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Abstract

This article concentrates on the practical prescribed-time leader-following consensus prob-
lem of second-order multi-agent systems (MASs) under disconnected time-varying topolo-
gies. Firstly, a new practical prescribed-time stability criterion is presented, where the
time-varying scaling function is related to connected moments and the derivative inequal-
ity is increasing in the disconnected intervals. Secondly, inspired by the backstepping
design framework, the practical prescribed-time control protocol is designed, including
the distributed velocity estimator, virtual velocity and dynamic event-triggered controller.
Thirdly, some consensus conditions for achieving leader-following consensus are estab-
lished and the Zeno behavior is excluded. Finally, simulation results on unmanned aerial
vehicle (UAV) formation tracking are provided to demonstrate the effectiveness of the
proposed method.

Keywords: multi-agent systems; practical prescribed-time stability; disconnected time-
varying topology; dynamic event-triggered mechanism
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1. Introduction
MASs have attracted a surge of interest owing to their superior application prospects

in many engineering fields, such as intelligent transportation, unmanned aerial vehicles
(UAVs), smart grids and so on [1–3]. Consensus is one of the fundamental objectives in the
coordination of MASs, aiming to ensure that all agents achieve consistent goals through
local interactions. Up to now, consensus can be categorized into leaderless consensus and
leader-following consensus. Recently, a significant number of studies have been conducted
with regard to the leader-following consensus of MASs [4–6].

In [5,6], the systems usually achieve consensus asymptotically. However, in practice,
it is usually expected that all agents can achieve consensus with a rapid convergence rate
and high control accuracy. For example, a group of UAVs tracks and destroys the oppo-
nent’s target within the specified time. In recent years, a significant number of works have
focused on the finite/fixed-time consensus for MASs in challenging scenarios and diverse
environments [7–10]. The difference between finite-time and fixed-time consensus lies in
the dependence on initial conditions. The fixed-time consensus can effectively address the
estimation of settling time without the information of initial values. However, it usually
leads to overestimation because the settling time is related to the control parameters. In
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addition, if there is a significant difference in initial states, the fixed-time controller typically
requires a larger initial control input, which results in consuming more energy to complete
the collaborative task and may damage the physical motor or cause input saturation is-
sues. To alleviate this problem, the prescribed-time control approach has been exploited
by introducing a time-varying function [11], where the settling time is a directly tunable
parameter that determines the convergence of system states. In practical scenarios such
as UAV swarms, multi-robot coordination, and smart grids, the temporal coordination of
tasks is of critical importance. For instance, when executing time-critical military missions
like precision strikes, it is essential to ensure that the UAV swarm forms a specific formation
or reaches the target area synchronously within a prescribed time. Therefore, significant ef-
forts have been made to develop the prescribed-time control protocol to achieve consensus
for MASs [12–15]. For example, in [12], the distributed predefined-time formation control
problem was studied for specific heterogeneous MASs, including completely different
unmanned autonomous helicopters, unmanned ground vehicles, and autonomous under-
water vehicles in the presence of actuator faults; in [14], by adopting an adaptive sliding
mode control, the velocity-free prescribed-time consensus issue for MASs with input and
output quantization was addressed; in [15], a fault-tolerant formation control strategy
was proposed to guarantee the prescribed-time consensus for heterogeneous switched
nonlinear MASs with actuator faults. It is worth noting that, despite those extensive
studies on prescribed-time control in the literature [12–15], the controller updates in the
aforementioned control methods are continuous. Therefore, it is of both theoretical and
practical significance to investigate how to achieve prescribed-time consensus for MASs
while drastically reducing the frequency of controller updates, which is precisely the main
focus of this paper.

An event-triggered mechanism (ETM) is an effective communication and control up-
dating strategy that reduces unnecessary transmissions by updating signals only when
certain state-dependent conditions are satisfied. There is little relevant work considering
the prescribed-time control protocol with an ETM [16,17]. To further effectively utilize com-
munication and computation resources, the dynamic event-triggered mechanism (DETM)
has been presented [18]. As a special case of an ETM, a DETM typically introduces internal
dynamic variables, thereby providing additional design freedom and improving triggering
performance. This mechanism can significantly decrease communication burden, actuator
updates, and energy consumption while still preserving desired closed-loop stability prop-
erties. Based on this advantage, the combination of a DETM and prescribed-time control
has yielded fruitful results [19–22]. To mention just a few, in [21], a modified DETM was
established to guarantee the realization of prescribed-time consensus for pure-feedback
MASs under input dead-zone nonlinearities and output constraints.

Unfortunately, the prescribed-time consensus issues in [19–22] have been solved
assuming a connected and fixed topology, which implies that agents can communicate
with each other at all times. However, in practice, the physical constraints cause the
limitation of agents’ sensing range. It implies that the communication topology of MASs
is typically dynamic and even disconnected at certain moments; e.g., communication
between unmanned systems may become disconnected when the communication network
is interfered with and/or blocked; UAVs may have to disconnect from their neighbors
to avoid obstacles during flight. In [23], the time-varying disconnected topologies were
considered, where the agents were divided into three types and a local bipartite pinning
algorithm was introduced to reestablish the communication channels between disconnected
and connected subnetworks. However, this algorithm only guarantees the fixed-time
consensus. Therefore, in the context of time-varying disconnected topologies, how to
design a novel DETM-based prescribed-time consensus scheme, while ensuring both

https://doi.org/10.3390/math14152688

https://doi.org/10.3390/math14152688


Mathematics 2026, 14, 2688 3 of 24

communication efficiency and prescribed-time convergence, is a challenging problem that
deserves further investigation.

Following the abovementioned analysis, this article is dedicated to addressing the prac-
tical prescribed-time consensus for second-order MASs under a time-varying disconnected
topology by utilizing a DETM. A summary of the main contributions is as follows.

(1) A new practical prescribed-time stability criterion is developed for disconnected time-
varying topologies. The proposed criterion explicitly incorporates connected time
instants into the time-varying scaling function and allows the derivative inequality
to increase during disconnected intervals. Compared with the period case in [24]
and the stability result without interval division in [25–28], the developed practi-
cal prescribed-time stability results reflect a more general and practically relevant
communication scenario.

(2) The time-varying disconnected topology is considered, where the time interval from
the interruption of the communication channel between Type I and Type II followers
and isolated followers to the completion of its reconstruction is introduced. Compared
with the results in [23], the proposed topology model is more realistic and possesses
wider applicability.

(3) By combining the backstepping design idea, an integrated control framework is
constructed, including a distributed velocity estimator, virtual velocity, and a dynamic
event-triggered controller. This framework effectively resolves the issue that the
leader’s velocity information is unavailable to certain followers while also solving the
practical prescribed-time consensus problem.

The remainder of this paper is organized as follows. Section 2 gives some preliminaries.
Section 3 displays the second-order MASs, topology model, practical prescribed-time
stability theorem and control objective. In Section 4, the control protocol is designed. In
Section 5, the main results are given. In Section 6, the simulation results based on UAVs are
shown. The conclusion is finally drawn in Section 7.

2. Preliminaries
2.1. Notations

Rn denotes n-dimensional real vector; In is n-dimensional identity matrix; AT and
λmin(A) represent the transpose and minimum eigenvalue of matrix A, respectively; ||x||
is the Euclidean norm of x; ||x||1 is the 1-norm of x; I denotes the set of Type I and Type
II followers; Î denotes the set of isolated followers. 1n is the n-dimensional vector of all
elements being 1.

2.2. Graph Theory

Suppose that the symbol G(V , E) represents the undirected communication topology
among N followers, where V = {1, 2 . . . , N} denotes the set of followers and E ⊆ V × V
is the set of edges. Ni represents the set of neighbors of follower i. If there is a link from
follower j to follower i, then (j, i) ∈ E . Define the adjacency matrix as A = (aij)N×N ,
in which, if (j, i) ∈ E , then aij > 0; otherwise, aij = 0. Let L = (lij)N×N be the Lapla-
cian matrix, where its elements satisfy lij = −aij, i ̸= j, and lii = −∑j∈Ni

lij. Define
B = diag{b1, b2, . . . , bN} ≥ 0 as the adjacency matrix between leader and followers. We
assume that there is at least one edge connecting leader and followers. For simplicity, we
introduce a topology matrix H = (hij)N×N = L + B.
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3. Problem Formulation
Consider the second-order MASs with N followers and one leader. The dynamics of

i-th follower and leader are, respectively, described by

ṗi(t) = vi(t),
v̇i(t) = qi(pi(t), vi(t)) + ui(t), i = 1, . . . , N,

(1)

and

ṗ0(t) = v0(t),
v̇0(t) = u0(t),

(2)

where the vectors pi(t) ∈ Rn and vi(t) ∈ Rn are the position and velocity of i-th follower,
respectively; p0(t) ∈ Rn and v0(t) ∈ Rn are the position and velocity of leader, respectively;
qi(pi(t), vi(t)) ∈ Rn, denoted simply as qi(t) ∈ Rn, represents the external disturbance of
i-th follower, with ||qi(t)|| ≤ Q for all i; Q is a positive constant; ui(t) ∈ Rn and u0(t) ∈ Rn

are the control inputs of i-th follower and leader, respectively.

Assumption 1. For any u0(t) ∈ Rn, there exists a constant U such that ||u0(t)|| ≤ U .

Definition 1. For MASs (1) and (2), for any initial conditions and the designed control strategies,
if the position and velocity states satisfy

lim
t→T−

2

||pi(t)− p0(t)|| ≤ τ1,

||pi(t)− p0(t)|| ≤ τ1, t ≥ T2,

lim
t→T−

2

||vi(t)− v0(t)|| ≤ τ2,

||vi(t)− v0(t)|| ≤ τ2, t ≥ T2,

where T2 is the prescribed time and i = 1, . . . , N, τ1 and τ2 are the positive constants, then MASs
(1) and (2) can achieve the practical prescribed-time consensus.

3.1. Communication Topology

In practice, the information of an agent is usually exchanged within the sensing radius.
However, the limitation of the sensing radius may cause disconnected communication
at some moments. According to the communication links among agents, we classify the
agents into the following three types:

(1) Type I Followers: the agents directly connect to the leader (yellow followers in
Figure 1).

(2) Type II Followers: the agents connect to Type I followers (green followers in Figure 1).
(3) Isolated Followers: the agents can neither directly communicate with the leader nor

Type I or Type II followers during a certain time interval (black followers in Figure 1).

It should be noted that, even if isolated followers do not exchange information with
leaders and Type I followers, it is still possible to exchange information with Type II
followers. But, if the isolated follower does not exchange information with Type II followers,
it indicates that the followers are completely isolated and unable to communicate with
any neighbors. For isolated followers, the time intervals are divided into connected and
disconnected intervals, denoted as [ts, ta

s ) and [ta
s , ts+1), s = 0, 1, . . ., respectively. In these

intervals, the communication topologies are invariant. Define S(0, t) and Sa(0, t) as the
total connected and disconnected intervals, respectively.
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(a) Connected Topology (b) Disconnected Topology

Figure 1. The schematic diagram of connected and disconnected topologies.

Assumption 2. Assume that there exists a positive constant τ such that |Sa(0, Tm)| ≤ Tm
τ holds,

where |Sa(0, Tm)| denotes the total length of disconnected intervals within [0, Tm), m = 0, 1, 2.

Remark 1. In [23], a local pinning algorithm was presented to rebuild the communication between
Type I and Type II followers as well as isolated followers. The key of this algorithm is: (1) The
identification of Type II followers and isolated followers by employing depth/breadth first search
algorithm. (2) The selection of pinning followers. (3) The establishment of links. In this paper, we
adopt the algorithm in [23] to establish the communication between isolated and nearest Type I
followers. Furthermore, we observe that the time intervals between communication interruption
and restoration are disconnected, but the results in [23] have not been taken into account at this
point. This implies that the rebuilding of links in [23] was completed within a very short time, even
within a few sampling periods. In reality, this may be idealized. In this paper, we further consider a
more general topology model to improve the results in [23], where the connected and disconnected
intervals are modeled.

Remark 2. In this paper, the topology may be disconnected at any time, and the disconnection
may last for an arbitrarily long period. Instead of assuming global connectivity, we actively resolve
the disconnection issue through the proposed pinning algorithm in [23]. In contrast, the jointly
connected switching topology requires that the union of the graphs over any finite time interval
is connected, while the Markovian switching topology assumes that the switching obeys a known
Markov chain with a prescribed transition probability matrix. Both switching topologies impose
probabilistic or cumulative connectivity assumptions. They do not handle true disconnections but
rather assume that connectivity is restored frequently enough or with high probability.

Remark 3. Taking cooperative search-and-rescue by UAV swarms as an example, the leader UAV
determines the task point and action trajectory, while the follower UAVs are responsible for target
search, environmental perception, map construction, and communication relay. According to their
connectivity with the leader and the main communication network, the follower UAVs can be
classified into three categories. Type I followers can establish direct communication links with the
leader. They are mainly responsible for receiving global mission references, maintaining the main
communication, and disseminating task commands and state information to other UAVs. Type II
followers cannot directly communicate with the leader but can access the main network indirectly
through Type I followers. These UAVs are mainly employed to expand the search coverage area,
collect local environmental sensing data, and exchange information with the main network via Type
I followers. Isolated followers are UAVs that temporarily lose communication connections with
the leader, Type I followers, or Type II followers due to limited communication range, dynamic
obstacle-avoidance maneuvers, and so on.
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When an isolated subnetwork appears, a UAV is selected as a local pinned follower.
The purpose is to restore effective connections between isolated subnetworks and leader
reference information at lower communication and control costs. Therefore, when restoring
communication to isolated subnetworks, priority should be given to rebuilding communi-
cation connections with UAVs that have strong local connectivity and better link quality.
Compared to Type II followers, Type I followers have a stronger global reference anchoring
effect. If an isolated follower is connected to Type II followers, the leader information
needs to go through more communication hops to be transmitted, which may introduce
greater latency, packet loss risk, cumulative error and slower consensus rate. Therefore, the
connection between the pinned isolated follower and the nearest Type I follower can more
reliably restore information exchange between isolated subnetworks and the main network
and facilitate overall collaborative and consistent control.

3.2. Practical Prescribed-Time Stability Lemma

The practical prescribed-time stability aims to achieve stability within an arbitrary
time range [0, Tm). Because Tm is finite, [0, Tm) can be divided into the finite time intervals.
Meanwhile, based on the considered communication topology model, s is finite within
[0, Tm). Thus, for isolated followers, we assume that there exist rm intervals composed of
connected and disconnected topology intervals within [0, Tm). In addition, the frequency
of disconnected communication topologies among agents is random; ∪rm−1

s=0 [ts, ts+1) may
not fully encompass [0, Tm). Therefore, we assume that, if there exists the interval [trm , Tm),
it is connected. To represent time intervals more clearly, let [trm , trm+1) = [trm , Tm) and
∪rm

s=0[ts, ts+1) = [0, Tm). Define Rm−1 = {0, 1, . . . , rm − 1} and Rm = {0, 1, . . . , rm}. For
Type I or Type II followers, we adopt the same notation about the time intervals for
simplicity. The main difference is that the interval [ts, ts+1) denotes the connected interval
for Type I or Type II followers. Therefore, the m-th time-varying function is designed as

εm(t) =

{
Tm

Tm−t+ts
, t ∈ [ts, ts+1), s ∈ Rm,

1, t ∈ [Tm,+∞),
(3)

where m = 0, 1, 2, 0 < T0 < T1 < T2 is the prescribed time. The derivative of εm(t) can be
obtained as follows:

ε̇m(t) =

{
1

Tm
ε2

m(t), t ∈ [ts, ts+1), s ∈ Rm,
0, t ∈ [Tm,+∞).

Definition 2 ([29]). Considering the nonlinear system ẋ(t) = g(x(t)), x(0) = x0, if
limt→T−

m
||x(t)|| ≤ τ3 and ||x(t)|| ≤ τ3, t ≥ Tm, where τ3 is the positive constant, then x(t)

is practical prescribed-time stable.

In [30], the following practical prescribed-time stability is presented.

Lemma 1 ([30]). Considering the nonlinear system ẋ(t) = g(x(t)), x(0) = x0, if there exist a
continuous differentiable function V(x(t)) = V(t) and positive constants a1, a2 such that

V̇(t) ≤ −a1
ε̇m(t)
εm(t)

V(t) + a2,

holds, then x(t) is practical prescribed-time stable with settling time Tm.

Based on the disconnected time-varying topology, we can find that the systems (1) and
(2) cannot achieve the prescribed-time consensus based on Lemma 1 . The reason is that
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the function V(t) may be increasing within the disconnected intervals. To overcome this
shortcoming, we propose the following lemma. Meanwhile, it should be pointed out that
the interval [trm , trm+1) is replaced as [trm , ta

rm) because the interval [trm , trm+1) is connected.

Lemma 2. Considering the nonlinear system ẋ(t) = g(x(t)), x(0) = x0, if there exist a continu-
ous differentiable function V(x(t)) = V(t) and positive real constants a1, . . . , a6 such that

V̇(t) ≤ −a1
ε̇m(t)
εm(t)V(t) + a2, t ∈ [ts, ta

s ), s ∈ Rm,

V̇(t) ≤ a3V(t) + a4, t ∈ [ta
s , ts+1), s ∈ Rm−1,

V̇(t) ≤ − a5
Tm

V(t) + a6, t ∈ [Tm,+∞),

(4)

hold, then x(t) is practical prescribed-time stable within settling time Tm.

Proof. Because the function εm(t) is piecewise continuous, we introduce the Filippov
solution. For the system ẋ(t) = g(x(t)), suppose that x(t) is a Filippov solution to the
differential inclusion ẋ(t) ∈ K[g(x(t))], where K[·] is the closure of the convex hull.

Then V̇(t) ∈ V̇(t), where V̇(t) = ∩ℵ∈∂V(t)ℵT[K[g](x(t))T, 1]T is the generalized time
derivative of V(t) along the Filippov trajectories of ẋ(t) = g(x(t)), where ∂V(t) is the
Clarke generalized gradient of V(t). At this point, we have

V̇(t) ≤ −a1
ε̇m(t)
εm(t)V(t) + a2, a.e. t ∈ [ts, ta

s ), s ∈ Rm,

V̇(t) ≤ a3V(t) + a4, a.e. t ∈ [ta
s , ts+1), s ∈ Rm−1,

V̇(t) ≤ − a5
Tm

V(t) + a6, a.e. t ∈ [Tm,+∞).

(5)

Assume that the function f (t) > 0 is an integrable function in the set of real numbers.
When a.e. t ∈ [ts, ta

s ), multiplying function f (t) by both sides of the first inequality of (5),
we have

f (t)V̇(t) ≤ −a1 f (t)
ε̇m(t)
εm(t)

V(t) + a2 f (t). (6)

Moving the term a1 f (t) ε̇m(t)
εm(t)V(t) to the left of the inequality (6), we have f (t)V̇(t) +

a1 f (t) ε̇m(t)
εm(t)V(t) ≤ a2 f (t).

Combining ( f (t)V(t))′ = ḟ (t)V(t) + f (t)V̇(t), we can further obtain

ḟ (t) = a1 f (t)
ε̇m(t)
εm(t)

, (7)

and

( f (t)V(t))′ ≤ a2 f (t). (8)

By integrating both sides of Equation (7) and Inequality (8) over [ts, t), we can get

ln
( f (t)

f (ts)

)
= a1 ln

( εm(t)
εm(ts)

)
, (9)

and

f (t)V(t) ≤ f (ts)V(ts) +
∫ t

ts
a2 f (s)ds. (10)
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Therefore, we have

f (t) = f (ts)
( εm(t)

εm(ts)

)a1
. (11)

Combining Inequality (10) and Equation (11), we have

f (ts)
( εm(t)

εm(ts)

)a1
V(t) ≤ f (ts)V(ts) +

∫ t

ts
a2 f (ts)

( εm(s)
εm(ts)

)a1
ds.

Due to f (t) > 0, εm(ts) > 0, multiply both sides of the above inequality by εm(ts)
a1

f (ts)

and one arrives at

εm(ts)a1

f (ts)
f (ts)

( εm(t)
εm(ts)

)a1
V(t) ≤ εm(ts)a1

f (ts)
f (ts)V(ts) +

εm(ts)a1

f (ts)

∫ t

ts
a2 f (ts)

( εm(s)
εm(ts)

)a1
ds.

Now, we further derive

εm(ts)
a1 V(t) ≤ V(ts) +

∫ t

ts
a2εm(ts)

a1ds.

At this point, integrating both sides of the above inequality, we can derive

V(t) ≤ ε−a1
m (t)V(ts) +

a2Tm

a1 − 1
(
ε−1

m (t)− ε−a1
m (t)

)
. (12)

If a1 > 1, since εm(t) > 1, then ε−1
m (t) > ε−a1

m (t). Therefore,

V(t) ≤ ε−1
m (t)

(
V(ts) +

a2Tm

a1 − 1

)
.

If a1 < 1, since εm(t) > 1, then ε−1
m (t) < ε−a1

m (t). Therefore,

V(t) ≤ ε−a1
m (t)

(
V(ts)−

a2Tm

a1 − 1

)
.

If a1 = 1, we have

V(t) ≤ ε−a1
m (t)

(
V(ts) + a2Tm ln

Tm

Tm − ta
s + ts

)
.

Owing to a1 > 0, let â = max{−1,−a1} < 0 and we get

V(t) ≤ (V(ts) +κ)εâ
m(t), (13)

where κ = max
{
| a2Tm

a1−1 |, a2Tm ln Tm
Tm−ta

s+ts

}
.

In a similar way, when t ∈ [ta
s , ts+1), s ∈ Rm−1, we can get from the second inequality

of Inequality (5) that

V(t) ≤ V(ta
s )e

a3(t−ta
s ) +

a4

a3

(
ea3(t−ta

s ) − 1
)
. (14)

Let γ(σ) = a4
a3
(ea3σ − 1) and σ = t − ta

s . Then, we have

V(t) ≤ V(ta
s )e

a3(t−ta
s ) + γ(t − ta

s ). (15)

https://doi.org/10.3390/math14152688

https://doi.org/10.3390/math14152688


Mathematics 2026, 14, 2688 9 of 24

Combining Inequalities (13) and (15), one arrives at

V(t) ≤ V(ts)ε
â
m(t

a
s )e

a3(t−ta
s ) +κεâ

m(t
a
s )e

a3(t−ta
s ) + γ(t − ta

s ).

Similarly, when t ∈ [t0, Tm), by employing a mathematical recursive method, we
can obtain

V(t) ≤V(ts)ε
â
m(t

a
s )e

a3(t−ta
s ) +κεâ

m(t
a
s )e

a3(t−ta
s ) + γ(t − ta

s )

≤V(ta
s−1)ε

â
m(t

a
s−1)ε

â
m(t

a
s )e

a3[(t−ta
s−1)+(ts−ta

s−1)]

+κεâ
m(t

a
s−1)ε

â
m(t

a
s )e

a3[(t−ta
s−1)+(ts−ta

s−1)]

+ γ(ts − ta
s−1)ε

â
m(t

a
s )e

a3(t−ta
s ) +κεâ

m(t
a
s )e

a3(t−ta
s ) + γ(t − ta

s )

≤ . . .

≤V(0)εâ
m(t

a
s ) . . . εâ

m(t
a
0)e

a3[(t−ta
s )+...+(t1−ta

0)]

+κεâ
m(t

a
s−1) . . . εâ

m(t
a
0)e

a3[(t−ta
s )+...+(t1−ta

0)] + . . . +κεâ
m(t

a
s )e

a3(t−ta
s )

+ γ(ts − ta
s−1)ε

â
m(t

a
s ) . . . εâ

m(t
a
0)e

a3(t−ta
s ) + . . . + γ(t − ta

s ).

According to the definition of the disconnected intervals and â < 0, we have

(
Tm

Tm − ta
j + ts

)â

≤ 1, i.e.,
(

εm(ta
j )
)â

≤ 1, j = 1, 2, . . . , rm.

Further, one can obtain

V(t) ≤V(0)ea3[(t−ta
s )+...+(t1−ta

0)] +κea3[(t−ta
s )+...+(t1−ta

0)] + . . . +κea3(t−ta
s )

+ γ(ts − ta
s−1)e

a3(t−ta
s ) + . . . + γ(t − ta

s ).

Furthermore, according to Assumption 2, we have |Sa(0, t)| < Tm
τ , so

V(t) ≤ V(0)e
a3Tm

τ + (rm + 1)κe
a3Tm

τ + (rm + 1)γ(
Tm

τ
)e

a3Tm
τ .

Let Θ1 = V(0)e
a3Tm

τ + (rm + 1)κe
a3Tm

τ + (rm + 1)γ( Tm
τ )e

a3Tm
τ and we have V(t) ≤ Θ1.

When t ∈ [Tm,+∞), it is easy to obtain from Inequality (5) that

V(t) ≤ V(Tm)e
− a5

Tm (t−Tm) +
a6Tm

a5

(
1 − e−

a5
Tm (t−Tm)

)
. (16)

Therefore, we derive that V(t) ≤ Θ2, where Θ2 = a6Tm
a5

+ V(Tm). Further, we can get
limt→T−

m
||V(t)|| ≤ Θ3, ||V(t)|| ≤ Θ3, t ≥ Tm, where Θ3 = max{Θ1, Θ2} is a positive con-

stant. Because the function V(t) is related to x(t), ||x(t)|| is bounded. Based on Definition
2, we have that x(t) is the practical prescribed-time stable. The proof is completed.

Remark 4. Time-varying scaling function (3) in previous works [26–28] was generally designed
only related to the prescribed-time Tm, such as Tm

Tm−t , Tm
Tm−γt , ( Tm

Tm−t )
α. These functions are only

applicable in the case of continuous communication topology. For the disconnected case, the
authors in [24] presented a new time-varying function ( Tm

Tm−t+lT )
α with regard to the intermittent

control period lT. In [31], the authors further relaxed the period restriction to aperiodic case;
i.e., ( Tm

Tm−t+t0
)α, Tm ∈ [ts, ta

s ) and ( Tm
Tm−t+t0−cmax

)α, Tm ∈ [ta
s , ts+1), cmax ≥ sup{ts+1 − ta

s}.
Evidently, although the function in [31] was related to the aperiodic constant, the function is
piecewise and cmax is conservative. This may increase the complexity of controller design and
decrease the flexibility of application. To further overcome this drawback, we proposed the time-
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varying function (3), where the aperiodic constant ts is introduced to change according to the
disconnected interval. Meanwhile, this united function can cope with different intervals. Therefore,
it is more advanced and general. By employing this function, we proposed Lemma 2, where the
derivative inequality of V(t) is different under distinct intervals.

Remark 5. For isolated agents, due to the disconnection of the communication topology, no control
input is available, so the system errors tend to grow naturally. Consequently, V̇(t) may increase.
To address this, we design V̇(t) ≤ a3V(t) + a4 in the disconnected intervals. This design relaxes
the traditional requirement that V(t) must be monotonically decreasing. Even though V(t) may
increase during the disconnected intervals, as long as a3 and a4 are bounded and controllable
and the total duration of disconnections is constrained within the prescribed time Tm, once the
communication topology is reconnected, the increment of V(t) can be sufficiently compensated by
the negative terms of V(t) during the connected intervals. In the proof of Lemma 2, a recursive
method is employed to concatenate the connected and disconnected intervals over the entire time
horizon, thereby ensuring system stability.

3.3. Control Objective

To achieve the second-order practical prescribed-time consensus, the control target is
divided into three parts as follows:

(1) Design a practical prescribed-time velocity observer to estimate the leader velocity
within a prescribed time T0.

(2) Design a practical prescribed-time controller to ensure that the actual velocity con-
verges to the virtual velocity within a prescribed time T1.

(3) Design the virtual velocity to drive the agents to achieve consensus within prescribed
time T2.

The control process in this paper is shown in Figure 2.

Figure 2. Schematic diagram of control process.

4. The Design of Control Protocol
In this section, according to the backstepping control design philosophy, the velocity

observer, virtual velocity and controller with a DETM are designed to achieve the position
and velocity practical prescribed-time consensus. The design of controllers typically utilizes
information from neighbors. In the disconnected intervals, the isolated followers may be
an isolated subnetwork or completely isolated followers. In the case of complete isolation,
the controller may fail, while, in the case of subnetworks, the controller may still play a
role in controlling the state. This means that designing controllers for isolated followers in
completely isolated situations on disconnected intervals is more general. Therefore, the
controller design in this subsection focuses on the completely isolated case to obtain more
general consensus conditions.
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First, we are ready to design a distributed observer for leader. It has the following
structure:

˙̂vi(t) =

{
−k0(t)Φi(t)− c1Φi(t), i ∈ I or t ∈ [ts, ta

s ), s ∈ R0, i ∈ Î ,
0, t ∈ [ta

s , ts+1), s ∈ R0−1, i ∈ Î ,
(17)

where k0(t) = n0
T0

ε0(t), n0 > 0, Φi(t) = ∑j∈Ni
aij(v̂i(t) − v̂j(t) + bi(v̂i(t) − v0(t))) and

c1 > 0 is a constant.
Design the virtual velocity in the following:

v∗i (t) =

{
v̂i(t)− k2(t)Ψi(t)− c2Ψi(t), i ∈ I or t ∈ [ts, ta

s ), s ∈ R2, i ∈ Î ,
v̂i(t), t ∈ [ta

s , ts+1), s ∈ R2−1, i ∈ Î ,
(18)

where k2(t) = n2
T2

ε2(t), n2 > 0, Ψi(t) = ∑j∈Ni
aij(pi(t) − pj(t)) + bi(pi(t) − p0(t)) and

c2 > 0 is a constant.
Define Ψ̇i(t) = Zi(t) = ∑j∈Ni

aij(vi(t)− vj(t))+ bi(vi(t)− v0(t)), ei(t) = v∗i (t)− vi(t),
p̃i(t) = pi(t)− p0(t); the practical prescribed-time controller with a DETM is constructed as

ui(t) =


˙̂vi(ti

k)− k̇2(ti
k)Ψi(ti

k)− k2(ti
k)Zi(ti

k)− c2Zi(ti
k)− k1(ti

k)ei(ti
k)

−c3ei(ti
k), i ∈ I or t ∈ [ts, ta

s ), s ∈ R1, i ∈ Î ,
−k1(ti

k)ei(ti
k)− c3ei(ti

k), t ∈ [ta
s , ts+1), s ∈ R1−1, i ∈ Î ,

(19)

where the monotonically increasing time sequence ti
k, k = 0, 1, . . . represents the triggering

moment of i-th agent, t ∈ [ti
k, ti

k+1), k1(ti
k) =

n1
T1

ε1(ti
k), n1 > 0 and c3 > 0 is a constant.

Let ti
0 = 0, and the measurement error is as follows:

Ei(t) =



˙̂vi(t)− k̇2(t)Ψi(t)− k2(t)Zi(t)− c2Zi(t)− k1(t)ei(t)
−c3ei(t)− ˙̂vi(ti

k) + k̇2(ti
k)Ψi(ti

k) + k2(ti
k)Zi(ti

k) + c2Zi(ti
k)

+k1(ti
k)ei(ti

k) + c3ei(ti
k), i ∈ I or t ∈ [ts, ta

s ), s ∈ R1, i ∈ Î ,
−k1(t)ei(t)− c3ei(t) + k1(ti

k)ei(ti
k)

+c3ei(ti
k), t ∈ [ta

s , ts+1), s ∈ R1−1, i ∈ Î .

The following triggering condition is designed to determine the next triggered instant

ti
k+1 = inf

{
t > ti

k

∣∣∣||Ei(t)||2 ≥ d1||ei(t)||2 + d2 + d3ξi(t)
}

, (20)

where ξi(t) is the internal variable, ξi(ti
0) > 0, and the dynamic equation is given as follows:

ξ̇i(t) = −d4ξi(t)− d5k1(t)ξi(t) + d6(d1||ei(t)||2 + d2 − ||Ei(t)||2), (21)

where d1, . . . , d6 are positive constants.

Lemma 3. For the DETM (20) and (21), the inequality ξi(t) ≥ ξi(ti
0)e

−α(t−ti
0) ≥ 0 holds, where

α = d4 + d5 + d6d3 > 0.

Proof. According to (20) and (21), we have ξ̇i(t) ≥ −d4ξi(t) − d5k1(t)ξi(t) − d6d3ξi(t).
Meanwhile, combining with the definition of k1(t) and T1

T1−t+ts
≥ 1, we can de-

rive that ξ̇i(t) ≥ −(d4 + d5 + d6d3)ξi(t) = −αξi(t), where α = d4 + d5 + d6d3 > 0.
By integrating both sides of the above equation from ti

k to t, we get ξi(t) ≥ ξi(ti
k)e

−α(t−ti
k).

Therefore, by employing a mathematical recursive method, we have ξi(t) ≥ ξi(ti
k)e

−α(t−ti
k)

≥ ξi(ti
k−1)e

−α(t−ti
k−1) ≥ . . . ≥ ξi(ti

0)e
−α(t−ti

0) ≥ 0. The proof is completed.

https://doi.org/10.3390/math14152688

https://doi.org/10.3390/math14152688


Mathematics 2026, 14, 2688 12 of 24

Remark 6. For leader-following consensus goal, the velocity consensus goal is divided into
∥vi(t)− v∗i (t)∥ ≤ ρ1 and ∥v∗i (t)− v0(t)∥ ≤ ρ2, where ρ1 and ρ2 are positive constants. This
means that the design of virtual velocity needs to consider the dynamics of leader. However, following
the methods in [30], the virtual velocity will be designed as v∗i (t) = v0(t)− k2(t)Ψi(t)− c2Ψi(t).
Obviously, each virtual velocity needs the information of leader. Although the communication
topology between followers’ virtual velocity is the same as actual velocity, it is impossible that all
followers can obtain the state of leader. Therefore, we introduce the velocity observer, where the state
of leader is distributively estimated by utilizing the information of neighbors.

5. Main Results
In this section, the theoretical results of the practical prescribed-time consensus of

second-order MASs will be formulated.

Theorem 1. Under Assumptions 1 and 2, if there exist positive constants β1, β2, β3, and d1, . . . , d6

such that the following inequalities

(1) c1(H ⊗ In)−
β1

2
INn ≥ 0, (2) 1 +

β2

2
− c3 +

d1

2β2
≤ 0,

(3) d4 − (
1

2β2
− d6)d3 > 0, (4) c2λ1 −

β3

2
≤ 0,

hold, then the systems (1) and (2) can achieve the practical prescribed-time consensus within T2.

Proof. The proof consists of five steps.
Step 1: The velocity observer and leader velocity can achieve the practical prescribed-

time consensus within T0.
Define the observation error ṽi(t) = v̂i(t)− v0(t), and then

˙̃vi(t) =

{
−k0(t)Φi(t)− c1Φi(t)− u0(t), i ∈ I or t ∈ [ts, ta

s ), s ∈ R0, i ∈ Î ,
−u0(t), t ∈ [ta

s , ts+1), s ∈ R0−1, i ∈ Î .
(22)

Let the right-hand side of Equation (22) be equal to Π(ṽi(t)). Because the func-
tion ε0(t) is piecewise continuous, similar to Lemma 2, we suppose that ṽi(t) is a Fil-
ippov solution to the differential inclusion ˙̃vi(t) = K[Π](ṽi(t)). Consider the Lya-
punov function V1(t) = 1

2 ∑N
i=1 ṽT

i (t)ṽi(t); we further derive V̇1(t) ∈ V̇1(t), where
V̇1(t) = ∩ℵ̂∈∂V1(t)

ℵ̂T[K[Π](ṽi(t))T, 1]T. Further, in the case of Type I or Type II follow-
ers, for a.e. t ∈ [ts, ts+1), s ∈ R0, calculating the time derivative of V1(t) along solutions of
system (22), according to condition (1), we have

V̇1(t) =−
N

∑
i=1

ṽT
i (t)k0(t)Φi(t)−

N

∑
i=1

ṽT
i (t)c1Φi(t)−

N

∑
i=1

ṽT
i (t)u0(t)

≤−
N

∑
i=1

ṽT
i (t)k0(t)Φi(t)−

N

∑
i=1

ṽT
i (t)c1Φi(t) +

β1

2

N

∑
i=1

ṽT
i (t)ṽi(t) +

|N|
2β1

N

∑
i=1

uT
0 (t)u0(t)

≤−k0(t)λmin(H ⊗ In)ṽT(t)ṽ(t)− ṽT(t)
(

c1(H ⊗ In)−
β1

2
INn

)
ṽ(t) +

|N|
2β1

U 2 (23)

≤− 2k0(t)λ1V1(t) +
|N|
2β1

U 2δ1,

where ṽ(t) =
[
ṽT

1 (t), ṽT
2 (t), . . . , ṽT

N(t)
]T, |N| is the total number of neighbors of i-th agent,

λ1 = λmin(H ⊗ In), δ1 = |N|
2β1

U 2.
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Next, we consider that agent i is isolated. For a.e. t ∈ [ts, ta
s ), we can obtain the same

result: V̇1(t) ≤ −2k0(t)λ1V1(t) + δ1. When t ∈ [ta
s , ts+1), taking the derivative of V1(t),

we have

V̇1(t) =
N

∑
i=1

ṽT
i (t) ˙̃vi(t) = −

N

∑
i=1

ṽT
i (t)u0

≤ β1

2

N

∑
i=1

ṽT
i (t)ṽi(t) +

|N|
2β1

U 2 ≤ β1V1(t) + δ1.

(24)

For a.e. t ∈ [T0,+∞), according to the Equation (23) and ε0(t) = 1, we get
V̇1(t) ≤ −2 n0

T0
λ1V1(t) + δ1. Based on Lemma 2, we can obtain ||ṽ(t)|| ≤

√
2Θ̂3, where

Θ̂1 = V(0)e
β1
τ T0 + (r0 + 1)κe

β1
τ T0 + (r0 + 1)γ(T0)e

β1
τ T0 . Further, according to Definition 1,

the velocity observer (17) and leader velocity can achieve the practical prescribed-time
consensus within T0.

Step 2: The actual velocity and virtual velocity can achieve the practical prescribed-
time consensus within T1.

The error equation can be formulated as

ei(t) =

{
v̂i(t)− vi(t)− k2(t)Ψi(t)− c2Ψi(t), i ∈ I or t ∈ [ts, ta

s ), s ∈ R2, i ∈ Î ,
v̂i(t)− vi(t), t ∈ [ta

s , ts+1), s ∈ R2−1, i ∈ Î .
(25)

By employing the same method as Step 1, let the right-hand side of Equation (25)
be equal to Π1(ei(t)). Assume that ei(t) is a Filippov solution to the differential inclu-
sion ėi(t) = K[Π1](ei(t)). Consider the Lyapunov function V2(t) = 1

2 ∑N
i=1 eT

i (t)ei(t) +
∑N

i=1 ξi(t) and we have V̇2(t) ∈ V̇2(t), where V̇2(t) = ∩ℵ̌∈∂V2(t)
ℵ̌T[K[Π1](ei(t))T, 1]T. In the

case of Type I or Type II followers, for a.e. t ∈ [ts, ts+1) ∩ [ti
k, ti

k+1), calculating the time
derivative of V2(t) and substituting the measurement error and Equation (1), we have

V̇2(t) =
N

∑
i=1

eT
i (t)qi(t)−

N

∑
i=1

eT
i (t)Ei(t)−

N

∑
i=1

eT
i (t)k1(t)ei(t)−

N

∑
i=1

eT
i (t)c3ei(t)

−
N

∑
i=1

d4ξi(t)−
N

∑
i=1

d5k1(t)ξi(t) +
N

∑
i=1

d6(d1||ei(t)||2 + d2 − ||Ei(t)||2).

Applying the triggering mechanism (20) and conditions (2) and (3), we can get

V̇2(t) ≤
N

∑
i=1

eT
i (t)ei(t) +

N

∑
i=1

Q2 +
N

∑
i=1

β2

2
eT

i (t)ei(t) +
N

∑
i=1

1
2β2

d1||ei(t)||2

+
N

∑
i=1

1
2β2

d2 −
N

∑
i=1

eT
i (t)k1(t)ei(t)−

N

∑
i=1

eT
i (t)c3ei(t)−

N

∑
i=1

d4ξi(t)

−
N

∑
i=1

d5k1(t)ξi(t) +
N

∑
i=1

(
1

2β2
− d6)d3ξi(t)

≤
N

∑
i=1

eT
i (t)(1 +

β2

2
− c3 +

d1

2β2
)ei(t) + |N|Q2 −

N

∑
i=1

eT
i (t)k1(t)ei(t) (26)

−
N

∑
i=1

(d4 − (
1

2β2
− d6)d3)ξi(t) +

N

∑
i=1

d2

2β2
−

N

∑
i=1

d5k1(t)ξi(t)

≤− 2k1(t)
1
2

eT(t)e(t)− d5k1(t)
N

∑
i=1

ξi(t) +
|N|d2

2β2
+ |N|Q2

≤− δ2k1(t)V2(t) + δ3,
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where δ2 = min{2, d5}, δ3 = |N|d2
2β2

+ |N|Q2.

When agent i is isolated, for a.e. t ∈ [ts, ts+1) ∩ [ti
k, ti

k+1), it is easy to derive that
V̇2(t) ≤ −δ2k1(t)V2(t) + δ3. The reason is that the communication between the actual and
virtual velocities does not include information from other neighbors. By adopting Lemmas

1 and 2, we can obtain ||ei(t)|| ≤ 2
√
(V(0) + κ̂), where κ̂ = max

{
| a2T1

a1−1 |, a2T1 ln T1
T1−ta

1

}
.

Then, according to Definition 1, the actual and virtual velocities can achieve the practical
prescribed-time consensus within T1.

Step 3: The followers’ and leader’s position can achieve the practical prescribed-time
consensus within T2.

According to the position error p̃i(t), the derivative of p̃i(t) is calculated as

˙̃pi(t) =

{
ṽi(t)− k2(t)Ψi(t)− c2Ψi(t), i ∈ I or t ∈ [ts, ta

s ), s ∈ R2, i ∈ Î ,
ṽi(t), t ∈ [ta

s , ts+1), s ∈ R2−1, i ∈ Î .
(27)

Similarly, let the right-hand side of Equation (27) be equal to Π2( p̃i(t)). Assume that
p̃i(t) is a Filippov solution to the differential inclusion ˙̃pi(t) = K[Π2]( p̃i(t)). Consider
the Lyapunov function V3(t) = 1

2 ∑N
i=1 p̃T

i (t) p̃i(t) and one arrives at V̇3(t) ∈ V̇3(t), where
V̇3(t) = ∩ℵ̄∈∂V3(t)ℵ̄

T[K[Π2]( p̃i(t))T, 1]T. When agent i is a Type I or Type II follower, for
a.e. t ∈ [ts, ts+1), calculating the time derivative of V3(t), according to Equation (18) and
condition (4), we arrive at

V̇3(t) =
N

∑
i=1

p̃T
i (t)ṽi(t)−

N

∑
i=1

p̃T
i (t)k2(t)Ψi(t)−

N

∑
i=1

p̃T
i (t)c2Ψi(t)

≤− k2(t) p̃T(t)(H ⊗ In) p̃(t)− p̃T(t)c2(H ⊗ In) p̃(t) (28)

+
β3

2

N

∑
i=1

p̃T
i (t) p̃i(t) +

1
2β3

N

∑
i=1

ṽT
i (t)ṽi(t)

≤− 2k2(t)λ1V3(t) +
1

2β3

N

∑
i=1

||ṽi(t)||2,

where p̃(t) =
[
p̃T

1 (t), p̃T
2 (t), . . . , p̃T

N(t)
]T, c2λ1 − β3

2 ≤ 0. According to Step 1, it is obvious
that ṽi(t) is bounded; i.e., ||ṽi(t)|| ≤ δ4. Hence, we have

V̇3(t) ≤ −2k2(t)λ1V3(t) + δ5, (29)

where δ5 = 1
2β3

|N|δ2
4 .

When agent i is isolated, the same result V̇3(t) ≤ −2k2(t)λ1V3(t) + δ5 is derived,
t ∈ [ts, ta

s ). For a.e. t ∈ [ta
s , ts+1), we compute the derivative of V3(t). It holds that

V̇3(t) ≤
N

∑
i=1

p̃T
i (t)ṽi(t)≤

β3

2

N

∑
i=1

p̃T
i (t) p̃i(t) +

1
2β3

N

∑
i=1

ṽT
i (t)ṽi(t) ≤ β3V3(t) + δ5. (30)

Combining Inequalities (29) and (30) and Lemma 2, we have || p̃(t)|| ≤
√

2Θ̂2, where
Θ̂2 = V(0)eβ3T2 + (r2 + 1)κeβ3T2 + (r2 + 1)γ(T2)eβ3T2 . Further, based on Definition 1,
the position of followers and leader can achieve the practical prescribed-time consensus
within T2.

Step 4: ||v∗i (t)− v0(t)|| is bounded within T2.
Based on the equation of v∗i (t), one obtains ∥v∗i (t) − v0(t)∥ ≤ ∥ṽi(t)∥ + ∥(k2(t) +

c2)(H ⊗ In) p̃(t)∥ ≤ δ4 +
τ

τ−1∥Hi ⊗ In∥δ6 = δ7, where ∥ p̃(t)∥ ≤ δ6, Hi is the i-th row
element of H. Therefore, ||v∗i (t)− v0(t)|| is bounded within T2.

Step 5: Excluding the Zeno behavior.
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Calculating the Dini derivative of Ei(t), we can derive D+||Ei(t)||1 ≤ ||Ėi(t)||1 =

|| ¨̂vi(t)− k̈2(t)Ψi(t)− 2k̇2(t)Zi(t)− k2(t)Żi(t)− c2Żi(t)− k̇1(t)ei(t)− k1(t)ėi(t)− c3 ėi(t)||1.
Since ṽ(t) = v̂(t)− v0(t), we have

¨̂vi(t) =


−k0(t)(Hi ⊗ In) ˙̃v(t)− k̇0(t)(Hi ⊗ In)ṽ(t)
−c1(Hi ⊗ In) ˙̃v(t), i ∈ I or t ∈ [ts, ta

s ), s ∈ R0, i ∈ Î ,
0, t ∈ [ta

s , ts+1), s ∈ R0−1, i ∈ Î .

According to Equation (17), we get

˙̃v(t) =

{
−k0(t)(Hi ⊗ In)ṽ(t)− c1(Hi ⊗ In)ṽ(t)− u0(t), i ∈ I or t ∈ [ts, ta

s ), s ∈ R0, i ∈ Î ,
−u0(t), t ∈ [ta

s , ts+1), s ∈ R0−1, i ∈ Î .

Therefore, for t ∈ [ts, ta
s ), s ∈ R0, i ∈ Î , based on Step 1, one has

|| ¨̂vi(t)|| =||(k0(t) + c1)(Hi ⊗ In) ˙̃v(t) + k̇0(t)(Hi ⊗ In)ṽ(t)||
=||(k0(t) + c1)(Hi ⊗ In)((k0(t) + c1)(Hi ⊗ In)ṽ(t) + u0(t)) + k̇0(t)(Hi ⊗ In)ṽ(t)||
=||(k0(t) + c1)

2(Hi ⊗ In)
2ṽ(t) + (k0(t) + c1)(Hi ⊗ In)u0(t) + k̇0(t)(Hi ⊗ In)ṽ(t)||

≤||
(
(

T0

ts
+ c1)

2(Hi ⊗ In)
2 +

T0

t2
s

)
||||ṽ(t)||+ ||T0

ts
+ c1)(Hi ⊗ In)||||u0(t)||

≤||
(
(

T0

ts
+ c1)

2(Hi ⊗ In)
2 +

T0

t2
s

)
||2
√

Θ̂1 + ||T0

ts
+ c1)(Hi ⊗ In)||U ,

where Θ̂1 = V(0)e
β1
τ T0 + (r0 + 1)κe

β1
τ T0 + (r0 + 1)γ(T0)e

β1
τ T0 .

Furthermore, the second-order derivative of εm(t) is

ε̈m(t) =

{
2

T2
m

ε3
m(t), t ∈ [ts, ts+1), s ∈ Rm,

0, t ∈ [Tm,+∞).

Therefore, the second-order derivative of k2(t) can be calculated as k̈2(t) =
2n2
T3

2
ε3

2(t).

When t → T−
2 , ||k̈2(t)|| ≤ 2n2

t3
s

. This means that k̈2(t) is bounded.

Based on the proof of Steps 1–4, it is easy to obtain that D+||Ei(t)||1 is bounded; i.e.,
D+||Ei(t)||1 ≤ δ8. By integrating both sides of the above equation, it holds Ei(t)− Ei(ti

k) ≤
δ8(t − ti

k). When t = ti
k+1, we have

√
d2 ≤ Ei(ti

k+1)− Ei(ti
k) ≤ δ8(ti

k+1 − ti
k). Further, it

goes ti
k+1 − ti

k ≥
√

d2
δ8

> 0. The Zeno behavior is excluded. The proof is completed.

Remark 7. The convergence domains δ1, δ3, and δ5 appearing in Equations (24), (26) and (30)
are adjustable through the design parameters. These bounds are determined by the total number of
neighbors of i-th agent, the parameters of the scaling functions (e.g., β1, β2, and β3), U , Q and so
on. Specifically, the value of δ1 can be reduced by increasing β1 or decreasing |N| and U , the value
of δ3 can be reduced by increasing β2 or decreasing |N|, d2 and Q, the value of δ5 can be reduced by
increasing β3 or decreasing |N| and δ4, and vice versa. The appropriate parameters can be chosen
based on the trade-off between accuracy and energy consumption.

Remark 8. When designing the parameters, the main considerations are their effects on closed-loop
system performance and their practical selection criteria. Specifically, first, the prescribed times
T0, T1, and T2 are user-specified based on mission requirements but are constrained by actuator
capabilities. Smaller values demand faster convergence speeds and consequently require larger
control magnitudes; therefore, they should be set according to the mission deadline while respecting
actuator saturation limits. Second, the controller gains n0, n1, n2, c1, c2, and c3 should be tuned to
achieve prescribed-time stability. However, overly large gains may cause control input saturation,
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aggravated actuator wear, and other undesirable effects. Third, the convergence bounds δ1, δ3, and
δ5 reflect the steady-state accuracy achievable after the prescribed time. The smaller the bounds,
the higher the accuracy. Hence, these bounds need to be verified against engineering precision
requirements. In conclusion, the appropriate parameters should be chosen by balancing the trade-off
between accuracy and control effort.

6. Simulation Results
In this section, a simulation example associated with the position formation tracking of

UAVs is provided to illustrate the effectiveness of the control protocol and the correctness
of the theoretical analysis.

In this part, the height of UAVs is ignored for simplicity. The simplified model
of UAV is shown in Figure 3, where O1X1Y1 represents the Earth coordinate system
and O2X2Y2 represents the body coordinate system. Define pi(t) = [pxi(t), pyi(t)]T and
vi(t) = [vxi(t), vyi(t)]T as the position and velocity information of the i-th UAV position
subsystem, where the subscripts x and y denote the X- and Y-directions. Let Θi = [µi, θi, ϕi]

T

be the Euler angles of the i-th UAV attitude subsystem, where µi, θi and ϕi denote the yaw,
pitch and roll angles, respectively.

Based on the works in [32], the UAV systems can be described by

ṗi(t) = vi(t),
mi v̇i(t) = FiR(Θi)ω,

where mi ∈ R denotes the mass of i-th UAV, Fi ∈ R is the total lift, ω = [0, 0, 1]T, and R(Θi)

denotes the planar projection of the rotation matrix, described by(
Cθ

i Cϕ
i Sµ

i Sθ
i Cϕ

i − Cµ
i Sϕ

i Sµ
i Sθ

i Cϕ
i + Cµ

i Sθ
i Cϕ

i
Cθ

i Sϕ
i Sµ

i Sθ
i Sϕ

i + Cµ
i Sϕ

i Sµ
i Sθ

i Sϕ
i − Sµ

i Cϕ
i

)
,

where Ci = cos(·), Si = sin(·). Define an auxiliary control signal as ui = FiR(Θi)ω

and consider the external disturbance q1(t) = 0.01 sin(0.01t)12, q2(t) = 0.02 sin(0.02t)12,
q3(t) = 0.01 cos(0.01t)12, q4(t) = 0.025 tanh(0.025t)12, q5(t) = 0.01 cos(0.01t)12,
q6(t) = 0.02 sin(0.02t)12, q7(t) = 0.012 sin(0.01t)12, q8(t) = 0.025 tanh(0.01t)12 and
q9(t) = 0.05e−0.05t12. It is easy to verify that the external disturbance is bounded; i.e.,
Q = 0.05

√
2. In this case, the UAV systems can be described by Equations (1) and (2).

Figure 3. Diagram of UAV coordinate system.

Therefore, in this simulation part, the agent represents UAV, and nine following
UAVs and one leader UAV are considered. The initial values are given as follows:
p0(0) = [1, 2]T, p1(0) = [1.5, 1.5]T, p2(0) = [1.4, 1]T, p3(0) = [2, 2]T, p4(0) = [0.1, 1]T,
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p5(0) = [1, 1]T, p6(0) = [0.2, 1.2]T, p7(0) = [1, 2]T, p8(0) = [1, 0.2]T, p9(0) = [2, 2]T,
v0(0) = [1, 2]T, v1(0) = [3, 1.5]T, v2(0) = [2, 2.3]T, v3(0) = [1, 1.7]T, v4(0) = [0.5, 1]T,
v5(0) = [2.3, 1.5]T, v6(0) = [0.7, 2]T, v7(0) = [2, 1]T, v8(0) = [1, 1.1]T, and v9(0) = [2, 2.5]T.
Let u0(t) = sin(t)12.

The communication links are displayed in Figure 4. When UAVs are the Type I and
Type II followers, the links are shown in the first subfigure (Figure 4a). When UAVs are the
isolated followers, the connection is characterized in the second subfigure (Figure 4b). In the
case of disconnected communication, the pinning UAV is selected as UAV 7 by the pinning
algorithm in [23]. In addition, let the disconnected intervals be [0.8, 1.5), [2, 2.6), [2.9, 3.3),
[3.9, 4.2), [6, 6.5), [8, 8.5), [10.8, 11.5) and [12.5, 13.5). The connected and disconnected
intervals are displayed in Figure 5, where the value 1 on Y-axis denotes the disconnected
case and the value 0 on Y-axis denotes the connected case.

(a) (b)

Figure 4. The communication topology of ten UAVs.

Figure 5. The communication intervals, where the value 0/1 denotes the connected/disconnected case.

Choose the prescribed-time T0 = 5 s, T1 = 10 s and T2 = 15 s. For the distributed
velocity observer, the initial conditions are as follows: v̂1(0) = [1.5, 2.5]T, v̂2(0) = [2.1, 1.1]T,
v̂3(0) = [0.8, 1.8]T, v̂4(0) = [2, 3]T, v̂5(0) = [1.2, 2.2]T, v̂6(0) = [2.1, 3.1]T, v̂7(0) = [1.5, 5.7]T,
v̂8(0) = [3.4, 6.4]T, and v̂9(0) = [2.5, 3.5]T. The control gain n0 and c1 are selected as 7.5 and
15.5, respectively. It should be pointed out that the choice of control gain is related to the
prescribed-time T0 because the larger control gain leads to the faster convergence speed.
Figures 6 and 7 display the error trajectories of velocity observers and leader velocity in
two-dimensional plane (2D plane) and three-dimensional space (3D space), respectively. It
can be seen that the velocity observers can observe the leader velocity within our prescribed-
time T0 = 5 s. In addition, the real convergence time of the velocity observation error
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is around 4 s, so the real convergence time is within our predefined time. The evolution
trajectories indicate the effectiveness of the designed distributed observers.

(a) X-direction (b) Y-direction

Figure 6. The error trajectories of velocity observer and leader velocity in X- and Y-directions.

For the virtual velocity, select the initial values as: v∗1(0) = [0.5, 1.5]T, v∗2(0) = [1, 2.5]T,
v∗3(0) = [1, 0.5]T, v∗4(0) = [1, 0.8]T, v∗5(0) = [1, 1.4]T, v∗6(0) = [1, 0.5]T, v∗7(0) = [1, 1.3]T,
v∗8(0) = [1, 2.7]T, and v∗9(0) = [1, 3.5]T. Meanwhile, we take the parameters n1 = 0.01,
n2 = 3, c2 = 3.5, and c3 = 0.02. The triggering parameters are selected as d1 = 0.01,
d2 = 0.005, d3 = 0.1, d4 = 0.8, d5 = 0.1, and d6 = 0.01, respectively. The trajectories of
internal variable ξi(t) are shown in Figure 8. It is evident that it verifies the correctness of
Lemma 3; i.e., ξi(t) ≥ 0.

Figure 7. The error trajectories of velocity observer and leader velocity in a 3D space.

Figure 8. The trajectories of ξi(t).
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Figures 9 and 10 give the velocity error trajectories under the prescribed-time controller
with a DETM in the 2D plane and 3D space, respectively. From them, it is easy to see that
the virtual velocity can attain the actual velocity with basic accuracy as time evolves. The
controller trajectories are shown in Figure 11. It can be observed that the control signals
exhibit large magnitudes at the initial stage to drive the system toward consensus and then
gradually decay to a small neighborhood of zero as the virtual velocity approaches the
actual velocity. Thereby, it demonstrates the effectiveness of the proposed controller. In
addition, we record the triggering times within the DETM in Figure 12. As can be seen
from this figure, both the triggering intervals and the number of triggering events vary
across agents. In addition, the system exhibits no Zeno behavior.

(a) X-direction (b) Y-direction

Figure 9. The error trajectories of virtual velocity and actual velocity in X- and Y-directions.

Figure 10. The error trajectories of virtual velocity and actual velocity in a 3D space.

(a) X-direction (b) Y-direction

Figure 11. The trajectories of control input in X- and Y-directions.
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For the position state, we consider the formation tracking issue. The formation
pattern is a time-invariant formation. The distance between UAVs’ positions is set as
1. Figures 13 and 14 show the trajectories of position formation error under the designed
virtual velocity in 2D plane and 3D space, respectively. From them, it can be seen that
the position formation error converges to an acceptable level within the predefined-time
T2 = 15 s, which implies that the nine following UAVs and leader UAV achieve the
formation tracking and the formation error is bounded. This indicates that the virtual
velocity, including velocity observer, is effective. By the above facts, the correctness of
Theorem 1 is verified.

Figure 12. The triggering times.

(a) X-direction (b) Y-direction

Figure 13. The error trajectories of followers’ and leader’s positions in X- and Y-directions.

Figure 14. The error trajectories of followers’ and leader’s positions in a 3D space.

https://doi.org/10.3390/math14152688

https://doi.org/10.3390/math14152688


Mathematics 2026, 14, 2688 21 of 24

To further validate the superiority of the proposed DETM controller against the
existing ETM in [31], which is designed to reduce the system resources, a comparative
analysis is conducted based on the simulation mentioned above. For the sake of fairness,
the relevant parameters of the controller in [31] are kept consistent with the original source
and the initial state values of the aforementioned UAV systems are adopted. The triggering
times under a DETM and an ETM are illustrated in Table 1. As shown, the designed
DETM controllers can reduce the triggering times. Meanwhile, from Figure 12, we can
observe that the Zeno phenomenon does not occur. The above facts indicate the superiority
of the designed control scheme in Equation (19) for reducing control consumption and
system resources.

Table 1. Triggering times under DETM and ETM.

UAV Proposed DETM ETM in [31]

1 117 207
2 114 151
3 62 155
4 39 66
5 49 107
6 67 99
7 68 124
8 45 65
9 41 75

To illustrate the influence of isolated pinned followers connected to different types
of followers, we test three cases: (1) Connected to Type I follower, i.e., follower 2. (2)
Connected to Type II follower, i.e., follower 5. (3) Connected to Type II follower, i.e., follower
6. Meanwhile, we define the global error norm function EE(t) = [||ṽ(t)||, ||e(t)||, || p̃(t)||].
The norm curves under different conditions can be seen in Figure 15. From Figure 15, we
can find the following facts:

(1) All three connection methods are able to converge EE(t) to around 0, indicating that
connecting follower 5, follower 6, and follower 2 can restore system consensus.

(2) The convergence speed of connecting follower 2 is faster, indicating that, when the
isolated pinned follower is connected to follower 2, the error attenuation is the fastest
and the collaborative recovery efficiency is the highest.

(3) Due to the number of communication hops between follower 5 and the leader being
less than follower 6, the convergence speed of connecting follower 5 is faster than that
of follower 6.

(4) The curve convergence rate of follower 6 is slowest, indicating that follower 6, as a
reconnection node, has a weak restraining effect on isolated subnetworks or a poor
effective path to the leader information source.
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Figure 15. The curve of ||EE(t)||.

7. Conclusions
This paper tackled the practical prescribed-time leader-following consensus control is-

sue for second-order MASs under a time-varying disconnected topology. A novel practical
prescribed-time stability result was presented by incorporating the communication-related
time into the time-varying scaling function and considering a different derivative inequality.
Further, drawing on the design concept of backstepping control, the virtual velocity and
controller with a DETM were proposed to achieve the practical prescribed-time control
goal, where the velocity estimator was designed to evaluate the state of the leader velocity
and incorporate it into the virtual velocity. With the help of the developed stability theo-
rem, the main results about the consensus conditions were given. Finally, the theoretical
outcomes were proved to be effective via the simulation of the formation tracking of UAVs.
In this paper, all the followers maintain a cooperative relationship, but, in reality, both
collaborators and competitors often coexist. Therefore, further research will be conducted
on the bipartite prescribed-time consensus of second-order MASs under disconnected
time-varying topologies.
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