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Abstract

We study a substantially generalized version of the equation on nonlinear monomial
differential equations, and obtain two-sided inequalities for the growth of entire solutions.
We also study the Fermat-type differential equation with two exponential terms, and obtain
almost all of the entire solutions.
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1. Introduction and Main Results

In this paper, we use the basic results and standard notations in Nevanlinna theory
(see, e.g., [1-3]), such as the characteristic function T(r, f), the proximity function m(r, f)
and the counting function of poles N(r, f). We denote by S(r, f) a quantity satisfying
S(r,f) = o(T(r, f)) for r — oo outside a possible exceptional set of finite linear measure,
not necessarily the same at each occurrence.

We also need the order and type of entire functions to estimate the growth of solutions.
The order p(g) of an entire function g is defined by

. loglog M(r,g)
:= limsup —=—=—"°~
p(8) m sup logr
where M(r, g) is the maximum modulus max(,|—, [g(z)]. If 0 < p(g) < oo, then the type
o(g) of g is defined by

o log M(r,g)
o(g) == III;ILS;;IP )

Recently, there have been many results on entire solutions of complex differential
equations using Nevanlinna theory and related methods, for example, [4-12]. Among them,
motivated by previous results on equations ff” = p(z)sin’z and ff’ = % sin 2z, Gunder-
sen, Lii, Ng and Yang [6] considered entire solutions of nonlinear monomial differential

equations of the form
O (9 = Hz), 0

where H # 0is entire, k > 1, np > 1 and ny > 1, and obtained the following two-sided
inequalities for the growth of the entire solution of (1):
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Theorem 1 ([6]). If f is an entire solution of a monomial differential Equation (1), then we have
1 1
T H) 4S80 f) < T(r f) < 2oT(r H) + (. f),
0

where g = ny + ny + - - - + ny. Hence, p(f) = p(H).

However, in ref. [6], Gundersen et al. showed Theorem A cannot hold for other
equations that are not of the form (1), since f(z) = sinz solves f2 + (f’)? = 1. So in this
paper, we substantially extend Equation (1) to

Li(f)" La(f)™ - - - Le(f)"™ = H(z), ()

where L;(f) = ajof +aj1f' + -+ ajm f (m:) are nonzero linear differential polynomials
with constant coefficients, H(z) is an entire function, and #; > 1foralli =1,--- k. This
generalization introduces substantial difficulties not present in the monomial case: the
zero structure of L;(f) is no longer governed solely by a single derivative, which leads to
a more complex growth behavior of solutions. This is already evident from the example
discussed in Gundersen et al., and consequently, new analytical tools are needed to handle
the general case. We obtain the following estimate for the growth of entire solutions of (2):

Theorem 2. Let f be an entire solution of (2); then for sufficiently large r,

1

g L H) 80 f) < T(r f) < Kgmaxir, T((2r)", H)} +5(r. f)

holds for some K, > 0 and any € > 0. Moreover, if p(H) < oo, then for sufficiently large r,

1

———T(r,H)+S(r, f) < T(r, f) < Kymax{r, rl?), T(r,H)} + 5(r, f)
ny+ -+ ng

holds for some K, > 0. Hence, p(f) = p(H) when 1 < p(H) < oo, and p(f) < 1 when p(H) < 1.

Theorem 2 has many applications in estimating growth of entire solutions; one example
is the Fermat-type differential equation

f(2)* +a(L(f))* = H(z) 3)

for some complex constant 4, linear differential polynomial L(f) in f with constant coeffi-
cients, and entire function H(z). Note that Equation (3) was first discussed by Yang and
Li in 2004 [13] (Theorem 1), where a = 1 and H is a polynomial. By Theorem 2 and under
the conditions above, we have T(r, f) = O(r) for all entire solutions f. In fact, the ob-
tained solutions must be of the form f(z) = %(P(z)eR(Z) + Q(z)e R(E)), where P, Q, R are
polynomials, PQ = H and R(z) = Az, so T(r, 3(P(z)e’? + Q(z)e™*%)) = O(r) by [14,15].

Since the work of [13], numerous works have studied Fermat-type differential equa-
tions of this type as well as their extensions (such as difference-type equations), for exam-
ple, [7,9,11,16-21]. Among them, in 2007, Tang and Liao [9] studied the case where a, H
are polynomials and L(f) = f("). In 2023, Guo and Liu [7] considered some special cases
where L(f) = f,a = 1 and H = ¢?"(?). Recently in 2024, Xu and Haldar [10] studied the
existence and explicit forms of finite-order transcendental entire solutions to several classes
of Fermat-type difference and partial differential-difference equations in C".

Note that the above results were obtained under the condition that H is a polynomial
or a single exponential term. We introduce some results obtained when H has two expo-
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nential terms. In 2022, motivated by the trigonometric identity cos?z — sin? z = cos 2z,
Gundersen et al. [6] considered the equation
2 2
(f(2))" = (f'(2))" = cos 2z, )

and obtained the following result:

Theorem 3 ([6]). The only entire solutions of differential Equation (4) are the four solutions
f(z) = £cosz, tisinz.

Note that cos 2z is a special case of pleAlz + pzeAzz, where pq, pa, A1, Ay are constants
with p1p2 # 0and A # Ay. So in 2023, Gao and Gao [5] considered the equation

(f(2))* +a(f'(2))* = pre™® + pae™, (5)
and then obtained the following result:

Theorem 4 ([5]). Let a, p1, p2, and A be nonzero constants satisfying 9aA2 4+ 4 # 0. Then
Equation (5) has entire solutions if and only if the condition aA*> +1 = 0 or aA? — 4 = 0 holds.
Moreover, we have

(i) IfaA® + 1 = 0, then the entire solutions of the above equation are

f(z) = rie"* + s + ty,

where t; (i =1,2,3,4) are the four roots oft4 +p1p2 =01 = %11 and s; = 572,
(i) If aA? — 4 = 0, then the entire solutions of (5) are

Az

f(z) = aie% +bie 7,
where a; (i = 1,2) is the square root of &, and bj (j = 1,2) is the square root of B

Then very recently in 2026, Gao, Jiang, Liu and Song [4] considered the remaining case
9aA2 + 4 = 0 of Theorem C, and obtained the following:

Theorem 5 ([4]). Ifa = — &, then the entire solutions of (5) are

A 3A
fi(z) = cie?* +dje” 27
and
A 3A
fi(z) = cje” 2% +dje 27,
where c; is the square root of%pl and d; = ?)%cifor i =1,2,and c; is the square root of%pz and
dj = 3)%cjforj =3,4.

In fact, Gao et al. [4] considered the equation

(f(2)" +a(f' (2)" = p1e"* + pae’,

where 7 is a positive integer; 4, p; (i = 1,2) are nonzero constants; and A; (j = 1,2) are
nonzero distinct constants. They provided the exact form solutions to the above equation

except the case n = 2, A1 # +A,. In this case, Gao et al. [4] only proved a special case when

_ 1
=i
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Theorem 6 ([4]). Ifa = ﬁ, A1 # —Ap with |A1] < |Ay|. Suppose that f is an entire solution of

(f(2))? +a(f'(2))* = p1e"® + pae’, (6)

Then Ay = —%)\2 and
f(z) = cieM* 4 e,

where c; is the square root of%pz and d; = 4%ci]‘or i=25,6.

However, the case a # ﬁ was not treated in [4], as the methods employed there
are not applicable in this situation. Consequently, handling this case requires substantially
different approaches and new technical tools. In the present paper, we do not restrict
ourselves to the tools used in [4]; we also employ Wiman—Valiron theory, results on func-
tions of exponential type, and a lexicographic ordering on complex numbers. These new
tools enable us to determine the explicit form of entire solutions of (6) for the general
parameter a, up to a few exceptional cases, which are discussed separately. Our result is
the following theorem:

Theorem 7. Let a, p1, pa, and Ay, Ay be nonzero complex constants with Ay # £, , and without
loss of generality, |A1| < |Az|. Suppose f(z) is an entire solution of Equation (6); then f must be
of the form f(z) = Y0 ane®™* with a, # 0 and b; # bj for i # j. Moreover, if N < 5, a and f
must satisfy one of the following conditions:

()N=2,a= —ﬁ; then

_ P1 Mz/2 p2 Apz/2
=+ |— M2y [ T2 hz/2
f&) =%\ T raest \/ 1+ ar2/4°

{)N=2a= —ml‘iw; then

flz) = meblz +ae??, a4y =+ ] fibg, by =AM — %, by = %
({ii)N=2,a= fmfw; then

flz) = meblz +ape??, a4y =+ ] fib%, by = Ay — %, by = %

(iv) N =3, = —8A,a=— then

1.

4727
_ _ 3

flz) = €M7 4 ape M 4gzeMZ 0 340, = p1, Zlu% + 6a1a3 =0, —3a§ = po.

There are some examples to illustrate that Cases (i)-(iv) in Theorem 7 do have solutions.

Example 1 (Case (i) of Theorem 2). Let Ay =1, Ay =4, p; =3, pp = —3and a = —1; then
fi1 = 2e1 + %, fio = 201 — %, f13 = —f11 and f1 4 = — f1 5 satisfy the equation

(f(2))? = (f'(2))* = 3¢" —3¢*.
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Example 2 ([4] (Example 5), Case (ii) of Theorem 2). Let A; =1, A = =2, p; =6, p2 =3
and a = —1/4; then fo1 = 2e™% + €% and fr5 = — f»1 satisfy the equation

(£~ (F/(2)) = 6 43¢

Example 3 (Another example for Case (ii) of Theorem 2). Let Ay = 3, A, =4, p1 = 1,
p2 = —3and a = —1; then f31 = —%e* + e and f3o = — f3 satisfy the equation

(f(2))? = (f'(2))? = * — 3¢*.

Example 4 (Case (iii) of Theorem 2). Let Ay =i, Ay =2i, p1 =1, pp = land a = 4/9; then
fa1 = @e%z + 3}1—5252 and fy o = — fa1 satisfy the equation
4 . ,
(F(2))* +5(f (2)* = e + &=
Example 5 (Case (iv) of Theorem 2). Let Ay =1, Ay = =8, p1 =12, pp = —12anda = —1/4;
then fs = —e¥ —de 2 + 2%, fo) = —w?e? —dwe 2 +2e7 ¥, fs3 = —we?? — dw?e F +
2e %, fs = —f51, fs5 = —fsp and f54 = — f53 satisfy the equation

(FR)? - 3 (f ()2 = 126 ~12°%,

NS

+i

NI—=

where w = —

Remark 1. In the proof of Theorem 7, when N = 4, f is not an entire solution of (6). Unfortunately,
we have not found an example for N > 5 of Theorem 7. However, in our proof, we have the
following result:

Under the same conditions as in Theorem 7 but with N > 5, the coefficients satisfy the
following condition for a positive integer K > N — 1:

Mo -2P44K-1 [ 2K 2
Ay 2k T [(K=1)A)

In fact, for any fixed A1/A; (i.e., for any integer K > 4), we can determine all the
a, and by, coefficients of f(z) = Y\, a,e?? according to the last part of the proof of
Theorem 7. In fact, when K = 3, there are five equations that the four a, must satisfy
through calculation, which leads to 4, = 0 foralln =1,---, N. If K continues to increase,
the number of equations that a,, satisfies will far exceed the number of a,,, and a,, can almost
only be zero. So f in this case may not be an entire solution of Equation (6). Therefore, we
propose the following conjecture:

Conjecture. Under the same conditions as in Theorem 7, Equation (6) has no entire solutions of
the form f(z) = YN ayeP* with N > 5. Equivalently, every entire solution of Equation (6) must
be a sum of at most four exponential terms; in fact, based on the classification in Theorem 7, only the
cases N = 2 and N = 3 are expected to occur.

2. Preliminary Results and Some Lemmas
2.1. Nevanlinna Theory

The first is the lemma on logarithmic derivatives, which can be found in any book
about Nevanlinna theory.
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Lemma 1 (Lemma on Logarithmic Derivatives, [1-3]). Let f(z) be a transcendental meromor-
phic function and k > 1 be an integer. Then

(k)
m (r,ff> =S(r,f),

and if f(z) is of finite order of growth, then

(k)
m (r, ff> = O(logr).

We use the following Borel-type theorem to obtain the explicit solutions of Equation (6):

Lemma 2 ([3]). Let f;(z)(j = 1,2,--- ,n)(n > 2) be a system of meromorphic functions and
k(z)(k=1,2,---,n) be a system of entire functions, satisfying the following conditions:

(i) T, fi(z)esi®) = 0.

(i) For1 <j <k < n, gj(z) — gx(z) is non-constant.

(i) For1<j<mn1<h<k<n, T(r,f]-) = S(r,e8n=8k),

Then fi(z) =0(j=1,2,--- ,n).

We need the following lemma to estimate the growth between T(r, ¢) and M(r, g):

Lemma 3 ([2,3]). Let g be an entire function and assume that 0 < r < R < oo and that the
maximum modulus satisfies M(r,g) > 1. Then

R+r

T(r,g) <logM(r,g) < R—7s (

R, Q).

2.2. Wiman—Valiron Theory

We also need the Wiman—Valiron theory (see, e.g., [2,22,23]), which plays an important
role in considering entire solutions of complex differential equations. Let g be an entire
function whose Taylor expansion is g(z) = Y,—qaxz". For a given r > 0, we define
u(r) := max,<o{|an|r"} as the maximum term, and v(r) := max{m, y(r) = |a,|r"™} as the
central index.

We use the following lemmas in this paper, which can all be found in [22,23]:

Lemma 4. If g(z) = Y 5o anz" is an entire function, ag # 0, then

r
log j(r) = log |ap| +/0 @
Lemma 5. If g(z) is an entire function of order p(g), then

p(g) = limsup log log (r) = limsup M.

r—c0 logr r—00 logr
Lemma 6. If g(z) is an entire function of finite order p(g), then

im log M(r, g)
r—eo logu(r)

The following lemma plays an important role in analyzing the growth of the derivative
of functions:
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Lemma 7 ([2,22,23]). Let g be a transcendental entire function, let 0 < § < 1/4 and let z be such
that |z| = r and that

8(2)| > M(r,@)v(r) 1%

holds. Then there exists a set F C R of finite logarithmic measure such that

@ = (1) 0 +oge)

z
holds forallm > Oand all v ¢ F.

2.3. Entire Functions of Exponential Type

If an entire function’s order is less than 1 or its order is 1 but its type is finite, then it is
called an entire function of exponential type.
We will prove the following lemma to estimate the growth of entire functions:

Lemma 8. If f(z) = Y_5"anz" is an entire function with v(r) = O(r), then f(z) is of exponen-
tial type.

Proof. By our assumption, logv(r) < logr + My for some finite My > 0 and sufficiently
large r. Then by Lemma 5, we obtain p(f) < 1. When p(f) < 1, the result is clear, so we
just discuss the condition p(f) = 1. We will discuss the following two cases:

Case 1. a9 # 0. Since v(r) = O(r), we have v(r) < Mr for a finite M > 0 and
sufficiently large r. By Lemma 4, log ui(r) = log|ao| + [ V(tt)dt < log |ag| + Mr; hence,
logu(r) < Myr for finite M; = M+ 1 > 0 and sufficiently large r. By Lemma 6,
log M(r, f) < Moyr for finite My = 2M; > 0 and sulfficiently large r. From the defini-
tion of type when p(f) = 1, we obtain

o(f) = limsupM < limsup@ = M <o,

r—00 r r—00

so the conclusion holds.

Case 2. aj =0forallj =0,1,...,k—1and a; # 0. Set g(z) = %; then g(z) is an
entire function with v(r, g) = v(r, f) — k < Mr. Therefore, by Case 1, 0(g) < M. Notice
that M(r, f) < r*M(r,g). We obtain

log M(r, f) klogr+log M(r,g) <
I <

o(f) = limsup M,

r—00

< limsup
r—00 r

and so the conclusion holds. [

Before proving Lemma 11, we need the following preliminary results: We first intro-
duce the Polya representation theorem, which can be found in [24], pp. 26-30.

Lemma 9 ([24]). If f(z) is an entire function of exponential type o, then there exists a function
F(w) which is analytic outside some finite disk d about the origin such that

f(z) = ﬁ/CF(w)ezwdw

for every curve C containing d.

From the proof of Lemma 9 in [24], C can be chosen to be |w| = o +¢€, € > 0. We need
the following preliminary result:

https://doi.org/10.3390/math14142618
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Lemma 10 ([24]). If F(w) is analytic on the contour C and
/ F(w)e*“dw =0,
C
then F(w) is analytic inside C.
Now we are able to prove the following lemma:

Lemma 11. Let f(z) be an entire function of exponential type o, satisfying f(z +c) = kf(z),
where ¢ and k are nonzero constants. Then f(z) has the form

f(Z) = Z aiezwir

[wi|<c

where a; are constants, and w; are zeros of e* — k.

Proof. By Lemma 9, we obtain

0= f(z+0)—kflz) = [

i [e(z+c)zu _ kezw]F(w)dw — / esz(w) (ecw _ k)dw,

C

where C contains |w| < ¢ + €, € > 0. By Lemma 10, F(w) (¢“ — k) must be analytic inside
C. Since (¢ — k)’ = ce” has no zeros, all zeros of ¢ — k are simple. Since the poles
of F(w) must be the zeros of e — k, F(w) must be analytic except for simple poles at w;,
where w; are zeros of e — k, which are inside C. Therefore, we write

Fw)= Y 2 g(w),

|w;| <o w—w;

where g(w) is analytic on C and inside it. Hence,

f(z) = ﬁ/c [ ) wiliwi +g(w)} e“dw.

lwi|<o

By Cauchy’s theorem, [ g(w)e*”dw = 0, while

pZW ez (w—w;) z(w—w;)
/ dw = ¥ / dw = 27mie*™i Res = 27rie*"i.
CwWw—w; C W —w; w=w; W — w;

This completes the proof. 0

2.4. Other Lemmas

The following lemma is useful when exceptional sets in Nevanlinna theory and
Wiman-Valiron theory have to be avoided:

Lemma 12 ([2]). Let g : (0, +c0) — Rand h : (0, +00) — R be monotone increasing functions
such that g(r) < h(r) outside of an exceptional set E of finite logarithmic measure. Then, for any
« > 1, there exists rg > 0 such that g(r) < h(r*) holds for all ¥ > ry.

We need the following lemma related to Equation (6) to estimate the number of zeros
of fand f":

Lemma 13 ([4]). If f is an entire solution of (6), then
@ N(r, ) # S(r.f) and N(r, 37) # S(r, f);
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https://doi.org/10.3390/math14142618

Mathematics 2026, 14, 2618

90f19

(ii) All zeros of f are simple.

3. Proof of Theorem 2

Ifforalli=1,--- ,k Li(f) = a;of Z0,then H = apf™ """ £ 0, and the conclusion
follows immediately from the standard estimate T(r, H) = (n1 + - - - +ng)T(r, f) + S(7, f).
Next we consider the case that at least one L;(f) contains a derivative term f(") with
m; > 0.

From the elementary properties of T(r, f) and the well-known inequality T(r, f’) <
T(r, f) + S(r, f) for all entire functions f, we can derive that

T(r,H) = T(r,Ly(f)" La(f)"2 - - - Li(f)"*)
< T(r, Li(f)™) + -+ T(r, Le(f)"™)
= an(T’, Ll(f)) +e nkT(rr Lk(f))

holds. Since L1 (f), - - - , Ly(f) are entire functions, by Lemma 1, we have

T(r,Li(f)) = m(r, Li(f))

Smmﬁ+mm“y%

! (m;)
Sm(i’,f)+m(r,];)+'--+m(r,ff )+ S(r, f)
<T(r, f) +S(r, f).

Therefore, we have T(r,H) < (11 +--- +ng)T(r, f) + S(r, f), and so we have T(r, f) >
i T H) + S(r, f).

We will prove the estimate of T(7, f) in the other direction. We assume that at least
one a;; # 0 for j > 0; otherwise the conclusion is clear. Let v(r) be the central index of
f. Ifv(r) = O(r), then by Lemma 8, f is of exponential type. Then T(r, f) = O(r) by the
definition of exponential type and Lemma 3, and so the conclusion holds. We now discuss
the case r = o(v(r)).

By Lemma 7, let F C R4 be a set of finite logarithmic measure such that

k m; n;
v(r v(r
£ |ma asa () 1+ o) 4 o (U2) 1 0a))| = HE)

i=1

holds for r = |z| ¢ F, with z chosen as in Lemma 7, and n = ny + np + - - - + 1. Since

r=o(v(r)) forr ¢ F, we obtain \@| — o0 as t = |z| = oo,which implies that for at least
one i,
v(r v(r)\™
tim, oo+ 5 (220) 14 0(1) -4 i (M) 14 0(0)] = 0,
r—o0,r¢F z z

and for L;(f) = ajof, the limit is |a;g| > 0. Therefore, |%| — o0 as r — oo and

r ¢ F. Let |f(zo)| = M(r, f) for some sufficiently large r ¢ F; then M(r, H) > |H(zp)| >
|f (zo)|"|an((ZZ%)) | > M(r, f). Since the maximum modulus function M(r, f) of an entire
function is monotone increasing in r, by Lemma 12, M(r, f) < M(r'*€, H) for all r > rg

and € > 0. By Lemma 3, we have
T(r,f) < log M(r, ) < log M(r'*, H) < 3T ((2r)!**, H)

for sufficiently large r and any € > 0, which completes the first part of the theorem.
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Now we assume that p(H) < oco. By mT(r, H)+S(r,f) < T(r, f), we have
p(f) > p(H). By the proof above, we get

. log T(r,H)
H) =limsup =——~
p(H) = limsup =222
log T((2r)'*¢, H)

=1
Hrn:ol:p (1+¢€)log2r

log T(r, f) —log3

> .
- 1+€111;n_>30101p logr +log2
= lim sup log T(r, f)
l1+e o0 logr
1

Since € > 0 is arbitrary, we have p(f) < p(H); hence, p(f) = p(H).

Set L1 (f) = I1;(z)e"1 (), where P;(z) is a polynomial whose degree is at most |o(H) |,
and IT;(z) is a canonical product formed of the zeros of Li(f). From the properties of
factorization, we have T(r,eP1(2)) = O(rlP(H)]), and

Ly anen Ly < 1 )

T(r,II;) = N(r, —
(1", l) (rrnl >~ H

hence, we have, for some K; > 0 and sufficiently large ,
T(r,L1(f)) < Ky max{r, rle()] T(r,H)}+S(r, f).
From the form of L, we can determine that
£ g 1 fO D g f tagf = L 7)

holds for some coefficients and m > 0. By [2], all entire solutions of (7) are f =
fo+Cifi+---+Cufm, whereCy,--- ,Cy, € C, f1,- -+, fm is a solution base of the corre-
sponding homogeneous equation of (7), fo = A1f1+ -+ Anfm, A} = LiGi(f1,- -, fm)e®
forj=1,---,m, each Gjisa differential polynomial of fi,- - -, fi;, and ® is a primitive
function of a,,_;. Since ag,-- - ,a,,_1 are constants, we determine that T(r,e®) = O(r),
T(r,f;) = O(r), T(r,G;) = O(r), and T(r,A;) = O(max{T(r,L1),r}) hold for all
j=1,---,m. Therefore, we have

T(r, f) < Kymax{r, rl®EI T(r, H)} + S(r, f),
and so the conclusion holds.

4. Proof of Theorem 7

In the proof of Theorem 7, we first show that any entire solution f must be of the form

N
f(z) =Y ane™?, 8)
n=1

where a,,, by, are constants with a,, # 0, b; # bj fori # j,and N € N,. Firstly, we eliminate
the exponential terms on the right-hand side of the equation and obtain a differential
identity which implies that every zero of f’ is a zero of the product (f + D1 f")(f + D2f"),
where D; and D, are constants depending on the coefficients of the equation (their explicit
forms are given later in the proof). The rest of the proof is divided according to the
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possible values of D; and D;. In the generic case, we show that there exist two distinct
zeros z1,z of f' such that f)(zy) = kfU)(z;) for all j > 0, with k = f(z3)/f(z1). This
forces f(z+c) = kf(z) for ¢ = zp — z1, which implies that f is a finite sum of exponential
functions, giving (8). In the remaining cases, the above recursive relation does not hold;
instead, we use the conditions specific to those cases, together with the structure of the
equation and Nevanlinna theory, to determine the form of f.

Next, we determine the explicit form of f. For relatively small N, we can directly
substitute the expression into the original equation and perform the calculation. However,
it is impossible to carry out such computations for all N, particularly when N is large.
Hence, we introduce a lexicographic order on the complex plane to compare all exponential
terms that arise in the expansion of f2 4 af’2. In fact, we prove that at least four exponential
terms cannot be canceled by any other terms in the sum, which implies that two of the
corresponding exponential terms must be zero. By induction, we then derive the relations
among the exponents. Finally, we classify all possible cases according to which two of the
terms vanish, and derive the desired properties of the solution. The details are given in the
proof below.

Rewrite Equation (6) as

(f +V=af")(f —V=af') = p1eM* + ppet?=.

)le /\ZZ

From Theorem 6 and the fact p1e*1* + pe”2* is of exponential type, we can determine that

all entire solutions of (6) are of exponential type.
By differentiating Equation (6), we obtain

2ff' +2af'f" = p1A1eM* + padae’?, 9)
Combining (6) and (9), and then eliminating eM?, we have
M4 ar(f)? = 2ff —2af' f" = pa(A1 — Ap)e?2. (10)
Differentiating (10) , we obtain
20ff +2aMf = 2(f) = 2f f7 = 2a(f")? = 2af' " = Aapa(Ar — Ag)et.
Then eliminating ¢"2?, we obtain
2MLff + 2aM ff" —2(F' — 2 f" — 2a(f")? — 2af' f"
= Aa|Auf? +ara () 2ff' — 2af' f"].
Finally, we have

MALf2 = 2(A + M) ff +2ff" + (24 atAr) (f)?
—2a(Ay + A) f'f" + 2a(f")* + 2af' f" = 0. (11)

By Lemma 13 (i) and the fact that f cannot be a polynomial, f” has infinite zeros. Let z be
a zero of f'; by Lemma 13 (ii), we obtain f(z9)? = p1e!1%0 + ppe?2%0 #£ 0. Rewrite (11) as
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f2(A + M) f = (arAg +2)f + 2a(Ay + Ag) f — 2a "]

= MAof2+2ff" +2a(f")?

= MAa(f + Dif")(f + Dof")

= MAs[f2+ (D1 + Do) ff" + DiDa(f)?]. (12)

By the equation above, we have D; + D; = ﬁ and D1D, = % Therefore, D1 and D,
are the roots of the quadratic equation

2 2 - 2a

MAs o AA, 0

Solving this gives

14+ 1 —2aA1Ay D _1*\/1*2&1}\1}\2

b= My 2 AMAs

By (12), we obtain f(zg) + D1f"(z0) = 0 or f(zo) + Dz/”(zo) = 0. Note that D1D, =
~ “1; # 0; we can obtain f"(zo) = 50) or f'(z9) = fD—Z;’).
Differentiating Equation (11) n — 2 times, we obtain

2f(f + naf") +2af [= (M + A2) f 4 fU) 4+ B e fOFD =0, (13)

i,j<n

where nn > 3, ¢, ; ; are constants related to 1, i, and j. Notice that f(zo) +naf"(z9) may be
zero when D1 = na or Dy = na. We consider three cases to obtain the form of solutions.

Case 1. Suppose that Dy # na and D, # na for alln > 3. Then for any zero zj of f/, we
have f(zg) + naf"(zo) # 0. Since f’ has infinite zeros, there exists at least one D;, i =1, 2
such that f(z1) + D;f"(z1) = 0 and f(z2) + D;f”(2z2) = 0 hold for two different zeros z;,
zp, of f'. Denote k = ;EZ% and ¢ = zp — z3; then f(2z2) = kf(z1) and " (z2) = kf"(z1). We
now establish the relation f(")(zz) = kf(”)(z1),n =0,1,2,... by induction. For n = 3,
by (13), we get

Yijeasiif D (z2) f0) (z2)
2(f(z2) +3af"(z2)]
K ¥ j<acsiif D (z)f9) (z1)

=TT k@) ey @)

f(z2) = -

Assume that for some 1 > 3, we have fU)(zy) = kf()(z;) for all j < n; then we prove the
case n + 1. Applying Equation (13) with n + 1 in place of 1, we obtain

Y jen+1 Enstiif D (z2) fU) (z2)
2[f(z2) + (n+1)af"(z2)]
K2 T i1 Cnrtijf D (z1) f9) (21)

= - _ 1£(n+1)
2k([f(z1) 4+ (n+1)af"(z1)] kfY (z1).

f(n+1) (Zz) - _
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To justify the conclusion f(z +¢) = kf(z), we compare the Taylor expansions of
f(z+c) and kf(z) at zq. Since zp = z1 + ¢, we have z + ¢ — zp = z — z1. Thus, the Taylor
expansion of f(z +c¢) at zj is

m m!

flz+c) = i f(m)ﬁzz)(z—i—c—zz)m = i f(m)(zz)(z—zl)m.
m=0 : m=0

Using the induction result f(™)(z,) = kf(")(z1) for all m > 0, we obtain

fere = 3 L0 ey LU k),
m=0 : m=0 :

Thus, f(z+c) = kf(z) forallz € C.
Therefore, by Lemma 11, we have

flz) =Y a;™

|w;|<c

for some a; and w;; hence, f satisfies (8).

Case 2. Suppose that for {i,j} = {1,2}, D; # na for all n > 3, while D; = n;a for some
nj > 3. Without loss of generality, we assume that D # na and D, = npa. We consider
two subcases.

Subcase 2.1. There exist at least two zeros, z; and zp, of f’ satisfying f(z1) +
Dyf"(z1) = 0 and f(z2) + D1f”(z2) = 0. Then by using the same method above, we
can obtain (8) in the form of f.

Subcase 2.2. There exists at most one zero, zy, of f’ satisfying f(z9) + D1f"(z9) = 0.
Then we rewrite (11) as

f 1 ! 1" " (f//)z
MAY = — 2(/\1 + Az) +2=— 4+ (a/\l/\2 + 2)* — 2&()\1 + /\2)* +2a— +2a =0.

f f f f f ff
By Lemma 1 and the fact that f is of exponential type, we obtain m (r, %) = O(logr). Denote
+ D 1"
8(z) == ! I 2 ’
then P 1
n_ S g -

By assumption, all except one zero of f’ are zeros of f + D, f". Therefore, T(r,g) =
N(r,g) +m(r,g) = O(logr). By the standard Nevanlinna theory, a meromorphic function
f is rational if and only if T(r, f) = O(logr) (see, e.g., [2] (Theorem 2.2.3)), so g is a
rational function.

By differentiating (14) and eliminating f”, we obtain

P+ Da(g' - 1)

"no__ 1 8
fr =S = B (15)
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Then by combining (12), (14) and (15), we have

£ |~(arypa-+2) + 2O 2%1;(5)2 e f%z)) _ AlAzglzg(z)Z]
+f(z)|2(A1 +A2) — Za(/\;)—zl— 1) + Zalg)(%z) —AAxg(z) <1 - gl) =0.

For simplicity, write the above equation as f(z)A(z) = f'(z)B(z). By Lemma 13, f has
infinite simple zeros, so B(z) has infinite zeros. Since g is rational, B(z) is rational. Therefore,
B(z) = 0and A(z) = 0. Thus, we have

2(A1 + Ag) — 2”()‘;; Aa) 4 Zag(zz) ~ Midag(2) (1 - Dl) ~0 (16)
2

and

2a(A1+A2)g(z)  2ag(2)? n 2a(1-g'(z))  MAxDig(z)? _g
D D% Dy Dy )

—(aMA2 +2) +

From Equation (16), we obtain

2a Dl
— —MA[1—=—
[Dg ! 2( D2>

Multiplying both sides by D3 to clear denominators gives

g:2<l§2 —1) (A1 + A2).

2a — AMA2D2(Dy — Dy)]g = 2D (a — D) (M + Az).

Since Dy = mnpa with ny > 3, a,A1, Ay are nonzero constants, and A + A, # 0 by our
assumption, we have D, € C\ {0}, a — D, € C\ {0}, s02D,(a — D)(A + Az) € C\ {0}.
If 2a — A A;Dy(Dy — Dq) = 0, then ¢ cannot be a rational function. Therefore,

_ 2Dy(M +A2)(a—D»)
2a — AMA2Dy(D; — Dy)

is a nonzero constant, and f satisfies a homogeneous second-order linear differential
equation with constant coefficients

Daf" —gf' +f=0. (17)

If the characteristic equation Dyx? — gx +1 = 0 of (17) satisfies the discriminant A = 0,
then f must satisfy f = c1e”* + cpze"1*. In this case, we have

f2 + a(f’)2 = {(cl + 022)2 +a(cia1 + 2+ czalz)ﬂ Mz = pleMz + pze)‘ﬂ.

By Lemma 2, this case is impossible. Then the discriminant A # 0, and f has the form
c16M1* + €%, where a1 # a,. Therefore, f must satisfy (8) in this subcase.
Case 3. Suppose that D1 = nja and D, = nya hold for some 11, np > 3. This implies

1++/1-— ZlZAlA = Tlla)\l)\z,
1-+1-— 2&/\1/\2 = 1’1261)\1)\2.
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Let t = aA Ay # O; then we obtain
1—2t = (mt—1)% = (npt —1)2

If n1 = np, then 1 — 2t = 0 and 11 = np = 2, which contradicts n1, ny > 3. If ny # ny, then
ni, ny solve the equation tn? —2n 42 = 0. Since 11, ny > 3, we obtain ny1, = % =nq +ny,
which is impossible.

By the discussion above, we determine that f has the form ZnN:1 ape?, a, = 0. Next,
we will discuss the following cases according to the number N of exponential terms:

Case 1. N = 1. Then f = aje?? and f’ = ajbje??. Hence, we obtain f2 + af’> =
a3 (1+ ab%)ezhz = p1eM? + pre’2?, which is impossible by Lemma 2.

Case 2. N = 2. Then f = a;e?? + aye?2? and

FP4af? = a3(1+ab?)e®™? 4+ 2a1ay(1+ aby by el 72)7 4 02(1 4 abd)e??2* = p1eMZ + pret??,

By Lemma 2, there exist three subcases.
Subcase 2.1. 1 + ab; by = 0. Without loss of generality, we get
Mok 4

bl_zl bZ_

2 T

A2 A2
p1 :a%<1+a41), pzza%<1+a42>,

and by solving a1 and a, we obtain

p1 p2
ST D U N S -
a 1+ar2/a 1+ ar2/4

So the solutions of (6) in this subcase are

— pP1 Az/2 p2 Apz/2
ST s S—L R - ——
/) 1+aA2/4° 1+a03/4°

Subcase 2.2. 1+ ab? = 0. We have Ay = by + by, Ay = 2by or Ay = by + by, Ay = 2bs.
By letting the coefficients be zero, we obtain

Then

P2 = a%(l—l—ab%), 1 = 2aya3(1 + abby).
Solving the two equations above, we obtain

p2 4 = p1 .
1—|—Ilb§’ 2{12(1 +llb1b2)

ay —

Hence, the solutions of (6) are

_ P ne bz UL YA S
fz) 20,1 +abiby) TP bi=h=7b=a b2
and
— ¢ b]Z sz — _ ﬁ P— ﬂ g —l
fz) 2a,5(1 +ab1b2)e et b=t 2 o 2" by’
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Subcase 2.3. 1+ ab5 = 0. By the same method as above, we can obtain the same
solutions as for Subcase 2.2.
Case 3. N > 3. Then

fAtaf?= Y aman(1+ by by, )e b tn)z

mn<N

Firstly, we need to introduce a lexicographic order between two complex numbers.
For any z1,z; € C, we define z; < zp if and only if Rz; < Rzp, or Rzy = RNzp and
Sz1 < Szp. We will prove some properties of this lexicographic order.

1. If z; < zp, then z; # zp. This is obvious by definition.

2. If z1 < zp, then azy < azp whena € R, and az; < az; when a € R_. This can be
obtained by the fact that R(az) = aRRz and 3(az) = aSz fora € R.

3. If z1 < zp and zp < z3, then z; < z3. If Rz; < RNzp, then Nz; < Rzp < Rzs.
If Rz1 = Rzp and Rzp < Rzs, then Nz; < Rzz. If Rz = Rzp, Rzp = Rz3, Sz1 < Jzp, and
Szp < Sz3, then Nz; = Nz3 and Jz; < Vzz. By the discussion above, the conclusion holds.

4. If z1 < zp, then z1 +z3 < zp + z3. Note that if R(z; +z3) = Rz1 + RNzz3 <
Rzp + Rzz = R(zo + 2z3), or R(z1 + 23) = RNzy + Rzz = RNzp + Rz3 = RN(z2 + z3) and
S(z1 +23) = Oz1 + Vz3 < 20 + V23 = F(22 + 23), by definition, the conclusion holds.

5. If z1 < zp and z3 < z4, then z1 4 z3 < zp + z4. By property 4, we have z; + z3 <
Zp + z3 and zp + z3 < z2 + z4. Then by property 3, we obtain the result.

Without loss of generality, we assume by < by < --- < by_1 < by, and A1 < Ay. By
the properties above, we obtain 2b; < b; + b]- foralli=1,...,Nandj =2,...,N. Note
that by +by < by + by foralli/ =3,...,N,and by + by < bz—i—b]-/ forallj/ =2,...,N; this
means by + by < b; + b; holds for all the other terms except 2b; and by + b,. By the above
discussion, 2b; and by + b, cannot be equal to other b; + b;. By the same argument applied to
the reverse lexicographic order, 2by and by _1 + by cannot be canceled. Therefore, the four
terms a2(1 + ab?)e?™?, 2a1a5(1 + abiby)et1+82)2 20y 1an (1 + aby_q1by)e(PN-110N)Z and
a3, (1 + ab%\,)eszz cannot be eliminated by other terms, and at least two coefficients of
the four terms are not zero. In order to obtain the solutions, we have 1 + ab? = 0 or
1+abiby =0,and 1+ aby_1by =0o0r1+ ab%\, = 0. This means 1+ abib,, # 0 foralln > 3,
and 1+ ab,,by # Oforallm < N —2. Forall n > 3, aa,(1 + ablbn)e(b1+b")z can only be
eliminated by other terms like a4, (1 + aby,, bnz)e(b"l thi)z For b1 + by, k=3,...,N, there
exists a different by, + by, = by + by forsome ky <k, =1,...,N. Ifky = 1, then ky =k,
which is impossible. If k; > k, then k1 < 1, which is impossible. So 1 < ky,ky < k. Set
1 = by — by; we have the following relations from by + b3 to by + by

b1 + by = 2by;
b1 + by = bk1 +bk2/ 1 <ky,ky <k

b1+bN=bN1 +bN2, 1 < Ni,N; <N.

By assumption and the relations above, we can obtain by — by = 1(by — by) for k = 2.
Assume by — b; = K;(b; — by) holds for all j < k and K; € Ny; then by — by = by —
(b, + bk, — b1) = 2by + Ky, (b1 — ba) — by + Ky, (b1 — b2) — by = (K, + Ky,) (b1 — b2), and
Ky, + Ky, € Ni. Therefore, by —b; = Kj(by — by) holds for all 2 < j < N, K; € Ny.
For jl < jz, we have b]l < bj2, so by — b]2 < b - bjl’ which yields by — b]2 = sz (bl —
by) < Kj (b1 —by) = by — bj,. Since by — by < 0, we have K;, > Kj, by the definition
of lexicographic order and the fact that K; € N.. Since K; = 1 and K3 = 2, we have
Ky >3,Ks > Kg+12>4,--- ,K]‘ > j — 1. Therefore, by — by = Kyt and by = (bl —
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bel) — (b1 - bN) +by_1 = b1 + (KN,1 - KN)tl = bny_1 — Kn1t1 for some integer
Ky > N —1and Ky; > 1. Similarly, by the same argument applied to the reverse
lexicographic order for b; +by,j = 1,...,N —2,setty_1 = by_1 — by; we obtain by =
by + K} _;tn—1 for some integer K},_; > 1. Since Ky1ty = ty—1 and Ky_;tn_1 = t1, we
have t := by — bp = by_1 — by. We will discuss the following subcases:

Subcase 3.1. 1 + ab% =0and 1+ab% =0. Thenb; +b, = Ay, and by_1 + by = As.
By our assumption and the results above, we obtain Ay + Ay = by + by + by +bn_1 =
2(by 4+ by) = 0, which contradicts A; + Ay # 0.

Subcase 3.2. 1+ abiby = 0and 1+ aby_1by = 0. Then by = A;/2 and by = A, /2.
From byb, = by_1bn, we have by (by — t) = by (by + £) and (b + by) (b1 — bn) = t(by + by).
If by + by = 0, then Ay + Ay = 0, which is impossible. If t = b; — by, then N = 2, which
is impossible.

Subcase 3.3. 1+ ab% =0and 1+ aby_1by = 0. Then by + by = A and by = Ay /2.
By b? = by_1bn, we have (by + Kt)? = by (by + t); then by computation, we obtain

2K—1 K-1 K—1)\?
t=———bn, bh=-———bn bN—1—<K) bn

and
Mo -2P44K-1 [ 2K 2
T LK=DA

Ay 2K?
Subcase 3.4. 1+ abibp =0and 1 + ablz\] = 0. Similarly, we obtain

Ay _ —2KP44K-1 [ 2K 2
Ao 22 7T (K=

By the discussion above, if we assume |A1] < |Ay|, then the only possible solutions for
N > 3 occur when

M _ 2K44K-1 0 2K ]

Ay 2K2 T [(K=1)Ay]
Now we consider some special cases. Let N = 3; then from b3 + by = 2b,, we have K = 2,
Ay = —8Ay,a = —ﬁ, and f = a1e*M1% + azeM? 4+ aze~*M7 for some ay,az,a3 € C\ {0}.

By calculation, we obtain
3
2 +a(f)? = 3ajae™ + <4a§ + 6&1&3)6‘2/\1 —3a3e™8M = pieMZ 4 pre??,

which implies

3a1a2 = py
35
Zaz + 6aia3 =0
—3a§ =
Next, we consider N = 4; then by calculation, we have K = 3, A = — %/\1, a=— 32%’
1

6 1 4 9
and f(z) = a1e7M? 4 aze7M% 4 aze”7M% + age”7M for some ay, a,a3,a4 € C\ {0}. Then
the system
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%a% + ?alag =0
5611612 =P
5aqa4 + %azﬂg =0
ga§ + ;a2a4 =0
—Zﬂi =p
holds for coefficients. By the first two equations, we have a3 = — % %,
a4 = —gé = _2(_711%)2 = _ﬂé,
9a, 9a, 24 a4 2592 af
and \ , . .
a 7 a a a
9aq (—;;é) + 4a; <_24aj> = —%ﬁ - gﬁ =0,

which implies —(38543) /(288a;) = 0. Since a; # 0, we conclude that a, = 0, contradicting
the assumption that all coefficients a; are non-zero. Therefore, in the case N = 4, f cannot
be a solution of (6).
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