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Abstract

Evaluating whether clinical classifiers perform equitably across patient subgroups is a
central requirement for the responsible deployment of machine learning in medicine.
Conventional approaches test one fairness metric at a time, such as sensitivity, positive
predictive value, or area under the receiver operating characteristic curve, and therefore
cannot detect disparities that manifest only in the joint structure of a group-specific confu-
sion matrix. We develop a unified hypothesis-testing framework rooted in random matrix
theory that compares demographic groups through the L2 distance between their joint
eigenvalue densities, yielding a scalar spectral divergence that is sensitive to every cell
of the 2 × 2 confusion matrix simultaneously. We derive the closed-form spectral diver-
gence for Gaussian-approximated eigenvalue densities, prove almost-sure consistency of
the empirical estimator via the delta method, and construct an extreme-value (Gumbel)
test statistic with family-wise error rate control. Monte Carlo experiments comprising
10,000 replications across balanced, moderately imbalanced, and severely imbalanced
group-size regimes show that the spectral test keeps Type I errors close to its nominal
level while achieving power exceeding 90% in complex and multi-dimensional violation
scenarios, where the best single-metric competitor reaches at most 63%. Three clinical
benchmark datasets from the UCI Machine Learning Repository utilised include Pima
Indians Diabetes (n = 768), Cleveland Heart Disease (n = 303), and Heart Failure Clinical
Records (n = 299). Results confirm that the spectral method detects statistically significant
(p < 0.001) performance disparities missed by all three conventional tests. These results
support eigenvalue-based divergence as a practical, model-agnostic diagnostic equity tool
for clinical machine learning audits.
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1. Introduction
The adoption of machine learning (ML) in clinical decision-making, including disease

screening, risk stratification, and treatment allocation, has accelerated markedly in the
past decade. With this acceleration comes an obligation: clinical classifiers must perform
equitably across patient subgroups defined by demographic or clinical attributes such as
sex, age stratum, or comorbidity profile. When a classifier systematically under-detects
disease in one subgroup or over-classifies healthy patients in another, the resulting dis-
parities translate directly into differential harm, including delayed diagnosis, unnecessary
treatment, or misallocated resources [1,2].

The statistical tool that most completely summarises the performance of a binary
classifier at a fixed decision threshold is the confusion matrix 2 × 2, which records the
joint frequencies of true positives (TPs), false positives (FPs), false negatives (FNs), and
true negatives (TNs). Every standard performance metric, such as sensitivity, specificity,
positive predictive value, negative predictive value, and the F1 score, is a scalar function of
these four counts. When fairness is the concern, the standard practice is to compute this
metric separately for each demographic group and then to test whether the group-specific
values are equal. For example, the equal opportunity criterion of [3] requires that sensitivity
be identical between groups; demographic parity requires equal predicted positive rates;
and predictive parity requires equal positive predictive values.

A fundamental limitation of this metric-by-metric approach is that it reduces the
four-dimensional confusion matrix to a single scalar prior to comparison. Two groups may
have identical sensitivities yet markedly different false positive rates, or identical positive
predictive values yet disparate true negative proportions. Such “hidden” disparities are
invisible to any test that conditions on a single metric. Moreover, refs. [4,5] showed
that, except in degenerate cases, it is impossible to simultaneously satisfy multiple fairness
criteria. This impossibility result implies that a comprehensive diagnostic equity assessment
cannot rely on testing a finite list of univariate metrics; instead, it must interrogate the full
structure of group-specific confusion matrices.

Random matrix theory (RMT) provides a natural mathematical language for such
structural comparisons. The eigenvalues of a symmetric matrix encode its variance structure
in a rotation-invariant manner: they are unchanged by any orthogonal transformation
of the coordinate system and therefore capture intrinsic geometric properties rather than
artefacts of a particular parameterisation. Building on the eigenvalue distributions derived
for random confusion matrices in [6], we propose comparing demographic groups by
measuring the distance L2 between their joint eigenvalue densities, which we term spectral
diagnostic divergence.

The contributions of this paper are as follows. First, we define spectral diagnostic di-
vergence and derive its closed-form expression under Gaussian-approximated eigenvalue
densities for 2 × 2 confusion matrices (Section 3). Second, we prove that the empirical
estimator is strongly consistent and asymptotically normal, with an explicit delta-method
variance (Section 3). Third, we construct an extreme-value test statistic whose null distribu-
tion is Gumbel, allowing family-wise error rate control over all pairwise group comparisons
(Section 3). Fourth, we conduct a comprehensive Monte Carlo study with 10,000 repli-
cations per scenario, providing empirical evidence that the spectral test attains higher

https://doi.org/10.3390/math14142583

https://doi.org/10.3390/math14142583


Mathematics 2026, 14, 2583 3 of 28

power than conventional sensitivity, positive predictive value, and AUC-based tests in the
complex and multi-dimensional fairness-violation regimes considered, while maintaining
controlled Type I errors (Sections 4 and 5). We emphasise that this is an empirical com-
parison based on the stated data-generating processes, rather than a claim of universal
dominance. Fifth, we validate the framework on three clinical datasets from the UCI
Machine Learning Repository—Pima Indians Diabetes [7], Cleveland Heart Disease [8],
and Heart Failure Clinical Records [9]—showing that the spectral test identifies significant
performance disparities that are missed not only by all three single-metric tests but also,
in the Cleveland and Heart Failure datasets, by multivariate multinomial homogeneity
tests (Section 6).

Motivation and Positioning Relative to Existing Fairness Assessments

The practical advantage of the proposed approach is best understood as one of test
multiplicity versus omnibus screening. A conventional fairness audit selects a metric (for
example, the true positive rate for the equal-opportunity criterion of [3], the predicted
positive rate for demographic parity [10], or the positive predictive value for predictive
parity [5]) and runs a separate group-comparison test for each. Because the impossibility
results of [4,5] preclude simultaneous satisfaction of these criteria except in degenerate
cases, an auditor who wishes to be comprehensive must run many such tests and then
correct for multiplicity, which erodes power; alternatively, the auditor selects a small
number of metrics in advance and accepts blindness to any disparity that those metrics
do not encode. The spectral divergence offers a different trade-off: a single scalar statistic
computed from the entire group-specific confusion matrix, requiring one test rather than a
battery of corrected comparisons. This is the sense in which the method is “model-agnostic”
and “metric-agnostic”: it does not commit in advance to which margin of the confusion
matrix a disparity will appear.

Our framework is therefore complementary to, rather than a replacement for, the sub-
stantial body of work on algorithmic fairness. Group-fairness criteria and their incom-
patibilities are reviewed by [11–13]; pre-processing, in-processing, and post-processing
remedies are developed by [14–16]; and the specific challenges of fairness in clinical and
healthcare machine learning are documented by [1,2,17,18]. Relative to these approaches,
the contribution here is narrowly diagnostic: it provides a principled detection statistic
at the confusion-matrix level, not a remediation procedure. We stress at the outset that
the confusion-matrix view is deliberately restricted. Fairness notions that depend on the
predicted score distribution rather than on a thresholded decision, such as calibration
fairness [4], ranking fairness, and sensitivity to the choice of decision threshold, are outside
the scope of a fixed-threshold confusion matrix and are not captured by the present test.
We return to these boundaries in Section 7.

2. Confusion Matrices and Fairness Metrics
2.1. Notation and Statistical Model

Consider a binary clinical classifier evaluated on a population divided into demo-
graphic groups G indexed by g ∈ {1, 2, . . . , G}. Let Ng denote the number of patients
in group g. For the reader’s convenience, Table 1 collects the principal symbols used
throughout the paper.
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Table 1. Summary of principal notation.

Symbol Meaning

G, g, h Number of demographic groups; group indices, g, h ∈ {1, . . . , G}
Ng Number of patients in group g
Y, Ŷ True and predicted binary labels
Cg Group-specific 2 × 2 confusion matrix (Definition 1)
TPg, FPg, FNg, TNg Cell counts of Cg (true/false positives/negatives)
pg = (pg,11, pg,10, pg,01, pg,00) Cell probabilities; pg ∈ ∆3 (probability simplex)
vg Normalised performance vector, vg = Cg/Ng
Āg Mean of the entries of vg
s2

g Sample variance (dispersion) of the entries of vg
λ1, λ2 Eigenvalues of the symmetrised confusion matrix
fk(λ1, λ2) Joint eigenvalue density for group k (Equation (14))
TPR, PPV, AUC Sensitivity, positive predictive value, area under ROC curve
D(g, h) Exact L2 spectral diagnostic divergence (Equation (15))
D̂(g, h) Empirical spectral divergence statistic (Definition 4)
Zgh, T Standardised pairwise statistic; test statistic T = maxg ̸=h Zgh

M = (G
2) Number of distinct group pairs

aM, bM Gumbel centring and scaling constants
τ̂2 Average estimated pairwise variance
ϵ Pre-specified equity tolerance
α, tα Significance level; critical value controlling the FWER

Definition 1 (Group-Specific Confusion Matrix). The group-specific confusion matrix is the
2 × 2 random matrix

Cg =

[
TPg FPg

FNg TNg

]
, (1)

where [TPg, FPg, FNg, TNg]⊤ ∼ Multinomial(Ng, pg) with pg = (pg,11, pg,10, pg,01, pg,00)
⊤ ∈ ∆3,

the probability simplex.

The four cell probabilities admit a direct probabilistic interpretation:

pg,11 = Pr(Ŷ = 1, Y = 1), pg,10 = Pr(Ŷ = 1, Y = 0),

pg,01 = Pr(Ŷ = 0, Y = 1), pg,00 = Pr(Ŷ = 0, Y = 0),
(2)

where Y and Ŷ denote the true and predicted labels within group g.

2.2. Scalar Fairness Metrics

Three metrics commonly used in clinical fairness assessments are defined below.

Sensitivity (True Positive Rate).

TPRg =
pg,11

pg,11 + pg,01
= Pr(Ŷ = 1 | Y = 1). (3)

Proposition 1 (Asymptotic distribution of TPR). Let N+
g = TPg + FNg. As N+

g → ∞,√
N+

g (TPRg − θg)
d−→ N (0, θg(1 − θg)), where θg = pg,11/(pg,11 + pg,01).

Positive Predictive Value (PPV).

PPVg =
pg,11

pg,11 + pg,10
= Pr(Y = 1 | Ŷ = 1). (4)

Area Under the ROC Curve (AUC).

AUCg = Pr(S+
g > S−

g ), (5)
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where S+
g and S−

g are the classifier’s score distributions for positive and negative cases in
group g.

2.3. Limitations of Univariate Fairness Tests

For any metric M ∈ {TPR, PPV, AUC}, the conventional test is

H0 : M1 = M2 = · · · = MG versus H1 : ∃ g ̸= h such that Mg ̸= Mh, (6)

implemented via the chi-squared statistic

χ2
M =

G

∑
g=1

(M̂g − M̄)2

V̂ar(Mg)
. (7)

The fundamental deficiency is that such a test is blind to any disparity that does not affect
M. Two groups with identical TPRs but dramatically different FPRs will pass the equal-
opportunity test; two groups with identical PPV but different TNRs will pass the predictive-
parity test. The impossibility theorems of [4,5] guarantee that such hidden disparities
generically exist whenever multiple fairness definitions are not simultaneously satisfiable.
What is needed, therefore, is a test that is sensitive to every cell of the confusion matrix.

Figure 1 summarises the pipeline developed in the remainder of the paper: each
group’s 2 × 2 confusion matrix is normalised and symmetrised, mapped to a joint eigen-
value density, compared between groups through an L2 spectral divergence, and finally
aggregated across group pairs into an extreme-value test statistic with family-wise error
control. The key conceptual contrast with the univariate tests above is that the scalar met-
rics each collapse the confusion matrix onto a single axis, whereas the spectral divergence
retains the joint cell structure.

Group 2 × 2
confusion
matrix Cg

Normalised &
symmetrised
matrix (10)

Joint eigen-
value den-

sity (14)

Pairwise
L2 spectral

divergence (17)

Extreme-value
(Gumbel)
test (25)

Equity decision
with FWER

control

Figure 1. Schematic of the spectral diagnostic equity pipeline. Each demographic group’s confusion
matrix is reduced to a joint eigenvalue density; groups are compared pairwise through an L2 diver-
gence, and the pairwise divergences are aggregated into a single extreme-value test statistic with
family-wise error rate control. Equation numbers indicate where each step is defined.

3. Eigenvalue-Based Diagnostic Equity Framework
3.1. Normalised Performance Vectors

Definition 2 (Normalised Performance Vector). For group g, define the normalised perfor-
mance vector

vg =
1

Ng

(
TPg, FPg, FNg, TNg

)⊤ ∈ R4. (8)

Each component of vg estimates the corresponding cell probability pg,ij and 1⊤vg = 1.
Although the four components are in a three-dimensional simplex, we retain all four for
interpretability. The sample mean and sample variance of the entries,

Āg = 1
4 ∑i vg,i, s2

g = 1
3 ∑i(vg,i − Āg)2, (9)
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summarise the location and dispersion of the proportions of the confusion-matrix cells and
serve as the two parameters of the eigenvalue density introduced in Section 3. A conse-
quence of the constraint 1⊤vg = 1 is that the location Āg = 1/4 is shared by every group; the
discriminating content of the divergence lies mainly in the dispersion s2

g, which quantifies
how unevenly the unit of probability mass is distributed across the four cells. The location
term (Āg − Āh)

2 is retained in the general expressions below so that the estimator remains
well defined for unnormalised or alternatively scaled confusion-matrix representations,
but it vanishes under the present normalisation.

Remark 1 (What the second-moment summary does and does not capture). Because D̂(g, h)
is a function of (Āg, s2

g, Āh, s2
h) alone, it is invariant under any rearrangement of the proportions of

the four cells of a group that leaves their first two moments unchanged. Two confusion matrices that
differ by such a permutation, for example, by interchanging the diagonal (correct) and anti-diagonal
(incorrect) mass, are assigned divergence zero, even though they describe opposite classifier behaviour.
The statistic is thus best understood as a test for differences in the concentration profile of the
confusion matrix across groups, rather than as a complete sufficient statistic for the multinomial
law. We make this limitation explicit here in response to the legitimate concern that a low-order
summary can discard structural information; the empirical results of Section 6 indicate that, for the
disparities arising in the clinical datasets studied, group differences manifest as differences in s2

g and
are consequently detected. A divergence built from the full eigenvalue density (Equation (16)) rather
than its Gaussian summary, which would retain higher-order structure, is a natural refinement
discussed in Section 7.

3.2. From the Multinomial Model to the Joint Eigenvalue Density

Before defining the divergence, we make explicit why a spectral representation is
appropriate for a matrix 2 × 2 and how the joint eigenvalue density used below arises
from the multinomial sampling model. This addresses two natural objections: that random
matrix theory (RMT) is ordinarily a high-dimensional theory, and that the density is invoked
rather than derived.

3.2.1. Why Eigenvalues of a 2 × 2 Matrix

We do not invoke asymptotic RMT spectra such as the Marchenko–Pastur or Tracy–
Widom laws, which indeed require the matrix dimension to grow [19,20]. Our use of
spectral information is finite-dimensional and exact: the two eigenvalues of a symmetric
2 × 2 matrix are the two orthogonal invariants of that matrix under the rotation group
O(2). Any rotation-invariant comparison of two such matrices must be a function of
their eigenvalues, and conversely, the pair (λ1, λ2) determines the symmetric matrix up to
orthogonal conjugation. Comparison of groups through the joint law of (λ1, λ2) is there-
fore a coordinate-free way of comparing the full second-order structure of the confusion
matrix, in contrast to comparing a hand-chosen scalar margin. The role of RMT here is
to provide the correct sampling density of this eigenvalue pair, not to provide a limiting
spectral distribution.

3.2.2. Symmetrisation

The confusion matrix Cg in Equation (1) is not symmetric, so we work with its sym-
metric part 1

2 (Cg + C⊤
g ), equivalently with the symmetric matrix

Sg =

[
vg,1 wg

wg vg,4

]
, wg = 1

2 (vg,2 + vg,3), (10)

https://doi.org/10.3390/math14142583

https://doi.org/10.3390/math14142583


Mathematics 2026, 14, 2583 7 of 28

whose diagonal carries the correctly classified proportions (TPg, TNg)/Ng and whose off-
diagonal carries the mean misclassification proportion. The symmetric part preserves the
interpretation of the eigenvalues as variance directions while discarding only the skew-
symmetric component, which for a 2 × 2 matrix contributes a single antisymmetric degree
of freedom that does not affect the rotation-invariant comparison.

3.2.3. Gaussian Approximation of the Entries

By Definition 1, the cell counts are multinomial, so for large Ng, the multivariate
central limit theorem gives√

Ng (vg − pg)
d−→ N4

(
0, diag(pg)− pgp⊤g

)
, (11)

so that, to first order, the entries of Sg are jointly Gaussian with common location Āg and a
dispersion governed by s2

g. Following [6], we adopt the tractable isotropic approximation
in which the independent entries of the symmetric matrix share variance s2

g; this is the 2 × 2
Gaussian orthogonal ensemble (GOE) with nonzero mean, and it is the simplest model
consistent with the first two moments in Equation (9). The accuracy of this approximation
for finite clinical samples is examined in Section 3.4, and its limitations are discussed
in Section 7.

3.2.4. Change in Variables to Eigenvalues

For a symmetric matrix S =
[

a b
b c

]
, the eigenvalues are

λ1,2 =
a + c

2
±

√( a − c
2

)2
+ b2, (12)

and the spectral decomposition S = Q diag(λ1, λ2) Q⊤ with Q ∈ O(2) parametrised by
a single angle ϕ furnishes a change in variables (a, b, c) 7→ (λ1, λ2, ϕ). Its Jacobian is the
classical Vandermonde factor

da db dc = 1
2 |λ1 − λ2| dλ1 dλ2 dϕ, (13)

which is exactly the level-repulsion term responsible for the |λ1 − λ2| factor in the density.
Substituting the isotropic Gaussian weight exp

(
− [(a − Āk)

2 + 2b2 + (c − Āk)
2]/(2s2

k)
)

into the transformation (13), expressing the exponent through λ1 + λ2 = a + c and
λ2

1 + λ2
2 = a2 + c2 + 2b2, and integrating the angle ϕ over [0, π) removes the eigenvector

orientation and yields the marginal joint density of the eigenvalues,

fk(λ1, λ2) =
1

4s2
k
√

π
exp

(
−

λ2
1 + λ2

2 − 2Āk(λ1 + λ2) + 2Ā2
k

2s2
k

)
|λ1 − λ2|, (14)

which is the density derived in [6] and the starting point for the divergence below.
The derivation makes clear that the |λ1 − λ2| factor is the Jacobian of the eigendecom-
position rather than an external modelling choice, and that Āk and s2

k enter as the only
free parameters.

3.3. Spectral Diagnostic Divergence

Using the joint eigenvalue density (14) for 2 × 2 random confusion matrices derived
in [6], we measure the discrepancy between two groups as follows.
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Definition 3 (Spectral Diagnostic Divergence). For groups g and h, the spectral diagnostic
divergence is

D(g, h) =
(∫∫

R2

[
fg(λ1, λ2)− fh(λ1, λ2)

]2 dλ1 dλ2

)1/2
. (15)

Theorem 1 (Closed-Form Divergence). Under the density (14), the squared spectral diagnostic
divergence admits the exact closed form

D2(g, h) =
1
8
− 1

4
sgsh

s2
g + s2

h
exp

(
−
(Āg − Āh)

2

2(s2
g + s2

h)

)
. (16)

Writing σ2 = 1
2 (s

2
g + s2

h), t = (s2
g − s2

h)/(s
2
g + s2

h) ∈ (−1, 1), and q = (Āg − Āh)
2/(2(s2

g +

s2
h)) ≥ 0, this is equivalent to

D2(g, h) = 1
8
(
1 −

√
1 − t2 e−q) = 1

8
(
1 − e−φ

)
, φ := q − 1

2 ln(1 − t2) ≥ 0, (17)

so that D(g, h) is bounded, 0 ≤ D(g, h) < 1/
√

8, and equals zero if and only if Āg = Āh

and sg = sh. For small parameter differences, expanding (17) to second order gives the leading-
order behaviour

D2(g, h) =
(Āg − Āh)

2

32 σ2 +
(s2

g − s2
h)

2

64 σ4 + R, (18)

where the remainder R is bounded explicitly in Proposition 3.

Proof. We expand D2(g, h) = Igg + Ihh − 2Igh, where Ikk =
∫∫

f 2
k dλ1 dλ2 and Igh =∫∫

fg fh dλ1 dλ2.
Self-interaction term. With the substitution u = (λ1 − Āk)/sk, v = (λ2 − Āk)/sk,

Ikk =
1

16π

∫∫
R2

e−(u2+v2)(u − v)2 du dv. (19)

Standard Gaussian moment identities give
∫∫

e−(u2+v2)(u − v)2 du dv = π, so Ikk = 1/16.
Cross-interaction term. Using the product-of-Gaussians identity e−a(x−m1)

2
e−b(x−m2)

2
=

e−(a+b)(x−m̄)2
e−

ab
a+b (m1−m2)

2
, where m̄ = (am1 + bm2)/(a + b), we factor the integrand in

both λ1 and λ2. After completing the square and evaluating the resulting Gaussian integrals,
we obtain

Igh =
1
8

sgsh

s2
g + s2

h
exp

(
−
(Āg − Āh)

2

2(s2
g + s2

h)

)
. (20)

Substituting Igg = Ihh = 1/16 and Igh into D2 = Igg + Ihh − 2Igh yields (16).
Identity (17) follows from sgsh/(s2

g + s2
h) = 1

2

√
1 − t2 and (Āg − Āh)

2/(2(s2
g + s2

h)) = q,
and from collecting the two factors into the single exponent φ = q − 1

2 ln(1 − t2).
The leading-order form (18) is obtained in Proposition 3.

Corollary 1 (Special cases of the leading-order divergence). To leading order in the group
differences, with σ2 = 1

2 (s
2
g + s2

h),

1. Equal variance. If sg = sh = s, then D(g, h) ≈ |Āg − Āh|/(
√

32 s).
2. Equal mean. If Āg = Āh, then D(g, h) ≈ |s2

g − s2
h|/(8σ2).

3. Identical groups. D(g, h) = 0 if and only if Āg = Āh and sg = sh.

In each non-degenerate case, the divergence is a strictly increasing function of the corresponding
parameter gap, so the ordering of group dissimilarity is preserved by any monotone rescaling of D.
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Proposition 2 (Metric properties). The function D : G ×G → [0, 1/
√

8) satisfies non-negativity,
symmetry, identity of indiscernibles, and the triangle inequality (via Minkowski’s inequality on L2)
and is therefore a bounded metric on the space of eigenvalue densities.

3.4. Validity of the Gaussian and Small-Difference Approximations

The framework rests on two approximations whose validity is quantified by the
Gaussian (GOE) approximation of the multinomial entries in Equation (11) and the small-
difference expansion (18). We address the second analytically and the first by indicating its
regime of accuracy.

Proposition 3 (Approximation error of the leading-order divergence). With t, q, φ, and σ2

as in Theorem 1, the remainder in Equation (18) satisfies

|R| ≤ 1
8

(
− 1

2 ln(1 − t2)− t2

2︸ ︷︷ ︸
=O(t4)

+ φ2

2

)
≤ 1

8

( t4

4(1 − t2)
+

φ2

2

)
. (21)

Consequently, R = O
(
(q + t2)2), and the relative error of (18) is O(q + t2). The approximation is

therefore accurate precisely when the squared standardised mean gap q and the relative variance gap
|t| are small, that is, when the two groups have comparable cell dispersion; for severe disparities (in
particular structural zeros, where t → 1), the exact form (17) should be used instead.

Proof. From (17), D2 = 1
8 (1 − e−φ) with φ = q − 1

2 ln(1 − t2). Since − 1
2 ln(1 − t2) =

t2

2 + t4

4 + · · · ≥ t2

2 , we have φ = q + t2

2 + ρ(t) with 0 ≤ ρ(t) = − 1
2 ln(1 − t2)− t2

2 ≤ t4

4(1−t2)
.

The elementary bounds φ − φ2

2 ≤ 1 − e−φ ≤ φ give
∣∣(1 − e−φ)− φ

∣∣ ≤ φ2

2 . Writing the lead-

ing term as A = q + t2

2 and noting D2 = 1
8 A + R with R = 1

8
[
(1 − e−φ)− A

]
, the triangle

inequality yields |R| ≤ 1
8
(
ρ(t) + φ2

2
)
, which is (21). Substituting q = (Āg − Āh)

2/(4σ2)

and t2/2 = (s2
g − s2

h)
2/(8σ4) into 1

8 A gives the explicit leading terms of (18).

Remark 2 (Finite-sample validity of the Gaussian approximation). The Gaussian approxima-
tion (11) carries the usual multinomial Berry–Esseen rate O(N−1/2

g ), which degrades when a cell
probability is close to 0 or 1, i.e., for rare events or near-deterministic predictions in small groups.
For the smallest subgroups in our clinical data (Ng between 72 and 131), the expected count in
every retained cell exceeds five, the conventional adequacy threshold for normal approximation of
multinomial counts; nonetheless, for groups with very few positives, the permutation alternative
noted in Section 7 is preferable. This is the principal reason we report the exact divergence (17)
alongside the leading-order statistic.

3.5. Statistical Estimation and Consistency

Definition 4 (Empirical Spectral Divergence). Given observed confusion matrices, the empirical
spectral divergence statistic is

D̂(g, h) =

√√√√ ( ˆ̄Ag − ˆ̄Ah)2 + (ŝ2
g − ŝ2

h)
2

ŝ2
g ŝ2

h
, (22)

where ˆ̄Ag and ŝ2
g are computed from the normalised performance vector vg. Its population counter-

part D(g, h) replaces the estimates by the corresponding parameters.

Remark 3 (Relationship between D̂ and the exact divergence). The statistic (22) is a stan-
dardised structural distance between the moment summaries of the two groups; unlike the exact L2

divergence (17), it is unbounded, which gives it finer numerical resolution for ranking disparities
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and is why the reported values exceed the bound 1/
√

8 of the exact metric. The two are nonetheless
monotonically linked: under comparable variances (t → 0, so ŝg ŝh ≈ σ2), Equation (18) gives
D(g, h) ≈ 8 D(g, h), and more generally, D is a strictly increasing function of D along each of
the parameter gaps in Corollary 1. A test based on D̂ therefore detects exactly the alternatives
D(g, h) > 0, while D serves as the working statistic. We use D̂ throughout for consistency with
this rescaling. The heuristic monotonicity asserted here is made rigorous in Proposition 4.

Proposition 4 (Exact monotone link between the exact and structural divergences). Under
the simplex normalisation Āg = Āh = 1/4 that holds for every confusion-matrix proportion vector,
set t = (s2

g − s2
h)/(s

2
g + s2

h) ∈ (−1, 1) and m =
√

1 − t2 = 1 − 8D2(g, h) ∈ (0, 1]. Then the
population structural divergence of Definition 4 satisfies the exact identity

D(g, h) =
2
√

1 − m2

m
=

2
√

1 −
(
1 − 8D2(g, h)

)2

1 − 8D2(g, h)
=: G

(
D(g, h)

)
, (23)

where G is a strictly increasing bijection from [0, 1/
√

8) onto [0, ∞), with G(D) = 8D + O(D3)

as D → 0. Consequently, the inference based on D (equivalently D̂) rejects exactly the alternatives
D(g, h) > 0, and the two divergences induce the same ordering of group dissimilarity.

Proof. With Āg = Āh, the mean-gap term vanishes, so q = 0 and Equation (17) gives
D2 = 1

8
(
1 −

√
1 − t2

)
= 1

8 (1 − m); hence, m = 1 − 8D2, and m ranges over (0, 1] as D
ranges over [0, 1/

√
8). The same condition reduces Definition 4 to D2 = (s2

g − s2
h)

2/(s2
gs2

h).
Writing s2

g + s2
h = 2σ2 and s2

g − s2
h = 2σ2t, we have s2

gs2
h = σ4(1 − t2), so that

D2 =
(2σ2t)2

σ4(1 − t2)
=

4t2

1 − t2 =
4(1 − m2)

m2 ,

using m2 = 1 − t2; taking the positive root yields (23). For strict monotonicity,
dm/dD = −16D < 0 for D > 0, while d

dmD2 = d
dm 4

(
m−2 − 1

)
= −8m−3 < 0; by the

chain rule

d
dD

D2 =
(
−8m−3)(−16D

)
=

128 D
m3 > 0, D ∈ (0, 1/

√
8),

so D = G(D) is strictly increasing, with G(0) = 0 and G(D) → ∞ as m → 0+, i.e.,
D → 1/

√
8. The leading-order behaviour follows from 1−m2 = 16D2 +O(D4) and m → 1,

giving G(D) = 2
√

1 − m2/m = 8D + O(D3). A strictly increasing bijection preserves both
the ordering and the location of the zero, which establishes the final claim.

Remark 4 (General case and numerical verification). When Āg ̸= Āh (relevant only for
unnormalised or rescaled confusion-matrix representations, since the simplex constraint forces
Āg = Āh = 1/4 here), D and D are no longer functions of a single parameter, but each is strictly
increasing in each of the two parameter gaps |Āg − Āh| and |s2

g − s2
h| separately (Corollary 1),

so they continue to induce the same partial ordering of disparities. Under the operative normal-
isation, the exact bijection (23) applies without qualification. We verified (23) numerically over
a dense grid of D ∈ [0, 1/

√
8) and over 5000 random confusion-matrix pairs: the structural

statistic computed directly from the cell proportions agreed with G(D) to a median relative error
of 6.5 × 10−16, and the rank correlation between D and D̂ was 1.000 (Figure 2). For reference,
the largest reported empirical statistics, D̂ = 1.406, 1.823, 2.147, correspond through (23) to exact
divergences D = 0.151, 0.181, 0.199, all comfortably within the bound 1/

√
8 ≈ 0.354.
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Figure 2. Exact monotone link between the bounded exact divergence D and the unbounded struc-
tural statistic D̂ (Proposition 4). The solid curve is the closed-form bijection G(D) of Equation (23);
points are 5000 random confusion-matrix pairs, for which the directly computed D̂ coincides with
G(D) to machine precision. The vertical axis is on a logarithmic scale.

Theorem 2 (Consistency and Asymptotic Normality). As Ng, Nh → ∞:

1. D̂(g, h) a.s.−→ D(g, h), the population structural divergence of Definition 4.

2.
√

NgNh
(

D̂(g, h)−D(g, h)
) d−→ N (0, σ2

gh), where σ2
gh = ∇ϕ(θ)⊤Ω∇ϕ(θ).

Here, θ = (Āg, s2
g, Āh, s2

h)
⊤, ϕ(θ) = D(g, h) =

√
((Āg − Āh)2 + (s2

g − s2
h)

2)/(s2
gs2

h),

and Ω is the asymptotic covariance matrix of θ̂. Because D is a strictly increasing function of
the exact divergence D (Remark 3), part (i) implies consistency of the test for every alternative
D(g, h) > 0.

Proof. Part (i) follows from the strong law of large numbers applied to each multinomial
cell proportion, the continuous mapping theorem, and the fact that ϕ is continuous at the
population parameter provided s2

g, s2
h > 0. Part (ii) follows from the multivariate delta

method [21]. The gradient ∇ϕ has components

∂ϕ

∂Āg
=

Āg − Āh

ϕ s2
gs2

h
,

∂ϕ

∂Āh
= −

Āg − Āh

ϕ s2
gs2

h
,

∂ϕ

∂s2
g
=

s2
g − s2

h

ϕ s2
gs2

h
− ϕ

2s2
g

,
∂ϕ

∂s2
h
= −

s2
g − s2

h

ϕ s2
gs2

h
− ϕ

2s2
h

.

The matrix Ω is block-diagonal with blocks determined by the multinomial covariance
structure of each group’s cell proportions. Substituting and applying the delta method
yields asymptotic normality with variance σ2

gh = ∇ϕ⊤Ω∇ϕ.

Corollary 2 (Rate of Convergence). D̂(g, h)−D(g, h) = Op
(
1/

√
NgNh

)
.
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3.6. Hypothesis Testing

Hypotheses.

We test

H0 : D(g, h) ≤ ϵ ∀ g ̸= h versus H1 : ∃ g ̸= h with D(g, h) > ϵ, (24)

where ϵ > 0 is a pre-specified equity tolerance on the structural-divergence scale.

Theorem 3 (Extreme-Value Test Statistic). Define the standardised pairwise statistics Zgh =

D̂(g, h)/
√

1/ŝ2
g + 1/ŝ2

h and the test statistic T = maxg ̸=h Zgh. Let M = (G
2). Under H0,

as ming Ng → ∞,
T − ϵ − τ̂ aM

τ̂ bM

d−→ Gumbel(0, 1), (25)

where aM =
√

2 log M − (log log M + log 4π)/(2
√

2 log M), bM = 1/
√

2 log M, and
τ̂2 = M−1 ∑g<h τ̂2

gh is the average estimated pairwise variance.

Proof. By Theorem 2, each Zgh is asymptotically normal. Because pairs sharing a common
group are correlated, but max(g,h) ̸=(i,j) |ρ(g,h),(i,j)| < 1, the maximum of the M pairwise
statistics converges after Gumbel normalisation by the classical theory of extremes of
weakly dependent Gaussian sequences [22].

Remark 5 (On the weak-dependence condition). The convergence in (25) relies on Berman’s
condition for stationary-type Gaussian sequences [22], namely that the pairwise correlations
ρ(g,h),(i,j) are uniformly bounded away from 1 and that ρ log M → 0 does not accumulate mass at
unity. For the spectral test, this condition is verifiable directly rather than assumed: two pairwise
statistics Zgh and Zij are independent whenever {g, h} ∩ {i, j} = ∅ (the underlying confusion
matrices are drawn from disjoint subsamples), so the only nonzero correlations arise from pairs
sharing a single common group. For such pairs, the shared group contributes one of two independent
moment-estimate terms, giving the explicit bound |ρ(g,h),(g,j)| ≤ 1

2 to leading order, uniformly in N.
Since the maximal correlation is therefore bounded by 1

2 < 1 for every G, Berman’s condition holds,
and the Gumbel limit applies. For small G (e.g., G = 3, M = 3), the asymptotic approximation
is supplemented in practice by the finite-sample calibration reported in Section 5; the dependence
among the three pairwise statistics is precisely why we estimate τ̂2 as a pooled average rather than
treating the maxima as independent.

Theorem 4 (Critical Value and FWER Control). The critical value controlling the family-wise
error rate at level α is

tα = ϵ + τ̂
(
aM − bM log(− log(1 − α))

)
. (26)

We reject H0 if T > tα.

Theorem 5 (Power Bound). Under H1 with maxg,h D(g, h) = δ > ϵ,

Power ≥ 1 − exp
(
− exp

(
− δ − ϵ − τ̂ aM

τ̂ bM

))
. (27)

Remark 6 (Choice of ϵ). We adopt ϵ = 0.1 (strict), ϵ = 0.2 (moderate), and ϵ = 0.3 (liberal)
as reference equity thresholds, corresponding to small, moderate, and large effect sizes in spectral
divergence. Throughout the simulations and empirical analyses below, we set ϵ = 0.1 unless
otherwise stated.

Algorithm 1 outlines the spectral diagnostic methodology used to assess equity.
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Algorithm 1 Spectral Diagnostic Equity Test

Require: Confusion matrices {Cg}G
g=1, significance level α, equity threshold ϵ

Ensure: Decision on H0 and p-value
1: Compute normalised performance vectors vg and parameters ˆ̄Ag, ŝ2

g for all g
2: Compute D̂(g, h) for all pairs g < h

3: Compute Zgh = D̂(g, h)/
√

1/ŝ2
g + 1/ŝ2

h and set T = maxg<h Zgh

4: Estimate τ̂2 = M−1 ∑g<h τ̂2
gh

5: Compute aM, bM with M = (G
2)

6: Standardise: T∗ = (T − ϵ − τ̂ aM)/(τ̂ bM)
7: p-value = 1 − exp(− exp(−T∗))
8: Reject H0 if p-value < α

4. Simulation Study
Design

We compare the proposed spectral test against three scalar (single-metric) fairness tests,
TPR parity, PPV parity, and AUC parity, and against two multivariate tests of confusion-
matrix homogeneity requested in review: the Pearson multinomial homogeneity χ2 test
and its likelihood-ratio (G-test) counterpart, each applied to the G × 4 table of group-
specific cell counts. These multivariate competitors are the natural omnibus alternatives
to spectral divergence: rather than reducing the confusion matrix to one margin, they test
equality of the entire four-cell distribution across groups, and they therefore provide the
most direct assessment of whether the spectral construction adds value beyond a standard
distributional comparison. All six methods are evaluated across four violation scenarios
and three group-size regimes (G = 3 groups throughout):

1. Balanced: N1 = N2 = N3 = 100.
2. Moderate imbalance: N1 = 80, N2 = 100, N3 = 120.
3. Severe imbalance: N1 = 50, N2 = 100, N3 = 150.

Confusion matrices are drawn from multinomial distributions with the following
parameter vectors.

Scenario 1 (Null). pg = (0.30, 0.10, 0.20, 0.40)⊤ for all g. The model is perfectly fair; this scenario
assesses the Type I error rate.

Scenario 2 (Sensitivity Violation). Groups differ in TPRs while sharing other margins:

p1 = (0.35, 0.10, 0.15, 0.40)⊤, (TPR = 0.70),

p2 = (0.30, 0.10, 0.20, 0.40)⊤, (TPR = 0.60),

p3 = (0.25, 0.10, 0.25, 0.40)⊤, (TPR = 0.50).

Scenario 3 (Complex Violation). Identical TPRs across groups but different FPRs:

p1 = (0.30, 0.05, 0.20, 0.45)⊤, (TPR = 0.60, FPR = 0.10),

p2 = (0.30, 0.15, 0.20, 0.35)⊤, (TPR = 0.60, FPR = 0.30),

p3 = (0.30, 0.10, 0.20, 0.40)⊤, (TPR = 0.60, FPR = 0.20).
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Scenario 4 (Multi-Dimensional Violation). Both TPR and overall confusion-matrix struc-
ture vary:

p1 = (0.35, 0.05, 0.15, 0.45)⊤,

p2 = (0.25, 0.15, 0.25, 0.35)⊤,

p3 = (0.30, 0.10, 0.20, 0.40)⊤.

Each scenario is replicated M = 10,000 times. All tests are evaluated at α ∈
{0.01, 0.05, 0.10}.

5. Simulation Results
5.1. Type I Error and Power

Tables 2–4 report rejection proportions across the four scenarios and three sample-size
regimes. The key findings are summarised below.

Table 2. Rejection proportions under balanced group sizes (N1 = N2 = N3 = 100). The spectral
method achieves the highest power in all violation scenarios while maintaining conservative Type I error.

Null (Scenario 1) Sensitivity Violation (Scenario 2)

Method α=0.01 α=0.05 α=0.10 Method α=0.01 α=0.05 α=0.10

TPR 0.014 0.061 0.112 TPR 0.264 0.466 0.581
PPV 0.025 0.076 0.129 PPV 0.047 0.120 0.188
AUC 0.069 0.164 0.244 AUC 0.253 0.417 0.515
Multinom. χ2 0.008 0.045 0.096 Multinom. χ2 0.112 0.285 0.405
G-test 0.011 0.049 0.102 G-test 0.124 0.295 0.415
Spectral 0.029 0.055 0.084 Spectral 0.442 0.624 0.701

Complex Violation (Scenario 3) Multi-Dimensional (Scenario 4)

Method α=0.01 α=0.05 α=0.10 Method α=0.01 α=0.05 α=0.10

TPR 0.018 0.063 0.114 TPR 0.265 0.469 0.583
PPV 0.314 0.496 0.600 PPV 0.534 0.715 0.804
AUC 0.463 0.629 0.714 AUC 0.876 0.946 0.966
Multinom. χ2 0.185 0.410 0.552 Multinom. χ2 0.426 0.670 0.784
G-test 0.222 0.443 0.581 G-test 0.457 0.694 0.796
Spectral 0.821 0.909 0.937 Spectral 0.943 0.978 0.986

Table 3. Rejection proportions under moderate group-size imbalance (N1 = 80, N2 = 100, N3 = 120).

Null (Scenario 1) Sensitivity Violation (Scenario 2)

Method α=0.01 α=0.05 α=0.10 Method α=0.01 α=0.05 α=0.10

TPR 0.018 0.069 0.120 TPR 0.249 0.458 0.573
PPV 0.030 0.083 0.137 PPV 0.047 0.118 0.185
AUC 0.080 0.174 0.253 AUC 0.242 0.403 0.500
Multinom. χ2 0.010 0.050 0.101 Multinom. χ2 0.104 0.267 0.387
G-test 0.011 0.054 0.108 G-test 0.117 0.280 0.402
Spectral 0.034 0.062 0.092 Spectral 0.467 0.649 0.728

Complex Violation (Scenario 3) Multi-Dimensional (Scenario 4)

Method α=0.01 α=0.05 α=0.10 Method α=0.01 α=0.05 α=0.10

TPR 0.016 0.067 0.124 TPR 0.234 0.434 0.551
PPV 0.286 0.465 0.570 PPV 0.499 0.685 0.770
AUC 0.424 0.597 0.687 AUC 0.841 0.925 0.954
Multinom. χ2 0.145 0.352 0.494 Multinom. χ2 0.340 0.603 0.728
G-test 0.183 0.396 0.528 G-test 0.382 0.634 0.750
Spectral 0.712 0.834 0.876 Spectral 0.826 0.909 0.936
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Table 4. Rejection proportions under severe group-size imbalance (N1 = 50, N2 = 100, N3 = 150).
Because the smallest group has only N1 = 50, the spectral test is calibrated by permutation (Section 5.2)
throughout this regime; permutation calibration restores near-nominal Type I error (0.058 at α = 0.05,
versus 0.083 under the asymptotic Gumbel calibration).

Null (Scenario 1) Sensitivity Violation (Scenario 2)

Method α=0.01 α=0.05 α=0.10 Method α=0.01 α=0.05 α=0.10

TPR 0.027 0.085 0.146 TPR 0.277 0.467 0.580
PPV 0.040 0.099 0.161 PPV 0.057 0.132 0.203
AUC 0.099 0.203 0.286 AUC 0.262 0.427 0.522
Multinom. χ2 0.009 0.047 0.097 Multinom. χ2 0.080 0.223 0.339
G-test 0.011 0.052 0.104 G-test 0.093 0.246 0.360
Spectral 0.047 0.083 0.115 Spectral 0.976 0.993 0.997
Perm.
Spectral 0.033 0.058 0.105 Perm.

Spectral 0.962 0.989 0.991

Complex Violation (Scenario 3) Multi-Dimensional (Scenario 4)

Method α=0.01 α=0.05 α=0.10 Method α=0.01 α=0.05 α=0.10

TPR 0.026 0.086 0.148 TPR 0.202 0.385 0.494
PPV 0.258 0.411 0.519 PPV 0.412 0.588 0.693
AUC 0.380 0.551 0.642 AUC 0.749 0.864 0.911
Multinom. χ2 0.091 0.255 0.379 Multinom. χ2 0.228 0.449 0.591
G-test 0.131 0.311 0.437 G-test 0.277 0.504 0.628
Spectral 0.982 0.993 0.996 Spectral 0.977 0.991 0.994
Perm.
Spectral 0.941 0.973 0.990 Perm.

Spectral 0.932 0.966 0.988

Under the null (Scenario 1), all four methods maintain Type I error rates reasonably
close to their nominal levels in the balanced regime, with the spectral test being among the
most conservative (0.055 at α = 0.05). The AUC test is the most liberal (0.164), indicating
variance mis-estimation in the Hanley–McNeil formula at these sample sizes. As group-
size imbalance increases, the asymptotic calibration exhibits modest Type I error inflation;
the asymptotic spectral test reaches 0.083 at α = 0.05 under severe imbalance, where the
smallest group has only N1 = 50. For this regime, we therefore calibrate the spectral test by
permutation rather than by the Gumbel limit (Section 5.2); permutation calibration restores
the Type I error to 0.033, 0.058, and 0.105 at α = 0.01, 0.05, 0.10 (Table 4), close to nominal,
while the high power under the violation scenarios is preserved. The severe-regime spectral
entries in Table 4 are accordingly the permutation-calibrated values; the balanced and
moderate regimes, whose smallest groups (N = 100 and N = 80) comfortably exceed the
threshold below which the asymptotic level is unreliable, use the asymptotic calibration.

In the sensitivity violation (Scenario 2), the TPR test shows moderate power (0.466
at α = 0.05, balanced), while the spectral test achieves 0.624, a 34% relative improve-
ment, because the confusion-matrix differences that accompany the TPR shift are also
captured spectrally.

The complex violation (Scenario 3) provides the most decisive contrast. Here, TPR
is identical across groups, so the TPR test is powerless (0.063, indistinguishable from the
Type I error rate). The PPV test achieves 0.496, and the AUC test 0.629, but the spectral
test reaches 0.909—a 45% absolute improvement over the best competitor. Under severe
imbalance, the spectral test attains 0.993, demonstrating that increasing group-size disparity
paradoxically amplifies the spectral signal through differential scale parameters.

The multi-dimensional violation (Scenario 4) shows the same ordering: power of 0.978
in the balanced case for the spectral test versus 0.946 for the AUC test and 0.715 for the
PPV test.
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5.1.1. Comparison with Multivariate Confusion-Matrix Tests

The two multivariate competitors, the multinomial homogeneity χ2 test and the G-
test, behave as expected of omnibus distributional tests and provide a more demanding
benchmark than the scalar metrics. Under the null scenario, they hold their nominal level
closely (e.g., 0.045 and 0.049 at α = 0.05, balanced), confirming correct calibration. Un-
der the alternatives, their power is intermediate: substantially above the powerless single-
metric tests in the scenarios those tests cannot see (in the complex violation, χ2 = 0.410 and
G = 0.443 at α = 0.05 versus TPR = 0.063), yet below the spectral test (0.909) in every viola-
tion scenario and regime. The gap is largest precisely in the complex and multi-dimensional
settings, where the disparity lives in the joint error structure: the omnibus χ2 spreads its
power across all six degrees of freedom of the G × 4 table, whereas the spectral statistic
concentrates sensitivity on the second-moment (dispersion) contrast that these disparities
mainly perturb, and additionally supplies an interpretable effect size and family-wise-error-
controlled pairwise localisation that the global χ2 does not. The comparison thus supports
the value of the spectral construction beyond a generic distributional test, while making
clear that a multinomial χ2 is the appropriate first-line omnibus when only a global yes/no
decision is required.

5.1.2. Finite-Sample Calibration and Interpretation

Two features of the null results warrant comment. First, the Type I inflation of the
spectral test under severe imbalance (0.083 at a nominal 0.05 under asymptotic calibration)
reflects the fact that the Gumbel limit (25) is asymptotic in ming Ng, while the smallest group
there has only N1 = 50 observations; the variance estimate τ̂2 is then slightly downward-
biassed, inflating the tail. We calibrate the test by permutation whenever the smallest group
is no larger than 50 (Section 5.2). Permutation-based calibration is exact, up to Monte Carlo
variability, under the exchangeability null hypothesis and does not rely on Gaussian or
Gumbel approximations. When applied under null severe imbalance, it produces empirical
Type I error rates of 0.033, 0.058, and 0.105 at nominal levels α = 0.01, 0.05, 0.10, respectively,
thus essentially reducing inflation in the Type I error. In violation scenarios, it results in
only a mild reduction in power. The asymptotic calibration is retained for the balanced
and moderate regimes, where ming Ng ≥ 80 and the nominal level is already well con-
trolled; this N > 50 rule is what justifies using the inexpensive asymptotic test for larger
designs while reserving permutation for the smallest. Second, the very small p-values
obtained on modest samples should be read as evidence of a structural difference in the
estimated moment summaries, not as a precise quantification of effect magnitude; with
small N, the sampling variability of D̂ is non-negligible, and we therefore emphasise the
reject/retain decision and the accompanying effect-size threshold ϵ rather than the raw
p-value. The simulation parameter vectors are deliberately stylised so that each scenario
isolates a single, interpretable mechanism (a pure TPR shift, a pure FPR shift with matched
TPR, and a combined shift); this controlled design is intended to characterise the test’s be-
haviour under known ground truth, and the empirical analysis of Section 5.6 complements
it with real clinical data where the disparity structure is not designed in advance.

5.2. Finite-Sample Calibration via Permutation

The Gumbel calibration of Theorem 3 is asymptotic in ming Ng, and Section 5 showed
a mild Type I inflation under severe imbalance (the smallest group having only N1 = 50).
To provide practitioners with a calibration that does not rely on the extreme-value limit, we
offer two resampling alternatives.
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5.2.1. Permutation Calibration

Pool the per-patient outcome–prediction pairs across the G groups, repeatedly reassign
the pooled records to groups with the originally observed sizes, and recompute the test
statistic T = maxg<h D̂(g, h) for each permutation. The permutation p-value is then given
by the proportion of permuted statistics that are at least as large as the observed value of
T. Since, under the null hypothesis of identical confusion-matrix distributions, the group
labels are exchangeable, this permutation-based calibration is exact (up to Monte Carlo
error) for any sample size and does not rely on Gaussian or Gumbel approximations.
Moreover, because it conditions on the realised predictions, it also circumvents the cross-
validation-induced dependence described in Section 6.3.

5.2.2. Parametric-Bootstrap Calibration

Estimate a single pooled cell-probability vector p̂ = ∑g Ng p̂g/ ∑g Ng under the null,
draw bootstrap confusion matrices for each group from Multinomial(Ng, p̂), and recom-
pute T to form the null distribution. This retains the multinomial sampling model while
replacing the asymptotic tail with a finite-sample one.

Both procedures cost O(B) recomputations of a closed-form statistic for B resamples
(we use B = 1000) and are therefore inexpensive. We adopt the following rule: we use
permutation calibration whenever the smallest group is no larger than Ng ≈ 50, where the
asymptotic level is the least reliable, and we use the asymptotic test (which requires no
resampling) for larger and more balanced designs. In Section 5 (N1 = 50), permutation
calibration returns empirical Type I errors of 0.033, 0.058, and 0.105 in α = 0.01, 0.05, 0.10,
against 0.047, 0.083, and 0.115 under the asymptotic Gumbel calibration; thus, it essentially
reduces the inflation in Type I errors while preserving the power reported in Table 4, which
is why the severe-regime spectral entries are reported as permutation-calibrated (Perm.
Spectral) values. The empirical analyses in Section 5.6, whose smallest subgroup has
N = 72 > 50, use the asymptotic calibration and are re-confirmed under permutation.

5.3. ROC Analysis

Figure 3 displays test-operating-characteristic curves obtained by sweeping the signifi-
cance threshold of each fairness test from 0 to 1 across the four scenarios (columns) and
three group-size regimes (rows). The horizontal axis is the significance threshold, which
equals the empirical Type I error for a calibrated test, and the vertical axis is the empirical
power (rejection rate of the test under the corresponding violation scenario); each curve is
thus a test-operating-characteristic curve, not a curve over individual patient predictions.
The six methods now include the two multivariate competitors. The spectral test attains
the highest area in every violation scenario and regime: in the balanced complex scenario,
its area is 0.966, compared with 0.881 (AUC), 0.838 (PPV), 0.771 (multinomial χ2), 0.786
(G-test), and 0.508 (TPR). The two multivariate methods sit consistently between the scalar
tests and the spectral test, confirming that they recover more of the structural signal than
any single metric yet less than the spectral divergence; in the null column, all six curves
track the diagonal, and the severe-regime spectral curve uses the permutation calibration
of Section 5.2.

5.4. Sensitivity to the Classification Threshold

Each confusion-matrix-based fairness diagnostic, including the spectral test, is eval-
uated at a fixed decision threshold. We investigate the robustness of the spectral test
using a latent-score data-generating model defined as follows: for each of the three groups,
the disease status is distributed as Y ∼ Bernoulli(0.35); the conditional score on disease is
X | Y=1 ∼ N (µg, 1); and the conditional score on absence of disease is X | Y=0 ∼ N (0, 1),
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where the group-specific mean parameters µ = (2.4, 1.8, 1.2) encode a genuine disparity in
predictive performance. A patient is classified as positive if X > c. By varying c from −0.5
to 1.5, we obtain a family of group-specific confusion matrices, from which we recompute
the maximum structural divergence at each threshold (500 Monte Carlo replications per
threshold; Figure 4).
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Figure 3. Test operating characteristics for the six fairness testing methods (three scalar, two multi-
variate, and the spectral test) across the four scenarios (columns) and three group-size regimes (rows).
Each curve traces the test’s empirical power (vertical axis) against the significance threshold, equal to
the empirical Type I error for a calibrated test (horizontal axis), as the threshold is swept; the axes
refer to the behaviour of the test, not to individual patient-level predictions. The annotated value in
each panel is the area under the corresponding curve. The spectral method attains the largest area in
every violation scenario, with the clearest advantage in the complex and multi-dimensional settings;
the two multivariate methods fall between the scalar tests and the spectral test. The severe-regime
spectral curves use permutation calibration (Section 5.2).

The estimated divergence is not constant across decision thresholds: it attains a
maximum in the central operating region (max D̂ ≈ 0.33 at c = 0.25), where the score
distributions of the groups are most distinct, and decreases toward the extremes, where
all groups are driven toward nearly uniform classification. This pattern is theoretically
expected and has a direct applied implication: because the magnitude of an observed
disparity is a function of the operating point, an equity audit should characterise the
divergence over a range of clinically plausible thresholds rather than at a single default
cut-off, and should regard the threshold at which the disparity is maximised as itself
informative. The qualitative conclusion—that the groups differ—remains stable across
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the central threshold interval; however, the quantitative effect size is inherently threshold-
dependent, as is the case for any fixed-threshold fairness metric.
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Figure 4. Threshold sensitivity of the spectral divergence under the latent-score model. The maxi-
mum structural divergence max D̂ peaks near the central operating region, where the group score
distributions are most separated, and decays toward extreme thresholds. The measured effect size is
therefore threshold-dependent, motivating reporting across a threshold window.

5.5. Relationship Between Spectral Divergence and Clinical Harm

A spectral-moment difference is only useful for auditing if it corresponds to a clinically
meaningful disparity in patient outcomes. To test this correspondence, we generated 6000
random three-group configurations in which groups differ in sensitivity and specificity
(drawn independently in [0.55, 0.95]) at a shared prevalence, and for each, we computed
both the maximum structural divergence and a cost-weighted net-harm disparity

∆H = max
g

Hg − min
g

Hg, Hg = cFN
FNg

Ng
+ cFP

FPg

Ng
, (28)

with a missed diagnosis weighted five times a false alarm (cFN = 5, cFP = 1), as is typical in
screening. The divergence is positively and monotonically associated with harm disparity
(Spearman ρ = 0.43; Figure 5): mean harm disparity rises monotonically across divergence
deciles from 0.31 in the lowest decile to 0.67 in the highest, so configurations in the top tenth
of spectral divergence carry roughly twice the between-group harm of those in the bottom
tenth. The association is moderate rather than perfect, which is consistent with the structural
nature of the statistic (Remark 1): the divergence responds to the dispersion of error mass
across confusion-matrix cells and therefore tracks, without exactly reproducing, a specific
linear cost functional. This provides direct evidence that larger spectral divergences flag
configurations of greater differential patient harm, while reinforcing that the divergence
is an omnibus structural signal to be followed, when a specific cost model is fixed, by a
targeted harm calculation.
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Figure 5. Cost-weighted between-group harm disparity ∆H of Equation (28) against the maximum
structural divergence over 6000 random clinical configurations; the red curve is a loess fit. Larger
divergences correspond to larger differential harm (Spearman ρ = 0.43).

5.6. Empirical Validation on Clinical Datasets

We evaluate the spectral diagnostic equity framework on three clinical datasets from
the UCI Machine Learning Repository [23], deliberately selected to span three class-
balance regimes.

5.6.1. Dataset 1: Pima Indians Diabetes (Balanced)

The Pima Indians Diabetes dataset [7] contains n = 768 female patients of Pima
Indian heritage with a diabetic rate of approximately 34.9%. Eight clinical features (plasma
glucose, blood pressure, skin thickness, insulin, BMI, diabetes pedigree function, age,
and pregnancies) serve as predictors. The sensitive attribute is BMI tertile: Low-BMI
(n = 256), Mid-BMI (n = 256), and High-BMI (n = 256). This equal-group partition
produces the balanced regime.

5.6.2. Dataset 2: Cleveland Heart Disease (Moderate Imbalance)

The Cleveland Heart Disease dataset [8] contains n = 303 patients from the Cleveland
Clinic, with approximately 46% diagnosed with heart disease (binarised from the original
five-class target). Thirteen clinical features (age, sex, chest pain type, resting blood pres-
sure, cholesterol, fasting blood sugar, resting ECG, maximum heart rate, exercise-induced
angina, ST depression, slope, number of major vessels, and thalassemia) serve as predictors.
The sensitive attribute is age tertile: Young (<50 years, n = 82), Middle (50–59 years,
n = 115), and Older (≥60 years, n = 106), yielding moderate group-size imbalance.

5.6.3. Dataset 3: Heart Failure Clinical Records (Severe Imbalance)

The Heart Failure Clinical Records dataset [9] contains n = 299 patients with heart
failure, with a mortality rate of approximately 32.1%. Twelve clinical features (age, anaemia,
creatinine phosphokinase, diabetes, ejection fraction, high blood pressure, platelets, sex,
serum creatinine, serum sodium, smoking, and follow-up time) serve as predictors. The sen-
sitive attribute is age group: Young (<55 years, n = 72), Middle (55–69 years, n = 131),
and Older (≥70 years, n = 96), producing unequal group sizes analogous to the moderate-
to-severe imbalance regime.

5.7. Evaluation Protocol

For each dataset, a Random Forest classifier (100 trees, balanced class weights) is
trained using 5-fold stratified cross-validation. Out-of-fold predictions are used to construct

https://doi.org/10.3390/math14142583

https://doi.org/10.3390/math14142583


Mathematics 2026, 14, 2583 21 of 28

group-specific confusion matrices. Six fairness tests are applied at α = 0.05: the three scalar
tests (TPR, PPV, AUC parity), the two multivariate confusion-matrix homogeneity tests
introduced in Section 5 (the multinomial χ2 and the G-test, applied to the G × 4 table of
group-specific cell counts), and the proposed spectral test.

5.8. Results
5.8.1. Pima Indians Diabetes

Table 5 reveals stark performance gradients across BMI groups. The Low-BMI group
has zero true positive detections (TPR = 0.000), while the High-BMI group achieves
TPR = 0.356, a disparity consistent with the biological relationship between BMI and dia-
betes prevalence. The TPR test correctly flags this violation (χ2 = 30.24, p < 0.001), as does
the spectral test (T = 1.406, p < 0.001). The PPV and AUC tests, however, fail to reach
statistical significance (p = 0.255 and p = 0.246, respectively), indicating their insensitiv-
ity to a disparity that manifests primarily along the TP–FN axis. The two multivariate
confusion-matrix tests also detect the disparity here (χ2 = 89.28 and G2 = 102.11, both
p < 0.001), as expected when the disparity is large and aligned with a raw cell-frequency
shift; the more discriminating comparison between the omnibus multivariate tests and the
spectral test arises in the next two datasets.

Table 5. Pima Indians Diabetes (n = 768). Both the TPR and spectral tests detect significant disparity;
the PPV and AUC tests do not.

Group Ng N+
g TPR PPV AUC D̂g,Low D̂g,Mid D̂g,High

Low-BMI 256 44 0.000 0.000 0.623 — 0.451 1.406
Mid-BMI 256 68 0.103 0.438 0.703 0.451 — 0.890
High-BMI 256 101 0.356 0.667 0.716 1.406 0.890 —

Method Statistic p-Value Decision (α = 0.05)

TPR χ2 = 30.24 <0.001 Reject H0
PPV χ2 = 2.74 0.255 Fail to reject
AUC χ2 = 2.80 0.246 Fail to reject
Multinom. χ2 χ2 = 89.28 <0.001 Reject H0
G-test G2 = 102.11 <0.001 Reject H0
Spectral T = 1.406 <0.001 Reject H0

The exact zero TPR in the Low-BMI group merits comment, as it could, in principle,
signal a degenerate confusion matrix rather than a genuine performance gap. Here, it
reflects the combination of low diabetic prevalence in this subgroup (only N+ = 44 positive
cases out of 256) with the classifier’s use of the default 0.5 decision threshold: under
cross-validation, Random Forest never assigns a Low-BMI patient a predicted probability
above 0.5, so every positive case is classified as a false negative. This is a substantive and
clinically meaningful finding: a lean patient who is in fact diabetic is essentially never
flagged by the model, rather than a control, but it does illustrate that the result is threshold-
dependent: a lower operating threshold, or class-rebalancing during training, would move
some of these cases into the true positive cell and reduce (without necessarily eliminating)
the measured disparity. We retain the default-threshold configuration for comparability
across the three datasets and the four tests, and note in Section 6.3 that threshold and
calibration choices interact with all confusion-matrix-based fairness diagnostics, including
the spectral test. For the spectral statistic specifically, a deterministic all-negative column
makes the corresponding scale parameter ŝ small but nonzero (the off-diagonal cells remain
populated), so D̂ is well defined; we verified that adding a single Laplace-smoothing
pseudo-count to each cell changes D̂Low, High from 1.406 only in the third decimal place.
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5.8.2. Cleveland Heart Disease

Table 6 presents results for the Cleveland Heart Disease dataset. The per-group TPR
values are moderately differentiated (Young: 0.622, Middle: 0.717, Older: 0.574), yet the TPR
test does not reach significance (χ2 = 3.18, p = 0.204). Similarly, the PPV test (p = 0.312)
and AUC test (p = 0.198) find no significant disparity. Crucially, the two multivariate
confusion-matrix tests also fail to detect it (χ2 = 2.85 and G2 = 2.85, both p = 0.827):
because the group cell distributions are close in aggregate, a diffuse six-degrees-of-freedom
omnibus has little power against this structured alternative. The spectral test, however,
detects a significant violation (T = 1.823, p < 0.001), concentrating its sensitivity on the
dispersion contrast between the groups’ error profiles. Inspection of the confusion matrices
reveals that the Young group has a high FPR relative to its TPR, meaning healthy young
patients are disproportionately misclassified as having heart disease, while the Older group
has a lower FPR but also a lower TPR, meaning genuine cases in older patients are more
likely to be missed. These structurally distinct error profiles are precisely the kind of
multi-dimensional disparity that spectral divergence is designed to detect, and they are
missed not only by single-metric tests but also by a standard multivariate homogeneity test.

Table 6. Cleveland Heart Disease (n = 303). Only the spectral test detects significant disparity across
age groups, revealing structurally different error profiles masked both by scalar metrics and by a
multivariate homogeneity test.

Group Ng N+
g TPR PPV AUC D̂g,Yng D̂g,Mid D̂g,Old

Young (<50) 82 37 0.622 0.590 0.718 — 1.215 1.823
Middle (50–59) 115 53 0.717 0.679 0.762 1.215 — 0.548
Older (≥60) 106 50 0.574 0.630 0.691 1.823 0.548 —

Max pairwise spectral divergence: D̂max = 1.823

Method Statistic p-Value Decision (α = 0.05)

TPR χ2 = 3.18 0.204 Fail to reject
PPV χ2 = 2.33 0.312 Fail to reject
AUC χ2 = 3.24 0.198 Fail to reject
Multinom. χ2 χ2 = 2.85 0.827 Fail to reject
G-test G2 = 2.85 0.827 Fail to reject
Spectral T = 1.823 <0.001 Reject H0

5.8.3. Heart Failure Clinical Records

Table 7 shows results for the Heart Failure dataset. All groups exhibit moderate TPR
values (Young: 0.409, Middle: 0.310, Older: 0.387), and none of the three conventional
tests reach significance: TPR (p = 0.581), PPV (p = 0.424), and AUC (p = 0.337). The two
multivariate homogeneity tests likewise fail to detect any disparity (χ2 = 1.34, p = 0.970;
G2 = 1.37, p = 0.968), reinforcing the Cleveland finding that an omnibus cell-distribution
test is not sufficient for this class of structured disparity. The spectral test again detects
a significant disparity (T = 2.147, p < 0.001). The underlying cause is evident in the
confusion matrix: the Middle group has both the lowest TPR and a relatively high FPR,
meaning that patients aged 55–69 are simultaneously more likely to have their mortality
risk missed and more likely to be falsely flagged. By contrast, the Young group achieves
a higher TPR with a substantially lower FPR. These divergent error profiles have direct
clinical implications for treatment-intensity decisions and resource allocation, yet they are
entirely invisible to any single-metric test.
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Table 7. Heart Failure Clinical Records (n = 299). All single-metric tests and the multivariate homo-
geneity tests fail to detect disparities; the spectral test identifies a significant structural divergence
across age groups.

Group Ng N+
g TPR PPV AUC D̂g,Yng D̂g,Mid D̂g,Old

Young (<55) 72 22 0.409 0.643 0.741 — 1.674 0.892
Middle (55–69) 131 42 0.310 0.520 0.693 1.674 — 2.147
Older (≥70) 96 32 0.387 0.571 0.728 0.892 2.147 —

Max pairwise spectral divergence: D̂max = 2.147

Method Statistic p-Value Decision (α = 0.05)

TPR χ2 = 1.09 0.581 Fail to reject
PPV χ2 = 1.72 0.424 Fail to reject
AUC χ2 = 2.18 0.337 Fail to reject
Multinom. χ2 χ2 = 1.34 0.970 Fail to reject
G-test G2 = 1.37 0.968 Fail to reject
Spectral T = 2.147 <0.001 Reject H0

6. Discussion
6.1. Simulation Evidence

The simulation study establishes three principal findings. First, under the null hypoth-
esis, the spectral test maintains the most conservative Type I error among all four methods,
a desirable property in auditing contexts where falsely accusing a model of unfairness has
practical consequences. Second, the spectral test’s power advantage over single-metric
tests is most pronounced exactly where it matters most: in the complex, multi-dimensional
violation scenarios that represent real-world performance disparities in clinical classifiers.
A classifier may achieve equitable sensitivity across patient subgroups while concentrat-
ing its errors differently, for instance, generating excess false positives in one group and
excess false negatives in another. Such “compensatory” error structures are invisible to any
univariate test but are detected by the spectral divergence, which depends jointly on the
mean and variance of the confusion-matrix cell proportions. Third, the counterintuitive
finding that spectral power increases under group-size imbalance is explained by the role
of the scale parameter s2

k in the divergence formula: when group sizes differ substantially,
the scale parameters diverge systematically, amplifying the denominator contrast and
making structural differences more detectable.

6.2. Clinical Implications

The three clinical datasets illustrate complementary facets of the spectral framework’s
practical value.

In the Pima Indians Diabetes experiment, the spectral test agrees with the TPR test,
confirming that it does not sacrifice sensitivity to univariate disparities. The zero TPR in
the Low-BMI group is a clinically dangerous finding: a classifier that never detects diabetes
in lean patients provides false reassurance and may delay intervention.

The Cleveland Heart Disease result is the most methodologically instructive. All three
conventional single-metric tests and both multivariate homogeneity tests (multinomial χ2

and G-test, p = 0.827) find no disparity, yet the spectral test reveals a clear structural
difference. This is the sharpest demonstration of the method’s value: the disparity is
invisible not only to one-margin-at-a-time tests but also to a standard omnibus comparison
of the full cell distribution because it resides in the second-moment (dispersion) contrast on
which the spectral statistic concentrates. Closer inspection shows that young patients are
disproportionately overdiagnosed (high FPR) while older patients are disproportionately
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underdiagnosed (low TPR). In cardiology, these are fundamentally different types of clinical
harm: overdiagnosis leads to unnecessary invasive procedures and patient anxiety, while
underdiagnosis leads to missed treatment windows. The spectral divergence captures both
failure modes in a single test because it depends on the full confusion matrix rather than
any single margin.

The Heart Failure result extends this pattern to a mortality prediction setting. The fact
that the middle-aged group simultaneously has the lowest sensitivity and highest false
positive rate means that the classifier is least reliable for this age stratum in both directions,
missing genuine high-risk cases while also generating false alarms. Clinicians relying on
the classifier for triage would make systematically different types of errors depending on
the patient’s age group, a disparity with direct implications for treatment intensity and
palliative care referrals.

6.3. Limitations and Future Directions

Several limitations warrant discussion, which we group into approximation, scope,
and design considerations.

6.3.1. Approximation and Small-Sample Validity

The closed-form spectral divergence relies on a Gaussian approximation to the joint
eigenvalue density and a second-order Taylor expansion valid for small group differences;
Proposition 3 bounds the resulting relative error by O(q + t2), and for extreme dispari-
ties (e.g., structural zeros in the confusion matrix), the exact expression (17) should be
preferred. The multinomial central limit theorem underlying the density (14) is itself a
large-sample statement: for the smallest clinical subgroups considered here (N ≈ 50–80),
the Berry–Esseen rate of Remark 2 implies a non-negligible O(N−1/2) correction, and the
mild Type I inflation observed under severe imbalance (Section 5) is the practical manifestation
of this. For very small groups, we therefore recommend calibrating the null distribution by
permutation or parametric bootstrap rather than relying on the Gumbel limit and interpreting
reported p-values as ordinal evidence rather than exact tail probabilities.

6.3.2. Validity for Small Subgroups

The behaviour of the test for small subgroups warrants a focused discussion, since
intersectional fairness audits frequently produce groups of only a few dozen patients. Three
distinct small-sample effects operate. (i) The Gaussian approximation to the eigenvalue
density degrades at the Berry–Esseen rate O(N−1/2

g ) (Remark 2), most severely when a
cell probability is near 0 or 1, which is precisely the regime of rare positives in a small
group. (ii) The variance estimate τ̂2 entering the Gumbel calibration is itself estimated and
is downward-biased for small ming Ng, producing the mild Type I inflation documented
under severe imbalance. (iii) The structural statistic D̂ is a ratio in the scale parameters
ŝg ŝh, so its sampling variability grows as the smaller group shrinks. The calibration experi-
ments of Section 5.2 quantify (ii) directly and show that permutation calibration, which is
exact under the exchangeability null and does not invoke the Gaussian or extreme-value
approximations, is the appropriate remedy when any group falls below roughly Ng ≈ 50.
As a practical rule, we recommend (a) requiring an expected count of at least five in every
retained confusion-matrix cell, consistent with the usual adequacy threshold for multino-
mial normal approximations; (b) using permutation rather than asymptotic calibration
whenever ming Ng < 50; and (c) reporting the exact bounded divergence (17) alongside
D̂, since the exact form remains well defined even where the leading-order expansion is
inaccurate. Where a subgroup is too small to satisfy (a), we advise aggregating it with an
adjacent stratum or reporting the divergence as a descriptive effect size without a formal
p-value, rather than over-interpreting an unstable test decision.
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6.3.3. Degenerate Confusion Matrices and the Zero-TPR Case

A practically important limiting case arises when a subgroup has a degenerate con-
fusion matrix, most commonly a zero true positive count (zero TPR), as observed for the
Low-BMI group in the Pima analysis (Section 5.6). This degeneracy is a genuine limitation
of every confusion-matrix-based fairness diagnostic, and it interacts with the spectral test
in two specific ways. First, a zero in one cell does not make the spectral statistic undefined:
the scale parameter ŝg is driven to a small but strictly positive value because the remaining
cells remain populated, so D̂ remains finite (we verified that a single Laplace-smoothing
pseudo-count per cell shifts D̂ only in the third decimal place). The exact divergence (17) is
also finite, with t → 1 flagged by Proposition 3 as the regime in which the expansion of
the leading order should be replaced by the exact form. Second, and more fundamentally,
a zero TPR is typically an artefact of the operating threshold rather than an intrinsic property
of the classifier: at the default 0.5 cut-off, a model may place every positive case in a
small, low-prevalence group below the threshold, whereas a lower threshold would move
some into the true positive cell. The divergence measured at a single threshold therefore
conflates a genuine performance gap with a threshold-placement effect, and a zero-TPR
cell should be read as a signal to examine the full threshold curve (Section 5.4) rather
than as a stable scalar summary. We recommend that practitioners (a) report whether
any subgroup has an empty cell, (b) accompany the fixed-threshold divergence with the
threshold-sensitivity analysis of Section 5.4, and (c) treat a degenerate subgroup as grounds
for threshold re-calibration or class rebalancing rather than as a single number to be tested
in isolation.

6.3.4. Model and Dependence Assumptions

The derivation treats each group’s confusion-matrix counts as a single multinomial
draw of independent observations. This assumption is not fully consistent with the cross-
validation protocol used to generate the out-of-fold predictions, and the inconsistency
deserves explicit comment. Within a given fold, the test predictions are conditionally
independent given the trained model, but predictions in different folds are produced by
models trained on overlapping data, so the pooled out-of-fold predictions are weakly
dependent; in addition, two predictions for patients who appeared together in the same
training folds share estimation noise from the common fitted model. The practical conse-
quences are twofold. First, the dependence does not bias the cell-probability estimates p̂g
because each out-of-fold prediction is still made on a held-out patient and the empirical
cell frequencies remain unbiased for the cross-validated operating point. Second, it can
inflate or deflate the effective sample size relative to the nominal Ng, so the multinomial
variance diag(pg) − pgp⊤g used in Theorem 2 is a first-order approximation to the true
sampling variance of p̂g; the discrepancy is O(1/k) in the number of folds k and vanishes
for a single held-out test set. A fully rigorous treatment would replace the multinomial
variance with a cross-validation-corrected estimator, for example, the nested-CV variance
estimator of [24] or a moving-block bootstrap over folds, and propagate it through the
delta-method variance σ2

gh. Because the spectral test can equally be applied to a single
independent test set, where the multinomial model holds exactly, the cleanest way to
remove this assumption in a high-stakes audit is to reserve a held-out evaluation set rather
than to rely on cross-validated predictions; we adopt cross-validation here only to make
full use of the small clinical cohorts. The permutation calibration of Section 5.2 provides a
further safeguard, since it conditions on the realised predictions and does not require the
multinomial-independence assumption to hold.
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6.3.5. Scope of the Fairness Notion

The spectral divergence is a test of error-structure parity: it compares the full 2 × 2
confusion matrix and is therefore sensitive to any disparity expressible through the joint
distribution of true/false positives and negatives at a fixed operating threshold. It is
deliberately not a test of calibration parity, of ranking/AUC-based criteria across the
full threshold range, or of threshold-specific notions such as equalised odds at multiple
thresholds simultaneously; these are complementary fairness criteria that the spectral test is
not designed to replace. Because the statistic depends on the confusion matrix only through
its first two spectral moments, it is also by construction invariant to cell rearrangements
that preserve those moments, a property that gives it omnibus sensitivity but means it
should be paired with a targeted single-metric test when a specific margin (e.g., sensitivity)
is the regulatory quantity of interest. Extending the construction to incorporate calibration
and threshold-curve information is an important direction.

6.3.6. Classifier and Metric Coverage

Our empirical analyses used a single classifier (Random Forest); while the spectral
framework operates purely on confusion matrices and is therefore formally classifier-
agnostic, its practical sensitivity should be verified across model families (e.g., logistic
regression, gradient boosting, and neural networks), whose differing error geometries may
produce different spectral signatures. Similarly, we benchmarked against three established
single-metric tests (TPR, PPV, AUC parity); these were chosen because they are the most
widely deployed in clinical audit and because they isolate the three confusion-matrix axes
the spectral test aggregates, but a broader comparison against equalised-odds, calibration,
and predictive-parity tests would more fully situate the method. Both extensions are
natural next steps and require only that the competing methods be applied to the same
out-of-fold confusion matrices.

6.3.7. Scalability

The datasets studied here are small-to-moderate clinical cohorts (n ≤ 768), which is
the regime where subgroup confusion matrices are most data-starved and where omnibus
tests are most valuable. The statistic itself is inexpensive, O(G2) pairwise evaluations of
a closed-form expression, each requiring only the first two moments of a 2 × 2 matrix, so
it scales trivially to large-scale clinical machine learning settings with many records; the
open question at large n is not computational but statistical, namely how to combine the
spectral test with the much finer subgroup resolution that large datasets permit (e.g., many
intersectional groups, for which the family-wise correction and the weak-dependence
condition of Remark 5 would need to be revisited).

6.3.8. Other Directions

Extension to multi-class confusion matrices, where the eigenvalue structure is gen-
uinely higher-dimensional, and the 2 × 2 symmetrisation no longer applies, is a natural
and important generalisation. Finally, integrating the spectral divergence as an optimisa-
tion objective in fairness-constrained model selection pipelines is a promising avenue for
moving from diagnosis to remedy.

7. Conclusions
This paper has developed and validated an eigenvalue-based diagnostic equity test for

clinical binary classifiers. The test compares demographic groups through the L2 distance
between the joint eigenvalue densities of their confusion matrices, yielding a scalar spectral
divergence that is simultaneously sensitive to every cell of the 2 × 2 confusion matrix. We
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derived the closed-form divergence, proved the consistency and asymptotic normality of
its empirical estimator, and constructed an extreme-value hypothesis test with family-wise
error rate control.

Monte Carlo simulations demonstrate that the spectral test achieves power exceeding
90% in complex and multi-dimensional violation scenarios, settings in which the best
single-metric competitor reaches at most 63%, while keeping Type I error close to nominal
in the balanced and moderately imbalanced regimes (with mild inflation under severe
imbalance that is correctable by resampling-based calibration). Empirical validation on
three clinical UCI datasets (Pima Indians Diabetes, Cleveland Heart Disease, and Heart
Failure Clinical Records) confirms that the spectral test consistently detects significant
performance disparities that are missed by TPR, PPV, and AUC tests.

The practical implication is that diagnostic equity is an inherently multi-dimensional
property of a classifier’s confusion matrix and cannot be adequately assessed by testing one
metric at a time. The spectral framework converts the complete information contained in
the confusion matrix into a single, statistically principled test. We recommend its adoption
as a standard component of clinical machine learning audit pipelines, complementing
rather than replacing targeted single-metric tests when specific regulatory requirements
demand them.
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