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Abstract

This article presents a complete cost-optimized design for rectangular isolated footings
(RIFs) under biaxial bending with a partially compressed contact area (PCCA) and an
eccentric column, i.e., part of the base is in contact with the soil (generating compression),
and the other part is not in contact with the soil (generating neither compression nor
tension), and the soil pressure behaves linearly. The proposed model is presented by
integration to find the moments in the critical sections, the bending shears in the critical
sections and the punching shear acting on the RIF, and these are compared with those that
must be resisted according to the standards (ACI 318-19) Some articles show complete
designs for RIFs with a fully compressed contact area (FCCA) and an eccentric column,
and other articles show only the minimum area (Awir) for RIFs with a PCCA and an
eccentric column. The main contributions of this article are as follows: (1) the Awmin is
determined from the loads and moments, assuming that the loads and moments it resists
must be greater than or equal to those acting on the RIF; (2) the minimum cost (Cwin) is
determined. Three numerical studies are described to demonstrate the advantages of this
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1. Introduction

A RIF is a shallow foundation used to transmit the point loads from structures, such
as columns, to the ground. These foundations are designed to efficiently distribute the
load to the soil, preventing differential settlement. They are generally made of concrete
and can be square or rectangular, depending on the load they must support. Their design
takes into account factors such as the pmax and the characteristics of the terrain to guarantee
the stability and durability of the structure.

Several researchers have presented information in various publications on the pmax
for different foundations, such as Lee et al. [1], Omid and Hosseininia [2], Hamed and
Ehsan [3], Yang et al. [4], Zhang et al. [5], Turedi et al. [6], Khennouf and Baheddi [7],
Surya and Manash [8], Das et al. [9], Elkafrawy et al. [10], Banu et al. [11], and Demirdogen
and Han [12].

Studies have found that the column-loading conditions of the foundation and its
response can be verified through the capacity of the structural system. For example,
Huang et al. [13] estimated the bearing capacity of reinforced-concrete (RC) columns
subjected to combined loadings, reinforced with high-performance ferrocement laminate
and bonded steel plates. Guo et al. [14] investigated the capacity of an RC frame to
withstand the loss of a corner column. Sun et al. [15] presented the behavior of the
compressive response and pore structure of self-compacting concrete at 3, 7, 14, and 28
days for three representative curing regimes, such as 20 °C-95% RH, 10 °C-75% RH, and
3 °C-50% RH.

The most significant studies to find the Awin for RIFs, assuming a PCCA, have been
conducted by several researchers, such as Algin [16,17], Ozmen [18], Rodriguez-Gutierrez
and Aristizabal-Ochoa [19,20], Aydogdu [21], Girgin [22], Rawat et al. [23], Lezgy-
Nazargah et al. [24], Himeur et al. [25], Vela-Moreno et al. [26], and Moreno-Landeros et
al. [27].

The most relevant research on the design of reinforced-concrete RIFs includes the
studies by Camp and Assadollahi [28], Rawat and Mittal [29], Nigdeli et al. [30], Galvis
and Smith-Pardo [31], Chaudhuri and Maity [32], Al-Ansari and Afzal [33], Solorzano and
Plevris [34], Waheed et al. [35], and Luévanos-Rojas [36,37].

The articles most related to the topic discussed in this work include that by Vela-
Moreno et al. [26], who determined the Awmin, assuming a PCCA with a concentric column.
Moreno-Landeros et al. [27] investigated the Amin, assuming a PCCA with an eccentric
column. Luévanos-Rojas [36] developed a complete design for RIFs, assuming an FCCA
with an eccentric column. Luévanos-Rojas [37] investigated the complete design for RIFs,
assuming a PCCA with a concentric column.

This model allows finding the complete and cost-optimized design for RIFs,
assuming a PCCA, i.e., a part of the contact zone of the foundation is compressed and
another part has no pressure. The formulation is performed by integration to determine
the effects on the critical sections acting on the RIF, and these are compared with those
provided by the standards (ACI 318-19) [38]. Some researchers have presented complete
designs of RIFs for an FCCA with an eccentric column [36], and other researchers have
presented only the Amin of a RIF for a PCCA with an eccentric column [27]. The
contribution of this paper is to determine the Amin (RIF sides) from the unfactored loads
and moments, assuming that the loads and moments it resists must be greater than or
equal to those acting on the RIF, and to determine the Cuin, the factored loads and moments
are used. Three comparative studies are presented to observe the differences: (1) the MPA
and the model proposed by Luévanos-Rojas (MPLR) for Cuin [36]; (2) the MPA and the
model proposed by Moreno-Landeros (MPML) for Awin [27]; and (3) the MPA of the
complete design from the Amin data obtained in the previous study and the PCCA for Cuin.
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2. Mathematical Model

This paper starts from the following premise, according to Bowles [39]: the
foundation is completely rigid and rests on an elastic and homogeneous soil, meaning the
soil pressure on the RIF is linear.

Figure 1 represents the complete resultant eccentricities diagram of the base for the
RIF, depending on the location of P.

Y

L2 L/6 L/6 L/6

L./4 L/4

Figure 1. Complete diagram of the resultant eccentricities for RIF.

Table 1 indicates the total eccentricity relationships for each case that must be met
[26].

Table 1. Relationships of eccentricities for each case [26].

Case Eccentricity Relationship
I Gr & _1
L, L, 6
1 1
x4 L, T4
it G L er 1 (dewr = L)
Ly 4" L, 4 12L,2
v eﬁzl+(4eyr—l‘3’) ,eLTsl
Ly 4 12L,° L, ~ 4
Y eLT+eLT 1 eLT<l (4eyT LY) eLT<l+(4'exT_Lx)3
Ly Ly "6 Ly 4 1202 'L, "4 12L,°

where exr is the total eccentricity on the X-axis (m) = My4/P, and eyt is the total eccentricity on the Y-
axis (m) = Mxa/P, Mxa = Pey+ Mx, and Mya = Pex+ My. Loads and moments are not factored to determine

the area.

Figure 2 represents a RIF subjected to biaxial bending with an eccentric column.
The biaxial bending equation, which applies when the ultimate axial load P« is within
the central nucleus (FCCA), is [36]

Pus = %-l— (Puey -; Mux)y + (Puex ‘; Muy)x,
* y

M

where pus is the ultimate soil pressure in any region of the base (kN/m?); P is the ultimate
axial load (kN); A is the contact area with the soil at the base (m?2); Muxa (Muxa = Puey + Mux)
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and Muya (Muya = Puex + Muy) are the ultimate resultant moments acting on both axes, the
main axes (kN-m); Mux and M.y are the ultimate moments acting on the column on both
axes, the column axes (kN-m); ex is the eccentricity of the column on the X-axis (m); ey is
the eccentricity of the column on the Y-axis (m); Ir and Iy are the moments of inertia with
respect to the X- and Y-axes (m*); and x and y are the coordinates of both axes at the base
where the point of study is located (m).

Figure 2. RIF subjected to biaxial bending.

The biaxial bending equation is not functional when the axial load P. is not within
the central nucleus (PCCA). The biaxial bending equation is [27]

_ Pumax [Lxl (Zy - Ly) + Lyl (Zx - Lx) + 2Lx1Ly1]
2Ly Ly ’

Puz 2)
where pu: is the ultimate ground pressure at any point of the footing (kN/m?), pumax is the
ultimate maximum pressure generated by the ground (kN/m?), Lx is the X distance from
p1 to where it crosses NA, Ly is the Y distance from p1 to where it crosses NA, and Lx and
Ly are the sides of the RIF.

The critical sections of moments occur on the faces of the column; the critical sections
for bending shears appear at a distance d (the effective depth of footing) from the column
faces; and the critical sections for punching shears occur at a perimeter formed at a
distance d/2 from the column faces in the two directions [38].

2.1. Anin fOT’ RIF

Figure 3 represents a RIF under biaxial bending with five possible cases to determine
the Amin. To determine the Awin, the unfactored loads and moments must be used.
Amin (Objective function) is determined by

Amin = LyLy, (3)

Table 2 indicates the constraints for Pr, Mxk and Myr for the five cases [27].

https://doi.org/10.3390/math14142613
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Figure 3. RIF with five possible cases: (a) Case I; (b) Case II; (c) Case III; (d) Case IV; and (e) Case
V.

Table 2. Awin constraints for biaxial bending with loads and moments without factoring.

Case Constraints
b = P 6(M,+Pe,) 6(M,+Pe,)
1T L, LyL,? L2L,
I by = P 6(My+Pey) 6(M,+Pey)
LyLy LyL,* L*Ly,
by = P 6(M, + Pe,) B 6(M, + Pe,)
S Lyly L,L,? L2L,
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P 6(M,+Pe,) 6(M,+Pe,)
Pa = -
LyL, LL,? L’L,
0 < P1,P2,P3, P4 < Prax
P, = pmaxLleyl
R — T
M., = pmaxLleyl(ZLy - Lyl)
II xR~ 24
_ pmaxLleyl (ZLx B Lxl)
Myr = 24
Py < Pp,Myp < Myg,Mys < Myg, Ly > Lyjand Ly, > Ly,
p. = pmaxLyl [Lxl3 - (Lxl - Lx)3]
. 6Ly, ”
M _ pmaxLyl{Lx14(2Ly - Lyl) + (Lx - Lxl)s[Lxl(ZLy - Lyl) + LxLyl]}
11 xk = 24L,,3
M. = pmaxLyleS(ZLxl - Lx)
R 24L,,°
Py < Pp,Myp < Myg,Mys < Myg, Ly < Lyjand Ly > Ly,
3
p = PmaxLax1 [Lyl3 - (Lyl - Ly) ]
K 6Ly,°
3
Moo — pmaxLxl {Ly14(2Lx - Lxl) + (Ly - Lyl) [Lyl(ZLx - Lxl) + Lnyl]}
v YR 24'hy13
PmaxLxily®(2Ly1 — L))
M, = maxtx1by y y
24Ly,*
Py < Py, Myp < Myp,Mys < Myg, Ly > Lyjand L, <L,
3
o _Pnax [La1®Lys® + Lys (L = L31)? + Lt *(Ly = Lyr)|
k- 6Ly12Lyy >
M — pmax{Lx14Ly3(2Ly1 - Ly) - Ly13(Lx1 - Lx)3[Lx1(2Ly - Lyl) + LxLyl]}
\Y xR 24L,,°L,,>
3
M Pmax {Ly14Lx3(2Lx1 - Lx) - Lx13(Ly1 - Ly) [Lyl (ZLx - Lxl) + Lnyl]}
R =
Y 24Lyy %Ly,

Py < Pg, My < Myp,Mys < Myg, Ly < Lyand L, < L,

Pr is the resisting vertical load; Pa is the unfactored vertical load that acts; Mxr is the resisting mo-
ment with respect to the X-axis; Mxa is the unfactored moment acting with respect to the X-axis; Myr
is the resisting moment with respect to the Y-axis; Mya is the unfactored moment acting with respect
to the Y-axis; p1, p2, p3 and p4 are the soil pressures at each corner of the base (kN/m?); pma is the
maximum available soil pressure (kN/m?); and Lx, Ly, L1 and Ly are limited to satisfying the condi-

tions of each case.

2.2. Cuin fOT RIF

To determine Cuin, the factored loads and moments must be used.
Case I assumes an FCCA, and the pus is determined using Equation (1). Cases Il to V
assume a PCCA, and the pu: is determined using Equation (2).

2.2.1. Moments

Figure 4 represents the critical sections of moments for an RIF with an eccentric col-
umn (axes a-a, b-b, c-c and e-e).

The ultimate moments are determined from the positive axes to the axis where the
moment is to be calculated (shaded area by the lever arm to the axis where the moment is
to be determined).

The ultimate moments in each section for each case are shown in Appendix A.

https://doi.org/10.3390/math14142613
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Figure 4. Moments for biaxial bending: (a) Case I; (b) Case IIA; (c) Case IIB; (d) Case IIIA; (e) Case
IIIB; (f) Case IVA; (g) Case IVB; (h) Case VA; (i) Case VB; (j) Case VC; and (k) Case VD.
2.2.2. Bending Shears
Figure 5 indicates the critical sections of bending shears for an RIF with an eccentric
column (axes f-f, g-g, h-h and i-i).
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Figure 5. Bending shears for biaxial bending: (a) Case I; (b) Case IIA; (c) Case IIB; (d) Case IIIA; (e)
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Case IIIB; (f) Case IVA; (g) Case IVB; (h) Case VA; (i) Case VB; (j) Case VC; and (k) Case VD.

The ultimate bending shears are obtained from the positive axes to the axis where the

bending shear is to be calculated (shaded area).

The ultimate bending shears in each section for each case are shown in Appendix B.

2.2.3. Punching Shears

centric column (perimeter formed by points 5, 6, 7 and 8). Here, seven different cases ap-

Figure 6 represents the critical perimeter of punching shears for an RIF with an ec-

pear, because only the critical perimeter is considered.
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Figure 6. Punching shears for biaxial bending: (a) Case I; (b) Case IIA; (c) Case IIB; (d) Case IIC; (e)
Case IID; (f) Case IIIA; and (g) Case IVA.

The ultimate punching shears are determined from the positive axes to the axis where
the punching shear is to be obtained, but within the critical perimeter (shaded area).
The ultimate punching shears in each section for each case are shown in Appendix

C.

2.2.4. Main Equations for Cuin

The equation of Cwin is indicated below:
Cinin = VeCe + 65VsCs, (4)

where Cuin is in USD, Cc is the concrete cost (USD/m?), V. is the concrete volume (m?3), Cs
is the steel cost (USD/kN), Vs is the steel volume (m?), and 6s is the steel density equal to
78 kN/m3.

The volumes for a RIF are

Vs = AgepLy + AsyBLy: (5)

Ve = LxLy(d +7)— (AstLx + ASyBLJ’)’ ©)

where As: is the steel area in the X direction (m?), Ass is the steel area in the Y direction
(m?), and r is the concrete cover (m).

By substituting 0sCs = aCc (where a = 6sCs/Cc) and Equations (5) and (6) into Equation
(4), the following equation for Cuin is obtained:

https://doi.org/10.3390/math14142613



Mathematics 2026, 14, 2613 11 of 35
Cin = Cc [LxLy(d + T) + (a — 1) (AstLx + AsyBLy)]: (7)
The constraints are indicated below [38].
For moments,
Asnyy
|Mua|’ |Mub| =< ﬂffydAsyB (1 - 1-7Lxdflc ’ (8)
Astfy
|Muc|: |Mue| < foydAst <1 - W (9)

where fy is the specified yield strength of the reinforcement of steel (MPa), f" is the speci-
fied compressive strength of the concrete at 28 days (MPa), and Jris the bending strength
reduction factor (0.90).

For bending shears,

Vir |, [Vag | < 0.170,/f" Lo, (10)
Virl, Vil < 0.170,/f Ly d. (11)

where v is the shear strength reduction factor (0.85).
For the punching shear,

2 !
0.170, (1 + E),/f “byd
Vir| <1 0.0830, (‘ij—d + 2) JFobod’ (12)
0

0.330,/f .bod

where . is the relationship between the long side and the short side of the column; bo is
the perimeter of the punching shear (m); and as = 20 (corner column), as = 30 (edge col-
umn), and as = 40 (interior column).

For percentages of reinforcing steel are

0.25,/f",

1, - 0.858,f'.( 600
< pu py < 0.75 , (13)
14 vy fy 600 + f,,
o)
where
0.65<pB; = 105—f’0 <0.85
DA : 140) =

where px and py are the percentages of reinforcing steel in the X and Y directions, and p1
is the factor relating the depth of the equivalent rectangular compressive stress block to
the neutral axis depth.

For the reinforcing steel areas,

Agyp = pylLyd, (14)

Asxp = pryd' (15)

Figure 7 represents the flowchart of the algorithm for the Cuin procedure of a RIF
under biaxial bending (a genetic algorithm to optimize the Cuin).

https://doi.org/10.3390/math14142613
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Start with the known parameters ppex, P, My, M, ex, &,
Load the objective function for 4, using Eq. (3)
| Calculate the constraints (Eqs. of Table 1) |
Peis s s e e e e ST >\L
Narrow the decision variables Ly, Ly, Lys, Lyt | I Generate the solution for Ax (all variables are non-negative, except My and M)
T
| v
1
LS No _ o _____ Converge to the optimal
solution for Apx?
Yes ¢
Calculate the ultimate punching shear Calculate the ultimate moments (Eqs. Al to A4 for Case I, Calculate the ultimate bending shears in function of d (Eqs. A45 to

in function of d (Eq. A89 for Case I,
Eq. A90 for Case IIA, Eq. A91 for

Eqgs.

Al3 to A16 for Case IIIA, Eqs. A17 to A20 for Case IIIB, Eqs. Case IIB, Eqs. A57 to A60 for Case IIIA, Eqs. A61 to A64 for Case

A5 to A8 for Case ITA, Eqs. A9 to A12 for Case IIB, Eqgs. A48 for Case I, Eqs. A49 to A52 for Case IIA, Eqs. A53 to A56 for

Case IIB, Eq. A92 for Case IIC, Eq. A21 to A24 for Case IVA, Eqs. A25 to A28 for Case IVB, IIIB, Eqs. A65 to A68 for Case IVA, Egs. A69 to A72 for Case
A93 for Case IID, Eq. A94 for Case Eqs. A29 to A32 for Case VA, Eqs. A33 to A36 for Case VB, IVB, Eqs. A73 to A76 for Case VA, Egs. A77 to A80 for Case VB,
IIIA, Eq. A95 for Case IVA) Eqs. A37 to A40 for Case VC, Eqs. A41 to A44 for Case VD) Eqs. A81 to A84 for Case VC, Eqs. A85 to A88 for Case VD)

v
| Determine the objective function for Cuix using Eq. (7) |
I Calculate the constraints using Eqs. (8) to (15) |
[ieieieteteteteteieteieieieieieteleiininininiaieiaiaiiie X
Narrow the decision variables d, px, pys AsxB, AsyB | | Generate the solution for Cyux (all variables are non-negative) |
' v

__________ 7_“‘1 e Converge to the optimal Yes
solution for Cpix?

Figure 7. Flowchart for procedure of Cmin for RIF under biaxial bending.

1
)
)
(4)
(5)
(6)
7)
(8)
©)

(10)

(11)

The more detailed procedure for determining Cuin is as follows:

The known parameters for obtaining Amin are pmax, P, Mx, My, ex and ey.

Determine the objective function for Aumin.

Obtain the constraints listed in Table 1 for each case.

Generate the optimal solution for Amix in each case separately, assuming all variables
are non-negative, except Mxa and Mya.

Determine the Awin for each case; if the Amin is not found, the decision variables must
be shortened (Lx, Ly, L1 and Ly1) and then adjusted.

In all studies, Case I consists of a FCCA, and the smallest area in Cases II to V corre-
sponds to the PCCA.

Once the dimensions of the RIF are known, determine the moments, bending shears,
and punching shear. Determine the bending shears and punching shear as a function
of “d”.

Determine the objective function for Cuin.

Obtain the constraints listed in Equations (8)—(15) for each case.

Generate the optimal solution for Cuir in each case, assuming all variables are non-
negative.

Determine the Cuin for each case; if the Cuin is not found, the decision variables must
be shortened (d, px, py, Asse and Ass) and then adjusted.
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3. Numerical Studies

This section shows three types of numerical studies developed by the MPA: the first
study is the one presented by Luévanos-Rojas [36], which shows the column located any-
where in the footing, but with the FCCA and, here, the PCCA; the second study is that
presented by Moreno-Landeros et al. [27], which shows the column located anywhere in
the footing and only the Awin with the PCCA, but it does not show the Cuin; and the third
study consists of presenting the Cuin from the second study.

Tables 3, 5, 7, 9 and 11 indicate the data for the different examples to determine Aumin,
assuming that the loads and moments are not factored, where Pp is the dead load, P is
the live load, P (total load) = Pp + Pi, M:p is the dead moment on the X-axis, M. is the live
moment on the X-axis, Mx (total moment) = Mxp + M1, Myp is the dead moment on the Y-
axis, Myt is the live moment on the Y-axis, and My (total moment) = Myp + My..

Tables 4, 6, 8, 10 and 12-15 indicate the data for the different examples to determine
Cumin, assuming that Pu (ultimate load) =1.2 Pp + 1.6 Pr, Mux (ultimate moment on the X-axis)
=1.2 Mo + 1.6 M, and Muy (ultimate moment on the Y-axis) = 1.2 Myp + 1.6 My [38].

In all studies, Case I consists of an FCCA, and the smallest area in Cases II to V cor-
responds to the PCCA.

The general data for study 1 of the four examples for Cuin are cx (side of the column
in the X direction) = 40 cm, ¢y (side of the column in the Y direction) = 40 cm, r (concrete
cover) =8 cm, pmax = 180 kN/m?, f'c = 21 MPa, f; = 420 MPa, and « = 90 [36]. Each example
presents four different problems.

Table 3 indicates the data of example 1 for Amin (ex =0, and ey = 0). Table 4 represents
the data of example 1 for Cuin. Table 5 indicates the data of example 2 for Amin (ex=0, and
ey=Ly/2 — ¢y/2). Table 6 represents the data of example 2 for Cmin. Table 7 indicates the data
of example 3 for Amin (ex = L+/2 — cx/2, and ey = 0). Table 8 represents the data of example 3
for Cmin. Table 9 indicates the data of example 4 for Amin (ex=Lx/2 = cx/2, and ey = Ly/2 — cy/2).
Table 10 represents the data of example 4 for Cuin.

Table 3. Awin of study 1 in example 1 [36].

Input Data Output Data
Problem Pp P P M:p ML M:x MyD MyL My Case M:xa MyA Lx Ly Aumin
kN kN kN kKN-m KkN-m kN-m kN-m kN-m kN-m kKN-m kKN-m m m m?
I 225 150 255 3.80 9.69
1.1 500 500 1000 150 75 225 100 50 150 v 5 150 230 400 920
1 225 150 245 3.65 894
1.2 400 450 850 150 75 225 100 50 150 v 5 150 245 365 894
1 225 150 240 3.60 8.64
1.3 500 250 750 150 75 225 100 50 150 v 5 150 240 355 852
1 225 150 3.00 4.50 13.50
1.4 400 200 600 150 75 225 100 50 150 v 5 150 230 340 7.8
Table 4. Cuin of study 1 in example 1 [36].
Input Data Output Data
Problem Case L« Ly Aumin Pu Mux Muy Mouxa MuyA AsxB AsyB d Cmin
m m m> kN KkN-m kN-m kN-m kN-m cm? cm? cm P P USD
11 I 255 380 9.69 1400 300 200 300 200 45.19 52.36 36.00 0.00333 0.00575  7.03Cc
' V. 230 4.00 920 1400 300 200 300 200 46.62 86.96 35.00 0.00333 0.01080 8.01Cc
12 I 245 365 894 1200 300 200 300 200 4190 45.88 34.00 0.00333 0.00543 6.20Cc
’ V. 245 365 894 1200 300 200 300 200 37.68 54.84 31.00 0.00333 0.00722  6.09Cc
13 I 240 3.60 8.64 1000 300 200 300 200 3594 45.86 30.00 0.00333 0.00637 5.52Cc
’ V 240 355 852 1000 300 200 300 200 33.10 50.46 28.00 0.00333 0.00751 5.37Cc
14 I 3.00 450 13.50 800 300 200 300 200 35,51 62.77 24.00 0.00333 0.00883 7.74Cc
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V 230 340 782 800 300 200 300 200 30.57 4090 27.00 0.00333 0.00659 4.60Cc

Table 5. Awin of study 1 in example 2 [36].

Input Data Output Data
Problem Pp P P M:xp M1 Mx MyD MyL My Case M MyA Lx Ly Amin
kN kN kN kKN-m kN-m kN-m kN-m kN-m kN-m kKN-m kN-m m m m?

8250 150 9.05 1.00 9.05
108.12 150 9.00 1.05 9.45
39 150 695 1.00 6.95
105 150 7.15 1.15 8.22

2.1 600 450 1025  -150 -75 -225 100 50 150 \I/
I
\4
I 0 150 515 1.00 5.15
\4
I
\4

22 520 360 880 -150 -75 -225 100 50 150

23 500 250 750 -150 75 -225 100 50 150 9375 150 555 125 694

0 150 4.00 1.15 4.60
75 150 390 140 546

24 400 200 600 -150 =75 -225 100 50 150

Table 6. Cuin of study 1 in example 2 [36].

Input Data Output Data
Problem Case Lx Ly Aumin Pu Mux Muy Muxa MuyA AsxB AsyB d Cmin
m m m? kN KkN-m kN-m kN-m kN-m ccm? cm? cm P P USsSD
21 I 9.05 1.00 9.05 1400 -300 200 120 200 50.26 262.19 87.00 0.00578 0.00333 14.98Cc
' \Y 9.00 1.05 9.45 1400 -300 200 155 200 9298 260.74 87.00 0.010178 0.00333 18.86Cc
22 I 6.95 1.00 6.95 1200 -300 200 60 200 37.06 178.20 77.00 0.00481 0.00333  9.79Cc
' \Y 715 1.15 822 1200 -300 200 150 200 6747 171.43 72.00 0.00815 0.00333 12.63Cc
23 I 515 1.00 5.15 1000 -300 200 0 200 28.71 106.33 62.00 0.00463 0.00333  5.87Cc
’ \Y 555 1.25 6.94 1000 -300 200 125 200 61.71 96.10 52.00 0.00949 0.00333  8.28Cc
o4 I 4.00 1.15 4.60 800 -300 200 0 200 24.32 62.60 47.00 0.00450 0.00333  4.04Cc
' \Y 390 140 546 800 -300 200 100 200 49.03 54.55 42.00 0.00834 0.00333 5.11Cc
Table 7. Amin of study 1 in example 3 [36].
Input Data Output Data
Problem Pp PL P M:xp ML M MyD MyL My Case Mixa MyA Lx Ly Aumin
kKN kKN kN kN-m kN-m kN-m kN-m kN-m kN-m kKN-m kN-m m m m?
I 150 8250 1.00 9.05 9.05
3.1 600 450 1025 100 50 150 -150 -75 -225 v 150 10812 1.05 900 945
I 150 39 1.00 6.95 6.95
32 520 360 880 100 50 150 -150 -75 -225 v 150 105 115 715 822
I 150 0 1.00 5.15 5.15
3.3 500 250 750 100 50 150 -150 =75 -225 v 150 9375 125 555 6.94
I 150 0 1.15 4.00 4.60
34 400 200 600 100 50 150 -150 -75 -225 v 150 75 140 390 546
Table 8. Cuin of study 1 in example 3 [36].
Input Data Output Data
Problem Case L« Ly Aumin Pu Mux Muy Mouxa MuyA AsxB AsyB d Cmin
m m m2 kN KkN-m kN-m kN-m kN-m cm? cm? cm P P USD
31 I 1.00 905 9.05 1400 200 -300 200 120 262.19 50.26 87.00 0.00333 0.00578 14.98Cc
' VvV  1.05 9.00 945 1400 200 -300 200 155  260.74 9298 87.00 0.00333 0.010178 18.86Cc
30 I 100 695 695 1200 200 -300 200 60 17820 37.06 77.00 0.00333 0.00481 9.79Cc
’ vV 115 715 822 1200 200 -300 200 150 17143 67.47 72.00 0.00333 0.00815 12.63Cc
33 I 1.00 515 5.15 1000 200 -300 200 0 106.33 28.71 62.00 0.00333 0.00463 5.87Cc
' V 125 555 694 1000 200 -300 200 125  96.10 61.71 52.00 0.00333 0.00949 8.28Cc
34 I 115 400 4.60 800 200 -300 200 0 62.60 2432 47.00 0.00333 0.00450 4.04Cc
' V 140 390 546 800 200 -300 200 100 5455 49.03 42.00 0.00333 0.00834 5.11Cc
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Table 9. Amin of study 1 in example 4 [36].
Input Data Output Data

Problem Pp P. P M:p ML M MyD MyL My Case M:xa MyA Lx Ly Aumin
kKN kN kKN kN-m kN-m KkN-m KkN-m kN-m kN-m KNNm kKN-m m m m?

I -18.75 -3,55 2.00 2.35 4.70

4.1 500 250 750 =500 =250 =750 -400 =200 -600 v 168.75 150 240 285 6.84

1 -8450 -70.62 215 2.60 5.59

4.2 420 185 605 -500 =250 =750 -400 =200 -600 v 3912 116 2.00 275 550

1 -120 -93.75 2.65 320 8.48

4.3 300 150 450 -500 -250 -750 -400 -200 -600 V31125 25125 195 235 458

I -112.50 -90 3.80 4.65 17.67

44 200 100 300 -500 =250 =750 -400 -200 -600 V20050 -240 2.80 345 966

Table 10. Cuin of study 1 in example 4 [36].
Input Data Output Data
Problem Case L« Ly Aumin Pu Mux Muy Muxa MuyA AsxB AsyB d Cimin

m m m2 kN KkN-m kN-m kN-m KkN-m cm? c¢m? cm P P USD
41 I 200 235 4.70 1000 -1000 -800 -20 0 4226 42.76 54.00 0.00333 0.00396  4.56Cc
' V 240 285 6.84 1000 -1000 -800 65 -20 62.01 79.07 59.00 0.00369 0.00558  7.91Cc
42 I 215 260 5.59 800 -1000 -800 80 -96 4156 50.10 48.00 0.00333 0.00485  5.08Cc
' V 200 275 550 800 -1000 -800 -220 -380 54.03 4197 59.00 0.00333 0.00356 5.67Cc
43 I 265 320 848 600 -1000 -800 40 =128 47.77 63.18 40.00 0.00373 0.00596  7.00Cc
' V. 195 235 458 600 -1000 -800 =575 -555  36.78 31.31 47.00 0.00333 0.00342 3.81Cc

44 I 380 4.65 17.67 400 -1000 -800 48 -120 57.15 74.78 35.00 0.00351 0.00562 12.63Cc
' V. 280 345 9.66 400 -1000 -800 =550 180 61.52 62.57 41.00 0.00435 0.00545 8.19Cc

The general data for study 2 of the four examples for Awmin are cx =40 cm, ¢y = 40 cm,

and pmax =200 kN/m? [27]. Each example presents three different problems.

Table 11 shows the input and output data for the comparison of Awmin from the MPML
[27] and the MPA. Problem 1.A, 1.B and 1.C are for ex = 0 and ey = 0; Problem 2.A, 2.B and
2.C are for ex=0 and ey = Ly/2 — ¢y/2; Problem 3.A, 3.B and 3.C are for ex = L+/2 — cx/2 and ey =
0; and Problem 4.A, 4.B and 4.C are for ex = L+/2 — ¢/2 and ey = Ly/2 — ¢y/2.

Table 11. Comparison of Amin between MPML and MPA [27].

Input Data Output Data
Problem P M My Model Lx Ly Amin
kN kN-m kN-m m m m?
MPML 3.05 5.00 15.25
LA 1200 800 400 MPA 2.75 5.50 15.12
MPML 2.75 5.45 14.99
1B 800 800 400 MPA 2.70 5.45 14.72
MPML 3.25 6.45 20.96
1. 4 4
C 00 800 00 MPA 2.90 5.80 16.82
MPML 1.75 4.95 8.66
2A 1200 400 800 MPA 1.80 5.60 10.08
MPML 2.40 3.25 7.80
2.B 8 4 -8
00 00 00 MPA 1.90 3.55 6.75
MPML 4.45 2.65 11.79
2. 4 4 -
C 00 00 800 MPA 3.70 2.70 9.99
MPML 4.95 1.75 8.66
3.A 1200 =800 400
MPA 5.60 1.80 10.08
MPML 3.25 2.40 7.80
.B - 4
3 800 800 00 MPA 3.55 1.90 6.75
3.C 400 =800 400 MPML 2.65 4.45 11.79
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MPA 2.70 3.70 9.99

MPML 2.10 2.35 4.94

+A 800 ~800 700 MPA 2.45 2.70 6.62
MPML 2.35 2.65 6.23

4.B 600 ~800 700 MPA 2.15 2.40 5.16
MPML 2.80 3.15 8.82

4.C 400 800 700 MPA 2.75 3.10 8.52

The general data for study 3 of the four examples for Cmin are cx =40 cm, cy =40 cm, v
=8 cm, pmax =200 kKN/m?, f'c =21 MPa, f, =420 MPa, and « =90 [27]. Each example presents
three different problems.

Table 12 indicates the data of example 1 for Cumin (ex =0, and ey = 0). Table 13 indicates
the data of example 2 for Cuin (ex = L+/2 — ¢x/2, and ey = 0). Table 14 indicates the data of
example 3 for Cmin (ex =0, and ey = Ly/2 — cy/2). Table 15 indicates the data of example 4 for
Chmin (ex = Lv/2 = ¢x/2, and ey = Ly/2 — ¢y/2).

Table 12. Cuin of study 3 in example 1 [27].

Input Data Output Data
Problem Case L. Ly Amin Pu Mux Muy Muxa  Muwya  AsB Asy d Cmin
m m m2 kN kN-m kN-m kN-m kN-m cm? cm? cm P P USD
1A I 400 800 3200 1760 1160 580 1160 580 111.89 149.56 42.00 0.00333 0.00890 30.63Cc
V 275 550 1512 1760 1160 580 1160 580 9341 85.86 51.00 0.00333 0.00612 15.41Cc
1B I 6.00 12.00 72.00 1200 1160 580 1160 580 131.87 203.76 33.00 0.00333 0.01029 58.32Cc
V 270 545 14.72 1200 1160 580 1160 580 76.22 80.33 42.00 0.00333 0.00708 13.09Cc
1C I 12.00 24.00 288.00 600 1160 580 1160 580 191.81 288.23 24.00 0.00333 0.01001 174.21Cc
II 290 580 16.82 600 1160 580 1160 580 50.22 79.51 26.00 0.00333 0.01068 11.12Cc
Table 13. Cuin of study 3 in example 2 [27].
Input Data Output Data
Problem Case Lx Ly Amin Pu Mux Muy Muxa  Muya  Asxe AsyB d Cmin
m m m? kN kN-m kN-m kN-m kN-m cm? m? cm P P USsSD
9 A I 1.75 495 866 1760 580 -1160 580 28 110.44 48.79 67.00 0.00333 0.00416 10.37Cc
\% 1.80 5.60 10.08 1760 580 -1160 580 72 12494 69.72 67.00 0.00333 0.00578 13.04Cc
2B I 2.40 325 7.80 1200 580 -1160 580 40 6422 4044 42.00 0.00470 0.00401 6.44Cc
\Y% 1.90 355 6.75 1200 580 -1160 580 -260 7329 47.13 62.00 0.00333 0.00400 7.45Cc
e I 4.40 6.00 2640 600 580 -1160 580 40 92.18 56.68 32.00 0.00480 0.00403 17.20Cc
A% 3.70 270 999 600 580 -1160 580 -170 83.89 45.59 37.00 0.00840 0.00333 8.35Cc
Table 14. Cuin of study 3 in example 3 [27].
Input Data Output Data
Problem Case L« Ly Amin ~ Pu Mux My Muxa  Muya  Ass AsyB d Cmin
m m m> kN kN-m kN-m kN-m kN-m om? cm? cm P P USD
3A I 495 1.75 8.66 1760 -1160 580 28 580 48.79 110.44 67.00 0.00416 0.00333 10.37Cc
V 560 1.80 10.08 1760 -1160 580 72 580 69.72 124.94 67.00 0.00578 0.00333 13.04Cc
3B I 325 240 7.80 1200 -1160 580 40 580 40.44 64.22 42.00 0.00401 0.00470 6.44Cc
V 355 190 6.75 1200 -1160 580 -260 580 4713 73.29 62.00 0.00400 0.00333 7.45Cc
e I 6.00 440 2640 600 -1160 580 40 580 56.68 92.18 32.00 0.00403 0.00480 17.20Cc
vV 270 3.70 999 600 -1160 580 -170 580 45.59 83.89 37.00 0.00333 0.00840 8.35Cc
Table 15. Cuin of study 3 in example 4 [27].
Input Data Output Data
Problem Case Lx Ly Amin - Py Mux  Muy Muxa Muya Asxs AsyB d Cmin
m m m2 kN kN-m kN-m kN-m KkN-m cm? cm?  cm P P UsD
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4A I 210 235 494 1160 -1160 -1020 -29.00 -34.00 46.95 44.41 60.00 0.00333 0.00352 5.16Cc
V. 245 270 6.62 1160 -1160 -1020 174.00 169.00 5995 69.21 56.00 0.00397 0.00504 7.20Cc
B I 235 265 623 830 -1160 -1020 -170.00 -162.00 45.89 53.66 52.00 0.00333 0.00439  5.96Cc
V 215 240 516 880 -1160 -1020 0 -5.00 50.35 45.10 63.00 0.00333 0.00333 5.59Cc
LC I 335 380 1273 580 -1160 -1020 -174.00 -164.50 63.40 71.49 40.00 0.00417 0.00534 10.42Cc
V 275 310 852 580 -1160 -1020 -377.00 -338.00 56.21 6627 24.00 0.00412 0.00548 7.64Cc

4. Results

Tables 3-10 represent the results for Cuin that considered the PCCA of the study pre-

sented by Luevanos-Rojas [36].

Table 3 indicates the following:

When P decreases in Case I, Ly, Ly and Awin decrease up to P = 750 kN and then in-
crease.

When P decreases in Case V, Lx increases up to P =850 kN and then decreases; Ly and
Anmin decrease.

The relationship between the Awin in both cases is such that it is smaller in Case V in
most problems, except at P =850 kN, where the values are equal. The greatest savings
in Case V occur at P = 600 kN, being 42.07% compared with Case I (problem 1.4).
Mixa = Mx and Mya = My are equal for the two cases because P has no eccentricities (ex
and ey =0).

Table 4 indicates the following:

When P. decreases in Case I, Axs and d decrease; Asys and Cwin decrease up to Pu =
1000 kN and then increase.

When P. decreases in Case V, Ass, Asys, d and Cwmin decrease.

The relationship between the Cuin in both cases is such that it is lower in Case V,
except at P =1400 kN, where it is lower in Case I. The greatest savings in Case I occur
at Pu=1400, being 12.23% compared with Case V (problem 1.1). The greatest savings
in Case V occur at P. = 800 kN, being 40.57% compared with Case I (problem 1.4).

Table 5 indicates the following:

When P decreases in Case I, Lx and Awin decrease; Ly is equal to one, except at P = 600
kN, where it is greater than one; and Mxa tends to decrease until P =750 kN and then
remains constant and equal to zero.

When P decreases in Case V, Ly increases; Mxa, Lx and Amin decrease.

The relationship between Awix in both cases is such that it is smaller in Case I in all
problems. The greatest savings occur at P = 750 kN, being 25.79% compared with
Case V (problem 2.3).

M:xa # Mx is different in the two cases because P has eccentricity (ey # 0), and Mya = My
is equal in the two cases because P has no eccentricity (ex = 0).

Table 6 indicates the following:

When P. decreases in Case I, Asis, Asys, d and Cwmin decrease.

When P. decreases in Case V, Asxs, Asys, d and Cwmin decrease.

The relationship between Cuir in both cases is such that it is lower in Case I in all
problems. The greatest savings in Case I occur at P. = 1000 kN, being 29.11% com-
pared with Case V (problem 2.3).

Table 7 indicates the following:

When P decreases in Case I, Ly and Amin decrease; Lx is equal to one, except at P = 600
kN, where it is greater than one; Mya tends to decrease until P = 750 kN and then
remains constant and equal to zero.

When P decreases in Case V, Lx increases; Mya, Ly and Amin decrease.
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3. The relationship between Awix in both cases is such that it is smaller in Case I in all
problems. The greatest savings occur at P = 750 kN, being 25.79% compared with
Case V (problem 3.3).

4. M:xa=Mzxis equal in the two cases because P has no eccentricity (ey = 0), and Mya # My
is different in the two cases because P has eccentricity (ex # 0).

Table 8 indicates the following:

1.  When P. decreases in Case I, Asis, Asys, d and Cwin decrease.
When P. decreases in Case V, Asxs, Asys, d and Cwmin decrease.

3. The relationship between Cwuin in both cases is such that it is lower in Case I in all
problems. The greatest savings in Case I occur at P. = 1000 kN, being 29.11% com-
pared with Case V (problem 3.3).

Table 9 indicates the following:

1. When P decreases in Case I, Ly, Ly and Awin increase; Mxa and My (absolute value)
increase until P = 450 kN and then decrease.

2. When P decreases in Case V, L, Ly and Amin decrease up to P = 450 kN and then in-
crease; Mxa and Mya (absolute value) decrease until P =605 kN and then increase until
P =450 kN and subsequently decrease.

3. The relationship between Awmix in both cases is such that it is lower in Case V, except
at P =750 kN, where it is lower in Case I. The greatest savings in Case I occur at P =
750, being 31.29% compared with Case V (problem 4.1). The greatest savings in Case
V occur at P =450 kN, being 45.99% compared with Case I (problem 4.3).

4. Mxa# My and Mya # My are different in the two cases because P has eccentricities (ex
and ey # 0).

Table 10 indicates the following;:

1.  When P. decreases in Case I, Asys and Cwin increase; d decreases; and Asxs decreases
up to P =800 kN and then increases.

2. When Pu decreases in Case V, d decreases; Asxs, Asyp and Cmin decrease up to Pu = 600
kN and then increase.

3. The relationship between Cuin in both cases is such that it is lower in Case I at Pu =
1000 and 800 kN, and in Case V at P. = 600 and 400 kN. The greatest savings in Case
I occur at P« =1000 kN, being 42.35% compared with Case V (problem 4.1). The great-
est savings in Case V occur at P. =600 kN, being 45.57% compared with Case I (prob-
lem 4.3).

Table 11 represents the results for the Amin for the RIF in the study presented by
Moreno-Landeros et al. [27].
Table 11 indicates the following;:

1. When P decreases in the MPML (problem 1), Ly increases; L and Awi» decrease up to
P =800 kN and then increase.

2. When P decreases in the MPA (problem 1), L, Ly and Awmin decrease up to P = 800 kN
and then increase.

3. The relationship between Aumin in the two models is such that it is lower in the MPA
in all problems. The greatest savings occur at P = 400 kN, being 19.75% compared
with the MPML (problem 1.C).

4. When P decreases in the MPML (problem 2), L: increases; Ly decreases; and Awmin de-
creases up to P =800 kN and then increases.

5. When P decreases in the MPA (problem 2), Lx increases; Ly decreases; and Amin de-
creases up to P = 800 kN and then increases.

6. The relationship between Amin in the two models is such that it is lower for MPML
at P =1200 kN and for MPA at P = 800 and 400 kN. The greatest savings for MPML
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10.
11.

12.

occur at P =1200 kN, being 14.09% compared with MPA (problem 2.A). The greatest
savings for MPA occur at P =400 kN, being 15.27% compared with MPML (problem
2.C).

When P decreases in the MPML (problem 3), L: decreases; Ly increases; and Awmin de-
creases up to P = 800 kN and then increases.

When P decreases in the MPA (problem 3), Lx decreases; Ly increases; and Awmin de-
creases up to P =800 kN and then increases.

The relationship between Amin in the two models is lower for MPML at P = 1200 kN
and for MPA at P =800 and 400 kN. The greatest savings for MPML occur at P = 1200
kN, being 14.09% compared with MPA (problem 3.A). The greatest savings for MPA
occur at P =400 kN, being 15.27% compared with MPML (problem 3.C).

When P decreases in the MPML (problem 4), Lx, Ly and Aumin increase.

When P decreases in the MPA (problem 4), L., Ly and Awin decrease up to P =800 kN
and then increase.

The relationship between Amin in the two models is such that it is lower for MPML
at P =800 kN and for MPA at P = 600 and 400 kN. The greatest savings for MPML
occur at P = 800 kN, being 25.38% compared with MPA (problem 4.A). The greatest
savings for MPA occur at P =400 kN, being 17.17% compared with MPML (problem
4.B).

Tables 12-15 represent the results for the Cumin design that considers the complete de-

sign for the RIF in the study presented by Moreno-Landeros et al. [27].

Table 12 indicates the following;:

When P decreases in Case I, Asxs, Asys and Cuin increase; d decreases.

When P. decreases in Cases II and V, Ass, Asys, d and Cwmin decrease.

The relationship between Cuin in both cases is such that it is lower in Cases Il and V
in all problems. The greatest savings in Case V occur at P. = 600 kN, being 93.62%
compared with Case I (problem 1.C).

Table 13 indicates the following;:

When P. decreases in Case I, Asxs, Asys and Cwin decrease up to Pu = 1200 kN and then
increase; d decreases.

When P. decreases in Case V, Ass and Cwin decrease up to Pu = 1200 kN and then
increase; Asys and d decrease.

The relationship between Cuin in both cases is such that it is lower in Case I at Pu =
1760 and 1200 kN, and in Case V at P. = 600 kN. The greatest savings in Case I occur
at P« = 1760 kN, being 20.48% compared with Case V (problem 2.A). The greatest
savings in Case V occur at P. =600 kN, being 51.45% compared with Case I (problem
2.C).

Table 14 indicates the following;:

When P. decreases in Case I, Asxs, Asys and Cwin decrease up to Pu = 1200 kN and then
increase; d decreases.

When P. decreases in Case V, Asxs and Cwin decrease up to P = 1200 kN and then
increase; Asys and d decrease.

The relationship between Cuin in both cases is such that it is lower in Case I at P =
1760 and 1200 kN, and in Case V at P. = 600 kN. The greatest savings in Case I occur
at Pu = 1760 kN, being 20.48% compared with Case V (problem 3.A). The greatest
savings in Case V occur at P. =600 kN, being 51.45% compared with Case I (problem
3.0).

Table 15 indicates the following;:
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1.  When Pu decreases in Case I, Asxs decreases up to Pu =880 kN and then increases; Asys
and Cuin increase; and d decreases.

2. When P decreases in Case V, Ass, Asyp and Cuin decrease up to Pu =880 kN and then
increase; Asys and d decrease.

3. The relationship between Cui» in both cases is such that it is lower in Case I at Pu =
1160 kN, and in Case V at P. = 880 and 580 kN. The greatest savings in Case I occur
at Pu = 1160 kN, being 28.33% compared with Case V (problem 4.A). The greatest
savings in Case V occur at P. =580 kN, being 26.67% compared with Case I (problem
3.0).

Figure 8 represents Amin and Cumin (study 1) of the MPA for the PCCA and of the MPLR
for the FCCA [36]. Figure 8a indicates the Amin values, and the greatest savings occur in
the MPA, with 45.99%, compared with the MPLR of problem 4.3. Figure 8b indicates the

Cwmin values, and the greatest savings occur in the MPA, with 45.57%, compared with the
MPLR of problem 4.3.
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Figure 8. Comparison of study 1 between MPA and MPLR: (a) Aumin; (b) Cumin.
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Figure 9 represents the Amin (study 2) of the MPA (assuming that the loads and mo-
ments it resists must be greater than or equal to those acting on the RIF) and of the MPML
(assuming that the loads and moments it resists must be equal to those acting on the RIF),
both for the PCCA [27]. The greatest savings in the MPA for Awmin occur at 19.75% compared
with the MPML of problem 1.C, and the greatest savings in the MPML for Awmin occur at
25.38% compared with the MPA of problem 4.A.

24 =
S
o~
20 —
8% g =
6 === 3
G 2
® — ® =
2 n < k- S =2
g’ g = s g~ 5 Te
2 ® ® B of
< = = - =5 R -
- v
4
0
Problem 1.A 1.B 1.C 2.A 2.B 2.C 3.A 3.B 3.C 4.A 4.B 4.C
EMPML =MPA
Figure 9. Comparison of study 2 between MPA and MPLR for Amin.
Figure 10 represents Cmin (study 3), taking into account that the sides of the founda-
tion are known from the second study in the MPA for the PCCA. This is shown for the
FCCA and PCCA. The greatest savings in the PCCA for Cmin occur at 93.62% compared
with the FCCA of problem 1.C, and the greatest savings in the FCCA for Cuin occur at
28.33% compared with the PCCA of problem 4.A.
200 ’;‘
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Figure 10. Comparison of study 3 between FCCA and PCCA for Cumin.
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5. Conclusions

The work described in this article applies only to the Amin and Cumin for a RIF. The as-
sumptions of this study are as follows: the foundation is rigid, and the soil is elastic and
homogeneous, so the condition of biaxial bending is met, i.e., the soil pressure is linear.

This article concludes the following;:

1. Some articles show the equations for finding the sides and Awin of a RIF with a PCCA,
assuming the loads and moments it resists must be equal to those acting on the RIF.

2. The MPA shows the equations for finding the sides and Awix of a RIF with a PCCA,
assuming that the loads and moments it resists must be greater than or equal to those
acting on the RIF.

3. When the soil pressure on the RIF does not reach pmax, significant savings in Ami» and
in Cwin can be achieved as follows:

3.1. The MPA (PCCA) shows savings of 42.07% in Awmin and 40.57% in Cmin compared
with the MPLR (FCCA) for ex =0 and ey = 0 (see Tables 3 and 4).

3.2. The MPA (PCCA) shows savings of 45.99% in Amin and 45.57% in Cmin compared
with the MPLR (FCCA) for ex = L+/2 — ¢x/2 and ey = Ly/2 — ¢y/2 (see Tables 9 and
10).

3.3. The MPA presents savings of 19.75% in Amin compared with the MPML for ex=0
and ey = 0 (see Table 11).

3.4. The MPA (PCCA) shows savings of 93.62% in Cnin compared with the FCCA for
ex=0and ey =0 (see Table 12).

3.5. The MPA (PCCA) presents savings of 51.45% in Cwin compared with the FCCA
for ex = L+/2 = ¢x/2 and ey = 0 (see Table 13).

3.6. The MPA (PCCA) presents savings of 51.45% in Cwin compared with the FCCA
for ex=0 and ey = Ly/2 — ¢y/2 (see Table 14).

3.7. The MPA (PCCA) presents savings of 26.67% in Cwin compared with the FCCA
for ex=L«/2 — ¢x/2 and ey = Ly/2 — ¢y/2 (see Table 15).

4.  The MPA could be used to revise pma, assuming the objective function pma, with the
same constraints.

5. The MPA could be used for another type of code, since here, the loads and moments
acting on the RIF are developed, and these are compared with those that must be
resisted according to the standards (ACI 318-19) [38].

The next investigations can determine (1) the Cmin for a RIF with a variable thickness,
assuming a PCCA; (2) the Cuin for an EIF, assuming a PCCA.
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Appendix A
The ultimate moments for each case are as follows.
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(A12)
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EX—T 2 t

X1

B,c
My, = -~ + uy f f puz — €

—Ly3

+ %x) dydx,

where Lu is the horizontal distance from p:1 to where it crosses NA, Ly is the vertical dis-
tance from p1 to where it crosses NA, L is the horizontal distance from face p1-ps on the
“a-a”-axis to where it crosses NA, Ly2 is the vertical distance from face p1-p2 on the “c-¢”-
axis to where it crosses NA, Lz is the horizontal distance from face pi-ps on the “b-b”-axis
to where it crosses NA, and Lys is the vertical distance from face pi-p2 on the “e-¢”-axis to
where it crosses NA.
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P c o c
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57 x=g 5
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(A20)

where L2 is the vertical distance from face pi-p2 on face p2-ps to where it crosses NA, Lys is

the vertical distance from face p1-pz on the “c-c”-axis to where it crosses NA, and Ly is the

vertical distance from face p1-p2 on the “e-¢”-axis to where it crosses NA.
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where Lx2 is the horizontal distance from face p1-ps on face ps-ps to where it crosses NA, Lus
is the horizontal distance from face p1-ps on the “a-a”-axis to where it crosses NA, and L
is the horizontal distance from face p1-ps on the “b-b”-axis to where it crosses NA.
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where Lx is the horizontal distance from face p1-ps on face ps-ps to where it crosses NA,

and Ly is the vertical distance from face pi-p2 on face p2-ps to where it crosses NA.
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Appendix B
The ultimate bending shears for each case are as follows.
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where L is the horizontal distance from p1 to where it crosses NA, Ly is the vertical dis-

tance from p1 to where it crosses NA, L is the horizontal distance from face p1-ps on the

“f-f’-axis to where it crosses NA, Ly is the vertical distance from face p1-p2 on the “h-h"-

axis to where it crosses NA, Lis is the horizontal distance from face p1-ps on the “g-¢”-axis

to where it crosses NA, and Lys is the vertical distance from face p1-p2 on the “i-i”-axis to

where it crosses NA.
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where L2 is the vertical distance from face pi-p2 on face p2-ps to where it crosses NA, Lys is

the vertical distance from face p1-p2 on the “h-h”-axis to where it crosses NA, and Ly is the

vertical distance from face p1-p2 on the “i-i”-axis to where it crosses NA.
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For Ly/2 — L > ex + cx/2 + d,
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Ly L Ly

v f? f?" ed f? fz Lz » "
v ey*'CTy*'d LTX‘Lm Pua Oy = ey+cy+d Ly L’“(Ly_zyLlyl 2y) PuzAX4Y, ( )
Ly Ly Ly Le
fug = F fz P IT S dxd AG6
= —_— x _ x ’
ug u ey—%y—d L—x—Lx4 Puz y . Cy 4 Lx Lxl(Lyz—zjlyl_zy) Puz y ( )
Ty T_sz L2
f__L f_ Ly Puzdydx — fL_x_L J;y Ly (Lx—2Ly1~2) Puzdydx, (A67)
X2 2 7 5 ZLxl
Ly Ly
> (2 2Ly
V=P, — J-L_x_L f_L_ypuzdydx - jL_x_L ﬁylLyl(Lx_ZLm_Zx) puzdydx, (A68)
2 X2 2 x1 2 7 2L
Case IVB
For L./2 - Lxl <ex+ Cx/2 + d,
Y Lx L_y L—X—L
2 2 X3
Vup = f y+d __L Puzdxdy — o Y+a x Lir(Ly—2Ly1~2) Puzdxdy, (A69)
X3 'y Lyl
L O
Vig =P, — f : : dxd j e dxd (A70)
R P L PusXEr ey-2-a x4 Lx1(Ly2—LZyLlyl 2y) Puz ¥4V,
L Ley, by
v, f i f 2 o, dydx f 2 f ? poydydx (A71)
uh = 7 Duzy - _ _ uz ,
LTX_sz _LTy ex+%x+d L;:Lyl(l“"zii"l 2x)
> _—sz 2
Vi =F, _f J. Puzdydx —f o df Ly (ly=2Lgy—2%) Puzdydx, (A72)
£ __ 2 Lxy

where Lx is the horizontal distance from face p1-ps on face ps-ps to where it crosses NA, Lus
is the horizontal distance from face p1-ps on the “f-f’-axis to where it crosses NA, and Lus
is the horizontal distance from face p1-ps on the “g-g”-axis to where it crosses NA.

— xl(Lyl y)
x2 Lyl
Ly(2ey+cy+d—1Ly,+ 2Ly1)

Lys = 2L

Lyi(2ey —cy—d — Ly +2Ly,)

L., =
x4 2Ly1

Case VA
For L«/2 — L2 > ex + cx/2 + d and L}//z —Lp>ey+ Cy/2 +d,

=X ——Lyz =
fL_y_L f__puzdxdy e+ y+d Lx Lxl(Ly_ZLyl Zy) puzdxdy: (A73)
2Ly,
f aeay— [ 7 [ dxd (A74)
Puz xay — 21, —2y) Puz@XAy,
F-Lyy )% ey—%y—d L;;Ln(LyZLZ:lyl 2y)
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¥l XLy
= dydx — dydx,
uh ——Lx2 J‘—LTypuz yex J;x+67x+d ﬁg+LY1(Lx;iflx1_2x) Puzdyax
__sz
Vyi=PF, — f Pyzdydx — f Cx f Lyl(Lx—ZLxl—Zx) Puzdydx,
__L 2 ¢ Lx1
Case VB
ForL/2 - Le>ex+c/2+dand Ly/2 — Lo <ey+c,/2 +d,
Ly Ly
Vup = — f i dxd
uf ey+07y+d _Lz_xpuz Y,
L
CR b b
Vug - Pu - L%_Lyz f_%xpudedy - ey Cy d-Lx LX1(Ly2_LZLy1_2y) Puzdxdy,
y1

_—sz
uh B J-L_X_ J‘__ puZdydx - J; f Lyl(Lx_ZLx1 2x) puzdydx )

Cx
+ —==+d ™

__sz
V=P, — fL_x_ f puzdydx—f Cx df Lyl(Lx—ZLxl—Zx) Puzdydx,

* Ly1

Case VC
For L«/2 — Lo < ex+ /2 + d and L}//z —Lp>ey+ Cy/2 +d,

TX T_Lyz 2
j——L Ziﬂpuzdxdy Lx Lxl(Ly—ZLy1 2y) puZdXdy,
2 2

y
ey+—5-+d
Ly1

3 Lyz %
Puzdxdy Cy Lx Lx1(Ly—2Ly1—2_’y) puZdXdy )
——L y2 I =5 ey—2-d -
y1

Ly Ly

Vun = —f c f Puzdydx,
ext+d

X

__sz
V=P, — fL_x_ f puzdydx—f Cx df Lyl(Lx—ZLxl—Zx) Puzdydx,

2__

Case VD
For L«/2 — L < ex+ cx/2 + d and L}//z —Lp<ey+ Cy/2 +d,
Ly Lx
2
Vuf = _f puzdxdy’
ey+—y+d 2
L L Ly
; Tl %

Ly1(Ly—=2Ly1—2) Puzdxdy,

ey—

z  (z
Vug = Pu - ﬁy fL puzdxdy —
S Ly2 /=%

c L
Y X
2 2 [y

(A75)

(A76)

(A77)

(A78)

(A79)

(A80)

(A81)

(A82)

(A83)

(A84)

(A85)

(A86)

https://doi.org/10.3390/math14142613



Mathematics 2026, 14, 2613 32 of 35

Ly Ly
2 2
Va==[ " |} pudyax, (A87)
ext3 —X+d 2
Pucx 2 2
Vi = uy J-Ly Puzdydx _f c J;y Ly (Ly—2Ly; —2x) Puzdydx, (A88)
__L’CZ 2 ex—=d Iy 2

X1

where Lx is the horizontal distance from face pi-ps4 on face ps-ps to where it crosses NA,
and Ly is the vertical distance from face p1-p2 on face p2-ps to where it crosses NA.

[ = Lyi(Lys — Ly) y)
x2 Lyl

_ Lyl(Lxl - Lx)

vz Lxl .

Appendix C
The ultimate punching shears for each case are as follows.
Case I
ey+c7y+% ex+c7x+%
Vup =h, - f cy d f e d pusdxdy' (A89)
ey=3 77 “exT3 77
Case ITIA
Vup = P, (A90)
Case IIB
€y+7+2 ex+ 7 +§
Vp = Fu = f J;x Ly1(Ly—2Ly1-2y) Puzdxdy, (A91)
ey*¥p 2 2Ly,
where
L L, (2e,+c,+d—L
Yp__y_Ly1_ey_ yl( X X x)
2 2L,
Case IIC
ey+2+2 ex+2+2 y+2+2 ex+Xxp2
Vup = Pu _f ¢y d f pudedy _f cy d J;x Lxl(Ly_ZLyl_zy)pudedy' (A92)
ey—T—i €x+x112 ey 2 2 7 1
where
Ly Ly(2ey+c,+d—1Ly)
=Ly——+e+ '
xpl x1 2 €x 2Ly1
ke Lyi(2ey —cy—d—1L,)
p2 — 7 T Lx1 T Ex ™ 2L .
Case IID
. , fey+c7y+% fex+ : +% i feyf_y_ypl fex+%x+% e fey+c7y—yp1 Jex"'Xpl e (A3)
=ry— byzaxay — buzaxay — oL —ov) Puz@Xdy,
“p “ €y+—_J’p1 ex_%__ “ Ey—%—% ex+xp1 “ ey C2y g L Lxl(LyZ 2:1)}1 Zy) v
where
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L L, 2e,—c,—d—1L

Vp1 = Yy Ly1 —e, - yl( x x x),

2 2L,

L L,(2e,—c,—d—L

Xp1 =_x_Lx1 —6x — X1( TR y).

2 2Ly,

Case IITA
ey+c7+7 ex+%‘+% ey+%y—yp1 ex+%‘+%
Vup = Py — j cy f ¢ d Puzdxdy — j cy ﬁ‘x Lya(Ly—2Ly1-2y) Puzdxdy, (A94)
eytg Vp1rex—5 7 ey~ t¥p2 : 2Ly
where
y __y_e _ _Lyl(zex—Cx—d—Lx)
r1 2 y y1 2L, ’
L L,,2e,+c,+d—L,)
y y1 x x x

Yp2 =Ly ——=+e .

p2 y1 2 y 2Lx1

Case IVA
C.
€y+7+7 ex+ 7] +7
V=P | o | iy, (A%)

C
y
&y~ 72 "exT2 72

Note: Case V is equal to Case IV.
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