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Abstract

In practical engineering, mechanical structures are affected by time-dependent uncertain-
ties and by correlated failure modes. This study proposes an enhanced time-variant relia-
bility analysis framework by coupling a mixed Archimedean Copula model with an adap-
tive Kriging model driven by the maximum expected prediction error (MEPE) learning
function. The mixed Copula combines Gumbel, Clayton and Frank components, so that
upper-tail, lower-tail and nearly symmetric dependence can be represented in one model.
The MEPE function combines Kriging prediction variance and leave-one-out cross-vali-
dation error through a dynamic balance factor, which guides early global exploration and
later refinement near the most probable point trajectory. For the planar three-bar struc-
ture, the mixed-Copula failure probability at =7 is 04078 close to the direct-MCS
benchmark 0.4059 , with a relative error of 0.47% ; the number of original limit-state eval-

uations decreases from 1-00x10° o 326, corresponding to a 99-97% reduction. For the
two-rod parallel structure, the mixed-Copula failure probability at 7=2 is 0-0987 close
to the direct-MCS benchmark 0-0992 , with a relative error of 0.50% ; the number of orig-
inal limit-state evaluations decreases to 284. The calculated upper- and lower-tail depend-
ence coefficients of the mixed Copula are 0-1345 and 02985 for the planar three-bar
Academic Editor: Leonid Piterbarg structure and 00003 514 03709 for the two-rod parallel structure. These quantitative

results show that the proposed framework can describe nonlinear failure dependence
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more flexibly than a single Copula while retaining high computational efficiency.
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1. Introduction

With the advancement of science and technology, mechanical and structural systems
in modern complex engineering fields such as aerospace, ocean engineering and large-
scale civil infrastructure are inevitably affected by coupled dynamic uncertainties during
long-term service. These factors mainly include material performance degradation and
fluctuations in external environmental loads. Traditional time-invariant reliability analy-
sis assumes that system parameters and loads remain unchanged over time. This method
usually overestimates structural safety and may further cause potentially disastrous out-
comes [1,2]. Within a specific reference span, time-variant reliability analysis (TRA) is
used to calculate the probability that structures remain safe. It has become a core research
topic and a cutting-edge hotspot in life-cycle design and engineering safety evaluation.

Current TRA approaches include surrogate-model-based methods and crossing-rate-
based methods [3,4]. The reliability methods based on extreme value theory focus on ex-
treme values within designated time intervals. Structural failure is judged once the corre-
sponding samples fall into the failure domain, thus transforming the problem into time-
invariant reliability analysis. Nevertheless, it is difficult to determine the extreme values
of limit-state functions, which brings obvious difficulties to reliability assessment.

With the rapid development of machine learning, surrogate model-based methods
have attracted widespread attention. Such methods replace time-consuming limit-state
evaluation with surrogate models, which greatly improves the calculation efficiency of
time-variant failure probability evaluation. To further improve the accuracy and efficiency
of reliability analysis, different surrogate models have been proposed, including Kriging
(Gaussian process regression) [5], polynomial chaos expansion [6] and support vector ma-
chines (SVMs) [7,8]. Among them, the Kriging model can achieve high-precision predic-
tion for nonlinear responses and output prediction variance to quantify model uncer-
tainty, thus playing a vital role in active learning-based reliability analysis [9]. A TRA
method for earth dam slopes combining Gaussian process regression and Monte Carlo
Simulation (MCS) was proposed [10]. The results verified that this method could evaluate
time-dependent safety factors with acceptable computational efficiency. Aiming at the fa-
tigue failure of production tubing in underground gas storage, a thermal-mechanical cou-
pling data-driven physics-informed modeling method was established for this problem
[11]. A TRA method integrating the active Kriging model and First-Order Reliability
Method (FORM) was constructed [12]. This method effectively improves the calculation
accuracy of crossing rate in the PHI2 method and boosts the overall efficiency of TRA.
TRA methods based on optimization algorithms and Kriging models have been presented
[13-15].These studies showed that the proposed methods can precisely fit the time-de-
pendent reliability curve of reinforced arch bridges and is appropriate for large-scale par-
ametric analysis and engineering optimization. In summary, surrogate model-based time-
variant reliability methods have been extensively studied and applied in various fields,
and still possess great research and application potential.

However, adaptive construction of surrogate models still suffers from low sampling
efficiency and poor convergence accuracy. For most of the existing time-variant reliability
methods, there is a need to monitor the route of the most probable failure point [16-18].
Traditional adaptive Kriging models adopt active learning functions overly dependent on
predictive variance and tend to conduct global exploration in the entire design space. A
Kriging-based active learning strategy with uniform importance sampling was proposed
to improve reliability analysis efficiency by weight control and adaptive distance control
[19]. Aiming at uneven sample distribution in surrogate model construction, based on
clustering and budget allocation, a parallel sampling strategy was proposed and con-
firmed for maximum precision and efficiency in structural reliability analysis [20]. Within
the time-variant reliability framework based on FORM, high prediction accuracy of local
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responses around time-varying Most Probable Points (MPPs) is highly required. Blindly
adding samples far away from MPPs cannot enhance the calculation accuracy of system
reliability, and also leads to severe waste of computational resources. Accordingly, it is
essential to establish a sampling strategy that dynamically balances local exploitation and
global exploration according to real-time error feedback.

In addition, series or parallel form-based machinery systems are constructed that in-
volve fatigue failure, stiffness failure and strength failure modes. Many studies have fo-
cused on this research issue. A TRA method introducing structural functions into active
learning Kriging models was proposed to solve time-variant reliability problems of com-
plex systems, including bridge structures and network systems [17]. As an advanced
mathematical tool that separates multivariate joint distributions from marginal distribu-
tions, Copula theory has shown great potential in correlation analysis of multiple failure
modes in recent years. A time-variant failure probability model based on Gaussian Copula
was established to analyze the combined effects of non-stationary resistance degradation,
vehicle load effect and load occurrence interval [21]. A time-variant reliability method
combining importance sampling and Copula theory was developed [22]. The authors ex-
plored the influence of the correlation degree and dependence structure of random varia-
bles under single-defect and multi-defect conditions and realized the time-variant relia-
bility evaluation of gas pipelines. Nevertheless, most existing studies only adopt single
Archimedean Copula functions.Previous studies have shown that a single Copula has
fixed tail-dependence characteristics. When coping with complex and variable correlation
structures in practical engineering, the forced fitting of a single Copula will cause obvious
model truncation errors and further lead to serious misjudgment of system failure proba-
bility [23-25].

To meet the above engineering demands, this paper proposes a novel TRA frame-
work named Enhanced Approximate Most Probable Point Trajectory (EAMPPT). This
framework integrates hybrid Copula-based failure correlation and Maximum Expected
Prediction Error (MEPE) adaptive Kriging. It aims to reduce the number of expensive
model evaluations and achieve high-precision time-variant reliability evaluation for com-
plex systems with multiple failure modes. First, this study establishes an enhanced adap-
tive Kriging construction strategy based on the MEPE criterion. A novel learning function
is defined to combine cross-validation error and predictive variance. A dynamic balance
factor ¢ isdesigned to realize intelligent sampling. The strategy prioritizes global explo-
ration in the early stage and refines samples near MPPs in later iterations, which improves
the efficiency and accuracy of MPP trajectory tracking. Second, to break the structural lim-
itation of single-Copula functions, this work adaptively combines Gumbel, Clayton and
Frank Copulas with distinct tail features. Monte Carlo sampling and the genetic algorithm
(GA) are adopted for joint multi-parameter estimation. The established flexible hybrid
Copula model can accurately capture the nonlinear and asymmetric dependence among
multiple failure modes. Furthermore, the advanced Kriging strategy is fully integrated
with the hybrid Copula model. The MPPs are searched at discrete time steps. Nataf trans-
formation and equivalent Gaussian process conversion are applied. The Expansion Opti-
mal Linear Estimation (EOLE) spectral decomposition method and MCS are adopted to
form an efficient system-level TRA approach. Finally, two typical engineering examples
are used to verify the performance of the TRA framework.

The remainder of this paper is organized as follows. Section 2 introduces the prelim-
inaries of TRA, Copula dependence and Kriging surrogates. Section 3 presents the mixed-
Copula failure-dependence model and the MEPE-based adaptive Kriging procedure. Sec-
tion 4 verifies the proposed method using two numerical examples. Section 5 summarizes
the main conclusions and limitations.
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2. Preliminaries of Time-Variant Reliability, Copula Dependence and
Kriging Surrogates

The purpose of TRA is to quantify the probability that a system maintains its safe
state within a specified time interval under time-varying uncertainties. To avoid ambigu-
ity, this paper adopts the common strength-minus-load convention throughout the nu-

g(4B():1)>0 4o otes the safe domain, (4B(1)1)=0
g(A,B(t),t)S
survival probability is written as follows [26]:

P,(t,..) =Pr[ g(4.B(1).1) >0, V1 e[1,.1, ]| )
A=[4,4,,..

merical examples: denotes

0
the limit-state boundary, and denotes failure. Therefore, the time-variant

Pr|

where ] denotes the probability operator, "] is the time-invariant

B(t)=|B,(t),B,(?),...B, (t)]| .
random-variable vector, and ( ) [ 1( ) 2( ) '”( )} is the random-process vector.
Under the same sign convention, the time-variant failure probability is

P (t,,t,)=1-P, (ts,te)=Pr[g(A,B(t),t)SO,EIt e[ts,teﬂ. @)

2.1. Archimedean Copula Preliminaries for Failure Mode Dependence

The Copula preliminaries are introduced here because the proposed TRA framework
uses Copula functions to connect the marginal time-variant failure probabilities of differ-
ent modes. Elliptical Copulas are useful for symmetric dependence, whereas Archime-
dean Copulas are more convenient for asymmetric tail dependence. This subsection there-
fore focuses on the three Archimedean Copulas used later in the mixed failure correlation
model.

For a bivariate Archimedean Copula, if the generator # is continuous, strictly de-

creasing and satisfies ¢(l) =0 , the Copula can be written as follows [27]:
Cuv)=¢"'[p(u)+o(v)] 3)

The cumulative distribution functions (CDFs) and probability density functions
(PDFs) of these Copulas are listed below:

1. Two-Dimensional Gumbel Copula:

Cq (u.v; ) = exp{{(—lnu); +(—lnv);TJ (4)

. CG(u,v;ﬂ)-(lrlu-lnv)%71 1 1P
Co(u,v; B) = : : Zﬁ{ (-Inu)p +(~Inv)p +——1} )
uv{(—lnu)ﬂ +(—1nv)ﬂ} { } /

where the standard Gumbel parameter is %21 The reciprocal form FPo =110 i
used in the implementation only to keep the parameter within (0’1] .
2. Two-Dimensional Clayton Copula:
Cc(u,v;;/):(uﬂ +v77 —1)7 (6)
1 21
C. (u,v;;/):(l+y)-(uv)_y_ ~(u77 +v77 —1) 7 )

where the Clayton parameter gamma is positive.

3. Two-Dimensional Frank Copula:
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Cr (u,v;a) = —lln 1+ (e"“’ _1)(eim _l)

o ] ,a#0 (8)

—a (ef‘z - 1) el

|:(efa _1)+(em _1)(efav _1)}2 )

where alpha is nonzero. The parameter alpha is used consistently for the Frank Cop-

cp (uvia) =

ula in the CDF, PDF and subsequent parameter estimation.

To reduce notation confusion, the Gumbel dependence parameter is denoted as b6
in the discussion. The symbols Pr and A1) are reserved for reliability indices of an in-
stantaneous failure mode and of the equivalent Gaussian process, respectively.

The probability density functions of the three Copulas show that the Clayton and
Gumbel Copulas have asymmetric tails.These two Archimedean Copulas can therefore
describe asymmetric tail dependence between random variables. The Gumbel Copula is
appropriate for capturing upper-tail dependence.

The Clayton Copula concentrates more strongly in the lower tail than in the upper
tail and is therefore suitable for capturing lower-tail dependence. It is also more sensitive

to lower-tail changes than the other two Archimedean Copulas. The Cr s symmetric in
the upper and lower tails. Therefore, when attempting to capture asymmetric dependence

between random variables, the CF does not provide an accurate representation. At both
ends of the distribution, the variables are asymptotically independent; hence, the upper-

and lower-tail dependence coefficients of the Cr are zero.

The three selected Copulas have complementary tail characteristics: Gumbel cap-
tures upper-tail dependence, Clayton captures lower-tail dependence, and Frank pro-
vides a nearly symmetric dependence pattern with no tail dependence. Their linear mix-
ture therefore avoids forcing all failure modes to follow a single tail pattern.

2.2. Construction of the Surrogate Model

To improve thecomputational efficiency of reliability analysis, adopting surrogate
models to replace time-consuming limit-state functions has long been a key research fo-
cus. Typical surrogate models mainly include the Kriging model, artificial neural net-
works and SVM. As a surrogate model based on stochastic process theory, the Kriging
model regards the target response as the superposition of global trend term and local ran-
dom fluctuation term. It can achieve high-precision approximation of complex nonlinear
problems with limited samples.

The Kriging model construction procedure is stated as follows:

Step 1: Obtain limited sample data via design of experiments and establish the train-

a
z=[z.2,.2, ] and response values y(z)'

R(zi,zj)

and regression coefficients P by

ing sample set between input variables

Step 2: Select appropriate correlation functions to describe the correlation

between sample points. Solve hyperparameters ¢

means of maximum likelihood estimation and other approaches.
Cov[Z(zi),Z(zj )]
covariance between two sample points is expressed as follows:

Cov| 2(2,),2(2,) |=o"R(2,.2, ) (10)

Step 3: Construct the covariance matrix and train the model. The
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Z(» . . .
Here, () denotes a zero-mean Gaussian stochastic process that characterizes local de-
viations. A Gaussian correlation function commonly used in engineering is given as fol-

R(zi,zj):exp[—znlé’k 2} (11)
k=1

where the parameter %% denotes the correlation parameter in the direction of the k_th

lows:

A0 _ Z&k)

variable. Its value determines the sensitivity of the model to different input variables.

Thus, the predicted value of the Kriging model for any unknown point Z' can be
expressed as follows:

)?(z*):f(z*)T,[;’+r(z*)T Ril(y—FﬁA’) (12)
where r(x* ) represents the dependence vector between the training samples and the pre-

<)
dicted point, ( is the basis function vector, and F refers to the basis function ma-
trix. With high fitting accuracy and strong nonlinear mapping capability, the Kriging
model can effectively conduct TRA for engineering cases in this study.

2.3. Time-Variant Reliability Analysis Process

2.3.1. Transform the Time-Dependent Behavior into an Equivalent Gaussian Process

AN

Once the estimated Most Probable Point Trajectory (MPPT) e (1) is acquired, it

A,B(1),t) .
is applied to convert the time-dependent response g( (8) ’) into an analogous

. g(A,B(z,.),t,.)

. H . B(t
Gaussian process (v) . The random variables 4 and () are

converted into invariant standard normal random variables ¥ and Zi. Consequently,

the MPP "MF* (%) in the (n+m) dimensional random space can be resolved into the
following:

;MPP (t) = bAtMPP,W (t,»),;MPP;Z (ti) (13)

MMPP,W(I[) and WMPPZ (ti) uMPP(t[)

where represent the components of in the

A

umpp (ti)

subspaces of W and %i , respectively. Using the MPP , we calculate A1) and

. . t. .
the unit gradient vector a( ’) at 4 as follows:

B(1) =|useer (¢)lex(t:) =y (1) (1) J ey (1)
A . (14)
_ umpry (t,») (t )_ UMPP;Z (ti)
pln) 7 (%)

where " (%) and %7 () denote the components of (1) in the subspaces of " and

Zi respectively. Then, the function g(A’B(ti)’ti) is linearized around """ (4:) using
FORM as follows:

g(A.B(1).0) = H(1)=—B(t;)+ (e (1) W +(a, (1)) Z, (15)
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As W and % are invariant standard normal random variables, the linearization

g(X.Y(1).4,)

N

umpp (t,»)

at converts the instantaneous response into a corresponding

normal random variable H(ti) .

X, Y(t),t . .
In a broader context, the time-varying response g( () ), once linearized at each

A

umpp (t . . .
MPP (7) , can be converted into an analogous Gaussian process. The respective mean

. t L . t
function * (1) and standard deviation function o(1) are expressed as follows:

(e == (1) = e (1) (1) = [Var (11 (1)) =1 (16)
In Equation (16), the autocorrelation coefficient function calculation ©(1°%2) of
H(1) ig presented.
2.3.2. Time-Dependent Reliability Using Spectral Decomposition and MCS
% :COV[H(Q),H(Z‘_/)J:O'(tl«)a(t_/«)p(t[,tj),i,j:l,2,...,s 17)

Let % and % denote the eigenvalues and normalized eigenvectors of the covari-

ance matrix, respectively. With Sk as independent standard normal variables, the EOLE
expansion is written as follows [28]:

H(t)~ u(t)+ a(t)i%qﬁ[p(t),p(t) = [Cov(tl,t),. . .,Cov(ts,t)]T (18)

1/ 4 . . . .

The factor kappears because the eigenvectors are normalized in the covari-

ance matrix space and Sk follows the standard normal distribution. The truncation pa-
. g < = . . N .

rameter 7 satisfies ¥ =%, and ¥ 75 gives zero discretization truncation error on the
selected time grid.

Here, p is the number of retained expansion terms. In the numerical examples, p is
chosen so that the retained eigenvalues cover the discretized covariance matrix and the
EOLE truncation error is negligible relative to the MCS sampling error.

1 ()= I, ifmaxi h <0 (19)
" 0, otherwise

According to Equation (19), a failure occurs if 1()= O. This process is repeated to

H.
generate NMCS samples / of H(1) , and the time-variant reliability is finally
estimated by
NMCS I(H_/)
P(t J):ez/’:‘ NMCS (20)

The parameters ¥, § and NMCS

can be fixed to relatively large values to attain
higher precision, and the increased computational cost is almost negligible.
The time discretization time-variant reliability analysis (TDTRA) method treats the

problem as time-invariant by discretizing the time interval into

g(4.B(t).t)

invariant limit-state functions, transforming the time-variant reliability problem into a

equidistant smaller

time instants. The time-variant limit-state function is divided into N time-

time-invariant sequential system of reliability problems with N elements.
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FORM is used at each time instant for V' components to solve the time-invariant

reliability problem. The random variables 4 and B(1) are transformed into invariant
standard normal random variables. The MPP is searched for in the standard normal space,

followed by calculation of the instantaneous P Finally, time-variant reliability is evalu-
ated using the N-dimensional normal CDEF. This process is repeated for each discretized
time instant, allowing for the calculation of time-variant reliability.

The steps of the EAMPPT procedure are as follows:

Step 1: Discretize the time interval into s evenly spaced time instants.

Step 2: Select  initial time instants uniformly from the discretized interval and per-
form FORM-based MPP searches at these points.

Step 3: Use the obtained MPPs as the initial training set and construct the Kriging
model for the MPPT.

Step 4: Evaluate the MEPE learning function on the candidate time set and identify
the time instant with the largest prediction error.

Step 5: Perform an additional MPP search at this time instant and add the result to
the training set.

Step 6: Update the Kriging model and repeat Steps 4-5 until the stopping condition
is satisfied or the maximum number of adaptive samples is reached:

max EPE, (x) < EtargetOTNyad = N,

el dd,max

Step 7: Convert the time-dependent response into the equivalent Gaussian process
() using the final MPPT.

Step 8: Build the covariance matrix of H(1) , calculate its eigenvalues and eigenvec-
tors, and generate samples using the EOLE method.

Step 9: Estimate the time-variant failure probability and reliability index by MCS on
the equivalent Gaussian process.

Step 10: Report the original limit-state function evaluations, relative error with re-
spect to the reference method and coefficient of variation of the MCS estimator.

The computational cost of estimating the MPPT can be assessed as follows. The dom-
inant computational cost arises from evaluating the original time-variant performance
function. Hence, it can be estimated as the total number of function evaluations (FEs) con-
ducted through all MPP searches:

NMPP

Ngg = ZNFE(i):NMPPNAVG (21)
i=1

where Nyep denotes the number of MPP searches carried out in both the initial and

N{(i .
adaptive sampling phases. (Z)FE represents the number of FEs in the ! th MPP search,

and NAVG indicates the average number of FEs. In addition, the accuracy of several
methods which are used in this study is analyzed in terms of relative error to MCS.

For numerical comparison, the relative error and the coefficient of variation of the
MCS estimator are evaluated as follows:

P—P . -
0 = |fﬁxloo%,aws _ [ =A (22)
ij,ref NMCSR‘

These indicators are reported together with the number of original limit-state func-

tion evaluations to make the computational saving reproducible. The overall workflow is
summarized in Figure 1.
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Convert into equivalent
gaussian process

Discretize time into Apply the MPP
step length interval search

Calcualte the
eigenvalue and eigen
vectors

Add the new found
point into the overall
training samples

Build or update the
kriging model

Use the EOLE method

to generate NMCS

Perform MPP samples

Find the new point by

search at the new maximizing the MEPE
point found error prediction method
Y
Calculate the TRA
No eck if the fitne Yes v

error is less than target
error end

N /

Figure 1. The flowchart of the time-dependent reliability analysis method.

3. Proposed Mixed-Copula and Adaptive Kriging Framework
3.1. Correlation of Multiple Failure Modes
3.1.1. Multiple Failure Modes and MPP-Based System Transformation

For a structural system with several failure modes, each limit-state function is first
treated at selected time instants. Instead of solving a complete time-invariant reliability
problem at every discretized instant, the proposed method only evaluates the MPPs at a
small number of representative instants and then uses Kriging to approximate the MPP
trajectory. This setting reduces repeated FORM searches while retaining the information
needed for system-level reliability calculation.

. . . 0,2, | . . . . L .
First, the time period [ "] is discretized into ? equal time intervals, with each

discrete moment represented as =t/ Among all discrete moments, ¢ equally
spaced time points are selected. The most probable point for each performance function
at these selected time points is quantified using FORM. Suppose that at time

_ Zaop (t,) =| Vapp- Untpy
o (v=12,-.4) , the most probable point is denoted as vie ) [ VPP MPP] ; using the
optimization problem, it can be derived by computing the following;:
min S, =min ||ZMPP ||
u u (23)

st. G (ZMPP ) =0
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In Equation (23), B, represents the instantaneous reliability index of the r-th failure
Z =
ty> Znep (2,) and V=124

used as the training samples for the Kriging model. The predicted MPPs at the remaining

mode at the selected time instant. The obtained pairs , are
discrete time instants are then substituted into the linearized limit-state functions.

The transformation from Equations (24)—(36) follows three steps. First, each time-de-
pendent failure surface is locally linearized at its MPP, so the original nonlinear response
is replaced by a first-order approximation near the most influential failure region. Second,

the random variable & is introduced to represent the equivalent standard normal vari-
able associated with the i-th failure mode after the Nataf transformation. Third, because

Vand & are independent of the time coordinate after the MPP trajectory is fixed, the
time-variant system event can be written as a time-invariant event in the augmented
standard normal space. In this way, FORM can be used to calculate the transformed sys-

A dsdok aG " D2
U + : V=V 0
MPP W, u « —Vwmpp > (24)

] represents the MPP of failure in the function for each failure mode

tem reliability.

a

b p
P = Prob ﬂﬂl: )k

=1 j=1 k=1

RAZERAY:
V' mep,U mpp
where

at the discrete moment % -

In the proposed system, the structural system remains operational as long as one
component is reliable. This means that failure in the entire structural system occurs when
only all of the components fail. For such a system, Equation (25) can be transformed as

AR 86, R
N —Uwmpp |+ a;” | Ve=Vmee | >0 (25)

follows:

—prob{J) a;’]; k

i=1 k=1

k V™Mpp

Rearranging the terms on the left side of Equation (25), it can be further expressed as

follows:
P, (0,7,)
a P|aG. . A bsJok
=Prob ﬂ a(’}”k [U UMPPJ+
ik
i=1 k=1 k| uep (26)
oG, AR G,
i,j.k Jok
— VvV, -V > U
oV, | { k MPPJ oU, |t (Vi)
¥ MPP Umpp
We introduce random variables :[ai’l’a"’z""’ai’k] , with a mean Ho, and an

ac
autocorrelation matrix / to calculate Equation (27). %k can be stated as follows:
0G; U -
o, = —25
CrT Py k (27)

Umpp
If the random variable ¢ is introduced and obeys the standard normal
distribution, the function can further be simplified as follows:
v . , Al
& (V’Qz’) = Féil dc GU,,A, (_Ull\?[];P)*‘ GV,‘A (V - VMPP] Mg Coi =0 >0 (28)

https://doi.org/10.3390/math14142602


https://doi.org/10.3390/math14142602

Mathematics 2026, 14, 2602 11 of 25

Gy Gy, Gy (V.Upt)

where " and ' represent the partial derivative of the function, ,

Aijk gk
V'mep,Unpp
evaluated at the MPP .

Ok | G 29
U = 6Uk MPP (29)
oG, ™
GV/.k = o, | V' mpP (30)

Then, pS(O,te):
PS(O,te):Prob{m{gi(V,Qi)>0}} 31)
i=1
In Equation (31), V denotes the time-invariant standard normal vector after Nataf

transformation, while Q' denotes the equivalent standard normal variable introduced
for the i-th failure mode response. Once the MPP trajectory is substituted, neither V nor

0

bility problem is transformed into a time-invariant system reliability problem in the aug-

7 explicitly changes with the time variable t. Therefore, the original time-variant relia-

mented variable space, and FORM can be used to evaluate Equation (32).

2,(2)=Fp' {@,,{[Gai,k (~Ustee )+ G, (¥ —Viibe )],ym,cm}}—g,- (32)

Z,=[V.,0,]

In Equation (32), is the random variable of &i (Zi ) ; Equation (32) can be

rewritten as follows:
Gi(z)=1(r')-0 (33)
G,(7)

and 7", Expanding Equation (33)at the MPP through a Taylor series and considering only
the first-order term, the expanded form can be represented as follows:

Gi(z) (8-alz) (34)

G,(7) ,
where “\"/) and V' are expressed in terms of the standard normal space as

= AG(2))

Upon substituting Equation (34), r,(0:t,) can be transformed into the following:

PS(O,te):Prob{ﬁ{ 8GH(2)(B o z;)>0}} (35)
i=l
And
g =iz
. (36)
54.Gy (z',.) =0

Then, Equation (36) can be further simplified as follows:

P.(0,t,)="Pr ob{o[ B >al z;]} (37)

i=1
where @, is the unit vector at the MPP Z, of the performance function i, and its
expression is as follows:
U 5
vG(z')
—ﬁ,lzl,Z,...a (38)
G(7)

a. =
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éi (Zl)

failure mode performance functions is as follows:

U A
COV(GI- Z; Gy Z; J
Prist = (A G (39)

O, (o}
GI(Z;) GIAH(Z;H)L

.th .
According to the obtained L  the correlation between the ! and i+1

L
th

where the numerator is the covariance matrix between the 7/ failure mode and the

J*1 failure mode. Equation (39) is then used in the system-reliability calculation.

3.1.2. Copula-Based Dependence Modeling of Multiple Failure Modes

After the marginal failure probabilities of different modes are obtained, the remain-
ing task is to model their statistical dependence. This subsection focuses only on the de-
pendence modeling step and avoids repeating the MPP-based transformation derived in
Section 3.1.1.

Copula theory is selected because it separates marginal failure probabilities from the
dependence structure. Thus, different failure modes may keep their own marginal distri-
butions while their nonlinear and tail-dependent correlations are modeled through a joint
Copula function.

3.1.3. Mixed-Copula Function and Validity Conditions

A single Copula may be too restrictive for mechanical systems because different fail-
ure modes can show upper-tail, lower-tail or nearly symmetric dependence. Therefore,
this study uses a convex mixture of three Archimedean Copulas to describe the failure
correlation more flexibly.

The selected mixed Copula is constructed by linearly combining Gumbel, Clayton
and Frank Copulas. This combination remains a valid Copula when all weights are non-
negative and their sum equals one. Under these conditions, the uniform marginal distri-
butions are preserved because each component Copula has uniform margins, and the
weighted sum is convex:

C(u,v): w -Cq (u,v;ﬂ)—i—w2 -C, (u,v;;/)+w3 -Cp (u,v;a) (40)

B,y and «

where are the parameters of the Gumbel, Clayton and Frank Copulas, respec-

wy,w, and w . w; 20 W +w, +wy =1 .
P72 3 satisfy and ™17 727 ™ 7, which ensures that

tively. The weights
the mixed model is a valid Copula with preserved marginal distributions.

Taking the derivative of Equation (40), the PDF corresponding to the combined Cop-
ula function can be obtained by linearly combining all three functions and is expressed as

follows:
C(u,v) =w-Cq (u,v;ﬂ)-f(u)‘g(v)ﬂ-wz -C, (u,v;}/)‘f(u)'g(v)
+w;-Cp (u,v;a)-f(u)~g(v)
From Equation (41), it can be observed that there are six unknown parameters. The

(41)

degree of correlation between variables is reflected by the correlation parameter vectors

a, p ,and 7 . The correlation patterns between variables are reflected by the weighting

.- woow w : . . .
coefficient vector "', "2, and "3. Using the combined one is more appropriate for ana-

lyzing and solving the dependence between different failure modes because it incorpo-
rates the features of the individual functions used and introduces new combined func-
tionalities.

For a convex mixture of Copulas, the upper- and lower-tail coefficients are the
weighted sums of the component tail coefficients. In this study, the Frank Copula has zero
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A =w(2-2%), 20 = wy2"

tail dependence; so, the two coefficients are . The resulting

coefficients for the two numerical examples are reported in Table 1.

Table 1. The tail dependence coefficients of the mixed Copula in the two numerical examples.

Example Upper-Tail Coefficient Lower-Tail Coefficient Main Interpretation
Planar three-bar structure 0.1345 0.2985 Upper and lower tail.
Two-rod parallel structure 0.0003 0.3709 Lower tail dominant.

3.1.4. Comprehensive Copula Function Parameter Estimation

The combined function mentioned in Section 3.1.3 to analyze the correlation issues is
used in mechanical structures. The main focus is on the reasonable estimation of all un-
known parameters. The selected combined function for this study involves a total of six
unknown parameters. Common parameter estimation methods are generally classified
into two categories: parametric and non-parametric. In this study, the Monte Carlo
method (MCM) is employed to generate random sampling data. Subsequently, a combi-
nation of the least squares criterion method and GA is also used for the estimation of un-
known parameters.

Using the MCM, the first step involves sampling various random attributes in the
mechanical system. The data obtained from random sampling are then used in the perfor-

mance functions corresponding to various failure modes of the mechanical structure. The
k

random sequence values &i , composed of the randomly sampled data, will be generated

in these functions. These random sequence values can be transformed into their respective
F
empirical distribution function sequence values “ . This crucial step requires program-

ming implementation using MATLAB R2023b (MathWorks, Natick, MA, USA). Here, !
th . -th
represents the i component in the mechanical system, 7 denotes the / failure

th
mode, and X indicates the ¥ random sampling iteration.

3.1.5. Least-Squares Objective for Mixed-Copula Parameter Estimation

For the estimation of unknown parameters in combined model, several methods can
be adopted. Here, the research adopts the method of reducing the sum of squared differ-
ences between individual terms and their mean. The quantifying formula for this method
is as follows:

2

1 k ok k k ok k
RSS = [ Foy (F P Ff )= C(Fi b ) (42)
k=1
k ok k
Fonp (i Fe Ff ) N o F
where represents the joint empirical distribution function, with *

C(FF,FX,. FF
( > v ) is the selected combined

corresponding to each performance function.
Copula function.

When solving the combined Copula function to obtain the optimal solution, the pa-
rameter estimates of this solution will minimize the sum of squared differences between
individual terms and their mean. Therefore, a six-dimensional constrained nonlinear op-
timization problem can be used to address issues related to the estimation of the combined

Copula function and its parameters.

n 2

i f (1,05, 5,7) = [+ Fa (F B F )= C (L F o)) 49)
k=1
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where 0<w, <1 and w +w,+w;=1.

The solution for each unknown parameter in Equation (43) requires the use of a GA.
This GA needs to exhibit good global search performance and mainly involves two steps
in its process:

(1) Initialization: Set each optimization parameter in the GA and define parameters
such as population size. Form a new matrix by arranging the six unknown parameters in
its structure. This matrix acts as the primary population, and its generation is linked to
the extent of values for each random variable in the combined Copula function. To rea-
sonably compute the fitness of each individual in this initial population, rank the individ-
uals based on the values of the fitness function.

(2) Evolution: Generate a new population by estimating the beginning matrix popu-
lation from step one using mutation operators, selection and crossover. To avoid obtain-
ing a solution that is a local optimum, these populations are shaped to verify that the GA
has good global search capabilities. The fitness of each individual in the generated new
population is evaluated using the objective function. The retained individuals in the pop-
ulation will have better fitness than the eliminated ones. The computation stops when the
iteration reaches the maximum number of generations set in the GA.

3.2. Surrogate Model Construction
3.2.1. Mixed Sampling Strategy Based on Maximizing Prediction Error

Traditional active-learning Kriging methods usually select new samples by focusing
either on the limit-state boundary or on predictive uncertainty. For example, the expected

feasibility function in EGRA emphasizes the neighborhood of &~ 0 [29], while the U-
function in AK-MCS selects samples according to the ratio between the predicted mean
and standard deviation [30]. These strategies are effective for many time-invariant prob-
lems, but they may not sufficiently exploit the time-varying MPP trajectory needed in
FORM-based TRA [31]. The main differences are summarized in Table 2.

Table 2. Principle-level comparison between MEPE and commonly used active learning functions.

Learning Function Main Principle Limitation for MPPT Tracking = How MEPE Improves it
Search I the limit-
U-function in AK-MCS CATCTIES SAImTpRes Teear brie fm: May ignore local model bias when the Adds cross-validation error to
state boundary using a standard- . . ) .
[30] Kriging variance is small. correct local bias.

Expected feasibility in

EGRA [29]

Variance-based sampling

Uses expected feasibility around

Selects points with large Kriging May add samples far away from relia-

ized distance.

Mainly focuses on boundary location

rather than time-varying MPP tra-
jectory tracking.

Targets prediction error along

the zero-level limit state. the MPPT.

Uses a dynamic balance factor
to shift from global exploration

rediction variance. bility-dominant regions. .
P 4 g to local refinement.

The proposed MEPE learning function differs from these criteria by combining the
Kriging variance with leave-one-out cross-validation error. The variance term promotes
global exploration, whereas the cross-validation term reflects local prediction error
around existing samples. The dynamic balance factor further changes their weights dur-
ing the adaptive process so that early iterations explore the time domain and later itera-
tions refine regions close to the MPP trajectory.

x" =argmax ., EPE ¢y (x) (44)

In the above formula, the expression of learning function EPEqcy () is defined as
follows:
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EPE .y (x) = a- ety (x)+(1—0:)-s2 (x) (45)

where J (x) denotes the Kriging prediction variance. The dynamic factor a<[0.1] con-
trols the relative contribution of cross-validation error and prediction variance. A larger
@ gives more weight to local error correction, while a smaller ¢ gives more weight to
global exploration.

0.5g =1

2
= e. X, _
“=10.99x min O.SXM

2
ecv (xq—l )

Alg>1 (46)

In the initial iteration, ¢ is setto 0-5 because no prior information is available to
prefer either global exploration or local refinement. In later iterations, ¢ is updated ac-
cording to the ratio between the estimated true error and the cross-validation error. If the
cross-validation error overestimates the true error, ¢ is reduced, and MEPE gives more
weight to prediction variance. If the local error remains large, ¢ is kept relatively high,

0.99

and the algorithm continues to refine the MPP neighborhood. The factor is used to

avoid an abrupt change in ¢ at the switching boundary.
ey (%)

mula is shown as follows.

In addition, represents the cross-validation error, and its calculation for-

2
R'd+H d,
Qi(%):[_;Trﬁﬁ;_J (47)

where the subscripts i " i ,and @ refer to the !-th row, !-th column, and ! -th ele-
ment on the diagonal of a matrix, respectively. R denotes the spatial correlation matrix

established by existing observed sample points in the Kriging model. The vectors # and

d are expressed as follows:

d=yp _F}
H :F(FTF)_] FT 9

where Y2 is the vector of actual response values corresponding to existing sample sets.
F" stands for the regression matrix composed of polynomial basis function values at all

AN
sample points. /" tefers to the estimated vector of polynomial regression coefficients.
To approximate the CV error at any ordinary candidate point %, this study adopts

the Voronoi partition of the design domain according to the observed sample set Xp
[32,33]. The cell Vi is described as follows:

v :{xeD|x—x,~|S|x—xj

,Vjii},lﬁi,jﬁm (49)
L e? (x)
Thereafter, the cross-validation error v

ety () =egy (x;),x eV (50)

Equation (50) shows that identical cross-validation error is assigned to two candidate

is simply estimated as follows:

points if they fall into the same Voronoi cell. This approximation is accurate when the
Kriging response is smooth and the experimental design has no severe clustering. It
should be used with caution for discontinuous responses or highly anisotropic sample
distributions; in such cases, smaller cells or a local distance-weighted CV estimate is rec-
ommended.

3.2.2. Initial Experimental Design and Stopping Criteria
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First, the initial design must cover the whole candidate domain so that the beginning
Kriging model can describe the global trend of the MPP trajectory. Latin Hypercube Sam-

pling (LHS) is adopted for this purpose. In the numerical examples, the initial sample

1o =10d +5

number is set as , where d denotes the input dimension of the surrogate

. . . N, =50
model. The maximum number of adaptive samples is  2dd:max , and the target error

=0.05

€
s et unless otherwise stated. A representative two-dimensional LHS design is

shown in Figure 2.

1.0
° ° L4
AT RV JREN SO S
H H H 5 .
s s St S
% P e L e i
RN S S S —
° v . ° ‘ |
L ST — o oo
i . : . |
00 0:,2 0.:4 0‘:6 058 1.0

X1

Figure 2. LHS sampling results.

It can be seen from the figure that samples obtained by LHS feature favorable space-
filling ability and uniform distribution, which satisfy the requirements of subsequent re-
search. In addition, the Kriging model is regarded as accurate enough once the MEPE is
lower than the target error, and the relevant judgment rule is stated as follows:

{if max(EPEmCV (x)) 2 Egreet NO

. (51)
if max(EPE OV (x)) <Eiarget YOS

Etarget = 0.05

where is the adopted target error magnitude. The iteration stops when the

& N, :
target or when add,max is reached.

maximum MEPE value is lower than

A sensitivity check was conducted for the initial balance factor, target error and initial
LHS sample size, as summarized in Table 3. The baseline setting gives the lowest overall
error—cost trade-off. A smaller target error slightly improves local accuracy but increases
function evaluations, while a larger target error reduces cost at the expense of accuracy.

Increasing the initial LHS size improves stability only marginally after the baseline level.

Table 3. Sensitivity checks for the MEPE parameters in the planar three-bar example.

Terminal Failure  Relative Error to  Original Function

Case Changed Setting Probability Direct MCS (%) Evaluations
) initial balance factor 0.5, target er-

Baseline ror 0.05, initial LHS 10d +5 0.4078 047 326
Balance factor test initial balance factor 0.3 0.4112 1.31 342
Balance factor test initial balance factor 0.7 0.4069 0.25 338

Tolerance test target error 0.03 0.4071 0.30 386
Tolerance test target error 0.08 0.4106 1.16 278
Initial design test initial LHS 5d +5 0.4135 1.87 287
Initial design test initial LHS 15d +5 0.4074 0.37 384
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Based on the above explanation, the adaptive construction process of the surrogate
model in this study is illustrated in Figure 3.

function, iteration number and

" response of the initial points | |space filling sapling approach initial balance factor

H Input: an expensive black box

Construct the mmal Kriging
model

(Call function to evaluate theH Generate initial points by

Update the balance factor
using Eq (46)

Calculate the CV error at each
observed point using Eq. (47)

Obtain new points by solving the
auxiliary problem in Eq. (44)

] Use local exploitation term estimated
by Eq. (49) the global exploration
term estimated, and the balance factor
for form EPE criterion in Eq. (44)

Check if the stopping
criterion is met

Refit the Kriging model H Final Kriging model

Figure 3. The flowchart of maximized error prediction for the adaptive Kriging method.

3.3. Integrated EAMPPT-Based TRA Procedure

The proposed EAMPPT-based TRA framework consists of the following steps. The
notation follows the sign convention defined in Section 2, and all failure mode marginals
are coupled by the mixed Copula only after the marginal time-variant probabilities are
obtained.

8w (XY (1).1)

. . . 0,7| . . .
mode, discretize the time interval [ ’ ] into ¥ equal intervals with

Step 1: For each performance function corresponding to a failure

At:T/p,andob—

tain the time-discretized functions.
Step 2: Apply Nataf transformation to map the physical random variables into the
standard normal space. Select ¢ initial time instants and use FORM to calculate the cor-

Zupp (1) v=1,2,....q

responding MPPs .

Step 3: Construct the initial Kriging model using the MPP samples. Then, use the
MEPE learning function in Section 3.2 to add adaptive samples until the stopping criterion
is satisfied. The final Kriging model predicts the MPPs and derivatives at all discretized
time instants.

Step 4: Substitute the predicted MPPs and derivatives into the linearized perfor-
mance functions, and calculate the marginal failure probability of each failure mode by
FORM and the equivalent Gaussian process representation.

Step 5: Estimate the mixed-Copula parameters by the least-squares objective and GA.

wa =1
The weights are constrained by "7 20 and . The marginal probabilities are then
coupled to obtain the system-level time-variant failure probability. The complete work-
flow is shown in Figure 4.

https://doi.org/10.3390/math14142602


https://doi.org/10.3390/math14142602

Mathematics 2026, 14, 2602

18 of 25

Discretize time intervals and functions for each failure mode.

y

Apply Nataf transformation and FORM analysis to find MPPs
at selected time steps

y

Construct and update Kriging model using EAMPPT, then
predict MPPs and calculate derivatives.

v

Use multivariate normal distribution and first-order second-
moment method for reliability analysis.

y

Estimate correlation parameters using non-parametric methods
and apply them in Copula function distribution.

Figure 4. The flowchart of the proposed EAMPPT-based TRA framework for multiple failure
modes using a mixed Copula.

4. Numerical Example Verification
4.1. Planar Three-Bar Structure Example

This numerical example employs a planar three-bar statically indeterminate truss,
and detailed design parameters are provided in Ref. [21]. Subjected to dynamic loads k ,
the structure will not collapse immediately after the central bar reaches its ultimate limit
state and fractures; instead, it evolves into a two-bar configuration to continuously resist
external loads. Accordingly, the entire structural system loses functionality only when
both the intact three-bar and post-failure two-bar load-bearing states exhaust their bearing
capacities.

For this truss, the length of the inclined members is defined as L, the vertical
member length is denoted as /7, and 7 represents the ultimate material strength of each
bar. Specifically, the central vertical member (bar 2) yields first under the peak applied
load, which causes the truss to degenerate into a two-bar load-carrying subsystem after
this initial failure. All three structural bars are designed with annular cross-sections.

The time-dependent limit-state function is given by the following:

d() =d, +2x0.00081 (52)

D(t) =D, —2x0.0008¢ (53)

In this situation, the failure of the structural system depends on the failure of both
three-bar and two-bar structures. According to the criterion that the structure fails when
its force exceeds its ultimate strength, failure modes for the three-bar structure and the

two-bar structure can be established as ! (t) and &2 (t) [29]:

alt)=n— (00 a0y (54)
N 4P(t) L
&)= 7 (2 +20°)(D(r) ~d(e) 2
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Table 4 provides the probability characteristics of each variable that affects the bar
structure.

Table 4. Statistical features of the random variables in the planar three-bar structure example.

Type of Distribu- Mean Coefficient of Variation

List of Variables ] Standard Deviation Autocorrelation
tion Value (%)
17/MPa Normal 10.00 13 13 NA
Dy/m lognormal 5.1 16 0.816 NA
dy/m lognormal 2.0 10.0 0.2 NA
L/m Normal 1.50 26.7 0.4005 NA
H/m Normal 1.00 40 0.4 NA
P(1)/N Gaussian process 125 20 25 exp— (At)2

Note: NA, not applicable.

In addition, bar 2 fails first when the planar three-bar structure bears the maximum
stress, and the structure evolves into a two-bar system [26]. Considering the failure modes
of two-bar and three-bar structures, the dependence between the two failure states is char-
acterized by a Copula function. The reliability analysis of the three-bar structural system

is then carried out. By considering this dependence, the system failure probability P(7)

within the time interval [0.10] is expressed as follows:
P(T)= P{G1 (x,P(t),t) < OﬂG2<x,P(t),t) <0,3te [O,T]}

= {min(G, (x.P(¢).¢) 0)min G, (x. P(¢).1) <0).r e[0.7]} (56)
=C,(R(7).(T))
where C() represents a two-dimensional Copula function, and R(T) and PZ(T),

respectively, denote the failure probabilities of the planar three-bar and planar two-bar
structure within the time interval [0, 10]. The expression is given by the following:

R(T)=Pr(g (x.P(),r) <0,3t[0,7]) (57)

P,(T)=Pr(g,(x.P(r).1)<0,3te [o,T]) (58)

The estimated mixed-Copula weights and dependence parameters for the planar
three-bar system are listed in Table 5.

Table 5. Mixed Copula parameter estimation for the planar three-bar example.

wl w2 w3 Alpha Beta Gamma
0.5727 0.3110 0.1163 0.8198 16.8612 3.7228

Finally, Tables 6 and 7 present the calculation results of this example.

Table 6. Failure probability of related failure modes using Archimedean Copula family.

Time Completely Independent Gumbel Copula Clayton Copula Frank Copula

Mixed Completely Cor-

Copula related
1 0.0332 0.0192 0.0259 0.0322 0.0196 0.0166
3 0.0872 0.0490 0.0676 0.0810 0.0496 0.0436
5 0.3344 0.1793 0.2510 0.2677 0.1759 0.1672
7 0.8513 0.4407 0.5925 0.5711 0.4078 0.4257
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Table 7. Reliability index of planar three-bar structure example.

Time Completely Independent Gumbel Copula Clayton Copula Frank Copula

Mixed Completely Corre-

Copula lated
1 1.8357 2.0706 1.9448 1.8494 2.0621 2.1297
3 1.3582 1.6546 1.4939 1.3984 1.6487 1.7104
5 0.4278 0.9180 0.6713 0.6198 0.9311 0.9653
7 -1.0420 0.1492 -0.2340 -0.1792 0.2332 0.1873

The results from Tables 6 and 7 show that the failure probability increases and the
reliability index decreases as time increases. At =7, the mixed-Copula failure probabil-
ity is 04078 which is 52:1% lower than the completely independent result of 0-8513
and 42% lower than the completely correlated result of 04257 This confirms that ig-
noring failure mode dependence may lead to a conservative but distorted probability es-
timate, while a single Copula may miss part of the asymmetric tail dependence.

Figure 5 displays the failure probability curves of different dependence assumptions.
The mixed Copula remains within the two limiting cases and gives a smooth transition
between single-Copula results. This behavior is consistent with the estimated tail depend-

ence coefficients in Section 3.1.3.

14
Combined P, using mixed copula
0.9 —e— Independent
—=&— Weak link theory(Dependence)
0.8 —4&— Frank copula
—&— Clayton copula

0.7 4 —¥— Gumbel copula
e
>
= 0.6
8
G
> 0.5 4
%
] 0.4
o
ER

0.2

0l 4

T T T T T T
1 2 3 4 5 6 d

Time

Figure 5. Time-dependent failure probabilities of the planar three-bar structure under different

dependence models.

4.2. Two-Rod Parallel Structure Example

To validate the performance of the proposed method in multiple-failure-mode sce-
narios, a two-rod parallel structure is investigated, which is shown in Figure 6 [34]. The
cross-sections of the two rods are A-A and B-B, where 4 , 4 , by and by denote the cor-

responding section dimensions.
Considering that the material is degrading over time, the cross-sections of the two

rods are expressed in terms of length and width:
a(1)= ay 2kt
a,(t)= ag —2k,t

by(t)=by—2kt

by(t)=bs —2kyt

(59)
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12 12
where %, % and bo, 5 are the initial values of “ (t), a0 and bl(t), by (Z), re-

k =5x107* k, =3x107*

spectively. The constants are given by and . The whole structural
system will collapse if the yield strength of the two-bar structure is less than the stress.
Section A-A kit . / / / / / / / /
=
by
- THT THT
a
Section B-B kot Column 1 Column 2
kyt —
=
b,
—
a

P(1)

Figure 6. Two-rod parallel structure.

The performance function g(t) of the parallel structural system is expressed as
follows:
a,(t)b (t)P(t
Gy (t) =q (t)bl (1)o —M
g(t)= )

G, (t)=ay(1)by (1) o, —M

The specific distribution information of each variable is given in Table 8:

Table 8. Distribution information for the variables of the two-rod parallel structure.

Attributes Class Mean CV Autocorrelation Coefficient Function
ay (mm) normal 33.02 0.8 NA

a; (mm) normal 3048 0.8 NA

by (mm) normal 33.02 0.8 NA

b (mm) normal 3048 0.8 NA

o, (KPa) normal 23511 1.0 NA

o, (KPa) normal 23511 1.0 NA

P (f) (KPa) Gaussian process 586.05 9.4 exp(—(At)z)

Note: NA, not applicable.

Table 8 shows that if the time interval considered is [0, 2], then the expression of

5 (t) is as follows:

P(t)= P{g(A,B(t),t) >0,V e [0,2]} (61)
A= al,az,bl,bz,a,a -
where [ 0:4905500,0] 2} and B(1) P(t)'
In this example, the system fails when the stress exceeds the yield strength 9 of the
two rods. Therefore, the two failure states are associated with rod 1 and rod 2, and the
reliability analysis of the two-rod parallel structure is conducted via the Copula function.
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The considered time interval is [0’2], and the failure probability P(T) of the parallel

structural system is

P(T)=

P{G, (x.P(1).t) SONG, (x. P(r).,r) <0,3t [0,7]}

:{min(Gl(x,Pt ).t)<0)Nmin(G (x,P(t),t)SO),te[O,T]},

(62)

=C, (Pl (T)va(T))

where

€2 is the two-dimensional Copula function.

For the parallel structural system, the mixed-Copula parameters are listed in Table 9,

the numerical results are presented in Tables 10 and 11, and the time-dependent failure-

probability curves are shown in Figure 7.

0.14

—— Independent

0.12 | | == Weak link theory(Dependence)

—— Frank copula
——— Clayton copula
—— Gumbel copula

0.1

Combined P using mixed copula

0.08

0.06

Probability of failure

0.04

0.02

1 1

L 1 1 1 1 Il Il 1

0 0.2 0.4

0.6 0.8 1 1.2 1.4 1.6 1.8 2

Time(year)

Figure 7. Time-dependent failure probability of the two-rod parallel structure considering fail-

ure correlation.

Figure 7 depicts the temporal variation curves obtained using different dependence

models. The mixed-Copula parameters in Table 9 indicate dominant lower-tail depend-

ence, which is consistent with the lower-tail coefficient

3.1.3.

A, =0.3709 reported in Section

Table 9. Mixed-Copula parameter estimation for the two-rod example.

wl w2

w3 Alpha Beta Gamma

0.0344

0.3804

0.5852 0.9938 27.3476 15.4486

Table 10. Failure probability of two-rod structure considering failure correlation.

Mixed Completely Cor-

Time Completely Independent Gumbel Copula Clayton Copula Frank Copula Copula related
0 0.0361 0.0198 0.0270 0.0322 0.0298 0.0181
1 0.0935 0.0503 0.0697 0.0736 0.0678 0.0468
2 0.1343 0.0717 0.0997 0.0994 0.0987 0.0672

Table 11. Reliability index of two-rod parallel structure example.

https://doi.org/10.3390/math14142602


https://doi.org/10.3390/math14142602

Mathematics 2026, 14, 2602 23 of 25

. Clayton Mixed Completely
Time Completely Independent Gumbel Copula Frank Copula
Copula Copula Correlated
0 1.7979 2.0579 1.9268 1.8494 1.8837 2.0947
1 1.3195 1.6420 1.4780 1.4495 1.4924 1.6767
2 1.1063 1.4632 1.2833 1.2850 1.2890 1.4970

The findings from Tables 10 and 11 demonstrate that the mixed-Copula result is
bounded by the completely independent and completely correlated results over the inter-

val [0’2]. At T=2, the mixed-Copula failure probability is 0-0987  which is 26-5%
lower than the independent result of 01343 and close to the Frank and Clayton Copula
results. This comparison shows that the mixed Copula avoids assuming either full inde-
pendence or full correlation.

As shown in Figure 7, the proposed mixed-Copula curve follows the same increasing
trend as the benchmark dependence assumptions but keeps a more flexible position

r= 0’1’2, which are

among them.The reliability-index values in Table 11 correspond to
consistent with the failure probability rows in Table 10.

To address the reproducibility concern, Table 12 compares the proposed method
with direct MCS, TDTRA, PHI2 and AK-MCS at the terminal time. Direct MCS is used as
the reference solution. The proposed method keeps the relative error below 0-51% while

reducing original limit-state evaluations by more than 99-96%.

Table 12. Benchmark comparison at the terminal time of the two numerical examples.

ioinal Fune-
Failure Prob- Reliability  Relative MCS Coefficient Original Func

Example Method ability Index Error (%) of Variation (%) tmnti)vnc;lua-
Planar 3-bar, t=7 Direct MCS 0.4059 0.2381 0.00 0.121 1x106
Planar 3-bar, t=17 TDTRA 0.3986 0.2570 1.80 - 1.28 x 10*
Planar 3-bar, t=7 PHI2 0.4210 0.1993 3.72 - 8.60 x 10°
Planar 3-bar, t=7 AK-MCS 0.4145 0.2160 2.12 - 480
Planar 3-bar, t=17 Proposed EAMPPT 0.4078 0.2332 0.47 0.121 326

Two-rod, T =2 Direct MCS 0.0992 1.2861 0.00 0.301 1x 106
Two-rod, T =2 TDTRA 0.1016 1.2725 2.42 - 9.60 x 103
Two-rod, T =2 PHI2 0.1057 1.2497 6.55 - 7.20 x 10°
Two-rod, T =2 AK-MCS 0.0969 1.2994 2.32 - 410
Two-rod, T =2 Proposed EAMPPT 0.0987 1.2890 0.50 0.301 284

5. Conclusions

Traditional TRA faces high computational cost and model truncation error for struc-
tural systems with dynamic uncertainties and multiple failure modes. This work inte-
grates a convex mixed Copula and an adaptive Kriging model to evaluate time-variant
system reliability. The mixed Copula combines Gumbel, Clayton and Frank functions un-
der non-negative weight constraints, and the MEPE learning function improves Kriging
sampling by combining prediction variance with cross-validation error.

Two numerical examples verify the method. For the planar three-bar structure, the
mixed-Copula failure probability at =7 is 04078 compared with the direct-MCS
value of 04059 For the two-rod parallel structure, the mixed-Copula failure probability
at T=2 is 0.0987 compared with the direct-MCS value of 0-0992 The corresponding
relative errors are 0-47% and 0.50%  while the original function evaluations are re-

1.00x10°

duced from to 326 and 284, respectively. These quantitative results show that
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the proposed method can capture intermediate and asymmetric dependence structures
while greatly reducing computational cost.

It should be noted that this work still has certain limitations. Gaussian process-based
surrogate models such as Kriging are difficult to construct in high-dimensional variable
spaces, accompanied by reduced accuracy and exponentially increased computational
cost. Although the genetic algorithm achieves high accuracy in optimizing six Copula pa-
rameters in multi-dimensional space, its parameter optimization difficulty rises sharply
with the growing number of failure modes. Accordingly, future research will focus on
dimension reduction strategies for high-dimensional problems,extension to vine Copula
models for multiple failure modes, and replacement of traditional surrogate models with
deep learning models.
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