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Abstract

This study investigates the propagation characteristics of Rayleigh waves in partially
saturated poroviscoelastic half-spaces based on fundamental theories of elastic wave propa-
gation. Firstly, a poroviscoelastic model tailored to unsaturated porous media is developed,
integrating constitutive relations and dynamic equilibrium equations with fractional deriva-
tives to effectively capture the complex, history-dependent viscoelastic behavior of materi-
als. Secondly, the potential function method is employed to derive the dispersion equation
for Rayleigh waves in the proposed medium. Lastly, numerical simulations are conducted
to analyze the effects of liquid saturation and fractional order parameters on Rayleigh wave
velocity, with results presented through graphical illustrations. The analysis reveals that
both liquid saturation and fractional order significantly influence the propagation features
of Rayleigh waves. This work provides valuable theoretical support for seismic exploration
and related engineering applications involving unsaturated porous formations.

Keywords: partially saturated medium; Rayleigh wave; poroviscoelasticity; fractional
order derivative; wave propagation

MSC: 86-10

1. Introduction
A Rayleigh wave is a typical elastic surface wave with energy concentrated near the

medium surface [1,2], and it plays an essential role in geophysical exploration, geotech-
nical nondestructive testing, and seismic early warning [3–5]. First discovered by Lord
Rayleigh in 1885, Rayleigh waves exhibit constant wave velocity and no dispersion in ideal
homogeneous elastic half-spaces, where their velocity can be explicitly determined by the
compressional and shear wave velocities of the medium. However, actual geological media
are generally inhomogeneous, anisotropic, viscoelastic, and fluid-saturated porous mate-
rials. In such complex media, Rayleigh wave velocity is no longer constant but strongly
dependent on frequency, liquid saturation, and viscosity. This induces significant wave
dispersion and energy damping, making it difficult to accurately calculate wave velocity
and attenuation [6].

The classical Biot theory is only applicable to saturated media and ignores the viscosity
of the solid skeleton, making it difficult to accurately describe the actual wave propagation
characteristics. With the continuous improvement of Biot’s elastic wave propagation
theory, numerous scholars have studied the propagation characteristics of Rayleigh waves
across poroelastic media [7–9]. White et al. [10] extended the classic Biot theory and
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first proposed the wave-induced fluid flow (WIFF) loss mechanism, which clarifies the
wave energy dissipation mechanism of periodic structures composed of two thin layers of
single-phase fluid-saturated porous media. On this basis, Lo et al. [11] developed a wave
propagation model for water-saturated soils containing gas or oil. Regarding capillary
pressure as a single-valued function of saturation, this model derives the stress–strain
constitutive relations and establishes the governing dynamic equations based on the mass
conservation principles of the solid skeleton and two-phase fluids. To further characterize
the macroscopic wave responses of multiphase porous media, Albers [12] combined the
two-phase Biot model with mixture theory and constructed a macroscopic mechanical
model for multiphase saturated media. In addition, many researchers have successfully
proposed wave analysis models for porous rocks saturated with immiscible fluids, and
relevant findings have been widely reported [13,14].

Viscoelasticity acts as a core factor governing the propagation properties of Rayleigh
waves in complex media. Most natural media combine elastic and viscous behaviors,
and the coupling between energy dissipation and deformation recovery greatly alters the
propagation patterns of Rayleigh waves. Numerous studies have been conducted on this
topic worldwide. He et al. [15] adopted the finite difference method to compare the propa-
gation of Rayleigh waves in elastic and viscoelastic media, and analyzed the impacts of the
quality factor and Poisson’s ratio upon wave field energy. Using a linear viscoelastic model,
Akbarov et al. [6] interpreted the dispersion characteristics and the relevant mechanisms
of generalized Rayleigh waves in a viscoelastic half-space and clarified the law of viscous
action via rheological parameters. Their results indicate that viscoelasticity reduces the
velocity of Rayleigh waves. Taking rigid and yielding foundation conditions into account,
Verma et al. [16] revealed the evolutionary features of Rayleigh wave velocity and damping
in transversely isotropic viscoelastic layers, and verified that the viscoelastic response of
the media exhibits prominent time-memory effects. Integer-order viscoelastic models were
widely adopted in early research. However, such models cannot accurately present the
deformation-history-dependent mechanical features of materials, and fail to characterize
viscoelastic media with time-memory effects. Accordingly, they have inherent limitations
in practical applications [17,18]. Related experiments combined with molecular dynamics
simulations on viscoelastic dampers further prove that the interfacial bonding mode be-
tween viscoelastic and rigid components strongly affects dynamic modulus and energy
dissipation, and obvious differences exist between Chemlok and epoxy resin bonding
schemes [19].

In recent years, fractional derivative theory has become well established. Fractional
order models are widely used to describe the complex deformation-history-dependent
mechanical responses of media, and many scholars have developed corresponding frac-
tional analysis models for complex medium conditions [20,21]. At present, fractional
order viscoelastic theory has been successfully applied to studies on wave propagation in
structures, including plates [21–25], cylinders [26,27], and sand half-spaces [28,29]. Kang
et al. [30] discussed the energy transfer, reflection, transmission, and other issues of body
waves in sandwich structures using the fractional order viscoelastic model. Zhao et al. [31]
investigated the transient responses in multi-layered partially saturated porous media with
the fractional order viscoelastic model. However, most existing studies apply fractional
viscoelastic theory to transient problems and body waves. Meanwhile, most investigations
on Rayleigh waves either assume elastic media or that multiple immiscible fluids in pores
are not taken into consideration [32,33].

This paper takes the unsaturated poroviscoelastic half-space as the research object
and explores the velocity characteristics of Rayleigh wave propagation. A fractional order
viscoelastic model is applied to describe the mechanical behavior of the solid skeleton, with
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emphasis on analyzing the impacts of saturation and fractional viscoelastic parameters
of the solid framework on wave velocity. Referring to Reference [30], Section 2 derives
the fractional order constitutive equations and dynamic equilibrium equations. Under
free boundary conditions, potential functions are introduced in Section 3 to solve for the
Rayleigh wave velocity. In Section 4, numerical results are adopted to explore the effects of
the above parameters.

2. Poroviscoelastic Model for Partially Saturated Porous Medium
2.1. Constitutive Model

In this paper, we consider the partially saturated poroviscoelastic medium consisting
of three phases, i.e., the viscoelastic solid skeleton, gas, and liquid phases. Let ϑs, ϑ1

and ϑ2 represent volumetric proportions for the solid skeleton, pore gas, and pore fluid,
respectively, with ϑs + ϑ1 + ϑ2 = 1, φ = ϑ1 + ϑ2 is the porosity. Let S1 = ϑ1/ϕ and
S2 = ϑ2/φ.

In the case of isotropic, fluid-saturated poroviscoelastic materials containing two
immiscible fluids, the overall stress tensor τ acting across a unit area can be separated into
partial stress components, i.e., τs, τ1 and τ2. This decomposition explicitly considers the
full viscoelastic behavior of the solid framework.

τ = τs + τ1 + τ2 (1)

where τs, τ1 and τ2 denote the partial stress tensors of the solid skeleton, gas, and liquid
phases under drained conditions. The following constitutive relations are obtained after
revising the equations in Reference [30]:

τs = 2µε+

[(
c11 −

2
3

µ

)
∇·u + c12∇·U1 + c13∇·U2

]
I (2)

τ1 = (c12∇·u + c22∇·U1 + c23∇·U2)I (3)

τ2 = (c13∇·u + c23∇·U1 + c33∇·U2)I (4)

ε refers to the strain tensor of the solid framework; u, U1 and U2 describe the dis-
placement vectors of solid matrix, gaseous, and liquid phases under drained environments,
and I is the unit tensor. The complex bulk and shear moduli, together with six material
coefficients cij, can be written in the forms below [30]:

Kb = Kb0
1 + (iωτϵ1)

γ1

1 +
(
iωτζ1

)γ1
, 0 ≤ γ1 ≤ 1 (5a)

µ = µ0
1 + (iωτϵ2)

γ2

1 +
(
iωτζ2

)γ2
, 0 ≤ γ2 ≤ 1 (5b)

where Kb0 and µ0 represent asymptotic relaxed bulk and shear modulus in the limit of
t → ∞ , respectively. Parameters γ1 and γ2 correspond to the fractional orders associated
with the bulk and shear moduli of the drained solid skeleton, respectively. In this paper, the
fractional order exponent characterizes the magnitude of the memory effect of viscoelastic
materials. When it approaches zero, the influence of loading history only persists for a
short period, the stress relaxation follows nearly exponential decay, the material rapidly
forgets previous loading history, and behaves similarly to an ordinary viscous fluid. When
it approaches unity, relaxation decays slowly following a power law; the loading history
has a long-lasting impact, corresponding to damping materials with high damping capacity
and severe hysteresis. The measurement method for this parameter is presented by Pawlak
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Z M [32], τϵ1 and τσ1 represent the relaxation constants of volumetric strain and bulk stress,
and τϵ2 and τσ2 refer to the relaxation times of shear strain and shear stress. Expressions
for the six physical parameters cij can be found in Ref. [30]:

c11 = Kb, c12 = c21 = K1θsS1(A1 + K2)/D, c13 = c31 = K2θsS2(A1 + K1)/D

c22 = K1θ1(S1K2 + A1)/D, c23 = c32 = K1K2S1S2ϕ/D, c33 = K2θ2(S2K1 + A1)/D

D = K1S2 + A1 + K2S1, A1 =
dpc

dS1
S1S2

(6)

The K1 and K2 represent the bulk modulus of gaseous and liquid phases, respectively.
When two immiscible fluids coexist in a porous medium, a pressure discontinuity occurs
at their interface due to fluid interaction. Under isothermal conditions and neglecting
hysteresis effects, the capillary pressure can be expressed as pc = pc(S1).

2.2. Dynamic Equilibrium Equations

Under the assumptions of infinitesimal deformation and negligible external body
forces, this paper adopts the momentum conservation equations presented in Refer-
ence [30]:

ρsθsü = ∇·τ + d1

( .
U1 −

.
u
)
+ d2

( .
U2 −

.
u
)

(7)

ρ1θ1Ü1 = ∇·τ1 − d1

( .
U1 −

.
u
)

(8)

ρ2θ2Ü2 = ∇·τ2 − d2

( .
U2 −

.
u
)

(9)

where ρs, ρ1 and ρ2 denote the densities of solid, gas, and liquid phases, respectively;
.
u,

.
U1

and
.

U2 represent the first time derivative of displacement vectors for the solid skeleton,
gaseous, and liquid phases; ü, Ü1 and Ü2 are the second-order temporal derivative of their
relevant displacement vectors; and d1 and d2 are the viscous drag coefficients reported
in [30].

By substituting Equations (2)–(4) into Equations (7)–(9), the dynamic displacement
equations are derived.

ρsθSü − d1

( .
U1 −

.
u
)
− d2

( .
U2 −

.
u
)

= ∇
[
(c11 + µ/3)∇·u + c12∇·

.
U1 + c13∇·

.
U2

]
+ µ∇2u

(10)

ρ1θ1Ü1 + d1

( .
U1 −

.
u
)
= ∇

(
c12∇·u + c22∇·

.
U1 + c23∇·

.
U2

)
(11)

ρ2θ2Ü2 + d2

( .
U2 −

.
u
)
= ∇

(
c13∇·u + c23∇·

.
U1 + c33∇·

.
U2

)
(12)

3. Rayleigh Waves
As illustrated in Figure 1, the numerical analysis employs a Cartesian coordinate

system. Rayleigh waves propagate within the x-y plane, which corresponds to the surface
of the half-space medium composed of partially saturated poroviscoelastic material. The
positive z-direction extends inward into the poroviscoelastic medium.
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Figure 1. Partially saturated poroviscoelastic half-space.

3.1. Field Equations

By the Helmholtz vector decomposition theorem, a vector field can be decomposed
into scalar and vector potentials:

u = ∇φs +∇× ψsi2 (13)

U1 = ∇φ1 +∇× ψ1i2 (14)

U2 = ∇φ2 +∇× ψ2i2 (15)

where φs, φ1 and φ2 denote the scalar compression potentials and ψs, ψ1 and ψ2 represent
scalar shear potentials for the solid skeleton, liquid phase, and gas phase, respectively; the
term ψsi2, ψ1i2 and ψ2i2 form the vector potential after multiplying by the unit vector i2.

Substituting Equations (13)–(15) into Equations (10)–(12), taking the divergence of
both sides of the equation, and considering that the curl field is divergence-free, we obtain

(c11 + 4µ/3)∇2 φs + c12∇2 φ1 + c13∇2 φ2

= ρsθs
..

φs − d1
( .

φ1 −
.

φs
)
− d2

( .
φ2 −

.
φs
) (16a)

c12∇2 φs + c22∇2 φ1 + c23∇2 φ2 = ρ1θ1
..
φ1 + d1

( .
φ1 −

.
φs
)

(16b)

c13∇2 φs + c23∇2 φ1 + c33∇2 φ2 = ρ2θ2
..
φ2 + d2

( .
φ2 −

.
φs
)

(16c)

With the same decomposition method, combining Equations (10)–(12), the curl is
operated on both sides of the equations. Considering the irrotational property of the
gradient field yields the following formulation:

ρsθs
..

ψs − d1

( .
ψ1 −

.
ψs

)
− d2

( .
ψ2 −

.
ψs

)
= µ∇2ψs (17a)

ρ1θ1
..
ψ1 + d1

( .
ψ1 −

.
ψs

)
= 0 (17b)

ρ2θ2
..
ψ2 + d2

( .
ψ2 −

.
ψs

)
= 0 (17c)
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In the present work, we adopt the potential functions given below:

φm = Amexp[−k1z + i(kRx − ωt)], m = s, 1, 2 (18a)

ψm = Bmexp[−k2z + i(kRx − ωt)], m = s, 1, 2 (18b)

where i2 = −1, kR denotes the complex wave numbers associated with the Rayleigh wave,
and ω represents the angular frequency, denoted by ω = 2π f ( f stands for the frequency).
Am and Bm are the amplitude coefficients associated with the relevant potential functions.

The decay exponents k1 and k2 are given by k1 =
√

k2
R − k2

p and k2 =
√

k2
R − k2

s , where kp

and ks are the complex wave numbers of the P-wave and S-wave.
Substituting Equation (18) into Equation (16), we obtain the dispersion equations

as follows: E11 E12 E13

E21 E22 E23

E31 E32 E33


As

A1

A2

 = 0 (19)

where

E11 = ρsθsω2 + iω(d1 + d2)−
(

c11 +
4
3

µ

)
k2

p, E12 = −iωd1 − c12k2
p

E13 = iωd2 − c13k2
p, E21 = −iωd1 − c12k2

p, E22 = ρ1θ1ω2 + iωd1 − c22k2
p

E23 = −c23k2
p, E31 = −iωd2 − c13k2

p, E32 = −c23k2
p

E33 = ρ2θ2ω2 + iωd2 − c33k2
p

Similarly, substituting Equation (18) into Equation (17), we obtainG11 G12 G13

G21 G22 G23

G31 G32 G33


Bs

B1

B2

 = 0 (20)

where
G11 = ρsθsω2 + iω(d1 + d2) + µks

2, G12 = −iωd1, G13 = −iωd2

G21 = −iωd1, G22 = ρ1θ1ω2 + iωd1, G23 = 0

G31 = −iωd2, G32 = 0, G33 = ρ2θ2ω2 + iωd2

To ensure nontrivial solutions for Equations (19) and (20), the determinant of their
respective coefficient matrices must be zero. For a specified angular frequency ω,
we obtain six complex roots together with another two complex roots, expressed as
kp = Re

(
kp
)
+ iIm

(
kp
)

and ks = Re(ks) + iIm(ks), with Re and Im standing for real
imaginary components. The real part stands for the wave number, whereas the imaginary
part characterizes body wave attenuation. When z → ∞ , i.e., at infinity, the potential
function defined by Equation (18) vanishes if and only if the imaginary part of the complex
wave number of the body wave is positive. Therefore, only the valid solutions of kp and ks

with positive imaginary parts of the complex wave number are retained. Accordingly, only
three physically valid complex roots exist for Equation (19), with six solutions representing
the complex wave numbers of compression waves (P1, P2, P3 waves sorted from high to low
wave velocity). Likewise, Equation (20) yields only one physically valid root representing
the complex wave number of the transverse wave. Generally, for a fixed angular frequency
ω, the velocity of compression waves and transverse waves varies with frequency and is
defined as vp = ω/Re

(
kp
)

and vs = ω/Re(ks), respectively.

https://doi.org/10.3390/math14142608

https://doi.org/10.3390/math14142608


Mathematics 2026, 14, 2608 7 of 17

A Rayleigh wave is generated by the superposition of the P-wave and S-wave at the
free surface boundary of a half-space medium in a partially saturated poroviscoelastic
medium. Equation (18) can be further rewritten as follows:

φs =
3

∑
n=1

[
A(n)

s exp
(
−ξ

(n)
1 z

)]
exp[i(kRx − ωt)] (21a)

φ1 =
3

∑
n=1

[
A(n)

1 exp
(
−ξ

(n)
1 z

)]
exp[i(kRx − ωt)] (21b)

φ2 =
3

∑
n=1

[
A(n)

2 exp
(
−ξ

(n)
1 z

)]
exp[i(kRx − ωt)] (21c)

ψs = Bsexp(−ξ2z)exp[i(kRx − ωt)] (22a)

ψ1 = B1exp(−ξ2z)exp[i(kRx − ωt)] (22b)

ψ2 = B2exp(−ξ2z)exp[i(kRx − ωt)] (22c)

where ξ
(n)
1 =

√
k2

R − k2
pn, (n = 1, 2, 3).

Using Equations (19) and (20), we obtain the following proportional coefficients for
potential function amplitudes:

δ
(n)
f 1p =

A(n)
1

A(n)
s

=
E(n)

21 E(n)
33 − E(n)

31 E(n)
23

E(n)
32 E(n)

23 − E(n)
22 E(n)

33

(23a)

δ
(n)
f 2p =

A(n)
2

A(n)
s

=
E(n)

12 E(n)
21 − E(n)

11 E(n)
22

E(n)
13 E(n)

22 − E(n)
23 E(n)

12

(23b)

δ f 1s =
B1

Bs
= −G12

G22
(23c)

δ f 2s =
B2

Bs
=

G12G21 − G11G22

G13G22
(23d)

in which E(n)
ij ,(n = 1, 2, 3) can be expressed as

E(n)
11 = ρsθsω2 + iω(d1 + d2)−

(
c11 +

4
3

µ

)
k2

pn

E(n)
12 = −iωd1 − c12k2

pn, E(n)
13 = −iωd2 − c13k2

pn

E(n)
21 = −iωd1 − c12k2

pn, E(n)
22 = ρ1θ1ω2 + iωd1 − c22k2

pn E(n)
23 = −c23k2

pn, E(n)
31 = −iωd2 − c13k2

pn

E(n)
32 = −c23k2

pn, E(n)
33 = ρ2θ2ω2 + iωd2 − c33k2

pn

3.2. Boundary Conditions

The plane z = 0 is considered a traction-free surface, Terzaghi boundary conditions
are adopted, and the permeable and gas-permeable boundaries are represented by the zero
deviatoric stress condition of the two-phase fluid [34], and the boundary conditions at
z = 0 can be written as

τzz
s = 0, τxz

s = 0, τ1 = 0, τ2 = 0 (24)
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where

τzz
s =

(
c11 −

2
3

µ

)(
∂2 φs

∂x2 +
∂2 φs

∂z2

)
+ 2µ

(
∂2 φs

∂z2 +
∂2ψs

∂x∂z

)
+a12

(
∂2 φ1

∂x2 +
∂2 φ1

∂z2

)
+ a13

(
∂2 φ2

∂x2 +
∂2 φ2

∂z2

) (25a)

τxz
s = µ

(
2

∂2 φs

∂x∂z
+

∂2ψs

∂x2 − ∂2ψs

∂z2

)
(25b)

τ1 = c12

(
∂2 φs

∂x2 +
∂2 φs

∂z2

)
+ c22

(
∂2 φ1

∂x2 +
∂2 φ1

∂z2

)
+ c23

(
∂2 φ2

∂x2 +
∂2 φ2

∂z2

)
(25c)

τ2= c13

(
∂2 φs

∂x2 +
∂2 φs

∂z2

)
+ c23

(
∂2 φ1

∂x2 +
∂2 φ1

∂z2

)
+ c33

(
∂2 φ2

∂x2 +
∂2 φ2

∂z2

)
(25d)

Using Equations (22)–(25), we derive the equations regarding potential amplitudes:


f11 f12 f13 f14

f21 f22 f23 f24

f31 f32 f33 f34

f41 f42 f43 f44




A(1)
s

A(2)
s

A(3)
s

Bs

 = 0 (26)

the explicit expressions for parameters fij are given in Appendix A.
For Equation (26) to have nontrivial solutions, the determinant of the coefficient

matrix, denoted by F, must vanish. Hence, the dispersion equation of Rayleigh waves in
this medium is expressed as

F =

∣∣∣∣∣∣∣∣∣
f11 f12 f13 f14

f21 f22 f23 f24

f31 f32 f33 f34

f41 f42 f43 f44

∣∣∣∣∣∣∣∣∣ = 0 (27)

From Equation (27), we derive the complex wave number kR. Its velocity is given by
vR = ω/Re(kR).

4. Numerical Results and Discussion
To further analyze the propagation characteristics and mechanical response laws of

Rayleigh waves in a partially saturated poroviscoelastic half-space, numerical simulations
are carried out in this paper. The physical parameters adopted in the subsequent numerical
examples are listed in Table 1.

Table 1. Physical properties of the partially saturated porous media [30,35].

ρs
(
kg·m−3) ρ1

(
kg·m−3) ρ2

(
kg·m−3) K1(Pa) K2(Pa) µ0(Pa)

2650 103 990 3.7 × 106 2.3 × 109 9 × 109

ϕ Kb0(Pa) S1
dPc

dS1
(Pa) m γ

0.2 12 × 109 0.5 0.05 × 106 0.8 0.5

τϵ1(s) τσ1(s) f (Hz)

2 × 10−6 1 × 10−6 1000

For the numerical examples in this section, we set γ1 = γ2 = γ to simplify the
parametric analysis. When γ = 1, the fractional order viscoelastic model degenerates
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into the classical integer-order counterpart in terms of complex modulus. We use this
special case as a control to verify the computational accuracy of the proposed fractional
model. This simplified form is employed as a control case to validate the computational
accuracy of the presented fractional model. The variations in Rayleigh wave velocity
against excitation frequency are compared for γ = 1 (integer-order model) and γ = 0.98
(fractional order model).

The solution procedure for wave velocities in this paper is as follows:
Step 1. Solve body wave dispersion Equations (19) and (20) using the Newton method,

and filter out physically meaningful roots by imposing the condition that the imaginary
part is positive. The three sets of solutions corresponding to P-waves are distinguished
based on the wave velocity relationship of the three longitudinal waves, while the shear
wave solution is the unique root obtained by solving Equation (20) and applying the
aforementioned screening criterion.

Step 2. Substitute the solved complex wave numbers of shear and longitudinal waves
into Equation (27), and solve the complex wave number of Rayleigh waves via the Newton
method. Subsequently, the wave velocities of all waves can be separately calculated from
the relation between wave velocity and complex wave number.

Numerical results show that the two velocity curves share nearly identical overall
trends (Figure 2). In the low-frequency range, the curves almost overlap, and the Rayleigh
wave velocity remains nearly constant. As frequency increases, the wave velocity rises
rapidly and gradually levels off at high frequencies. Notably, obvious discrepancies exist
between the wave velocities for γ = 1 and γ = 0.98 within the high-frequency stable re-
gion. It demonstrates that even a slight change in fractional order can induce non-negligible
influences on Rayleigh wave propagation via the time-memory effect of viscoelastic media,
which further highlights the necessity and superiority of adopting the fractional order
viscoelastic model.

Figure 2. Variation comparison of Rayleigh wave velocity under different fractional orders.

Figure 3 presents the variation in Rayleigh wave velocity with liquid saturation at
each frequency (10 Hz, 100 Hz, 500 Hz, and 1000 Hz) for a fixed viscoelastic coefficient
of γ1 = γ2 = 0.5. When S2 approaches zero, the medium approaches a dry condition
where the pore space is predominantly occupied by gas. Gas possesses extremely high
compressibility, and the drag loss between solid and gas phases is weaker than that between
solid and liquid phases. This results in a higher overall stiffness of the medium and,
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consequently, a greater wave velocity. Owing to the viscoelastic characteristics of the
porous medium, the wave velocity increases markedly as the excitation frequency rises.
Furthermore, when the frequency exceeds 100 Hz, the saturation variation exhibits a
negligible influence on the Rayleigh wave velocity.

Figure 3. Variation in Rayleigh wave velocity versus liquid saturation at different frequencies.

Since Rayleigh waves are surface waves formed by the interfacial coupling and su-
perposition of compressional and shear waves, this study investigates the variations in
velocities of compressional and shear waves with fractional order parameters. Further-
more, the relationship between Rayleigh wave velocity and the viscoelastic properties of a
half-space consisting of partially saturated porous viscoelastic media is derived.

Figure 4 illustrates the effect of the fractional derivative order on the propagation
velocities of three compressive waves (P1, P2, P3) and shear waves. The velocities of P2
and P3 are minimally affected by changes in the fractional order, whereas this parameter
significantly impacts the velocities of P1 and shear waves. This is attributed to the fact that
P2 and P3 waves are inter-fluid relative motion waves dominated by fluid compressibility,
solid-fluid drag and capillary interfacial forces. Since the fractional exponent describes
the viscoelasticity of the solid skeleton, its impact on P2 and P3 wave velocities is compar-
atively minor. For a given fractional order, P1 and shear waves exhibit nearly identical
variation trends.

 
(a) (b) 

Figure 4. Cont.
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(c) (d) 

Figure 4. Velocities of (a) P1, (b) P2, (c) P3, and (d) S waves as functions of frequency at different
fractional orders.

As shown in Figure 4b,c, all curves overlap during the initial stage. Similarly, in
Figure 4a,d, the wave velocities corresponding to the four fractional orders are nearly
identical at low frequencies (around 1 Hz). With increasing frequency, the curves show
a gradual divergence, and the wave velocities tend to stabilize at a constant value in the
high-frequency range. In the low-frequency region, a smaller fractional order γ results for
larger wave velocities; conversely, in the high-frequency range, a larger γ leads to lower
wave velocities. Overall, wave velocity increases rapidly at low frequencies, then exhibits
slight variations and stabilizes at a steady value at higher frequencies. A larger fractional
order corresponds to a higher steady-state velocity. For the fractional viscoelastic model
depicted in Figure 5, the frequency dispersion of the Rayleigh wave velocity is primarily
governed by the superposition of multiple wave components.

Figure 5. Variation in Rayleigh wave speed with frequency across different fractional derivative parameters.

Figure 6 shows the variation characteristics of Rayleigh wave velocity with intrinsic
permeability in a half-space semi-saturated porous viscoelastic medium under different
liquid saturations (S2 = 0.01, 0.6, 0.7, 0.8). The results demonstrate that the velocity of
Rayleigh waves remains stable in low and high permeability regions, and rises rapidly
within the medium permeability range. Additionally, wave velocities under different liquid
saturations tend to converge at high permeability levels. Furthermore, when the liquid
saturation is extremely low, the permeability has a very limited influence on the wave
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velocity, which is the reason that the effects of viscous and inertial coupling between the
gas–liquid two-phase and the solid particles are very small when the soil is close to drying.

Figure 6. Variation in Rayleigh wave velocity with intrinsic permeability for various saturations.

Notably, at S2 = 0.01, the medium is nearly dry, and pore spaces are dominated by
gas. Since viscous and inertial coupling between the solid matrix and pore fluids can be
ignored, intrinsic permeability has a negligible impact on Rayleigh wave velocity.

Figure 7 illustrates the combined effects of liquid saturation S2 and fractional order
γ on the evolution of Rayleigh wave velocity vR at four typical excitation frequencies
( f = 10 Hz, 100 Hz, 1000 Hz, 105 Hz). At low frequencies, liquid saturation significantly
suppresses Rayleigh wave velocity, which declines as saturation increases. When the
frequency enters the high-frequency region, the influence of saturation nearly disappears,
and the velocity curves for different saturation values overlap entirely. Regarding the
fractional order: in the low-frequency range, Rayleigh wave velocity follows a unimodal
trend, rising first and then falling with the increase in fractional order; in contrast, the wave
velocity is monotonically positively correlated with fractional order at high frequency.

To quantify the relative magnitudes of the influences exerted by fluid saturation S2 and
viscoelasticity characterized by the fractional order exponent on wave velocity, a sensitivity
analysis is conducted as follows. With the other parameter held constant, identical small
perturbations are applied to S2 and γ, and the resulting variations in Rayleigh wave velocity
induced by the two perturbations are compared. As illustrated in Figure 8, the Rayleigh
wave velocity exhibits nearly equal sensitivity to the two parameters at low frequencies. At
high frequencies, however, the wave velocity is far more sensitive to viscoelasticity than
to saturation. This phenomenon can be explained as follows: low-frequency pore fluids
possess sufficient time for dynamic response, so the two-phase seepage effect associated
with saturation can be fully activated, rendering saturation one of the dominant non-
negligible variables. In contrast, pore fluids are inertially trapped within pores under
high-frequency excitation, and macroscopic cross-pore seepage barely takes place. The
equivalent modulus of the medium remains nearly unchanged, which leads to negligible
variations in wave velocity.
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Figure 7. Variation in the velocity of the Rayleigh wave with fractional order under different saturations.

Figure 8. Frequency-dependent sensitivity of Rayleigh wave velocity to saturation and viscoelas-
tic parameters.

To verify the validity of the model established in this paper, the viscoelastic constitutive
relation adopted herein is degraded into an elastic one and compared with numerical
examples from published literature. As shown in Figure 9, the results show that the
predictions of this work are in good agreement with those reported in the reference within
an acceptable error range. For instance, at a frequency of f = 1000 Hz, the wave velocity
calculated by the proposed model is 1231.8 m/s, while the value given in Ref. [30] is
1232.1 m/s, yielding a relative error of only 0.024%.
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Figure 9. Comparison of dispersion curves [30].

5. Conclusions
This paper establishes a theoretical model for three-phase partially saturated porous

media incorporating fractional order viscoelasticity, derives the dispersion equation of
Rayleigh waves, and analyzes the modulation law of various physical parameters on
Rayleigh wave velocity.

(1) Mathematical innovations of the model:

The fractional Zener constitutive model is introduced into solid–gas–liquid three-phase
porous media, and frequency-dependent complex moduli are constructed to uniformly
characterize the memory viscoelasticity of the solid skeleton. The dispersion equations
for body waves and Rayleigh surface waves are decoupled layer-by-layer via Helmholtz
potential decomposition.

(2) Core physical laws:

This paper investigates the modulation laws of liquid saturation, permeability and
viscoelasticity on Rayleigh wave dispersion in incompletely saturated porous media. Nu-
merical results reveal that an increase in liquid saturation reduces the overall equivalent
stiffness of the medium, which further lowers the Rayleigh wave velocity. At high frequen-
cies, however, Rayleigh waves exhibit low sensitivity to saturation variations due to fluid
inertial effects.

The phase velocity of Rayleigh waves remains nearly constant in both low- and
high-permeability regimes, while it rises sharply with increasing permeability within the
intermediate permeability range. Moreover, the Rayleigh wave phase velocities under
different saturation levels eventually converge to the same value.

Viscoelasticity imposes a pronounced influence on Rayleigh wave velocity. In the
low-to-intermediate frequency band, wave velocity first increases and then decreases as
the fractional order exponent grows. At sufficiently high frequencies, the vibration period
is far shorter than the medium relaxation time. In this case, the delayed additional stiffness
induced by the rising fractional order exponent becomes the dominant factor, leading to a
positive correlation between wave velocity and the fractional order exponent.

(3) Limitations:

This paper assumes an isotropic medium, small deformations, isothermal conditions,
and neglects body forces. The isotropic assumption is inapplicable to media containing
bedding planes and fractures. The small-deformation assumption fails to describe large
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deformation scenarios induced by strong earthquakes, blasting and other dynamic loads.
The isothermal hypothesis cannot be adopted for working conditions such as deep geother-
mal reservoirs and low-temperature frozen soils. In addition, neglecting body forces is not
suitable for deep stratigraphic environments.

(4) Future research directions:

To make the theoretical research more consistent with practical engineering conditions,
based on the work of this paper, we will further investigate wave propagation problems in
transversely isotropic, anisotropic and inhomogeneous porous media in subsequent studies.

In general, the results indicate that relative to the conventional integer-order model,
the fractional order Zener model provides a more accurate representation of the microscopic
deformation and viscoelastic behavior of porous media. For practical seismic exploration,
it is essential to comprehensively consider the coupled effects of saturation, permeability,
excitation frequency, and fractional viscoelastic parameters on Rayleigh wave propagation.
The results obtained in this paper provide references for various engineering applica-
tions, including seismic exploration, geotechnical site evaluation, hydrocarbon reservoir
monitoring, non-destructive testing, and underground structure inspection.
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Appendix A
Derivation of Equation (26).
By substituting the potential functions (21) and (22) into Equation (25a) and applying

the boundary conditions from Equation (24), we eliminate the common factor on both sides
and obtain(

c11 −
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Combining Equation (23), we reorganize the amplitude terms in the foregoing expres-
sion to derive an amplitude equation:

3

∑
n=1

[(
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2
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(
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+
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)
Bs = 0

Similarly, the other three equations in matrix Equation (26) can be obtained.
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Expressions for elements of the coefficient matrix in Equation (26) are as follows:

f11 =
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(
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References
1. Palermo, A.; Krödel, S.; Marzani, A.; Daraio, C. Engineered metabarrier as shield from seismic surface waves. Sci. Rep. 2016, 6,

39356. [CrossRef]
2. Kuznetsov, S.V. Seismic waves and seismic barriers. Acoust. Phys. 2011, 57, 420–426. [CrossRef]
3. Ma, Q.; Zhou, F. Propagation conditions of rayleigh waves in nonhomogeneous saturated porous media. Soil Mech. Found. Eng.

2016, 53, 268–273. [CrossRef]
4. Wang, B.; Cui, C.; Xu, C.; Meng, K.; Li, J.; Xu, L. A novel analytical solution for horizontal vibration of partially embedded

offshore piles considering the distribution effect of wave loads. Ocean Eng. 2024, 307, 118179. [CrossRef]
5. Palermo, A.; Yousefzadeh, B.; Daraio, C.; Marzani, A. Rayleigh wave propagation in nonlinear metasurfaces. J. Sound Vib. 2022,

520, 116599. [CrossRef]
6. Akbarov, S.D.; Negin, M. Generalized Rayleigh wave dispersion in a covered half-space made of viscoelastic materials. CMC

Comput. Mater. Contin. 2017, 53, 307–341. [CrossRef]
7. Wei, C.; Muraleetharan, K.K. A continuum theory of porous media saturated by multiple immiscible fluids: I. Linear poroelasticity.

Int. J. Eng. Sci. 2002, 40, 1807–1833. [CrossRef]
8. Hamzehpour, H.; Kasani, F.; Sahimi, M.; Sepehrinia, R. Wave propagation in disordered fractured porous media. Phys. Rev. E

2014, 89, 023301. [CrossRef] [PubMed]
9. Santos, J.E.; Savioli, G.B. Long-wave equivalent viscoelastic solids for porous rocks saturated by two-phase fluids. Geophys. J. Int.

2018, 214, 302–314. [CrossRef]
10. White, J.E.; Mikhaylova, N.G.; Lyakhovitskiy, F.M. Low-frequency seismic waves in fluid saturated layered rocks. Phys. Solid

Earth 1975, 11, 654–659. [CrossRef]
11. Lo, W.; Sposito, G. Wave propagation through elastic porous media containing two immiscible fluids. Water Resour. Res. 2005, 41,

1–20. [CrossRef]
12. Albers, B. Analysis of the propagation of sound waves in partially saturated soils by means of a macroscopic linear poroelastic

model. Transp. Porous Media 2009, 80, 173–192. [CrossRef]
13. Xiong, F.; Liu, J.; Guo, Z.; Liu, J. Wave Equations of Porous Media Saturated with Two Immiscible Fluids Based on the Volume

Averaging Method. Front. Earth Sci. 2021, 9, 618909. [CrossRef]
14. Yang, J.; Zhang, F.; Wu, J. A Pressure- and Frequency-Dependent Multiscale Model for Describing the Wave Propagation

Characteristics of Fluid-Saturated Porous Media Open Access. Lithosphere 2024, 2024, lithosphere_2024_173. [CrossRef]
15. He, Y.Y.; Gao, J.H.; Chen, Z.X. On the comparison of properties of Rayleigh waves in elastic and viscoelastic media. Int. J. Num.

Anal. Model. 2015, 12, 254–267. [CrossRef]
16. Verma, A.K.; Chattopadhyay, A.; Chaki, M.S.; Singh, A.K. Rayleigh-type wave propagation on a transversely isotropic viscoelastic

layer with yielding and rigid foundations. Mech. Adv. Mater. Struct. 2019, 26, 107–118. [CrossRef]

https://doi.org/10.3390/math14142608

https://doi.org/10.1038/srep39356
https://doi.org/10.1134/S1063771011030109
https://doi.org/10.1007/s11204-016-9397-1
https://doi.org/10.1016/j.oceaneng.2024.118179
https://doi.org/10.1016/j.jsv.2021.116599
https://doi.org/10.3970/cmc.2017.053.307
https://doi.org/10.1016/S0020-7225(02)00068-X
https://doi.org/10.1103/PhysRevE.89.023301
https://www.ncbi.nlm.nih.gov/pubmed/25353599
https://doi.org/10.1093/gji/ggy136
https://doi.org/10.1121/1.1995164
https://doi.org/10.1029/2004WR003162
https://doi.org/10.1007/s11242-009-9360-y
https://doi.org/10.3389/feart.2021.618909
https://doi.org/10.2113/2024/lithosphere_2024_173
https://doi.org/10.1007/s11770-015-0497-x
https://doi.org/10.1080/15376494.2017.1365978
https://doi.org/10.3390/math14142608


Mathematics 2026, 14, 2608 17 of 17

17. Liu, L.C.; Yang, X. Analysis on settlement of semi-infinite viscoelastic ground based on fractional derivative model. Eng. Mech.
2019, 26, 13–17. [CrossRef]

18. Permoon, M.R.; Farsadi, T. Free vibration of three-layer sandwich plate with viscoelastic core modelled with fractional theory.
Mech. Res. Commun. 2021, 116, 113766. [CrossRef]

19. Xu, Y.; Mao, M.; Huang, X.-H.; Guo, Y.-Q.; Yang, Y.; Dong, Y.-R.; Shah, S.A.A.; Gao, X.; Usman, M.; Jeong, S.-H. Comparative
Investigation of Dynamic Damping and Fracture in Viscoelastic Dampers with Two Different Interfacial Bonding Types: Molecular
Dynamics Simulations and Device Tests. J. Build. Eng. 2025, 116, 114582. [CrossRef]

20. Huang, Y.S.; Wei, P.J. Modelling the flexural waves in a nanoplate based on the fractional order nonlocal strain gradient elasticity
and thermoelasticity. Comp. Struct. 2021, 266, 113793. [CrossRef]

21. Huang, Y.S.; Wei, P.J.; Xu, Y.Q.; Li, Y.Q. Modelling flexural wave propagation by the nonlocal strain gradient elasticity with
fractional derivatives. Math. Mech. Solids 2021, 26, 1538–1562. [CrossRef]

22. Li, Z.; Yu, J.G.; Zhang, X.M.; Elmaimouni, L. Guided wave propagation in functionally graded fractional viscoelastic plates:
A quadrature-free legendre polynomial method. Mech. Adv. Mater. Struct. 2022, 29, 2284–2297. [CrossRef]

23. Dang, R.Q.; Yang, A.M.; Chen, Y.M.; Wei, Y.Q.; Yu, C.X. Vibration analysis of variable fractional viscoelastic plate based on shifted
Chebyshev wavelets algorithm. Comput. Math. Appl. 2022, 119, 149–158. [CrossRef]

24. Eroglu, M.; Esen, I.; Koc, M.A. Effect of the magnetic field on the thermomechanical flexural wave propagation of embedded
sandwich nanobeams. Mech. Based Des. Struct. Mach. 2024, 31, 1–33. [CrossRef]

25. Özmen, R.; Esen, I. Thermomechanical flexural wave propagation responses of FG porous nanoplates in thermal and magnetic
fields. Acta Mech. 2023, 234, 5621–5645. [CrossRef]

26. Zhang, X.M.; Li, Z.; Wang, X.H.; Yu, J.G. The fractional Kelvin-Voigt model for circumferential guided waves in a viscoelastic
FGM hollow cylinder. Appl. Math. Model. 2021, 89, 299–313. [CrossRef]

27. Usuki, T. Dispersion curves for 3D viscoelastic beams of solid circular cross section with fractional derivatives. J. Sound Vibr. 2013,
332, 126–144. [CrossRef]

28. Ren, D.W.; Shen, X.Q.; Li, C.; Cao, X.S. The fractional Kelvin-Voigt model for Rayleigh surface waves in viscoelastic FGM infinite
half space. Mech. Res. Commun. 2018, 87, 53–58. [CrossRef]

29. Usuki, T. Dispersion curves of viscoelastic plane waves and Rayleigh surface wave in high frequency range with fractional
derivatives. J. Sound Vibr. 2013, 332, 4541–4559. [CrossRef]

30. Kang, Y.; Wei, P.; Li, Y.; Zhang, P. Modeling elastic wave propagation through a partially saturated poroviscoelastic interlayer by
fractional order derivatives. Appl. Math. Model. 2021, 100, 612–631. [CrossRef]

31. Zhao, Y.; Liu, D.; Chen, Z.; Xu, P.; Zeng, C.; Shan, Z. Semianalytical Solution for the Transient Response of Multilayered
Unsaturated Viscoelastic Porous Media. J. Eng. Mech. 2025, 151, 04025029. [CrossRef]

32. Pawlak, Z.M.; Denisiewicz, A. Identification of the Fractional Zener Model Parameters for a Viscoelastic Material over a Wide
Range of Frequencies and Temperatures. Materials 2021, 14, 7024. [CrossRef] [PubMed]

33. Mandal, S.; Kundu, S.; Kumari, A. Mathematical Analysis of Rayleigh-type Wave Propagation Along a Corrugated Boundary
Between Initially Stressed Exponentially Graded Fiber-reinforced Viscoelastic and Sandy Viscoelastic Media. J. Vib. Eng. Technol.
2025, 13, 458. [CrossRef]

34. Zhao, Y.; Chen, X.; Chen, Z.; Ling, D.; Shan, Z.; Xiao, Z. Semi-analytical solutions for transient response of one-dimensional
saturated single-layer porous media under various permeable boundary conditions. Yantu Gongcheng Xuebao 2023, 45, 1133–1140.
[CrossRef]

35. Qiao, J.C.; Xu, Z.R. Application of relaxation time spectrum in studying creep behavior of viscoelastic materials. Phys. Eng. 2025,
35, 31–37. (In Chinese) [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.3390/math14142608

https://doi.org/10.1109/CLEOE-EQEC.2009.5194697
https://doi.org/10.1016/j.mechrescom.2021.103766
https://doi.org/10.1016/j.jobe.2025.114582
https://doi.org/10.1016/j.compstruct.2021.113793
https://doi.org/10.1177/1081286521991206
https://doi.org/10.1080/15376494.2020.1860273
https://doi.org/10.1016/j.camwa.2022.06.012
https://doi.org/10.1080/15397734.2024.2308659
https://doi.org/10.1007/s00707-023-03679-z
https://doi.org/10.1016/j.apm.2020.06.077
https://doi.org/10.1016/j.jsv.2012.07.050
https://doi.org/10.1016/j.mechrescom.2017.12.004
https://doi.org/10.1016/j.jsv.2013.03.027
https://doi.org/10.1016/j.apm.2021.07.042
https://doi.org/10.1061/JENMDT.EMENG-8173
https://doi.org/10.3390/ma14227024
https://www.ncbi.nlm.nih.gov/pubmed/34885329
https://doi.org/10.1007/s42417-025-02030-1
https://doi.org/10.11779/CJGE20220007
https://doi.org/10.26599/PHYS.2025.9320307
https://doi.org/10.3390/math14142608

	Introduction 
	Poroviscoelastic Model for Partially Saturated Porous Medium 
	Constitutive Model 
	Dynamic Equilibrium Equations 

	Rayleigh Waves 
	Field Equations 
	Boundary Conditions 

	Numerical Results and Discussion 
	Conclusions 
	Appendix A
	References

