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Highlights 

What are the main findings? 

• Introduces a novel robust, approximate Newton–Raphson recursive method for lin-

ear dynamic system identification. 

• Successfully handles heavy-tailed, non-Gaussian noise using Huber’s robust M-esti-

mation. 

• Rigorously proves strong consistency and asymptotic normality using martingale 

theory. 

What are the implications of the main findings? 

• Huber’s M-estimation prevents parameter tracking failures caused by heavy-tailed 

noise and outliers. 

• Martingale theory proves that the estimates converge to true values, ensuring long-

term system stability. 

• Reaching the Cramér–Rao bound establishes a mathematically verified optimal per-

formance benchmark. 

Abstract 

Strong consistency and asymptotic error distribution for a new class of nonlinear recursive 

parameter estimation algorithms of an approximate Newton–Raphson type are estab-

lished. The system model is given in the discrete-time domain by a linear difference equa-

tion with constant parameters. The parameter estimator design is based on martingale 

theory and the Cramér–Rao (CR) theorem, providing a maximum likelihood (ML)-type 

optimal recursive parameter identification algorithm, whose minimum asymptotic esti-

mation error covariance matrix achieves the CR bound under the worst-case pdf within a 

specified class; this worst-case pdf simultaneously yields the maximum asymptotic error 

covariance matrix within the class. However, the worst-case pdf does not generally exist, 

making the min–max optimal design indeterminable. Therefore, an approximate ML 

(AML)-type optimal on a class design, based on a suboptimal worst-case pdf, minimizing 

the scalar Fisher information within the specified class, has also been developed. The pro-

posed design minimizes the conditional estimation error covariance under the specified 

suboptimal worst-case pdf. Such an approach results in Huber’s M-robustified version of 

the AML-based optimal design on the class of contaminated Gaussian pdfs. The practical 

performance of the proposed approach is analyzed through statistical validation, based 

on the relative asymptotic estimation efficiency measure and Monte Carlo simulations. 
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1. Introduction 

Modeling is an important activity in various engineering and scientific fields, involv-

ing different types of applications, some of which are technical (mechanical, chemical, 

electrical and hydraulic plants), while others involve biological, medical, ecological, eco-

nomic and psychological processes, etc. [1–8]. In general, there exist two types of model-

ing approaches. The first one assumes enough knowledge about the physical phenome-

nology of the process to incorporate a few idealized physical laws to which the process 

dynamics is confined, combined with an adequate representation of the noisy measure-

ments. Since a such model is based on a lumped physical phenomenology characterized 

by the state-space structure, it is called a white-box or state-space model [6–10]. The sec-

ond one assumes that adequate information about the process to be handled is not avail-

able, leading to the need to derive its model solely from input–output data. Since this 

model is based on a parametric, or polynomial, input–output structure and reflects the 

absence of process knowledge, it is called a black-box or parametric polynomial input–

output model [11–17]. In this sense, one has to define an experiment to obtain information 

about the process in question. Furthermore, the design of the experiment must be fol-

lowed by a step for parameter identification. In general, input–output representations can 

be used easily for process analysis, simulations and control purposes, while state-space 

representations may be generalized easily. 

Parametric estimation methods have become a cornerstone of modern signal pro-

cessing [6], with applications ranging from speech processing [18–20] and adaptive filter-

ing [21–23] to time-series analysis, parameter and state estimation, pattern classification 

and control [6–17]. The works of Ljung, Goodwin, Tsypkin and others provide both theo-

retical and practical frameworks for the design and performance evaluation of such meth-

ods [11–15,24,25]. Parametric methods may be viewed as model-based procedures in 

which, once the model set is selected, the unknown parameters are estimated from meas-

urement data according to an adopted optimization criterion. When the signal statistics 

are not exactly known, adaptive techniques based on numerical optimization theory [26–

31] offer a solution: for stationary signals, the adaptive estimates converge to the optimal 

ones [6–8,11–17]. The main problem is then the choice of an adaptation algorithm—gradi-

ent, Newton–Raphson, etc.—that iteratively adjusts the required parameters (statistics, 

gains, coefficients) under incomplete prior knowledge. In this context, the quadratic score 

is optimal in the MMSE sense under Gaussian disturbances, leading to the standard least 

squares (LS) identification algorithms [2–8,11–17]. However, the ML optimal estimation 

algorithms, as well as adaptive techniques, which rely on the assumption of Gaussian dis-

turbances, are particularly inefficient when dealing with heavy-tailed, approximately 

Gaussian-distributed observations, which can lead to rare but huge outliers. In this sense, 

owing to incomplete measurements and communication errors, most industrial and sci-

entific data are contaminated Gaussian-distributed, producing observation and innova-

tion outliers. In addition, structural outliers may occur due to inadequate mathematical 

models or computational errors [32–35]. Consequently, investigations have focused on 

developing robust parameter estimators that effectively suppress the influence of multiple 

outliers in practice. In robust statistics, such a feature of the estimator is known as re-
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sistance robustness. Moreover, owing to the central limit theorem of statistics, it is also 

desirable that the robust estimator exhibit good performance under both purely Gaussian 

and heavy-tailed Gaussian measurements, resulting in the efficiency robustness feature. 

Practical robustness involves both the efficiency and resistance features, making it appeal-

ing to engineers and practitioners [32–35]. Huber’s approximate ML (AML), or M-robust, 

concept is frequently used to design practically robust parameter estimates in various ap-

plications [32–39]. 

The other two robustness concepts, namely min–max and qualitative robustness, are 

based on rigorous mathematical approaches and are thus more appealing to scientists and 

theoretical workers. In this sense, qualitative robustness involves the definition of Ham-

pel’s influence function as an efficient tool that enables a robust estimator to effectively 

eliminate the influence of multiple outliers [39]. In addition, Huber’s min–max robust sta-

tistical approach minimizes the maximum anticipated asymptotic estimation error at-

tained at the least favorable, or worst-case, distribution within the specified class [35]. 

This, in turn, provides the maximum asymptotic rate of the estimates’ convergence under 

the worst-case observation noise distribution. However, the matrix optimization problem 

is a nonclassical variational task, so its solution does not generally exist [26–28]. In partic-

ular, for static regression plants or linear finite impulse response (FIR) dynamic systems, 

the worst-case pdf is derived from the minimization of the scalar Fisher information 

within the specified class [15,35,38]. In addition, most robust estimation schemes are min-

imization procedures, which leads to highly nonlinear parameter estimation algorithms 

[32–39]. Furthermore, based on the computational requirements of online or real-time ap-

plications, one can choose to calculate the estimate recursively rather than nonrecursively 

in a batch processing mode [1–8,11–17]. 

In relation to the existing literature, the proposed approach differs from closely re-

lated methods in the following aspects. Classical recursive ML and prediction-error iden-

tification schemes [11–17] rely on the quadratic score, optimal under Gaussian disturb-

ances, and their robust modifications are typically introduced heuristically, without an 

explicit optimality framework. Huber’s M-robust estimation theory [35,39], as well as the 

min–max optimal identification of Poljak and Tsypkin [15,24,25], provides such a frame-

work, but the exact worst-case solution is available only for static regression and FIR struc-

tures. Robust recursive Newton-type algorithms, e.g., [21–25,38], address the ARX/IIR 

case, but complete asymptotic characterization is lacking. The contributions of this paper 

are therefore threefold: (i) the strong consistency and asymptotic normality of a class of 

approximate Newton–Raphson recursive estimators with a general admissible influence 

function are rigorously established by martingale theory (Theorems 1 and 2); (ii) it is 

shown that the exact min–max optimal design is generally indeterminable for IIR dynamic 

systems, which motivates the proposed AML-based optimal design on a class, minimizing 

at each stage the conditional estimation error covariance under a suboptimal worst-case 

pdf that minimizes the scalar Fisher information; (iii) the link between the optimal non-

linearity and the gain matrix recursion is established through the statistical linearization 

coefficient, for which two realizable approximations (fixed and variable factors) are pro-

posed and comparatively analyzed. 

In this paper, a new class of nonlinear recursive estimation algorithms of an approx-

imate Newton–Raphson type for the parameter identification of linear discrete time-in-

variant dynamic stochastic systems is considered. The manuscript is organized in the fol-

lowing manner. The introductory Section 1 presents a brief discussion of frequently used 

approaches to dynamic system modeling, involving system parameter identification and 

robust estimation concepts. Section 2 is devoted to designing a class of approximate New-

ton–Raphson-type recursive parameter estimation algorithms under the exactly known 

observation noise statistics. Conditions under which the derived identification algorithm 
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converges with probability one (w.p.1), or almost surely (a.s), are discussed in Section 3. 

In addition, the asymptotic estimation error analysis, involving the convergence of the 

asymptotic estimation error to a zero-mean Gaussian pdf, is presented in Section 4. The 

problem of designing a feasible recursive nonlinear M-robustified version of the AML-

based optimal parameter estimation algorithm on a class of pdfs is considered in Section 

5. Section 6 contains the implementation considerations and the statistical linearization 

analysis, based on the relative estimation efficiency quantitative measure. The perfor-

mance analysis is carried out for the practically important class of Gaussian-distributed 

observations corrupted by impulsive noise or outliers. Section 7 presents Monte Carlo 

simulation results that illustrate the theoretical analysis from Section 6, as well as investi-

gating the ability of the proposed parameter identification procedure to achieve practical 

robustness, involving both the resistance and efficiency robustness characteristics. Con-

cluding remarks are presented in Section 8. The detailed derivation of the asymptotic es-

timation error zero-mean normal distribution, using the martingale theory results, is pre-

sented in Appendix A. 

2. Problem Formulation 

An abstract single-input single-output (SISO) linear discrete time-invariant dynamic 

stochastic system is described by a linear difference equation with constant parameters: 

( ) ( ) ( ) ( )* *

1 1

n m

k k

k k

y i a y i k b u i k e i
= =

= − − + − +   (1) 

Here, ( )y i  is the output signal sample, ( )u i  is the input signal sample, and ( )e i  is the 

random disturbance, or observation noise, sample at the discrete time indexed by i . In 

normal operation, the observed input–output sequences ( ) u i   and ( ) y i   are wide-

sense stationary random discrete-time processes [9–17]. The random noise samples ( )e i  

are zero-mean, independent and identically distributed (i.i.d.) scalar real random varia-

bles. Introducing the shift operator ( ) ( )kq x i x i k− = − , one can rewrite (1) in the form 

( ) ( ) ( ) ( ) ( )1 1A q y i B q u i e i− −= + . (2) 

where the characteristic polynomial ( )A   and control polynomial ( )B   are given by 

( )1
1

1
n

k
k

k

A q a q− −

=

= + ;  ( )1
1

m
k

k

k

B q b q− −

=

=  (3) 

assuming that the polynomial orders m  and n  are given in advance. In addition, rela-

tion (1) can also be rewritten in the linear regression form 

( ) ( ) ( )*
Ty i Z i e i= + ;   * * * *

* 1 1,..., , ,...,T
n ma a b b =  (4) 

where *  is the true ( ) 1n m+   column vector of unknown system parameters to be es-

timated, while ( )Z i  is the information, or regression, ( ) 1n m+  column vector 

( ) ( ) ( ) ( ) ( ) 1 ,..., , 1 ,...,TZ i y i y i n u i u i m= − − − − − −  (5) 

Since the disturbance or noise sequence ( ) e i  directly enters relation (2), this rep-

resentation belongs to the family of equation errors (EEs), in which the EE is represented 

by a white real scalar discrete stochastic process [14]. Representation (2) is also called an 

autoregressive with exogenous input (ARX) model [5–9,11–17]. In addition, model (2) is 

characterized by an infinite impulse response (IIR) under the unit  -impulse excitation. 
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In particular, if the polynomial ( ) 1A  =  in (3), then representation (2) is known as a finite 

impulse response (FIR) model [2–8,11–17]. 

The problem of the recursive identification of the system described by (4) is consid-

ered as the task of estimating in real time the unknown parameter vector *  by utilizing 

the current input–output observations ( ) ( ) ,u i y i . The formulation of the identification 

problem reduces to the choice of prediction model ( )ˆ |y i   , where 

 1 1,..., , ,...,T
n ma a b b =  is the given vector of model parameters, as well the choice of an 

identification performance criterion, or quality measure, to be minimized, 

( ) ( ) ,J E F i  =    ; ( ) ( ) ( )ˆ, |i y i y i  = −  (6) 

where E    is the mathematical expectation. Here, ( )    is the prediction error, also 

known as the measurement residual or innovation. Moreover, :F → is assumed to 

belong to the class F  of admissible score functions, where FF   if F  is real-valued, 

symmetric, ( ) ( )F z F z= − , convex, ( )0 0F = , and absolutely continuous with derivative 

( ) ( )z F z =  existing for almost all z   [5–8,11–17,21–25]. The solution of the posed 

optimization problem in (6) reduces to choosing an online parameter identification algo-

rithm 

( ) ( ) ( ) ( )ˆ ˆ 1 , ,i f i u i y i  = −
 

 (7) 

which recursively calculates the current vector estimate ( )ˆ i  of the unknown parameter 

vector *  in (4) from the preceding parameter vector estimate ( )ˆ 1i −  and the current 

input–output observations ( ) ( ) , .u i y i  Therefore, the aim is to determine optimally, in 

some sense, the prediction model ( )ˆ |y    and the score function ( )F   in (6), as well as 

the estimation procedure ( )f   in (7). Here, prior information about the system defines 

an optimal prediction model in the MMSE sense. Thus, taking into account (2)–(5), and 

utilizing MMSE criterion ( ) 2 ,E i  , one gets the prediction model [5–8,11–17] 

( ) ( ) ( ) ( ) ( ) ( )1 1ˆ | 1 Ty i A q y i B q u i Z i − − = − + =
 

 (8) 

Let the i.i.d. disturbances ( ) e i   in (2) admit a probability density function 

:p +→  , ( ) 1p z dz =  , which is assumed to be symmetric, i.e., ( ) ( )p z p z= −  , 

strictly positive and absolutely continuous on   , with finite Fisher information 

( ) ( )
2

/I p p p pdz=    [9,10]. Under these conditions, the ML-based optimal score func-

tion and the associated influence function are well defined and given by [5–18] 

( ) ( ) ( )0 logF z F z p z= = − ; ( ) ( )
( )

( )0

0 0

dF z
z z F z

dz
  = = =  (9) 

To derive the optimal recursive identification algorithm ( )f   in (7), let us also con-

sider the empirical average loss 

( ) ( )1

1

,
i

i

k

J i F k  −

=

=     (10) 

Under certain, mild conditions, the empirical criterion ( )iJ   in (10) asymptotically 

converges to the optimal criterion ( )J   in (6) [15,24,25]. The empirical criterion in (10) 
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can be minimized recursively using an approximate Newton–Raphson-based iterative nu-

merical algorithm: 

( ) ( ) ( )( ) ( )( )
1

2ˆ ˆ ˆ ˆ1 1 1i ii i i J i i J i    
−

   = − −  −  −
   

; ( ) 0
ˆ 0 =  (11) 

where ( ) ( ) ( ) ( ) 1/ / ,..., /
T

ma b   =    =        is the gradient vector, or the partial de-

rivative operator [15,24,25,31]. Moreover, for a large enough time index i , the optimality 

condition implies that the gradient vector is close to zero, i.e., ( )1 0iJ −  , and one ob-

tains 

( )( ) ( ) ( )( ) ( ) ( )

( )( ) ( ) ( ) ( ) 2

1

ˆ ˆ1 , 1 ;

ˆ 1 ;

i

i
T

i p

k

i J i Z i i i F

i J i Z k Z k E e





    

   
=

   − = − −  = 
 

 − = =   
 (12) 

with pE   being the expectation with respect to the pdf p  of the i.i.d. random variable 

( )e i  in (2). In addition, let us introduce the current gain matrix in the i -th discrete-time 

stage: 

( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

1
2

1
1 1

1

ˆ 1

1

i

i
T T T

k

i i J i

Z k Z k Z i Z i i Z i Z i

 

  

−

−
− −

=

  =  −
 

 
 = + =  − +   

 


 (13) 

Taking into account the matrix inversion lemma, one gets, from (11) and (12), the 

parameter identification algorithm 

( ) ( ) ( ) ( ) ( )( )ˆ ˆ ˆ1 , 1i i i Z i i i     = − + −
 

; ( )ˆ 0 0 =  (14) 

( )( ) ( ) ( ) ( )ˆ ˆ, 1 1Ti i y i Z i i  − = − − ; ( ) pE e  =     (15) 

( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( )1

1 1
1

1

T

T

i Z i Z i i
i i

Z i i Z i −

 −  −
 =  − −

+  −
; ( )0 I =  (16) 

where I  is an identity matrix and   is a finite positive constant, while   is the statis-

tical linearization coefficient in (12). In general, prior information about the true parameter 

vector *  in (4) defines the initial values of the parameter estimates ( )ˆ 0  and the gain 

matrix ( )0  [11–17,23–25]. If such reliable prior information does not exist, the most fre-

quently used initial guesses are those given in relations (14) and (16), namely ( )ˆ 0 0 =  

and ( )0 I = , respectively. 

A special case of the recursive nonlinear algorithm (14)–(16) is the recursive linear 

least squares (RLS) method, which is optimal, in the MMSE sense, for the Gaussian dis-

turbance pdf p . It is widely recognized that, under specific conditions regarding the ran-

dom disturbances ( )e i   in (4), the RLS parameter estimates are consistent [5–8,11–

17,40,41]. In this context, the asymptotic performance of the nonlinear parameter estima-

tion algorithm (14)–(16) involving a.s or w.p.1 convergence, as well as the convergence of 

the asymptotic estimation error to a zero-mean normal pdf, is analyzed in the following. 

3. Brief Review of Parameter Estimate Consistency 

In general, the convergence of recursive stochastic estimation procedures may be an-

alyzed using at least two approaches. The first one is the ordinary differential equation 
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(ODE) approach, based on defining the deterministic ODE associated with the parameter 

estimation algorithm under consideration, together with the application of the Lyapunov 

direct method to analyze the ODE stability [11,12,23,38,42]. The second one is based on 

standard martingale theory [43–45]. In this sense, let ( ), ,P F   be a probability space, 

with 1 2 F F  being an increasing sequence of sub- -fields F , and let  tx  be a 

sequence of real scalar random variables attached to  tF  [9,10]. Then, the pair  ,t tx F  

represents a martingale if the expectation  tE x    and the conditional expectation 

 1 1|t t tE x x− −=F   w.p.1. Furthermore, provided that  1 1|t t tE x x− −F   w.p.1, the pair 

 ,t tx F  represents a supermartingale [43,44]. 

In general, the convergence analysis of the recursive stochastic estimation procedure 

(14)–(16) can be based on the assumptions concerning the disturbance or noise sequence 

( ) e i  in (4); the features of the nonlinear transformation or influence function ( )   in 

(14) applied to the prediction error, innovation or measurement residual ( )   in (15); and 

the properties of the gain matrix sequence ( ) i  in (16). A possible set of assumptions 

that ensures the strong consistency of the parameter estimate sequence ( ) ˆ i  in (14) is 

summarized in Theorem 1 below. 

Theorem 1. Let model (4) and the algorithm in (14)–(16) satisfy the following conditions: 

C1. The stochastic sequence ( ) e i  consists of i.i.d. real scalar random variables, having a sym-

metric pdf p  with zero mean ( )  0pE e i =  and finite variance ( ) 2 2
p eE e i =   . 

C2. The odd real scalar influence function ( )   is continuous almost everywhere. 

C3. The function ( )   is bounded, satisfying ( ) ( )1 21z k k z  + , 10 k   , 20 k   . 

C4. The linearization coefficient   in (12) is a positive and finite constant; 30 k    . 

C5. There exists a real positive constant 1 0   such that 

( ) 2
1

1

2
z z z   ;  ( ) ( ) 1| iz E z e i  −= −   F    

with  iF  being the sequence of increasing sub- -fields, generated by the observations up 

to present discrete-time i , while the coefficient   is defined by condition C4. 

C6. If the scalar term ( ) ( ) 1r i Tr i−=  , where Tr   denotes the matrix trace, then the obser-

vation vector ( )Z i  in (5) satisfies 

( ) ( )2
2

logZ i M r i


 ; 2 0  , 0M    

with   being the Euclidean norm. 

C7. There exists a real constant 1c  , such that 

( ) ( ) 1
minlimlog / 0c

i
r i i −

→
 =   w.p.1 and ( ) 1

minlim
i

i −

→
 =    w.p.1  

where min   is the minimum eigenvalue of a matrix. 

Then, the parameter estimate sequence ( ) ˆ i  exhibits strong consistency 

( ) *
ˆlim

i
i 

→
= w.p.1, or ( ) *ˆlim 1

i
P i 

→
= =   

where P   denotes the probability of a random event. 
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The proof of Theorem 1, based on the standard martingale theory results, is presented 

in [41]. In this context, Neveu’s lemma is the basic martingale convergence result [43]. 

It is worth noting that the polynomial ( )A   in (2) can be arbitrary, so that the algo-

rithm in (14)–(16) can also be used for the parameter estimation of unstable systems. How-

ever, since bounded input–bounded output (BIBO) stability is one of the most desirable 

properties of a linear discrete time-invariant dynamic system, it is supposed here that the 

polynomial ( )A   in (2) is a stable one [6–17]. Moreover, hypothesis C1 represents a stand-

ard whiteness condition on random disturbances or observation noise [9,10]. In other 

words, assumption C1 results in a zero-mean white observation noise sequence ( ) e i  in 

(4) with finite variance 2 . Conditions C2–C5 define a class of admissible nonlinear re-

sidual transformations ( )   in (14) of the prediction residuals ( )   in (15). In particular, 

for the linear residual transformation  , condition C5 reduces to 2 2  . Furthermore, it 

is commonly adopted that 2 0k =  in C3, yielding a  -function bounded by a finite con-

stant. Moreover, under such a bounded  -function, the noise variance 2  in C1 need 

not be finite. In addition, condition C5 is fulfilled if the function 

( ) ( ) ( ) ( )
0

a z a z a dP z  


= + − −     

is monotonically nondecreasing [15,23–25,38]. Taking into account hypotheses C1 and C2, 

the last requirement is satisfied if the nonlinear residual transformation   and the ob-

servation noise probability distribution function ( )P   have a common point of increase, 

meaning that 

( ) ( )z z   +  − , ( ) ( )P z z  +  −   

for some real scalar z -value and every real scalar value 0  . This, in turn, results in 

( ) 0a a   for 0a   and ( )0 0 = . Therefore, hypothesis C5 is fulfilled if the odd and al-

most everywhere continuous  -function is monotonically nondecreasing and piecewise 

continuously differentiable. As mentioned above, a desirable requirement is the bound-

edness of the  -function, with 2 0k =  in C3. Additionally, even though the polynomial 

( )A    in (2) is stable, the underlying stochastic system may have signals that are un-

bounded [6–17]. Hence, hypothesis C6 defines the growth of the observation vector ( )Z i

in (5), with M  being an arbitrary positive real constant. In particular, the case 2 0 →  

(i.e., ( )
2

Z i M ) corresponds to bounded measurement data. Finally, some assumptions 

on the input data must be imposed to obtain fairly good identification results. Such an 

input requirement is called the persistent excitation condition [5–8,11–17]. In this sense, 

C7 is a rather weak hypothesis for consistent parameter estimates [40,41]. Taken together, 

both conditions C6 and C7 ensure that the gain matrix ( )i  in (16) approaches zero at 

the proper rate when the time index i  increases, i.e., neither too fast nor too slow. In 

other words, the aim of such an assumption is to ensure that the observations contain 

sufficient information about the unknown parameter vector *  in (4). This requirement 

is physically similar to the concept of stochastic observability, describing the information 

content of measurement data [9,11–17]. 

It is worth emphasizing that not all of conditions C1–C7 carry the same practical 

weight. Conditions C1 and C3 are mild and easily arranged by design, since they concern 

the whiteness of the disturbance sequence and the boundedness of the influence function, 

respectively, both of which are properties of the estimator rather than of the observed 

data. Conditions C6 and C7, by contrast, concern the growth rate of the observation vector 
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and the persistent excitation of the input and are therefore more likely to be only approx-

imately satisfied over a finite data record in a practical application. However, since C6 and 

C7 are asymptotic requirements, a transient violation over a limited number of samples 

does not by itself invalidate the use of the algorithm; it may, at most, slow down the em-

pirical rate of convergence until the observations again contain sufficient information 

about the parameter vector to be estimated. 

In general, in addition to the asymptotic convergence analysis of the recursive non-

linear algorithm (14)–(16), an estimation algorithm must provide a suitable measure of the 

estimation quality. In this sense, the asymptotic estimation error distribution is analyzed 

in the following. 

4. Asymptotic Estimation Error Distribution 

Once the convergence properties of the parameter estimates, (14)–(16), are estab-

lished, the next natural question is to determine how rapidly the estimates converge to 

the limit. In particular, if the asymptotic pdf of the estimation error is a zero-mean normal, 

the mean value and covariance matrix represent the sufficient statistics [9,10]. Thus, one 

should analyze the convergence rate, as well as the estimator optimality, by utilizing the 

asymptotic covariance matrix of the estimation error. In this context, the asymptotic esti-

mation error analysis results are presented in the following Theorem 2. Therefore, let us 

first state a few auxiliary lemmas, which are used in the asymptotic estimation error anal-

ysis, together with the standard martingale convergence results [43,44]. 

Lemma 1 (Ljung and Söderström) [11]. Let  nb  be a sequence of scalar real quantities such that 

0nb   , lim 0n
n
b

→
=   and 1

1
2

1

n

n k

k

nb c b n


−

=

 
 + 

 
   for some real constant 0c    and ( )1 0,1   . 

Then, 

1
2

1

n

k

k

b cn
−

=

 ;  
( )

( )
1 1

1

max 0,2 1 for 1/ 2

, 0 for 1/ 2

 


  

 − 
= 

 =
  

Lemma 2 (Hall and Heyde) [44]. Let ( ) x t  be a scalar real discrete stochastic process, and let 

the sequence ( )
1

n

n

t

L x t
=

=   converge w.p.1 to L  , with the dieerence ( )
1

n n

t n

V L L x t


= +

= − =   

providing ( ) 2 2
1

1

|n t

t n

V E x t F


−

= +

=  , and  2 2
n nS E V= . Let us assume further that the following 

hypotheses are satisfied: 

(I) The probability 
2

2

n

n

V
P

S
 

   
   

   

, for some 0  . 

(II) ( ) ( )( ) 2

2
1

1
lim 0n
n

t nn

E x t I x t S
S




→
= +

 =  , for all 0   , where ( )I    is the indicator func-

tion. Then, 

( )0,1
D

n n

n n

V L L
N

S S

−
= →   

where the symbol 
D

→  denotes the convergence in distribution, while ( )0,1N  is the standard nor-

mal pdf with zero-mean and unit variance. 
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Lemma 3 (Kronecker’s lemma) [45]. Let the sequence 
1

n

i

i

x
=

  of real numbers ix  converge, and 

let nb  be a monotonically increasing sequence of positive real numbers satisfying lim n
n
b

→
= . 

Then, 

1

1
lim 0

n

k k
n

kn

b x
b→

=

=   

Lemma 4 (Neveu’s martingale convergence lemma) [43]. Let  iz  be a sequence of non-negative 

real scalar random variables, while  iF  is a sequence of increasing sub- -fields, defined on the 

probability space ( ), ,P F . Assume further that 

 1 1|i i i iE z z − − +F ; 
1

i

i




=

   w.p.1  

Then, the sequence  iz  converges w.p.1 to a non-negative finite random variable *z  as the 

time index i  tends to infinity, 

*lim i
i
z z

→
=   w.p.1; or  *lim 1i

i
P z z

→
= =   

Proceeding from the above lemmas, one can formulate the following Theorem 2, re-

lated to the asymptotic estimation error’s convergence to a zero-mean multidimensional 

normal pdf with the positive definite covariance matrix. 

Theorem 2. Let the algorithm in (14)–(16) and model (4) satisfy the following hypotheses: 

H1. The polynomial ( )A   in (2) is a stable one. 

H2. The sequence ( ) e i  in (4) consists of i.i.d. random variables, having a symmetric pdf ,p  

with zero mean ( )  0pE e i =  and finite variance ( ) 2 2
pE e i =   . 

H3. The observation vector ( )Z i  in (5) is bounded, and ( ) ( ) TE Z i Z i  is a positively definite 

matrix, i.e., ( ) ( )  0TE Z i Z i  , with E   being the expectation. 

H4. The nonlinearity ( )   in (14) is an odd and bounded real scalar function. 

H5. The first    and second    derivatives of the  -function are bounded functions that exist 

for almost all real scalar arguments. 

H6. The parameter estimate ( )ˆ i  in (14)–(16) exhibits strong consistency ( ) *ˆlim 1
i

P i 
→

= = , 

with *  being the true parameter vector to be estimated. 

Then, the normalized estimation error ( )i i  converges asymptotically to a zero-mean mul-

tidimensional normal pdf, 

( ) ( ) ( ) ( )

( ) ( ) ( )  ( )
( )

( )

( ) 
( ) 

*

2
1

2 2

ˆ0, ;

,
, ; ,

,

D

pT

p

i i N V i i

Ep
V p E Z i Z i p

p E

   

 
   

  

−

→ = −


 = = =
   



 (17) 

https://doi.org/10.3390/math14142663


Mathematics 2026, 14, 2663 11 of 32 
 

https://doi.org/10.3390/math14142663 

where ( )0,N V  is the zero-mean multidimensional normal pdf, with the positive definite asymp-

totic covariance matrix V . 

Following the methodology of Tsypkin, one can define the information matrix 

( ) ( ) ( ) 2
*,

TD E Z i Z i  = , where 2  is the variance in H2, and, after substituting the ob-

servation vector ( )Z i  in (5), the information matrix D  can be rewritten in the expanded 

form 

( ) ( ) ( )  ( ) ( )2 2
* 1 * 2 *, TD E Z i Z i D D    = = +  (18) 

Here, 1D  and 2D  are positive definite symmetric matrices [23–25,38]. 

Furthermore, let us note that the expression ( ), p   in (17) represents the asymp-

totic variance of Huber’s M-robust estimate of the scalar location parameter defined in (5), 

with ( ) 1Z i =   [35]. Moreover, under the standard normal observation noise pdf 

( ) ( )| 0,1p N   with zero mean and unit variance, one gets from (9) the quadratic score 

function ( ) 2
0 / 2F z z=  with the first derivative ( )0 z z =  and the second one ( )0 1z  =

, yielding ( )0 , 1p  =  in (17). Thus, the algorithm in (14)–(16) reduces to the RLS one, 

with the asymptotic estimation error covariance ( ) ( ) ( ) 1
*

T
LSV E Z i Z i −= . Again, start-

ing from (9), (17) and (18), one obtains, for a zero-mean normal noise pdf with the variance 
2 ,  ( ) ( )2| 0,p N   , that ( ) 2

0 , p  = , which further yields the asymptotic estima-

tion error covariance matrix of the optimal RLS algorithm: 

( ) ( ) ( ) ( ) ( ) 2 1
* *

ˆ ; T
LS LS LSV V V E Z i Z i    −= =  (19) 

Usually, when one uses the RLS algorithm, the value of the noise variance 2  is not 

known. However, under certain conditions, it is possible to obtain a noise variance esti-

mate as a byproduct of the parameter vector estimation [14–17]. 

The proof of Theorem 2 is presented in Appendix A. The proof is based on the stand-

ard martingale convergence results, combined with the given auxiliary lemmas. In addi-

tion, the Cramér–Rao theorem can be applied to the developed expression for the asymp-

totic covariance matrix of the estimation error V  in (17) to design an asymptotically effi-

cient parameter estimation algorithm, (14)–(16), in the ML-based optimal framework un-

der the exactly known observation noise pdf [1,2,9,23–25,38]. Moreover, starting from Hu-

ber’s min–max robust estimation approach, the concept of efficient parameter estimates 

may be extended to the case of observation noise uncertainty, resulting in the AML-based 

optimal recursive parameter estimation algorithm (14)–(16) on a specified class of pdfs 

[15,23–25,35,38]. The designs of the ML-based optimal and the AML-based optimal on 

class parameter estimation algorithms are presented in the next section. 

5. Optimality and Robustness in Parameter Estimation 

5.1. ML-Based Optimal Estimation Under Known Noise Statistics 

Starting from the CR theorem and the developed asymptotic estimation error covar-

iance matrix V  in (17), one can choose the score function ( )F   in (10), as well as the 

measurement residual transformation ( )   in (14), optimally in the sense of achieving 

the maximum asymptotic convergence rate of the parameter estimates [1,2,9,23–25,38]. 

Thus, expression (17) indicates that the asymptotic estimation error covariance matrix V  

depends on the real-scalar nonlinearity ( )   only through the scalar factor 
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( )
( )

( )

( ) 
( ) 

( ) ( )

( ) ( )

2
2

2 2 2

,
,

,

p

p

z p z dz
Ep

p
p E

z p z dz


 

 
  





−



−


= = =

   
 

  





 (20) 

where ( )p   is the zero-mean pdf of i.i.d. observation noise samples ( )e i  in (4). There-

fore, the minimization of the matrix measure of estimation quality V  in (17) with respect 

to the scalar term   reduces to minimizing the scalar deterministic factor   in (20). The 

solution of the underlying variational problem is classical [23–25]: the optimal nonlinear-

ity minimizing (20) under an exactly known pdf p  coincides, up to a multiplicative and 

an additive constant, with the ML-based optimal pair (9), i.e., ( )0 log p = − . 

In this context, the optimal recursive parameter estimation algorithm (14)–(16) utiliz-

ing the criterion (10) with the ML-based optimal score function 0F  in (9) produces the 

smallest possible asymptotic estimation error covariance matrix V in (17) under the fully 

known observation noise pdf p . Using the ML-based optimal nonlinearity 0  in (9) as 

the  -function in (14), one gets from (20) that the minimum scalar performance index 

( )0 , p   in (20) is defined by 

( ) ( ) ( )0 0, ,p p I p   = = ; 

( ) ( ) ( ) ( ) 
2

21
0 , ; /p

p
p I p I p E p p dp

p
 


−

−


= = =   

(21) 

Here, ( )I p  denotes the scalar Fisher information [9,10]. Moreover, the scalar deter-

ministic performance index ( )0 , p   satisfies the scalar optimality condition 

( ) ( )0, ,p p    ; ( ) ( )z z − = − ;  ( ) ( )p z p z− =  (22) 

for any odd nonlinearity   and any zero-mean symmetric noise pdf p . 

The choice of the ML-based optimal nonlinearity 0  in (9) for the nonlinear residual 

transformation   in (14) is based on the Cramér–Rao approach [1,2,9,23–25,38]. In this 

sense, if the parameter estimates ( )ˆ i  in (14) are unbiased, ( )  *
ˆE i = , and if the com-

ponents of the observation noise sequence ( ) e i  in (4) are i.i.d. random variables with a 

zero-mean symmetric pdf p , then the covariance matrix of the asymptotic estimation er-

ror V  in (17) satisfies the Cramér–Rao (CR) inequality, 

( ) ( ) ( )  ( ) ( )( )
1

2
* * *

ˆ ˆ, lim ,
T

i
V p E i i i I p D p      

−

→

    = − − 
     

 (23) 

Here, *  is the true parameter vector in (4) to be estimated, while the observation or 

information matrix D   is defined by (18). The right-hand side of (23) is called the CR 

lower bound, and a parameter estimator that reaches the CR lower bound is called effi-

cient, producing the maximum asymptotic convergence rate of the parameter estimates. 

Thus, if one adopts the ML-based optimal nonlinearity 0  in (9) as the  -function in 

(14), the algorithm in (14)–(16) achieves the CR lower bound in (23), which presents the 

minimum asymptotic estimation error covariance matrix. Moreover, taking into account 

(17), (18) and (23), one obtains the optimality conditions 

( ) ( ) ( ) ( ) ( ) ( )( )
1

2
0 * * *, , , ; , ,CR CRV p V p V p V p I p D p     

−
  = =
 

 (24) 
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with CRV  being the CR lower bound. Here, the matrix inequality denotes the non-nega-

tive definiteness of the matrix difference [31]. However, the actual zero-mean observation 

noise pdf p  with variance ( )2 p  is rarely known exactly in practice. 

5.2. Minimax-Robust Optimal ML Estimation over a Class of Noise Statistics 

The problem of system parameter estimation under observation noise uncertainty 

can be considered a decision-making problem based on game theory with two players, in 

which an engineer and Nature have contradictory goals [23–25,38]. The goal of the engi-

neer is to choose the nonlinearity   in (14) so as to achieve the highest possible asymp-

totic convergence rate of the parameter estimates. In contrast, the goal of Nature is to 

adapt the parameter estimation procedure to the changing conditions of a local stochastic 

environment. Analogously to Huber’s min–max robust estimation approach, these re-

quirements may be fulfilled by optimizing the parameter estimation algorithm under the 

worst-case situation within a local stochastic vicinity. This worst-case situation may be 

represented by the worst-case, or least favorable, pdf within a specified class P  to which 

the real unknown observation noise pdf p  belongs [35]. Thus, starting from (17) and (23), 

one can define the min–max optimal matrix policy 

( )  ( ) ( ) * *min max , , max min ,
p P p P
V p V p V p

 
  

 
= = ;  ( ) ( )* * * *, ,CRV p V p =  (25) 

where the CR lower bound CRV  is defined by (24). Furthermore, one obtains from (25) 

that the game has the saddle point pair ( )* *, p , where the function *  is referred to as 

the ML-based nonlinearity that is optimal on the class P , while the pdf *p  is referred to 

as the worst-case, or least favorable, pdf within the class P  [23–25,35,38]. In accordance 

with the CR inequality (23), the choice of the optimal nonlinearity on a class *  as the 

nonlinearity   in (14), as well as the optimal on a class score function *F  for the score 

function F  in (10), determines the ML-based optimal on a class principle 

( ) ( ) ( )* *logF z F z p z= = − ; ( ) ( )
( )

( )*

* *

dF z
z z F z

dz
  = = =  (26) 

This, in turn, leads to the ML-based parameter identification algorithm that is opti-

mal on a class, defined by (14)–(16) and (26), where the worst-case pdf *p  yields the max-

imum CR lower bound, in (26), within the specified class P . Taking into account (24), 

one gets 

( )  ( ) ( )( ) 2
* * *arg max , arg min ,CR

p Pp P
p V p I p D p  


= ==  (27) 

In this sense, the pair ( )* *, p  satisfies the saddle point conditions for the asymptotic 

error covariance matrix V  in (17) in the form 

( ) ( ) ( ) ( )* * * * * *, , , ,CRV p V p V p V p    =   (28) 

for any odd  -function in (14) and any zero-mean symmetric pdf p  from the adopted 

class P . However, if there is no solution to the matrix optimization problem (27), the 

worst-case pdf *p  does not exist, and the ML-based algorithm that is optimal on a class, 

given by (14)–(16), (26) and (27), is not realizable in practice. Furthermore, if an optimal 

solution *p  in (27) does exist, it may also be derived by minimizing the scalar criterion 

( ) ( ) 2*,Tr I p D   , where Tr   denotes the matrix trace operation [23–25]. 
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A solution to the nonclassical variational problem in (27) can be found in at least two 

scenarios: (i) a static system model, when the observation vector ( )Z i  in (5) is constant; 

(ii) a linear dynamic system with a finite impulse response (FIR), where the observation 

vector ( )Z i  in (5) contains only the samples of input signals that are uncorrelated with 

the white observation noise, reducing the matrix optimization problem in (27) to the con-

dition of the minimum of the scalar Fisher information in (21). Furthermore, in the case of 

a linear dynamic system with an infinite impulse response (IIR), represented by the ARX 

form in (2), the solution for the optimal worst-case pdf *p  in (27) can only be found nu-

merically under the assumption that P   is a class of pdfs with finite variance [23–25]. 

Moreover, if the unknown noise variance ( )2 p  in (18) is somehow estimated from the 

observations, the observation matrix D  in (28) is no longer undetermined, and the ma-

trix optimization problem in (27) is recast as the minimization of the scalar Fisher infor-

mation in (21) within the specified class P . A popular robust variance estimation proce-

dure, utilizing at each stage a sliding data frame of suitable size, is the median absolute 

deviation (MAD) [32–36]. 

5.3. Huber M-Robustified AML Estimation over a Class of Noise Statistics 

One can analyze the parameter identification problem using a slightly different ap-

proach. Thus, bearing in mind that the gain matrix ( )i  in (16) is an approximation, for 

a large enough i , of the asymptotic optimal gain matrix ( ) ( )
1

0 i iR
−

 = , where the matrix 

R  is defined by the relation (A29) in Appendix A, one obtains that the current increment 

of the parameter vector estimates in (14), ( ) ( ) ( )ˆ ˆ ˆ 1i i i   = − − , conditioned by the previ-

ous input–output observations ( ) , 1Z j j i − , is given by 

( ) ( )  ( ) ( ) ( ) 1 1
1 1

ˆ ˆ , |T T
i iE i i i i p E Z i Z i   − −
− −  =F F  (29) 

where the scalar performance index ( )   is defined by (20). In addition, by replacing the 

preceding estimate ( )ˆ 1i −  with the expectation ( )  *
ˆ 1E i − = , with *  being the true 

parameter vector in (4), one obtains further the conditional covariance matrix of the esti-

mation error ( ) ( ) *
ˆi i  = −  at the present i-th stage: 

( ) ( )  ( ) ( ) ( ) 1 1
1 1, |T T

i iE i i i i p E Z i Z i   − −
− −= F F ; ( ) ( ) *

ˆi i  = −  (30) 

Furthermore, since the information vector ( )Z i  in (5) is known at the current stage 

i , the min–max optimality policy, related to the conditional estimation error covariance 

in (30), takes the form 

( )  ( ) ( ) * *min max , , max min ,
p P p P

p p p
 

     
 

= =  (31) 

for any odd  -function and any pdf p  from the specified class. Taking into account (9), 

(21) and (22), where the pair ( )0 , p  in (9) is replaced by the pair ( )* *, p   in (31), the 

AML-based optimal on a class nonlinearity is defined by 

( ) ( )* *log p  = −    ;  ( ) ( )* argmin
p P

p I p


 =  (32) 

Here, the suboptimal worst-case pdf ( )*p   in (32) approximates the optimal worst-

case pdf ( )*p   in (27) assuming that the unknown noise variance ( )2 p  in (18) is some-

how estimated. Thus, starting from (21) and (22), one concludes that the pair ( )* *, p  in 
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(32) satisfies the saddle point conditions for the scalar performance index   in (20)—that 

is, 

( ) ( ) ( )* * * *, , ,p p p       ;  ( ) ( )1
* * *, p I p  −=  (33) 

In this sense, an AML-based parameter estimation algorithm that is optimal on a 

class, given by (14)–(16) and (32), is step-by-step optimal, achieving, in each step, the min-

imum conditional estimation error covariance matrix in (30), under the suboptimal worst-

case pdf *p  in (32). The latter ensures the minimum Fisher information ( )*I p  in (33), 

limiting, at each stage, the conditional covariance matrix of the estimation error in (30) for 

any pdf p  within the specified class P . This, in turn, desensitizes the parameter estima-

tion algorithm (14)–(16) and (32) to outliers at each stage, making the algorithm robust in 

the practical sense. 

The AML-based algorithm that is optimal on a class, given by (14)–(16) and (32), is 

determined by the approximate nonlinearity ( )*  , optimal on a class, given in (32), and 

the statistical linearization coefficient ( ) *pE =    in (15). The latter cannot be com-

puted exactly, since the real observation noise pdf p  is not exactly known. Therefore, 

one has to apply some realizable approximation of the coefficient  . One possibility is to 

calculate the expectation   in (15) with respect to the suboptimal worst-case pdf *p  in 

(32), resulting in the fixed factor denoted by *.  Another possibility is to apply the cur-

rent residual realization to approximate the unknown expectation   , resulting in the 

variable factor denoted by k  at the current stage k . Thus, starting from (15), (21), (31) 

and (32), one gets 

( )  ( )  ( )
** * * *; ;p pE E I p    =  =  = ( )*k k  =    ; 

( )
( )

( )* *, 0 1
z

z
z


   =  

(34) 

with ( )   being the measurement residual in (15). The practical implementation aspects 

of the proposed recursive, M-robustified AML algorithm, optimal on a class, for parame-

ter estimation are discussed in the following. 

6. Implementation and Statistical Validation 

6.1. Implementation 

The real-time application of the AML-based recursive parameter estimation algo-

rithm that is optimal on a class, under observation noise uncertainty, given by (14)–(16), 

(32) and (34), requires the definition of a class P  to which the real unknown observation 

noise pdf belongs, as well as finding the suboptimal worst-case pdf *p  in (32). Some ex-

amples of typical classes are presented in the literature [23–25,35,38]. 

In accordance with the central limit theorem of mathematical statistics, it is com-

monly assumed in various engineering and scientific problems that real observations ex-

hibit a distribution that closely approximates a zero-mean Gaussian one, with finite vari-

ance 2  [9–17]. In this sense, a natural choice is a class P  of observation noise pdfs p  

in the form 

( )2 2|p z p z dz 


−

  
=    
  

P  (35) 
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Thus, the AML-based optimal pair ( )* *,p   in (32) on the class P  in (35), as well 

the fixed-factor approximation *,  of the linearization coefficient   in (34), is defined 

by [23–25,32–36,38] 

( ) ( )
2

22 2
*

1
| 0,

2

z

p z N z e 


−

== ; ( )* 2

z
z


= ; ( ) 2

* *I p   − = =  (36) 

By substituting (36) into (14)–(16), and replacing again ( ) 2/i   with ( )i , one gets 

the RLS algorithm 

( ) ( ) ( ) ( ) ( )( )ˆ ˆ ˆ1 , 1i i i Z i i i   = − + − ; ( )ˆ 0 0 =  (37) 

( )( ) ( ) ( ) ( )ˆ ˆ, 1 1Ti i y i Z i i  − = − −  (38) 

( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( )

1 1
1

1 1

T

T

i Z i Z i i
i i

Z i i Z i

 −  −
 =  − −

+  −
;  ( )0 I =  (39) 

with I  being an identity matrix, while   is a positive constant. However, the LS-type 

identification algorithm, denoted by ˆ
LS , exhibits a high degree of sensitivity to small 

deflections of the real observation noise pdf p  from the normal one, thus being non-ro-

bust and possibly even failing to converge. In this sense, real measurements typically in-

clude unavoidable multiple outliers, ranging from five to ten percent within predomi-

nantly Gaussian-distributed data. Therefore, the class of approximately normal pdfs cor-

rupted by outliers, the so-called  -contaminated Gaussian pdfs 

( ) ( ) ( ) ( ) ( ) 0| 1 ; 0 1np z p z p z p z  = = − +  P , (40) 

represents, in practice, the most widespread form of available prior information regarding 

the statistical properties of the observation noise ( )e i  in (4) [23–25,32–36,38]. Here, ( )np   

in (40) is the zero-mean standard normal pdf ( )2| 0, nN   with unit variance 2 1n = . The 

parameter   is called the contamination degree, describing the probability of outlying 

data samples arising from pdf ( )0p    in (40), which has large variance 2 2
0 n   . The 

worst-case pdf *p  in (32), minimizing the Fisher information ( )I p  in (21) within the 

given pdf class P  in (40), is the heavy-tailed Gaussian one, with the tails belonging to 

the Laplacian pdf 

( ) ( )

2

2

*
2

2 2

1
exp ;

22
argmin

1
exp ;

22

nn

p

n nn

z
z

p z I p
z

z







 



  −
−     

  
= = 

 − 
−     

 

P
 (41) 

As mentioned before, the nominal noise variance 2
n  in (41) may be estimated from 

the measurement data by using the robust MAD estimator [23–25,32–36,38]. Starting from 

(41), the AML-based optimal on a class score function ( )*F   in (26) and the associated 

AML-based optimal nonlinear residual, or prediction error, transformation ( )*   in (32) 

are represented by 
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( ) ( )

2

2

* * 2

2 2

2
;

1 2
log

2
;

1 2

n

n

n n

z
z

F z p z
z

z



 



  


+  

−
= − = 


− +   −

 (42) 

( ) ( ) ( )* * 2 2
log min ,

n n

z
z p z sgn z

 

  = − =    
  

;  ( );nk k k  = =  (43) 

where sgn  denotes the sign function. Here, the dependence of the tuning parameter   

on the contamination degree   follows from the normalizing condition ( )* 1p z dz



−

= , 

yielding 

( ) ( ) ( )
12 22

| 0, | 0, 1n
n nN z dz N


  


−

−

+  = −
  (44) 

The integral in (44) can be solved numerically by utilizing the error function [9,10]. 

Function ( )erf x   is calculated numerically for the set of arguments  ix i x=   , 

1,...,60i = , 0.05x =  and stored in a statistical table. By introducing the normalized tun-

ing parameter / nk =   in (43), the relation (44) can be rewritten in the form 

( )

2

2
2 / 1

2
1

k

erf k e
k





−

+ =
−

; / nk =   (45) 

In this context, one can calculate, for the chosen set of values  ik i k=  , 1,...,60i = , 

0.05k = , the set of associated values  , 1,...,60i i =  by utilizing (45) and the stored 

values of the erf  -function, combined with the linear interpolation technique. The ob-

tained set of pairs ( ) ,i ik  , 1,...,60i =  can be used further to evaluate the values of the 

saturation threshold ( )k k =  in (43) for desired values of the contamination degree   

in (40). The calculated values of the normalized tuning parameter ( )k   in (45) for differ-

ent values of the parameter   in (40) are presented in Table 1. 

Table 1. Dependence of tuning parameter ( )k   in (43) on  -contamination degree in (40). 

  0.00 0.01 0.02 0.05 0.10 0.20 0.50 1.00 

( )k     2.00 1.70 1.40 1.10 0.90 0.40 0.00 

It should be noted that, even for small values of the parameter  , the associated 

values of the tunning parameter ( )k   are rather small. Moreover, the underlying fixed 

factor *  in (34) corresponding to the least-favorable pdf *p  in (41), as well as the scalar 

performance index ( )* *, p   in (33), is given by 

( ) ( ) ( ) ( ) ( )* * * * 2 1I p z p z dz erf k  


−

= = = − , nk = ; ( ) ( )1
* * *, p I p  −=  (46) 

In this context, the tuning parameter k  in (46) can be chosen to give a required efficiency 

at the nominal Gaussian pdf np  in (40). Furthermore, since the ( )erf k  function asymp-

totically approaches the value 0.5  , the resulting fixed-factor value *   asymptotically 

represents the probability 1 −   of the regular measurements arising from np   in (40). 
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Thus, the contamination degree   represents the probability of outlier occurrence. Un-

fortunately, the parameter   is unknown beforehand, so it would need to be estimated. 

However, an estimation procedure based on the residual sequence ( ) i  in (15) is not 

always successful [23–25,32–36,38]. For this reason, one has to adopt either the fixed value 

of the tuning parameter k   from Table 1 in advance or the variable factor k   in (34), 

which does not require exact knowledge of the  -contamination degree. It should also 

be noted that hypothesis H5 of Theorem 2 is not satisfied for the nonlinearity *  in (43). 

However, this problem is overcome by generalizing the first derivative of the optimal *

-nonlinearity using the suitable form (34). More generally, hypothesis H5 of Theorem 2 

requires bounded first and second derivatives of the ψ-function everywhere, whereas the 

AML-based nonlinearity ψ* of (43) fails to satisfy this requirement exactly at the kink 

points defining the saturation region. In practice, this discrepancy is immaterial, since the 

generalized derivative given in (34) is used in place of the exact one when computing the 

statistical linearization coefficient, so that the asymptotic results of Theorem 2 remain ap-

plicable to the M-robustified algorithm even though the underlying nonlinearity is only 

piecewise, rather than everywhere, continuously differentiable. 

The proposed AML-based identification algorithm, optimal on a class, is closely re-

lated to Huber’s M-robust parameter estimates in static regression plants. Thus, the AML-

based nonlinearity *  in (43), optimal on a class, coincides with the Huber M-robust in-

fluence function [35]. 

6.2. Statistical Validation 

Starting from the CR inequality in (23) and (24), one may analyze the practical ro-

bustness feature of the parameter estimation procedure, denoted by ̂ , by utilizing the 

relative asymptotic estimation efficiency quantitative criterion ( RAEF ) [38]. This criterion 

is defined as the ratio between the determinant of the CR lower bound ( )* ,CRV p  in (24) 

and the determinant of the covariance matrix of the asymptotic estimation error ( )ˆV   of 

the parameter estimator ̂  in question—that is, 

( )
( )

( )
*det ,

ˆ,
ˆdet

CRV p
RAEF p

V





= ; ( ) ( ) ( )1

* *,CR LSV p I p V −= ; 

( ) ( ) ( ) 1
*

T
LSV E Z i Z i −=  

(47) 

where ( )*LSV   is defined by (18). In addition, p  designates the real observation noise 

pdf, while *  is the true parameter vector in (4). In particular, for the proposed AML-

based parameter estimation procedure that is optimal on a class, given by (14)–(16), (43) 

and (46) and denoted by ˆ
 , the associated asymptotic estimation error covariance matrix 

( )ˆV   is represented by the matrix ( )* *,V p . The latter is defined by (17), (33) and (46), 

yielding further from (47) 

( )
( )

( )
( )

( )

( )

( )

1 1
*

1
* * **, *

det ,
ˆ ,

,det

CRV p I p I p
RAEF p

p I pV p





 

− −

−
= = =  (48) 

Here, *p  is the suboptimal worst-case pdf in (41), yielding the minimum Fisher in-

formation ( )*I p  in (46) for the threshold value 1.5k = . 

In this context, by using the criterion (48), one may analyze the efficiency loss caused 

by the outliers corrupting the Gaussian-distributed measurements. Here, the pdf p  is the 

standard normal pdf ( )| 0,1N   with zero mean and unit variance, yielding the unit value 
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of the Fisher information ( ) 1.I p =  The calculated values from (48) for different  -val-

ues in (40) are presented in Table 2. In this sense, the minimum Fisher information ( )*I p  

in (48) within the class P  in (40) is calculated from (46) for each  -value of interest. 

Table 2. Dependence of RAEF  criterion (48) on  -contamination degree in (40). 

  0.00 0.01 0.02 0.05 0.10 0.20 0.50 1.00 

RAEF  0.87 0.86 0.85 0.82 0.78 0.74 0.69 0.43 

The obtained results are compared with the unit-valued RAEF   criterion, corre-

sponding to the linear optimal LS parameter estimator ˆ
LS  under the standard normal 

pdf ( )| 0,1N  . Thus, if the value of the criterion (48) is closer to one, the parameter esti-

mator ˆ
  is asymptotically more efficient for the particular  -value in (40), indicating a 

smaller efficiency loss. The results presented in Table 2 also show that the nonlinear pa-

rameter estimator ˆ
  is not significantly inferior to the linear optimal one ˆ

LS  under the 

standard Gaussian pdf ( )| 0,1N   corresponding to the value 0, =  making it robust in 

the efficiency robustness sense. Furthermore, for small and moderate values of the  -

contamination degree in (40), belonging to the interval ( )0.0, 0.2  , the efficiency loss of 

the estimation procedure ˆ
   is rather small, making the latter also robust in the re-

sistance robustness sense. Thus, since the parameter estimator ˆ
  produces fairly good 

results under both purely Gaussian-distributed data and Gaussian data corrupted by out-

liers, it also achieves practical robustness, including efficiency and resistance robustness 

performance. 

In this sense, an important practical question is related to the estimation quality of 

the nonlinear parameter estimator ˆ
  in situations when the actual observation noise pdf 

p  in (48) is not confined to the adopted class of pdfs P  in (40). In this context, the per-

formance index RAEF  in (48) is calculated for a number of observation noise pdfs p , 

some of which do not belong to the class P  in (40). The obtained results are presented in 

Table 3. 

Table 3. RAEF criterion (48) for various observation noise statistics. 

RAEF  Criterion in (48) 

pdf  ( )0,2N  ( )2,2−R  ( )0,0.5L  ( )0,1C  ( )00.1, 0,10p N = =  in (40) 

2  2.00 1.33 2.0   10.9 

( )I p  0.50 0.0625 0.25 0.50 0.80 

RAEF  1.60 13.90 3.20 1.60 1.09 

Algorithm: ˆ
 : (14)–(16), (43) and (46), 1.5k = , 0.1 =  

Description: p—noise pdf; 2 —variance; ( )I p —Fisher information 

 ( ) ( )  2 2 2| 0, 1/ 2 exp / 2N z z  = −  zero-mean normal pdf; ( ) 2I p  −=  

 ( ),a bR —uniform pdf on interval ( ),a b ; ( )
22 /12b a = − ; ( ) ( )

2
1/I p b a= −  

 ( ) ( )  | 0, / 2 expL z z  = −  zero-mean Laplace; 2 22 / = , ( ) 2I p =  

 ( ) ( )( )
1

2 20, /C z   
−

= +  zero-mean Cauchy pdf, 2 =  .  
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It should be noted that the values of the RAEF performance index in (48) are not less 

than one due to the boundedness feature of the * -nonlinearity in (43), which makes the 

denominator ( ) ( )* *,I p p   in (48) less than one for a symmetric heavy-tailed pdf p . In 

this context, if the value of the criterion (48) is closer to one, the ˆ
 -estimation procedure 

is more efficient under the particular pdf p . The presented results in Table 3 show that 

the nonlinear parameter estimator ˆ
  produces practically acceptable quality of estima-

tion under a zero-mean symmetric heavy-tailed observation noise pdf p . Typical exam-

ples of such pdfs are the Gaussian mixture, Cauchy and Laplacian pdfs. Here, the Fisher 

information ( )I p  depends on a single shape parameter of the pdf p of interest. The best 

results are obtained for the Gaussian mixture pdf, belonging to the class P  in (40), while 

slightly inferior results are obtained under the Cauchy pdf, as well the normal pdf. More-

over, the Laplacian pdf exhibits exponential tail decay rather than the quadratic-exponen-

tial decay of the nominal Gaussian pdf np  in (40), meaning that large-amplitude samples 

are relatively more probable, corresponding to higher  -values than the assumed value 

0.1 = . Therefore, smaller k -values than the adopted value 1.5k =  may produce better 

quality of estimation (see Table 1). From this point of view, the Laplacian pdf ( )0,L   is 

the worst-case pdf *p   in (32) within the class P   of pdfs p  , being continuous in the 

origin ( )0 / 2 0p    [15,23–25,38]. Thus, the optimal-on-a-class nonlinearity *  in (32) 

reduces to a saturation-type sgn -function, yielding inferior results compared to those ob-

tained for the previously mentioned pdfs. Finally, rather poor estimation quality is pro-

duced under the uniform noise pdf ( ),a a−R , generating equally likely data samples on 

the given interval of length 2a . In this sense, a class of  -contaminated uniform pdfs 

may be obtained from (40) by replacing the nominal normal pdf np  with a uniform pdf 

( ),a a−R . In accordance with (41), the worst-case pdf ( )*p z  in (32) on the given class is 

the uniform one in the middle for z a  and the Laplacian one in the tails for z a . 

Thus, the nonlinearity *  in (32), optimal on this class, reduces to a saturation-type sgn

-function in the tails z a  with a dead zone in the middle z a . This nonlinearity de-

viates significantly from the optimal nonlinearity *  in (43) under the class P  in (40) 

[15,23–25,38]. Finally, as mentioned before, the nonlinear robust estimator ˆ
  is slightly 

inferior to the optimal linear estimator ˆ
LS   under the pure standard Gaussian pdf 

( )0,1N  (see Table 2). This is the price paid for achieving practical robustness involving 

both the efficiency and resistance robustness features. 

The theoretical analysis is mostly based on the asymptotic properties of the proposed 

AML-based optimal on a class-recursive identification algorithm ˆ
  assuming an infinite 

size of the measurement data. However, it is important to investigate the properties of 

estimator ˆ
  under measurement data of finite length, bearing in mind the limited num-

ber of observations in real-time applications. Therefore, an important engineering exam-

ple of linear dynamic system parameter identification under Gaussian-distributed obser-

vations corrupted by impulsive noise, or outliers, is also analyzed using Monte Carlo sim-

ulations. 

7. Simulation Example and Experimental Validation 

The presented simulation results are obtained for the ARX model (2), with the un-

derlying polynomials in (3), given by 

( )1 1 21 1.5 0.7A q q q− − −= − + , ( )1 1 20.5B q q q− − −= +  (49) 
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The white random input sequence ( ) u i  in (2) is generated by the standard normal 

pdf ( )| 0,1 ,N   while the white observation noise sequence ( )e i  in (2) is generated from 

the zero-mean Gaussian mixture pdf in (40), with 2 1n =  and ( ) ( )20 0~ | 0,p N   , 2
0 1 

. The noise sample ( )e i  at the present i-th stage is generated by first producing the sam-

ple r  from a uniform or rectangular pdf ( )0,1R . Thus, if r  , with   being the given 

contamination degree in (40), the noise sample ( ) ,e i  is generated from the contaminating 

zero-mean normal pdf ( ) ( )20 0| 0,p N  =   with the given large variance 2
0 1  ; other-

wise, the noise sample ( )e i   is generated from the nominal standard normal pdf 

( ) ( )| 0,1np N =   in (40). 

Furthermore, the following algorithms have been tested: the linear RLS (37)–(39), op-

timal under the standard Gaussian pdf ( )0,1N  and denoted by A1; the AML-based iden-

tification algorithm, optimal on the class in (40), defined by (14)–(16), (43) and (46) and 

designated as A2; and Algorithm A2, using the variable factor k  in (34) instead of the 

fixed factor *  in (46), denoted by A3 (see Table 4). 

The fixed factor *  in (46) approximates the expected slope of the nonlinearity *  

in (43), optimal on the class in (40), based on the least favorable pdf *p  in (41) instead of 

the real unknown noise pdf. However, as mentioned before, such an approximation re-

quires the definition in advance of the contamination degree    in (40). On the other 

hand, the variable factor k  in (34) represents the current slope of the AML-based opti-

mal nonlinearity * in (43), so that knowledge of the  -contamination degree is not re-

quired (see Section 5). 

Table 4. Flowchart of Algorithm A3 with variable linearization coefficient. 

Step 0:  

Set the initial values: ( )ˆ 0  in (14); ( )0  in (16); threshold level k  in (41); nominal noise var-

iance 
2
n  in (40); polynomial orders n  and m  in (2), n m ; number of iterations sN ; initial 

regression vector in (3), ( ) ( ) ( ) ( ) ( ) 1 ,..., 0 , 1 ,...,TZ n y n y u n u n m= − − − − − ;  

Define influence function *  in (41) for the given k  value. 

Step 1: Time-counter initialization, i n= ; ( ) ( )ˆ ˆ1 0n − = ; ( ) ( )1 0n − =   

Step 2: Calculate the measurement residual in (14), ( ) ( ) ( ) ( )ˆ 1Ti y i Z i i = − −  

Step 3: Calculate the residual nonlinear transformation ( ) ( )( )*i i  =  

Step 4: Calculate the variable linearization factor   in (34), ( )

( )

( )
( )

( )

if 0

1 if 0

i
i

ii

i











= 
 =

 

Step 5: Calculate the gain matrix from (16), ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
1

1 1
1

1

T

T

i Z i Z i i
i i

i Z i i Z i
−

 −  −
 =  − −

+  −
 

Step 6: Calculate the parameter estimate update ( ) ( ) ( ) ( ) ( )ˆ ˆ 1i i i Z i i  = − +  

Step 7: Increase time counter 1i i +  

Step 8:  

IF Si N  THEN  

Memorize the parameter estimates ( )ˆ i , 

Take the current input–output signals ( ) ( ),y i u i , 

Upgrade the regression vector ( ) ( ) ( ) ( ) ( ) 1 ,..., , 1 ,...,TZ i y i y i n u i u i m= − − − − − − , 
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where ( ) ( )0, 0y j u j= =  for 0j   

GOTO Step 2 

ENDIF 

End of the simulation 

Note: The flowchart describes the nonlinear Algorithm A3. If the fixed linearization coefficient   

in (46) is used instead of the variable coefficient, the flowchart reduces to Algorithm A2; if the fixed 

coefficient is chosen to be 1 = , and the linear transformation ( )x x =  is used instead of the 

nonlinear one in (41), the flowchart reduces to the RLS algorithm. 

The effects of making the parameter estimates insensitive to outliers, contaminating 

the mainly Gaussian-distributed data, are presented in Figure 1, depicting the normalized 

mean square error, NMSE , defined by 

( )
( )

2

*

2
1 *

ˆ
1

; 1,...,
M

j

j

k
NMSE k k N

M

 

=

−
= = ; ( )

1

1 N

k

NMS NMSE k
N =

=   (50) 

where NMS  represents the average performance measure. 

The NMSE   estimation quality measure is calculated by using 100M =   Monte 

Carlo runs and 2000N =  steps. Here,   is the Euclidean norm, while ( )j k  is the pa-

rameter vector estimate at the k-th stage for the j-th Monte Carlo run, and *  is the true 

parameter vector in (49). 

 

Figure 1. Normalized mean square error norm, NMSE  in (50), based on 100M =  Monte Carlo 

runs for different algorithms under a Gaussian mixture noise pdf, (40), with statistical parameters 

0.1 = , ( ) ( )0 | 0,100p N =   (initial conditions ( )ˆ 0 0 = , ( )0 0.1I = ). 

Figure 2 depicts the typical behavior of the analyzed algorithms under a single Monte 

Carlo trial ( 1M = ). 
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Figure 2. Normalized mean square error norm, (50), based on a single Monte Carlo run ( 1M = ) for 

different algorithms under a Gaussian mixture noise pdf, (40), with statistical parameters 0.1 = , 

( ) ( )0 | 0,100p N =   (initial conditions ( )ˆ 0 0 = , ( )0 0.1I = ). 

The effects of desensitizing the parameter estimates with respect to outlier statistics, 

involving levels and contamination degrees of impulsive noise contaminating the pre-

dominantly Gaussian-distributed observations, are illustrated in Tables 5–7, depicting the 

average square error norm—the NMSE in (50)—on the basis of 100 Monte Carlo trials. 

Table 5. The NMS  criterion (50) for different algorithms and various outlier statistics in (40). 

 pdf 

 0.1 =  0.1 =  0.1 =  0.1 =  

 ( ) ( )0 0,1p C =  ( ) ( )0 5,5p  = −R  ( ) ( )0 0,1p L =  ( ) ( )0 0,10p N =  

Algorithm     

A1 1.195 0.105 0.177 0.104 

A2 0.082 0.019 0.062 0.029 

A3 0.081 0.051 0.064 0.029 

Table 6. Average mean square error norm for different algorithms as a function of the outlier prob-

ability, with ( )ˆ 0 0 = , ( )0 0.1I = , 1.5k = , 
2 1n = , ( ) ( )0 | 0,10p N =  . 

 pdf in (40) 

 0 =  0.02 =  0.03 =  0.05 =  0.1 = 0 

Algorithm      

A1 0.020 0.053 0.071 0.086 0.104 

A2 0.040 0.026 0.030 0.028 0.029 

A3 0.038 0.026 0.030 0.025 0.029 
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Table 7. Average mean square error norm for different outlier intensities with ( )ˆ 0 0 =  , 

( )0 0.1I = , 1.5k = , 
2 1n = , 0.1 =  for different algorithms. 

 pdf 

 ( ) ( )0 | 0,3p N =   ( ) ( )0 | 0,6p N =   ( ) ( )0 | 0,10p N =   

Algorithm    

A1 0.049 0.083 0.117 

A2 0.024 0.026 0.040 

A3 0.024 0.027 0.040 

In particular, Table 8 shows the dependence of the estimate quality on the tuning 

parameter ( )k   characterizing the nonlinear influence function *  in (34). Since the 

-contamination degree in (40) is not known in practice, one has to adopt the k -parameter 

value in advance (see Table 1). 

Table 8. Average mean square error norm for different algorithms, as a function of saturation level 

k , with 0.1 = , ( ) ( )0 | 0,10p N =  , ( )0 0 = , ( )0 0.1I = . 

 k  

 1.0k =  1.5k =  2.0k =  3.0k =  4.0k =  

Algorithm      

A2 0.030 0.028 0.028 0.033 0.042 

A3 0.030 0.028 0.028 0.032 0.041 

The simulation results confirm the previous conclusions drawn from the asymptotic 

theoretical analysis (see Tables 1–3). In this sense, the linear RLS algorithm A1 under 

purely Gaussian-distributed observations with 0 =  in (40) ensures slightly better esti-

mation quality than the AML-based recursive nonlinear identification algorithms, A2 and 

A3, optimal on the class in (40) (see Tables 2 and 6). On other hand, algorithms A2 and A3 

exhibit practical robustness, meaning that these algorithms are very effective in suppress-

ing the effects of different types of outlying data points under the contamination degree 

0 0.2   (see Tables 3 and 5–7). Moreover, algorithms A2 and A3 produce comparable 

results, presenting a good balance between estimation quality and insensitivity to multi-

ple outliers (see Tables 5–7). Furthermore, Table 8 shows that the nonlinear algorithms A2 

and A3 are rather insensitive to the value of the saturation level k  belonging to the in-

terval 1 3k  . 

The good results obtained by algorithms A2 and A3 are due to the adequate nonlin-

ear processing of prediction errors through the 1.5 Huber M-robust influence function *  

in (43) within the parameter update recursion (14). This estimation procedure is also com-

bined with the robust recursive scheme to calculate the gain matrix ( )i  in (16), based 

on either the fixed factor *  in (46) or the variable factor k  in (34). This, in turn, keeps 

the gain matrix ( )k  at values high enough to ensure the fast convergence of the esti-

mates, but also at small enough values to ensure low sensitivity to outliers. In contrast, 

the RLS-type algorithm A1 is inferior to the nonlinear algorithms A2 and A3 in the pres-

ence of outliers corrupting the predominantly Gaussian-distributed data. 

However, algorithms A2 and A3, which are optimal on the class in (40), are nonlinear; 

hence, their parameter estimates may be highly sensitive to the initial choices of ( )ˆ 0  

and ( )0 . In general, Algorithm A3 converges slowly for higher values of ( )0  due to 

the influence of the dynamics of the variable factor k . This factor represents the current 

slope of the * -nonlinearity in (43), which is further used to calculate the gain matrix 
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( )k  in (16). Thus, the large residual samples in the initial steps, induced by the initial 

value ( )0 , lead to a very slow decrease in the gain ( )k  since the * -nonlinearity op-

erates in the saturation mode, causing the current slope k  to be close to zero. This, in 

turn, ensures a cumulative effect, resulting further in the slow convergence of the param-

eter estimates. In contrast, Algorithm A2 is found to be relatively insensitive to the value 

of ( )0  due to the effect of the fixed factor  . This factor represents the average slope 

of * -nonlinearity in (43) and is further used to calculate the gain ( )k  in (16), resulting 

in the smooth dynamics of the gain  . This, in turn, reduces the influence of the initial 

values on the quality of parameter estimation. 

In general, the problem related to the choice of the initial conditions can be circum-

vented by using good starting values ( )ˆ 0  and ( )0 , generated, for example, by a non-

recursive Huber M-robust parameter estimator [15,23–25,38]. 

Finally, the computational complexity of the developed nonlinear algorithms A2 and 

A3 is slightly higher than that of the linear Algorithm A1. This result is achieved at the 

cost of limiting the condition related to the choice of the ARX model characterized by zero-

mean wide-sense stationary process noise. 

8. Conclusions 

This paper has addressed the problem of robust recursive parameter identification 

for linear discrete-time stochastic systems operating under uncertain, potentially non-

Gaussian disturbance statistics. To this end, a new class of nonlinear recursive algorithms 

of an approximate Newton–Raphson type for parameter identification in a linear discrete-

time dynamic stochastic system, excited by zero-mean white stochastic disturbances, has 

been developed. Strong consistency and the convergence of the asymptotic estimation er-

rors to a zero-mean normal pdf have been established by utilizing the martingale theory 

approach. Starting from the Cramér–Rao theorem and the derived covariance matrix of 

the asymptotic estimation error, the ML-type optimal nonlinear residual transformation 

under a fully known noise pdf is derived. This, in turn, leads to an asymptotically efficient 

ML-based recursive identification algorithm, with the asymptotic estimation error covar-

iance matrix achieving the Cramér–Rao lower bound. The link between the ML-based op-

timal nonlinearity and the gain matrix calculation is established through the statistical 

linearization coefficient, representing the expected slope of the nonlinearity. The case of 

disturbance uncertainty has been considered by utilizing the available prior statistical in-

formation to specify a class of pdfs to which the real unknown observation noise pdf be-

longs, leading to the ML-based recursive parameter identification algorithm that is opti-

mal on a class. The proposed design provides the minimum asymptotic estimation error 

covariance matrix under the least favorable or worst-case pdf within the adopted class; 

this covariance matrix is simultaneously the maximum one within the class. Unfortu-

nately, the min–max optimal design may be indeterminable, since an exact solution for 

the worst-case pdf does not generally exist. In particular, it exists only for static regression 

plants and FIR linear dynamic stochastic systems. The matrix optimization procedure for 

finding the worst-case pdf reduces to minimizing the scalar Fisher information within the 

specified class. Furthermore, in the case of IIR linear dynamic systems, the exact numerical 

solution for the worst-case pdf exists only for a class of zero-mean symmetric pdfs with 

finite variance. Therefore, the derived worst-case pdf solution, minimizing the Fisher in-

formation, represents an approximate optimal worst-case pdf. This, in turn, leads to an 

approximate ML (AML) design on a class. In addition, the ML-based optimal- and AML-

based optimal-on-a-class algorithms have the same recursive nonlinear structure as the 

Newton–Raphson-type method, where the only difference is in the optimization proce-
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dure to find either the optimal or suboptimal worst-case one. Moreover, the proposed 

AML-based design on a class is step-by-step optimal, minimizing the conditional estima-

tion error covariance matrix at each stage under the suboptimal worst-case pdf. In partic-

ular, a class of  -contaminated Gaussian pdfs is of special importance in practice, since 

various scientific and industrial real measurements contain unavoidable outliers, corrupt-

ing the predominantly Gaussian-distributed measurements. In this sense, the AML-based 

suboptimal nonlinearity on the above class coincides with the influence functions of the 

Huber M-robust estimation of the location parameter, which also makes the AML-based 

design on the class robust in the practical sense, involving both efficiency and resistance 

robustness properties. However, the developed M-robustified version of the AML-based 

optimal on the given class design is still indeterminable, since the statistical linearization 

coefficient in Newton–Raphson-type recursion represents the unknown expected slope of 

the Huber M-robust influence function. A reasonable approach is to calculate the mathe-

matical expectation by utilizing the AML-based suboptimal worst-case pdf, resulting in a 

fixed coefficient. Additionally, since such an approximation requires exact knowledge of 

the  -contamination degree, a more suitable approach is to approximate the expectation 

via the current measurement residual realization, producing a variable coefficient. 

Simulation results have shown that the proposed M-robustified AML-based optimal-

on-a-class design ensures a good balance between estimation quality and insensitivity to 

multiple outliers, up to a contamination degree no greater than twenty percent. For higher 

levels of outliers, the specified class of  -contaminated Gaussian pdfs is no longer ade-

quate. 

It is worth relating the proposed design to the ML-type parameter estimation proce-

dures commonly used for ARMA, ARIMA, ARIMAX and GARCH models. In the 

ARMA(X) case, the moving-average noise term makes the one-step predictor nonlinear in 

the parameters, so that the conditional ML estimate is computed by iterative Gauss–New-

ton-type optimization or, recursively, by the recursive prediction error method (RPEM) 

[11,12]. The ARIMA(X) family additionally treats nonstationarity through differencing, 

while GARCH models describe conditionally heteroskedastic disturbances, estimated in 

practice by the quasi-ML approach. All these procedures rely on the Gaussian, or condi-

tionally Gaussian, likelihood and are therefore sensitive to heavy-tailed disturbances and 

outliers in the same way as the RLS algorithm analyzed here. The ARX equation error 

structure with i.i.d. disturbances, adopted in this paper, represents the case in which the 

regression vector is measurable with respect to  -algebra generated by the past input–

output data, enabling the rigorous martingale-based convergence analysis, as well as the 

explicit M-robustified AML design on a class. Within this framework, RPEM essentially 

reduces to the RLS algorithm, so that the presented comparisons implicitly cover the cor-

responding ML-type benchmark. 

Further investigations should be oriented towards designing an AML-based recur-

sive identification algorithm, optimal on a class, under levels of prior information on sto-

chastic disturbances that differ from those assumed here, involving correlated noise 

within the ARMA and ARMAX model structures (e.g., by M-robustifying the RPEM re-

cursion); conditionally heteroskedastic disturbances of the GARCH type, with unequally 

distributed observations; asymmetric noise pdfs, etc. Some preliminary results may be 

found in the statistical literature, but their application to the dynamic system identifica-

tion problem requires further work. 
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Abbreviations 

The following abbreviations are used in this manuscript: 

A1 Linear RLS optimal under the standard Gaussian pdf  

A2 AML identification algorithm, optimal on the class, with fixed coefficient 

A3 AML identification algorithm, optimal on the class, with variable coefficient 

AML Approximate ML 

a.s Almost surely  

ARX Autoregressive with exogenous input 

BIBO Bounded input–bounded output  

CR Cramér–Rao  

EE Equation error 

FIR Finite impulse response  

i.i.d. Independent and identically distributed  

IIR Infinite impulse response  

LS  Least squares  

MAD Median absolute deviation 

ML Maximum likelihood  

MMSE Minimum mean square error  

NMSE Normalized mean square error  

ODE Ordinary differential equation  

pdf Probability density function  

w.p.1 With probability one  

Appendix A 

Proof of Theorem 2. Let us denote the estimation error by ( ) ( ) *ˆi i  = −  and rewrite 

the algorithm (14)–(16) in the form 

( ) ( ) ( ) ( ) ( )( )1ˆ ˆ ˆ1 , 1i i R i Z i i i    −  = − + −
 

 (A1) 

( ) ( ) ( ) ( )1 TR i R i Z i Z i= − + ;  ( ) pE =   (A2) 

where pE    is the expectation with respect to the noise pdf p  , while ( ) ( )1i R i− =  . 

Taking into account (A1) and (A2), one obtains 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )ˆ1 1 1 , 1TR i i R i i Z i Z i i Z i i i       = − − + − + −
 

  (A3) 

By summarizing (A3) from 0  to i , it further follows that 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) 
1

ˆ0 0 1 , 1
i

T

k

R i i R Z k Z k k Z k k k      
=

 = + − + −
   (A4) 

The relation (A4) can be rewritten in the form 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) 
1 1

ˆ0 0 1 , 1
i i

T

k k

R i i R Z k e k Z k Z k k k k e k        
= =

 = + + − + − −          (A5) 

Moreover, by introducing ( ) ( )R i iR i= , it follows from the relation (A5) that 
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( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )( ) ( ) 

1 1

1

1

1

1 1
0 0

1 ˆ1 , 1

i

k

i
T

k

i i R i R R i Z k e k
i i

R i Z k Z k k k k e k
i

  

     

− −

=

−

=

= +   

 + − + − −    








 (A6) 

Since the influence of the initial guess ( )ˆ 0  on the parameter vector *  vanishes as 

the time index i  increases, it suffices to analyze the last two terms on the right-hand side 

of (A6). Thus, to investigate the influence of the third term in (A6), let us analyze the ex-

pression 

( ) ( ) ( ) ( )( ) ( ) 
( ) ( ) ( ) ( )( ) ( ) 

ˆ1 , 1

ˆ1 , 1

T

T

Z k Z k k k k e k

Z k Z k k k k e k

     

     

 − + − −    

  − + − −    




 (A7) 

where   denotes the Euclidean norm, and   denotes the absolute value. By linearizing 

the nonlinearity ( ),k       in the vicinity of the true parameter vector *   using the 

truncated Taylor series expansion, and taking ( )ˆ 1k = − , one obtains 

( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 
21ˆ, 1 1 1

2

T Tk k e k e k Z k k e k Z k k          − − + − = −           
  (A8) 

By applying hypothesis H5, one concludes that ( ) 1k    and ( ) 2k   , yielding 

further from (A8) 

( )( ) ( ) ( ) ( ) ( ) ( )
2

1 2
ˆ, 1 1 1T Tk k e k k Z k k k Z k k        − − + −  −     

  (A9) 

for some positive constants ( )1,2 0,k   . Since, under hypothesis H3, the generated data 

are bounded, one gets from (A7)–(A9) 

( ) ( ) ( ) ( )( ) ( )  ( )
2

3
ˆ1 , 1 1TZ k Z k k k k e k k k       − + − −  −   

  (A10) 

where 3k  is a finite positive constant. Next, let us analyze the random vector 

( ) ( ) ( ) ( ) ( ) ( )
1 1

2 2

1

1
i

k

S i k Z k e k S i i Z i e i
 

 
− − − −

=

= = − +        (A11) 

Furthermore, since ( )  0E e k =   , owing to hypotheses H2 and H4, one further 

obtains 

( )  ( ) ( ) ( ) ( )  ( )
1 1

2 2
1 1

1

1
i

i i

k

E S i F E k Z k e k F i Z i E e i S i
 

 
− − − −

− −

=

  
= + = −       

  
  (A12) 

On the other hand, one gets from (A11) 

( ) ( ) ( )

2
1

22 2
2

1

i

k

S i k Z k e k



− −

=

 
=      

 
  (A13) 

By applying the unconditional expectation operator E   on (A13) and taking into 

account hypotheses H2–H4, one concludes that the random quantities ( )Z k   and 

( )e k     are bounded and uncorrelated, yielding 
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( )  ( )  ( ) 
2

1
22 2 1 22

4

1 1

i

k k

E S i k E Z k E e k k k



− −

− −

= =

 
=        

 
   (A14) 

for some positive constant ( )4 0,k   . The last inequality follows from the Cauchy inte-

gral criterion, stating that the sequence 
1

l

k

k


−

=

  for 1l   converges [45]. Thus, under re-

lations (A12) and (A14), one concludes that the vector discrete-time stochastic process 

( ) S i  is a martingale sequence, so that the basic martingale convergence theorem from 

Lemma 4 implies that [43] 

( )lim
i
S i S

→
=   ,  w.p.1 (A15) 

Taking into account Lemma 3, with the choice ( ) ( )kx Z k e k=     and 
1

2
kb k

− −

= , 

one also gets [45] 

( ) ( )
1 1

2 2

1

lim 0
i

i
k

i k Z k e k
 


− − − −

→
=

=   ,  w.p.1 (A16) 

Furthermore, one obtains from relation (A6) 

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )( ) ( ) 

1

1 1 2
1

12

1

1

1
0 0

1 , 1

i

k

i
T

k

i i R i R R i i Z k e k

i

R i Z k Z k k k k e k





  

     

+
− −

+ =

−

=

= +   

 + − + − −    









 (A17) 

Under hypothesis H6 and relations (A10), (A16) and (A17), one gets 

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

1
21 1 12

5 3

1

1 1
2 2

2 2
6 7 8 9

1 1

0 0 1

1 1

i

k

i i

k k

i i R i R k R i i k R i k

k k i k k k i k



 

  

 

+
− − −

=

+ +

= =

 + + −

 
 + + −  + − 

 
 



 





 (A18) 

for some positive constants ( )0,jk    , 5,6,...,9j =  . By substituting into Lemma 1 

( )ib i=   and 1 1/ 2 = + , yielding ( )max 0,2 = , as well by applying Lemma 1 to 

relation (A18), one obtains 

( )
2 2

9

1

1
i

k

k k i 
=

−    (A19) 

In this way, due to relations (A10) and (A19), the third term on the right-hand side of 

(A6) satisfies 

( ) ( ) ( ) ( ) ( )( ) ( ) 

( )

1

1

1 2
3 9 10 1/2 2

1 ˆ1 , 1

1 1
0

i
T

k

i

R i Z k Z k k k k e k
i

R i k k i k
ii





     −

=

−

− →

 − + − −    

  →

 

 (A20) 

where 10k  is a finite positive constant, and 1/ 2 2 0−  . Taking into account (A20), one 

concludes that the asymptotic distribution of the estimation error only depends on the 

second addends in (A6). Furthermore, to find the expression for the underlying asymp-

totic estimation error distribution, let us apply Lemma 2 to each component of the random 

vector 
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( ) ( ) ( ) ( )
1

1

1 i

j d
k

x k x k Z k e k
i




=

 = =      ; ( ) ( ) ( )j jx k Z k e k=    ; 1,...,j d= , d n m= +  (A21) 

where ( )jZ k  is the j-th component of the 1d   information vector ( )Z k  in (5). In ad-

dition, starting from the scalar components ( )jx k  of the vector ( )x k  in (A21), one can 

write ( ) ( ) ( )2 T
j j jx k x k x k= , from which follows the matrix quantity 

( )  ( ) ( )( ) 

( ) ( ) ( ) 

22 2
1 1

1

2

1

n

n j k j k
d d k d d

n
T

k

V E x k F E Z k e k F

Z k Z k E e k





− −
 = 

=

    = =      

=   





 (A22) 

and the underlying expected value of the above matrix quantity 

  ( ) ( )  ( ) 2 2 2

1

n
T

n n

k

S E V E Z k Z k E e k
=

= =     (A23) 

Here, we use the fact that the scalar white observation noise sequence ( ) e k  is un-

correlated with the past observations, within the 1d   information vector ( )Z k  in (5). 

Furthermore, by applying the law of large numbers to relations (A22) and (A23), one ob-

tains [10] 

( ) ( )  ( ) 
2

2Tn

n

V
E Z k Z k E e k

n


→
→     (A24) 

( ) ( )  ( ) 
2

2Tn

n

S
E Z k Z k E e k

n


→
→     (A25) 

Thus, starting from the matrices in (A24) and (A25), and applying Lemma 2 to each 

of the components of these matrices, one concludes that the first condition of Lemma 2 is 

fulfilled. Moreover, since lim n
n
S

→
=  , due to (A23), and since the vector quantity 

( ) ( )Z k e k     in (A21) is bounded by hypotheses H3 and H4, one obtains the scalar ratio 

for each component j  of the matrices (A24) and (A25): 

( )( )
( ) ( )  ( ) ( ) ( ) 

2

2
1

1
0

n

j j n
n

k
n

E Z k e k P Z k e k S j
S j

  
→

=

   →        ; 1,...,j d=  (A26) 

Thus, taking into account the relations in (A26), one concludes that the second con-

dition of Lemma 2 is also is fulfilled. Again, by applying Lemma 2 to the components of 

the matrix (A21), one concludes that 

( ) ( ) ( )
1

1
0,

i D

k

Z k e k N Q
i


=

→   ;  ( ) ( )  ( ) 2TQ E Z k Z k E e k=     (A27) 

where ( )0,N Q  is the multidimensional zero-mean normal pdf with the covariance ma-

trix Q , while the symbol “
D

→ ” designates the asymptotic convergence in distribution. 

Taking into account relation (A2), and the fact that ( ) ( )R i iR i= , it further follows that 

( ) ( ) ( ) ( )
1

1 1
0

i
T

k

R i R Z i Z i
i i


=

= +   (A28) 

Moreover, by applying the law of large numbers to (A28), one gets 
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( ) ( ) ( )  ( )  ( ) ( ) T T

i
R i R E Z i Z i E e i E Z i Z i 

→
→ = =     (A29) 

where the linearization coefficient ( ) E e i  =     due to (14) [10]. In addition, from hy-

pothesis H3 and relations (A27) and (A29), one obtains the relations 

( ) ( ) ( ) ( )1

1

1
0,

i D

k

R i Z k e k N V
i

−

=

→   ;  1 1V R QR− −=  (A30) 

Finally, by substituting (A30) into (A17), and neglecting the influence of the initial 

conditions for a sufficiently large discrete-time index i , one obtains the relations in (17), 

which completes the proof. □ 
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