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Abstract

This study proposes a mathematical framework for predicting complete response-time
distributions associated with parametric video-game configurations. Each configuration
is encoded as a point in a normalized metric space, and the statistical descriptors of its
response-time distribution (median, mean, selected quantiles, interquartile range, and
Skewness) are treated as real-valued Lipschitz functions on that space. Predictions for
unseen configurations are obtained through McShane–Whitney extension formulas, which
provide geometrically controlled upper and lower bounds compatible with the empirical
Lipschitz regularity of the observed data. To handle the sequential incorporation of new
observations, a regularization mechanism is introduced that replaces raw descriptors
violating Lipschitz continuity constraints with a convex combination of the observed value
and a weighted historical estimate. In the extended version of the method, the coefficient
of this combination is selected through a one-pass online Q-learning-inspired procedure
that selects, for each descriptor and instability regime, a data-dependent trade-off between
fidelity and geometric regularity. The final output is a continuous Log-Normal density
fitted by nonlinear least squares to the predicted descriptors, together with a Wasserstein-
type uncertainty band derived from the Lipschitz bounds. The framework is validated
on a controlled experiment with 24 participants across 20 game levels. Results show that
the predicted distributions shift systematically with the input configuration and that, in
the illustrative comparison, the adaptive mechanism produces feature-specific smoothing
decisions that differ from those obtained with a fixed coefficient. The method also provides
interpretable predictions from small experimental datasets without requiring fully data-
driven models.
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1. Introduction
Response time is one of the most direct observable traces of how a player interacts

with a game situation. In action-oriented tasks, it summarizes several processes that
are relevant for game design: visual detection, attention, motor preparation, decision
making, and execution [1]. For this reason, response-time data can be useful not only for
describing player performance, but also for designing new game situations whose difficulty
is better adjusted to the expected behavior of players. This is especially relevant in simple
but frequent interaction patterns, such as detecting a moving object, aiming at it, and
producing a fast response.
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A common limitation is that response-time data are often reduced to a small number
of summary statistics, such as a mean or a median [2,3]. These values are informative, but
they do not describe the full shape of the empirical response-time distribution. In many
practical cases, two game configurations may have similar average response times but
very different dispersion, asymmetry, or tail behavior. This matters because the perceived
difficulty of a task is not determined only by the central response time. It is also affected
by the variability of responses and by the probability of unusually slow or unusually
fast reactions. Moreover, extreme response-time observations and the procedures used to
remove or correct them can substantially affect the statistical interpretation of experimental
outcomes [4]. Previous work on reaction-time modeling has shown that these data are often
non-Gaussian and that distributional information is important for interpreting cognitive
and behavioral performance [5–8]. Studies comparing gamers and non-gamers also support
the idea that video-game practice is related to measurable differences in reaction-time and
working-memory tasks [9–11].

This paper starts from that observation and proposes a mathematical framework for
predicting complete response-time distributions associated with simple video-game-like
configurations. The experimental setting is intentionally controlled. A player reacts to an
object that appears at a given screen position and moves under fixed conditions. Each trial
configuration is described by a small set of parameters, including variables such as object
size, color, initial coordinates, and spawning time. The goal is not to reproduce the full
complexity of commercial video games. Rather, the aim is to isolate elementary interaction
units that are present in many games and to build a model that can simulate the expected
response-time distribution for new, untested configurations.

The problem is related to the broader field of adaptive game design. Dynamic difficulty
adjustment (DDA) studies how a game can automatically modify parameters, scenarios,
or non-player behavior in response to the player state, with the aim of avoiding bore-
dom and frustration while preserving engagement [12–14]. Recent comparative studies
also show that no single DDA strategy is uniformly superior across player-performance,
affective, and experience-based criteria, which supports the need for adaptive and inter-
pretable mechanisms [15,16]. Recent work has introduced machine learning and reinforce-
ment learning approaches to DDA, including frameworks in which states, actions, and
rewards are explicitly designed for action games [17], personalized systems combining
imitation learning and reinforcement learning [18], fuzzy adaptive systems [19], MAPE-K
self-adaptive architectures [20], chat-based estimation of perceived difficulty [21], and
even large-language-model-based DDA in card games [22]. In parallel, procedural content
generation via reinforcement learning has framed level design itself as a sequential decision
problem, where an agent modifies game content in order to maximize a reward associated
with playability, balance, control, or affective response [23–27]. Recent mixed-initiative
frameworks further demonstrate how reinforcement learning agents and human designers
can cooperate in the generation of diverse game scenarios [28].

Beyond dynamic difficulty adjustment and content generation, continuous response
times and interaction traces may also have potential applications in security-oriented
multimedia systems. When modeled at the individual or session level, these traces can
provide behavioral signatures for detecting departures from a player’s usual interaction
pattern. Such deviations could support user-behavior anomaly detection, the identifica-
tion of scripted or bot-assisted inputs, and anti-cheating mechanisms. In this context, the
Lipschitz-regulated framework could provide interpretable expected ranges for behavioral
descriptors and flag observations that are geometrically incompatible with the available
history. However, the present experiment uses aggregated response-time distributions at
the level of game configurations and does not evaluate security or player-authentication
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tasks. Extending the model to continuous participant-specific trajectories therefore con-
stitutes a future research direction. More broadly, recent work on the cryptanalysis and
improvement of video cryptosystems illustrates the growing importance of mathematically
controlled robustness and security analysis in multimedia applications [29].

The contribution of the present study differs from these approaches but remains
complementary to them. Instead of adapting a whole game environment online, the
present study focuses on the statistical modeling of response times generated by elementary
game stimuli. The proposed method combines two components. The first one is a metric
regression procedure based on Lipschitz functions. Each game configuration is represented
as a point in a normalized metric space, and each statistical descriptor of the response-time
distribution is treated as a real-valued function on that space. McShane–Whitney Lipschitz
extensions are then used to estimate the descriptors of an unseen configuration from the
observed ones [30,31]. This gives a geometrically controlled prediction rule, because each
estimated descriptor is constrained by the empirical Lipschitz regularity of the available
data. The use of Lipschitz-type extensions is also connected with previous work on machine
learning and reinforcement learning in metric or quasi-metric settings [32,33].

The second component is a sequential regularization mechanism. Experimental con-
figurations are incorporated into an active memory one by one. When a new observation
produces an excessive increase in the empirical Lipschitz constant of one or more statistical
descriptors, the algorithm does not simply accept the raw value. Instead, it replaces it with
a convex combination of the observed value and a weighted recent average of previous
values. In the basic version of the method, the coefficient of this convex combination is fixed.
In the extended version, this coefficient, denoted by α, is selected through a reinforcement
learning-inspired tabular mechanism. The agent observes a state that summarizes the
current Lipschitz instability, selects a value of α from a finite action set, and receives a
reward that penalizes both excessive loss of Lipschitz regularity and excessive distortion of
the empirical observation. Thus, the procedure learns how strongly the system should trust
new information in each instability regime. This tabular action-value mechanism follows
the general principles of Q-learning [34].

After the statistical descriptors have been predicted for a new configuration, the
method reconstructs a continuous probability density. In the implementation considered
here, a Log-Normal distribution is fitted to the predicted descriptors. The parameters of this
distribution are obtained by solving a nonlinear least-squares problem that simultaneously
matches the predicted median, mean, and selected quantiles. Therefore, the output of the
model is not only a point estimate of the response time, but a complete probability distri-
bution. This objective is related to the general framework of distributional regression, in
which the entire conditional distribution, rather than only its expected value, is modeled as
a function of explanatory variables [35]. This distribution can be used to compare candidate
screen configurations, simulate unobserved experimental situations, and support the de-
sign of new interaction patterns before collecting additional data. The use of distributional
modeling is consistent with research showing that the complete shape of response-time dis-
tributions contains information that is lost when only central measures are considered [2,3],
as well as with recent work in which non-centered or asymmetric distributions are used to
represent performance data more faithfully than simple averages [36].

The resulting framework is a hybrid method. It combines Lipschitz-regulated regres-
sion on a normalized metric space, sequential anomaly control, reinforcement learning-
based smoothing, and least-squares reconstruction of probability densities. Its main ad-
vantage is interpretability. The geometric part provides explicit upper and lower bounds
for each descriptor, while the adaptive part gives a transparent rule for incorporating
recent information without allowing isolated observations to destroy the regularity of the
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model. This makes the approach suitable for small experimental datasets, where purely
data-hungry models may be difficult to train and where it is important to preserve a clear
mathematical description of the prediction mechanism.

The novelty of the proposed approach lies in predicting complete response-time
distributions for unseen game configurations. The method does not introduce a new
parametric distributional family; rather, it combines Lipschitz-regulated prediction of
several distributional descriptors with a subsequent Log-Normal reconstruction. Unlike
approaches that mainly fit or compare distributions under already observed conditions, the
proposed method models several distributional descriptors simultaneously as Lipschitz
functions of the game-design variables. It combines geometrically controlled McShane–
Whitney bounds, adaptive reinforcement-based smoothing, and multi-feature probability-
density reconstruction [30,31,34,35]. This provides an interpretable framework particularly
suited to small experimental datasets.

Gaussian-process regression provides a related metric- and kernel-based alternative
for prediction at unobserved configurations [37–39]. Both approaches exploit relationships
between nearby points in the input space and provide bounds or intervals associated with
their predictions. Their interpretation is nevertheless different. A Gaussian process specifies
a covariance kernel and produces a posterior predictive mean and variance conditional on
the selected kernel, observation noise model, and estimated hyperparameters. Its prediction
intervals are therefore probabilistic credible intervals under the assumed stochastic model.

By contrast, the McShane–Whitney construction used here requires only a metric
and a feature-specific Lipschitz constant. It produces deterministic lower and upper
envelopes containing every extension compatible with the assumed Lipschitz regularity.
These envelopes are geometric admissibility bounds rather than Bayesian credible intervals.
Gaussian processes may provide smoother probabilistic predictions and flexible kernel-
based structure, whereas the proposed framework prioritizes explicit geometric control,
feature-wise interpretability, and sequential regulation.

Kernel density estimation provides another relevant comparison [40,41]. A basic
kernel density estimator can flexibly approximate the response-time distribution observed
at a particular configuration, but its result depends strongly on bandwidth selection,
especially in the tails and with only 24 observations per level. Moreover, ordinary kernel
density estimation does not predict how the distribution changes across unobserved game
configurations. Conditional kernel density estimation can incorporate the configuration
variables, but it requires the simultaneous selection of bandwidths in the response and
covariate spaces. The effective number of observations available near a specific target
configuration may therefore be very small when only 20 configurations are observed.

The proposed method instead reduces each empirical distribution to a small set of
interpretable descriptors and transfers these descriptors across the configuration space under
explicit Lipschitz constraints. It therefore exchanges some of the flexibility of Gaussian-process
and kernel-density models for deterministic geometric control, transparent feature-wise
predictions, and a sequential mechanism for limiting the influence of abrupt observations.
This comparison should not be interpreted as establishing universal superiority, because the
methods rely on different assumptions and provide different forms of uncertainty information.

The paper is organized as follows. Section 2 describes the experimental setting, the
recorded variables, and the mathematical background. Section 3 presents the Lipschitz-
regulated McShane–Whitney prediction procedure and the case studies based on a fixed
smoothing coefficient. Section 4 introduces the adaptive Q-learning-inspired selection of
the smoothing coefficient and illustrates the resulting model on two target configurations.
Section 5 compares the fixed-coefficient and RL-adaptive models and reports the validation
and sensitivity analyses. Section 6 compares the numerical and qualitative findings with
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existing response-time modeling approaches and with performance measures used in
adaptive video-game systems. Finally, Section 7 summarizes the main conclusions and
discusses possible extensions of the approach.

2. Method
The methodology developed in this paper addresses two complementary dimensions

of the study. The first concerns the experimental setting, including the design of the
benchmark task, the definition of the game configurations, the collection of response–time
data and the extraction of statistical descriptors from the empirical distributions. The second
concerns the mathematical and computational model used to process these data. This
model combines Lipschitz-regulated regression, McShane–Whitney extension formulas
and a reinforcement learning-inspired adaptive mechanism for the sequential incorporation
of new observations. Together, these two dimensions provide the basis for predicting
complete response-time distributions for game configurations that have not been directly
observed in the experiment.

2.1. Experimental Benchmark and Distributional Characterization

The basic model is built from the statistical characterization of the response-time
distributions associated with each level of the benchmark video game. The experimental
setting was designed as a simplified interaction task, intended to isolate elementary actions
that are common in many video games: detecting a visual stimulus, tracking its position on
the screen, aiming at it, and producing a motor response with the mouse. Although the
task is deliberately simple, it provides a controlled framework for studying how changes in
visual and spatial parameters affect the distribution of player response times.

The experiment was carried out with 24 participants. Each participant completed a
sequence of 20 trials corresponding to different variations of the same basic game situation.
The resulting dataset contains 480 valid response-time observations. Each participant
contributed one observation to each of the 20 levels; consequently, every level contains
exactly ni = 24 response-time observations, with no missing response-time values in the
analyzed dataset. In every trial, a visual stimulus appeared on the screen and moved across
it. The player had to shoot the stimulus using the mouse as quickly and accurately as
possible. The stimulus could appear in one of two possible colors, blue or purple, and
its initial position changed from one level to another. Other properties of the stimulus
and the scene, such as the object size, the initial coordinates and the spawning time, were
also used to define the configuration of each level. The number of participants is not an
intrinsic parameter of the proposed method, but a characteristic of the present experimental
case study. The framework can be applied to other sample sizes, provided that each
game configuration contains enough response-time observations to reliably estimate its
distributional descriptors. Larger samples generally provide more stable estimates of the
quantiles, Skewness, and empirical Lipschitz constants, whereas very small samples may
require robust estimation or resampling procedures. The method can also be transferred to
other game designs whenever their relevant configuration variables can be encoded in a
suitable normalized metric space.

Each level is therefore represented by a finite vector of experimental descriptors. In
the implementation used in this work, the configuration vector contains the object size,
the color category, the initial spatial coordinates and the spawning-time parameter. These
variables define the input space of the model. More precisely, every level is encoded as
a point

xi =
(
sizei, colori, coordx,i, coordy,i, coordz,i, spawni

)
∈ R6.
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These variables represent three complementary dimensions of video-game design,
which are visual properties (object size and color), spatial configuration (the initial coordi-
nates), and temporal configuration (spawning time). The movement conditions of the target
and the basic shooting mechanic are kept fixed so that the model isolates the influence of
these factors on the response-time distributions. The reinforcement learning component
does not directly modify these design variables; rather, it adaptively selects the smoothing
coefficient used when incorporating new observations.

Since these coordinates have different physical meanings and different numerical
ranges, they are normalized before computing distances. This normalization makes it
possible to compare levels using a common metric structure and prevents variables with
larger numerical scales from dominating the geometry of the space.

The color variable has only two categories in the present experiment and is encoded
as ci ∈ {0, 1}. Consequently, its contribution to the squared Euclidean distance is

|ci − cj|2 = I{ci ̸=cj},

so it is equal to zero when two configurations have the same color and to one when
their colors differ. Hence, the binary coding acts as a simple matching distance and does
not impose an ordinal relation between the two colors. Indeed, exchanging the labels
0 and 1 leaves all pairwise distances unchanged. Since every continuous coordinate is
independently normalized to [0, 1], a color mismatch has the same maximum contribution
as a full-range variation in any other individual coordinate. This equal-weight Euclidean
metric provides a parsimonious representation of the controlled two-color experimental
design. For settings involving more than two nominal categories or requiring variable-
specific importance, one-hot encoding, Gower-type distances, or weighted mixed-variable
metrics would be more appropriate.

For each level, the raw experimental data consist of the response times recorded across
participants and trials. These response times are not reduced to a single average value.
Instead, the empirical distribution associated with each level is summarized by a vector
of statistical descriptors. The descriptors used in the basic model are the median, the 10th
percentile, the 90th percentile, the interquartile range, the mean and a Skewness coefficient.
Thus, each level xi is associated with a feature vector:

yi = (Mediani, Q10i, Q90i, IQRi, Meani, Skewnessi).

This representation is richer than a standard regression target based only on the
mean response time. It preserves information about the central tendency, the dispersion
and the asymmetry of the response-time distribution. This is important because two
levels may have similar mean response times while producing very different behavioral
profiles. For example, one level may generate stable responses concentrated around the
median, whereas another may produce a long-tailed distribution with a higher probability
of delayed reactions.

2.1.1. Sampling Uncertainty of the Distributional Descriptors

Since each level contains only 24 response-time observations, the empirical quantiles
and Skewness may be affected by substantial sampling variability. A non-parametric
percentile bootstrap was therefore used to quantify the uncertainty of the level-specific
descriptors. For each level, 5000 bootstrap samples of size 24 were generated by sampling
the observed response times with replacement. The median, Q10, Q90, IQR, mean, and
Skewness were recalculated for every bootstrap sample, and the 2.5th and 97.5th percentiles
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of the resulting distributions were used as the limits of the corresponding 95% confidence
intervals. The random-number seed was fixed at 20260711 for reproducibility.

Across the 20 levels, the median widths of the bootstrap confidence intervals were
0.1417 s for the median, 0.1142 s for Q10, 0.4092 s for Q90, 0.2437 s for the IQR, 0.1455 s for
the mean, and 2.2905 for Skewness. Thus, Q90 and Skewness are substantially less stable
than the central and lower-tail descriptors. The particularly wide intervals observed for
some levels indicate that abrupt increases in the empirical Lipschitz constant of Q90 may
reflect both genuine differences between game configurations and sampling variability
in the estimated upper tail. The sequential smoothing mechanism mitigates the effect of
these abrupt changes on the active memory, although it does not remove the underlying
uncertainty of the empirical descriptor estimates.

Table 1 reports the level-specific results for the three descriptors most directly affected
by small-sample uncertainty.

Table 1. Level-specific estimates and percentile-bootstrap 95% confidence intervals based on 5000 re-
samples. Q10 and Q90 are expressed in seconds; Skewness is dimensionless.

Level n Q10 [95% CI] Q90 [95% CI] Skewness [95% CI]

Level 1 24 0.7433 [0.6250, 0.8883] 3.2333 [1.4800, 8.4265] 3.4492 [1.2287, 4.4656]
Level 2 24 0.6317 [0.5883, 0.6883] 0.9117 [0.7900, 1.1883] 1.7023 [0.1004, 2.5885]
Level 3 24 0.6550 [0.6150, 0.7050] 0.8733 [0.8116, 0.9166] −0.0851 [−0.7586, 0.5141]
Level 4 24 0.7550 [0.7383, 0.8000] 1.1166 [0.9833, 1.2783] 0.9344 [0.1758, 1.6108]
Level 5 24 0.6833 [0.6433, 0.7150] 0.9616 [0.9000, 1.2617] 1.4359 [−0.0130, 2.1400]
Level 6 24 0.7600 [0.6933, 0.8166] 1.2250 [0.9167, 1.5566] 1.9426 [0.6000, 3.0190]
Level 7 24 0.7883 [0.7716, 0.8050] 1.3933 [1.0283, 1.8300] 1.7928 [0.7804, 2.9424]
Level 8 24 0.5867 [0.5433, 0.7050] 0.9950 [0.8233, 1.3116] 1.4975 [−0.0957, 2.3386]
Level 9 24 0.5667 [0.5267, 0.6000] 1.0066 [0.8067, 1.2116] 1.2907 [0.4281, 2.1852]
Level 10 24 0.5916 [0.5383, 0.7717] 1.1533 [0.9500, 1.5683] 1.6421 [−0.2502, 2.4071]
Level 11 24 0.5500 [0.5217, 0.6383] 0.9466 [0.8116, 1.1650] 1.1103 [0.0537, 1.8436]
Level 12 24 0.6866 [0.5916, 0.7833] 1.1166 [0.9667, 1.4516] 1.6263 [−0.2137, 2.4433]
Level 13 24 0.6667 [0.6383, 0.7550] 1.0983 [0.8450, 1.2117] 1.2362 [0.3682, 2.0175]
Level 14 24 0.6716 [0.6383, 0.7500] 0.9850 [0.9233, 1.5283] 2.2956 [−0.0792, 3.2052]
Level 16 24 0.5883 [0.5050, 0.6550] 0.8450 [0.7500, 1.0300] 1.0097 [−0.7183, 1.8230]
Level 15 24 0.6550 [0.6383, 0.7250] 1.0833 [0.9350, 1.6700] 2.3781 [0.0220, 3.1670]
Level 17 24 0.6217 [0.5216, 0.7217] 1.0066 [0.8966, 1.1017] 0.0194 [−0.6331, 0.7114]
Level 18 24 0.5550 [0.5267, 0.6166] 0.8450 [0.7417, 0.8967] 0.6663 [−0.0161, 1.4753]
Level 19 24 0.6217 [0.5767, 0.7433] 1.1400 [0.9566, 1.8433] 2.4205 [−0.1864, 3.1316]
Level 20 24 0.4833 [0.4600, 0.5167] 0.8583 [0.7066, 1.1200] 1.6413 [0.4187, 2.4732]

The first stage of the modeling process can therefore be understood as a distributional
categorization of the benchmark levels. Each level is not classified by a categorical label,
but by the empirical shape of its response-time distribution. The statistical descriptors
act as numerical coordinates of this distributional profile. Once these descriptors have
been extracted, the learning problem is reformulated as the estimation of several real-
valued functions defined on the normalized metric space of level configurations. For every
descriptor k, the model considers a function

fk : X −→ R,

where X is the space of game configurations and fk(xi) is the value of the corresponding
statistical descriptor for level i.

This formulation provides the basis for the Lipschitz-regulated prediction procedure
developed in the following sections. Instead of assuming that the response time itself
varies smoothly across levels, the model assumes that the statistical descriptors of the
response-time distribution vary in a controlled way with respect to the metric distance
between level configurations. Under this assumption, the McShane–Whitney extension
formulas can be used to predict the descriptors of a new, untested level from the descriptors
observed in the experimental benchmark.
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The purpose of this construction is not to reproduce the full complexity of a com-
mercial video-game screen. Rather, the benchmark is designed to capture a minimal but
meaningful interaction unit. By controlling the color, size, position and spawning condi-
tions of the target, the experiment produces a structured set of response-time distributions
that can be used to test whether the proposed method is able to extrapolate from observed
configurations to new ones. In this sense, the benchmark plays a double role: it provides
empirical data for fitting the model, and it defines a controlled design space in which new
game configurations can be simulated before being tested experimentally.

2.1.2. Goodness-of-Fit Assessment of the Log-Normal Family

The suitability of the Log-Normal family was assessed using the empirical response-time
observations from the 20 experimentally observed levels. Since a positive random variable
T follows a Log-Normal distribution if and only if log(T) follows a Normal distribution,
the 24 response times available for each level were log-transformed. Normal Q–Q plots
were then constructed, and a Shapiro–Wilk test was applied independently to the log-
transformed observations of each level.

The parameters of the level-specific Log-Normal distributions were estimated directly
from the empirical observations as

µ̂i =
1
ni

ni

∑
j=1

log(Tij), σ̂i =

√√√√ 1
ni

ni

∑
j=1

(
log(Tij)− µ̂i

)2,

where ni = 24 for every level. This assessment evaluates the suitability of the distributional
family itself and is independent of the nonlinear least-squares reconstruction used later for
the predicted descriptors.

Table 2 reports the Shapiro–Wilk statistics and both the unadjusted and Holm-adjusted
p-values. At the unadjusted significance level of 0.05, the null hypothesis of Log-Normality
is not rejected for 11 of the 20 levels and is rejected for 9 levels. Since the assessment
involves 20 simultaneous tests, a Holm correction was also applied. After this correction,
statistically significant departures remain only for level1 and level7.

Table 2. Goodness-of-fit assessment of the Log-Normal family for the 20 observed levels. The
Shapiro–Wilk test is applied to the log-transformed response times.

Level Shapiro–Wilk W Raw p-Value Holm-Adjusted p-Value

level1 0.8446 0.0017 0.0331
level2 0.9170 0.0502 0.5800
level3 0.9699 0.6637 1.0000
level4 0.9324 0.1102 0.9914
level5 0.9150 0.0453 0.5800
level6 0.8760 0.0069 0.1243
level7 0.8256 0.0008 0.0159
level8 0.9528 0.3110 1.0000
level9 0.9147 0.0446 0.5800
level10 0.9569 0.3787 1.0000
level11 0.9617 0.4726 1.0000
level12 0.9539 0.3284 1.0000
level13 0.9083 0.0324 0.4863
level14 0.8816 0.0090 0.1525
level16 0.9710 0.6929 1.0000
level15 0.8979 0.0194 0.3103
level17 0.9690 0.6414 1.0000
level18 0.9445 0.2056 1.0000
level19 0.9301 0.0980 0.9803
level20 0.9086 0.0329 0.4863
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The corresponding Q–Q plots are provided in the data referenced in the Data Avail-
ability Statement. Most levels exhibit an approximately linear central pattern, whereas
the largest departures occur in the upper tail, particularly for level1 and level7. These
findings indicate that the Log-Normal family provides a reasonable parsimonious ap-
proximation for many levels, but it should not be interpreted as a universally adequate
data-generating model. In configurations presenting pronounced tail departures, the recon-
structed density represents a smooth two-parameter summary of the predicted descriptors
rather than an exact representation of the empirical distribution.

2.2. Mathematical Tools: Lipschitz Real-Valued Functions and McShane–Whitney Extensions

The prediction method proposed in this paper is based on a simple geometric idea.
If two game configurations are close to each other, then the statistical descriptors of their
response-time distributions should not change arbitrarily. This assumption can be ex-
pressed by means of Lipschitz real-valued functions.

Let (X, d) be a metric space, where each point x ∈ X represents a game configuration.
In the present setting, x encodes variables such as the size of the target, its color, its initial
coordinates and its spawning time. A real-valued function

f : X −→ R

is said to be K-Lipschitz if

| f (x)− f (y)| ≤ Kd(x, y), x, y ∈ X. (1)

The constant K ≥ 0 controls the maximum admissible variation of the function with respect
to the metric distance. Small values of K correspond to regular functions, while large values
indicate strong changes between nearby configurations.

In the present framework, the response-time distribution is not observed for every
possible game configuration. Experimental data are available only for a finite subset

A = {x1, . . . , xN} ⊂ X.

For each observed level xi, several statistical descriptors of the empirical response-time
distribution are computed, including the median, the mean, the interquartile range and
selected quantiles. Each descriptor can be interpreted as a real-valued function defined
only on the observed subset A. Therefore, for a fixed descriptor, the analysis starts with
a function

f : A −→ R.

The problem is to predict the value of this descriptor at a new configuration x∗ ∈ X \ A.
Lipschitz extension theory provides a natural tool for this purpose. If f is K-Lipschitz

on A, then the classical McShane and Whitney formulas provide extensions from A to the
whole metric space X preserving the same Lipschitz constant. The McShane extension is
defined as

M f (x) = inf
a∈A
{ f (a) + Kd(x, a)}, x ∈ X, (2)

whereas the Whitney extension is defined as

W f (x) = sup
a∈A
{ f (a)− Kd(x, a)}, x ∈ X. (3)
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Both functions extend f , that is,

M f (a) = W f (a) = f (a), a ∈ A,

and both are K-Lipschitz on the whole space X. Moreover, for every x ∈ X one has

W f (x) ≤ M f (x). (4)

Thus, at a new point x∗, the interval[
W f (x∗), M f (x∗)

]
(5)

gives the range of values that are compatible with the Lipschitz regularity imposed by the
already observed data.

The interval [L(k)(x∗),U (k)(x∗)] is a deterministic Lipschitz-admissibility interval and
should not be interpreted as a frequentist confidence interval or a Bayesian credible interval.

The notation in Equations (2) and (3) refers to a single generic scalar-valued function
f . Accordingly, K is the Lipschitz constant associated with that particular function and is
not a common constant shared by all the distributional descriptors. In the proposed model,
each descriptor k defines a separate function

fk : A −→ R,

with its own feature-specific empirical Lipschitz constant Kk. Thus, the generic notation
( f , K) used in this section becomes ( fk, Kk) when the extension formulas are applied to the
individual response-time descriptors.

In the algorithm developed below, these formulas are applied independently to each
statistical descriptor of the response-time distribution. For example, the median, the mean
and the quantiles are treated as different Lipschitz functions over the same metric space
of game configurations. This makes it possible to predict not only a single response-time
value, but a full set of distributional features associated with an untested level.

The following elementary result explains the role of the convex smoothing step used
later in the sequential algorithm. It shows that convex combinations of two extensions have
a Lipschitz constant bounded by the corresponding convex combination of their constants.

Proposition 1. Let (X, d) be a metric space and let A ⊂ X. Let

f : A −→ R

be a function defined on the observed subset A. Suppose that F0, F1 : X −→ R are two extensions of
f , that is,

F0(a) = F1(a) = f (a), a ∈ A.

Assume that F0 is K0-Lipschitz and that F1 is K1-Lipschitz. For α ∈ [0, 1], define

Fα(x) = αF1(x) + (1− α)F0(x), x ∈ X. (6)

Then Fα is also an extension of f and it is Kα-Lipschitz with

Kα ≤ αK1 + (1− α)K0. (7)
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Proof. For every a ∈ A,

Fα(a) = αF1(a) + (1− α)F0(a) = f (a),

so Fα extends f . Moreover, for any x, y ∈ X,

|Fα(x)− Fα(y)| ≤ α|F1(x)− F1(y)|+ (1− α)|F0(x)− F0(y)|
≤
(
αK1 + (1− α)K0

)
d(x, y).

Hence, Fα is Lipschitz and Kα ≤ αK1 + (1− α)K0.

Proposition 1 has a direct interpretation in the proposed model. Suppose that a new
experimental level produces a raw statistical value that extends the previous data but
increases the empirical Lipschitz constant too much. This raw extension can be regarded as
an extension with a large constant K1. On the other hand, the historical smoothed value, or
a value selected inside the McShane–Whitney admissible interval, provides a more regular
extension with a smaller constant K0. The convex correction

ynew = αyraw + (1− α)ysmooth (8)

therefore produces an intermediate value whose Lipschitz behavior is controlled by the
same convex principle.

This observation provides the mathematical basis for the smoothing rule used in the
following algorithms. The parameter α regulates the compromise between two competing
objectives. If α is close to one, the algorithm gives more weight to the newly observed
experimental information. If α is close to zero, the algorithm gives more weight to the
regularity inherited from the previous memory. The reinforcement learning layer intro-
duced later can then be understood as a mechanism for selecting α sequentially, depending
on the observed Lipschitz instability. In this way, the algorithm not only interpolates
response-time descriptors but also controls how new information is incorporated without
destroying the geometric regularity of the prediction model.

To finish this section, a short description is provided of the 1-Wasserstein metric.
Since Lipschitz regression is applied on families of distributions, this metric provides a
natural way to compare them. The 1-Wasserstein distance measures the minimum cost
of transporting one probability distribution into another. In the one-dimensional case
considered here, it can be written as

W1(P, Q) =
∫ 1

0

∣∣∣F−1
P (t)− F−1

Q (t)
∣∣∣ dt,

where F−1
P and F−1

Q are the quantile functions of the two distributions.

3. The Unified Lipschitz-Regulated Reinforcement Learning and
McShane–Whitney Prediction Framework

As stated in the Introduction, the proposed framework predicts complete response–time
distributions for unobserved configurations. The input space may be high-dimensional, and
the observations may arrive sequentially under noisy or non-stationary conditions.

The methodology combines geometric interpolation with an adaptive control layer
inspired by reinforcement learning (RL). First, the algorithm extracts scalar distributional
descriptors from the observed response times. It then models each descriptor as a Lipschitz
function and predicts it using McShane–Whitney extensions.
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3.1. Algorithmic Design and Feature Extraction

The algorithm follows a multistage sequential workflow. The initial dataset contains
response-time observations indexed by distinct experimental regimes. In the first stage,
each regime is represented as a point in the parameter space

X ⊂ Rd.

The input variables describe characteristics such as entity geometry, spatial position, and
temporal triggers. Each numerical variable is normalized by its observed dynamic range. This
prevents differences in scale from dominating the Euclidean-distance calculations.

The target space Y is obtained by summarizing the stochastic observations from each
regime through the following vector of scalar distributional features:

yi =
[

f (i)Median, f (i)Q10, f (i)Q90, f (i)IQR, f (i)Mean, f (i)Skewness

]T
∈ Y (9)

The levels are processed according to the experimental Index variable stored in the raw
dataset, rather than according to the numerical suffix of the level identifier. The resulting
ingestion sequence is

level1, . . . , level14, level16, level15, level17, . . . , level20.

In particular, level16 precedes level15 because their experimental indices are 14 and
15, respectively. This ordering reproduces the sequence encoded by the data-acquisition
system and was fixed before running the sequential regulation procedure. Since the active
memory and the historical smoothing term depend on previously incorporated levels, the
method is not theoretically invariant under arbitrary permutations of this sequence.

Before proceeding, the algorithm checks the variance of each feature across all regimes.
If a feature has variance close to zero, it is treated as a static variable and is not included
in the adaptive correction step. Features with relevant variation are passed to the active
reinforcement learning regulation module. In the present dataset, the variance-screening
step does not remove any descriptor, because all six features exhibit non-negligible variation.
Consequently, all six descriptors are processed by the adaptive module.

3.2. Sequential Lipschitz Regulation via Partial Convex Smoothing

The consistency of the spatial interpolation depends on controlling the Lipschitz
constants of the functions that describe the distributional features. For each descriptor k,
the feature-specific empirical Lipschitz constant Kk over the active historical memory I is
defined as the maximum pairwise variation ratio:

Kk = max
i,j∈I ,i ̸=j

|y(k)i − y(k)j |
∥xi − xj∥2

(10)

Here, “global” refers to the maximum being taken over all pairs in the current active
memory for the fixed descriptor k; it does not indicate a single Lipschitz constant shared by
the six descriptors.

As data streams in sequentially, new candidate regimes may produce artificial spikes
in Kk due to sampling noise, measurement errors, or unobserved environmental factors.

To control these artificial increases, each incoming regime n is first processed through
a trial expansion. The algorithm computes the empirical Lipschitz constant that would
result from adding the candidate observation.
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For descriptor k, a correction is activated when

K(n)
k − K(n−1)

k > ϵk,

where ϵk is the corresponding feature-specific tolerance.
The algorithm then constructs a historical reference value y(k)smooth. This reference is an

exponentially weighted average of the active observations, with decay factor λ:

y(k)smooth = ∑
m∈In

wmy(k)m , wm =
λn−1−m

∑ℓ∈In λn−1−ℓ , m ∈ In. (11)

Here, In denotes the set of indices of the active regimes stored in memory before processing
the candidate regime n.

This normalization strictly guarantees that ∑ wm = 1, preventing scaling biases.
Subsequently, a partial convex smoothing operation constructs a stabilized synthetic target
value ynew,

ynew = αkyreal + (1− αk)ysmooth. (12)

The coefficient αk ∈ [0, 1] controls the balance between the current observation and
the historical reference. Values close to one give greater weight to the new observation,
whereas values close to zero produce stronger smoothing.

A separate rejection rule is applied when the instability is multivariate. Since six
descriptors are active, the candidate regime is rejected when at least four descriptors
simultaneously violate their tolerances. Rejected regimes are not incorporated into the
active memory.

Since six descriptors are active in the present implementation, the “more than half”
criterion corresponds to rejecting a candidate when at least four descriptors simultaneously
violate their respective tolerances. This majority rule is intended to distinguish a genuinely
multivariate incompatibility from an isolated descriptor fluctuation. In particular, a large
jump affecting only Q90 or Skewness does not by itself cause rejection of the complete
level. The threshold is therefore an interpretable supervisory design choice rather than a
theoretically optimal constant. Its empirical sensitivity is examined in Section 5.5.

3.3. McShane–Whitney Extrapolation and Coherent Multi-Feature Optimization

Once the normalized parameters Xnorm and the corrected descriptor values Ymem

have been obtained, the model predicts each descriptor separately at a new point x∗. For
descriptor k, let K(k)

final denote the empirical Lipschitz constant computed from the final
regulated active memory. Equations (13) and (14) are the feature-wise counterparts of the
generic McShane–Whitney formulas in Equations (2) and (3), with

f −→ fk, K −→ K(k)
final, A −→ {xi : i ∈ Iactive}.

The corresponding upper and lower envelopes are

U (k)(x∗) = min
i∈Iactive

(
y(k)i + K(k)

final∥x
∗ − xi∥2

)
(13)

L(k)(x∗) = max
i∈Iactive

(
y(k)i − K(k)

final∥x
∗ − xi∥2

)
(14)

If numerical drift forces an invalid geometric state where L(k)(x∗) > U (k)(x∗), the
interval collapses smoothly to its midpoint,

L(k)(x∗) = U (k)(x∗) =
L(k)(x∗) + U (k)(x∗)

2
(15)
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The geometrical McShane–Whitney point prediction is then established as
f̂ (k)(x∗) = 1

2 (U (k) + L(k)), while the localized spatial uncertainty is quantified via the

absolute Wasserstein-1 distance boundW (k)
1 ≤ K(k)

final mini ∥x∗ − xi∥2.
The final stage reconstructs a continuous probability density supported on positive

response times. The implementation uses the Log-Normal family assessed in Section 2.1.2.
The goodness-of-fit results show that this family provides a parsimonious approximation
for many, although not all, observed levels.

The parameters are estimated from several predicted descriptors simultaneously
rather than from a single statistic. The McShane–Whitney stage provides predictions for
the median, mean, Q10, and Q90. In contrast, a Log-Normal distribution LN(µ, σ) has only
two free parameters.

The four predicted descriptors therefore cannot generally be matched exactly. The
final values of µ and σ are selected by normalized nonlinear least squares. This produces
the Log-Normal distribution whose theoretical descriptors are closest to the four geomet-
ric predictions.

Let the vector of predicted features obtained from the geometric stage be

r̂(x∗) =
(

f̂ Median(x∗), f̂ Mean(x∗), f̂ Q10(x∗), f̂ Q90(x∗)
)T

. (16)

For a candidate Log-Normal law Y ∼ LN(µ, σ), the corresponding theoretical feature
map is

Φ(µ, σ) =

(
eµ, eµ+ σ2

2 , F−1
LN(0.10; µ, σ), F−1

LN(0.90; µ, σ)

)T
, (17)

where the quantiles are computed in the script with qlnorm. Equivalently, if zτ = Φ−1
N (τ)

denotes the standard normal quantile, then

F−1
LN(τ; µ, σ) = exp(µ + σzτ), τ ∈ {0.10, 0.90}. (18)

Thus, each pair (µ, σ) gives one fitted median, one fitted mean, and two fitted tail quantiles.
The role of the least-squares step is to select the pair that best matches this theoretical vector
with the geometric prediction r̂(x∗).

The criterion used in the script is a normalized nonlinear least-squares objective.
Defining the scale factors

sj = max
(

r̂j(x∗), 10−4
)

, (19)

the loss minimized by the algorithm is

J(µ, σ) =
4

∑
j=1

(
Φj(µ, σ)− r̂j(x∗)

sj

)2

. (20)

For the result tables, the variability underlying the aggregate loss is summarized through
its four descriptor-wise contributions,

cj =

(
Φj(µ, σ)− r̂j(x∗)

sj

)2

, j = 1, . . . , 4.

Their mean and sample standard deviation are reported as

c =
1
4

4

∑
j=1

cj =
J
4

, sc =

√√√√1
3

4

∑
j=1

(
cj − c

)2.
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This statistic measures the dispersion of the reconstruction loss across the four descriptors.
It should not be interpreted as a sampling confidence interval, which is assessed separately
through the bootstrap analysis of the empirical level descriptors.

This scaling is useful because it turns the four residuals into relative errors. It also
prevents larger features, such as the mean or the upper quantile, from dominating the fit.
As a result, the fitted PDF is not adjusted only to the median or only to the mean, but to a
compromise between central tendency and distributional spread.

The parameter space is also controlled numerically. Since σ is the dispersion param-
eter of the Log-Normal law, values close to zero generate an almost degenerate density
concentrated near a single point. To avoid this collapse, the objective function used by the
script includes the following barrier rule:

J̃(µ, σ) =

J(µ, σ), σ > 10−4,

1012, σ ≤ 10−4.
(21)

This penalty does not change the least-squares principle. It only prevents the optimizer
from accepting an invalid or numerically unstable solution.

The search starts from the McShane–Whitney median and upper quantile predictions.
The script first sets

m0 = max
(

f̂ Median(x∗), 0.001
)

, q0
0.90 = max

(
f̂ Q90(x∗), 1.05m0

)
, (22)

and then defines the initial point

µinit = log(m0), σinit =
log
(
q0

0.90/m0
)

z0.90
. (23)

The factor 1.05m0 ensures that the initial upper quantile is strictly larger than the median.
This avoids a zero or negative initial dispersion and gives the optimizer a meaningful
starting point.

Starting from (µinit, σinit), the script calls optim to solve

(µp, σp) = arg min
µ∈R, σ>10−4

J̃(µ, σ), (24)

using the relative tolerance relTol = 10−8. The resulting values, stored as mu_p and sig_p,
define the final predictive distribution

fY(y; µp, σp) =
1

yσp
√

2π
exp

[
−
(log y− µp)2

2σ2
p

]
, y > 0. (25)

After optimization, the script computes the output percentiles

{P5, P10, P25, P50, P75, P90, P95} (26)

using the fitted Log-Normal quantile function. It also prints an alignment diagnostic
comparing the McShane–Whitney predicted features with the fitted analytical features:

f̂ Median ↔ eµp , f̂ Mean ↔ eµp+σ2
p/2, (27)

f̂ Q10 ↔ F−1
LN(0.10; µp, σp), f̂ Q90 ↔ F−1

LN(0.90; µp, σp).
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This diagnostic makes the final reconstruction easy to interpret. The normalized loss J
and its descriptor-wise components measure how closely a single Log-Normal distribution
reproduces the four McShane–Whitney predictions. The uncertainty bounds computed
earlier are included in the visualization by perturbing the median and the upper quantile,
producing a band around the optimized central PDF.

The current implementation reports these reconstruction diagnostics but does not
automatically reject the Log-Normal fit when J exceeds a fixed critical value. A universal
threshold is not imposed because J is a normalized, target-dependent discrepancy and,
for a genuinely unobserved configuration, no empirical response-time sample is available
for an independent Q–Q or goodness-of-fit test. Therefore, a large value of J should
currently be interpreted as a warning that the four predicted descriptors are not well
represented by a single two-parameter Log-Normal law, rather than as a formally calibrated
rejection decision.

A future operational implementation will estimate a critical value Jcrit from the em-
pirical or cross-validated distribution of reconstruction losses. A warning would then be
generated when the numerical optimizer fails to converge, when σ approaches its admis-
sible boundary, or when J > Jcrit. Such cases would trigger comparison with alternative
positive-support families. However, multimodality cannot be identified reliably from only
the median, mean, Q10, and Q90. A mixture-model extension will therefore require the
prediction of a richer grid of quantiles or another higher-dimensional representation of dis-
tributional shape before estimating the parameters of Log-Normal or other finite mixtures.

3.4. Case Study: Fixed Smoothing Coefficient

To illustrate the behavior of the prediction framework before the reinforcement learn-
ing layer is activated, two target configurations are considered that share the same spatial
parameters but differ in their spawning time. Both vectors belong to the same family

x⃗new =
(
size, color, coord-x, coord-y, coord-z, spawn

)
∈ R6, (28)

and are processed with a fixed convex-smoothing coefficient αk = 0.5 for every statistical
feature k. For the fixed observed dataset and the fixed level-ingestion order, the sequential
regulation stage is performed only once. Consequently, the regulated active memory, the
step-by-step status of the observed levels, and the trajectories of the empirical Lipschitz
constants are common to the two target configurations considered below. The target
configuration enters only in the subsequent McShane–Whitney evaluation through its
distances to the regulated active memory.

3.4.1. Case 1: Spawn Time = 2.5 s

The first target configuration is

x⃗new =
(
1.5, 1, 320.5, −195.2, 0.0, 2.5

)
, (29)

where color 1 denotes blue. The numerical implementation uses the feature-specific tolerances

ϵMedian = 0.35, ϵQ10 = 0.30, ϵQ90 = 0.40,

ϵIQR = 0.35, ϵMean = 0.30, ϵSkewness = 0.50.

The historical exponential weighting uses λ = 0.50. These same tolerances are retained in
the adaptive RL implementation described in Section 4.

Table 3 summarizes the outcome of the sequential Lipschitz-regulation stage. Steps 2–4,
11, and 15 are fully rejected, corresponding respectively to level2, level3, level4,
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level11, and level16. The remaining levels are either accepted without modification
or smoothed via a convex combination of the observed value and a weighted historical
estimate, with the features that triggered the smoothing action listed in the Details column.

Table 3. Sequential Lipschitz regulation with fixed αk = 0.5 over the observed 20-level sequence.

Step Level Status Details

Step 2 level2 REJECTED (6/6 active features forced jumps)
Step 3 level3 REJECTED (4/6 active features forced jumps)
Step 4 level4 REJECTED (4/6 active features forced jumps)
Step 5 level5 SMOOTHED Features: Q90, Mean
Step 6 level6 SMOOTHED Feature: Q90
Step 7 level7 SMOOTHED Feature: Q90
Step 8 level8 SMOOTHED Features: Q90, Skewness
Step 9 level9 SMOOTHED Features: Q90, Skewness
Step 10 level10 Accepted –
Step 11 level11 REJECTED (5/6 active features forced jumps)
Step 12 level12 SMOOTHED Features: Q10, Skewness
Step 13 level13 Accepted –
Step 14 level14 Accepted –
Step 15 level16 REJECTED (5/6 active features forced jumps)
Step 16 level15 Accepted –
Step 17 level17 Accepted –
Step 18 level18 Accepted –
Step 19 level19 SMOOTHED Features: Q90, Mean
Step 20 level20 Accepted –

The evolution of the empirical Lipschitz constants Kk across sequential levels is shown
in Figure 1. The Q90 feature exhibits the largest dynamic range, reflecting the sensitivity of
the upper tail to changes in the spatial configuration.

Figure 1. Evolution of the feature-specific empirical Lipschitz constants Kk over the observed level
sequence under fixed αk = 0.5. Each curve represents one distributional descriptor and shows how
its empirical Lipschitz constant evolves as observed levels are incorporated into the active memory.

Once the regulated memory is built, the McShane–Whitney extension formulas de-
scribed in Section 2 are applied to predict the distributional descriptors at x⃗new, and a
Log-Normal distribution is fitted by the least-squares procedure described in Section 3.
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Table 4 reports the alignment between the geometric McShane–Whitney predictions and the
fitted Log-Normal values. The normalized Log-Normal reconstruction loss is J = 0.044362,
indicating the degree of simultaneous agreement between the four predicted descriptors
and the fitted distribution.

Table 4. Multi-feature optimized model output for spawn time = 2.5 s.

Feature MW Prediction Fitted Value

Median 0.7499 0.8768
Mean 0.9899 0.9355
Q10 0.6060 0.5526
Q90 1.4968 1.3910

Log-Normal hyperparameters: µ = −0.13151, σ = 0.36014
Normalized Log-Normal reconstruction loss: J = 0.044362
Mean ± SD of descriptor-wise component losses: c± sc ≈ 0.01109± 0.01185

The location parameter satisfies eµ = e−0.13151 ≈ 0.877, which coincides with the
fitted median. The scale parameter σ = 0.36 indicates moderate dispersion around the
central value. The predictive PDF together with its geometric uncertainty band is displayed
in Figure 2. The green curve is the fitted Log-Normal density f (t | µ, σ); the shaded
region corresponds to the Wasserstein-type uncertainty interval [pdflo, pdfhi] derived from
the Lipschitz bound ∆k = Kk · d(x⃗new, x⃗NN); and the dashed blue curve is the empirical
distribution of the nearest historical neighbor x⃗NN . The overlap of the blue curve with the
shaded region provides direct visual evidence that the actual most-similar observation is
compatible with the model’s geometric uncertainty.

Figure 2. McShane–Whitney predictive PDF for spawn time = 2.5 s (fixed αk = 0.5). Green line: fitted
Log-Normal density. Shaded band: Wasserstein-type geometric uncertainty interval. Dashed blue
line: empirical distribution of the nearest neighbor.

3.4.2. Case 2: Spawn Time = 1 s

The second configuration shares all spatial parameters but sets the spawning time
to 1 s:

x⃗new =
(
1.5, 1, 320.5, −195.2, 0.0, 1.0

)
. (30)

The observed dataset, the level-ingestion order, the tolerances ϵk, the exponential factor
λ = 0.50, and the coefficient αk = 0.50 are unchanged. Therefore, the regulated memory
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and the Lipschitz-constant trajectories are the same as in Case 1. Only the target-specific
McShane–Whitney predictions and the subsequent Log-Normal reconstruction change.

The final Log-Normal fit is reported in Table 5. Relative to Case 1, the predicted
response times are shorter and less dispersed (σ = 0.208 vs. 0.360), and the normalized
Log-Normal reconstruction loss decreases to J = 0.002857, indicating greater simultaneous
agreement between the four McShane–Whitney descriptors and the fitted distribution. The
corresponding predictive PDF is shown in Figure 3.

Table 5. Multi-feature optimized model output for spawn time = 1 s.

Feature MW Prediction Fitted Value

Median 0.7039 0.7333
Mean 0.7474 0.7493
Q10 0.5752 0.5618
Q90 0.9804 0.9571

Log-Normal hyperparameters: µ = −0.31024, σ = 0.20787
Normalized Log-Normal reconstruction loss: J = 0.002857
Mean ± SD of descriptor-wise component losses: c± sc ≈ 0.000714± 0.000734

The comparison between Cases 1 and 2 illustrates a key feature of the proposed
framework: the entire predicted distribution, not only the mean, changes with the input
configuration. As the spawn time decreases, both the predicted central tendency and the
upper tail shrink, and the fitted distribution becomes more concentrated.

Figure 3. McShane–Whitney predictive PDF for spawn time = 1 s (fixed αk = 0.5). Same legend
as Figure 2.

4. Adaptive Reinforcement-Based Selection of the Smoothing Parameter
The examples in Section 3.4 use the fixed coefficient αk = 0.5 for every descriptor and

level. This choice provides a transparent illustration of the Lipschitz-regulation mechanism.
However, the appropriate degree of smoothing may depend on both the descriptor and the
observed instability. The adaptive extension considered in this section therefore selects αk

sequentially through a tabular reinforcement-learning mechanism.
At each incoming regime n, the algorithm evaluates the relative Lipschitz instability

produced by the candidate observation via the ratio (31):

ρn,k =
∆Kk
ϵk

, ∆Kk = K(n)
k − K(n−1)

k , (31)
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where ϵk is the admissible tolerance for feature k. The ratio ρn,k is discretized into four
qualitative states according to

sn,k =


stable, ρn,k ≤ 1,

mild jump, 1 < ρn,k ≤ 1.5,

medium jump, 1.5 < ρn,k ≤ 2.5,

severe jump, ρn,k > 2.5.

The stable state corresponds exactly to an increment within the feature-specific tolerance.
A mild jump exceeds that tolerance by no more than 50%, a medium jump represents
an exceedance between 50% and 150%, and a severe jump exceeds it by more than 150%.
The use of four coarse states limits Q-table sparsity in the present small dataset while
retaining a distinction between moderate and pronounced instability. These boundaries are
interpretable discretization choices rather than estimated optimal cut-off values.

The agent selects the smoothing coefficient from the discrete action set

αk ∈ {0, 0.25, 0.50, 0.75, 1}, (32)

where αk = 1 corresponds to fully accepting the empirical observation and αk = 0 corre-
sponds to discarding it entirely in favour of the historical smoothed estimate. Intermediate
values implement the convex compromise

y(k)new = αk y(k)real + (1− αk) y(k)smooth. (33)

Action selection uses an ϵ-greedy policy over a feature-specific Q-table. With small
probability the algorithm explores a uniformly random αk; otherwise it selects the action
with the highest expected reward for the observed instability state. After applying the
selected smoothing, the algorithm evaluates a reward (34) that penalizes two competing
undesirable effects—excessive growth of the post-update Lipschitz constant and excessive
distortion of the empirical observation:

rn,k = −

wK

(
max{0, Kk,post − Kk,before − ϵk}

ϵk

)2

+ wD

(
|y(k)new − y(k)real|

max{|y(k)real|, 10−4}

)2. (34)

The Q-values are then updated by the standard temporal-difference rule (35):

Q(sn,k, αk)← (1− η) Q(sn,k, αk) + η

[
rn,k + γ max

α′
Q(sn+1,k, α′)

]
, (35)

where η is the learning rate and γ is the temporal discount factor. The numerical imple-
mentation uses

η = 0.20, γ = 0.30, ϵexpl = 0.10, wK = 0.70, wD = 0.30,

where ϵexpl denotes the exploration probability of the ϵ-greedy action-selection rule.
As in the previous section, the feature-specific Lipschitz tolerances are ϵMedian = 0.35,
ϵQ10 = 0.30, ϵQ90 = 0.40, ϵIQR = 0.35, ϵMean = 0.30, and ϵSkewness = 0.50.

The exponentially weighted historical average uses λ = 0.50. Each feature-specific
Q-table contains four instability states and five possible actions. The entries are initialized at
zero, with a small numerical prior of 10−6 assigned to α = 0.50, and the random exploration
mechanism uses seed 123 to ensure reproducibility.
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The present implementation performs a single online pass through the ordered se-
quence of 20 levels. Level 1 initializes the active memory, and Levels 2–20 generate
19 sequential decision opportunities. No repeated training episodes, offline pre-training, or
independent evaluation pass is used for the Q-table. Accordingly, the final table should be
interpreted as an exploratory one-pass policy estimate for this particular data sequence,
rather than as an independently validated or globally optimal reinforcement learning policy.

During this single sequential pass, the algorithm updates a feature-dependent action-
value table. Rather than applying a uniform correction, the online mechanism selects
different smoothing coefficients according to the observed feature and instability regime.

For reproducibility, the numerical settings of the adaptive module are summarized
in Table 6.

Table 6. Hyperparameters used in the sequential Lipschitz-regulation and adaptive Q-table
procedure.

Parameter Value Description

η 0.20 Learning rate
γ 0.30 Temporal discount factor
ϵexpl 0.10 Exploration probability
wK 0.70 Lipschitz-growth penalty weight
wD 0.30 Observation-distortion penalty weight
λ 0.50 Historical exponential-decay factor

ϵMedian 0.35 Median tolerance
ϵQ10 0.30 Q10 tolerance
ϵQ90 0.40 Q90 tolerance
ϵIQR 0.35 IQR tolerance
ϵMean 0.30 Mean tolerance
ϵSkewness 0.50 Skewness tolerance

Action set {0, 0.25, 0.50, 0.75, 1} Available αk values
State boundaries 1, 1.5, 2.5 Instability-state cut-offs
Rejection rule At least 4 of 6 Simultaneous violations
Random seed 123 Reproducible exploration
Training passes 1 Single sequential pass

The resulting procedure can be interpreted as a Lipschitz-regulated sequential pre-
diction method with a reinforcement learning-inspired adaptive smoothing layer. The
McShane–Whitney extension formulas and the final least-squares Log-Normal reconstruc-
tion described in Section 3 remain unchanged, but they now operate on a memory space
whose corrections have been selected through the evolving online Q-table rather than
through a fixed value of αk.

4.1. Case Study: RL Smoothing Module

The RL-extended algorithm is applied to two target configurations with the same
spatial coordinates as those considered in Section 3.4, but with spawn times equal to 1 s
and 1.5 s.

Figure 4 shows the evolution of the Lipschitz constants under the adaptive policy.
Table 7 summarizes the status of each step; the alpha values selected by the Q-table are
omitted here for brevity but are representative of the range in (32).

The RL regulation stage is performed once on the observed 20-level sequence. There-
fore, the RL-regulated active memory, the sequential status, the learned Q-table, and the
feature-specific Lipschitz trajectories are common to both target configurations considered
below. The target point is introduced only after this stage, when the McShane–Whitney
envelopes are evaluated.
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Figure 4. Evolution of the empirical Lipschitz constants under the RL smoothing policy.

In Table 7 the label SMOOTHED_RL indicates that the descriptor entered the adaptive
regulation step after exceeding its tolerance. When the selected action is αk = 1, the
empirical value is retained and no numerical smoothing is applied.

Table 7. Sequential RL-regulated status over the observed 20-level sequence.

Step Level Status Active Features

Step 2 level2 REJECTED 6/6 active features forced jumps
Step 3 level3 REJECTED 4/6 active features forced jumps
Step 4 level4 REJECTED 4/6 active features forced jumps
Step 5 level5 SMOOTHED_RL Q90, Mean
Step 6 level6 Accepted –
Step 7 level7 Accepted –
Step 8 level8 SMOOTHED_RL Q90, Skewness
Step 9 level9 SMOOTHED_RL Q90, Skewness
Step 10 level10 Accepted –
Step 11 level11 REJECTED 5/6 active features forced jumps
Step 12 level12 SMOOTHED_RL Q10, Skewness
Step 13 level13 Accepted –
Step 14 level14 Accepted –
Step 15 level16 REJECTED 5/6 active features forced jumps
Step 16 level15 Accepted –
Step 17 level17 SMOOTHED_RL Skewness
Step 18 level18 Accepted –
Step 19 level19 SMOOTHED_RL Mean, Skewness
Step 20 level20 Accepted –

4.1.1. Spawn Time = 1 s

The predictive distribution for the target configuration with spawn time = 1 s is
displayed in Figure 5. Table 8 reports the corresponding McShane–Whitney predictions,
fitted Log-Normal descriptors, and normalized reconstruction loss. The fitted distribution
has approximately P25 = 0.634 s, P50 = 0.750 s, and P90 = 1.034 s. The dashed curve
represents the empirical distribution of the nearest active-memory configuration, level13.
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Figure 5. McShane–Whitney predictive PDF for spawn time = 1 s under the RL smoothing policy.
Same legend as Figure 2.

Table 8. Multi-feature RL-optimized model output for spawn time = 1 s.

Feature MW Prediction Fitted Value

Median 0.7040 0.7504
Mean 0.7467 0.7743
Q10 0.5753 0.5445
Q90 1.1025 1.0342

Log-Normal parameters: µ = −0.28710, σ = 0.25027
Normalized Log-Normal reconstruction loss: J = 0.012406
Mean ± SD of descriptor-wise component losses: c± sc ≈ 0.003101± 0.001312

4.1.2. Spawn Time = 1.5 s

Table 9 presents the feature-alignment diagnostics for spawn time = 1.5 s, and
Figure 6 shows the corresponding predictive PDF. The fitted Log-Normal parameters are
µ = −0.21294 and σ = 0.36047, and the normalized reconstruction loss is J = 0.062218. The
differences with the spawn-time-1 s case arise from the target-specific McShane–Whitney
predictions obtained from the same RL-regulated active memory.

Table 9. Multi-feature RL-optimized model output for spawn time = 1.5 s.

Feature MW Prediction Fitted Value

Median 0.6992 0.8082
Mean 0.8229 0.8625
Q10 0.5809 0.5092
Q90 1.4963 1.2828

Log-Normal parameters: µ = −0.21294, σ = 0.36047
Normalized Log-Normal reconstruction loss: J = 0.062218
Mean ± SD of descriptor-wise component losses: c± sc ≈ 0.01555± 0.00957

The analyzed examples show that changing the spawning-time coordinate of the target
configuration modifies the McShane–Whitney descriptor predictions and the resulting Log-
Normal reconstruction. Within the two RL examples, the fitted median increases from
approximately 0.750 s for spawn time = 1 s to approximately 0.808 s for spawn time = 1.5 s,
while the fitted upper quantile increases from approximately 1.034 s to 1.283 s. These
illustrative cases do not establish a general monotone relationship between spawning time
and every predicted descriptor or reconstruction loss.
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Figure 6. McShane–Whitney Same legend as Figure 2. Predictive PDF for spawn time = 1.5 s under
the RL smoothing policy.

5. Comparative Analysis: Fixed α = 0.5 Versus RL-Adaptive α

This section compares the fixed-smoothing algorithm (Section 3.4) and the RL-adaptive
algorithm (Section 4) on a common target configuration:

x⃗new =
(
1.5, 1, 0.3, 1.2, 0.0, 0.8

)
, (36)

where the coordinates correspond, in order, to size, color, coord-x, coord-y, coord-z,
and spawn.

5.1. Fixed αk = 0.5

Table 10 lists the sequential status under the fixed smoothing coefficient. Steps 2–4, 11,
and 15 are rejected, corresponding to level2, level3, level4, level11, and level16. The
remaining levels are either accepted or smoothed in the descriptor-specific combinations
reported in the table, involving Q90, mean, Q10, and Skewness.

Table 11 reports the final Log-Normal fit, and Figure 7 displays the predictive PDF
with its geometric uncertainty band.

Figure 7. Predictive PDF under fixed αk = 0.5. Same legend as Figure 2. The uncertainty band is
a Wasserstein-type interval derived from the Lipschitz bounds: feature-wise perturbations of the
median and the upper quantile are propagated to the fitted Log-Normal density, yielding a plausible
range of response-time distributions compatible with the local geometric uncertainty of the model.
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Table 10. Sequential Lipschitz regulation over the observed 20-level sequence with fixed αk = 0.5.

Step Level Status Details

Step 2 level2 REJECTED 6/6 active features forced jumps
Step 3 level3 REJECTED 4/6 active features forced jumps
Step 4 level4 REJECTED 4/6 active features forced jumps
Step 5 level5 SMOOTHED Features: Q90, Mean
Step 6 level6 SMOOTHED Feature: Q90
Step 7 level7 SMOOTHED Feature: Q90
Step 8 level8 SMOOTHED Features: Q90, Skewness
Step 9 level9 SMOOTHED Features: Q90, Skewness
Step 10 level10 Accepted –
Step 11 level11 REJECTED 5/6 active features forced jumps
Step 12 level12 SMOOTHED Features: Q10, Skewness
Step 13 level13 Accepted –
Step 14 level14 Accepted –
Step 15 level16 REJECTED 5/6 active features forced jumps
Step 16 level15 Accepted –
Step 17 level17 Accepted –
Step 18 level18 Accepted –
Step 19 level19 SMOOTHED Features: Q90, Mean
Step 20 level20 Accepted –

Table 11. Multi-feature optimized model output with fixed αk = 0.5.

Feature MW Prediction Fitted Log-Normal

Median 0.6162 0.6412
Mean 0.6368 0.6538
Q10 0.5157 0.4982
Q90 0.8583 0.8253

Log-Normal parameters: µ = −0.44436, σ = 0.19695
Normalized Log-Normal reconstruction loss: J = 0.004994
Mean ± SD of descriptor-wise component losses: c± sc ≈ 0.001249± 0.000411

5.2. RL-Adaptive αk

The final one-pass alpha policy obtained after processing the 20-level sequence is
reported in Table 12. Notably, the IQR and mean features assign αk = 0 to medium and
severe instability states, meaning the final online Q-table tends to discard empirical IQR
and mean observations entirely when Lipschitz violations are strong, favoring historical
continuity over raw data fidelity for those features. Conversely, Q10 retains a relatively
high αk across all states, reflecting the greater stability of the lower tail.

Table 12. Learned alpha policy by feature and Lipschitz instability state.

Feature Stable Mild Jump Medium Jump Severe Jump

Median 0.50 0.50 0.25 0.50
Q10 0.50 0.75 0.50 0.50
Q90 0.50 0.25 0.50 0.00
IQR 0.50 0.00 0.00 0.00
Mean 0.50 0.50 0.00 0.00
Skewness 0.50 0.00 0.25 0.25

Table 13 details the RL step-by-step outcomes. Compared with the fixed-α sched-
ule in Table 10, the RL policy accepts Levels 6 and 7 outright rather than smoothing
them, and it applies targeted corrections to Skewness at Steps 17 and 19 that the fixed
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policy does not trigger. These differences arise during the sequential processing of the
observed levels because the evolving Q-table assigns different values of αk to the observed
instability states. They are determined before the target configuration is submitted to the
McShane–Whitney predictor.

Table 13. Sequential RL-regulated status and selected αk values over the observed 20-level sequence.

Step Level Status Details/Alpha Parameters

Step 2 level2 REJECTED
(6/6 active features forced jumps)
alpha: Median = 0.50, Q10 = 0.50, Q90 = 0.50, IQR = 0.50, Mean = 0.50,
Skewness = 0.50

Step 3 level3 REJECTED (4/6 active features forced jumps)
alpha: Q90 = 0.00, IQR = 0.50, Mean = 0.00, Skewness = 0.50

Step 4 level4 REJECTED (4/6 active features forced jumps)
alpha: Q90 = 0.25, IQR = 0.50, Mean = 0.75, Skewness = 0.50

Step 5 level5 SMOOTHED_RL Features: Q90, Mean
alpha: Q90 = 1.00, Mean = 0.50

Step 6 level6 Accepted –
Step 7 level7 Accepted –

Step 8 level8 SMOOTHED_RL Features: Q90, Skewness
alpha: Q90 = 0.00, Skewness = 0.75

Step 9 level9 SMOOTHED_RL Features: Q90, Skewness
alpha: Q90 = 0.50, Skewness = 1.00

Step 10 level10 Accepted –

Step 11 level11 REJECTED (5/6 active features forced jumps)
alpha: Median = 0.00, Q10 = 0.00, Q90 = 0.75, IQR = 0.75, Mean = 1.00

Step 12 level12 SMOOTHED_RL Features: Q10, Skewness
alpha: Q10 = 0.25, Skewness = 0.25

Step 13 level13 Accepted –
Step 14 level14 Accepted –

Step 15 level16 REJECTED (5/6 active features forced jumps)
alpha: Median = 0.75, Q90 = 0.25, IQR = 0.75, Mean = 0.25, Skewness = 0.00

Step 16 level15 Accepted –

Step 17 level17 SMOOTHED_RL Feature: Skewness
alpha: Skewness = 0.00

Step 18 level18 Accepted –

Step 19 level19 SMOOTHED_RL Features: Mean, Skewness
alpha: Mean = 0.25, Skewness = 0.75

Step 20 level20 Accepted –

Table 14 presents the final Log-Normal fit under the RL policy, and Figure 8 displays
the corresponding predictive PDF. The normalized Log-Normal reconstruction loss in-
creases from J = 0.004994 under the fixed-α model to J = 0.011107 under the RL-adaptive
model. The corresponding mean descriptor-wise component losses are 0.001249± 0.000411
and 0.002777± 0.000648, respectively. At the same time, the Q90 prediction shifts up-
ward from 0.8583 to 0.9166, indicating that the RL policy preserves more of the upper-tail
information by accepting Level 6 and Level 7 without smoothing.

Table 15 provides a direct step-by-step comparison between the two regulation meth-
ods over the same observed level sequence.

Three patterns emerge from the comparison. First, the rejection decisions at Steps 2–4,
11, and 15 are identical for both methods, indicating that, for the analyzed sequence, the
rejection decisions are unchanged by the choice of smoothing policy. Second, the RL policy
accepts Levels 6 and 7 outright rather than smoothing them. At these steps, the evolving
Q-table selects actions that retain the empirical Q90 values, whereas the fixed rule applies
αk = 0.5 whenever the corresponding tolerance is exceeded. Third, the RL policy activates
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Skewness corrections at Steps 17 and 19 that the fixed policy does not trigger, since the
Q-table assigns non-trivial penalty to Skewness distortions in those instability regimes.

Table 14. Multi-feature RL-optimized model output for x⃗new in (36).

Feature MW Prediction Fitted Log-Normal Absolute Error

Median 0.6162 0.6495 0.0333
Mean 0.6368 0.6655 0.0287
Q10 0.5157 0.4896 0.0261
Q90 0.9166 0.8618 0.0548

Log-Normal parameters: µ = −0.43150, σ = 0.22062
Normalized Log-Normal reconstruction loss: J = 0.011107
Mean ± SD of descriptor-wise component losses: c± sc ≈ 0.002777± 0.000648

Table 15. Step-by-step comparison between fixed α = 0.5 and RL-adaptive α over the observed
20-level sequence.

Step Level Fixed α=0.5 RL with Adaptive α

Step 2 level2 REJECTED (6/6 jumps) REJECTED (6/6 jumps)
Step 3 level3 REJECTED (4/6 jumps) REJECTED (4/6 jumps)
Step 4 level4 REJECTED (4/6 jumps) REJECTED (4/6 jumps)

Step 5 level5 SMOOTHED: Q90, Mean SMOOTHED_RL: Q90 (α = 1.00),
Mean (α = 0.50)

Step 6 level6 SMOOTHED: Q90 Accepted
Step 7 level7 SMOOTHED: Q90 Accepted

Step 8 level8 SMOOTHED: Q90, Skewness SMOOTHED_RL: Q90 (α = 0.00),
Skewness (α = 0.75)

Step 9 level9 SMOOTHED: Q90, Skewness SMOOTHED_RL: Q90 (α = 0.50),
Skewness (α = 1.00)

Step 10 level10 Accepted Accepted
Step 11 level11 REJECTED (5/6 jumps) REJECTED (5/6 jumps)

Step 12 level12 SMOOTHED: Q10, Skewness SMOOTHED_RL: Q10 (α = 0.25),
Skewness (α = 0.25)

Step 13 level13 Accepted Accepted
Step 14 level14 Accepted Accepted
Step 15 level16 REJECTED (5/6 jumps) REJECTED (5/6 jumps)
Step 16 level15 Accepted Accepted

Step 17 level17 Accepted SMOOTHED_RL: Skewness
(α = 0.00)

Step 18 level18 Accepted Accepted

Step 19 level19 SMOOTHED: Q90, Mean SMOOTHED_RL: Mean (α = 0.25),
Skewness (α = 0.75)

Step 20 level20 Accepted Accepted

The comparison of the final predictive distributions in this section is intended as an
illustrative analysis of one target configuration. By contrast, the fixed and RL sequential
regulation schedules are constructed before target evaluation and are independent of
that target point. General claims about whether the adaptive policy reduces smoothing
interventions would require independent observed sequences or datasets, repeated random
seeds, and an independently validated policy-training procedure. The leave-one-level-
out analysis evaluates the McShane–Whitney prediction component and should not be
interpreted as an independent validation of the RL policy.

These differences propagate to the final predictive distribution: the RL version pro-
duces a slightly wider PDF, with a higher Q90 and a larger σ, together with a moderately
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higher normalized reconstruction loss. It also produces more differentiated and inter-
pretable feature-specific correction decisions.

Figure 8. Predictive PDF under the RL-adaptive policy for x⃗new in (36). The predicted distribution
is slightly wider than the fixed-α counterpart, reflecting the higher Q90 prediction produced by the
learned smoothing policy.

Therefore, the improvement provided by the RL-adaptive version should not be in-
terpreted as a uniform reduction in numerical fitting error. Its main potential benefit is
structural: it permits feature-specific correction decisions according to the observed insta-
bility regime. During the one-pass processing of the observed level sequence, this results
in the direct acceptance of Levels 6 and 7 and in different corrections for the upper-tail
and Skewness descriptors. These observations should not be interpreted as evidence of
a general reduction in regularization. In the present comparison, the normalized recon-
struction loss is higher than for the fixed-α model, revealing an explicit trade-off between
distributional fit, data fidelity, and Lipschitz regularity. The results are consistent with
previous findings on asymmetric response-time distributions, while extending them to the
prediction of unobserved game configurations under geometrically controlled uncertainty.

5.3. Leave-One-Level-Out Validation

A leave-one-level-out validation was performed to assess genuine out-of-sample
descriptor-prediction error, as distinct from the internal Log-Normal reconstruction loss
J reported for the synthetic target configurations. The deterministic fixed-α model was
selected for this validation because it provides a reproducible reference implementation of
the McShane–Whitney prediction framework.

At each of the 20 folds, one complete game level and all its response-time observations
were removed. The normalization ranges, sequential regularization process, active memory,
and empirical Lipschitz constants were then recomputed using only the remaining 19 levels.
Finally, the six distributional descriptors of the omitted level were predicted and compared
with their empirical values. No response-time information from the omitted level was used
during model construction.

A one-nearest-neighbor regression model was also evaluated as a simple baseline.
At each fold, the six configuration variables were normalized using only the 19 training
levels. The omitted level was then matched to the nearest training configuration under
the same Euclidean metric used by the proposed framework, and the complete descriptor
vector of that nearest neighbor was used as the prediction. The value k = 1 was selected to
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avoid introducing an additional tuning procedure in a dataset containing only 20 levels.
This baseline therefore provides a direct comparison with a local prediction rule that uses
the same input representation but does not apply Lipschitz regularization or McShane–
Whitney bounds.

For each descriptor k, prediction accuracy was measured through

MAEk =
1
20

20

∑
i=1

∣∣ŷi,k − yi,k
∣∣, (37)

and

RMSEk =

√√√√ 1
20

20

∑
i=1

(ŷi,k − yi,k)
2, (38)

where yi,k denotes the empirical value of descriptor k for the omitted level and ŷi,k denotes
its McShane–Whitney prediction.

Table 16 summarizes the leave-one-level-out results.

Table 16. Leave-one-level-out prediction errors for the deterministic fixed-α Lipschitz model and
the one-nearest-neighbor baseline across the 20 experimentally observed game levels. Lower values
indicate better predictive performance.

Descriptor Lipschitz MAE 1-NN MAE Lipschitz RMSE 1-NN RMSE

Median 0.1270 0.1308 0.1633 0.1781
Q10 0.0919 0.0873 0.1095 0.1086
Q90 0.7224 0.6858 1.1342 1.1576
IQR 0.1543 0.1719 0.2193 0.2550
Mean 0.3041 0.3117 0.4870 0.5059
Skewness 0.4981 1.2413 0.5708 1.4775

The proposed Lipschitz model yields a lower error than the 1-NN baseline in nine of
the twelve descriptor–metric comparisons. Improvements are observed for the median,
IQR, mean, and especially Skewness. For Skewness, the Lipschitz model reduces the MAE
from 1.2413 to 0.4981 and the RMSE from 1.4775 to 0.5708, indicating that the regularization
procedure substantially limits the influence of unstable local estimates. The 1-NN baseline
performs slightly better for Q10 and for the MAE of Q90, while the Lipschitz model retains
a slightly lower Q90 RMSE.

These results do not establish uniform superiority of the proposed method. Rather,
they show that Lipschitz regulation improves most of the analyzed distributional de-
scriptors while retaining explicit McShane–Whitney admissible intervals and geometric
uncertainty information, neither of which is provided by the nearest-neighbor baseline.
Both methods confirm that Q90 remains the most difficult descriptor to predict in the
present small-sample dataset.

5.4. Sensitivity to the Level-Ingestion Order

The sequential regulation procedure depends on the order in which levels are incorpo-
rated into the active memory. An order-sensitivity analysis was therefore performed for the
deterministic fixed-α model and the common target configuration considered in Section 5.
The deterministic model was used in order to isolate the effect of ingestion order from the
additional randomness introduced by the ϵ-greedy RL mechanism.

Two complementary checks were conducted. First, the levels were sorted by their
numerical labels, thereby exchanging only level15 and level16 relative to the experimen-
tal Index order. Second, 1000 random permutations of Levels 2–20 were generated while
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retaining Level 1 as the common initial memory state. The random-number seed was fixed
at 20260711 for reproducibility.

Table 17 summarizes the corresponding order-sensitivity results.

Table 17. Sensitivity of the fixed-α McShane–Whitney predictions to the level-ingestion order.
Random-order results are reported as mean ± standard deviation over 1000 permutations.

Descriptor Experimental Index Order Numerical Level Order Random Orders

Median 0.6162 0.6162 0.6413± 0.0624
Q10 0.5157 0.5157 0.5253± 0.0522
Q90 0.8583 0.8583 1.0514± 0.2660
IQR 0.2125 0.2125 0.2095± 0.0209
Mean 0.6368 0.6368 0.7525± 0.1441
Skewness 1.6413 1.6413 1.7272± 0.2005

Exchanging level15 and level16 does not alter any of the predicted descriptors.
Thus, the particular non-numerical position identified by the reviewer is not responsible
for the reported prediction. Nevertheless, the random-permutation analysis confirms that
the sequential procedure is not fully order invariant. Median, Q10, IQR, and Skewness
exhibit comparatively moderate variability, whereas mean and especially Q90 are more
sensitive to the ingestion sequence. This result is consistent with the previously observed
instability of the upper tail.

It should be noted, however, that this order dependence is consistent with the
sequential-learning rationale of the proposed method. The system updates its active
memory and its smoothing decisions as observations become available, so the current
state necessarily depends on the previously processed configurations. When the ingestion
order reproduces the actual experimental acquisition sequence, this dependence is not
merely an implementation artifact, but reflects the temporal structure through which the
model learns from the data. Nevertheless, when no natural or experimentally justified
order exists, order-averaged predictions or an order-independent batch formulation should
be considered.

Consequently, the predictions reported in the case studies should be interpreted
conditionally on the experimental acquisition order. In the present study, this order is
meaningful because it follows the sequence recorded by the data-acquisition system. For
applications lacking a natural sequential structure, an order-averaged prediction over
several permutations or an order-independent batch regularization strategy would provide
a more robust alternative.

5.5. Sensitivity to the Rejection and Instability Thresholds

A sensitivity analysis was conducted to assess the supervisory rejection rule and the
discretization of the relative instability ratio. The deterministic fixed-α implementation
was used to isolate threshold effects from the stochastic exploration component of the RL
module. The common target configuration considered in Section 5 was used throughout.

First, the minimum number of simultaneous descriptor violations required for com-
plete rejection was varied from three to five. The current rule requires four of the six active
descriptors to violate their feature-specific tolerances. Table 18 reports the correspond-
ing predictions.

The three- and four-descriptor rules produce identical outcomes because no candidate
in the analyzed sequence generates exactly three simultaneous violations. Requiring
five violations is more permissive, reduces the number of rejected levels from five to
three, and mainly affects the upper-tail and mean predictions. Median, Q10, and IQR
remain unchanged.
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Table 18. Sensitivity to the minimum number of simultaneous descriptor violations required for
rejecting a level.

Minimum Violations Rejected Levels Median Q10 Q90 IQR Mean

3 of 6 5 0.6162 0.5157 0.8583 0.2125 0.6368
4 of 6 5 0.6162 0.5157 0.8583 0.2125 0.6368
5 of 6 3 0.6162 0.5157 0.9166 0.2125 0.6805

The instability-state boundaries were also varied. In addition to the implemented cut-
offs (1, 1.5, 2.5), a narrower discretization (1, 1.25, 2.0) and a wider discretization (1, 2.0, 3.0)
were examined. Table 19 reports the allocation of the 114 descriptor–level transitions.

Table 19. Sensitivity of the instability-state allocation to alternative boundaries. The three values
identify the upper limits of the stable, mild, and medium states, respectively.

State Boundaries Stable Mild Medium Severe

(1, 1.25, 2.0) 78 4 9 23
(1, 1.50, 2.5) 78 8 10 18
(1, 2.00, 3.0) 78 13 9 14

The stable versus unstable classification is invariant across the three schemes because
the first boundary remains fixed at ρn,k = 1, which is determined directly by the toler-
ance ϵk. The alternative boundaries only redistribute the unstable events among mild,
medium, and severe categories. The implemented discretization provides an intermedi-
ate allocation and avoids concentrating most violations in either the mild or severe state.
Nevertheless, the state-specific RL decisions remain conditional on these selected bound-
aries, and future applications with larger datasets should estimate or validate the cut-off
values independently.

6. Discussion
This section compares the present findings with related response-time modeling and

video-game performance approaches from both numerical and methodological perspec-
tives. The discussion is organized at two complementary levels. First, direct numerical
comparisons are considered within the present dataset: the fixed-α Lipschitz model is
compared with the one-nearest-neighbor baseline under the same input representation, dis-
tance, and leave-one-level-out folds, while the fixed and RL-adaptive regulation policies are
compared for the same target configuration. Second, the results are discussed in relation to
performance measures used in response-time modeling and adaptive video-game systems.
Numerical findings from previous studies are used only for contextual comparison, since
their datasets, tasks, samples, and outcome variables differ from those considered here.

6.1. Direct Numerical Comparison with the Prediction Baseline

Table 16 provides the most direct evaluation of the proposed prediction method. The
fixed-α Lipschitz model and the 1-NN baseline were evaluated on the same 20 leave-one-
level-out folds, using the same normalized configuration variables and the same Euclidean
metric. To make the magnitude and direction of the differences more explicit, Table 20
reports the relative error reduction of the Lipschitz model with respect to 1-NN. For an
error measure E, the relative reduction is defined as

100
E1NN − ELipschitz

E1NN
.
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Positive values favor the Lipschitz model, whereas negative values favor 1-NN.

Table 20. Relative error reduction of the fixed-α Lipschitz model with respect to the one-nearest-
neighbor baseline. Positive values favor the Lipschitz model.

Descriptor Relative MAE Reduction Relative RMSE Reduction

Median 2.9% 8.3%
Q10 −5.3% −0.8%
Q90 −5.3% 2.0%
IQR 10.2% 14.0%
Mean 2.4% 3.7%
Skewness 59.9% 61.4%

The Lipschitz model produces a lower error in nine of the twelve descriptor–metric
comparisons. Both MAE and RMSE are reduced for median, IQR, mean, and Skewness.
The largest difference occurs for Skewness, for which the MAE decreases from 1.2413 to
0.4981 and the RMSE decreases from 1.4775 to 0.5708. These values correspond to relative
reductions of approximately 59.9% and 61.4%, respectively. The result is consistent with
the role of Lipschitz regulation: abrupt local changes in a comparatively unstable shape
descriptor are not transferred directly to the omitted configuration.

The advantage is not uniform. The 1-NN baseline produces slightly lower MAE
and RMSE for Q10 and a slightly lower MAE for Q90. The Lipschitz model produces
a slightly lower Q90 RMSE, but Q90 remains the descriptor with the largest absolute
prediction errors under both methods. This result agrees with the bootstrap analysis, which
identifies the upper tail and Skewness as the least stable distributional characteristics in the
available samples. Consequently, the results support descriptor-dependent improvements
rather than a general claim that Lipschitz regulation is uniformly more accurate than local
nearest-neighbor prediction.

A different comparison is provided by the fixed and RL-adaptive versions in Section 5.
Tables 11 and 14 show that, for the common target configuration, the McShane–Whitney
predictions of median, mean, and Q10 remain unchanged, whereas Q90 increases from
0.8583 under the fixed policy to 0.9166 under the RL-adaptive policy. This represents an
increase of approximately 6.8% in the predicted upper quantile. The fitted Log-Normal
dispersion parameter also increases from σ = 0.19695 to σ = 0.22062.

The larger upper quantile and dispersion reflect the direct acceptance of Levels 6
and 7 by the adaptive policy and the resulting preservation of more upper-tail information.
However, the normalized reconstruction loss increases from J = 0.004994 to J = 0.011107.
The RL-adaptive version therefore does not improve the internal parametric fit in this
example. Instead, it changes the balance among empirical fidelity, Lipschitz regularity,
and Log-Normal reconstruction accuracy. The comparison in Table 15 also shows that the
main benefit of the adaptive policy is the ability to make descriptor-specific regulation
decisions, rather than a uniform reduction in either prediction error or the number of
smoothing interventions.

6.2. Similar Findings in Response-Time and Adaptive-Game Research

The difficulty observed for Q90 and Skewness is consistent with previous response-
time research. Behavioral response-time distributions are commonly asymmetric and
positively skewed, and their upper tails contain information that is not represented by the
mean or median alone [2–4]. The present bootstrap and leave-one-level-out analyses lead
to the same qualitative conclusion: central and lower-tail descriptors are comparatively
stable, whereas upper-tail and shape descriptors require greater caution.
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A second similarity concerns the absence of a universally superior adaptive strategy.
Comparative DDA studies have shown that the relative performance of an adaptive method
depends on whether the evaluation criterion is objective game performance, adjustment
accuracy, engagement, affect, or subjective player experience [15,16]. The present find-
ings exhibit the same type of metric dependence. Lipschitz regulation improves most
descriptor–metric combinations, but not Q10 or the Q90 MAE. Similarly, the RL-adaptive
policy preserves more upper-tail information but produces a higher Log-Normal recon-
struction loss.

Related findings have been reported for engagement-oriented DDA. Xue et al. [42]
formulated difficulty adjustment as an optimization problem based on player progression
and reported improvements of up to 9% in player engagement. The outcome optimized in
that study was player retention and continued progression, rather than the statistical distri-
bution of behavioral response times. Nevertheless, both approaches replace an exclusively
heuristic adjustment rule with an explicit quantitative objective.

Darzi et al. [43] compared several DDA methods based on performance, personality,
and physiological information. The all-data method achieved adjustment accuracies of
62.5% for ball speed and 55.0% for paddle size, compared with 53.7% and 46.2%, respec-
tively, for the performance-only method. However, no significant overall differences among
the DDA methods were found for motivation or flow. Adjustment accuracy for ball speed
was correlated with enjoyment (r = 0.38) and pressure (r = 0.43). This result is similar to
the present finding that an improvement under one numerical criterion does not necessarily
imply improvement under every other criterion. In particular, preservation of the upper
tail by the RL policy does not imply a lower reconstruction loss.

Zook and Riedl [44] developed a temporal player model for predicting changes in
player performance and found a significant relationship between the predicted performance
ratings and subjective difficulty. This supports the general use of objective behavioral
measures to inform adaptive game design. The present method differs by predicting
several descriptors of a complete response-time distribution instead of producing a single
performance or difficulty estimate.

6.3. Dissimilar Findings and Differences in the Evaluation Measures

The principal difference from conventional DDA systems concerns both the predicted
outcome and the role of reinforcement learning. Existing adaptive systems frequently
use score, accuracy, win rate, deaths, level-completion time, retention, or self-reported
difficulty as performance measures. The resulting model then modifies a game variable,
such as opponent strength, paddle size, object speed, or level difficulty [12,17,42,43]. By
contrast, the present method predicts median, mean, Q10, Q90, IQR, and Skewness for an
unobserved game configuration.

The reinforcement-learning component also has a different function. It does not
directly change target size, position, spawning time, movement, or another difficulty
parameter. Instead, it selects the smoothing coefficient used when an observed descriptor
destabilizes the empirical Lipschitz structure. Consequently, the RL output is a descriptor-
specific data-regulation decision, not a direct gameplay intervention.

Table 21 summarizes the main numerical and non-numerical similarities and differ-
ences. The external numerical results are included to identify the measures and scales used
by related systems; they are not direct head-to-head benchmarks against the present dataset.
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Table 21. Comparison between the proposed distributional framework and performance measures used in related video-game systems.

Study or Approach Evaluated Measure Numerical or Qualitative Finding Relationship with the Present Method

Present Lipschitz model MAE and RMSE for Median, Q10, Q90,
IQR, Mean, and Skewness

Lower error than 1-NN in nine of twelve
comparisons; approximately 59.9% MAE
reduction and 61.4% RMSE reduction
for Skewness

Direct prediction of several distributional
descriptors for unobserved game
configurations, with explicit
McShane–Whitney admissibility bounds

Xue et al. [42] Engagement, progression, stay time, and
win-rate-based difficulty

Up to 9% improvement in
player engagement

Optimizes retention and progression
rather than the distribution of behavioral
response times

Darzi et al. [43]
Difficulty-adjustment accuracy,
motivation, enjoyment, pressure,
and flow

All-data adjustment accuracy of 62.5%
and 55.0% versus performance-only
accuracy of 53.7% and 46.2%; no
significant overall difference in
motivation or flow

Shows that higher adjustment accuracy
does not necessarily produce a uniform
improvement in subjective experience

Zook and Riedl [44] Predicted player performance and
subjective difficulty

Significant relationship between
predicted performance ratings and
subjective difficulty

Produces a player-performance estimate,
whereas the present model predicts
central, dispersion, tail, and
shape characteristics

Gaussian-process regression [37–39] Predictive mean, variance, and
probabilistic interval

Kernel-dependent probabilistic
prediction under a stochastic model

Provides probabilistic uncertainty,
whereas McShane–Whitney formulas
provide deterministic geometric bounds
under an assumed Lipschitz constant

Kernel and conditional-density
estimation [40,41]

Estimated empirical or conditional
response-time density

Flexible density estimation whose
accuracy depends on bandwidth selection
and the effective local sample size

Provides greater distributional flexibility,
whereas the present method prioritizes
descriptor-level interpretability and
geometric control in a small
configuration sample
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The comparison identifies a complementary rather than substitutive role for the pro-
posed method. Conventional game-performance measures quantify success, progression,
retention, or subjective experience. Gaussian-process and kernel-based methods provide
alternative forms of probabilistic prediction or density estimation. The Lipschitz method
contributes a different capability: the distributional profile of an unobserved configuration
is predicted under explicit metric regularity constraints.

A complete evaluation of a future adaptive game could combine the predicted
response-time descriptors with conventional outcomes such as accuracy, score, comple-
tion, perceived difficulty, engagement, and flow. Such a study would determine whether
changes in Q90, IQR, or Skewness are associated with meaningful differences in player
experience. The present experiment does not establish those relationships. It establishes
that distributional behavioral information can be predicted from a limited number of ob-
served configurations and that the benefit of Lipschitz or RL-based regulation depends on
the descriptor and evaluation criterion considered.

7. Conclusions
The framework proposed in this paper provides an interpretable method for predict-

ing complete response-time distributions in controlled video-game-like tasks. Instead of
reducing each level to a single average response time, the method represents each empirical
distribution through several statistical descriptors, including the median, the mean, se-
lected quantiles, dispersion and Skewness. These descriptors are then treated as real-valued
functions on a normalized metric space of game configurations.

The main contribution of the approach is the combination of Lipschitz-regulated re-
gression with McShane–Whitney extension formulas. This gives a geometrically controlled
prediction rule: each predicted descriptor is constrained by the empirical Lipschitz reg-
ularity of the observed data. As a result, the model does not produce an unconstrained
numerical estimate, but a prediction compatible with the metric structure of the experimen-
tal benchmark.

A second contribution is the sequential smoothing mechanism used to incorporate
new observations into the active memory. When a candidate level produces an excessive
increase in the Lipschitz constant, the algorithm regularizes the corresponding descriptor
through a convex combination of the observed value and a recent historical estimate. In the
extended version, the coefficient of this combination is selected through a reinforcement
learning-inspired tabular mechanism. This allows the model to balance two competing
objectives: preserving geometric regularity and incorporating recent empirical information.
The adaptive Q-table is currently updated during a single ordered pass through the 20 ob-
served levels and is not evaluated on an independent sequence. Therefore, the RL-related
results are exploratory and may depend on the order of the levels, the initial Q-table, and
the selected hyperparameters. Repeated training episodes, order-randomized sensitivity
analyses, and validation on independent game configurations are required before making
general claims about policy convergence or out-of-sample RL performance.

The final reconstruction currently uses a Log-Normal family. The goodness-of-fit
analysis shows that Log-Normality is not rejected for 11 of the 20 levels at the unadjusted
5% significance level. After Holm correction, significant departures remain for level1
and level7. The Q–Q plots indicate that the principal discrepancies occur in the upper
tails. Consequently, the Log-Normal density should be interpreted as a parsimonious
positive-support reconstruction of the predicted descriptors rather than as a universally
valid distributional model.

The current implementation reports the normalized reconstruction loss J, but it does
not yet apply an automatically calibrated rejection threshold. Future work should estimate
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such a threshold from cross-validated losses and issue a warning when the optimization
fails, a boundary solution is obtained, or J is unusually large. In these cases, Gamma,
Weibull, shifted Log-Normal, ex-Gaussian, or finite-mixture families should be compared
using cross-validated reconstruction loss and empirical goodness-of-fit criteria. Reliable
modeling of multimodal distributions will additionally require a richer vector of predicted
quantiles or distributional descriptors.

The method is especially useful in small experimental settings, where the number of
participants and tested configurations is limited and where fully data-driven models may
be difficult to train reliably. Its main advantage is not only predictive performance, but also
transparency: each stage of the procedure has a clear geometric or statistical interpretation.

The comparative analysis in Section 6 shows that the proposed method complements,
rather than replaces, conventional video-game-performance and player-experience mea-
sures. In the leave-one-level-out evaluation, the fixed-α Lipschitz model produces a lower
error than the 1-NN baseline in nine of the twelve descriptor–metric comparisons, with the
clearest improvement for Skewness. Nevertheless, 1-NN remains slightly more accurate
for Q10 and for the Q90 MAE, so the results do not support uniform numerical superiority.

The RL-adaptive policy also provides a criterion-dependent result. For the common
target configuration, it preserves more upper-tail information and increases Q90 from 0.8583
to 0.9166, while the normalized Log-Normal reconstruction loss increases from 0.004994
to 0.011107. Its contribution is therefore the introduction of feature-specific regulation
decisions rather than a general reduction in prediction or reconstruction error.

Related adaptive-game studies generally evaluate score, win rate, difficulty-adjustment
accuracy, engagement, perceived difficulty, enjoyment, or flow. By contrast, the present
approach predicts several descriptors of the behavioral response-time distribution for an
unobserved configuration. The comparison therefore identifies a complementary distribu-
tional measure that can be combined with conventional performance and player-experience
outcomes in future game-design studies.

There are, however, some limitations. The computation of the empirical Lipschitz
constants requires pairwise comparisons between observed configurations, which may
become expensive for large datasets. The method also depends on control parameters, such
as the Lipschitz tolerance thresholds and the smoothing policy. In addition, the current
implementation assumes that the final response-time distribution can be represented by
a Log-Normal law. This is reasonable for positive and asymmetric response-time data,
but more flexible distributional families or mixture models may be necessary when the
empirical distributions are multimodal. Moreover, application to substantially different
game designs requires redefining and validating the configuration space, its metric, and
the selected distributional model. The sequential regulation mechanism is sensitive to the
level-ingestion order. This dependence is consistent with the online-learning rationale of
the method, because the active memory and the smoothing decisions are updated as new
configurations are incorporated. In the present study, the ingestion order follows the se-
quence recorded by the experimental system and therefore has a meaningful interpretation.
Although exchanging level15 and level16 does not change the predictions, random per-
mutations reveal greater order sensitivity for the mean and Q90 descriptors. Accordingly,
the reported one-pass RL results should be interpreted as conditional on the experimental
acquisition sequence. Applications without a natural sequential order should employ
permutation averaging or an order-independent batch formulation. Each level-specific dis-
tribution is estimated from 24 observations. The bootstrap analysis shows that the median
and Q10 are comparatively stable, whereas Q90 and Skewness may have wide confidence
intervals. Consequently, some of the large upper-tail Lipschitz jumps may partly reflect
sampling variability rather than only structural differences between game configurations.
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The sequential smoothing mechanism reduces the influence of such abrupt variations, but
does not eliminate the uncertainty associated with small level-specific samples. Future
studies should therefore consider larger participant samples and uncertainty-aware or
bootstrap-weighted versions of the Lipschitz regulation procedure.

The rejection and state-discretization thresholds are interpretable supervisory choices
rather than theoretically optimal constants. The sensitivity analysis shows that the main
predictions are unchanged when the rejection threshold is reduced from four to three
simultaneous violations, whereas requiring five violations mainly affects Q90 and mean.
Alternative instability-state boundaries preserve the stable/unstable classification but
redistribute events among the mild, medium, and severe states. Future studies with larger
datasets should select these thresholds through independent validation.

Overall, the proposed framework should be understood as a controlled and inter-
pretable baseline for distributional response-time prediction in video-game design. It
shows how metric regularity, Lipschitz extensions, sequential smoothing and reinforcement-
inspired parameter selection can be combined to model response-time distributions from
limited experimental data.
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