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Abstract

Bayesian disease mapping models are formulated for aggregated areal counts, although
veterinary epidemiological studies commonly collect individual-level data from animals
located in geographical units. Aggregating such data to the areal level may change the
estimand and make individual-level interpretation inappropriate. This study extends
the original Besag–York–Mollié 2 (BYM2) model to a multilevel modeling framework for
individual-level binary outcomes by embedding a BYM2 random effect within a logistic
regression model. The proposed model retains individual animals as the unit of analysis,
estimates covariate associations, and accounts for residual structured and unstructured
areal variation. We present the work as a practical guide, covering likelihood and priors
specifications, BYM2 scaling, estimation algorithm, model diagnostics, posterior predictive
checks, practical model comparison, sensitivity analysis, and interpretation of fixed and
areal effects. The model is directly applicable to individual-level binary outcomes in a cross-
sectional study or a cohort study with a fixed follow-up period, while we also demonstrated
that the proposed model can estimate associations generated from an open cohort time-to-
event process under appropriate sampling frameworks including probability proportional
to size sampling and incidence density sampling. This paper provides a reproducible
workflow for applying BYM2 disease mapping to individual-level epidemiological data
and clarifies the study designs under which the proposed binary modeling framework can
be appropriately used.

Keywords: Bayesian; spatial modeling; Stan; veterinary epidemiology; non-aggregation
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1. Introduction
Spatial variation is common in veterinary epidemiological studies. Disease occur-

rence in animals, farms, or other study subjects is often influenced not only by measured
individual-level or subject-level exposures but also by unmeasured regional factors, such
as environmental conditions, veterinary service accessibility, and local disease ecology [1,2].
When such factors are spatially patterned, study subjects located in neighboring areas may
have more similar outcome risks than those located farther apart. Ignoring this residual
spatial dependence may lead to incomplete adjustment for areal heterogeneity [3] and may
obscure regional patterns that are relevant for disease control and surveillance. Bayesian
disease mapping models provide a useful framework for representing this type of areal
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heterogeneity [4]. In traditional areal disease mapping, the outcome variable is commonly
expressed as the number of cases within each spatial unit, and spatial random effects are
used to smooth regional estimates and describe residual spatial structure [5]. Among these
approaches, the Besag–York–Mollié (BYM) model [6] and its reparameterized form, the
BYM2 model [7], are widely used in veterinary epidemiology to decompose areal variation
into structured and unstructured components [8,9]. The BYM2 formulation improves
the interpretability and computational stability of the original BYM model by scaling the
structured spatial effect and explicitly modeling the proportion of spatially structured
variation [10]. This approach is appropriate when the research question focuses on areal-
level risk or associations [11–13].

However, many veterinary epidemiological studies are not conducted with aggregated
regional counts. Conducted studies, including routinely collected animal-health databases,
often contain individual-level information on outcome status and exposures. When the
objective is to estimate associations between exposures and disease occurrence at the animal
level, aggregation to the areal level is likely to create ecological fallacy [14,15]. A more direct
strategy is therefore to retain the study subject as the unit of analysis and to introduce the
areal spatial structure through a random effect component. For binary outcomes, logistic
regression is a familiar tool in veterinary epidemiology. Their natural applications include
cross-sectional studies, where the outcome represents disease or infection status at the time
of sampling, and risk-based closed cohort studies, where all study subjects are followed
over a defined risk period and the outcome records whether the event occurred during
that period. In these settings, a natural extension of ordinary logistic regression is to
allow the model to accommodate the multilevel spatial structure of the data by embedding
a BYM2 areal random effect. The fixed effects describe associations between measured
exposures and the binary outcome, while the BYM2 component describes residual spatial
heterogeneity among the areas to which study subjects belong. The use of such a model is,
however, less straightforward when the source population is dynamic. In an open cohort,
study subjects may enter and leave the population at different times, and their time at
risk may differ substantially. In this setting, disease frequency is more naturally described
by rates rather than risks, and survival or rate-based methods are usually the primary
analytical tools. Nevertheless, if the aim is to estimate relative exposure effects, a case–
control design based on appropriate sampling methods can provide an efficient analytical
representation of the underlying rate-based process. Under the usual assumptions of
valid control selection and stable exposure definition, the odds ratio from the resulting
case–control data can be interpreted as a relative measure of the event rate rather than as
an absolute disease risk [16].

Rather than introducing a new spatial model, this paper reformulates the original
BYM2 disease mapping framework for modeling individual-level binary outcomes nested
within areal units. The objectives are therefore twofold. First, we describe the Bayesian
hierarchical specification of the individual-level Bernoulli logistic BYM2 model and pro-
vide the posterior estimation procedure using the No-U-Turn Sampler implemented in
Stan [17,18]. Second, we present a practical data analysis workflow to demonstrate the
required data structure, model implementation, posterior diagnostics, posterior predictive
checking, model comparison, sensitivity analysis and interpretation of results.

2. Materials and Methods
2.1. The Model

Suppose there are N individuals and C regions. For the i-th individual, let Yi denote
the binary event outcome, where Yi = 1 indicates that the individual experiences the target
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event and pi denote the probability that the i-th individual experiences the target event.
The individual-level Bernoulli likelihood is written as

Yi ∼ Bernoulli(pi), i = 1, . . . , N. (1)

The model incorporates areal random effects into the linear predictor of the individual-
level logistic regression model:

logit(pi) = ηi = α + x⊤i β + bc(i), (2)

where, α is the intercept term, representing the baseline log-odds when the covariates are at
their reference levels. xi is the covariate vector for the i-th individual, which may include
binary variables, continuous variables, and/or categorical variables encoded by dummy
variables. β is the corresponding vector of regression coefficients, used to characterize the
association between the covariates and the risk of event occurrence. The subscript c(i)
denotes the region to which the i-th individual belongs, and bc(i) denotes the corresponding
areal random effect.

To simultaneously characterize structured spatial correlation and unstructured areal
heterogeneity, this model adopts the BYM2 reparameterization to construct the areal ran-
dom effect. For region c = 1, . . . , C, the composite areal random effect is defined as
follows [19]:

bc = σ
(√

1 − ρθc +
√

ρ/sϕc

)
(3)

where θc denotes unstructured areal heterogeneity, which describes independent regional
variation that does not depend on spatial adjacency. The scaling factor s is determined by the
areal adjacency structure. It is used to scale the intrinsic conditional autoregressive (ICAR)
structured spatial effect ϕc so that the structured spatial component and the unstructured
component θc are placed on comparable variance scales. The computation of s will be
illustrated in later text. The standard deviation (SD) σ represents the overall strength of
areal heterogeneity, namely the overall magnitude of residual areal-level variation after
adjusting for covariates. The parameter ρ ∈ [0, 1] represents the proportion of the structured
spatial component in the composite areal random effect.

For C regions, the spatial effect is a vector of length C, such that ϕ = (ϕ1, ϕ2, . . . , ϕC)
⊤.

Under the Gaussian Markov random field framework, if the precision matrix Q is sym-
metric positive definite, then the spatial effect vector ϕ can be expressed as a multivariate
normal distribution with Q as the precision matrix, that is, ϕ ∼ N(0, Q−1) [20]. In the
ICAR model, the precision matrix is constructed from the spatial adjacency structure of the
areal units. Specifically, it is defined as

Q = τ(D − A), (4)

where τ is the precision parameter, D = diag(n1, . . . , nC) is the degree matrix, and nc

denotes the number of regions neighboring region c. The matrix A = (Acd) is a symmetric
binary adjacency matrix, where Acd = 1 if regions c and d are neighbors and Acd = 0
otherwise, with Acc = 0 for all c = 1, . . . , C. Under this specification, each row of Q
sums to zero. Therefore, a constant vector lies in the null space of Q, meaning that Q is
rank-deficient and has no ordinary inverse. As a result, the ICAR model does not define a
proper multivariate normal distribution with covariance matrix Q−1 in the usual sense [21].
Instead, it is used as an intrinsic Gaussian Markov random field prior for the spatial
random effect.

https://doi.org/10.3390/math14142649

https://doi.org/10.3390/math14142649


Mathematics 2026, 14, 2649 4 of 23

The implication of this singularity can be seen more clearly from the quadratic form
associated with the ICAR prior. Because Q = τ(D − A) is constructed from the graph
Laplacian, the corresponding quadratic form can be written as

ϕ⊤Qϕ = τ ∑
c<d

Acd=1

(ϕc − ϕd)
2. (5)

This expression shows that the ICAR prior penalizes pairwise differences between
the spatial effects of neighboring regions. However, the penalty involves only differences
such as ϕc − ϕd and does not contain any term that fixes the absolute level of ϕ as a whole.
Therefore, if the same constant is added to all regional spatial effects, all neighboring differ-
ences remain unchanged, and the ICAR penalty is also unchanged. In practical Bayesian
spatial modeling, this issue is commonly addressed by imposing a sum-to-zero constraint,

C

∑
c=1

ϕc = 0. (6)

Under this constraint, the intercept represents the overall level of the outcome, while the
ICAR component represents relative spatial deviations among regions [19].

The preceding model specification defines the Bernoulli likelihood, the fixed effect
structure, and the BYM2 areal random effect component. To complete the Bayesian hierar-
chical model and make posterior inference possible, prior distributions must be assigned
to the unknown parameters before posterior estimation. The prior specifications for the
parameters are listed:

α ∼ N(0, 1),

βk | λ ∼ DoubleExp(0, 1/λ), k = 1, . . . , P,

λ ∼ Gamma(3, 1),

σ ∼ N+(0, 1),

ζρ ∼ N(0, 1), ρ = logit−1(ζρ),

θc ∼ N(0, 1), c = 1, . . . , C,

ϕ | A ∼ ICAR(A), with 1⊤ϕ ∼ N
(

0, (0.001C)2
)

.

(7)

where the double exponential priors provide a Bayesian Lasso formulation for the regres-
sion coefficients; under this parameterization, larger values of λ correspond to stronger
shrinkage toward zero [22,23].

2.2. Parameter Estimation

Under the model and prior specifications described above, the unknown parameters
to be estimated can be denoted as Θ = (α, β, λ, θ, ϕ, σ, ζρ). This study uses the No-U-
Turn Sampler (NUTS) in Stan to sample from the posterior distribution [18]. NUTS is
an adaptive Hamiltonian Monte Carlo (HMC) method that uses gradient information
from the log posterior density to construct efficient sampling trajectories [17]. Before
posterior sampling, the BYM2 scaling factor s is calculated from the diagonal elements of
the generalized inverse of the Q∗ = D − A matrix and is given by

s = exp

{
1
C

C

∑
c=1

log
[
(Q−

∗ )cc
]}

, (8)

where Q−
∗ denotes the generalized inverse of Q∗. The scaling factor s corresponds to

the geometric mean of the marginal variances implied by the ICAR structure. Because s
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depends only on the spatial adjacency matrix, it is treated as a fixed quantity throughout
posterior sampling. In the BYM2 formulation used here, the area-level random effect for
region c is expressed as a scaled mixture of an unstructured component and a structured
spatial component, therefore s enters the likelihood through the linear predictor ηi rather
than appearing as a separate prior term in the log posterior density.

Combining the Bernoulli logistic likelihood with the prior distributions specified
above, the log posterior density can be written, up to an additive constant C0, as

log π(Θ | y) =
N

∑
i=1

[yiηi − log{1 + exp(ηi)}]−
1
2

α2

+
P

∑
k=1

(log λ − λ|βk|) + 2 log λ − λ

− 1
2

θ⊤θ− 1
2

ϕ⊤Q∗ϕ − 1
2

σ2 − 1
2

ζ2
ρ −

(
1⊤ϕ

)2

2(0.001C)2 + C0.

(9)

The constrained parameters are then mapped to an unconstrained space before NUTS
is applied. In this model, positive parameters such as λ and σ are transformed to the
real line using logarithmic transformations. The structured spatial effect ϕ is represented
as a C-dimensional parameter vector. To address the intrinsic non-identifiability of the
ICAR prior, a soft sum-to-zero constraint is imposed by assigning a narrow normal prior to
the sum of the spatial effects. This formulation encourages the structured spatial effects
to be centered around zero without imposing an exact deterministic constraint. Other
unconstrained parameters, including ζρ, α, β, and θ, are sampled directly on the real scale.

Let q denote the vector of unconstrained parameters. The target density on the
unconstrained scale is then given by

log πq(q | y) = log πΘ

(
T−1(q) | y

)
+ log

∣∣∣∣det
∂T−1(q)

∂q

∣∣∣∣. (10)

where T−1(q) maps the unconstrained parameters back to their original constrained space.
The second term is the Jacobian adjustment associated with this transformation and is
handled automatically by Stan. NUTS uses the same Hamiltonian framework as HMC. An
auxiliary momentum vector m is introduced in the unconstrained parameter space, and
the Hamiltonian is defined as

H(q, m) = − log πq(q | y) +
1
2

m⊤M−1m, (11)

where M is the mass matrix. In each iteration, the momentum is sampled from m ∼ N(0, M)

and the parameter position and momentum are updated using leapfrog integration given a
step size ϵ:

m(r+1/2) = m(r) +
ϵ

2
∇q log πq(q(r) | y), (12)

q(r+1) = q(r) + ϵM−1m(r+1/2), (13)

m(r+1) = m(r+1/2) +
ϵ

2
∇q log πq(q(r+1) | y). (14)

Here, ∇q log πq(q | y) is the gradient of the log posterior density on the unconstrained
scale, which Stan evaluates using automatic differentiation. In standard HMC, the number
of leapfrog steps must be specified in advance. In contrast, NUTS dynamically builds
the Hamiltonian trajectory and stops its expansion when a U-turn is detected. During

https://doi.org/10.3390/math14142649

https://doi.org/10.3390/math14142649


Mathematics 2026, 14, 2649 6 of 23

warm-up, Stan adapts the step size ϵ and the mass matrix M, thereby reducing the need for
manual tuning of the sampler. After the warm-up stage, Stan fixes the step size and mass
matrix and enters the formal sampling stage. Suppose the formal sampling stage contains
L independent chains. For each chain, S HMC iterations are performed to obtain posterior
samples of the unconstrained parameter vector q(s,l) : s = 1, . . . , S, l = 1, . . . , L, which are
then transformed back to the original parameter scale according to Θ = T−1(q). Finally,
the posterior samples are used to obtain point and interval estimates for each parameter.

2.3. Model Diagnostics

Sampling convergence and numerical stability of NUTS need to be assessed to evaluate
whether the posterior distributions are adequately explored. These diagnostics include
trace plots, R̂, effective sample size (ESS), divergent transitions, maximum tree-depth
warnings, and the estimated Bayesian fraction of missing information (E-BFMI) [24]. Be-
cause these sampling diagnostics assess the numerical behavior of the sampler rather than
the adequacy of the fitted model, posterior predictive checks are also conducted [19,25].
For each retained posterior draw, replicated outcomes are generated from the posterior
predictive distribution under the fitted model. The observed data are then compared with
the replicated datasets using several summaries relevant to the study design. First, the
total number of observed cases is compared with the posterior predictive distribution of
the total number of replicated cases, and a posterior predictive p-value is calculated as
the proportion of replicated datasets in which the total number of replicated cases was
greater than or equal to the observed total. Second, observed and posterior predictive
mean case counts are compared at the areal level to assess whether the model reproduced
geographical variation in case counts. Third, observations or strata with similar posterior
predicted probabilities are grouped, and the observed case proportions are compared with
the corresponding mean posterior predicted probabilities to assess calibration. Where
appropriate, covariate-stratified posterior predictive checks are further used to examine
whether the fitted model captured important covariate patterns. This part will be further
demonstrated in the illustrative example.

2.4. Illustrative Example

For cross-sectional studies or closed-population cohort studies with a fixed risk pe-
riod, application of the proposed Bernoulli logistic BYM2 model is straightforward. This
illustrative example was therefore designed to show how an open cohort can be converted
into case–control analytical datasets under two sampling strategies and how the proposed
individual-level Bernoulli logistic BYM2 model can then be applied to the resulting data.
The purpose was to guide readers through the analysis and interpretation steps that would
arise in a real-world application, rather than to make epidemiological claims about a spe-
cific population or to present a simulation benchmark demonstrating universal superiority
of the proposed model over competing approaches.

Figure 1 summarizes the construction of the illustrative analytical datasets and the
subsequent model-fitting workflow. The source population was constructed as an open
cohort with a time-to-event outcome. Each individual had an areal identifier linked to
one of C = 77 cities of East China, individual-level covariates, an entry time, an event
time, and an observed follow-up time. The city-level adjacency structure required by the
BYM2 model was obtained using the Queen contiguity criterion, under which two cities
were defined as neighbors if they shared a boundary or a vertex. This adjacency graph
was used to generate and model the spatially structured component of the areal random
effects. For the source population, individual event times were generated from a Weibull
proportional hazards model. The linear predictor included two individual-level covariates
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and a composite city-level random effect generated from a BYM2-type structure. The
binary covariate x1i was generated from a Bernoulli distribution with probability 0.3 of
taking the value 1, and the continuous covariate x2i was generated from a standard normal
distribution. Individuals were assigned to the 77 city-level areas according to an empirical
city-level population size distribution derived from a veterinary insurance dataset [26], so
that areas with larger populations contributed more individuals to the simulated source
population. Delayed entry was introduced by allowing individuals to enter the cohort at
different calendar times, and administrative censoring was imposed at the end of the study
period. The true parameter values and data-generating distributions used to generate the
open cohort source population are summarized in Table 1. More detail of data generation
can be found at https://github.com/aaronpopolar/multilevelBYM2 (accessed on 14 July
2026). Thus, the source population retained the main features of an open cohort, including
staggered entry, unequal follow-up time, event indicators, individual-level covariates, and
areal membership. The open cohort dataset was not used directly as the input for the
proposed model. Instead, it served as the source population from which two case–control
analytical datasets were constructed.

Posterior 

computation 

Study design and data source

Fixed follow-up cohort 

study (closed cohort)
Cross-sectional study Open cohort study

Directly form individual-level 

binary outcome data

Construct compatible binary 

analytical data 

fixed risk-window dataset

case-control dataset

Binary outcome
Individual-level 

covariates

Area ID and 

adjacency structure

Area-level covariates, 

if available

Bayesian logistic BYM2 

model
Model assessment

Outcome model

Linear predictor

BYM2 decomposition of 

area random effects

BYM2 scaling

HMC/NUTS 

sampling

Sensitivity analysis

Model comparison

Posterior predictive checks

MCMC diagnostics

Interpretation of results
Fixed effects: adjusted OR /relative rate-type effect                 

Spatial effects: residual area heterogeneity 

Exceedance probability: posterior probability that the area-level spatial effect is positive

prior specification

Figure 1. Schematic workflow of the Bernoulli logistic BYM2 modeling framework.

Two case–control analytical datasets were constructed from the open cohort, one using
probability proportional to size sampling (PPS) [27] and the other using incidence density
sampling (IDS) [16]. In both designs, all individuals who experienced the event in the
source population were included as cases, and the number of controls was fixed by design
with the case-to-control ratio 1:2. Therefore, proportion of cases in the resulting analytical
datasets did not estimate the event incidence in the source population, and the intercept
from the fitted model is influenced by the sampling scheme and should not be interpreted
as the population baseline disease probability. The main quantities of interest are the
regression coefficients and the residual areal random effects.

https://doi.org/10.3390/math14142649

https://github.com/aaronpopolar/multilevelBYM2
https://doi.org/10.3390/math14142649


Mathematics 2026, 14, 2649 8 of 23

Table 1. True parameter values used to simulate the open cohort source population.

Parameter Description True Value

N0 Source population size 30,000
C Number of city-level areas 77
ρ Spatial mixing parameter 0.7
σ Overall standard deviation of BYM2 random effect 1.5
β1 Fixed effect of the binary covariate x1i 1.0
β2 Fixed effect of the continuous covariate x2i 0.5

shape Weibull shape parameter 1.2
scale0 Baseline Weibull scale parameter 5000

The intercept α was estimated in the fitted Bernoulli logistic BYM2 model, but it was not assigned a true value in
the open cohort data generating mechanism because event times were generated using a Weibull proportional
hazards model.

Under the PPS design, the aim was to construct a case–control dataset while allowing
individuals with longer observed follow-up to contribute more heavily to the control
sample. The measure of size was defined as the observed follow-up time ti, representing
the amount of time contributed by individual i to the source population. Controls were
sampled with replacement from all individuals who contributed positive observed follow-
up time, regardless of their final event status. Thus, an individual who experienced the
event could also be sampled one or more times as a control record. Under the IDS design,
the aim was to construct a case–control dataset while preserving the risk-set structure
of the event process. For each case, a separate risk set was constructed at the calendar
time of event occurrence. For the i-th case, the risk set consisted of all individuals who
had already entered the cohort and were still under observation at the time when case i
experienced the event. The case individual was excluded from their own control set, and
two controls were sampled from this risk set. Because controls were selected according to
their risk status at each case event time rather than their final event status, an individual
selected as a control at an earlier event time could subsequently become a case, and the
same individual could also be selected as a control for multiple cases [28]. The proposed
model was fitted separately to the two case–control analytical datasets. Since the sampled
control records represent the distribution of individual-time at risk in the source population
with stable covariates (measured at the beginning of the study and not time-varying), the
exponentiated coefficient, exp(βk), can be interpreted as a relative rate-type effect [16]. The
areal random effects describe residual spatial differences after adjustment for covariates.

As the final part of the illustrative workflow, we fitted two additional individual-
level regional models for comparison with the proposed BYM2 model. The first was a
standard Bayesian logistic mixed effects model with independent regional random in-
tercepts, representing purely unstructured regional heterogeneity. The second was an
ICAR spatial logistic model, representing purely spatially structured regional heterogeneity.
These two models correspond to the limiting cases of the BYM2 formulation, with ρ = 0
and ρ = 1, respectively. The three models were compared using posterior summaries
and approximate leave-one-out cross-validation with Pareto-smoothed importance sam-
pling (PSIS-LOO), including LOOIC and pointwise Pareto-k diagnostics [29,30]. To assess
whether the main posterior inferences were sensitive to the prior specification of the BYM2
hyperparameters, we conducted a prior sensitivity analysis for σ and ρ. In the sensitivity
analysis, we refitted the model under alternative priors for σ, including a more concen-
trated prior, σ ∼ N+(0, 0.5), and a more diffuse prior, σ ∼ N+(0, 2). We also considered
a more diffuse prior for the mixing parameter, logit(ρ) ∼ N(0, 2). The resulting posterior
summaries were compared with those from the model with the main priors, focusing on
the interpretation of the covariate effects β, σ, and ρ. All analyses were performed in R
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version 4.5.1 using the cmdstanr package, which interfaced with CmdStan version 2.37.0 for
posterior computation.

3. Results
3.1. Description of the Analytical Datasets

The synthetic source population contained 3837 individuals who experienced the
event, accounting for 12.79%. Both PPS and IDS generated 11,511 case–control records,
including all cases and 7674 controls. The PPS dataset contained 10,108 unique individuals,
among which the control records corresponded to 6762 unique individuals. The IDS dataset
contained 10,105 unique individuals, among which the control records corresponded to
6720 unique individuals. Since both sampling methods allowed individuals to enter the
control set repeatedly, 850 control individuals were repeatedly selected in PPS sampling,
while 857 control individuals were repeatedly selected in IDS. In both datasets, a single
control individual was selected at most 4 times. In addition, 491 individuals in the PPS
dataset contributed records as both controls and cases, while the corresponding number in
the IDS dataset was 452.

3.2. Model Output

Both models were sampled using 4 chains, with 1000 warm-up iterations and
2500 posterior sampling iterations per chain, yielding 10,000 retained posterior samples
for each analysis. For both models, there were 0 divergent transitions, 0 max treedepth
hits, and the minimum E-BFMI across chains were 0.781 for PPS and 0.778 for IDS. For
both analyses, the R̂ values for the main parameters were (close to) 1, and the effective
sample sizes were adequate. The trace plots for ρ, σ, λ, α, β1, and β2 showed good mixing,
with no obvious between-chain separation or long-term drifting (see Appendix A). These
diagnostics suggest that posterior computation was stable for both sampled datasets.

The two case–control sampling designs produced similar fitted results in this illustra-
tive example. The posterior results of the main parameters based on the PPS dataset are
shown in Table 2, while those based on the IDS dataset are shown in Table 3. For the fixed
effects, the PPS estimates were β̂1 = 1.060 and β̂2 = 0.512, while the IDS estimates were
β̂1 = 0.989 and β̂2 = 0.499. In both analyses, the estimated effect of x1 was larger than that
of x2, which was consistent with the intended covariate pattern in the illustrative dataset.
The BYM2 hyperparameters were also similar across the two analyses. The posterior means
of σ were 1.590 under PPS sampling and 1.670 under IDS, while the posterior means of ρ

were 0.675 and 0.660, respectively. These results indicated that the fitted model behaved as
expected in this illustrative workflow.

Table 2. Posterior summaries of the main parameters from the Bernoulli spatial logistic BYM2 model
fitted to the PPS dataset.

Parameter Mean SD 95% CrI R̂ Bulk ESS Tail ESS

ρ 0.6750 0.1460 [0.3520, 0.9090] 1.0000 1799 3060
σ 1.5900 0.1650 [1.3000, 1.9500] 1.0000 3383 5813
α −2.0100 0.1270 [−2.2600, −1.7600] 1.0000 8125 7137
β1 1.0600 0.0500 [0.9620, 1.1600] 1.0000 22,156 6893
β2 0.5120 0.0248 [0.4630, 0.5610] 1.0000 21,195 6474
λ 1.9500 0.8810 [0.6290, 4.0400] 1.0000 19,935 6666

Mean and SD denote the posterior mean and posterior standard deviation, respectively. CrI denotes the Bayesian
credible interval. R̂ is the convergence diagnostic, and bulk ESS and tail ESS denote the effective sample sizes for
the central part and tails of the posterior distribution, respectively.
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Table 3. Posterior summaries of the main parameters from the Bernoulli spatial logistic BYM2 model
fitted to the IDS dataset.

Parameter Mean SD 95% CrI R̂ Bulk ESS Tail ESS

ρ 0.6600 0.1440 [0.3460, 0.9010] 1.0000 1672 3344
σ 1.6700 0.1760 [1.3600, 2.0500] 1.0000 3436 5495
α −1.9500 0.1340 [−2.2200, −1.6900] 1.0000 6970 6704
β1 0.9890 0.0491 [0.8930, 1.0800] 1.0000 21,540 6902
β2 0.4990 0.0246 [0.4510, 0.5480] 1.0000 23,730 7006
λ 2.0000 0.8960 [0.6420, 4.0800] 1.0000 18,835 6715

3.3. Posterior Predictive Checks

Posterior predictive checks were used to examine whether the fitted model could
reproduce key features of the constructed analytical dataset. Consistent with the diag-
nostic strategy described in the Materials and Methods section, the checks compared the
observed incidence density sampling dataset with replicated datasets generated from the
posterior predictive distribution. For illustrative purposes, these checks were applied to
the IDS dataset.

First, the total number of cases was compared with its posterior predictive distribution.
If the model reproduces the overall case frequency in the sampled dataset, the observed
total falls within the main body of the replicated distribution rather than in its extreme tails.
In Figure 2, the observed total number of cases per 10,000 observations is located near the
central region of the posterior predictive distribution. This indicates that the fitted model
reproduces the overall number of cases in the IDS dataset.

Figure 2. Posterior predictive check for the total number of cases in the IDS dataset. The histogram
shows the posterior predictive distribution of T(yrep) = ∑i yrep,i, and the vertical line marks the
observed statistic T(y) = ∑i yi.

Second, posterior predictive performance was assessed at the city level by comparing
the observed number of cases with the posterior predictive mean number of cases for each
city. In this plot, good agreement is indicated by points lying close to the 45-degree reference
line. Figure 3 shows that most cities are distributed near this line, suggesting that the fitted
model reproduces the main pattern of geographical variation in sampled case counts.

https://doi.org/10.3390/math14142649

https://doi.org/10.3390/math14142649


Mathematics 2026, 14, 2649 11 of 23

Figure 3. City-level posterior predictive check for case counts in the IDS dataset. Each point represents
one city with no more than 50 observed cases. The horizontal axis shows the observed case count,
the vertical axis shows the posterior predictive mean case count, and the dashed line denotes the
45-degree reference line. Cities with more than 50 observed cases are summarized in the inset table.

Third, a binned calibration check was used to compare observed case proportions
with posterior predicted probabilities. Observations were grouped according to similar
posterior predicted probabilities, and the observed case proportion within each group was
compared with the corresponding mean posterior predicted probability. If the model is well
calibrated within the sampled dataset, the observed proportions are close to the predicted
probabilities across bins. Figure 4 shows that the observed case proportions are close to the
posterior predicted probabilities across the probability groups, suggesting that the fitted
model reproduces the overall probability pattern in the IDS dataset.

Figure 4. Binned calibration of posterior predicted probabilities in the IDS dataset. Observations
are grouped into bins according to similar posterior predicted probabilities. Each point represents
one bin, and the dashed line denotes the 45-degree reference line.

https://doi.org/10.3390/math14142649

https://doi.org/10.3390/math14142649


Mathematics 2026, 14, 2649 12 of 23

Fourth, covariate-stratified posterior predictive checks were used to assess whether the
fitted model reproduced the covariate pattern. The observed and predicted case proportions
were compared across groups of x2, separately within the two strata of x1 = 0 and x1 = 1.
If the model captures the covariate structure adequately, the observed and predicted trends
are similar within each stratum. Figure 5 shows that the observed and predicted patterns are
broadly consistent across x2 groups in both x1 strata, indicating that the model reproduces
the main covariate pattern built into the data.

Figure 5. Covariate-stratified posterior predictive check in the IDS dataset. The plot compares
observed and posterior predicted case proportions across five groups of the continuous covariate x2,
separately for the two strata of the binary covariate x1.

3.4. Model Comparison

For both the IDS and PPS datasets, the three models with different regional random
effect specifications produced nearly identical fixed effect estimates. The estimated stan-
dard deviation of each random effect were broadly comparable, although the pure spatial
model produced largest posterior mean (Table 4). The LOOIC values were also similar,
and all maximum Pareto-k values were below 0.7, indicating reliable PSIS-LOO approxi-
mations. The BYM2 model additionally estimated the relative contribution of structured
and unstructured regional variation. The posterior means of ρ were 0.660 for IDS and
0.675 for PPS, with 95% credible intervals of [0.346, 0.901] and [0.352, 0.909], respectively.
The data indicated that residual heterogeneity is compatible with spatial structure, but
the exact proportion attributable to the structured component is estimated with greater
uncertainty. Therefore, a model ignoring spatial adjacency is too simple, while a purely
spatial ICAR model is also overly restrictive.

3.5. Sensitivity Analysis

The sensitivity analysis indicated that the posterior estimates were stable across the
alternative prior specifications. For the IDS dataset, the covariate effects β were almost
identical across the main prior and the three sensitivity analysis scenarios (Table 5). The
BYM2 hyperparameters showed only modest changes across the alternative hyperpriors,
and these changes followed the expected direction without altering the interpretation.
When the prior for σ was made more diffuse in Scenario 1, the posterior mean of σ increased
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slightly from 1.67 to 1.71, whereas the more concentrated prior in Scenario 2 reduced it
to 1.55. The corresponding posterior means of ρ were 0.67 and 0.61, compared with 0.66
under the main prior. Under the more diffuse prior for ρ in Scenario 3, the posterior mean
of ρ increased to 0.75 and the credible interval became wider. The PPS sensitivity results,
reported in Appendix B Table A1, reveal the same pattern.

Table 4. Comparison of individual-level regional models fitted to datasets based on incidence density
sampling (IDS) and probability proportional to size (PPS).

Model β1 β2 Regional SD LOOIC Max
Pareto-k k > 0.7 Execution

Time

IDS dataset
BYM2 0.989 [0.893, 1.080] 0.499 [0.451, 0.548] 1.67 [1.36, 2.05] 10,852.52 0.516 0 2016.7

IID 0.988 [0.893, 1.080] 0.499 [0.451, 0.548] 1.63 [1.35, 1.97] 10,856.42 0.560 0 283.6
Spatial 0.988 [0.894, 1.080] 0.499 [0.452, 0.547] 1.95 [1.61, 2.35] 10,851.13 0.478 0 343.4

PPS dataset
BYM2 1.060 [0.962, 1.160] 0.512 [0.463, 0.561] 1.59 [1.30, 1.95] 10,771.71 0.509 0 2165.3

IID 1.060 [0.964, 1.160] 0.512 [0.463, 0.561] 1.55 [1.30, 1.86] 10,777.22 0.422 0 347.3
Spatial 1.060 [0.964, 1.160] 0.512 [0.465, 0.561] 1.83 [1.51, 2.22] 10,770.74 0.475 0 347.4

Values for β1, β2, and regional SD are posterior means with 95% credible intervals in brackets. Regional SD denotes
the standard deviation for the BYM2 model, the standard Bayesian logistic regression with iid regional random
intercepts (IID), and the ICAR spatial logistic model (Spatial). LOOIC denotes the leave-one-out information
criterion estimated using Pareto-smoothed importance sampling leave-one-out cross-validation. Pareto-k values
were used to assess the reliability of the PSIS-LOO approximation. Execution time is reported in seconds.

Table 5. Posterior summaries of the main parameters from the Bernoulli spatial logistic BYM2 model
fitted to the IDS dataset under the main prior and three sensitivity analysis scenarios.

Scenario Parameter Mean SD 95% CrI

Main prior ρ 0.6600 0.1440 [0.3460, 0.9010]
σ 1.6700 0.1760 [1.3600, 2.0500]
α −1.9500 0.1340 [−2.2200, −1.6900]
β1 0.9890 0.0491 [0.8930, 1.0800]
β2 0.4990 0.0246 [0.4510, 0.5480]
λ 2.0000 0.8960 [0.6420, 4.0800]

Scenario 1 ρ 0.6695 0.1453 [0.3536, 0.9053]
σ 1.7095 0.1862 [1.3871, 2.1146]
α −1.9580 0.1327 [−2.2178, −1.6923]
β1 0.9886 0.0482 [0.8961, 1.0821]
β2 0.4993 0.0245 [0.4505, 0.5466]
λ 2.0122 0.9122 [0.6465, 4.1345]

Scenario 2 ρ 0.6125 0.1477 [0.3009, 0.8656]
σ 1.5471 0.1452 [1.2876, 1.8570]
α −1.9366 0.1299 [−2.1965, −1.6837]
β1 0.9874 0.0480 [0.8950, 1.0817]
β2 0.4987 0.0252 [0.4499, 0.5476]
λ 2.0185 0.8929 [0.6732, 4.1175]

Scenario 3 ρ 0.7455 0.1678 [0.3584, 0.9812]
σ 1.7324 0.1949 [1.3937, 2.1517]
α −1.9646 0.1220 [−2.2003, −1.7202]
β1 0.9886 0.0476 [0.8961, 1.0838]
β2 0.4988 0.0250 [0.4500, 0.5480]
λ 2.0096 0.9014 [0.6702, 4.1032]

Main prior denotes the prior specification used in the main analysis. Scenario 1 changes only the prior for σ,
setting it to σ ∼ N+(0, 2); Scenario 2 changes only the prior for σ, setting it to σ ∼ N+(0, 0.5); and Scenario 3
changes only the prior for ρ, setting it to ρ ∼ logit-Normal(0, 2).
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3.6. Interpretation

Figure 6 presents three complementary summaries of the posterior spatial effects from
the Bayesian spatial model. The three panels answer related but distinct questions. Panel A
answers: “What is the estimated spatial effect, and how large is it?” Panel B answers: “How
much posterior probability supports a positive spatial effect?” Panel C answers: “Does the
95% credible interval lie entirely on one side of zero?” A careful interpretation should avoid
dichotomizing the results into simply “significant” and “non-significant” wording [31,32].
Instead, the maps should be read jointly. Areas with large positive posterior means in Panel
A, high posterior probabilities in Panel B, and positive 95% credible interval classifications
in Panel C provide the most consistent evidence for positive spatial effects. Areas with
large negative posterior means, low posterior probabilities of being greater than zero, and
negative 95% credible interval classifications provide the most consistent evidence for
negative spatial effects. Areas where the three panels are less aligned should be interpreted
more cautiously because they may reflect small effect sizes, greater posterior uncertainty,
or estimates close to zero.

Figure 6. Posterior summaries of city-level BYM2 spatial effects under IDS. Panel (A) shows the
posterior median of bc. Panel (B) shows the posterior exceedance probability P(bc > 0 | data). Panel
(C) summarizes the 95% credible interval classification of bc. Boundary shapefile obtained from
National Platform for Common GeoSpatial Information Services, Map Approval No.: GS (2024) 0650.

The fixed effect describes covariate associations after adjustment for residual areal
heterogeneity. For covariate xk, βk is the adjusted contrast on the linear predictor scale,
conditional on the other covariates and the BYM2 areal random effect. Because the fitted
model is a Bernoulli logistic model, the exponentiated coefficient is, from the model per-
spective, an adjusted odds ratio. For ordinary cross-sectional or fixed-period cohort binary
outcomes, exp(βk) is an adjusted odds ratio for the event, comparing individuals who
differ by one unit in xk but are otherwise similar with respect to the other covariates and
the areal random effect. In the present illustrative example, its design-based interpretation
is a relative rate-type measure of association under the incidence density sampling assump-
tions [16]. The posterior mean or median provides the central posterior estimate of the
covariate association. The 95% credible interval contains 95% of the posterior probability
for βk. Under the fitted Bayesian model and given the observed data, there is a 95% chance
that βk lies within this interval. The interval should be interpreted as posterior uncertainty
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around the magnitude of the association, rather than as a rule for declaring whether an
association is present or absent [31,32].

4. Discussion
This study extended the established BYM2 disease mapping approach to a multilevel

modeling framework by embedding the scaled BYM2 random effect within a Bernoulli
logistic regression model. The model was implemented in Stan and illustrated through
an open-cohort example in which time-to-event source data were converted into binary
analytical datasets using case–control study design. The example was used as a worked
analysis rather than as a simulation benchmark, showing how the model can be fitted,
checked, compared with alternative regional random effect specifications, and interpreted
in practice. The following discussion focuses on the statistical rationale, interpretation,
limitations, potential model extensions and practical use of this workflow in veterinary
epidemiological applications.

4.1. Basis of the Individual-Level BYM2 Formulation

The motivation for the present model was to allow a disease mapping model to handle
individual-level predictors and outcome variables, while preserving the ability to account
for residual spatial variation. This formulation is supported by the broader spatial multi-
level modeling literature. Standard multilevel logistic regression can account for clustering
within areas through independent area-level random intercept, but it does not explicitly
model spatial dependence between neighboring areas. Xu compared standard multilevel,
pure spatial, and hybrid spatial models for binary outcomes and showed that models
accounting for both within-area and between-area dependence can differ particularly in
their estimation of random-effect variation [33]. Arcaya et al. similarly emphasized that
geographical membership and spatial proximity can represent distinct sources of area
variation [34]. Browne and Goldstein also showed, from a general multilevel modeling
perspective, that cluster-level residuals need not be independent and may be modeled with
more general correlation structures [35]. These studies provide conceptual support for
replacing an independent area-level random intercept with a spatially structured disease
mapping component when residual geographical dependence is expected. Recent medical
studies have used related spatial random-effect ideas, but for different inferential purposes.
Davis et al. incorporated scaled BYM spatial random effects into propensity score and out-
come models to address geographic confounding in health disparity studies [3]. Janssens et
al. used a logistic model with patient-level covariates, a spatially structured municipality-
level random effect, and an unstructured practice-level random effect for disease mapping
using primary care registry data [36]. These studies support the broader need to account
for residual spatial variation in individual-level veterinary epidemiological data.

4.2. Relationship to Poisson BYM2 and Sparse Region Behavior

This individual-level perspective also clarifies how the proposed Bernoulli logistic
BYM2 formulation should be distinguished from the more familiar aggregated Poisson
BYM2 disease mapping model [13]. The present model does not introduce a different
spatial smoothing mechanism. The borrowing of information across neighboring regions is
inherited from the scaled BYM2 component [7]. What changes is the likelihood through
which the data inform the areal random effects. Consequently, the global dispersion
parameter σ has the same structural role in both models, but it is not generally numerically
equivalent across the two likelihoods. The connection between the two formulations is
closest under rare outcome conditions where the sum of individual Bernoulli outcomes
within a region can be approximated by a Poisson count. When individual-level covariates
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are absent or homogeneous within regions, the individual-level Bernoulli model approaches
an aggregated Poisson representation.

Outside this restricted setting, however, aggregation changes the unit of analysis and
can change the estimand [14,15]. Therefore, the purpose of the present framework is not to
demonstrate that the individual-level BYM2 model is universally superior to aggregated
Poisson BYM2 model. Rather, the practical advantage is estimand alignment. When the data
support a research question concerning individual-level covariate associations meanwhile
adjusting for spatial correlation, the Bernoulli BYM2 formulation preserves the individual
as the unit of analysis while retaining the spatial smoothing component. Aggregated
Poisson BYM2 remains appropriate when the scientific target is regional disease burden.

This distinction also clarifies the expected behavior of the model in sparse regions. In a
Poisson model, the information contributed by region c for its areal effect is approximately
proportional to the expected regional count. In the Bernoulli logistic model, the corre-
sponding information is approximately IL

c = ∑i:c(i)=c pi(1 − pi). This quantity is bounded
above by IL

c ≤ nc
4 , and under rare-event conditions, it is approximately ∑i:c(i)=c pi, that

is, the expected number of cases in region c. Therefore, when nc is small or when events
are rare, the likelihood contribution for bc is weak, so the posterior for bc is more strongly
determined by the BYM2 hierarchical prior, including the adjacency structure and the
posterior distribution of the hyperparameters σ and ρ [7,37]. If σ and ρ are also weakly
identified by the data, then their hyperpriors may have greater influence [38]. For a region
with nc = 0, there is no direct likelihood contribution, and the posterior areal effect should
be interpreted as a spatially smoothed prediction rather than as a data-supported estimate.
This behavior is not a special weakness of the logistic formulation, it is the expected conse-
quence of combining sparse regional data with a spatial smoothing prior [6,7]. This also
motivates the discussion on prior sensitivity analysis in the later text.

4.3. Design Consideration

Extreme sparsity should also be considered as a study design limitation rather than
only a model fitting challenge. As we mentioned previously, the BYM2 prior can regularize
unstable regional estimates and provide spatially smoothed predictions, but it cannot
create direct likelihood information for regions where few or no individuals are observed.
This distinction is consistent with the small area estimation literature, where model-based
borrowing of strength is used to improve unstable small area estimates but does not
remove the need for sufficient information at an appropriate spatial resolution [39–41]. In
applied studies, such settings should be addressed through design choices before model
fitting, for example by increasing the total sample size, extending the observation period,
using a coarser spatial resolution, combining regions with very limited information when
scientifically defensible, or using an efficient sampling design for rare events. These choices
increase the amount of information available to estimate regional heterogeneity. The role of
the BYM2 component is then to account for residual areal variation.

Beyond spatial sparsity, an additional design consideration arises when the source
data come from an open cohort, where the outcome is naturally represented by event
time rather than by a single binary response. To apply the proposed Bernoulli BYM2
model in this setting, the time-to-event source data must first be translated into a binary
analytical structure that preserves the target interpretation [42–44]. In the illustrative
example, this was done by using IDS and PPS sampling designs to construct analytical
datasets from the open cohort. The results showed that the modeling and sampling
framework behaved as expected under controlled conditions. These findings should be
interpreted as a methodological demonstration rather than as evidence that either sampling
design is universally preferable. The main point is that, when an open cohort source
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population contains spatially structured event-time data, an appropriately constructed
binary analytical dataset can allow the individual-level Bernoulli BYM2 model to estimate
the rate-type association while adjusting for the spatial heterogeneity.

4.4. Practical Model Comparison

We compared the proposed model with a standard Bayesian logistic mixed effects
model and a ICAR spatial logistic model. This comparison should be interpreted as a
practical model assessment step, as would be done in a real-world data analysis where
researchers collect the data but do not know the underlying data-generating mechanism.
It should therefore not be interpreted as a formal attempt to prove that one model is
universally superior to the others. The standard and ICAR spatial models represent
two limiting assumptions about residual regional heterogeneity [7]. The BYM2 model
is useful because it does not require the analyst to fix either assumption in advance but
instead provides a data-supported estimate of the relative contribution of structured and
unstructured regional variation through ρ.

We found a wide 95% credible interval of ρ. This is expected because ρ is a hyper-
parameter governing the decomposition of the latent region level random effects. This
decomposition is inferred indirectly from the residual pattern across the regions. Therefore,
the ρ estimates should be interpreted as evidence that residual heterogeneity is compatible
with spatial structure. However, when the number of regions is moderate, e.g., 77 in this
study, one should not expect ρ to provide a highly precise estimate of the exact proportion
of spatially structured variation. The regional standard deviation estimates should also
be compared cautiously across models because they represent different forms of regional
variation. In the standard mixed effects logistic model, this variation is represented by inde-
pendent area-level deviations, in the ICAR model, it is represented by a spatially smoothed
field defined by the adjacency graph [6], and in the BYM2 model, it is represented by a
combination of structured and unstructured components [7]. Thus, the standard deviation
estimates are informative about the scale of residual regional variation within each model,
but they should not be interpreted as directly equivalent measures across models.

In both IDS and PPS analyses, the fixed effect estimates were nearly unchanged
across the three regional effect specifications, suggesting that the covariate associations
in this illustrative example were not sensitive to the regional random effect structures.
However, this should not be interpreted as a general guarantee that fixed effects are robust
to arbitrary spatial misspecification. The similar LOOIC values also indicated that pointwise
predictive performance alone did not provide a decisive basis for choosing among these
spatial hierarchical models. These, however, do not make model comparison unnecessary;
rather, it illustrates the type of assessment that is needed in practical data analysis. In
applied settings, the analyst needs to examine whether the choice of regional random effect
structure changes the fixed effect estimates, whether predictive criteria provide evidence for
one specification over another, whether the PSIS-LOO diagnostics are reliable, and whether
the BYM2 estimate of ρ supports the flexibility of the structured/unstructured mixture or
instead favors a more parsimonious model.

4.5. Sensitivity Analysis

The sensitivity analysis provides a check on how different parts of the model are
informed by the likelihood and by the prior. The fixed effect estimates were stable across
the different sensitivity analyses, which was expected because these coefficients were
assigned diffuse priors and were informed by the individual-level likelihood from a large
analytical dataset. By contrast, the BYM2 hyperparameters σ and ρ require more careful
consideration. These two quantities are informed mainly by the regional pattern of residual
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variation. Therefore, they are naturally more sensitive to the number of regions, the balance
of regional sample sizes, the strength of the spatial pattern, and the chosen hyperpriors. In
the present analysis, the changes in σ and ρ followed the direction implied by the alternative
priors, but changes were not large enough to alternate the interpretation.

Although σ and ρ are usually not the primary inferential targets, their prior sensi-
tivity remains important, especially for ρ, as it helps assess, together with fixed effect
stability, PSIS-LOO, and scientific plausibility, whether the flexible BYM2 decomposition
is needed or whether a more parsimonious regional effect model may be sufficient. This
role of ρ is most useful when its posterior is not dominated by a strongly informative
prior. Under weakly informative priors, the posterior distribution of ρ is allowed to move
towards the unstructured or structured side if the residual regional pattern supports such
behavior. Therefore, if the posterior of ρ remains broadly consistent across reasonable prior
choices, it can provide another evidence about whether the data support the additional
BYM2 decomposition.

More generally, prior choice should be guided by the scale on which prior knowledge
is most interpretable. Regression coefficients are often difficult to specify directly; therefore,
prior information can be elicited on the response scale under meaningful covariate patterns
and then transformed to the coefficient scale, as in previous Bayesian veterinary epidemi-
ological applications [45,46]. The same principle applies to the BYM2 hyperparameters.
For ρ, prior beliefs can be expressed on the probability scale as the expected proportion
of residual regional variation attributable to spatial structure. An analyst may specify a
best estimate together with a probability statement, such as being 95% confident that ρ

is below or above a chosen value, and then convert this information into a logit-normal
or beta prior [45,47,48]. For σ, prior choice can be guided by prior predictive reasoning.
Before model fitting, the analyst can examine the range of regional effects generated under
a proposed prior, taking into account the BYM2 scaling, the prior for ρ, and the adjacency
structure, and then assess whether this range is plausible for the disease given the areal
units used in the analysis [49,50]. However, such prior knowledge is often unavailable in
applied spatial analysis, which again highlights the importance of sensitivity analysis.

4.6. Stan Implementation, Computation, and Future Extensions

Spatial disease mapping models are often fitted using the integrated nested Laplace
approximation (INLA) [51–53], which is considered computationally efficient for latent
Gaussian spatial models. However, the exact individual-level model specification and prior
structure used in this work were not directly available through standard INLA formula
syntax. In contrast, this study used full Bayesian approach via HMC/NUTS in Stan [17,18].
The main motivation was flexibility rather than computational speed since the execution
times in the present analysis were manageable for an applied research work (Table 4). Being
flexible and user-controllable are useful because it makes the complete Bayesian workflow
transparent, including model formulation, posterior computation, convergence assessment
and posterior predictive checking.

The flexibility of Stan is also relevant for future extensions of the proposed
framework [19]. This is particularly useful for individual-level spatial epidemiological data,
where studies may differ in their data structures, outcome types, and dependence assump-
tions. For example, the Bernoulli likelihood used here could be extended to longitudinal
binary outcomes, spatiotemporal disease mapping, multinomial or ordinal disease states,
time-to-event or recurrent events outcome. However, whether a particular extension is prac-
tically useful will depend on the data structure, parameter identifiability, computational
performance, and the ability of the model to pass appropriate diagnostic and predictive
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checks. Therefore, such extensions should be treated as a separate model development
rather than as automatic consequences of the present framework.

5. Conclusions
In conclusion, this study extends the BYM2 disease mapping framework to model

individual-level binary outcome data. The proposed model allows individual-level co-
variate associations to be estimated while accounting for residual structured and unstruc-
tured regional heterogeneity. Through an illustrative example, the study showed how
time-to-event source data can be converted into binary analytical datasets through ap-
propriate case–control sampling methods when the target is a relative association rather
than an absolute risk. The Stan implementation further demonstrated a complete Bayesian
workflow, including posterior computation, convergence assessment, posterior predictive
checking, model comparison, prior sensitivity analysis, and interpretation. The frame-
work is potentially adaptable to more complex hierarchical data structures and alternative
outcome types, supporting future applications of individual-level spatial modeling in
veterinary epidemiology.
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IDS Incidence density sampling
IID Independent and Identically Distributed
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MCMC Markov chain Monte Carlo
NUTS No-U-Turn Sampler
PPS Probability proportional to size sampling
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Appendix A. MCMC Trace Plots

Figure A1. Trace plots for the IDS sampling model, part 1.

Figure A2. Trace plots for the IDS sampling model, part 2.

Figure A3. Trace plots for the PPS sampling model, part 1.
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Figure A4. Trace plots for the PPS sampling model, part 2.

Appendix B. Prior Sensitivity Analysis for the PPS Dataset

Table A1. Posterior summaries of the parameters from the Bernoulli logistic BYM2 model fitted to
the PPS dataset under three sensitivity analysis scenarios.

Scenario Parameter Mean SD 95% CrI

Scenario 1 ρ 0.6954 0.1404 [0.3759, 0.9116]
σ 1.6284 0.1738 [1.3260, 2.0073]
α −2.0117 0.1259 [−2.2568, −1.7620]
β1 1.0606 0.0487 [0.9660, 1.1567]
β2 0.5122 0.0249 [0.4639, 0.5614]
λ 1.9516 0.8871 [0.6352, 4.0238]

Scenario 2 ρ 0.6451 0.1437 [0.3410, 0.8912]
σ 1.4847 0.1405 [1.2319, 1.7880]
α −1.9876 0.1225 [−2.2284, −1.7469]
β1 1.0587 0.0494 [0.9613, 1.1555]
β2 0.5115 0.0249 [0.4623, 0.5607]
λ 1.9476 0.8837 [0.6284, 4.0061]

Scenario 3 ρ 0.7918 0.1520 [0.4249, 0.9883]
σ 1.6611 0.1833 [1.3340, 2.0435]
α −2.0173 0.1132 [−2.2330, −1.7892]
β1 1.0598 0.0502 [0.9610, 1.1591]
β2 0.5120 0.0249 [0.4635, 0.5615]
λ 1.9511 0.8687 [0.6458, 3.9886]

Scenario 1 changes only the prior for σ, setting it to σ ∼ N+(0, 2); Scenario 2 changes only the prior for σ, setting
it to σ ∼ N+(0, 0.5); and Scenario 3 changes only the prior for ρ, setting it to ρ ∼ logit-Normal(0, 2).
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