with the use of partition of unity
and straightening of the boundary I'. As a result, we can prove the estimate in the simplest
case of S = (0,00) x I, T =R"1, Q = (0,00) x R", R" = {x € R": x, > 0}. The norm
in this case is defined by the equality (see [20] (Sect. 4.4.2))

o 1
p — p P
||U(t, x)HW;O'ZSO(S) - ||U||LP(S) +~/O |T|1+50p HAT,I‘UHLP(S) dt+

1
/Ih\<5 Tz 18l 5) @0 = 1211, 5) + 1 (Bes) + T3 (A0), 6 >0, (41)

where Ao = v(t+ 1,x) —v(t,x), Ay v = v(t,x +h) —v(t,x). Consider the second
summand with v = a;;(t, x, u)uy; assuming that this function is compactly supported.
We have the equality Artv = a;i(t + T, x,u(t + T, x)) Mgy + (a;(t + T, x,u(t + 7,x)) —
aij(t+ 7, x,u(t, x)) )ux; (£, x) + (a;(t + 7,0, u(t, x)) — a;(t, x,u(t, x)) )ux; (t,x) = [ + b + L.
The triangle inequality implies that

Ji(Bepajjux;) < Ji(h) + Ji(l2) + J1(13).

Estimate every summand. We have (see Corollary 1.3 in [25])
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Ji(h) < llagi(t + 7%, u(t + ) | os) e o 0,002, () <

collaij(t + 7, 2, u(t +7,2)) Ly s) lull 12 ) (42)

Next the Holder inequality yields

Ji(ls) < T((a(t + T, x,u(t, x)) — a;(t, x, u(t, x)) Jux; (£, x)||) <

(h

1

”aij(t/ X, u) H B;g’;so(S;C([fM,M])) Hux]' H Lq5p/(

1/p
P P
WH il @ @i+ Tx ) =t ] s ) dT) =

Losp/tas—»

5) < cr(M)]Jux | 5) <

qs—m( qsp/(qsfp)(

C2(M)||”||p V/24e/ 241 /2004 e 1 /0y = H””p eyp2ey, s 4 =145p/ (95— p), (43)
Wosr ) as—n) P Q) w, 177(Q)
wheree; >0,2¢01 <1—-1/p—(n+1)/g5—¢,0<e<1—-1/p— (n+1)/q5~andwe~em—
ploy Corollary 1.3 in [25] and the embedding W;fsl’zfzgl (Q) cC W;S/;/t;gi;/zq'lﬂﬂ/q(Q)
(Corollary 5.6.4 of Ch. 7 in [21]). The constant e can be chosen to be arbitrarily small.
Estimate the summand J;(I;). We use here the inequality of the Gagliardo-Nirenberg type

(Theorem 5.7.1 of Ch. 7 in [21])

”””Bf}{fﬂg) =< CH”HZ%M [u ||1<0/250 (44)
where§ — (n+2)/q=(1—-0)50+0(51 — (n+2)/p), (§—350)/(51 —50) <0 <1, —c0 <
Sp <8< <o00,1<¢g,p <000 >0.Since the function a;j meets the Lipschitz condition
in the variable u, we infer

Ji(l2) < e(M)Ji(|Acu(t,x) | (8, 2)]) < e(M) [ N[y s) 1l oo~ (6 <
qp/(q—p).p

€1 (M)Huxjqu(1+1/q+s)/2,1+1/q+c(Q ||”|| ;gz; ;))/ZqPH/ZZsqu P)/qP+€(Q)/ (45)
where ¢ > 0 is a small parameter, we use the Holder inequality, Corollary 1.3 in [25],
and the embedding B;jf C B; , valid for every e > 0 and p € [1,0]. To estimate the
factors in (45), we use (44). Take 5 =1+ 1/g + ¢, §p = 3¢ < a1 (see Theorem 5), 57 =2 —¢,
6 = 1/2. We can conclude that

1/2 1/
||Mx,||Wq1/2+1/2q+e/2,1+1/q+s( o= CH“HVél /22 H %% B0/ (46)

2’(7’51;)1), and, thereby, 1 + % +e— ”T“ 2 +3(2—e— (n+2)/p. The parame-

ters g, 5, 5y are chosen so that we can apply (44) to obtaln (46). Now take§ =1—-1/2g9 =
so+ (g —p)/pq, 50 = 2¢, 51 = 2 — e. For this choice of g, it follows from (44) that

where g =

1/2 1/
||MHqu;;(—q{/;;a+s/z,1—1/q+s(Q) < CHM||W1 22y I 5% B9/2% ) (47)

where 1 —1/g— (n+2)(1/p—1/q) = 5/2+ (2—¢e— (n+2)/p)/2. In this case the
inequality (45) can be written in the form

Ji(l) < C(M)HuHW;*s/Z,Z—S(Q)- (43)
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The estimate of the expression J} (Ay, ,v) is proven by analogy. [

Remark 3. If p > n + 2 then it is possible to replace the conditions (15)—(17) with more natu-
ral conditions

aijx; € Ly(Q;C([-R,R))), ajju € Lo(Q;C([-R,R])) VR >0, i,j =1,2,...,n,  (49)

aij, P € WZO’ZSO(S;C([—R, R])), ¥u € Ly, (S;C([-R,R])), qa >n+1. (50)

In this case we can take q3 = g5 = p.

Theorem 6. Assume that u € W;’Z(Q) (p > (n+2)/2) is a solution to the problem (1), (2) or
the problem (1), (3), and the conditions (12)—(14), (15)—(17) hold. Then there exists a constant
My > 0 depending on the constants M, M in Theorems 3-5 such that

||uHW;,2(Q) < M,. (51)
Proof. We present the proof in the case of the problem (1), (3). The problem (1), (2) is simpler
and the arguments are the same. Let N € Nand h = T/N. Construct a finite covering
of I' by balls By, (x;) of radius h, the parameter h is chosen below. Let us build it up to a
covering of G. Next, we can construct the covering of Q by domains of the form Qy; = ((k —
5/4)h, (k+1/4)h) x By,(x;) (k =1,2,...,N). Construct also the corresponding partition of
unity on Q: ¢ € C°(Qg). Without loss of generality we assume that Y ;.. cr ¢xi (£, x) =1
forall x € T, t € [0, T]. Since the function u satisfies the estimate from Theorem 6 and the
functions ajj are continuous in all variables, for every ¢ > 0, there exists h = T/N > 0
such that [a;;(t, x, u(t,x)) — a;;(kh, x;,u(kh, x;))| < e forall (t,x) € Qg and all i,j, where
the constant i depends on M; but it is independent of the function u itself. Consider the
family of problems

n
Mo = U — Z [ll‘]’(kh, xl,ukl)vx].xi = f, Uy = u(kh, x,), (52)
ij=1
0li=0 = vo, v|s =g(t,x), (53)
or "
V|i=0 = U, Z Llij(k]’l, X1, ukl)vxjvi|5 = g(t, x), (54)
=1

where uy; € [—M,M] is a collection of constants and M is the constant defined in
Theorems 3 and 4. We suppose that

v € Wy 2P(G), g e W™, £ e 1,(Q), Tec? (55)

where ky = 51 in the case of the Dirichlet boundary condition and ky = sy otherwise.
Applying Theorem 1 we can say that there exist unique solutions to the problems (52), (53)
and (52), (54) and the estimates

lollwyz(q) < Collluollyz-2/v gy + 111z, @) + 118lly20 ) (56)
hold, where, without loss of generality, we can assume that Cy is independent of k, I.

Multiply Equation (1) and the boundary conditions (3) by ¢y;. The function w = ugy; is a
solution to the problem
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n n

Mw = w; — Y a;i(t, x, w)wyp, + by = 0, by = —@ra (Y (@gjxhr; + jju it ) —

i,j=1 ij=1

n n n
b(x,t,u, Vu))+ Y Ajjlx; Prlx; + Y Ajjthx; Prix; + Y iU Prixyx; (57)
ij=1 ij=1 i=1

n n
Y aij(t x u)wevi — ) ay(t,x, u)uguyvi + guyp(t,x,u) = 0, w(0,x) = gguo.  (58)
=1 i1

Rewrite this problem in the form

n n
Mw=w;— ) aij(kh, xp, u(kh, x1) )wx;x, = — Y (aij(kh, x;, u(kh, x;))—
ij=1 ij=1

aij(t, X, u(t, X)) Wx;x;) — by = fu, w(0,%) = guo.  (59)

n n

Z a;;(kh, x;, u(kh, xl))wxjvi = Z (ajj(kh, x;, u(kh, x;)) — aj;(t, x,u(t,x)))wx].vi—l—
ij=1 ij=1
n
Y aij(t, x, ult,x))ugrvi — pup(t, x,u) = §u, w(0,x) = puuo. (60)
i=1

The estimate (56) yields
leolly2iq) < C0(||¢kl”0||w§‘2/P(c) + | fuall, ) + H§||W;o/2s()(5))- (61)

Estimate every summand on the right-hand side. We have that

n
1Y (aij(kh, 2, u(h, x1)) = aij(t,x,u(t, ) w1, 0) < CO(P)€||WHW;,2(Q)- (62)
=1

Lemma 1.21 in [25] and the conditions on the data imply that

n n n n
ok Y ity — Y, Qijth Pra; — Y, Qi Pri; — ), AijhPrinix11,(Q) <
= = = =

CHuHW;fa,zfm(Q), (63)

where ¢ € (0,1) is a parameter defined in embedding theorems. Next, we have

n
o1t 1 s+ b0t S ) < el Tl 0+ ol o 69

We can assume that a; < 2/(n + 2); otherwise, we assign a; = 2/(n + 2). Next,
we use the inequality (Lemma 1.14 in [25] or Corollary 5.7.3 of Ch. 7 in [21])

1/2 1/2 1/2
IVl @) < VI, g} 2 ) < M)l 2y

Integrating (64) in t and using (63), we conclude that

n
| @i ( Z jju b Ux; + b(x,t, u,Vu))HLp(Q) < Cl||u||L,,(O,T;W272“1 + 0. (65)

= 5 Q)
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The above estimates imply that
fuallz, (@) < eco(P)1@llyaz gy + e (M, My)llull o220 (66)
where 07 = min(c, #1). Lemma 2 ensures the inequality
n
| i; aij(t, %, (6, )i Vi = @ighp (X1 [ 20 ) <
es(M) + co (M1 s -205) < e (M) + 7l 1-c02-20 g (67)
with g9 > 0-a constant. Moreover, Lemma 2 guarantees the estimate
n
| i};(ﬂij(kh/ x, u(kh, xp)) — aj;(t, x,u(trx)))wijiHW;ozm(s) <
crelwllygz g+ r(MDlwl a2 g (68)

where 0 > 0 is a constant. Thus, the estimates (67) and (68) validate the inequality
1500020 < coelllyga g + es (M, M) ]2z o + oM, M), (69
where 03 > 0 is a constant. In view of (61), (66), (69), we derive that
ol ) < (colp) +e1)Coclllypz g + 65 (M, M)l 1-ei2-2a o + Cro(M, M), (70

where 04 > 0 is a constant. Choose ¢ < 1/(2Cy(co(p) + ¢1)) and find the corresponding
parameter /2 > 0. We obtain that

HZUHW;Z(Q) < 2¢9 (M, Ml) ||u||W;44,272¢74 Q) + 2C10(M, Ml). (71)
Write out the estimate for a function u
lullyyr2gy < ;, lpaulliaig) = enllully-az ) + c12(M, My), (72)

where the constant Cj; depends on M, M; and the corresponding norms of the data,
oy € (0,1). Next, we employ the interpolation inequality (Theorem 1.21 in [25] or [21]).

0 1-9 —1-
HM||W;—(74,2—204(Q) < Cl3||u”w;r2(Q)””HL,,(Q) < €’|“||W;2(Q) +c14(e), 6 =1—0y.

where ¢ > 0 is an arbitrary constant. Using this inequality in (72) with ¢ = 1/2Cyq,
we establish the claim. [J

Describe the conditions ensuring uniqueness of solutions to our problems: if
p > n+2then, for every R > 0 there exist non-negative functions g1 € Ly (Q), 82 € Lg,(Q)
(96 > (n+2)/2, g7 > n + 2) such that

|b(t, x,u1, 1) — b(t, x,uz, p2)| < (Jug — u2|g1(t, x) + |P1 — P2(g2(t, x),
Viug| +|p1] + [uz| + |p2| < R; (73)
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Ult=0 = Uo,

if p e ((n+1)/2,n+ 2] then, for every R > 0, there are non-negative functions g1, ¢» and
constants «, B € [1,2] such that

|b(t, x,u1, 1) — b(t, x,uz, Pa)| < (Ju1 — uz|g1(t, x) (1 + (|p1] + [2])")+
(4 x) |1 — Pol(1+ (|1] + 12D)P), VIur| + [uz| <R, 1, o €R", (74)

where g1 € Lg(Q), g5 > (n+2)p/((2+a)p —a(n+2)), g2 € Lg(Q), 99 > p(n+
2)/(p(1+B) — B(n+2)).

Expose the consistency conditions. In the case of the problem (1), (2) we require that

8(0,x) = ug(x)|r (75)

and in the case of problem (1), (3) that

n

Y (0, x, uo(x))utox;vi + (0, %, u0)|s = 0, if p > 3. (76)
ij=1

Theorem 7. If the conditions (12)-(15), (75) hold then there exists a solution u € W;’Z(Q)
(p > (n+2)/2) to the problem (1), (2). Under the conditions (12)-(17), (76), p > (n+2)/2,
p # 3, there exists a solution u € W;’Z(Q) to the problem (1), (3). If the conditions (73), (74) are
satisfied then a solution to these problems is defined uniquely.

Proof. To prove existence theorems, we employ the conventional scheme exposed in
Sect. 5, 6 of Ch. 5 in [1]. Consider the collections of problems depending on a parameter
v €[0,1]:

n
Mu = u; — Z A, ((ya(t, x,u) + (1 — 'y)éij)ux].) + 9b(x,t,u,Vu) =0, (77)
ij=1

In the former case the initial-boundary conditions are written in the form

Uli—o = uo, uls = g(t,x), (78)
and in the latter in the form
n n
Z (’)/lli]‘(t, x,u) + (1 — 7)5i]')ux],1/i + ’)’lp(i’, x,u) — (1 — ’)/) Z u()le/j|5 =0. (79)
ij=1 =1

For instance, consider the family (77), (79). As is easily seen, the conditions (13)—(14)
are fulfilled for the functions 4;; = va;;(t, x,u) + (1 — 7)d;; with the same constants and
functions g; and the constant ¢y in (13) is replaced with min(1, dp). The new functions ajj,
P =yp(t,x,u)— (1—1) 27:1 Ugx;Vj also satisfy (15)-(17) and without loss of generality
we can assume that the norms of all functions in these conditions are estimated by the
constants independent of y. Thus, we can assume that the estimate

ez gy < €M, My), v € [0,1], (80)
holds and the constant C(M, M;) is independent of v € [0,1]. Construct a function

Y e W;’Z(Q) such that ¥|;—o = up(x) and make the change of variables u = v+ ¥. In or-
der to construct this function, we can extend u( to the whole R" preserving the class
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(see Sect. 4.2.2, 4.2.3 in [20]) and find a solution to the Cauchy problem ¥; — AY = O,
Y¥|i=o = 1o (see Theorem 5.7 in [27]). We arrive at the problem

n
MOZ) = Ut — Z axi(ﬁi]‘(t' X, 0 +1P)ij)_
ij=1

n
Y 9 (@it x, 0 +¥)¥y,) +b(x, L, 0 +¥, Vo+¥) +¥ =0, (81)
ij=1

n n
im0 =0, Y, @j(t,x, 0 +¥)oy, + ) dj(tx, 0+ )Yy + ¢t x,0+¥)[s =0.  (82)
ij=1 ij=1

Denote by ®(1y, w) a solution to the problem

n n
Mov = v — Y O, (8i(t, x, w +¥)oy,) = Y O (@;i(t, x,w + ¥)¥y;)
ij=1 ij=1

—b(x,t,w+¥, Vo+9¥)—¥ = f(w), v[=0=0, (83)

n n

Y at,x,w +¥)oy, = — Y a(t, X0+ Y)Yy — p(t,x, w0+ ¥)|s = g(w), (84)

ij=1 i,j=1
where w € Hy = {w € W;—eo,Z—st(Q) : w(0,x) = 0} and ¢ is a positive number
less than the minimum of the constants ¢ in (39), (40) and the number 1/2 — (n + 2) /4p.
Under this condition W;fgo’zfzgo(Q) C Wzlrfz’l (see Corollary 5.6.4 of Ch. 7 in [21])
or Theorem 1.22 in [25]). Moreover, we can assume decreasing ¢y if necessary that
W, 0270 (Q) ¢ BRI/ 21re2 /P2 () (Corollary 5.6.4 of Ch. 7 in [21]) and

paa/ (4a—p)p
thus we have the estimate

[0l groresgs2e o) < I B2 22 1 /g 42e ) S Cl””HW;*fo/Z*ZEo Vo € Hy.  (85)

pas/(ag—p)p pas/(a4—p)p Q

Endow the space H; with the norm coinciding with the norm in W;fgo’zfzeo(Q).
If w € Hy then the right-hand sides in (83), (84) belong to L,(Q), W;O’ZSO (S), respectively,
(see Lemma 2 and the proof of Theorem 5). Note that

W21;{2’1 (Q) c C1/27(n+2)/4p,17(n+2)/2p (Q)

7

1/2—-1/4p1—-1/2
u € Wy (Q) = uls € Wy, 7TV (S) € B, (0, T Ly (1) N Ly (0, T BH (). (86)

The embeddings follow from Theorems 2.2.2 of Ch. 7 of [21] and Lemma 3.5 in [24].
By Theorem 1, there exists a unique solution to the problem (83), (84) of the class W;’z (Q).
The following inequality is valid:

n
~ . 1
SolelP < Y ;8¢ < 570|§|2,

ij=1

where 3y = min(dp,61), 1/61 = max(1/6, SUP || <Ry SUP|¢|=1 Z?,j:l ﬁi]-(t, X, w)giéj),
Ro = [|w||¢(q)- In this case, we infer

ol gy = Collluollye-2rv gy + (@)L, @) + 18(@)llys020 ) (87)

where the constant Cy depends on 5o and the norms of djj. Since the embedding
W;’Z(Q) C Wzll{ 21(Q) [21] (Theorem 7.5.2, Ch. 7) is compact, the estimate (87) implies that
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the mapping w — ®(y, w) is compact as well. Demonstrate that it is continuous. Let a
sequence w, € Hj converges to w € Hj in the norm of the space Hy. Consider the sequence
by =b(t,x,w, +¥,V(wy, +¥)). In view of condition (14), we can conclude that

onllzy0) < 1+ allenl?, o)+ IV@all?, ) < (e3 -+ caRe), Ry = max [[wnlls,, (55)

Assign Ry = maxy, ||w, + ‘Y||Cl/g,(Hz)/@,l,(Hz)/zp@). In view of (86), R, < oo.
By Lemma 3.1 of Ch. 2 in [28], there exists a subsequence w;,, such that w, — w,
Vwy, — Vwa.e. in Q. By Theorem 4.9 in [29], choosing one more subsequence if necessary,
we can say that there exists a function ¢ € Ly,(Q) such that |wy, | + [Vwy, | < ¢(t, x) a.e.
In this case by, — b — 0 a.e. and |by, — b|P < 2¢ + C,|p|?” a. e. The Lebesgue dominated
convergence theorem implies that ||b,, — b|| L,(Q — 0ask — oo. Consider the second
function I[(wy,) = Z?,]-:l 0%, (d;(t, x, wy + ¥)¥x;) occurring into f(wy,). We have that

i

n
Hwn) = Y, (@ijx, (%, w0 +¥) ¥ + Fijue (8, X, 00 +F) (Wi + ¥) 5, P,
ij=1

+aij(t, X, wp +¥)¥ax;) = h(wn) + L(wn) + I(wn).

Since the functions 4;; are continuous and ||wy — wl|1/2-(+2)/ap1-(n+2)/2p @ — 0
(see (86)), || I3(wn) — Iz (w) ||L,,(Q) — 0 as n — . Moreover, we have that

n
1, . ~
L(wy) — L(w) =) (E(aiju(t, X, wn +¥) + diju(t, x, w +¥)) (wn — w)x, ¥, +
ij=1

1, . ~
i(aiju(t, X, Wy + ) — a5y (t,x,w +Y)) (wn + w)xi‘Yx],)

This representation ensures the estimate

112(wn) = L(w) 1, (q) < cllV(wn —w)ll,, @ IV¥L,, @+

n
Yol (@iju(t, x, wn +¥) — Aiju (t, x, w0+ 1)) ¥, ”sz(Q) IV (w, +w) ||L2p(Q) — 0asn — oo,
ij=1

where the last summand tends to 0 by the Lebesgue dominated convergence theorem.
At last, we derive that

n
1B (wn) = L)) < € X0 I @ij (8 3, wn +F) = i, (5,0 +¥)) ¥, |1, () <
ij=1

n
C Y Ny (t x, wn +¥) = Gij (8, x, 0+ ) |1, () = Oask — oo
=1

also in view of the Lebesgue dominated convergence theorem. Indeed, ﬁijxl-(t/ X, Wy, +
Y) — iy, (t,x,w+¥)) — Oa.e. in Q. On the other hand, |d;jy, (t, x, wn, +¥) — iy, (£, x,w +
Y)| < 2||@jjx, (t, x, w) || c(|—Rry, R,]) @nd the last function is integrable in view of (49). Finally
we can say that || f(w;, ) — f(w)||Lp(Q) — 0 as k — oco. Now, we study the question of
convergence of the function g(w,) = — E?J:l ﬁij(t, X, Wy + ‘Y)‘I’x]. —y(t,x,w, +¥)|s =
J1(wn) + Ja(wn).

Estimate ||J2(wn,) — ]Z(w)HW;O'ZSO(S)'

It suffices to establish the necessary estimate in the simplest case S = (0,00) x T,
I'=R"1,Q=(0,0)x R, R% = {x € R" : x, > 0} assuming that all functions are
compactly supported. The norm in this case is defined by the equality (41). We have that
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Ac(J2(wn) = Jo(w)) = [(t + T, x,wp (t + T, %) + ¥ (t + T,%)) — P(t, x, Wy, (t + T, %) +
Y(t+1,x)—ypt+t,x,wlt+t,x)+¥E+1,x)+ 9 x,wt+1,x)+¥(E+1T,x)] +
[t x, wy, (t4+7,x) +F(t+7,x)) —p(t, x, wn (t,x) +¥(t,x)) —P(t, x, w(t +7,x) + ¥ (t +
T,%)) +p(t, x,w(t,x) +¥(t,x))] = Lix + Ipx. The expression Ay, (J2(wy, ) — Jo(w)) can be
represented similarly. The triangle inequality yields

| |
/0 |T|1+Sop ||A’rrt<]2(w”k) - ]Z(w)>||€p(s) dT S C(P) (/0 |T|1+50p ||Ilk(T’t’x)||zp(S) dT+

¢
/0 WHI”‘(TJ"C)HKP(S) dT) = c(p) Uik + Jox)-

We have that Ijx — 0ask — cca.e. on S x (0,6) and [I1| < c||Arip(t, x, w)||c([—r,,R,))
and the right-hand side here to the power p with the weight 1/|7|!*50F is integrable.
The Lebesgue dominated converge theorem ensures that /i, — 0 as k — co. Next, we de-
rive that

Li(T, t,x) = /01 Yu(t, x, wy, (t,x) + ¥ (¢, x) +1(wp (t+ 7T, %) —wy, (t,x) +¥(t+7T,0)—
¥ (t,x)))dr(wn, (t+T,x) — wy, (£, x) + ¥ (t+T,x) = F(tx)) — /01 Pu(t, x, w(t,x) +¥(t x)+
r(w(t+7,x) —w(t,x) +¥(t+7,x) =¥t x)))dr(w(t+7,x) —w(t,x) + ¥(t+7,x) — (¢t x)).

This equality can be rewritten in the form

) = 3 [ b0, () (6, 2) (B, () + ¥(6, ) +

Pu(t,x,w(t,x) +¥(t,x) +r(Acs(w(t,x) +¥(t, x))))drAc i (wy, (t,x) —w(t, x))+
1
%/1pu(t,x,wnk(t,x) +¥(t,x) + r(Agi(wn, (t,x) +¥(t,x)))) — Yult,x, w(t,x) + ¥ (t x)

0
+r(Aci(w(t,x) +¥(t x))))drAc i (wn, (£, x) +w(t,x) +2¥(t,x)) =
1 1
5/ (T, t,x,1) drAc 1 (wy, (t,x) — 5/ (T, t,x,7) drAe t (wp, (8, x)+
0 0

w(t,x) +2¥(t,x)) = (L (T, t,2,7) + L (T, 8,2, 7)) drAg p (wny (8, x) — w(t, x))+

N =
O\H

1

1
2/ (t,t,x,7)drAc Quw(t, x) + 2¥ (¢, x)).
0

In view of (85),

[wn, — w50 () < cl|lwn, — w||g, — 0ask — . (89)
pag/ (44—p)p

The Holder inequality implies that

Jok < cllgu(t, x, w)”Lq4 (S:C([=Ra,Ro]) W — W[ o @t

M4/(44 P)P 5

o1 -
[ q 4
1 [ a1 asar)”™ e+ ) dr.

PQ4/(Q4*P)P(S)
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n

The former summand on the right-hand side tend to zero as k — oo in view of (89).
The Lebesgue dominated converge theorem ensures that fol Js | L] % dSdr — 0 as k — oo.
Indeed, |Ip|% < ||wu(t,x, w) Hg‘*([_ Ra,Ra]) and the last function is integrable. Moreover,
forall ¥ € (0,1),7 > 0 and almost all (¢,x) Iy — 0 as k — co. Again, the Lebesgue

dominated convergence theorem and the estimate

1 - p/94
Loy |94 dSdr Ari(w+¥)|P <
(/0 ./s‘ 2% ) Az (w+ )HLm/(wmp(S)*
P p
callpu(t 2, w) ||Lq4(Q;C( [—R2,R2])) |18 (w+ )] Lpgy/ag-ppp(5)

ensures that the second integral tend to 0 as k — co. Thus, J; — 0 as k — co. We have
proven that J,(wy, ) — Jo(w) — 0 as k — oo in W,*(0, T; Ly(T')). Similar arguments prove
that J2(wy,) — J2(w) — 0as k — oo in L,(0, T; W,;°(T)). Finally, [[¢(t, x, ws, +¥) —
Pt x,w +T)Hw;0'250(s)

convergence szzl ﬁij(t, X, Wy + ‘Y)‘I’x]. — Z?J:l ﬁi]'(t, X, w—+ ‘I’)‘ij in the space W;O’ZSO (S).

Denote by v, v the solutions to the problem (83), (84) relating to the w;, w. In this case

— 0 as k — oo. Similar arguments are employed in the proof of the

the difference ¢, = v, — v is a solution to the problem

1 & ~ ~
Mogn = ¢t — 5 Y 0 (i (t, x, W, +F) + a5t x, w + ) Pry,) =
ij=1
1 n
E Z axi((ajj(t,x,Wnk +T) - ﬁl](t,x,w+T))(vnx] + Ux]-)) ‘l’f(u)n) _f(W), (90)
ij=1

The right-hand side can be written as f(wy, ) — f(w).

1. . ~ L
Prli=0=0, ) 5 (@ (%, e + ) + a3t x, 0 +¥)) Py = — Z 5 (@t x, wny + )

ij=1

ij=1
- ﬁij(t/x/w +T))(Unkxj + ij) +g(wn) - g(w) = g(wn) - g(w) 91)

The functions v, meet the estimate (87) and, hence, the norms ||v, ||W1,z( ) are bounded
P

Q
uniformly in 7. In this case the difference @y also satisfies the estimate (87) with the right-

hand side c(|| f(wn,) — f(w)||LP(Q) + [|§(wn, ) — g(w)||w;o,250(s)). As in the proofs of the

convergence f(wy, ) — f(w), g(wy,) — g(w), we can demonstrate that f(w,, ) — f(w),
§(wy,) — g(w). Thus, the convergence w, — w in H; implies that there exists a subse-
quence wy, such that ®(y,w,, ) — ®(y,w). In this case ®(y,w,) — P(y,w) as n — co.
We have proven that the mapping w — (v, w) is continuous and compact, and its conti-
nuity in the parameter 7y € [0, 1] is obvious.

As is easily seen, v is a solution to the problem (83), (84) if and only if v is a fixed point
of the mapping ®(v, w), i.e.,

v =®(y,v). (92)

For v = 0, a solution to the problem (79), (80) exists and v + ¥ = u is a solution to the
problem u; — Au =0, u|;—o = uy, g—z = %. Moreover, we have estimates uniform on the
parameter y. By Theorem 37.6 in [30] Equation (92) has a solution for all y € [0, 1]. Now we
prove the uniqueness of solutions to our problem (1), (3). Let 11, u» be two solutions of the
problem. Subtracting Equation (1) for 11 and up, multiplying the inequality obtained by
v = uy — Uy, and integrating over G, we derive that
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2 1 2
at/G % t3 Y (@it x, uq) + ai(t, x, U2))0x,x, dx = — /r(lp(t, x,u1) — P(t, x,up))odl
ij=1

+/ Z aij(t, x,u1) — a3j(t, x,u2)) (urx; + oy, )0x; — (b(t, x,u1) — b(t, x,u2))vdx  (93)
ij=1

Fix t € (0, T). Integrating from 0 to T < t and using the conditions on the coefficients,
we arrive at the inequality

2 T T
L5 @maxt [ [ alvo@ v < [ 1@ xm) - 9@ x )l ardg
e [ L1900+ ) ol Vo + | (6(& % 1) — b(E x,2))o] dGE <
[ 1@ )~ 9@ el arac
t
or [ 19+ w0l Vol + (0(6, %1, Tinr) = b(E, %, 2, Viuz) ol dGdZ. (94

Taking the maximum in T on the left-hand side, we conclude that

2
max/ @dﬁ/of/c(sowvﬁdxdég/Ot/rwl,(g,x,ul)_¢(g,x,u2))v|drdg

Tel0,t] JG
t
+c1/0 /G|V(u1+u2)||v||Vv|+|(b(§,x,u1,Vu1)—b(é‘,x,uz,Vuz))vMGdC. (95)

Estimate every summand on the right-hand side. Let R = [[u1]c(s) + [[u2llcs)
We have

t t
[ [ 16w ) 9@ a)yolarde = [ [| [ (e xm + stz — ) ds|jolardg
0T 0T

t
2
< [I9@x )y e el ) 46 96)
0

The embedding theorems [25] (Lemma 1.14) and the trace theorems [25] (Lemma 1.9)
validate the estimate

i ol ©7)
L

< C2||v||wl(G 2(G ’

012, 1y < cllolgr) < 101genrz g,
4

where s = (n — 1) /2q4. Note that s +-1/2 < 1. In this case the inequality (24) yields

[lv < £||U|| o ¢ (¢) ||v||2 - This inequality and (96) imply that

I, ) <

t t
| /r|<zp<a,x,u1>—¢<c,x,uz>>v\drd@:s£ | 1901 ) 2 + c@HRIE o1y OB

Estimate the second summand in (95). The Holder inequality ensures that

t t
|19+ u)lol| Vol dxdg < [ 119G +12)l1,(6) IV 0l13(6) 1911, o () 46 ©9)
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Choose q = np/(n+2 — p). In this case (see Theorem 4.10.2 of Ch. Il in [15] or Theo-
rem 1.23 in [25]) ||V (u1 + u2) |1, () < cl|V (u1 + Mz)(‘f/x))HW;—Z/p(G) <l + ”2HW;,2(Q)-

As before,

2(1— s)

19115, (6) < €015y ) 013Gy s = n/g < 1.

In accord with (99), (24), we infer
[ 19+ w)lel Vol ax < ¢z [ Vol ol )46 <
2
s./0 V2113, 6,48+ c©)H012 010y (100)

where ¢ > 0 is arbitrary. Now take p > n + 2. The condition (73) implies that

/Ot /G |(b(¢, x,u1, V) — b(&, x,uz, Vuy))v| dGdE <
t
| [&1@ 0P +g2(& ) Vollol dxdz. (101

For the former summand we have the estimate

t t t
2 2 2s
) Lseraz < [Nl @lolt,, c @ < [l olole ol 4 <
t
e [ 19013, 0 48 + @01 010 (c(©) [ Iall/ sy de+ er), s = /206, (102)

where we employ the equality Hsz = ||Vv|| 6T ||v||2 - Note that1/(1 —s) < ge.

1/15
Lge (G)

integral fo Jc &2(&,x)|Vo||v| dxdg is estimated similarly. We have

In view of the absolute continuity of the 1ntegra1 fo llg1]] d{f — 0ast — 0. The

| [ sa@xivelladc < [ lgale, o 1Voll@ ol ., 04 <
/ g2l @ llellys ||v||L2<G a < ¢ / IVol2, ) 4+
101 sy €(€) [ Il 155 a8 +-e8), 5 = n/gp. (109)

Note that 2/(1 —s) < gy. In this case, the relations (98), (100), (101), (102), (103) and
(95), ensure the estimate

vz(r,x) : 2 t 2 2
T%%ﬁ}c/ ; dx+b//G(50Vv| dxd§§4eb/|Vv||L2(G) 4 -+ c(©)l[ol2_ g 1, (G @(0), (104)

where ¢(t) is a continuous function such that ¢(0) = 0. Choose ¢ so that 4¢ < dy/2 and ¢
sothatc(e)@(t) < 1/4for t < ty. In this case the inequality (104) implies that v(t, x) = 0 for
t < ty. Repeating the arguments for t > tj, we obtain that v = 0 on some segment [t¢, f1],

and so on. It is easy to see that the length of the segments [t;_1, t;] does not tend to 0 since
it depends on the properties of the functions g; and constants arising in the inequalities
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are really constants from the embedding theorems and interpolaltion inequalities. Proceed
with the case of p € ((n +2)/2,n+ 2]. In this case we have an estimate

t
10 %0, Vi) = bG&, .2, Vi) ol 4G <
t
| 8192+ (Vi + Vua])®) + gaf 9ol o] (1 + (V| + Voua)P) . (105)
The summands of the form fot [ 19 + §2| V| |v| dxd¢ have been already estimated.
Estimate the expressions fot Jo §192(|Vu| + Vua|)* + 2| Vol [o|(|Vur | + Vuo|)P dxdg.
As in the proof of (102), we have
t o ot
b= [ [ 8103 Vu|+ Vual)*dwdg < e [ Vol g de+

[0l o ptatcy () [ ([ Fm] + [Vl dg +-), s = n/20, (106)

where g = qgnp/(np +aqg(n+2—p)) < gg for p < n+2. For p = n+ 2, we take
nqg/2(qs —1) > q < qg. Let p < n + 2. The Holder inequality yields

[ sV + 19150 de < [l o N+ Vil e <

zwq /(ag—q

[ sl e ae o

where aqqs/(qs — q) = np/(n +2 — p) and, thereby, max; ||| Vuy| + |Vuy] HLW 50 (G) <

c(|]u1||W;,z(Q) + H”zHW;’Z(Q ). Let p = n + 2. Again, we have that

[V + 19150 de < [l o NIl + Vil e <

wqqg/ (95—1q

¢ [l ) de. os)

We have used the fact that, for p = n +2, Vu € C([0, T]; L;(G)) for every g > 1. The
condition of the parameter gg in (74) ensures the inequality 1/(1 —s) < gs. As before,
we infer

t t
| [ 2ol Vol Vi + Vual)?) dxde < e [ Vo), g de+
2 ! B2/ (1-s)
HUHLOO(O,t;Lz(G)(C(s)/O g2V +[Vua] )Pl ()" 46 +et), s =n/q, (109)

where q = qonp/(np + Bgo(n +2 —p)) for p < n+2and g € (nq9/(q9 —1),q9) for
p = n+ 2. Let us consider the case of p < 1n 4 2. We can conclude that

2/1
/ lg2(1 V] +Vu)P |17 (G de <

L 1w+ 1Vl 00 e < [l (g a, a0

/(49 "7

where Bqq9/(q9 —q) = np/(n+ 2 — p) and, thus, the quantity

max |[Var| + Vol |1,

oriao-(© = Uz o) + l2llyz o))
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is finite. The same estimate holds for p = n + 2. We have used the embeddings
Wi?(Q) € ([0, T;; Wy */7(G)) and Wy '"(G) € Wy (G) (see Theorem 4.10.2
of Ch. IlI in [15] and Sect. 4.6.2 in [21]). The conditions on g9 in (74) ensure the inequality
2/(1 —s) < go. The inequalities (106)-(110) imply that the inequality of the form (104)
holds which ensures the uniqueness of solutions. The proofs in the case of the prob-
lem (1), (2) are much simpler and the sequence of arguments is the same. So we omit the

proofs in this case. O

Remark 4. The conditions (9), (10), (15)—(17) on the coefficients of the operator and the coefficients
of the boundary operators are analogs to those arising in the linear case (in this case the boundary
condition (3) has the form Bu = gTL\lI + ¢(t, x)uls = g(t, x)) (see [22-26,31]). In the linear
case they are optimal and ensure that the function Mu belongs to the class L,(Q) and Bu to
the class W,S,O’250 (S) in the case of the boundary condition (3) or W;l’zs 1(S) otherwise, whenever
u e W;’Z(Q). At the same time, it is proven in [22] (Theorem 3.4) that a solution to the linear
problem from the class u € W,l,'z(Q) exists if and only if uy € W;fZ/p(G),g € W;O’ZSO(S) in the
case of the problem (1), (3) and ug € W;—Z/ P(G),g € Wf,l’zsl (S), otherwise. The conditions (9),
(10), (15)—(17) can be slightly weakened and generalized if we employ anisotropic Sobolev—Besov or
Lizorkin—Triebel spaces (see [22,24,31]). Note the exponent sy, s1 in (15)=(17) cannot be decreased
in any case. We did not find analogs of the conditions (9), (10), (15)-(17) in the nonlinear case
in the literature.

State the results on the local solvability of the problems (1), (2) and (1), (3). We present
some new condition on the data. Let m < up(x) < Mj in G and there exists a constant
mg > 0 such that the functions a;j(t, x, u) are continuous in Q x (—co, c0) and

aiipiP; > 50|ﬁ|2 Vg = (pl,.. .,pn) eERY, (t,x) € Q, —mog+m <u< My+my, (111)

where §) = const > 0. Let Ry = [|Vug||¢g)- Denote Br = {(u, ) : [u| + || < R}. The
function b(t, x, u, p) satisfies the Caratheodory condition and

b e Ly,(Q;C(Br)) VR > 0. (112)

Theorem 8. Let the conditions (15), (111), (112) hold and p > n + 2. Then there exists 19 > 0
such that there exists a solution u € W;’Z(QTO) to the problem (1), (2). If the conditions (15)—
(17), (111), (112) hold and p > n + 2 then there exists Ty > 0 such that there exists a solution
u e W;’Z(QTO) to the problem (1), (3). If additionally the condition (73) holds then a solution is
defined uniquely.

Proof. Denote R = ||Vu0|\c(5). Construct functions ¢, such that ¢(u) = u for
u € [—mo+ m,My+ mo|, p(u) = Mo+ mg for u > My + my, ¢(u) = —my+ m for
u>—mg+m, P(p) = p for |f| < 2R, p(p) = 0 for |#| > 3R, p € C}(R"). Define the func-
tion b(t, x,u, ) = b(t,x, p(u), P(p)). Consider the problem (1), (2) or the problem (1), (3),
where the function b(t, x, u, p) is replaced with b(t,x,u, p). As is easily seen, the conditions
of Theorem 7 are fufilled. In this case there exists a solution u € W;’Z(Q) to the problem
(1), (2) or, respectively, to the problem (1), (3). Since W;’Z(Q) c Cl-(n+2)/2p2-(n+2)/p (),
there exists 79 > 0 such that u(t,x) € [—mg +m, My + mg], Vu(t,x) € Byr in Q. Then
¢(u) = u, (Vu) = Vu in Q. Hence, the function u is a solution to the problem (1), (2)
or, respectively, (1), (3) in Q. O
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Remark 5. The results can be easily generalized to equations in non-divergence form and the
following more general parabolic problems:

n
Mu =u; — Y_ 0y, Ai(t,x,u,Vu) +b(x, t,u, Vu) = 0, (113)
i=1
either
Uly—o = ug, uls = g(t,x), (114)
or i
Ju ou
Ll|t:0 = Uy, =—+ 1/)(t,x,u)|5 =0, — = ZAZ‘V,'. (115)
oN oN &

Moreover, it is not so difficult to add the coefficient c(t, x, u) in front of the derivative u; in
the equation. To some extent, the results can be generalized also to degenerate parabolic equations,
i.e., to equations with non-uniform ellipticity.

4. Discussion

We examine quasilinear parabolic problems under sharp conditions on the data en-
suring the existence and uniqueness of solutions in Sobolev classes. The proof relies on
estimates resulting from the maximum principle and the Holder estimates of the solu-
tion. In contrast to the results of [1,2], to prove maximum estimates for a solution, we
use a different approach, with allows easily prove maximum estimates in the case of the
boundary condition (3) for generalized solutions which are absent in [1,2]. Next, to obtain
estimates for higher-order derivatives in L,, we employ the method of frozen coefficients.
The main tool is the Holder estimates of a solution and the corresponding results for a
linear problems. Next, the problem is reduced to a problem of finding a fixed point of some
compact continuous operator whose solvability is proven by the method of continuation
in a parameter, beginning with a linear model problem. The corresponding Krasnosel'sky
theorem is applied. Despite the presence of a priori estimate, the proof is rather complicated
and the difficulties are connected with the proof of continuity of the corresponding compact
operator. The approach can be easily applied to some more general parabolic problems (see
Remark 5). The local existence theorem is also presented. The conditions on the coefficient
of the operator and the functions occurring into the boundary conditions (3) are minimal
and agree with those in the linear case. They are stated in terms of the Sobolev—-Besov spaces
in contrast to many other articles. The smoothness exponents s, s (see (15)—(17)) cannot
be decreased. The results can be used in: establishing solvability results for a large class of
inverse parabolic problems; establishing the existence and uniqueness of solutions under
perturbations; and providing constructive approximation methods via iterative techniques.
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