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Abstract

This paper focuses on the fixed-time distributed optimization problem with time-varying
cost functions in multi-agent systems (MASs). For the scenario where all agents share
the same Hessian matrix, a control framework for minimizing the global cost function is
proposed based on the zero-gradient-sum (ZGS) algorithm. Specifically, integral sliding
mode is employed to achieve the initial optimality of local objective functions, thereby
satisfying the initial conditions required by the ZGS algorithm. Furthermore, for the case
with heterogeneous Hessian matrices among agents, a distributed optimization algorithm
integrating distributed gradient estimation and the prediction-correction method (PCM)
is designed. Specifically, the distributed gradient estimation enables each agent to recon-
struct the global objective gradient information of the system within a fixed time. Both
proposed algorithms can achieve fixed-time convergence, and the inverse of the Hessian
matrix is approximated online using a zeroing neural network (ZNN), which significantly
improves computational efficiency. Finally, numerical simulations are conducted based on
the charge balance problem in smart grids to verify the effectiveness and superiority of the
proposed algorithms.

Keywords: time-varying optimization; sliding mode control; fixed-time stability; zeroing
neural networks

MSC: 34H05; 49N05; 93A16

1. Introduction
As a vital research area in networked systems and cooperative control, distributed

cooperative optimization for multi-agent systems (MASs) has attracted growing research
attention [1]. Without relying on any centralized coordinator, each agent interacts only
with its neighboring peers to collaboratively minimize a time-varying global cost func-
tion. Relevant theories and algorithms have been widely applied in unmanned aerial
vehicle (UAV) swarm operations, dynamic scheduling of integrated energy systems [2], and
large-scale wireless sensor networks [3]. In contrast to traditional centralized optimization
approaches, distributed schemes offer strong fault tolerance against central node failures,
reduced communication overhead, and excellent scalability, making them highly suitable
for large-scale dynamic networked systems [4].

Current distributed optimization algorithms are predominantly developed for time-
invariant objective functions, where the global cost function remains unchanged throughout
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the optimization process [5–8]. Within such static settings, agents iteratively share informa-
tion with neighbors and update their states, eventually converging to a unified optimal
solution [9]. A variety of effective approaches have been developed over the years, such as
distributed (sub)gradient descent [10,11], the zero-gradient-sum (ZGS) algorithm [9], alter-
nating direction method of multipliers [12], and push-sum algorithms [13], and substantial
progress has been made in analyzing their convergence performance and convergence rates.
Nevertheless, these existing methods are inherently tailored for static cost functions and
cannot be directly applied to dynamic scenarios. In practical engineering tasks including
real-time target tracking by UAV swarms [14,15], dynamic resource allocation [16], and
distributed estimation of time-varying signals via mobile sensor networks, the global cost
function evolves continuously over time. For these cases, algorithms are required to not
only approach the instantaneous optimal solution at each time instant but also track the
time-varying optimal trajectory in real time. To address this practical demand, research on
distributed time-varying optimization has attracted extensive attention [17–19]. Its primary
objective is to construct distributed strategies that enable multi-agent systems to stably
follow the dynamic optimal trajectory, rather than achieving asymptotic convergence to a
stationary optimal point.

In distributed time-varying optimization for multi-agent systems, the convergence
time serves as a critical metric determining the system’s real-time performance, which
directly impacts the safety and reliability of engineering applications. Compared with
asymptotically convergent algorithms, finite-time convergence methods offer faster re-
sponse [20]. However, their convergence time bounds typically depend on the initial
states of the agents [21]. When the initial states deviate greatly from the optimal trajectory,
the convergence time may increase significantly, thereby failing to meet the strict real-time
demands of applications such as UAV obstacle avoidance and real-time energy dispatch.
As a special case of finite-time convergence, fixed-time convergence provides a uniform
convergence time bound that is independent of initial states, ensuring the system’s real-
time responsiveness under uncertain initial conditions [22]. This desirable property has
recently made fixed-time convergence a research hotspot in the field of distributed time-
varying optimization. Motivated by this, researchers have developed various fixed-time
distributed optimization algorithms. For example, Wu et al. investigated a fixed-time dis-
tributed time-varying optimization problem with affine formation constraints [23]. Yang
et al. addressed the problem of global time-varying optimal consensus for UAV swarms
under state-coupled inequality constraints [24]. However, these methods essentially only
guarantee fixed-time consensus, whereas the optimization convergence remains asymp-
totic. As a result, in dynamic scenarios such as target tracking, the target can easily escape
from the tracking agents. Unlike the above approaches, the authors of [25] established
an intrinsic connection between zeroing neural networks (ZNNs) and time-varying opti-
mization, and they proposed a novel fixed-time distributed time-varying optimization
algorithm. Nevertheless, its two-stage structure leads to conservative estimation of the
convergence time. Specifically, the switching instant is predetermined by the worst-case
upper bound of the local optimization rather than the actual convergence time, which
is often significantly shorter, and consequently incurs substantial waiting redundancy.
Meanwhile, the work in [19] achieved simultaneous fixed-time consensus and optimiza-
tion for multi-agent systems based on the ZGS algorithm. However, this approach relies
on the restrictive assumption that all agents share identical Hessian matrices, which limits
its applicability.

On the other hand, Hessian matrix inversion is a key step in solving time-varying
optimization problems and improving convergence accuracy. However, the computa-
tional complexity of Hessian matrix inversion exhibits a cubic scaling with the dimension
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of decision variables for each agent. With the increasing number of agents and system
dimensionality, the overall computational burden rises sharply, which degrades the so-
lution efficiency and real-time capability, and may even result in algorithm breakdown
in extreme scenarios [26]. Furthermore, cost functions are inherently dynamic in time-
varying environments, and the corresponding Hessian matrices evolve continuously
over time. In this case, matrix inversion has to be executed repeatedly at every time step,
which further increases computational and communication overheads. This drawback
greatly hinders the practical implementation of optimization algorithms based on ex-
plicit Hessian inversion. Therefore, circumventing the computational bottleneck induced
by explicit Hessian inversion while maintaining favorable tracking accuracy and fixed-
time convergence performance has become a crucial issue for the design of distributed
time-varying optimization algorithms.

In view of the existing research limitations, this work presents two novel ZNN-based
inverse-free fixed-time distributed time-varying optimization methods for multi-agent
systems with identical and distinct Hessian matrices. The key merits of the proposed
approaches are demonstrated as follows:

• By integrating the ZGS algorithm with sliding mode control, a time-varying dis-
tributed optimization framework is developed for the case where all agents share
identical Hessian matrices. The presented framework extends the original ZGS algo-
rithm to time-varying scenarios and removes constraints associated with system local
optima [9,27,28].

• A time-varying distributed optimization framework is developed for heterogeneous
Hessian matrices using a prediction-correction method (PCM) and a distributed es-
timator. Compared with [24,29,30], this framework eliminates the need for strong
convexity of local cost functions and boundedness of their partial derivatives, thereby
significantly relaxing algorithmic restrictions.

• A ZNN-based matrix approximation method is proposed to avoid explicit Hessian
inversion, effectively reducing the computational burden of multi-agent systems.
Moreover, the proposed method features fixed-time convergence, allowing consensus
and optimization to be reached simultaneously within a fixed time.

2. Preliminaries and Problem Formulation
2.1. Preliminaries

Notations: Rm, R, and R+ denote the sets of m-dimensional real vectors, real numbers,
and non-negative real numbers, respectively. Let 1m (0m) denote the m-dimensional column
vectors of all ones (zeros); sign(·) is the signum function. For x = [x1, · · · , xm]T ∈ Rm, xT

represents its transpose, while sign(x) = (sign(x1), · · · , sign(xm)) and ||x||1, ||x|| denote
its 1-norm and Euclidean norm, respectively. A⊗B represents the Kronecker product of
matrices A and B.

Graph Theory: Denote a graph as G = {ε, ν,A}, where ν = {ν1, · · · , νN} is the set of
nodes, ε ∈ ν × ν is the set of edges, and A = aij ∈ RN×N is the corresponding weighted
adjacency matrix with aij > 0 if (j, i) ∈ ε and aij = 0 otherwise. We assume that aii = 0.
An edge (νi, νj) ∈ ε indicates that the information of node νi is accessible to node νj.
Ni = {j ∈ ν|(j, i) ∈ ε} represents the neighbor set of agent i. The graph G is undirected if
and only if (j, i) ∈ ε is equivalent to (i, j) ∈ ε, and connected if there exists at least a path
from every node to every other node. The Laplacian matrix L = lij ∈ RN×N of G is defined
as lij = −aij, lii = ∑N

j=1,j ̸=i aij.

https://doi.org/10.3390/math14152685

https://doi.org/10.3390/math14152685


Mathematics 2026, 14, 2685 4 of 20

Convex Analysis: A function f : Rm → R is convex if it is defined on convex set D
and for ∀x, y ∈ D, 0 ≤ a ≤ 1, there exists f (ax + (1 − a)y) ≤ a f (x) + (1 − a) f (y). For
∀x, y ∈ D, µ > 0, the continuously differentiable convex function f is µ-strongly convex if

(∇ f (y)−∇ f (x))T(y − x) ≥ µ||y − x||2. (1)

2.2. Problem Formulation

Consider an MAS with N agents:

ẋi(t) = ui(t), i = 1, 2, · · · , N, (2)

where xi(t) = (xi1(t), · · · , xim(t))T ∈ Rm and ui(t) = (ui1(t), · · · , uim(t))T ∈ Rm are the
ith agent state and control input, respectively.

The objective is to formulate some control protocols ui(t) that enable all agents to
cooperatively solve the following optimization problem:

minimize f (x, t) =
N

∑
i=1

fi(xi, t) s.t. xi(t) = xj(t), (3)

where i, j ∈ ν, x = (x1(t), · · · , xN(t))T ∈ RNm, fi(xi, t) and f (x, t) are agent’s local time-
varying cost function and global cost function, respectively.

Assumption 1. The interaction graph G is undirected and connected.

Remark 1. The undirected connected graph assumption is technically necessary within the present
analytical framework, as the symmetry of the Laplacian plays a key role in the convergence proof via
Lyapunov stability analysis. Extensions to directed graph settings are deferred to future work.

Assumption 2 ([19]). The function fi is twice differentiable, µ-strongly convex and l Lipschitz
gradient-continuous with respect to x for ∀t ≥ 0, where µ, l > 0.

Assumption 3 ([19]). The Hessian matrices of all local cost functions are identical for any state and
the time partial derivatives of their gradients have an upper bound, i.e., ∇2 fi(xi, t) = ∇2 f j(xj, t),
∥ ∂

∂t∇ fi(xi, t)∥∞ ≤ h̄, ∀i, j ∈ ν and t ≥ 0.

Remark 2. Assumption 3 is a relatively strong condition, but it is commonly adopted in the
literature on distributed time-varying optimization and is naturally satisfied in a number of practical
scenarios. For instance, in the context of energy optimization, quadratic functions of the form
fi(xi, t) = γ

2 x2
i + θi(t)xi + ci(t) are commonly used, and their Hessian ∇2 fi = γ is identical

across all agents. In target tracking applications, the cost function fi(ωi, t) = ∥ωi − m(t)∥2
2 has

Hessian ∇2 fi = 2I, which is also identical across all agents.

Assumption 4. The global cost function f is convex. For each i, the local cost function fi is twice
continuously differentiable with respect to xi and first-order continuously differentiable with respect
to t. Moreover, the Hessian matrices are invertible and not necessarily identical.

Lemma 1 ([31]). For a connected and undirected graph G = {ε, ν,A}, the eigenvalues of its
positive semi-definite Laplacian matrix L are 0 ≤ λmin(L) ≤ · · · ≤ λmax(L), where λmin(L) is
the algebraic connectivity of graph G. Moreover, if 1T

mx = 0 for x ∈ RN , then xTLx ≥ λmin(L)xTx.

Lemma 2 ([32]). If µm ≥ 0, m = 1, 2, · · · , n and 0 < ς < ζ, then (∑n
m=1 µ

ζ
m)

1
ζ ≤

(∑n
m=1 µ

ς
m)

1
ς ≤ n

1
ς −

1
ζ (∑n

m=1 µ
ζ
m)

1
ζ .
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Lemma 3 ([33]). Consider the system ẋ(t) = f (x(t)) with f (0m) = 0m. If there is a continuously
differentiable and radially unbounded function V : Rm → R+ satisfies dV/dt ≤ −λ1Vp − λ2Vq

with λ1, λ2 > 0, 0 < p < 1 < q, then the origin of the system is fixed-time stable and the settling
time T is estimated by T = 1/(λ1(1 − p)) + 1/(λ2(q − 1)).

3. ZNN Models
In this section, a fixed-time ZNN model with time-varying parameters is introduced,

which will serve as the basis for the design of the distributed optimization algorithms in
the following sections.

Consider a vector-type or matrix-type error function e(t), whose dynamic can be
described as follows:

ė(t) = −Γ(t)Ξ(e(t)), (4)

where Γ(·) is a positive parameter, and Ξ(·) is the activation function (AF) array. The
dynamic system (4) ensures that the error function e(t) converges to zero if Ξ(·) is a
monotonically increasing odd function [34–36]. It should be noted that the parameter Γ(t)
and the AF Ξ(·) are two important factors for the convergent performance of the neural
network system (4). In this paper, the following parameter is considered:

• Time-Varying Parameter (TVP):

Γ1(t) = exp(ϑ1t + ϑ0), (5)

where the parameters ϑ0, ϑ1 ≥ 0.
To converge the error function e(t) in fixed time, the following AF will be employed

throughout the article:

• Sign-Bi-Power Activation Function (SBP):

Ξ1(ι) = (λ1|ι|p + λ2|ι|q + λ3)sign(ι), (6)

where the parameters λ1−3 > 0, 0 < p < 1 < q.

Remark 3. In this section, a ZNN model is introduced for solving the optimization problem.
The model employs the Sign-bi-power activation function, which is capable of achieving fixed-time
stability, meaning that the convergence time is uniformly bounded regardless of the initial conditions.
It is worth noting that, unlike the results in [18,37,38] where a constant parameter was adopted, the
parameter Γ(t) considered in this paper is time-varying, which greatly contributes to the convergence
of (4). In practical hardware implementation, numerical overflow can be effectively prevented by
applying input saturation to the parameter, without affecting its fixed-time convergence performance.

Remark 4. It is worth noting that the discontinuous signum function may induce chattering in
practical implementation. This issue can be alleviated by replacing it with a continuous approxima-
tion, such as a saturation function or a hyperbolic tangent function. Such an approximation will
reduce the chattering effect and make the controller easier to implement in practical applications [39].

4. Main Results
4.1. ZGS-Based Optimization Algorithm Design

In this section, based on the ZGS method and the ZNN model, we design an opti-
mization algorithm that drives the agent’s state to track the time-varying optimal solution
within fixed time. For agent i, we design the controller as
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

ui = pi(−Γ1(t)Ξ1(zi)− ∑
j∈Ni

Ξ1(xij)−
∂

∂t
∇ fi(xi, t)), (7a)

ṗi = piΓ1(t)Ξ1(p−1
i − Hi)pi − pi Ḣi pi, (7b)

zi = ∇ fi(xi, t) +
∫ t

0
∑

j∈Ni

Ξ1(xij)ds, (7c)

where i = 1, 2, · · · , N, ui is the designed optimal controller for agent i, while zi is an
auxiliary variable; xij = xi − xj, Hi = ∇2 fi(xi, t); the other parameters are same as in the
previous subsection.

Remark 5. A novel distributed optimization algorithm based on the ZNN model is presented in
Equation (7). The proposed controller comprises three components, each serving a distinct role in
achieving fixed-time convergence to the time-varying optimal solution. Specifically, zi drives the
global gradient of the distributed optimization problem to zero within a fixed time and maintains it
at zero thereafter, thereby satisfying the initial condition required by the ZGS algorithm. Built upon
the ZNN model, pi enables each agent to approximate the inverse of its time-varying Hessian matrix
in fixed time, providing a fundamental computational basis for the distributed optimization scheme.

Remark 6. The traditional ZGS algorithm drives the system state to slide along an invariant
zero-gradient manifold and converge to the global optimal solution, provided that the initial state lies
within the region of a local optimum. In contrast to the algorithms in [9,27], the proposed control law
ui extends the ZGS framework to time-varying problems. By incorporating sliding mode control, it
guarantees that each agent, starting from arbitrary initial conditions, converges to the time-varying
optimal solution within a fixed time.

Define ei = p−1
i − Hi; taking the derivative of ei yields

ėi = −Γ1(t)Ξ1(ei). (8)

Evidently, Equation (8) is a ZNN model. For matrix-type ei, Ξ1(ei) = [Ξ1(ekl
i )]m×m,

where ekl
i denotes the klth element of matrix ei. Next, we prove that system (8) can converge

to zero in fixed time.

Theorem 1. Starting from any initial state ei(0), the matrix-type error function ei in system (8) is
guaranteed to converge to zero in fixed time T1, i.e., pi approaches H−1

i within the fixed time T1.

Proof. Consider the klth subsystem of (8):

ėkl
i (t) = −Γ1(t)Ξ1(ekl(t)), k, l = 1, · · · , m.

Defining the Lyapunov functions Vkl = (ekl
i )

2, note that Vkl ≥ 0, Vkl = 0 if and only if
ekl

i = 0. Taking the derivatives of Vkl yields

V̇kl =2ekl
i ėkl

i = −2ekl
i Γ1(t)Ξ1(ekl

i )

=− 2ekl
i Γ1(t)(λ1|ekl

i |p + λ2|ekl
i |q + λ3)sign(ekl

i )

≤− 2Γ1(t)(λ1|ekl
i |p+1 + λ2|ekl

i |q+1)

=− 2Γ1(t)(λ1(|ekl
i |2)

p+1
2 + λ2(|ekl

i |2)
q+1

2 )

=− 2λ1Γ1(t)V
p+1

2
kl − 2λ2Γ1(t)V

q+1
2

kl . (9)
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Since Γ1(t) = exp(ϑ1t + ϑ0) > 1 for ϑ0, ϑ1 ≥ 0, following (9), one has

V̇kl ≤ −2λ1V
p+1

2
kl − 2λ2V

q+1
2

kl . (10)

According to Lemma 3, the klth subsystem is fixed-time stable and the settling time is
T1 = 1/λ1(1 − p) + 1/λ2(q − 1). That is, limt→T1 ekl

i = 0, which implies that limt→T1 ei =

0m×m because of the arbitrariness of ekl
i .

Remark 7. The ZNN dynamics (7b) ensures that the approximation error ei converges to zero
within a fixed time T1, i.e., pi(t) = H−1

i (t) holds exactly for all t ≥ T1. Therefore, the approxima-
tion error has no influence on the steady-state optimization accuracy.

In Theorem 1, ei = 0m×m indicates that pi Hi = Hi pi = IN×N for all i ∈ ν when t > T1,
i.e., pi = (∇2

xi
fi(xi, t))−1 for t ≥ T1. Therefore, algorithm (7) can be rewritten as

ui = (Hi)
−1[−Γ1(t)Ξ1(zi)− ∑

j∈Ni

Ξ1(xij)−
∂

∂t
∇ fi(xi, t)], (11a)

zi = ∇ fi(xi, t) +
∫ t

0
∑

j∈Ni

Ξ1(xij)ds. (11b)

Theorem 2. If Assumptions 1–3 hold, and λ3 > (N − 1)h̄l/µ, then system (2) under algorithm
(7) can converge to the optimal trajectory x∗(t) within the fixed time T2.

Proof. From (11a), differentiating (11b) yields

żi = Hi ẋi +
∂

∂t
∇ fi(xi, t) + ∑

j∈Ni

Ξ1(xij)

= −Γ1(t)Ξ1(zi). (12)

The neuro-dynamic (12) is a ZNN model with a time-varying parameter Γ1(t) =

exp(ϑ1t + ϑ0). In the following, we prove that zi in Equation (12) can converge to zero in
fixed time.

Defining the Lyapunov functions Vi = z2
i , note that Vi ≥ 0, Vi = 0 if and only if zi = 0.

Taking the derivatives of Vi yields

V̇i =2zi żi = −2ziΓ1(t)Ξ1(zi)

=− 2ziΓ1(t)(λ1|zi|p + λ2|zi|q + λ3)sign(zi)

≤− 2Γ1(t)(λ1|zi|p+1 + λ2|zi|q+1)

=− 2Γ1(t)(λ1(|zi|2)
p+1

2 + λ2(|zi|2)
q+1

2 )

=− 2λ1Γ1(t)V
p+1

2
i − 2λ2Γ1(t)V

q+1
2

i . (13)

Next, we consider the following two cases’ accordance with the initial value ekl(0):
(1) If the initial value zi(0) ≤ 1, (13) can be further converted into

V̇i ≤ −2λ1Γ1(t)V
p+1

2
i . (14)

Define Mi = V
1−p

2
i ; from (14), we have

Ṁi(t) ≤ −λ1(1 − p)Γ1(t). (15)
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Integrating both sides of (15) simultaneously from 0 to t yields

Mi(t) ≤Mi(0)− λ1(1 − p)
∫ t

0
exp(ϑ1t + ϑ0)ds

≤1 − λ1(1 − p)
exp(ϑ0)

ϑ1
[exp(ϑ1t)− 1]. (16)

From (16), we know that Mi(t) ≤ 0 if t ≥ T
′
2 = 1

ϑ1
ln( ϑ1

λ1(1−p) exp(ϑ0)
+ 1). Since

Mi(t) ≥ 0 for ∀t ≥ 0, it gets Mi(t) ≡ 0 when t ≥ T
′
2, i.e., zi ≡ 0 when t ≥ T

′
2. Therefore, zi

can converge to zero within T
′
2.

(2) Considering the initial value zi(0) > 1, we claim that there exists t̂ such that
Vi(t̂) ≤ 1, where

t̂ ≤ T
′′
2 =

1
ϑ1

ln(
ϑ1

λ2(q − 1) exp(ϑ0)
+ 1). (17)

Otherwise, suppose that Vi(t) > 1 for all t ∈ [0, T
′′
2 ]; (13) can be further converted into

V̇i ≤ −2λ2Γ1(t)V
q+1

2
i . (18)

Define Wi = V
1−q

2
i ; from (18), we have

Ẇi(t) ≥ λ2(q − 1)Γ1(t). (19)

Integrating both sides of (19) simultaneously from 0 to T
′′
2 gives

Wi(T
′′
2 ) ≥Wi(0) + λ2(q − 1)

∫ T
′′
2

0
exp(ϑ1T

′′
2 + ϑ0)ds

≥λ2(q − 1)
exp(ϑ0)

ϑ1
[exp(ϑ1T

′′
2 )− 1]. (20)

From (20), we get Wi(T
′′
2 ) ≥ 1. That is, Vi(T

′′
2 ) ≤ 1 because of q > 1. This is contract

with Vi(T
′′
2 ) > 1.

By combining case (1), we can conclude that zi can converge to zero in fixed time
T2 = T

′
2 + T

′′
2 .

Since the interaction graph G is undirected and connected, from (11b), we know that
∑N

i=1 zi = ∑N
i=1 fi(xi, t) always holds. Therefore, system (2) achieves ZGS in t < T2 and

does not violate it when t > T2.
For t > T2, algorithm (7) can be rewritten as

ui = −(Hi)
−1( ∑

j∈Ni

Ξ1(xij) +
∂

∂t
∇ fi(xi, t)). (21)

Next, we prove that all agents can reach consensus in fixed time. Define ei = xi − x̄,
e = (e1, · · · , eN)

T, eij = ei − ej, where x̄ = ∑N
i=1 xi/N. Take the Lyapunov function as

V = ∥e∥2/2; its derivative respect to t can be calculated as

V̇ = −
N

∑
i=1

∑
j∈Ni

(xi − x̄)TH−1
i Ξ1(xij)−

1
N

N

∑
i,j=1

xT
ijH

−1
i

∂

∂t
∇ fi(xi, t). (22)

Substituting ei = xi − x̄ and eij = ei − ej = xi − xj into (22), the first term of V̇ becomes

−
N

∑
i=1

∑
j∈Ni

(xi − x̄)TH−1
i Ξ1(xij)
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=
N

∑
i=1

∑
j∈Ni

eT
i H−1

i

(
− λ1signp(eij)− λ2signq(eij)− λ3sign(eij)

)
=− λ1

2

N

∑
i=1

∑
j∈Ni

eT
ij H

−1
i signp(eij)−

λ2

2

N

∑
i=1

∑
j∈Ni

eT
ij H

−1
i signq(eij)

− λ3

2

N

∑
i=1

∑
j∈Ni

eT
ij H

−1
i sign(eij), (23)

where the equality follows from the symmetry of the undirected graph G (i.e., exchanging
the subscripts i and j).

Since Assumption 2 guarantees µIn ≤ ∇2 fi(xi, t) ≤ l In, we have 1
ω In ≤ H−1

i ≤ 1
θ In.

Applying this fact yields

eT
ij H

−1
i signp(eij) ≥

1
l
∥eij∥

p+1
p+1,

eT
ij H

−1
i signq(eij) ≥

1
l
∥eij∥

q+1
q+1,

eT
ij H

−1
i sgn(eij) ≥

1
l
∥eij∥1.

Substituting the above three inequalities into (23) gives

−
N

∑
i=1

∑
j∈Ni

(xi − x̄)TH−1
i Ξ1(xij)

≤− λ1

2l

N

∑
i=1

∑
j∈Ni

∥eij∥
p+1
p+1 −

λ2

2l

N

∑
i=1

∑
j∈Ni

∥eij∥
q+1
q+1 −

λ3

2l

N

∑
i=1

∑
j∈Ni

∥eij∥1. (24)

We next consider the second term of V̇ in (22). By exchanging the subscripts i and j,
we obtain

− 1
N

N

∑
i,j=1

eT
ij H

−1
i

∂

∂t
∇ fi(xi, t) = − 1

2N

N

∑
i,j=1

eT
ij H

−1
i

(
∂

∂t
∇ fi(xi, t)− ∂

∂t
∇ f j(xj, t)

)
.

Applying the Cauchy–Schwarz inequality and the triangle inequality gives

− 1
2N

N

∑
i,j=1

eT
ij H

−1
i

(
∂

∂t
∇ fi(xi, t)− ∂

∂t
∇ f j(xj, t)

)

≤ 1
2N

N

∑
i,j=1

∥eij∥ · ∥H−1
i ∥ ·

∥∥∥∥ ∂

∂t
∇ fi(xi, t)− ∂

∂t
∇ f j(xj, t)

∥∥∥∥
≤ 1

2N

N

∑
i,j=1

∥eij∥1 ·
1
µ
· 2h̄

=
h̄

Nµ

N

∑
i,j=1

∥eij∥1, (25)

where we have used ∥H−1
i ∥ ≤ 1/µ from µIn ≤ ∇2 fi(xi, t) ≤ l In, and ∥ ∂

∂t∇ fi(xi, t) −
∂
∂t∇ f j(xj, t)∥∞ ≤ 2h̄ from Assumption 3. Combining (24) and (25) yields

V̇ ≤− λ1

2l

N

∑
i=1

∑
j∈Ni

∥eij∥
p+1
p+1 −

λ2

2l

N

∑
i=1

∑
j∈Ni

∥eij∥
q+1
q+1 −

λ3

2l

N

∑
i=1

∑
j∈Ni

∥eij∥1 +
h̄

µN

N

∑
i,j=1

∥eij∥1. (26)
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From (26), using the inequality ∑N
i,j=1 ∥eij∥1 ≤ N(N−1)

2 ∑N
i=1 ∑j∈Ni

∥eij∥1 in [19], we
obtain

V̇ ≤ −λ1

2l

N

∑
i=1

∑
j∈Ni

∥eij∥
p+1
p+1 −

λ2

2l

N

∑
i=1

∑
j∈Ni

∥eij∥
q+1
q+1 −

(
λ3

2l
− h̄(N − 1)

2µ

) N

∑
i=1

∑
j∈Ni

∥eij∥1.

Since λ3 > (N − 1)h̄l/µ, we have

V̇ ≤ −λ1

2l

N

∑
i=1

∑
j∈Ni

∥eij∥
p+1
p+1 −

λ2

2l

N

∑
i=1

∑
j∈Ni

∥eij∥
q+1
q+1. (27)

By Lemma 2 and the fact that ∑N
i=1 ∑j∈Ni

∥eij∥2 = 2eTL⊗e ≥ 2λmin∥e∥2 = 4λminV, we
have

N

∑
i=1

∑
j∈Ni

∥eij∥α2+1
α2+1 ≥ 2α2+1λ

α2+1
2

min V
α2+1

2 ,

N

∑
i=1

∑
j∈Ni

∥eij∥
β2+1
β2+1 ≥ (N(N − 1)m)−

β2
2 2β2+1λ

β2+1
2

min V
β2+1

2 .

Substituting the above two inequalities into (27), one gets

V̇ ≤− η1[eT ⊗ L ⊗ e]
p+1

2 − η2[eT ⊗ L ⊗ e]
q+1

2

≤− 2
p+1

2 λ
p+1

2
min(L)η1V

p+1
2 − 2

q+1
2 λ

q+1
2

min(L)η2V
q+1

2

=−a1V
p+1

2 − b1V
q+1

2 , (28)

where a1 = 2
p+1

2 λ
p+1

2
min(L)η1, b1 = 2

q+1
2 λ

q+1
2

min(L)η2, η1 = 2
p−1

2 λ1
l and η2 = 2

q−1
2 λ2

[N(N−1)n]
q−1

2 l
.

Consequently, it is determined that each agent goes to the optimal trajectory, i.e., xi(t) →
x∗(t), i ∈ ν within a fixed time T = T1 + T2 + T3, where

T3 =
21−pl

λ
p+1

2
min(L)λ1(1 − p)

+
21−q[N(N − 1)n]

q−1
2 l

λ
q+1

2
min(L)λ2(q − 1)

. (29)

Remark 8. The algorithm in [25,40] is also based on the ZGS framework and employs a two-
stage architecture for fixed-time convergence, where the first stage drives arbitrary initial states to
local optima to satisfy the ZGS prerequisites. Although theoretically sound, this staged estimation
yields a conservative upper bound on the convergence time. In contrast, the proposed algorithm (7)
extends the ZGS-based time-varying scheme to a single-stage update rule, eliminating the need for
preliminary initialization optimization and effectively reducing the conservatism of the settling-
time estimate.

Remark 9. The optimization algorithm described above requires that all agents share an identical
Hessian matrix. This condition is satisfied in problems such as distributed energy optimization
and target tracking [24]. Nevertheless, it fails in more general scenarios, e.g., when each agent
minimizes a private cost function with distinct curvature information. To this end, the following
section presents an improved algorithm that does not require this consistency assumption, allowing
each agent to minimize its own private cost function with an independent Hessian matrix.
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4.2. PCM-Based Optimization Algorithm Design

In this subsection, we present a novel distributed optimization algorithm that removes
the requirement of identical Hessian matrices. To this end, distributed estimation tech-
niques are employed in conjunction with the prediction-correction method. The proposed
controller is designed as follows:

ui =− pi(
∂

∂t
∇ fi(xi, t) + Ξ1(θ̂i))− Γ1(t)Ξ1( ∑

j∈Ni

aijxij)

− ∥pi(
∂

∂t
∇ fi(xi, t) + Ξ1(θ̂i))∥sign( ∑

j∈Ni

aijxij), (30)

where pi satisfies (7b), and θ̂i is a distributed estimator driven by
θi = ξi + ςi,

ξ̇i = − ∑
j∈Ni

Ξ1(θij)− λ4 ∑
j∈Ni

sign(θij)∥∇ fi −∇ f j∥, (31)

where θ̂i = θ̇i, θij = θi − θj, ς̇i = ∇ fi.
Our purpose in developing the distributed estimator (31) is to estimate the global

information ∑N
i=1 ∇ fi. Next, we prove that the auxiliary variable θi satisfies θi = ∑N

i=1 ςi/N
in a fixed time T4, i.e., θ̂i = ∑N

i=1 ∇ fi/N for t > T4.

Theorem 3. For system (31), the variable θ̂i will converge to ∑N
i=1 ∇ fi/N within a fixed time T4

if ∑N
i=1 ξi(0) = 0 and λ4 > 1/(2N), where

T4 =
1

λ12
p−1

2 λ
p+1

2
min (L)(1−p)

+
1

λ22
q−1

2 λ
q+1

2
min (L)N

1−q
2 (q−1)

.

Proof. Define ẽi = θi − ∑N
j=1 θj/N, choose a Lyapunov function as Ṽ = 1

2 ∑N
i=1 ẽT

i ẽi; taking
its derivatives yields

˙̃V =
N

∑
i=1

ẽT
i

˙̃ei =−
N

∑
i=1

∑
j∈Ni

ẽT
i Ξ1(θij)−

N

∑
i=1

ẽT
i ∇ fi − λ4

N

∑
i=1

∑
j∈Ni

ẽT
i sign(θij)∥∇ fij∥

≤− λ1

N

∑
i=1

∑
j∈Ni

∥ẽij∥p+1 − λ2

N

∑
i=1

∑
j∈Ni

∥ẽij∥q+1 + (
1

2N
− λ4)

N

∑
i=1

∑
j∈Ni

∥ẽij∥∥∇ fij∥

≤− λ12
p+1

2 λ
p+1

2
min(L)Ṽ

p+1
2 − λ22

q+1
2 λ

q+1
2

min(L)N
1−q

2 Ṽ
q+1

2

≤a2Ṽ
p+1

2 − b2Ṽ
q+1

2 , (32)

where a2 = −λ12
p+1

2 λ
p+1

2
min(L), b2 = λ22

q+1
2 λ

q+1
2

min(L)N
1−q

2 . Combining Lemma 3, it is con-
structed that θi = θj = ∑N

k=1 θk/N holds in a fixed time T4. Moreover, it has ∑N
i=1 ξi(0) = 0

and ∑N
i=1 ξ̇i = 0 for all t > 0, so ∑N

i=1 θi = ∑N
i=1 ςi since θi = ξi + ςi. It follows that

θi = θj = ∑N
i=1 ςi/N, i.e., θ̂i = ∑N

i=1 ∇ fi/N for t ≥ T4.
According to Theorem 1, pi can converge to H−1

i within a fixed time T1. Therefore, for
t > max{T1, T4}, controller (11) can be rewritten as

ui =− H−1
i (

∂

∂t
∇ fi(xi, t) + Ξ1(θ̂i))− Γ1(t)Ξ1( ∑

j∈Ni

aijxij)

− ∥H−1
i (

∂

∂t
∇ fi(xi, t) + Ξ1(θ̂i))∥sign( ∑

j∈Ni

aijxij). (33)

https://doi.org/10.3390/math14152685

https://doi.org/10.3390/math14152685


Mathematics 2026, 14, 2685 12 of 20

Now, we are in a position to present our main results in the following theorem:

Theorem 4. If Assumptions 1 and 4 hold, all agents under controller (11) can converge to the
optimal trajectory x∗(t) within a fixed time T

′
= max{T1, T4}+ T5 + T6, and the time-varying

optimization (3) is realized in a fixed time T
′
, where T5 = T

′
5 + T

′′
5 ,

T
′
5 = 1

ϑ1
ln( ϑ1(2λmin(L))

−(p+1)
2

λ1(1−p) exp(ϑ0)
+ 1), T

′′
5 = 1

ϑ1
ln( ϑ1 N

q−1
2 (2λmin(L))

−(q+1)
2

λ2(q−1) exp(ϑ0)
+ 1),

T6 = 1/(λ1N1−p2
p−1

2 (1 − p)) + 1/(λ2N1−q2
q−1

2 (q − 1)).

Proof. Consider the Lyapunov function as V̄ = 1
2 ∑N

i=1 ∑j∈Ni
aij∥xij∥2, where xij = xi − xj.

Taking its derivative along the system trajectory and substituting the control law yields

˙̄V =
N

∑
i=1

∑
j∈Ni

aij(xij)
T ẋi

≤ −
N

∑
i=1

zT
i (Hi)

−1
(

∂

∂t
∇ fi(xi, t) + Ξ1(θ̂i)

)

−
N

∑
i=1

∥zi∥
∥∥∥∥(Hi)

−1
(

∂

∂t
∇ fi(xi, t) + Ξ1(θ̂i)

)∥∥∥∥
− Γ1(t)λ1

N

∑
i=1

∥zi∥p+1 − Γ1(t)λ2

N

∑
i=1

∥zi∥q+1, (34)

where zi ≜ ∑j∈Ni
aijxij.

Applying the Cauchy–Schwarz inequality to the first term yields

−zT
i (Hi)

−1
(

∂

∂t
∇ fi(xi, t) + Ξ1(θ̂i)

)
≤ ∥zi∥

∥∥∥∥(Hi)
−1
(

∂

∂t
∇ fi(xi, t) + Ξ1(θ̂i)

)∥∥∥∥.

Substituting this inequality into (34), we obtain

˙̄V ≤ −Γ1(t)λ1

N

∑
i=1

∥zi∥p+1 − Γ1(t)λ2

N

∑
i=1

∥zi∥q+1. (35)

By virtue of Lemma 2, we have

N

∑
i=1

∥zi∥p+1 ≥
(

N

∑
i=1

∥zi∥2

) p+1
2

,
N

∑
i=1

∥zi∥q+1 ≥ N
1−q

2

(
N

∑
i=1

∥zi∥2

) q+1
2

.

Substituting these inequalities into (35) yields

˙̄V ≤ −Γ1(t)λ1

(
N

∑
i=1

∥zi∥2

) p+1
2

− Γ1(t)λ2N
1−q

2

(
N

∑
i=1

∥zi∥2

) q+1
2

. (36)

Using the property of the graph Laplacian matrix L, we have ∑N
i=1 ∥zi∥2 = xT(L ⊗

In)x ≥ 2λmin(L)V̄. Substituting this into (36) gives

˙̄V ≤ −Γ1(t)λ1(2λmin(L))
p+1

2 V̄
p+1

2 − Γ1(t)λ2N
1−q

2 (2λmin(L))
q+1

2 V̄
q+1

2 . (37)
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Following the same procedure as in Theorem 2, it can be concluded from (37) that xij

reaches zero in a fixed time T5. Consequently, all agents can reach the optimal trajectory in
fixed time.

For t > max{T1, T4}+ T5, consider the following Lyapunov function:

V̆ =
1
2
(

N

∑
i=1

∇ fi)
T(

N

∑
i=1

∇ fi). (38)

Taking its time derivative and substituting the control law, we obtain

˙̆V =(
N

∑
i=1

∇ fi)
T(

N

∑
i=1

(
∂

∂t
∇ fi(xi, t) + Hi ẋi))

=− (
N

∑
i=1

∇ fi)
T[

N

∑
i=1

(λ1N−p|
N

∑
i=1

∇ fi|p + λ2N−q|
N

∑
i=1

∇ fi|q)]sign(
N

∑
i=1

∇ fi)

≤− λ1N1−p2
1+p

2 V̆
1+p

2 − λ2N1−q2
1+q

2 V̆
1+q

2 . (39)

Let a3 = λ1N1−p2
1+p

2 , b3 = λ2N1−q2
1+q

2 ; it has

˙̆V =≤ −a3V̆
1+p

2 − b3V̆
1+q

2 . (40)

From Lemma 3, the global optimization function approaches zero within a fixed time
T

′
.

Remark 10. It is worth noting that our proposed method avoids direct Hessian matrix inversion.
Theoretically, while conventional inversion algorithms incur a complexity of O(N3), the ZNN
approach reduces the overall complexity to O(N) due to its inherent parallel computing architecture.
This advantage becomes increasingly significant as the system dimension N grows. A systematic
numerical comparison of CPU time and memory usage is an important direction for our future work.

Remark 11. It is worth noting that both algorithm (7) and algorithm (30) are designed for Problem
(3). Algorithm (7) requires all agents to share identical Hessian matrices, which limits its applicability
to heterogeneous scenarios. In contrast, algorithm (30) incorporates a distributed estimator, where
each agent updates itself relying solely on its local Hessian matrix, thereby removing the requirement
for identical Hessian matrices. Nevertheless, this benefit comes at the cost of elevated computational
complexity due to the gradient estimation procedure. There exists a trade-off between performance
improvement and computational overhead for the two algorithms.

Remark 12. For distributed time-varying optimization problems, existing methods exhibit signifi-
cant differences in convergence time performance. The prediction-correction strategy in [24] achieves
fixed-time consensus, but its optimization process is only asymptotically convergent. The method
in [41] can achieve fixed-time global time-varying optimization, yet it requires complete global
gradient information. Even if global information is accessible in multi-AUV escorting scenarios, the
algorithm remains inherently centralized. Unlike the above approaches, the two algorithms proposed
in this paper simultaneously achieve fixed-time consensus and fixed-time optimization within a fully
distributed framework.

Remark 13. The main objective of this paper is to enable each agent to minimize a global cost
function. To overcome the reliance on global gradient information in existing approaches, this
paper proposes a distributed estimator that allows all agents to reconstruct the global cost function
information. Unlike existing distributed estimation mechanisms [18,40], the developed estimator is
specifically designed to estimate the integral of the global gradient function. Based on this design, each
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agent can indirectly obtain global gradient information, thereby further eliminating the requirements
for boundedness of partial derivatives of the gradient function.

5. Numerical Simulations
In this section, a numerical example of battery energy storage balancing is provided

to verify the theoretical fixed-time convergence properties and the effectiveness of the
proposed distributed scheme.

Example: A power balancing task for a battery energy storage system (BESS) composed
of six battery packages with the same capacity is considered herein. The interconnection
topology of the BESS is presented in Figure 1. For each i-th battery packages, the state-of-
charge (SOC) is associated with its power output Pi(KW) by the relationship ˙SOCi = Pi [42],
while the power output dynamics Ṗi(t) is governed by the controller input ui. Once the
optimal power trajectory P∗(t) is determined, the SOC balancing objective can be effectively
achieved by implementing the distributed control strategy proposed in [43]. Consequently,
the core goal of this study is to distributively compute a consistent optimal solution for Pi

on the basis of the local cost function of each individual battery package.

Figure 1. Communication topology of the BESS.

The optimization-based power balancing problem is formulated as follows:

min
6

∑
i=1

fi(Pi, t) s.t. Pi = Pj, (41)

where i, j = 1, · · · , 6, i ̸= j, and the local cost function fi of package i is fi(Pi, t) = h̄(t)[(Pi1 −
0.015i cos(t))2 + (Pi2 − 0.015i sin(t))2] with h̄(t) = 1 + 0.3 sin(t). Through straightforward
mathematical derivation, the gradient, Hessian matrix, and the partial derivative of the
gradient of the cost function are obtained as follows:

∇ fi(Pi, t) = 2h̄(t)[Pi1 − 0.015i cos(t); Pi2 − 0.015i sin(t)];

∇2 fi(Pi, t) = 2h̄(t)[1, 0; 0, 1]; h̄′(t) = 0.3 cos(t);

∇t fi(Pi, t) = 2[h̄′(t)(Pi1 − 0.015i cos(t)) + h̄(t)(0.015i sin(t));

h̄′(t)(Pi2 − 0.015i sin(t))− h̄(t)(0.015i cos(t))].

It has been verified that Assumptions 2 and 3 hold. For the proposed algorithm (7), the
parameters are configured as follows: ϑ0 = ϑ1 = 1, λ1 = λ2 = 1, λ3 = 6, p = 0.5, q = 1.5.
The initial power output values of the six battery modules are set as P1(0) = (−1,−3.2)T,
P2(0) = (−4.3, 1)T, P3(0) = (2.26,−2.3)T, P4(0) = (0.46, 0.6)T, P5(0) = (−2.4,−4.5)T, and
P6(0) = (−1.8, 1.32)T, respectively.
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Under the aforementioned parameter configurations and initial conditions, the
algorithm (7) was applied to solve the BESS power balancing optimization problem
(41), and the corresponding simulation results are displayed in Figures 2–4. Figure 2
shows that the ZNN model ensures that each pi converges to the target inverse Hessian
Hi = [1/(2 + 0.6 sin(t)), 0; 0, 1/(2 + 0.6 sin(t))] in fixed time from distinct initial states.
Based on the approximation results, the power output trajectories of each battery package
and the evolution process of the optimizer are illustrated in Figures 3 and 4a, while the
variation in the global cost function is shown in Figure 4b. Numerical simulation results
demonstrate that all system states reach consensus within 0.3s, although the trajectories at
this stage are not yet optimal. With the continuous action of the control strategy, all power
outputs converge to the globally optimal trajectory P∗(t) = 0.0525[cos(t), sin(t)]T within
a fixed time, indicating that the optimization problem (41) is fully resolved. Therefore,
the proposed algorithm ensures that the power grid operates at its maximum capacity
within a fixed time. Figure 5 compares the performance of algorithm (7) with that of the
existing methods [25,40] in terms of state trajectories and the average tracking error of the
time-varying optimal solution. The results show that although the two-stage algorithms
in [25,40] can eventually track the time-varying optimal trajectory, they require a longer
convergence time. In contrast, the proposed algorithm achieves rapid convergence and
maintains a smaller tracking error throughout the entire process.

Figure 2. Trajectories of pi with six random initial values.
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Figure 3. Dynamic evolutionary process of Pi under algorithm (7). (a) Evolutions of Pi1 under
algorithm (7). (b) Evolutions of Pi2 under algorithm (7).
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Figure 4. Evolutions of Pi(t) and the global gradient under algorithm (7). (a) Trajectories of Pi(t) and
the optimizer P∗(t) under algorithm (7). (b) Evolutions of the global gradient under algorithm (7).
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Figure 5. Comparisons of algorithm (7) and algorithms in [25] (with α1 = α2 = γ1 = γ2 = 1,
µ1 = 0.5, ν1 = 1.5, α3 = 6) and [40] (with α1 = α2 = γ1 = γ2 = 1, l = 0.25). (a) Evolutions of Pi

under algorithm (7) and algorithms in [25,40]. (b) Average convergence error under algorithm (7)
and algorithms in [25,40].

To further verify the effectiveness of the distributed optimization strategy (30), the
local objective function of the i-th battery package is adjusted to

fi(Pi, t) = h̄i(t)[(Pi1 − 0.015i cos(t))2 + (Pi2 − 0.015i sin(t))2], h̄i(t) = i + 0.3 sin(t).

Unlike the uniform time-varying coefficient adopted in algorithm (7), the time-varying
weight coefficients h̄i(t) are independent across battery packages, allowing for a more
accurate representation of the actual differences among BESS modules, such as variations
in aging degree and rated capacity. Based on the modified local cost function, the gradient,
Hessian matrix, and the partial derivative of fi(Pi, t) are re-derived as follows:

∇ fi(Pi, t) = 2h̄i(t)[Pi1 − 0.015i cos(t); Pi2 − 0.015i sin(t)];

∇2 fi(Pi, t) = 2h̄i(t)[1, 0; 0, 1]; h̄′i(t) = 0.3 cos(t);

∇t fi(Pi, t) = 2[h̄′i(t)(Pi1 − 0.015i cos(t)) + h̄i(t)(0.015i sin(t));

h̄′i(t)(Pi2 − 0.015i sin(t))− h̄i(t)(0.015i cos(t))].

The initial power outputs of the six battery modules remain consistent with the previ-
ous settings. The parameters of algorithm (30) and estimator (31) are set as ϑ0 = ϑ1 = 1,
λ1 = λ2 = λ3 = λ4 = 1, p = 0.5, and q = 1.5, and the simulation results are shown
in Figures 6 and 7. Specifically, Figure 6 shows the trajectories of the estimated variables
θ̂i under the proposed estimator. It can be observed that all estimated variables achieve
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fixed-time consensus and converge to the average of the global gradient. Figures 7a and 8
illustrate the power output trajectories of six battery packages under algorithm (30), con-
firming the tracking performance of the optimal power trajectory. Figure 7b shows that
the global gradient rapidly converges to zero, further validating the effectiveness and fast
convergence of the proposed optimization algorithm. As illustrated in Figure 9, the perfor-
mance of algorithm (30) was compared with that of the existing methods [24,41] in terms of
state trajectories and average tracking error. It can be observed that the PCM-based algo-
rithms in [24,41] either exhibit significant steady-state deviations from the optimal solution
or suffer from slow convergence. Additionally, the algorithm in [41] requires global gradi-
ent information, making it essentially a centralized approach. By contrast, the proposed
algorithm (30) not only converges rapidly but also maintains consistently low tracking error,
demonstrating its superior tracking capability in distributed time-varying optimization.

(a) (b)

Figure 6. Estimations of the global average gradient 1
6 ∑6

i=1 ∇ fi under algorithm (31). (a) Estimations
of 1

6 ∑6
i=1 ∇ fi1 under algorithm (31). (b) Estimations of 1

6 ∑6
i=1 ∇ fi2 under algorithm (31).
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Figure 7. Evolutions of Pi(t) and the global gradient under algorithm (30). (a) Trajectories of Pi(t) and
the optimizer P∗(t) under algorithm (30). (b) Evolutions of the global gradient under algorithm (30).
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Figure 8. Dynamic evolutionary process of Pi under algorithm (30). (a) Evolutions of Pi1 under
algorithm (30). (b) Evolutions of Pi2 under algorithm (30).
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Figure 9. Comparisons of algorithm (30) and algorithms in [24,41]. (a) Evolutions of Pi under
algorithm (30) and algorithms in [24,41]. (b) Average convergence error under algorithm (30) and
algorithms in [24,41].

6. Conclusions
This paper proposes two distributed optimization algorithms for multi-agent systems

with time-varying cost functions. The first algorithm integrates the ZGS method with
sliding mode control and is applicable to scenarios where all agents share an identical
Hessian matrix. The second algorithm extends the PCM to accommodate heterogeneous
Hessian matrices across agents. Both algorithms achieve fixed-time convergence, meaning
that the convergence time is independent of initial conditions. Furthermore, by employing
a ZNN to approximate the inverse of the Hessian matrix in real time, the proposed algo-
rithms achieve higher computational efficiency. Theoretical analysis based on Lyapunov
methods and fixed-time stability theory rigorously establishes the convergence properties
of the algorithms. Numerical simulations on a charge balancing problem in a BESS further
confirm the theoretical results. Since the current work only considers ideal communication
conditions, future work will explore the impact of communication delays and packet losses
on the performance of the proposed algorithms. In addition, extending the current results
to non-convex global objective functions is another important direction for future research.
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