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Abstract

We investigate the existence and uniqueness of solutions for two-point boundary value
problems involving left and right Caputo fractional derivatives with possibly complex-
valued coefficients on a finite real interval. Under suitable assumptions on the fractional
order and the coefficients, we establish the existence and uniqueness of continuous weak
solutions. In addition, under further L2-type assumptions on the coefficients, we prove
the existence of weak solutions in the Hilbert space L?(a,b). The analysis is based on an
equivalent fractional integral formulation and the Banach—Caccioppoli fixed-point theorem.
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1. Introduction

Classical Sturm-Liouville theory has long played a fundamental role in the study of
boundary value, spectral, and inverse problems [1]. In its classical form, Sturm-Liouville
problems are based on second-order differential equations of the type

(P(x)y")' —q(x)y =0, x€ab], ©)
where suitable assumptions are imposed on the coefficients and boundary conditions. This
framework is closely related to self-adjoint operators and plays a central role in spectral
theory and eigenfunction expansions.

In recent decades, motivated by the need to describe memory and nonlocal effects in
complex systems, fractional generalizations of Sturm-Liouville problems have attracted
considerable attention. These models typically replace classical derivatives by non-integer
order operators such as Riemann-Liouville or Caputo derivatives. A large body of work has
been devoted to analytical properties, eigenvalue problems, inverse problems, variational
formulations, and numerical approximations of such fractional systems [2-11]. In particular,
variational approaches have been successfully employed to establish the existence of
countable families of eigenvalues and orthogonal eigenfunctions, while several studies have
investigated spectral properties, approximation techniques, and applications to anomalous
diffusion and related nonlocal models.

From a spectral and operator-theoretic perspective, fractional Sturm-Liouville prob-
lems have been studied extensively, including self-adjoint formulations, orthogonality
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of eigenfunctions, eigenvalue asymptotics, and spectral representations. The interplay
between left and right fractional operators is particularly important in deriving fractional
integration-by-parts formulas and establishing generalized symmetry properties. Further-
more, inverse fractional Sturm-Liouville problems have received considerable attention
due to their relevance in parameter identification and reconstruction of nonlocal models
from spectral data [5,6].

Recent studies have also developed weak formulations for fractional boundary value
and eigenvalue problems, providing a natural framework for treating nonlocal operators
and low-regularity coefficients. Such approaches have contributed to the analysis of
existence, uniqueness, stability, and spectral properties of solutions, especially in situations
where classical differentiability assumptions are not available.

A substantial part of the literature is devoted to numerical methods for fractional
Sturm-Liouville problems, including finite difference, finite element, and spectral methods
[12-15]. These studies demonstrate the efficiency of discretization techniques for computing
eigenvalues and eigenfunctions. However, in many cases, the analysis assumes the well-
posedness of the underlying continuous problem or imposes relatively strong regularity
and positivity assumptions on the coefficients.

From the analytical point of view, existence and uniqueness results for fractional
differential equations and fractional boundary value problems have been established
using fixed-point theory, variational methods, and functional analytic techniques [16-21].
Nevertheless, most existing works focus on operators involving either one-sided fractional
derivatives or particular combinations of Riemann-Liouville and Caputo operators and
typically assume real-valued coefficients satisfying positivity, boundedness, or continuity
conditions.

In contrast, the present work considers the fractional boundary value problem

D; (pDgy)(x) +q(x)y(x) = 0, (2)

where Dj and Dj denote the left and right Caputo fractional derivatives, respectively.
The operator Djj (pD}y) represents a genuinely left-right nonlocal structure, incorporating
information from both endpoints of the interval.

The choice of operator formalism in (2) deserves some mention. In trying to extend
classical Sturm-Liouville theory to the fractional (non-integer derivative) case, one is
immediately faced with serious deficiencies not present in the classical case. Generally
speaking, the corresponding eigenvalue problem is not self-adjoint independently of the
form of the fractional derivatives being used. In some cases, the eigenvalues may be real [§]
and in other cases, not so [4]. For a = b in (2) and one of the Caputo derivatives replaced
by a Riemann-Liouville derivative, the solutions may be written in terms of Mittag—Leffler
functions, for which great deal of literature exists. However, the non-real spectrum causes
problem. For a # b, the results in [8] show that some similarities may be found with the
classical case. In the end, one is faced with the more serious issue of determining existence
and uniqueness theorems for solutions of such problems for which there are very few
results appearing in the literature. This paper is one of them ([4] and [21] being others).
Again, in the case where a # b and the operator formalism is of the form

Dj (pDgy)(x) + q(x)y(x) = 0,

the mere choice of the fractional derivatives dictates the initial conditions for an associated
initial value problem. In the preceding case, this equation is well-suited for the study of
what we call, in the classical case, two-point boundary value problems. Thus, permuting
and mixing fractional derivatives of Caputo and Riemann-Liouville type as we do here
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may lead to drastically different scenarios and results, all of interest and each of which
yield some corresponding classical results in the limit as the fractional order « — 1.

Another reason for considering the left and right Caputo fractional derivatives as
done here is the availability of an integration-by-parts formula. Without such, there is
little hope of extending the classical case to this more general setting. In many fractional
spectral models, the simultaneous use of left and right derivatives is essential for obtaining
variational formulations, generalized self-adjoint structures, and symmetry properties of
the associated operators.

Most importantly, unlike many existing studies, we allow the coefficients p and g to
be merely measurable and possibly complex-valued, without imposing sign or continuity
assumptions. This generalization introduces significant analytical challenges, since classical
positivity, symmetry, and self-adjointness arguments are no longer directly applicable.
The Caputo derivative is employed because it is defined through classical integer-order
derivatives and is compatible with standard boundary conditions. This property also
facilitates numerical discretization via finite difference schemes, making Caputo-type
operators particularly suitable for computational implementations.

Therefore, the main contribution of this paper is to establish the existence and unique-
ness of weak solutions for the above fractional Sturm-Liouville type problem under sub-
stantially weaker assumptions than those commonly found in the literature. The analysis is
based on a Banach—Caccioppoli fixed-point approach [22-24], which guarantees both the
existence and uniqueness of solutions.

2. Preliminaries

Notation 1. The theory, now well studied, involves notation that is fairly complex and that we
propose to simplify by substituting the symbols encountered as follows.

*  The Caputo derivative, ‘D5 , will be denoted simply by Dy, with a boldface D. Similarly, ‘D,
will be denoted by Dy.

®  The Riemann—Liouville integral, I;"Jr, will be shortened to 1. Similarly, the symbol IZ‘_ will be
replaced by Ij.

e Anitalicized D™ refers to the ordinary classical derivative of order m.

e Cla, b] denotes the space of continuous complex-valued functions on [a,b].

o LY(a,b)and L?(a,b) are the standard Lebesgue spaces.

 AC[ab) = {y € Cla,b] : y(x) = y(a) + [ g(s)ds, g € L'(a,b)} is the space of all
absolutely continuous functions defined on [a, b).

Definition 1. We say that a function y is a weak/integral solution of the boundary value problem if
y satisfies the equivalent fractional integral equation associated with the problem, together with the
prescribed boundary conditions.

Now, we give some preliminary materials of fractional calculus.

Definition 2. Let « be a positive real number, and f(x) € Li(a,b). Left-sided and right-sided
Riemann—Liouville integrals of order a are defined as ([2])

I f(x) = r(lpo'/ax(xs)"‘_lf(s) ds, x>a,

I f(x) = F(la) /xb(s —x)*1f(s)ds, x<b.

https://doi.org/10.3390/math14142576


https://doi.org/10.3390/math14142576

Mathematics 2026, 14, 2576

40f11

Property 1. Let « be a positive real number, and m — 1 < o < m, where m is an integer. Then,
left-sided and right-sided Riemann—Liouville fractional derivatives of order w are defined as in ([2]):

(Daf)(x) =D"™(L;" “f)(x), x>a,
(Dyf)(x) = (=D)" (I “f)(x), x<b.

Analogous formulas yield the left-sided and right-sided Caputo derivatives of order a:

(Daf)(x) = (I *D"f)(x), x>a,
(D3 f)(x) = (I*(=D)"f)(x), x <b.

Property 2. If m —1 <« < m, B > aand f € Cla,b], then the following identities hold ([2]):
DAL f(x) = f(x), DIf(x) = f(x)
DyIf = 1§ f(x), DyIf = 1) " f(x),
DYISS(x) = f(x), DYIEF(x) = f(x),

BIEF(x) = 1P F(), B =1y P f ().
Property 3. Ify(t) € AC[a,b] and 0 < « < 1, then
[ Dgy(t) = y(t) —y(a),
I;Dyy(t) = y(t) —y(b).

3. Existence and Uniqueness

In this section, we derive an integral equation that will be used later to prove the
existence and uniqueness of solutions to (3) and (4) as follows:

D; (pD3y) (x) +q(x)y(x) =0, ®)
with boundary conditions of the form
(PDpy)(a) = c1; y(b) = e )

where the ¢; are the constants, either real or complex. We proceed formally first in order to
arrive at an integral equation whose solutions will then be shown to satisfy equation (3).
Applying If to both sides of (3) and using Property 3, we have

(pDpy)(x) = —I;(qy)(x) + (pDyy)(a).

ie.,

Diy(x) = ———I*(qy) (x) + P(ﬂc)wnzy)w )

p(x)
Now, by applying I} to both sides of (5) and using Property 3, we find

yx) = - Iz‘(:, Iswy)) (x) + (p DLy)(a) Iz*(pg')) (x) + y(b).
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Therefore, any solution to the boundary value problem (3) and (4) must satisfy the following
equation.

) = =1 (G2 ) 0 +ertf (575 ) 0 + e ©)

There will be two separate cases here, namely one where c; = y(b) = 0, and ¢, = y(b) # 0.
Each case leads to different types of solutions.

Let p, g be complex-valued Lebesgue measurable functions on [a,b] with 1/p,q €
LY(a,b),p # 0,and |p(x)| < o a.e. (This a.e. finiteness assumption avoids cases where

the function Sia) may be identically infinite on sets of positive measure, in which case we

would have to change the meaning of the equation (3).
Here, we show that continuous solutions to (6) with given c1,c; € C exist and are
unique under various assumptions.

3.1. Weak Solutions in C|a, b]
The following lemma will be used throughout the paper.

Lemma 1 ([25], p. 54, Corollary 1). Consider the convolution
t
/ a(t—1)b(t)dt, te[o,T].
0

with real integrands a, b. If the functions a, b are summable in the interval L'(0, T) and if either
one is in L*°(0, T), then their product is continuous in this interval.

Corollary 1. Consider the convolutions

| fx=s)gs)ds, xelab) %

and

/b f(s—x)g(s)ds, x€la,b]. 8)

with a real integrand f and a complex valued integrand g. If the functions f, g € L1(0, T) and if
either one is in L (0, T), then their product is continuous in this interval.

Proof. It suffices to prove these results for the real case of g, as Lemma 1 can be applied to
the real and imaginary part separately.

For the first part, given x, 4, b, the change in variable, u = x — a,5 = a + r transforms

U

(7) into an equation of the form / flu—r)gla+r)ligp_g(r)dron[0,u], where 1, _, is
the indicator function on [0, b — a]. The result follows after an application of Lemma 1.

In the second part, the change in variable u = b — x, 7 = b — s transforms (8) into an
integral of type [’ f(u —r) g(b — r) dr, after which, Lemma 1 applies once again. [

Theorem 1. Let p, q be complex-valued Lebesgue measurable functions on [a,b] with 1/p,q €
L*®(a,b),p # 0,and |p(x)| < oo a.e. Let1/2 < a < 1, and

(b— a)z"‘

WHUPIIWIMHW <L o)

Then, for given c1, ¢y € C, the boundary value problem (3) and (4) has a unique solution y € Cla, b].
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Proof. Consider the complete normed space (X, |.|[«) of complex valued continuous
functions on [a,b]. We use (6) to define a map T on X by setting

() = 1 (Gt ) 0 +eutp (15 ) 00+ o (1)
Sincey € X and 1/p,q € L*(a, b) by hypothesis,
® " (b—a)“
11 (qy)) ()] < Yool l]]eo (2{%(% (1)(96)) S Tat1) 1Y lleol[41]co- (11)

Asy € Xand g € L®(a,b), we have qy € L*(a,b). Hence,

B () = [ =9 g o)yte)ds

is continuous on [a, b] by Corollary 1. Moreover, since 1/p € L*®(a,b), it follows that
%Ig‘(qy) € L*(a,b). Applying Corollary 1 once again, we obtain that

I?(;I;"(qy)> ™= 7 /xb(s —x)"“lp(ls)ls‘(qy)(s)ds

is continuous on [a, b]. Similarly, since 1/p € L*(a, b), Corollary 1 implies that I} (%) (x)is
continuous on [a, b].
Therefore, all terms in (10) are continuous on [4, b]. Thus, TX C X.

Now, we show that T is a contraction on X.

ITy(x) — Tz(x)| < sz(fﬂfﬂmw—z))u):M. 12)

M in (12) is estimated using (9), i.e.,

M < |[1/plle [[4lleo ( sup 15‘(13‘(1)(36)) 1y = 2[le (13)

x€la,b]

Now,

from which we derive,

sup IR(IE(1)(x) < E=D (1)
x€|a,b] r(tX + 1)
Inserting (14) into (13), we obtain
(b —a)*
S o) 0 - 00
M < =S 1/plls gl ly = (15)
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Inserting (15) into (12) yields

ITy(x) — T2(x)]| < r(()z 111/ plleo [g1leol ¥ — 2o 16)

Applying (9), we deduce that T is a contraction on X so that the fixed-point theorem of
Banach—Cacciopoli now implies the existence of a unique fixed-point y € X that necessarily
satisfies

) = =1 () ) )+ ealy (75 ) 0 e
O

Remark 1. This a.e. finiteness assumption on p(x) avoids cases where the function p(x) may be
identically infinite on sets of positive measure, in which case, we would have to change the meaning
of the equation (3) and rewrite it as a first-order system (see for example, [1]). The solution given
by (6) is not necessarily a solution to (3), as differentiability may be lacking. It is, however, a
weak/integral solution in the sense that all solutions of (3) and (4) must satisfy (6).

Coronary 1. In addition to the conditions on p, q, « in Theorem 1, assume that F is complex-valued,
and F € L®(a, b). If (9) holds, then the boundary value problem (4) for the forced equation

D; (pDyy) (x) +4(x)y(x) = F(x), (17)
with ¢1, ¢y € C has a unique solution in Cla, b].

Proof. Applying I} to both sides of (17) and using Property 3, we have

(PDpy)(x) = =13 (qy)(x) + (pDyy)(a) + I (F)(x).

ie.,

Dy (x) = ———18(qy) (x) + p(l S (D} () + p(lx)lswx). 18)

()
Now, by applying I} to both sides of (18) and using Property 3, we find

v = (58 )0+ i B )@
+y(b)+ Ib<P I“(F)) (x).

Therefore, any solution to the boundary value problem (17) must satisfy the following
equation.

) = 1 (S )0+t (55 ) 0+ e+ 1 (G180 ) (0
Consider the map T on X = C[a, b] defined by

() =~ (18 ) )+ e (15 ) 0 +eat B (S ) o)

As per Theorem 1, the first and second terms are continuous in [a,b]. The last term is
continuous by virtue of Lemma 1. Now, the proof is similar to the proof of Theorem 1, as
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TX C X, and the map T is a contraction on X. The conclusion follows from the contraction
mapping principle, as before. [

3.2. Weak Solutions in L2(a,b)

Now, we consider the boundary value problem (3) in the Hilbert space, L?(a, b).

Theorem 2. Let p, q be measurable complex-valued functions on [a, ], % € LY(a,b),and |p(x)| <
0o, p # 0a.e. Assume that, for some o € (%, 1), we have

_ > las)P
ki = su — I ——ds < oo, 19
1 xe[a%] o (x—s)2 (19)
kp = sup Ib ( | |)( ) oo, (20)
x€la,b]
_ Vki(b—a)
c= F(oc) ky < 1. (21)

Then, the boundary value problem (3) and (4) with c1, cp being arbitrary has a unique solution
y € L?(a,b).

Proof. First, we show why the condition & > 1 is required. Since f € L?(a, b), we apply
the Cauchy-Schwarz inequality to the Riemann-Liouville fractional integral

(B = a7 [ =0 e

Then,

70 < g ([0 2a) (o)

Because f € L2(a,b), the second factor is finite. Therefore, the existence of I% f depends
on the finiteness of | ax(x — t)2*24t. This integral converges near t = x only if 24 — 1 > 0,
which is equivalent to « > %

1
Therefore, the condition 5 < « < 1 guarantees that the Riemann-Liouville fractional

integrals I%, If of L2-functions exist on account of the Cauchy-Schwarz inequality. Conse-
quently, these integrals define absolutely continuous functions with respect to the variable
in question.

Let X be a complete normed vector space, X = (L%(a,b),|.|2), where ||| is the usual
norm, and define a map T on X by

Ty(x) = —If (;I::(qy)) (x) + cllz*(pé)) (%) + 2 @)

The square integrability in the first term follows from the assumptions and the Schwarz
inequality, i.e., for y € X, we have
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<Ib<| |I“ lqy!) )(x
ZZH;zAb(|% u([gﬂgﬁy%>ﬂ
b ot 2 1/2
rar . s ()
(f |y<s>|2ds)1/2dt

1 1
o Vil (m)“‘)
< r’gz)m Iyl 23)

15‘(;15(%))( x)

X

Since the right-hand side of (23) is independent of x and the interval [, b] is finite, it follows
that the first term in (22) belongs to L?(a,b). The second term is square-integrable by
assumption (20), and so all terms in (22) are square-integrable. So, TX C X.

Now, we show that T is a contraction on X. For y,z € X, we have

ITy(x) — T(x)| < Iz(;lfsuquyzn)(x) " 24)

Arguing as in (23), with y replaced by y — z, g replaced by |g| and p replaced by |p|,
we find that

k
< ﬁi)@ ly — zll2. (25)

Finally, combining (24) and (25), we obtain,

ITy(x) - Ta(x)| < r’gz)m ly— 2l (26)

Since (26) is true for every x € [a, b], an application of the Schwarz inequality gives us

k(b —
I7y(x) T2l < Y2y =2l @)

and we conclude that
[Ty — Tz[|2 < clly — z||2

with ¢ < 1, so that T is a contraction on X. The conclusion follows. [

Corollary 2. In addition to the conditions on p,q, « in Theorem 2, assume that f is complex-valued,
and f € L*(a,b). If (21) holds, then the boundary value problem

D; (pDyy)(x) +g(x)y(x) = f(x),
{ (pDjy)(a) = c1; y(b) = c2, (28)

with c1, ¢y € C has a unique solution y € L*(a,b).

Proof. A proof follows readily from Corollary 1 and Theorem 2. [
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4. Conclusions

In this paper, we have studied a two-point boundary value problem for a fractional
Sturm-Liouville type equation involving a genuinely left-right Caputo structure of the form

D;(p Dyy) (x) +g(x)y(x) = 0.

The main mathematical contribution of this work is the establishment of existence and
uniqueness results for weak solutions under substantially relaxed assumptions on the
coefficients. In particular, we allow the coefficients p and q to be merely measurable and
possibly complex-valued, without imposing the usual continuity or sign conditions that
are commonly required in the existing literature.

A key feature of the present analysis is the use of left and right Caputo fractional
derivatives in a coupled operator form. This left-right structure plays an essential role
in capturing nonlocal effects from both endpoints of the interval and provides a natural
fractional generalization of classical Sturm-Liouville operators. In contrast to many previ-
ous studies, which mainly focus on one-sided fractional derivatives or Riemann-Liouville
formulations, the present framework leads to a more symmetric and physically meaningful
nonlocal model.

The presence of complex-valued coefficients introduces additional analytical diffi-
culties, since standard positivity arguments and self-adjointness properties are no longer
available. To overcome these difficulties, we employ a fixed-point approach based on
the Banach—Caccioppoli theorem, which provides a robust framework for proving both
existence and uniqueness of weak solutions in the corresponding function space.

From a computational perspective, the Caputo formulation is particularly suitable for
numerical discretization. Since Caputo derivatives are defined through classical deriva-
tives, they can be efficiently approximated using standard finite-difference schemes. This
property suggests that the present analytical results can serve as a rigorous foundation for
future numerical approximations of the proposed model.

The obtained results are also consistent with and extend several existing directions
in Sturm-Liouville theory, including eigenvalue problems, inverse problems, and spectral
analysis. In particular, classical works on fractional Sturm-Liouville operators and their nu-
merical treatment can be viewed as special cases under stronger assumptions on regularity
or real-valued coefficients.

Finally, several interesting directions for future research can be considered. These
include the spectral analysis of the proposed operator, investigation of self-adjoint or
quasi-self-adjoint structures under additional assumptions, extension to multi-term or
variable-order fractional operators, and the development of stable and convergent nu-
merical schemes based on finite difference and finite element methods for the associated
fractional boundary value problems.
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