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Abstract

A variable selection method is put forward for multivariate linear regression models which
obey normality. This method hinges on minimizing a generalized Cp (GCp) criterion
which is defined by adding a positive constant value (the product of α and the number of
parameters in the mean structure) to the minimum value of the multivariate residual sum
of squares. The paper seeks to clarify the sufficient condition for α to simultaneously satisfy
asymptotically loss- and mean-efficient properties in an asymptotic framework such that
the sample size always goes to ∞, but the dimension of the vector of response variables
can be either fixed or infinite. Based on this, we propose an asymptotically loss- and
mean-efficient GCp criterion by using α, which satisfies the obtained sufficient condition
even with high dimensionality of the vector of response variables.
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selection probability; variable selection
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1. Introduction
The multivariate linear regression model is central to theoretical and applied inferential

analysis. This model is introduced in many statistical textbooks (see, e.g., chap. 9 [1];
chap. 4 [2]) and is widely used in chemometrics, engineering, econometrics, psychometrics,
and many other fields for the prediction of response variables to a set of explanatory
variables (see, e.g., [3–6]). Numerous practical guides for applying this model are also
available, such as [7,8]. Let Y = (y1, . . . .yn)⊤ be an n × p matrix of p response variables,
and let X = (x1, . . . , xn)⊤ be an n × k matrix of non-stochastic k explanatory variables,
where n is the sample size. To ensure both the possibility of estimating the model and the
existence of variable selection criteria, we assume that rank(X) = k (< n) and n − p −
k − 1 > 0. Let j denote a subset of ω = {1, . . . , k} containing k j elements and Xj denote
the n × k j matrix consisting of the columns of X indexed by the elements of j, where kA

denotes the number of elements of a set A, i.e., kA = #(A). For example, if j = {1, 2, 4},
then Xj consists of the first, second, and fourth columns of X. For convenience, elements
of j are arranged in ascending order. We then consider the following multivariate linear
regression model with k j explanatory variables as the candidate model:
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Y ∼ Nn×p(XjΘj, Σj ⊗ In), (1)

where Θj is a k j × p unknown matrix of regression coefficients, and Σj is a p × p unknown
covariance matrix with rank(Σj) = p. We identify the candidate model by set j and denote
the candidate model in (1) as model j. Importantly, the model with Xω (namely, X) is called
the full model. We will assume that the data are generated from the following true model:

Y ∼ Nn×p(Xj∗Θ∗, Σ∗ ⊗ In), (2)

where j∗ is a set of integers indicating the subset of explanatory variables in the true model,
Θ∗ is a k j∗ × p matrix of true regression coefficients, and Σ∗ is a p × p true covariance
matrix with rank(Σ∗) = p. We denote the model in (2) as the true model j∗. Henceforth,
for expository purposes, we simply represent Xj∗ and k j∗ as X∗ and k∗, respectively.

In what follows, we focus on a variable selection method by minimizing a generalized
Cp (GCp) criterion, when p may be large but still smaller than n. The GCp criterion is defined
by adding a positive constant value to the minimum value of the multivariate residual sum
of squares. This positive value is the product of α and the number of parameters in the
mean structure, where α expresses a penalty for the complexity of the candidate model. The
GCp criterion in univariate and multivariate linear regression model contexts was proposed
by Atkinson [9] and Nagai et al. [10], respectively. The family of GCp criteria contains
many widely known variable selection criteria, e.g., the Mallows Cp criterion proposed
by Sparks et al. [11] (the original Cp was proposed by Mallows [12], within the univariate
linear regression model, and Mallows [13] further discussed its interpretation in terms of
prediction error and model selection) and the modified Cp (MCp) criterion proposed by
Fujikoshi and Satoh [14], which is a completely bias-corrected version of the Cp criterion.
Given that our focus is on multivariate linear regression models where the dimension p
may be large, the following asymptotic framework is used for assessing the asymptotic
property of the variable-selection method:

n → ∞ and p/n → c0 ∈ [0, 1). (3)

For simplicity, we will use “n → ∞, p/n → c0” to refer to this asymptotic framework.
It should be emphasized that we are not concerned whether p goes to ∞ or not in this
asymptotic framework. If p increases, the columns of Θ∗ and the rows and columns of Σ∗
increase, so it is necessary to clarify how true parameters increase. We assume that as p
increases by 1, a new column is added to the right of the current Θ∗, and a new column
and row are added to the right of and the bottom of the current Σ∗, respectively.

There are two important properties of variable selection criteria. One is a consistency
property whereby the selection probability of the true model by a variable selection criterion
converges to 1 asymptotically. The second is an efficiency property which can be divided
into two sub-properties. The first is asymptotic loss efficiency whereby the ratio of the
minimum loss function to the loss function of the model selected by a variable selection
criterion goes to 1 asymptotically. The second is asymptotic mean efficiency whereby the
ratio of the minimum expected loss function to the expected loss function of the model
selected by a variable selection criterion goes to 1 asymptotically (see, e.g., [15–17]).

Yanagihara [18] clarified the sufficient condition for α in the GCp criterion to satisfy
a consistency property under the asymptotic framework in (3) and proposed the high-
dimensionality-adjusted consistent GCp (HCGCp) by using the sufficient condition. An aim
of this paper is to derive the sufficient condition for α in the GCp criterion to simultaneously
satisfy loss and mean efficiency properties under the asymptotic framework in (3). We
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also propose the asymptotically loss- and mean-efficient GCp criterion by using α, which
satisfies the obtained sufficient condition even with high dimensionality of the vector of
response variables. In our setting, the true model is included in the set of all possible
candidate models. For asymptotic loss and mean efficiency for settings different from ours,
the true model is not included in the set of candidate models; see [19].

It has been widely recognized that the Akaike information criterion (AIC) [20] is not
consistent, whereas the Bayesian information criterion (BIC) [21] is consistent for model
selection (see, e.g., [22]). However, Yanagihara et al. [23] showed that, in variable selection
for multivariate regression models, the consistency properties may be reversed when
p → ∞, that is, AIC can become consistent while BIC becomes inconsistent. A similar
phenomenon was also reported by Fujikoshi et al. [24], which appeared earlier due to
differences in the publication process. Such a reversal has also been reported for Cp-type
criteria. Fujikoshi et al. [24] showed that the Cp criterion, which is inconsistent under the
ordinary asymptotic framework in which only n → ∞, becomes consistent when p → ∞
provided that c0 < 0.5. On the other hand, the BIC-type Cp (BCp) criterion, which is the
GCp criterion with α = log n, is consistent under the ordinary asymptotic framework. In the
univariate case, this follows directly from the results of Rao and Wu [25] and Bai et al. [26].
In contrast to the Cp criterion, Yanagihara [18] showed that the BCp criterion may become
inconsistent when p → ∞. These examples demonstrate that reexamining existing model
selection criteria with p → ∞ may lead to new insights that differ substantially from those
obtained under the ordinary asymptotic framework.

The remainder of the paper is organized as follows. In Section 2, we present the
necessary notation and assumptions for assessing the loss- and mean-efficient properties
of the GCp criterion in model j (1). The main results are shown in Section 3. In Section 4,
we present the results of numerical experiments and compare the variable selection per-
formance of the proposed criterion with those of existing four variable selection criteria,
i.e., Cp, MCp, BCp and HCGCp criteria. Technical details are provided in the Appendix A.

2. Formulation of Loss- and Mean-Efficient Properties
First, we describe several classes of j which express subsets of X in the candidate

model. Let J be a set of all possible candidate models denoted by J = ℘(ω), where ℘(A)

is the powerset of set A. We assume the following regarding J :

A1. The true model is included in the set of candidate models, i.e., j∗ ∈ J .

Moreover, we separate J into two sets, one a set of overspecified models wherein the
explanatory variables contain all the explanatory variables of the true model j∗ in (2) and
the other a set of underspecified models, i.e.,

J+ = {j ∈ J |j∗ ⊆ j}, J− = J c
+ ∩ J , (4)

where Ac denotes the complement of a set A. We use the terminology “overspecified model”
and “underspecified model” in the same sense as [14].

Let Sj be the unbiased estimator of Σj in model j (1), i.e.,

Sj =
1

n − k
Y⊤(In − Pj)Y , (5)

https://doi.org/10.3390/math14142575

https://doi.org/10.3390/math14142575


Mathematics 2026, 14, 2575 4 of 26

where Pj is the projection matrix to the subspace spanned by the columns of Xj, i.e., Pj =

Xj(X⊤
j Xj)

−1X⊤
j . Let d(A, B) and d̂(A, B) be the squared Mahalanobis’ distances between

two n × p matrices A and B as

d(A, B) = tr
{
(A − B)Σ−1

∗ (A − B)⊤
}
= ∥Σ−1/2

∗ (A − B)∥2,

d̂(A, B) = tr
{
(A − B)S−1

ω (A − B)⊤
}
= ∥S−1/2

ω (A − B)∥2.

The matrix of regression coefficients Θj in model j (1) is estimated using the least squares
approach; i.e., Θj is estimated by minimizing the multivariate RSS and then the estimator
of Θj is given by

Θ̂j = (X⊤
j Xj)

−1X⊤
j Y = arg min

Θj∈M(kj ,p)
d̂(Y , XjΘj),

where M(k, p) denotes a set of k × p real matrices.
Let a p × p noncentrality matrix be denoted by

∆j =
1
n

Σ−1/2
∗ Θ⊤

∗ X⊤
∗ (In − Pj)X∗Θ∗Σ−1/2

∗ ,

where Θ∗, Σ∗, and X∗ are the matrix of the true regression coefficients, the true covariance
matrix, and the matrix of the true explanatory variables, respectively, given by (2). It is
straightforward to discern from the definition of J+ that ∆j = Op,p if and only if j ∈ J+,
where On,p is an n × p matrix of zeros. For the noncentrality matrix, we assume that

A2. R0 = lim
n→∞

1
n

X⊤X exists and is positive definite.

Assumption A2 is a commonly used condition in studies of the asymptotic behaviors of
regression coefficient estimators. A weaker condition that is frequently adopted in the
literature is that the limit inferior of the smallest eigenvalue of X⊤X/n is strictly positive.
Although this weaker condition is more general, the present study requires the exact
convergence of the differences between GCp criteria. Since such exact convergence is
guaranteed by Assumption A2 but not necessarily by the weaker condition, we adopt
Assumption A2 throughout this paper. Let

δj = tr(∆j). (6)

If Assumption A2 holds, then we have

∀j ∈ J−, inf
n>p+k,p≥1

δj > 0.

Even though δj diverges, we do not assume a specific order of the divergence. Instead, we
use the following assumption:

A3. ∃ϵ ∈ N s.t. lim
n→∞,p/n→c0

1
nϵ

Θ∗Σ−1
∗ Θ⊤

∗ = Ok∗ ,k∗ .

Assumption A3 specifies the asymptotic behavior of the newly added components of the
true coefficient matrix and covariance matrix as p increases. The assumption allows these
components to increase or decrease with p, provided that their effect on Θ⊤

∗ Σ−1
∗ Θ⊤

∗ is
of at most polynomial order. In contrast, Assumption A3 excludes extreme situations in
which Θ⊤

∗ Σ−1
∗ Θ⊤

∗ grows exponentially fast. Such situations correspond to cases where the
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signal-to-noise ratio increases exponentially and the noise component becomes negligible
as p increases. If Assumptions A2 and A3 hold, then we have

∃ϵ ∈ N s.t. ∀j ∈ J−, lim
n→∞,p/n→c0

δj

nϵ
= 0.

We determine the best subset of ω by minimizing a GCp criterion. The GCp criterion
for model j is defined by

GCp(j|α) = (n − k j)tr(SjS−1
ω ) + αpk j, (7)

where α is a positive value expressing a penalty for the complexity of the candidate model.
A variable selection criterion included in the family of GCp criteria is specified by an
individual α. This family contains the Cp, MCp, BCp and HCGCp criteria as special cases,
i.e.,

α =


2 (Cp)

2c−1
M (MCp)

log n (BCp)

aC(β) (HCGCp)

,

where cM is a positive value given by

cM =
n − p − k − 1

n − k
= 1 − p + 1

n − k
, (8)

aC(β) is a positive value expressed as a function of β and defined by

aC(β) =
n

n − p
+ β, (9)

and β is a positive value satisfying

lim
n→∞,p/n→c0

√
pβ = ∞, lim

n→∞,p/n→c0

p
n

β = 0. (10)

The best subset of ω, which is chosen by minimizing the GCp criterion, is written as

ĵα = arg min
j∈J

GCp(j|α). (11)

Herein, the selected model is denoted as ĵα.
The squared loss function between the true mean and the fitted value, i.e., X∗Θ∗ and

XjΘ̂j, is defined by

L(j) = d(X∗Θ∗, XjΘ̂j) = nδj + tr(E⊤PjE), (12)

where E = (Y − X∗Θ∗)Σ
−1/2
∗ ∼ Nn×p(On,p, Ip ⊗ In). Notice that E[tr(E⊤PjE)] = pk j.

Hence, the expectation of L(j), denoted by R(j), is given by

R(j) = E[L(j)] = nδj + k j p. (13)

Subsets of ω minimizing L(j) and R(j) are written as

ĵLE = arg min
j∈J

L(j), jME = arg min
j∈J

R(j), (14)
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Next, ĵLE and jME are the loss optimal model and the mean optimal model in the sense
of minimizing the loss function and the mean of the loss function, respectively. By using
the loss function, we formulate the asymptotically loss-efficient property.

Definition 1. If the following equation holds, we say that the GCp criterion is asymptotically
loss-efficient:

plim
n→∞,p/n→c0

L( ĵα)
L( ĵLE)

= 1,

where plim is a probability limit operator, i.e., denotes a convergence in probability.

It should be kept in mind that

L( ĵα) = ∑
j∈J

L(j)I( ĵα = j), L( ĵLE) = ∑
j∈J

L(j)I( ĵLE = j), (15)

where I(A) is the indicator function, i.e., I(A) = 1 if A is true and I(A) = 0 if A is not
true. By using the mean of the loss function, we formulate the asymptotically mean-
efficient property.

Definition 2. If the following equation holds, we say that the GCp criterion is asymptotically
mean-efficient:

lim
n→∞,p/n→c0

E[L( ĵα)]
R(jME)

= 1.

3. Main Results
3.1. Asymptotically Loss-Efficient Property

To clarify the sufficient condition for α in (7) for loss efficiency, we consider asymptotic
behaviors of the loss function L(j), the loss optimal model ĵLE, and the selected model ĵα,
given by (12), (14), and (11), respectively.

First, we prepare three conditions for α which play an important role in determining
whether the GCp criterion is efficient.

C1. lim
n→∞,p/n→c0

√
p
(
− n

n − p
+ α

)
= ∞.

C2. ∀j ∈ J−,

lim
n→∞,p/n→c0

p
nδj

(
− n

n − p
+ α

)
= 0. (16)

C3. lim
n→∞,p/n→c0

p
n

α =
2c0

1 − c0
.

Conditions C1 and C2 are sufficient conditions for α to satisfy consistency property (see [18]).
Roughly speaking, C1 controls the growth rate of the penalty term and is used to eliminate
overspecified models, whereas C2 is required to eliminate underspecified models. As
shown later lemma, for certain settings, consistency property implies efficiency property,
and therefore these conditions are also required for satisfying efficiency property. When
the relationship between consistency and efficiency properties breaks down, the additional
Condition C3 becomes necessary. Condition C3 ensures that the asymptotic limit of the
difference between the GCp criteria coincides, up to a constant multiple, with that of the
corresponding risk functions, which is essential for satisfying efficiency property.
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Let θ∗a (a ∈ j∗) be the p-dimensional vector of regression coefficients for the ath
explanatory variable. Then we prepare the following subsets of j∗ and J−:

ξ∗ =
{

a ∈ j∗
∣∣ θ∗a

⊤
Σ−1
∗ θ∗a = O(1) as p → ∞

}
, S− =

{
j ∈ J−

∣∣ j ⊇ (ξc
∗ ∩ j∗)

}
, (17)

where J− is the set of underspecified models given by (4). See the simulation settings
in Section 4 for concrete examples of ξ∗. The set ξ∗ is introduced because the asymptotic
behavior of δj given by (6) plays a key role in the condition for α to satisfy efficiency
properties. Specifically, the conditions differ according to whether some δj converge or all δj

diverge. This distinction is determined by the existence of explanatory variables a ∈ j∗ not
satisfying θ∗a

⊤Σ−1
∗ θ∗a = O(1) as p → ∞. Based on the distinction, the following Lemma 1

shows the convergence or divergence of δj (the proof is given in Appendix A.1).

Lemma 1. Suppose that Assumption A2 holds.

(1) When j ∈ S−, δj converges to a positive value as n → ∞ and p/n → c0 ∈ [0, 1), i.e.,

∀j ∈ S−, ∃δj,0 > 0 s.t. δj,0 = lim
n→∞,p/n→c0

δj.

(2) When j ∈ S c
− ∩ J−, δj diverges to ∞ as n → ∞ and p/n → c0 ∈ [0, 1), i.e.,

∀j ∈ S c
− ∩ J−, lim

n→∞,p/n→c0
δj = ∞.

Lemma 1 indicates that δj in j ∈ J− is not convergent if ξ∗ = ∅ because S− = ∅ when
ξ∗ = ∅. Here, let δj,0 = 0 for j ∈ J+, where J+ is the set of overspecified models given
by (4). By using Lemma 1 and the definition of L(j), we show that L(j) can converge to a
positive value as follows (the proof is given in Appendix A.2).

Lemma 2. Suppose that Assumption A2 holds. If {ξ∗ ̸= ∅} ∩ {c0 ̸= 0}, L(j) for any j ∈
S− ∪ J+ converges to a positive value as n → ∞ and p/n → c0 ∈ [0, 1), i.e.,

∀j ∈ S− ∪ J+, plim
n→∞,p/n→c0

L(j)
n

= δj,0 + c0k j = λ(j) > 0. (18)

Let j0 be the model defined by

j0 =

 arg min
j∈{j∗}∪S−

λ(j) ({ξ∗ ̸= ∅} ∩ {c0 ̸= 0})

j∗ ({ξ∗ = ∅} ∪ {c0 = 0})
. (19)

By using j0 and Lemma 2, the following lemma concerning behaviors of the loss optimal
model is obtained (the proof is given in Appendix A.3).

Lemma 3. Suppose that Assumptions A1 and A2 hold.

(1) The loss optimal model is the true model or an underspecified model with probability 1, i.e.,

P( ĵLE ∈ {j∗} ∪ J−) = 1.

(2) The probability of ĵLE = j0 converges to 1 as n → ∞ and p/n → c0 ∈ [0, 1), i.e.,

lim
n→∞,p/n→c0

P( ĵLE = j0) = 1. (20)

Since Equation (20) holds, we call j0 in (19) the asymptotically loss optimal model.
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The following key lemma to prove the efficient property of the GCp criterion is ob-
tained (the proof is given in Appendix A.4).

Lemma 4. Suppose that

∃ℓ ∈ J s.t. lim
n→∞,p/n→c0

P( ĵLE = ℓ) = 1, lim
n→∞,p/n→c0

P( ĵα = ℓ) = 1.

Then, the GCp criterion is asymptotically loss-efficient when n → ∞ and p/n → c0 ∈ [0, 1).

From Lemmas 3 and 4, we can discern that the GCp criterion is asymptotically loss-efficient
if P( ĵα = j0) → 1 as n → ∞ and p/n → c0. Probability convergence is ensured by the
following lemma (the proof is given in Appendix A.5).

Lemma 5. Suppose that Assumptions A1 and A2 hold. The selection probability of j0 by the GCp

criterion converges to 1 as n → ∞ and p/n → c0 ∈ [0, 1), i.e.,

lim
n→∞,p/n→c0

P( ĵα = j0) = 1,

if α satisfies Conditions C1 and C2 when {ξ∗ = ∅} ∪ {c0 = 0}, or Condition C3 when {ξ∗ ̸=
∅} ∩ {c0 ̸= 0}, where j0 is the asymptotically loss optimal model given by (19).

From Lemmas 3–5, we derive the following main theorem concerning the asymptoti-
cally loss-efficient property.

Theorem 1. Suppose that Assumptions A1 and A2 hold. The GCp criterion is asymptotically
loss-efficient when n → ∞ and p/n → c0 ∈ [0, 1) if α satisfies Conditions C1 and C2 when
{ξ∗ = ∅} ∪ {c0 = 0}, or Condition C3 when {ξ∗ ̸= ∅} ∩ {c0 ̸= 0}.

3.2. Asymptotically Mean-Efficient Property

To clarify the sufficient condition for α in (7) for mean efficiency, asymptotic behaviors
of the mean of the loss function R(j), the mean optimal model jME, and the selected model
ĵα, given by (13), (14), and (11), respectively, are considered.

First, we present a lemma concerning convergence of R(jME)/p (the proof is given in
Appendix A.6).

Lemma 6. Suppose that Assumptions A1 and A2 hold. The minimum of R(j)/p is expanded as

1
p
R(jME) =

1
p
R(j0) + o(1), as n → ∞, p/n → c0,

where j0 is the asymptotically loss optimal model given by (19).

We derive the order of the selection probability of some underspecified model by the
GCp criterion (the proof is given in Appendix A.7).

Lemma 7. Suppose that Assumptions A1, A2, and A3 hold. If α satisfies Condition C2,
np−1δjP( ĵα = j) for any j ∈ J− converges to 0 as n → ∞ and p/n → c0 ∈ [0, 1). If α

satisfies Condition C3, np−1δjP( ĵα = j) for any j ∈ S c
− ∩ J− converges to 0 as n → ∞ and

p/n → c0 ∈ [0, 1).

By using Lemma 7, the following theorem concerning convergence of E[L( ĵα)]/p is
derived (the proof is given in Appendix A.8).
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Lemma 8. Suppose that Assumptions A1, A2, and A3 hold. Then E[L( ĵα)]/p is expanded as

1
p

E
[
L( ĵα)

]
=

1
p
R(j0) + o(1), as n → ∞, p/n → c0,

if α satisfies Conditions C1 and C2 when {ξ∗ = ∅} ∪ {c0 = 0}, or Condition C3 when {ξ∗ ̸=
∅} ∩ {c0 ̸= 0}, where j0 is the asymptotically loss optimal model given by (19).

Finally, from Lemmas 6 and 8, we obtain the following main theorem concerning the
asymptotically mean-efficient property.

Theorem 2. Suppose that Assumptions A1, A2, and A3 hold. The GCp criterion is asymptotically
mean-efficient when n → ∞ and p/n → c0 ∈ [0, 1) if α satisfies Conditions C1 and C2 when
{ξ∗ = ∅} ∪ {c0 = 0} or Condition C3 when {ξ∗ ̸= ∅} ∩ {c0 ̸= 0}.

3.3. A High-Dimensionality-Adjusted Efficient GCp Criterion

From Theorems 1 and 2, we can discern that sufficient conditions for α to satisfy
asymptotic loss efficiency are equal to those to satisfy asymptotic mean efficiency. By using
the α conditions, an asymptotically loss- and mean-efficient GCp criterion can be proposed.
Unfortunately, the conditions for α in Theorems 1 and 2 are not verifiable in practical terms
because they depend on the true model. Hence, we attempt to derive sufficient conditions
for α that do not depend on the true model. This is achieved by invoking the following
corollary (the proof is given in Appendix A.9).

Corollary 1. Suppose that Assumptions A1, A2, and A3 hold. The GCp criterion is asymptotically
loss- and mean-efficient when n → ∞ and p/n → c0 ∈ [0, 1) if α satisfies Conditions C1 and C3.

Let aE(β) be a positive value expressed as a function of positive value β in (10), which
is defined by

aE(β) =
2n

n − p
+ β. (21)

The conditions of β imply that

lim
n→∞,p/n→c0

√
p
(
− n

n − p
+ aE(β)

)
= lim

n→∞,p/n→c0

( √
pn

n − p
+
√

pβ

)
= ∞,

lim
n→∞,p/n→c0

p
n

aE(β) = lim
n→∞,p/n→c0

(
2p

n − p
+

p
n

β

)
=

2c0

1 − c0
.

The above equations indicate that aE(β) satisfies Conditions C1 and C3. This means that the
GCp criterion with α = aE(β) is asymptotically loss- and mean-efficient under the asymp-
totic framework in (3). We call the GCp criterion with α = aE(β) a high-dimensionality-
adjusted efficient GCp (HEGCp) criterion. The existing HCGCp criterion was developed
with the same high-dimensional setting as the proposed HEGCp criterion, α = aC(β),
where aC(β) is given by (9). The relationship between the HEGCp and HCGCp criteria is
given by

aE(β) =
n

n − p
+ aC(β).

Due to the additional term n/(n − p), aE(β) satisfies Condition C3. Consequently, the
HEGCp criterion achieves both loss efficiency and mean efficiency. The proposed HEGCp

criterion is also related to the existing MCp criterion. We consider the criterion obtained by
replacing α in the MCp criterion with

2c−1
M + β,
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where cM is the constant given by (8). Let

rM = c−1
M − n

n − p
=

n + kp
(n − p)(n − k − p − 1)

.

Since rM > 0 holds, we have

2c−1
M + β = aE(2rM + β).

Furthermore,

lim
n→∞,p/n→c0

√
p(2rM + β) = ∞, lim

n→∞,p/n→c0

p
n
(2rM + β) = 0.

Hence, regarding 2rM + β as a new β, the criterion with α = 2c−1
M + β is also an HEGCp

criterion. Therefore, a subclass of HEGCp criteria can be interpreted as MCp criteria with
an additional adjustment term β. Among the existing GCp criteria, no criterion employs an
α that guarantees efficiency in all settings considered in this paper. Nevertheless, the MCp

criterion is unique in that, although it is not always efficient, it does achieve efficiency
when p diverges. This is because the choice α = 2c−1

M used in the MCp criterion satisfies
Conditions C2 and C3; however, it satisfies Condition C1 only when p approaches ∞. This
property makes MCp the closest existing GCp criterion to being universally efficient.

Since β is required to satisfy two convergence conditions in (10), infinitely many choices
are possible. In this paper, however, β is determined according to the following considerations.

(1) Choice of the base term

We first adopt a term that is commonly used in consistent information criteria under
the ordinary asymptotic framework in which only n → ∞. Such a term should diverge
more slowly than any positive power of n. Typical examples include the log n term used in
the BIC and the Consistent AIC (CAIC) [27]. Indeed, the HCGCp criterion employs log n.
A smaller penalty can be obtained by replacing log n with log log n, which was originally
used in the Hannan–Quinn Information Criterion (HQC) [28].

(2) Adjustment for the convergence conditions on β

The base term is then adjusted so that the convergence conditions imposed on β are
satisfied. The simplest approach is to divide it by

√
p. Although other adjustments are

possible, this modification automatically satisfies both convergence conditions.

(3) Adjustment based on the size of c0

Since this paper treats c0as a constant, under the asymptotic framework (3) used
here, the asymptotic result remains unchanged regardless of the value of c0, provided it is
between 0 and 1. However, in the finite sample size, the size of c0 contributes significantly
to the actual results. This is evident from the fact that the asymptotic standard deviation of
the difference in GCp criteria between two overspecified models is proportional to {n/(n −
p)}3/2 (see [18]). Therefore, we consider it preferable to adjust α using n/(n − p) so that
a larger penalty is imposed as c0 approaches 1. In fact, [18] proposes an HCGCp criterion
that satisfies consistency using β, employing the asymptotic standard deviation itself.

As mentioned earlier, MCp is the closest existing GCp criterion to being universally
efficient. This fact motivates our consideration of a specific β. First, let us consider a
criterion where an adjusting term is added to the α of the MCp criterion, i.e., defined as
α = 2c−1

M + β. Recall that 2c−1
M + β = aE(2rM + β). We note that the proposed HEGCp

criterion satisfies aE(β) > aC(β). Hence, to avoid imposing an excessively large penalty,
we employ the more slowly diverging term not log n but log log n. Furthermore, the term
rM already depends on c0 and increases as c0 approaches 1. Therefore, the effect of c0
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is partially incorporated through rM. For this reason, it is preferable not to impose an
additional adjustment that is excessively sensitive to c0 through β. Hence, instead of
using {n/(n − p)}3/2, we employ the milder adjustment {n/(n − p)}1/2. Based on these
considerations, we propose

bE =

√
n

n − p
log log n

√
p

, (22)

as a practical choice of β. In particular, we call a GCp criterion with α = 2c−1
M + bE as the

high-dimensionality-adjusted MCp (HEMCp) criterion.

4. Numerical Study
In this section, we present the results of a simulation study that compared the perfor-

mance of variable selection using the proposed HEGCp criterion as well as four existing
criteria. We compared the ratios of loss function expectations in selected models according
to the five GCp criteria:

Criterion 1 (HEMCp): α = 2c−1
M + bE, Criterion 2 (Cp): α = 2,

Criterion 3 (MCp) : α = 2c−1
M , Criterion 4 (BCp) : α = log n,

Criterion 5 (HCGCp): α = aC(bC),

where cM, bE and aC(β) are given by (8), (22) and (9), respectively. The bC is positive value
proposed by [18], which is given by

bC =

(
n

n − p

)3/2 log n
√

p
.

We conducted Monte Carlo simulations based on 50,000 replications, using several
values of n and p. The set of candidate models was J = {j1, . . . , j15}, where ja = {1, . . . , a}
(a = 1, . . . , 15). We generated z1, . . . , zn independently from U(−1, 1). Using z1, . . . , zn, we
constructed an n × k matrix of explanatory variables X, in which the (a, b)th element was
given by zb−1

a (a = 1, . . . , n; b = 1, . . . , 15). The true model was determined by Θ∗ = η∗1⊤p ,
j∗ = {1, 2, 3, 4, 5}, and Σ∗ = τΨ∗(0.8), where η∗ = (1,−2, 3,−4, 5)⊤ and 1p is the p-
dimensional vector of ones. Thus, j1, . . . , j4 were underspecified models, j5, . . . , j15 were
overspecified models, and j∗ = j5. To specify the form of Ψ∗(ρ), two types of correlation
matrices were prepared as follows.

Type 1. Autocorrelation matrix, i.e., the (a, b)th element of Ψ∗(ρ) is ρ|a−b|.
Type 2. Uniform correlation matrix, i.e., Ψ∗(ρ) = (1 − ρ)Ip + ρ1p1⊤p .

Specifically, τ = 0.4 and 1.2 were used, corresponding to strong- and weak-signal settings,
respectively.

It follows from the equation Θ∗ = η∗1⊤p that for a = 1, . . . , 5,

θ∗a
⊤

Σ−1
∗ θ∗a =

a2

τ
1⊤p Ψ∗(ρ)

−11p =


a2{p(1 − ρ) + 2ρ}

τ(1 + ρ)
= O(p) (Ψ∗(ρ) is of Type 1)

a2 p
τ{1 + ρ(p − 1)} = O(1) (Ψ∗(ρ) is of Type 2)

.

Hence, in the simulation models, ξ∗ in (17) was

ξ∗ =

{
∅ (Ψ∗(ρ) is of Type 1)
{1, 2, 3, 4, 5} (Ψ∗(ρ) is of Type 2)

.

From the conditions stated in Theorems 1 and 2 and the set ξ∗, we can determine whether a
GCp criterion is efficient. In the setting considered in this paper, a consistent GCp criterion
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is also efficient whenever j0 = j∗ holds. For the simulation settings considered here, j0 = j∗
holds if Ψ∗(ρ) is of Type 1, or if c0 = 0 when Ψ∗(ρ) is of Type 2. Therefore, the Cp, BCp,
and HCGCp criteria are efficient if Ψ∗(ρ) is of Type 1, or if c0 = 0 when Ψ∗(ρ) is of Type
2. Furthermore, as discussed at the end of Section 3, the MCp criterion is efficient when
p → ∞. Based on these results, the asymptotic loss and mean efficiency properties of the
criteria considered in the simulation studies are summarized in Table 1. The symbol ⃝
denotes an efficient criterion, whereas the symbol △ indicates that the criterion is efficient
if and only if the condition given in parentheses is satisfied.

Table 1. Efficiency results.

Type of Σ∗ Type of p HEMCp Cp MCp BCp HCGCp

Auto- p < ∞ ⃝ ⃝ ⃝
correlation p → ∞ ⃝ △ ⃝ ⃝ ⃝

(c0 < 0.5)

Uniform p < ∞ ⃝ ⃝ ⃝
correlation p → ∞ ⃝ △ ⃝ △ △

(c0 = 0) (c0 = 0) (c0 = 0)
ine

Note: The symbol ⃝ denotes an efficient criterion, and the symbol △ denotes that the criterion is efficient if and
only if the equation within the brackets is satisfied.

Tables 2 and 3 give the probabilities that each criterion will select ĵLE when the true
covariance matrices are Types 1 and 2, respectively. Tables 4 and 5 give the relative expected
loss functions selected by each criterion, i.e., E[L( ĵα)]/R(jME), when the true covariance
matrices are Types 1 and 2, respectively. In each table, the left-hand side shows the results
when p is fixed, the right-hand side shows the results when p increases with n while
maintaining a fixed ratio p/n, the upper part shows the results for τ = 0.4, and the lower
part shows the results for τ = 1.2. The bottom row of each 2 × 2 block denotes the average
value of that column. In all tables, we omitted results for (n, p) = (100, 90). This is because
the MCp criterion is defined only for n − p − k − 1 > 0. Since this condition is not satisfied
when (n, p) = (100, 90), the MCp and HEMCp criteria cannot be computed.

From these tables, it is clear that variable selection methods based on efficient criteria
performed very well. In particular, the selection probability of the HEMCp criterion was
always high, and the relative expected loss function selected by the HEMCp criterion was
always small, even for a moderately sized n. By contrast, the inferior performance of
variable selection methods based on criteria that are not efficient is to be expected from
the theoretical properties of these criteria. The variable selection method based on the Cp

criterion performs the worst as it is not efficient in most cases. In fact, it is not efficient for
about 7/8 of all cases. The variable selection methods based on BCp and HCGCp criteria
are not efficient in about 3/4 of all cases. However, while the method based on the BCp

criterion is theoretically efficient when Ψ∗(ρ) is of Type 1 and p → ∞, when considering a
finite sample size, it lacks the consistency property unless the expression before taking the
limit of Condition C2 is positive; therefore, the condition n > e1/(1−c0) must be satisfied.
When c0 = 0.9, this results in n > 22,026, meaning that in numerical studies with n ≤ 1000.
, the method rarely selects the true model. Consequently, its performance was inferior to
that of the HCGCp criterion. The performance of the variable selection method based on the
MCp criterion was comparable to those based on the HEMCp criterion. In particular, in the
strong-signal setting, when p → ∞, the performance exceeded that of the HEMCp criterion.
However, since the MCp criterion is not asymptotically loss- and mean-efficient when p is
fixed, the performance of the variable selection method based on the MCp criterion was
slightly inferior to that based on the HEMCp criterion when p was small.
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Table 2. Probabilities of selecting ĵLE by each of the five criteria when the true variance–covariance
matrix is an autocorrelation matrix.

Selection Probability (%) Selection Probability (%)

n p HEMCp Cp MCp BCp HCGCp p HEMCp Cp MCp BCp HCGCp

Case of τ = 0.4

100 5 97.11 86.36 89.87 98.17 98.55 5 97.19 86.59 90.00 98.22 98.47
300 5 98.12 89.48 90.38 99.99 99.61 15 99.78 97.58 98.54 100.00 99.84
500 5 98.36 90.20 90.75 100.00 99.78 25 99.98 99.46 99.73 100.00 99.95

1000 5 98.61 90.55 90.82 100.00 99.91 50 100.00 99.98 99.99 100.00 99.99

100 10 98.67 90.63 95.61 96.05 98.70 10 98.66 90.42 95.54 96.14 98.69
300 10 99.41 95.64 96.58 100.00 99.77 30 99.98 99.12 99.80 100.00 99.88
500 10 99.50 96.32 96.81 100.00 99.89 50 100.00 99.88 99.99 100.00 99.97

1000 10 99.62 96.55 96.79 100.00 99.95 100 100.00 100.00 100.00 100.00 100.00

100 30 99.63 73.28 99.05 98.85 97.78 30 99.60 73.01 99.09 98.91 97.81
300 30 99.98 99.12 99.82 100.00 99.89 90 100.00 96.22 100.00 100.00 99.90
500 30 99.99 99.58 99.84 100.00 99.95 150 100.00 99.19 100.00 100.00 99.97

1000 30 99.99 99.82 99.88 100.00 99.99 300 100.00 99.98 100.00 100.00 100.00
100 50 99.19 0.78 98.80 97.82 92.11 50 99.27 0.73 98.90 97.88 92.19
300 50 100.00 99.31 99.97 100.00 99.90 150 100.00 4.08 100.00 100.00 99.65
500 50 100.00 99.89 99.99 100.00 99.97 250 100.00 5.86 100.00 100.00 99.94

1000 50 100.00 99.98 99.99 100.00 99.99 500 100.00 8.69 100.00 100.00 99.99

100 70 94.88 0.00 94.72 1.60 43.24 70 95.06 0.00 94.82 1.62 43.37
300 70 100.00 98.73 99.98 100.00 99.88 210 99.99 0.00 99.97 98.11 98.21
500 70 100.00 99.91 100.00 100.00 99.97 350 100.00 0.00 100.00 99.99 99.69

1000 70 100.00 100.00 100.00 100.00 100.00 700 100.00 0.00 100.00 100.00 99.98

300 90 100.00 96.38 99.99 100.00 99.87 270 96.64 0.00 96.51 0.00 32.60
500 90 100.00 99.91 100.00 100.00 99.98 450 99.67 0.00 99.63 0.00 87.97

1000 90 100.00 100.00 100.00 100.00 100.00 900 99.99 0.00 99.99 0.00 99.15

Ave. 99.26 87.06 97.38 95.33 96.90 99.38 50.47 98.80 82.21 93.36

Case of τ = 1.2

100 5 70.70 76.64 77.64 32.84 62.10 5 70.41 76.60 77.60 32.13 61.71
300 5 98.08 89.50 90.36 97.81 99.55 15 99.79 97.46 98.45 85.51 99.83
500 5 98.39 90.26 90.78 100.00 99.78 25 99.97 99.37 99.70 99.89 99.95

1000 5 98.52 90.45 90.66 100.00 99.88 50 100.00 99.99 100.00 100.00 100.00

100 10 62.46 77.87 75.42 13.58 62.09 10 62.48 78.00 75.49 13.66 62.19
300 10 99.42 95.59 96.61 91.60 99.74 30 99.98 99.09 99.75 77.39 99.86
500 10 99.49 96.10 96.66 99.95 99.89 50 100.00 99.85 99.98 99.98 99.96

1000 10 99.55 96.42 96.68 100.00 99.94 100 100.00 100.00 100.00 100.00 99.99

100 30 51.20 66.81 63.53 17.85 72.46 30 51.04 66.97 63.34 17.96 72.22
300 30 99.97 99.05 99.79 77.54 99.87 90 100.00 96.32 100.00 97.82 99.87
500 30 99.98 99.62 99.86 99.88 99.95 150 100.00 99.20 100.00 100.00 99.97

1000 30 99.99 99.83 99.90 100.00 99.99 300 100.00 99.97 100.00 100.00 100.00

100 50 48.55 0.62 55.58 64.27 75.28 50 48.35 0.59 55.63 64.58 75.26
300 50 100.00 99.35 99.97 82.69 99.91 150 100.00 4.09 100.00 100.00 99.68
500 50 100.00 99.87 99.98 99.98 99.96 250 100.00 6.12 100.00 100.00 99.93

1000 50 100.00 99.98 99.99 100.00 99.99 500 100.00 8.47 100.00 100.00 100.00

100 70 42.77 0.00 44.87 1.49 37.66 70 42.66 0.00 45.09 1.46 37.74
300 70 100.00 98.68 100.00 92.26 99.89 210 99.99 0.00 99.98 98.08 98.17
500 70 100.00 99.94 100.00 99.99 99.98 350 100.00 0.00 100.00 99.99 99.72

1000 70 100.00 100.00 100.00 100.00 100.00 700 100.00 0.00 100.00 100.00 99.99

300 90 100.00 96.13 100.00 98.06 99.86 270 95.94 0.00 95.86 0.00 32.37
500 90 100.00 99.93 100.00 100.00 99.97 450 99.66 0.00 99.64 0.00 88.04

1000 90 100.00 100.00 100.00 100.00 100.00 900 100.00 0.00 100.00 0.00 99.09

Ave. 89.96 85.77 90.36 81.30 91.64 90.01 49.22 91.76 69.06 88.07
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Table 3. Probabilities of selecting ĵLE by each of the five criteria when the true variance–covariance
matrix is a uniform correlation matrix.

Selection Probability (%) Selection Probability (%)

n p HEMCp Cp MCp BCp HCGCp p HEMCp Cp MCp BCp HCGCp

Case of τ = 0.4

100 5 96.78 86.43 89.97 94.20 97.73 5 96.88 86.62 90.02 94.29 97.83
300 5 98.09 89.22 90.19 99.99 99.63 15 99.80 97.62 98.55 99.69 99.85
500 5 98.29 90.10 90.58 100.00 99.74 25 99.96 99.31 99.67 99.91 99.93

1000 5 98.47 90.54 90.81 100.00 99.87 50 100.00 99.98 99.99 99.99 99.99

100 10 94.60 89.86 94.27 63.00 94.57 10 94.75 90.05 94.51 63.30 94.72
300 10 99.47 95.58 96.62 100.00 99.81 30 99.97 99.12 99.78 55.32 99.85
500 10 99.56 96.10 96.65 100.00 99.88 50 100.00 99.87 99.99 35.49 99.98

1000 10 99.64 96.57 96.82 100.00 99.97 100 100.00 100.00 100.00 10.85 100.00

100 30 37.76 58.37 48.41 13.78 57.35 30 37.50 58.50 48.18 13.66 57.49
300 30 99.98 99.11 99.80 55.70 99.88 90 76.05 95.71 87.38 0.34 98.30
500 30 99.98 99.58 99.85 98.89 99.94 150 86.89 99.17 94.59 0.01 99.93

1000 30 99.99 99.84 99.90 100.00 99.98 300 98.38 99.98 99.61 0.00 100.00

100 50 34.40 0.06 36.11 36.40 28.41 50 34.40 0.07 36.24 36.31 28.61
300 50 99.66 99.20 99.91 4.11 99.85 150 68.17 0.43 61.02 54.44 18.13
500 50 100.00 99.90 99.99 35.80 99.97 250 75.81 0.43 66.90 47.50 9.06

1000 50 100.00 99.99 99.99 100.00 99.99 500 75.02 0.64 65.08 18.20 7.87

100 70 43.29 0.00 41.72 0.07 6.07 70 42.84 0.00 41.33 0.07 6.13
300 70 94.00 98.68 98.00 0.33 99.65 210 63.43 0.00 66.33 35.37 36.20
500 70 100.00 99.93 100.00 1.94 99.97 350 85.21 0.00 86.47 67.90 28.29

1000 70 100.00 100.00 100.00 93.91 100.00 700 97.76 0.00 97.28 97.13 6.51

300 90 75.66 95.84 87.13 0.39 98.26 270 38.23 0.00 38.11 0.00 6.38
500 90 99.96 99.92 100.00 0.07 99.98 450 45.61 0.00 46.61 0.00 36.27

1000 90 100.00 100.00 100.00 34.16 100.00 900 66.27 0.00 67.86 0.00 48.38

Ave. 89.98 86.30 89.42 57.95 90.46 77.52 49.02 77.63 40.42 59.99

Case of τ = 1.2

100 5 57.58 69.30 69.19 20.02 47.35 5 57.48 69.16 68.98 19.71 47.43
300 5 97.98 89.56 90.48 92.11 99.02 15 93.27 96.46 96.74 6.81 92.24
500 5 98.31 90.03 90.56 99.86 99.76 25 98.61 99.33 99.52 1.09 99.03

1000 5 98.44 90.69 90.92 100.00 99.91 50 99.99 99.97 99.98 0.01 99.98

100 10 23.11 41.68 35.14 5.19 22.89 10 23.06 42.29 35.41 5.09 22.84
300 10 97.93 95.39 96.34 38.98 96.88 30 51.46 81.80 71.29 0.65 66.40
500 10 99.52 96.20 96.78 86.94 99.88 50 64.51 92.98 83.54 0.06 88.04

1000 10 99.62 96.42 96.70 100.00 99.94 100 86.26 99.42 96.06 0.00 99.75

100 30 69.37 9.90 59.27 83.61 47.87 30 69.74 9.55 59.64 84.03 48.07
300 30 51.69 81.99 71.47 0.61 66.76 90 33.62 19.34 34.27 43.15 37.46
500 30 96.09 99.30 99.08 0.10 98.12 150 41.16 26.62 55.24 13.83 59.92

1000 30 100.00 99.83 99.89 22.44 99.99 300 72.33 20.43 85.94 0.63 39.52

100 50 91.59 0.01 88.10 81.59 58.94 50 91.66 0.02 88.18 81.57 59.21
300 50 53.81 26.79 45.26 0.13 37.18 150 95.41 0.00 92.04 99.93 43.55
500 50 64.36 92.64 83.14 0.09 87.86 250 96.50 0.00 93.29 100.00 19.46

1000 50 99.99 99.97 99.99 0.01 99.99 500 98.15 0.00 95.85 100.00 1.02

100 70 88.69 0.00 87.29 0.27 22.12 70 88.80 0.00 87.51 0.29 21.81
300 70 54.72 35.32 65.63 4.22 61.22 210 97.44 0.00 96.44 58.15 59.18
500 70 30.65 48.41 33.90 0.02 44.15 350 99.02 0.00 98.49 86.72 51.67

1000 70 99.33 99.98 99.92 0.00 99.98 700 99.85 0.00 99.75 99.71 25.07

300 90 33.85 19.28 34.33 43.09 37.31 270 88.15 0.00 87.75 0.00 12.34
500 90 79.53 23.62 67.87 0.00 32.90 450 94.47 0.00 94.11 0.00 47.01

1000 90 93.50 99.79 98.56 0.00 99.88 900 98.75 0.00 98.61 0.00 63.84

Ave. 77.38 65.48 78.25 33.88 72.17 79.99 32.93 83.42 34.84 52.38
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Table 4. Relative expected loss function selected by each of the five criteria when the true variance–
covariance matrix is an autocorrelation matrix.

Relative Expected Loss Relative Expected Loss

n p HEMCp Cp MCp BCp HCGCp p HEMCp Cp MCp BCp HCGCp

Case of τ = 0.4

100 5 1.019 1.095 1.067 1.024 1.010 5 1.020 1.095 1.068 1.025 1.012
300 5 1.014 1.070 1.064 1.001 1.004 15 1.000 1.010 1.006 0.999 1.000
500 5 1.013 1.066 1.062 1.002 1.003 25 1.000 1.002 1.001 1.000 1.000

1000 5 1.009 1.062 1.060 1.000 1.001 50 1.000 1.000 1.000 1.000 1.000

100 10 1.007 1.049 1.022 1.040 1.007 10 1.007 1.050 1.022 1.038 1.007
300 10 1.004 1.022 1.018 1.001 1.002 30 1.001 1.005 1.002 1.001 1.002
500 10 1.002 1.018 1.015 0.999 1.000 50 1.000 1.000 1.000 1.000 1.000

1000 10 1.001 1.016 1.015 0.999 0.999 100 1.000 1.000 1.000 1.000 1.000

100 30 1.001 1.153 1.003 1.008 1.007 30 1.002 1.156 1.003 1.008 1.008
300 30 0.999 1.002 1.000 0.999 0.999 90 1.000 1.011 1.000 1.000 1.001
500 30 1.000 1.001 1.000 0.999 1.000 150 0.999 1.002 0.999 0.999 0.999

1000 30 1.000 1.001 1.001 1.000 1.000 300 1.000 1.000 1.000 1.000 1.000

100 50 1.002 2.820 1.003 1.006 1.027 50 1.003 2.822 1.004 1.007 1.028
300 50 1.000 1.002 1.000 1.000 1.000 150 1.000 2.563 1.000 1.000 1.001
500 50 1.000 1.001 1.000 1.000 1.001 250 1.000 2.455 1.000 1.000 1.000

1000 50 1.001 1.001 1.001 1.001 1.001 500 1.000 2.327 1.000 1.000 1.000

100 70 1.020 3.000 1.020 2.751 1.571 70 1.018 2.997 1.018 2.750 1.562
300 70 1.000 1.004 1.000 1.000 1.000 210 1.000 3.000 1.000 1.005 1.004
500 70 1.000 1.000 1.000 1.000 1.000 350 1.000 3.000 1.000 1.000 1.000

1000 70 1.000 1.000 1.000 1.000 1.000 700 1.000 3.000 1.000 1.000 1.000

300 90 1.000 1.010 1.000 1.000 1.000 270 1.010 3.000 1.011 3.000 1.753
500 90 1.000 1.000 1.000 1.000 1.000 450 1.001 3.000 1.001 3.000 1.040

1000 90 1.000 1.000 1.000 1.000 1.000 900 1.000 3.000 1.000 3.000 1.002

Ave. 1.004 1.191 1.015 1.080 1.027 1.003 1.891 1.006 1.341 1.062

Case of τ = 1.2

100 5 1.134 1.129 1.113 1.428 1.185 5 1.134 1.127 1.111 1.429 1.184
300 5 1.016 1.073 1.067 1.040 1.007 15 1.002 1.012 1.008 1.144 1.002
500 5 1.011 1.064 1.060 1.000 1.002 25 1.001 1.003 1.002 1.002 1.001

1000 5 1.011 1.065 1.063 1.001 1.002 50 1.000 1.000 1.000 1.000 1.000

100 10 1.098 1.073 1.064 1.383 1.099 10 1.099 1.072 1.064 1.384 1.100
300 10 1.003 1.021 1.016 1.098 1.001 30 1.000 1.004 1.001 1.177 1.001
500 10 1.003 1.020 1.017 1.001 1.001 50 1.000 1.000 1.000 1.000 1.000

1000 10 1.003 1.019 1.018 1.001 1.001 100 1.000 1.000 1.000 1.000 1.000

100 30 1.057 1.154 1.038 1.160 1.028 30 1.057 1.154 1.038 1.160 1.028
300 30 1.001 1.005 1.002 1.177 1.002 90 1.000 1.010 1.000 1.014 1.000
500 30 1.000 1.001 1.000 1.002 1.000 150 1.000 1.002 1.000 1.000 1.000

1000 30 1.001 1.001 1.001 1.001 1.001 300 1.000 1.000 1.000 1.000 1.000

100 50 1.048 2.826 1.038 1.029 1.034 50 1.050 2.822 1.039 1.029 1.035
300 50 1.000 1.002 1.000 1.121 1.000 150 1.000 2.558 1.000 1.000 1.001
500 50 1.001 1.001 1.001 1.001 1.001 250 1.000 2.456 1.000 1.000 1.000

1000 50 0.999 0.999 0.999 0.999 0.999 500 1.000 2.335 1.000 1.000 1.000

100 70 1.070 3.000 1.067 2.751 1.569 70 1.071 2.998 1.067 2.750 1.571
300 70 1.000 1.004 1.000 1.052 1.001 210 1.000 3.001 1.000 1.005 1.005
500 70 1.001 1.001 1.001 1.001 1.001 350 1.000 3.000 1.000 1.000 1.001

1000 70 1.000 1.000 1.000 1.000 1.000 700 1.000 3.000 1.000 1.000 1.000

300 90 1.010 1.094 1.012 1.004 1.033 270 1.033 4.286 1.034 4.286 2.350
500 90 1.012 1.036 1.016 1.182 1.032 450 1.011 4.240 1.012 4.240 1.167

1000 90 1.010 1.001 1.003 1.738 1.000 900 1.002 4.198 1.002 4.198 1.071

Ave. 1.021 1.200 1.026 1.181 1.043 1.020 2.056 1.016 1.557 1.109
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Table 5. Relative expected loss function selected by each of the five criteria when the true variance–
covariance matrix is a uniform correlation matrix.

Relative Expected Loss Relative Expected Loss

n p HEMCp Cp MCp BCp HCGCp p HEMCp Cp MCp BCp HCGCp

Case of τ = 0.4

100 5 1.023 1.094 1.067 1.068 1.019 5 1.023 1.094 1.068 1.068 1.020
300 5 1.013 1.071 1.065 1.000 1.003 15 1.001 1.010 1.006 1.004 1.000
500 5 1.012 1.066 1.062 1.000 1.002 25 0.999 1.002 1.000 1.000 0.999

1000 5 1.010 1.061 1.060 0.999 1.000 50 0.999 0.999 0.999 0.999 0.999

100 10 1.029 1.052 1.028 1.221 1.029 10 1.027 1.051 1.027 1.220 1.027
300 10 1.003 1.022 1.017 1.000 1.001 30 1.002 1.005 1.002 1.299 1.002
500 10 1.002 1.019 1.016 0.999 1.000 50 0.999 1.000 0.999 1.434 0.999

1000 10 1.001 1.016 1.014 0.998 0.999 100 1.000 1.000 1.000 1.634 1.000

100 30 1.057 1.154 1.039 1.149 1.030 30 1.059 1.159 1.040 1.150 1.030
300 30 1.001 1.004 1.001 1.296 1.001 90 1.024 1.011 1.013 1.256 1.002
500 30 1.000 1.002 1.001 1.014 1.000 150 1.014 1.002 1.006 1.301 1.000

1000 30 1.001 1.001 1.001 1.001 1.001 300 1.002 1.000 1.001 1.467 1.000

100 50 1.045 2.970 1.044 1.045 1.066 50 1.045 2.971 1.044 1.045 1.065
300 50 1.001 1.003 1.000 1.315 1.000 150 1.013 2.639 1.014 1.068 1.027
500 50 1.000 1.000 1.000 1.433 1.000 250 1.007 2.518 1.010 1.105 1.026

1000 50 1.001 1.001 1.001 1.001 1.001 500 1.005 2.375 1.007 1.194 1.018

100 70 1.028 3.353 1.032 3.077 1.721 70 1.029 3.354 1.033 3.074 1.720
300 70 1.011 1.004 1.004 1.273 1.001 210 1.028 3.251 1.027 1.060 1.059
500 70 1.000 1.000 1.000 1.413 1.000 350 1.015 3.245 1.014 1.028 1.061

1000 70 1.000 1.000 1.000 1.067 1.000 700 1.002 3.225 1.002 1.003 1.071

300 90 1.024 1.011 1.013 1.256 1.002 270 1.023 3.349 1.024 3.349 1.943
500 90 1.001 1.001 1.001 1.289 1.001 450 1.023 3.346 1.023 3.346 1.108

1000 90 1.000 1.000 1.000 1.537 1.000 900 1.018 3.328 1.018 3.328 1.058

Ave. 1.011 1.213 1.020 1.237 1.038 1.016 1.997 1.016 1.541 1.097

Case of τ = 1.2

100 5 1.165 1.140 1.127 1.458 1.223 5 1.165 1.140 1.127 1.458 1.223
300 5 1.015 1.069 1.063 1.111 1.011 15 1.025 1.014 1.013 1.465 1.029
500 5 1.011 1.065 1.062 1.003 1.002 25 1.006 1.003 1.002 1.433 1.004

1000 5 1.010 1.061 1.060 0.999 1.000 50 0.999 1.000 0.999 1.429 0.999

100 10 1.113 1.082 1.078 1.238 1.114 10 1.113 1.080 1.078 1.238 1.114
300 10 1.013 1.024 1.019 1.412 1.020 30 1.048 1.017 1.027 1.457 1.032
500 10 1.004 1.020 1.017 1.160 1.002 50 1.036 1.006 1.016 1.546 1.012

1000 10 1.001 1.017 1.016 0.999 0.999 100 1.017 1.001 1.005 1.630 1.001

100 30 1.025 1.317 1.042 1.004 1.064 30 1.025 1.318 1.041 1.004 1.064
300 30 1.047 1.016 1.026 1.457 1.031 90 1.009 1.093 1.012 1.004 1.033
500 30 1.013 1.003 1.004 1.489 1.007 150 1.019 1.086 1.014 1.028 1.040

1000 30 1.000 1.001 1.001 1.630 1.000 300 1.015 1.090 1.008 1.047 1.070

100 50 1.019 3.833 1.027 1.044 1.119 50 1.019 3.826 1.028 1.045 1.119
300 50 1.029 1.030 1.024 1.171 1.025 150 1.006 3.284 1.010 1.000 1.079
500 50 1.036 1.006 1.017 1.545 1.011 250 1.003 3.091 1.007 1.000 1.087

1000 50 1.000 1.000 1.000 1.429 1.000 500 1.002 2.891 1.004 1.000 1.099

100 70 1.037 4.297 1.042 3.933 2.028 70 1.037 4.298 1.042 3.930 2.027
300 70 1.036 1.064 1.030 1.067 1.038 210 1.005 4.118 1.007 1.087 1.085
500 70 1.012 1.005 1.010 1.288 1.007 350 1.002 4.064 1.002 1.021 1.082

1000 70 1.001 1.000 1.000 1.781 1.000 700 1.000 4.014 1.001 1.001 1.109

300 90 1.000 1.011 1.000 1.012 1.000 270 1.014 2.999 1.014 2.999 1.761
500 90 1.000 1.000 1.000 1.000 1.000 450 1.001 3.000 1.001 3.000 1.040

1000 90 1.000 1.000 1.000 1.000 1.000 900 1.000 3.000 1.000 3.000 1.002

Ave. 1.026 1.307 1.029 1.358 1.074 1.025 2.236 1.020 1.557 1.135
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Under the asymptotic framework in (3), it is generally expected that the accuracy
of asymptotic approximations deteriorates as c0 approaches 1. However, in the present
simulation study, no clear deterioration in the performance of the variable selection method
based on the HEMCp criterion was observed when c0 approaches 1.

From the results of these simulation studies, we confirmed that the variable selection
method based on the HEMCp criterion consistently exhibited superior performance across
all simulation settings considered here, regardless of the size of p. Therefore, we anticipate
that the HEMCp criterion will perform well in practical applications.
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Appendix A. Proofs of Lemmas and Theorems
Appendix A.1. Proof of Lemma 1

Let Θ∗
j
⊤ for j ⊆ j∗ be a p × k j matrix of which the ith column vector consists of

θ∗ai
, where ai is the ith element of j, and Φ∗

j for j ⊆ j∗ be a k j × k j matrix defined by

Φ∗
j = Θ∗

j Σ−1
∗ Θ∗

j
⊤. By using this notation, for any j ∈ J−, δj is rewritten as

δj =
1
n

tr
{

Φ∗
jc∩j∗X⊤

jc∩j∗(In − Pj)Xjc∩j∗

}
. (A1)

To assess which elements of Φ∗
j are convergent or divergent for j ⊆ j∗, we prepare the

following lemma.

Lemma A1. Let ap = (a1, . . . , ap)⊤ and bp = (b1, . . . , bp)⊤ be p-dimensional real vectors and
let Sp be a p × p positive definite real matrix. Moreover, we define sequences {cp}, {dp}, and {hp}
as

cp = a⊤
p S−1

p ap, dp = b⊤
p S−1

p bp, hp = a⊤
p S−1

p bp.

Then, if cp = O(1) and dp = O(1) hold as p → ∞, sequences {cp}, {dp} and {hp} are convergent,
and sequences {cp} and {dp} converge to positive values.

Proof of Lemma A1. From the definitions of cp and dp, we can observe that {cp} and {dp}
are positive sequences. Let

ap+1 =

(
ap

ap+1

)
, bp+1 =

(
bp

bp+1

)
, Sp+1 =

(
Sp rp+1

r⊤p+1 sp+1

)
. (A2)

It follows from the general formula for the inverse of a block matrix, e.g., th. 8.5.11 [29], that

S−1
p+1 =

(
S−1

p 0p

0⊤p 0

)
+

1
wp+1

up+1u⊤
p+1, (A3)
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where 0p is the p-dimensional vector of zeros, and wp+1 and up+1 are given by

wp+1 = sp+1 − r⊤p+1S−1
p rp+1, up+1 =

(
S−1

p rp+1

−1

)
.

It should kept in mind that wp+1 > 0 because we assume that Sp+1 is also a positive definite
real matrix. By using (A2) and (A3), we derive

cp+1 = a⊤
p+1S−1

p+1ap+1 = a⊤
p S−1

p ap +
1

wp+1

(
a⊤

p+1up+1

)2

= cp +
1

wp+1

(
a⊤

p+1up+1

)2
. (A4)

This means that {cp} is a monotonically increasing sequence. On the other hand, the as-
sumption indicates that sequence {cp} is bounded from above. Hence, {cp} converges
to a positive value. By a similar method, {dp} also converges to a positive value. Let us
define u1 = −1 and w1 = s1. From (A4), we can see that sequences {cp}, {dp}, and {hp}
are expressed as

cp =
p

∑
i=1

(
a⊤

i ui√
wi

)2

, dp =
p

∑
i=1

(
b⊤

i ui√
wi

)2

, hp =
p

∑
i=1

(
a⊤

i ui√
wi

)(
b⊤

i ui√
wi

)
.

It follows from the relationship between the arithmetic mean and geometric mean that

h+p =
p

∑
i=1

∣∣∣∣∣
(

a⊤
i ui√
wi

)(
b⊤

i ui√
wi

)∣∣∣∣∣ = p

∑
i=1

√√√√(a⊤
i ui√
wi

)2(
b⊤

i ui√
wi

)2

≤ 1
2

p

∑
i=1


(

a⊤
i ui√
wi

)2

+

(
b⊤

i ui√
wi

)2
 =

1
2
(cp + dp).

It is straightforward to see that {h+p } is a monotonically increasing sequence. Since {cp}
and {dp} are bounded from above, sequence {h+p } is also bounded from above. This
implies that {h+p } converges to a positive value. Since h+p is the absolute convergent series,
hp is the convergent series. Hence, hp is also convergent.

It follows from Lemma A1 that Φ∗
ξ∗

converges to some positive semidefinite matrix,
where ξ∗ is given in (17). Since X⊤X/n is convergent, X⊤

jc∩j∗(In − Pj)Xjc∩j∗/n is also
convergent. Therefore, δj is convergent for any j ∈ S−. When j ∈ S c

− ∩ J−, we have

∃a ∈ ξ∗ ∩ j∗ s.t. a /∈ j.

Then, by using the above result and θ∗a
⊤Σ−1

∗ θ∗a → ∞ as p → ∞, δj in (A1) is rewritten as

δj ≥
1
n

tr
{

Φ∗
jc∩j∗X⊤

jc∩j∗(In − Pω\{a})Xjc∩j∗

}
=

1
n

θ∗a
⊤

Σ−1
∗ θ∗a X⊤

{a}(In − Pω\{a})X{a} → ∞.

Hence, δj is divergent for any j ∈ S c
− ∩ J−. Consequently, Lemma 1 is proved.

Appendix A.2. Proof of Lemma 2

When c0 ̸= 0, p → ∞ holds. Notice that tr(E⊤PjE)/p
p−→ k j as p → ∞ because

tr(E⊤PjE) is distributed according to a chi-square distribution with pk j degrees of freedom.
From the result and Lemma 1, Lemma 2 is proved.
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Appendix A.3. Proof of Lemma 3

Suppose that j1 ⊂ j2 for j1, j2 ∈ J+. Then, P(tr(E⊤Pj2E)− tr(E⊤Pj1E) > 0) = 1 holds
because Pj2 − Pj1 is positive semidefinite and the distribution of E is continuous. This
implies that P( ĵLE ∈ J+\{j∗}) = 0. Since (J+\{j∗})c = {j∗} ∪ J−, Lemma 3 (1) is proved.

Next, we show the proof of Lemma 3 (2). Notice that

1
n

tr(E⊤PjE) =
p
n
· 1

p
tr(E⊤PjE)

p−→ k jc0,

as n → ∞ and p/n → c0. By using this result, we show the following basic results used for
proving Lemma 3 (2):

∀j ∈ J−,
1

nδj
{L(j)−L(j∗)} = 1 +

1
δj

{
1
n

tr(E⊤PjE)−
1
n

tr(E⊤Pj∗E)
}

= 1 +
1
δj
(k j − k∗)c0 + op(1),

(A5)

as n → ∞ and p/n → c0. Recall that P( ĵLE ∈ J+\{j∗}) = 0. Hence, to prove Lemma 3 (2),
it is sufficient to show that the following equation is satisfied:

∀j ∈ {{j∗} ∪ J−}\{j0}, plim
n→∞,p/n→c0

1
hj
{L(j)−L(j0)} = τj > 0, (A6)

(see, e.g., the result in [30]), where j0 is the asymptotically loss optimal model given by (19),
and hj is some positive constant depending on model j, which does not converge to 0. First,
we give the proof when {ξ∗ ̸= ∅} ∩ {c0 ̸= 0}. From Lemma 2 (1) and (19), we have

∀j ∈ {{j∗} ∪ S−}\{j0}, plim
n→∞,p/n→c0

1
n
{L(j)−L(j0)} = λ(j)− λ(j0) > 0, (A7)

where λ(j) is given by (18). On the other hand, from Lemma 2, for any j ∈ S c
− ∩J−, δj goes

to ∞ as n → ∞ and p/n → c0. Then, from (A7), we can see that {L(j∗)− L(j0)}/(nδj)

is 0 or converges to 0 in probability as n → ∞ and p/n → c0. It follows from this result,
the divergence of δj and (A5) that ∀j ∈ S c

− ∩ J−,

plim
n→∞,p/n→c0

1
nδj

{L(j)−L(j0)}

= plim
n→∞,p/n→c0

1
nδj

{L(j)−L(j∗)} + plim
n→∞,p/n→c0

1
nδj

{L(j∗)−L(j0)} = 1 > 0.

Therefore, (A6) is proved when {ξ∗ ̸= ∅} ∩ {c0 ̸= 0}. Next, we give the proof when
{ξ∗ = ∅} ∪ {c0 = 0}. Recall that ξ∗ = ∅ ⇔ δj → ∞ for any j ∈ J−. Hence, substituting
δj → ∞ or c0 = 0 into (A5) yields

∀j ∈ J−, plim
n→∞,p/n→c0

1
nδj

{L(j)−L(j∗)} = 1 > 0.

Recall that j0 = j∗ when {ξ∗ = ∅} ∪ {c0 = 0}. Hence, (A6) is proved when {ξ∗ =

∅} ∪ {c0 = 0}. Consequently, Lemma 3 (2) is proved.

Appendix A.4. Proof of Lemma 4

We first give the lemma required for proving Lemma 4.
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Lemma A2. Let X be a Bernoulli random variable with probability of success θ, and let h be a
positive value such that

lim
n→∞,p/n→c0

h = ∞.

Suppose that
lim

n→∞,p/n→c0
θ = 0.

Then, without depending on the order of divergence of h, hX
p−→ 0 as n → ∞ and p/n → c0 ∈

[0, 1).

Proof of Lemma A2. Notice that hX is a non-negative random variable. For any η > 0, we
have

P(hX > η) =

{
θ (when η ≤ h)
0 (when η > h)

.

From the above result and the θ assumption, it follows that

P(hX > η) ≤ θ → 0,

as n → ∞ and p/n → c0. This means that hX
p−→ 0 as n → ∞ and p/n → c0 ∈ [0, 1). Hence,

Lemma A2 is proved.

To permit a unified description of proofs for L( ĵLE) and L( ĵα), we write the optimal
model and the selected model as ĵ. Notice that I( ĵ = j) is a Bernoulli random variable. It
follows from the assumption that

∀j ∈ J \{ℓ}, lim
n→∞,p/n→c0

P(I( ĵ = j) = 1) = 0. (A8)

This indicates that for any j ∈ J \{ℓ}, I( ĵ = j) = op(1) as n → ∞ and p/n → c0. From (A8)
and Lemma A2, we have

∀j ∈ J \{ℓ}, p · I( ĵ = j)
p−→ 0, ∀j ∈ J−\{ℓ}, nδj · I( ĵ = j)

p−→ 0, (A9)

as n → ∞ and p/n → c0. Notice that tr(E⊤PjE)/p = Op(1) as n → ∞ and p/n → c0. It
follows from this equation and (A9) that for any j ∈ J \{ℓ}

tr(E⊤PjE) · I( ĵ = j) =
1
p

tr(E⊤PjE) ·
{

p · I( ĵ = j)
} p−→ 0, (A10)

as n → ∞ and p/n → c0. By using (A9) and (A10), we have

∀j ∈ J \{ℓ}, L(j)I( ĵ = j)
p−→ 0,

as n → ∞ and p/n → c0. Substituting the above equation into (15) yields

L( ĵ) = L(ℓ)I( ĵ = ℓ) + op(1) = L(ℓ)−L(ℓ)I( ĵ ̸= ℓ) + op(1), (A11)

as n → ∞ and p/n → c0. Notice that I( ĵ ̸= ℓ) is also a Bernoulli random variable having

lim
n→∞,p/n→c0

P(I( ĵ ̸= ℓ) = 1) = 0.

Therefore, from Lemma A2, we can see that

L(ℓ)I( ĵ ̸= ℓ)
p−→ 0,
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as n → ∞ and p/n → c0. Substituting the above equations into (A11) yields

L( ĵ) = L(ℓ) + op(1),

as n → ∞ and p/n → c0. It follows from the above equation that L( ĵLE) = L(ℓ)+ op(1) and
L( ĵα) = L(ℓ)+ op(1) as n → ∞ and p/n → c0. These equations imply that L( ĵLE)/L( ĵα) =
1 + op(1) as n → ∞ and p/n → c0. Hence, Lemma 4 is proved.

Appendix A.5. Proof of Lemma 5

We first give lemmas required for proving Lemma 5 (see [18], for the proof).

Lemma A3. Suppose that Assumptions A1 and A2 hold. The GCp criterion is consistent when
n → ∞ and p/n → c0 ∈ [0, 1) if α satisfies Conditions C1 and C2.

Lemma A4. Suppose that Assumptions A1 and A2 hold. When {ξ∗ ̸= ∅} ∩ {c0 ̸= 0}, statistics
based on transformed tr(SjS−1

ω ) converge to positive values in probability as n → ∞ and p/n →
c0 ∈ [0, 1), i.e.,

∀j ∈ S− ∪ J+, plim
n→∞,p/n→c0

1
n

{
(n − k j)tr(SjS−1

ω )− (n − k)p
}
=

δj,0 + (k − k j)c0

1 − c0
,

∀j ∈ S c
− ∩ J−, plim

n→∞,p/n→c0

1
nδj

{
(n − k j)tr(SjS−1

ω )− (n − k)p
}
= 1,

where Sj is given by (5).

To prove Lemma 5, it suffices to show that the following equation is satisfied:

∀j ∈ {{j∗} ∪ J−}\{j0}, plim
n→∞,p/n→c0

1
hj

{
GCp(j|α)− GCp(j0|α)

}
= τj > 0, (A12)

(see, e.g., the result in [30], where hj is some positive value depending on the model j,
which does not converge to 0. Recall that j0 = j∗ when {ξ∗ = ∅} ∪ {c0 = 0}, j0 = j∗.
Hence, when {ξ∗ = ∅} ∪ {c0 = 0}, the equations in (A12) hold if α satisfies the conditions
for consistency given in Lemma A3, i.e., Conditions C1 and C2.

Next, we consider the case of {ξ∗ ̸= ∅} ∩ {c0 ̸= 0}. Although it is stated in (19) that
λ(j0) is the minimum among all j ∈ {j∗} ∪ S−, we know that

∀j ∈ {S− ∪ J+}\{j0}, λ(j0) < λ(j), (A13)

where λ(j) is given by (18). This is because λ(j) = k jc0 and k∗ < k j holds for any j ∈
J+\{j∗}. It follows from the above result, (A13), Lemma A4, and Condition C3 that

∀j ∈ {S− ∪ J+}\{j0}, plim
n→∞,p/n→c0

1
n
{

GCp(j|α)− GCp(j0|α)
}
=

λ(j)− λ(j0)
1 − c0

> 0,

∀j ∈ S c
− ∩ J−, plim

n→∞,p/n→c0

1
nδj

{
GCp(j|α)− GCp(j0|α)

}
= 1 > 0.

Consequently, Lemma 5 is proved.

Appendix A.6. Proof of Lemma 6

We first give a lemma required for proving Lemmas 6 and 8.
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Lemma A5. Let X be a Bernoulli random variable with probability of success θ satisfying

lim
n→∞,p/n→c0

θ = 0.

Then, for any j ∈ J , E[L(j)X]/p can be expanded as

1
p

E[L(j)X] =
n
p

δjθ + o(1),

as n → ∞ and p/n → c0.

Proof of Lemma A5. Notice that

E
[

p−1L(j)
]
= p−1nδj + k j,

Var
[

p−1L(j)
]
= Var

[
p−1tr(E⊤PjE)

]
= 2p−1k j,

E[X] = θ,

Var[X] = θ(1 − θ).

From the above equations and the θ assumption, it follows that∣∣∣E[p−1L(j)X
]
− E

[
p−1L(j)

]
E[X]

∣∣∣ = ∣∣∣Cov
[

p−1L(j), X
]∣∣∣

≤
√

Var[p−1L(j)]Var[X] =
√

2p−1k jθ(1 − θ) → 0,

as n → ∞ and p/n → c0. Hence, we derive

1
p

E[L(j)X] =
1
p

E[L(j)]E[X] + o(1) =
(

n
p

δj + k j

)
θ + o(1) =

n
p

δjθ + o(1),

as n → ∞ and p/n → c0. Consequently, Lemma A5 is proved.

Since R(jME) is the minimum value of R(j) among j ∈ J , R(jME) ≤ R(j0) holds. On
the other hand, L( ĵLE) is the minimum value of L(j) among j ∈ J , L( ĵLE) ≤ L(jME) holds.
This implies that E[L( ĵLE)] ≤ E[L(jME)] = R(jME). Therefore, we have

E
[
L( ĵLE)

]
≤ R(jME) ≤ R(j0). (A14)

By using the equation in (15) and j0 in (19), we derive

L(j0) ≥ L( ĵLE) = ∑
j∈J

L(j)I( ĵLE = j).

This implies that

L(j0)
{

1 − I( ĵLE = j0)
}
≥ ∑

j∈J \{j0}
L(j)I( ĵLE = j)

⇐⇒ L(j0)I( ĵLE ̸= j0) ≥ ∑
j∈J \{j0}

L(j)I( ĵLE = j). (A15)

It follows from Theorem 3 that P( ĵLE ̸= j0) → 0 as n → ∞ and p/n → c0. Since I( ĵLE ̸=
j0) ∼ B(1, P( ĵLE ̸= j0)), by using Lemma A5, we have

1
p

E
[
L(j0)I( ĵLE ̸= j0)

]
=

n
p

δj0 P( ĵLE ̸= j0) + o(1),
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as n → ∞ and p/n → c0. Notice that

n
p

δj0 =

{
c−1

0 δj0,0 + o(1) ({ξ∗ ̸= ∅} ∩ {c0 ̸= 0})
0 ({ξ∗ = ∅} ∪ {c0 = 0})

. (A16)

Since 0 < c−1
0 δj0,0 < ∞, we have

1
p

E
[
L(j0)I( ĵLE ̸= j0)

]
→ 0, (A17)

as n → ∞ and p/n → c0. It follows from (A15) and (A17) that

1
p ∑

j∈J \{j0}
E
[
L(j)I( ĵLE = j)

]
→ 0,

as n → ∞ and p/n → c0. This implies that

1
p

E
[
L( ĵLE)

]
=

1
p

E
[
L(j0)I( ĵLE = j0)

]
+ o(1)

=
1
p

E[L(j0)]−
1
p

E
[
L(j0)I( ĵLE ̸= j0)

]
+ o(1)

=
1
p
R(j0) + o(1),

as n → ∞ and p/n → c0. By using the above result and (A14), Lemma 6 is proved.

Appendix A.7. Proof of Lemma 7

We first give a lemma required for proving Lemma 7.

Lemma A6. Let W− be a set of underspecified models which satisfy Equation (16), i.e.,

W− =

{
j ∈ J−

∣∣∣∣∣ lim
n→∞,p/n→c0

p
nδj

(
− n

n − p
+ α

)
= 0

}
.

Suppose that Assumptions A1 and A2 hold. The order of the selection probability of j ∈ W− by the
GCp is given by

P( ĵα = j) = O(n−r),

where r is any positive integer.

Proof of Lemma A6. Let qj = k jc∩j∗ for any j ∈ J−, and let V, U1, . . . , Uqj be mutually
independent random variables defined by V ∼ χ2

m and Ui ∼ χ2(nδj,i), where δj,i is a
positive value satisfying δj,1 + · · ·+ δj,qj = δj and δi,j ≥ δj/q2

j for all i ∈ {1, . . . , qj}. Here,
m is given in (8) and δj is given by (6). Suppose that Assumption A1 holds. Then, from [31]
or [32], the probability of selecting j ∈ J− by a GCp is bounded as

P( ĵα = j) ≤
qj

∑
i=1

P(Ui/V ≤ pα/(n − k)). (A18)

Let γj,i be a constant defined by

γj,i =
1

δj,i

( p + nδj,i

m − 2
− pα

n − k

)
(j ∈ J−, i = 1, . . . , qj).
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From a simple calculation, we have

γj,i =
n

m − 2
+

p(n + kp)
(m − 2)(n − k)(n − p)δj,i

− p
(n − k)δj,i

(
− n

n − p
+ α

)
. (A19)

It follows from the relations δj,i ≥ δj/q2
j and qj ≤ k∗, the boundedness of 1/δj, and the

definition of W− that

lim
n→∞,p/n→c0

p(n + kp)
(m − 2)(n − k)(n − p)δj,i

= 0,

lim
n→∞,p/n→c0

p
(n − k)δj,i

(
− n

n − p
+ α

)
= 0.

(A20)

Using Equations (A19) and (A20) yields

lim
n→∞,p/n→c0

γj,i =
1

1 − c0
> 0.

Hence, γj,i is positive for sufficiently large n or large n and p. This implies that for suffi-
ciently large n or large n and p

P
(

Ui
V

≤ pα

n − k

)
= P

(
1

δj,i

(
Ui
V

−
p + nδj,i

m − 2

)
≤ −γj,i

)

≤ P

(
1

δj,i

∣∣∣∣Ui
V

−
p + nδj,i

m − 2

∣∣∣∣ ≥ γj,i

)

≤ 1
(γj,iδj,i)2r E

[(
Ui
V

−
p + nδj,i

m − 2

)2r
]

, (A21)

where r is any positive integer. The results in [31] indicate that

E

[(
Ui
V

−
p + nδj,i

m − 2

)2r
]
= O

(
n−rδ2r

j,i

)
. (A22)

Substituting (A21) and (A22) into (A18) yields P( ĵα = j) = O(n−r). Consequently,
Lemma A6 is proved.

If α satisfies Condition C2, W− = J− holds. On the other hand, when α satisfies
Condition C3, for Equation (16) to hold, it must be the case that δj = ∞. Hence, if α satisfies
Condition C3, W− = S c

− ∩ J− holds. Recall that r in Lemma A6 is any positive integer.
From Lemma A6, the selection probability of j ∈ W− can be expressed as

P( ĵα = j) =
Mj

nϵ+1 ,

where Mj is a constant independent of n and p, and ϵ is the positive integer defined in
Assumption A3. This implies that

n
p

δjP( ĵα = j) =
1
p

δj

nϵ
Mj = 0,

as n → ∞ and p/n → c0. Consequently, Lemma 7 is proved.
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Appendix A.8. Proof of Lemma 8

From Lemma 5, if α satisfies Conditions C1 and C2 when {ξ∗ = ∅} ∪ {c0 = 0},
or Condition C3 when {ξ∗ ̸= ∅} ∩ {c0 ̸= 0}, the following equations are satisfied:

lim
n→∞,p/n→c0

P( ĵα ̸= j0) = 0, lim
n→∞,p/n→c0

P( ĵα = j) = 0 (∀j ∈ J \{j0}),

where j0 is the asymptotically loss optimal model given by (19). Notice that

I( ĵα ̸= j0) ∼ B
(
1, P( ĵα ̸= j0)

)
, I( ĵα = j) ∼ B

(
1, P( ĵα = j)

)
, (∀j ∈ J \{j0}).

By using Lemma A5 and Equation (A16), we have

1
p

E
[
L(j0)I( ĵα ̸= j0)

]
=

n
p

δj0 P( ĵα ̸= j0) + o(1) = o(1) as n → ∞, p/n → c0. (A23)

Recall that δj = 0 holds for any j ∈ J+, or np−1δj = O(1) as n → ∞ and p/n → c0 for any
j ∈ S− when c0 ̸= 0, From these equations and Lemma 7, we can see that

n
p

δjP( ĵα = j) =


0 (∀j ∈ J+\{j0})

o(1)

 ∀j ∈ S−\{j0} when c0 ̸= 0
∀j ∈ S c

− ∩ J− when c0 ̸= 0
∀j ∈ J− when c0 = 0


=

{
0 (∀j ∈ J+\{j0})
o(1) (∀j ∈ J−\{j0})

,

as n → ∞ and p/n → c0. It follows from the equation and Lemma A5 that for any
j ∈ J \{j0}

1
p

E
[
L(j)I( ĵα = j)

]
=

n
p

δjP( ĵα = j) + o(1) = o(1), (A24)

as n → ∞ and p/n → c0. Notice that

1
p

E
[
L( ĵα)

]
=

1
p ∑

j∈J
E
[
L(j)I( ĵα = j)

]
=

1
p
R(j0)−

1
p

E
[
L(j0)I( ĵα ̸= j0)

]
+

1
p ∑

j∈J \{j0}
E
[
L(j)I( ĵα = j)

]
.

By substituting (A23) and (A24) into the above equation, Lemma 8 is proved.

Appendix A.9. Proof of Corollary 1

To prove Corollary 1, it is sufficient to show that α satisfying Condition C3 satisfies
Condition C2 when {ξ∗ = ∅} ∪ {c0 = 0}. Recall that ξ∗ = ∅ ⇔ δj → ∞ for any j ∈ J−.
Notice that p/(nδj) and pα/(nδj) converge to 0 when δj → ∞ or c0 = 0. These convergences
to 0 and n/(n − p) → 1/(1 − c0) imply that

lim
n→∞,p/n→c0

p
nδj

(
− n

n − p
+ α

)
= 0.

This indicates that Condition C2 holds when {ξ∗ = ∅} ∪ {c0 = 0}. Consequently,
Corollary 1 is proved.
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