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Abstract

Let X be a compact Riemann surface of genus g > 2, ox € Aut(X) (the group of biholomor-
phic self-maps of X) an involution, and F4(C) (one of the five exceptional complex simple
Lie groups) the fixed-point subgroup of the outer involution ¢ of the complex simple Lie
group E¢(C) of type Eg. We study Galois triples (E, f, w): a principal F4(C)-bundle E with
an isomorphism f: E = 0} E (here 0% E denotes the pull-back bundle, whose fibre over
x € X is the fibre of E over o0x(x)) satisfying a cocycle condition, together with a nontriv-
ial finite-order automorphism w commuting with f. The automorphism w determines a
semisimple element g, € F4(C) and forces a reduction to the centraliser Zr, (g.), the Levi
factor of a proper parabolic subgroup (a proper closed subgroup of F;(C) containing a Borel
subgroup, together with its natural reductive quotient, the Levi factor); by Ramanathan’s
criterion, E is strictly polystable (built, via such a reduction, from stable bundles of equal
slope, and in particular not itself stable). The main theorem proves that E(Vy4), the vector
bundle associated with E via the representation V4 (the smallest nontrivial irreducible
representation of F;(C)), with fibre V,4, decomposes into k eigenspace sub-bundles, each
fixed by o, where 2 < k < 25 is determined by the eigenvalue pattern of g, in the
26-dimensional representation V4. Structural corollaries show that the decomposition
depends only on [g.], stratify the set of Galois triples by semisimple conjugacy classes, and
give the splitting Ad(s.(E)) = E(f1) ® @; &; with each summand preserved by ¢%. Since
Out(F4(C)) = {1} (i.e., every automorphism of F4(C) is inner, meaning it is conjugated
by an element of F;(C) itself), there are exactly two conjugacy classes of involutions, with
fixed-point subgroups K; = (Sp(6,C) x SL(2,C))/uz and Kj; = Spin(9, C); the general
theorem specialises in each case in decompositions reflecting the product structure of K;
and the spinorial geometry of Kjj.

Keywords: principal bundle; moduli space; Galois bundle; involution; fixed points;
real form

MSC: 14H10; 14H60; 17B25; 22E46; 53C10

1. Introduction

Let X be a compact Riemann surface of genus g > 2 and G a semisimple complex Lie
group (a connected complex Lie group with no nontrivial connected closed abelian normal
subgroup). A principal G-bundle over X is a fibre bundle E — X equipped with a free right
action of G that is transitive on fibres, so that E/G = X. Ramanathan [1-3] introduced natural
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notions of stability and polystability for principal G-bundles over compact Riemann surfaces
(a principal G-bundle over X is stable if every reduction of a structure group to a proper
parabolic subgroup has a negative degree with respect to every dominant character, and
it is polystable if, whenever this degree is zero, the bundle admits a further reduction to a
Levi subgroup exhibiting it as being built from stable bundles of equal slope; see Section 3
for the precise statements), extending the classical theory of Narasimhan and Seshadri [4]
for vector bundles, and proved that the set of isomorphism classes of polystable principal
G-bundles over X forms a complex algebraic variety: the moduli space M(G) (whose points
are in natural bijection with these isomorphism classes). Further foundational contributions
were made by Ramanan and Ramanathan [5] and by Ramanathan and Subramanian [6].

The study of automorphisms of M(G) and their fixed-point subvarieties has attracted
sustained interest. The automorphism group of moduli spaces of semistable bundles was
determined by Kouvidakis and Pantev [7] for vector bundles and subsequently for other
structure groups by Biswas, Gémez, and Mu noz [8,9]; Serman [10]; and Fringuelli [11].
Fixed-point subvarieties under involutions and higher-order automorphisms were studied
systematically by Garcia-Prada and Ramanan [12], and for exceptional groups in [13,14].
From a deformation-theoretic and equivariant perspective, the interaction between auto-
morphisms of the base curve and principal bundles has also been investigated in several set-
tings. In particular, Ref. [15] analyses equivariant deformations, cohomological descent, and
deformations preserving structure group reductions, while Biswas and Parameswaran [16]
establish general results of equivariant reductions of principal bundles to Levi subgroups.
These developments provide part of the framework in which the present study of F;(C)-
bundles endowed with Galois structures and finite-order automorphisms naturally fits.
The notion of the Galois G-bundle—a principal bundle equipped with an isomorphism to
its pull-back under an automorphism of the base curve, satisfying a cocycle condition—was
first introduced by Oxbury and Ramanan in [17] for principal bundles with structure group
Spin(8, C) and was later developed in full generality in [13].

A Galois triple (E, f, w) extends this notion by adding a nontrivial finite-order auto-
morphism w of E commuting with the Galois structure f. The role of w is two-fold. First, it
provides a finer organisation of the fixed-point locus M(F;(C))?x: within the subvariety
of Galois F4(C)-bundles, the Galois triples are stratified according to conjugacy classes of
nontrivial semisimple elements g, € F;4(C) (the element determined by w fibrewise), and
different conjugacy classes give geometrically distinct strata distinguished by the eigen-
value pattern of g, in the 26-dimensional representation V6. Second, the automorphism w
forces E to admit a reduction of the structure group to the centraliser Zr, (g.), which is the
Levi factor of a proper parabolic subgroup of F4(C) whenever g, # 1; by Ramanathan’s
criterion [1,5], this forces E to be strictly polystable. The triple (E, f, w) therefore identifies
a natural sublocus of M(F;(C))“% lying entirely outside the stable locus, stratified by the
combinatorial data of the eigenvalue pattern of g, in Vyg.

The present paper studies Galois F4(C)-bundles. The motivation is that F4(C) is the
connected fixed-point subgroup of the outer involution ¢ of E¢(C), and Ref. [18] established
that principal F4(C)-bundles form one of the strata of M(E¢(C))Y (this is established in
the context of Higgs bundles, but the result is directly true for principal bundles since the
moduli space of principal bundles is a closed subvariety of the moduli space of Higgs
bundles with the same structure group by setting the Higgs field to 0). This stratum is
indeed a copy of M(F;), since it has been recently proved that the inclusion F; < Eg
induces a closed embedding M(F;) — M(Eg) [14].

Within this stratum, the Galois triples considered in the present paper corre-
spond, via the push-forward t.: M(F;(C)) — M(E4(C)), to a distinguished sublocus of
M(E¢(C))?x: those Eg¢(C)-bundles that lie in the F;(C) stratum are fixed by ¢y, and admit
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a finite-order automorphism compatible with the Galois structure. The eigenvalue pattern
of g. in V¢ provides a natural stratification of this sublocus: the generic pattern (k = 25
distinct eigenvalues) gives the open dense stratum, the involutory pattern (k = 2) gives the
most degenerate, and the intermediate patterns interpolate between them, each correspond-
ing to a specific Levi subgroup Zr, (g.) to which the structure group reduces. Since Vo is
the (—1) eigenspace of the outer involution ¢ in the decomposition eq = f4 & Ve [19,20],
the decomposition of E(Vp4) into oy -fixed sub-bundles yields a refined splitting

k
Ad(1.(E)) = E(a) @ P&

j=1

of the adjoint bundle of 1. (E) (Corollary 4), in which E(fs) is the do-fixed part and ; &;
is the do-anti-fixed part, with each summand preserved by ¢%. The strict polystability
of every bundle in this sublocus shows moreover that it lies entirely outside the stable
locus of M(E¢(C))?, providing an explicit description of part of the boundary of the F4(C)
stratum. This places the present paper within the programme of understanding M (E4(C))?,
connecting it to the automorphism theory of [14] and the fixed-point geometry of [18].

Furthermore, the study of the geometry of principal F4-bundles over Riemann surfaces
and their automorphisms is becoming increasingly significant in its own right, both due to
the interest generated by the geometry of exceptional groups—particularly Fy [21]—and
because of recent works interested in the geometry of F4-bundles [14,18]. Furthermore,
several works have focused on bundles whose structure group is a real form of a complex
reductive group (a real Lie group G® whose complexification is the given complex group;
equivalently, a real form of a complex Lie algebra g is a real Lie subalgebra g8 C g
with g® @ C = g) [22,23]; in this research, extensions of these results to the context of
exceptional groups are provided. Specifically, the present paper works throughout with a
holomorphic involution x € Aut(X). When one extends the definition of Galois triples
to the case in which o is instead an antiholomorphic involution (a real structure on X),
replacing 0 E with the conjugate bundle ¢} E in the cocycle condition, the resulting objects
are precisely the real and pseudo-real principal F4(C)-bundles in the sense of Biswas,
Garcia-Prada, and Hurtubise [24]. The decomposition of E (V) established in this paper
for the holomorphic setting suggests a parallel decomposition theory for real F;(C)-bundles
over real algebraic curves, which we indicate as a direction for further investigation.

The paper operates at two levels. At the general level, g, is an arbitrary nontrivial
semisimple element of F;(C): the main theorem proves that any Galois triple (E, f, w)
is strictly polystable and that E(V,4) decomposes into k sub-bundles fixed by ¢, where
2 < k <25 depends on the eigenvalue pattern of g, in the 26-dimensional representation
Vas. At the involution-specialised level, g, is required to belong to the fixed-point subgroup
Ky of one of the two involution types of F4(C); the resulting theorems refine the general
result with an additional structure determined by the involution type and by the specific
eigenvalue patterns that arise for g. € Ky or g. € Kyj.

Since Out(F4(C)) = {1}, every involution of F4(C) is inner, and the Cartan classifica-
tion gives exactly two conjugacy classes, corresponding to the non-compact real forms Ff)
and F4(_20) :

)

* Type (I): Cartan involution of F, 4 , with fixed-point subgroup

K; = (Sp(6,C) x SL(2,C))/ 2.
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e Type (II): Cartan involution of F4(_20), with fixed-point subgroup

KH = Spm(9, C)

These arise as restrictions of Cartan involutions of E¢(C): type (I) from E2 and type
(II) from Eé_M). The involution-specialised results therefore connect to the geometry of
M(E¢(C)) in a more refined way than the general theorem.

The key representation is V54, the 26-dimensional irreducible F;(C) module of highest
weight wyg, which arises naturally as the (—1) eigenspace of do in the decomposition
¢ = f4 B Vae. Its weight system—the 24 short roots of F;(C) together with the zero weight
of multiplicity 2—determines the eigenvalue structure for all semisimple elements.

Beyond the two main levels, we establish several structural corollaries of the general
decomposition theorem. The decomposition E(V2¢) = €, £; depends only on the conjugacy
class [g.] (Corollary 2), and the automorphism @ induced by w on E(V34) acts on each
summand as scalar multiplication by the corresponding eigenvalue A; (Corollary 1). These
facts underpin a formal stratification of the set G of Galois triples into pairwise disjoint
strata indexed by nontrivial semisimple conjugacy classes of F4(C) (Corollary 3), which
refines the description of the distinguished sublocus of M(E¢(C))77x.

This paper is organised as follows: In Section 2, we classify the involutions of F4(C),
determine the fixed-point subgroups, and establish their connection with E¢(C). Section 3
defines Galois triples and connects the theory to M(E¢(C))?. The eigenvalue patterns of
semisimple elements of F;(C) in Vy4, both for arbitrary elements and for elements in K; and
Kj, are determined in Section 4, which also contains the polystability lemma. The main the-
orem for arbitrary Galois triples and the structural corollaries on canonicality, stratification,
and adjoint bundle splitting are proved in Section 5. In Section 6, we derive the specialised
theorems for the cases g. € Kj and g, € Kjj. Section 7 illustrates some examples and
applications of the results obtained in related areas of geometry and mathematical physics.
Finally, Section 8 collects the conclusions and outlines directions for further research.

2. Involutions of F;(C)

The purpose of this section is to classify the conjugacy classes of involutions of F;(C),
to determine the connected fixed-point subgroup in each case, and to establish the re-
lationship between these involutions and the geometry of M(E¢(C)) via the inclusion
F4(C) C E¢(C) as the connected fixed-point subgroup of the outer involution. The clas-
sification is entirely determined by the Cartan theory of real forms, since the triviality of
the outer automorphism group of F;(C) forces all involutions to be inner. The subsequent
identification of the two involution types as restrictions of Cartan involutions of E¢(C)
provides the algebraic connection between the specialised results of Section 6 and the
broader geometry of M(E4(C))”.

Since the Dynkin diagram of F; (that is, the combinatorial diagram encoding the
simple roots of F; and the angles/length ratios between them, which determines the Lie
algebra f; up to isomorphism) admits no nontrivial symmetries,

Out(Fy(C)) = {1}

(where Out(G) = Aut(G)/Inn(G) denotes the group of automorphisms of G modulo
inner automorphisms, i.e., those of the form x — gxg~! for some ¢ € G) and every
automorphism of F;(C) is inner, so the classification of conjugacy classes of involutions
reduces entirely to the Cartan correspondence between involutions and non-compact real
forms (the classical bijection, due to Cartan, between conjugacy classes of involutions of
F;(C) and non-compact real forms of f4) [20,25]. Recall that, for a real form g® =t @ p with
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Cartan decomposition into the +1- and —1 eigenspaces of the associated Cartan involution,
the Cartan index is dimp p — dimp ¢; it is a standard label distinguishing non-isomorphic
real forms of the same complex Lie algebra.

Proposition 1. The Lie algebra f4 has exactly two non-isomorphic non-compact real forms: the
split form ff) (Cartan index +4) and the form ffl_zo) (Cartan index —20). Correspondingly, there
are exactly two conjugacy classes of nontrivial involutions in F4(C).

Proof. By the Cartan classification of real simple Lie algebras [20,25], the only real forms of
f4 are the compact form and the two non-compact forms listed, which are distinguished
by their Cartan indices. The Cartan correspondence gives a bijection between conjugacy
classes of involutions of F4(C) and non-compact real forms: to each non-compact real form
g® of §4, one associates the Cartan involution 8 of g&, which is an involution of f; whose +1
eigenspace is the maximal compactly embedded subalgebra. Two real forms give conjugate
Cartan involutions if and only if they are isomorphic, so the two non-compact forms give
exactly two conjugacy classes. [

Proposition 2. The two conjugacy classes of nontrivial involutions of Fy(C) have the following
connected fixed-point subgroups:

D The Cartan involution 6; of the split real form F, (4), with connected fixed-point subgroup
K; = (Sp(6,C) x SL(2,C)) /2, dim¢ K; = 24, (1)

where Ho = {(16/ 12), (—16, —12)} C Z(Sp(6, C)) X Z(SL(2, (C))
(II)  The Cartan involution 611 of the real form F4(_20), with connected fixed-point subgroup

KH = Spll’l(9, (C), dil’n(c KH = 36. (2)

Proof. Part (I): The maximal compact subgroup of FF) is (Sp(3) x SU(2))/ 2 [20], of real
dimension 21 4 3 = 24. Its complexification is

K; = (Sp(6,C) x SL(2,C))/ uz.
The element (—Is, —I5) is central in Sp(6, C) x SL(2,C):
s € Z(Sp(6,C)) = {416}
since (—1Ig)J(—1Is)T = ] for any symplectic form J;
—I, € Z(SL(2,C)) = {+D}.

So the quotient is well defined.
The dimension is

dime(sp(6,C) @ sl(2,C)) =21+ 3 = 24,

and the (—1) eigenspace m; = ker(d6f; + id) has dimension 52 — 24 = 28.

Part (II): The maximal compact subgroup of F4(720) is Spin(9) [20], of real dimension
98 = 36. Its complexification is

KH = Spll’l(9, (C)
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Since F4(C) is simply connected (it is the unique simply connected complex Lie group of
type Fy), the connected subgroup with Lie algebra s0(9,C) C {4 is the simply connected
cover of SO(9, C), which is Spin(9, C) [25]. The dimension is

9.8
dim¢ s0(9,C) = — =36,

and m;; has dimension 52 — 36 = 16. [

Remark 1. The Cartan decompositions f4 = 9 & my take the below explicit forms as Ky mod-
ules [19,25]. For type (a): €¢; = sp(6,C) @ sl(2,C) and

m; = A3(C®) ®C?, dim=14-2 =28, (3)

where A%(C®) denotes the 14-dimensional symplectic trace-free second exterior power of the standard
representation of Sp(6, C). For type (II): ¢;; = s0(9,C) and

my = Ag, dim = 16, (4)

where Ag is the 16-dimensional spinorial representation of Spin(9, C) [19,26]. The symmetric space
F4(—20) /Spin(9) has real dimension 16 and a tangent space isomorphic to Ao.

Remark 2. The Cartan involution 0; of the split form acts on the Chevalley generators of 4 as
dbr(ey) = —e_y

and
do;(h) = —h

for all positive roots y € @1*:; and all h € t, which is the standard formula for the Cartan involution
of a split real form [20]. One verifies that d6? = id:

d6?(e,) = dby(—e_,) = e,

and
d6?(h) = h.

The involution 0y acts as +id on the +1 eigenspace t;; = s0(9,C) and as —id on the (—1)

eigenspace myy = Ag.

Once we have classified the involutions of F4(C), we now embed them in the larger
context provided by the ambient group Eg(C). The key facts are that F;(C) is the connected
fixed-point subgroup of the outer involution ¢ of E¢(C), and that the Lie algebra ¢ de-
composes as a direct sum of two F4(C) modules. This decomposition is not merely an
algebraic curiosity: the second summand is precisely the representation V4 that governs
the decomposition of the associated bundle in the main theorems. The proposition below
shows moreover that both involution types of F4(C) arise as restrictions of Cartan involu-
tions of E¢(C), establishing the link between the specialised theorems of Section 6 and the
geometry of M(E4(C))”.

The outer automorphism group of E¢(C) satisfies Out(E¢(C)) = Z/(2), generated by
the outer involution ¢ corresponding to the unique nontrivial symmetry of the Dynkin
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diagram of Eg. Its connected fixed-point subgroup is Fix(c')? = F4(C) [20,25], and the Lie
algebra decomposes as an F;(C) module as

¢6 = f4 © Vas, )

where Vg is the 26-dimensional irreducible F;(C) module of highest weight wy, equal to
the (—1) eigenspace of do in ¢4 [19,20,27]. Here Eé_ 14) and E% denote the non-compact real
forms of E¢(C) with Cartan indices —14 and +2 respectively, following the notation of [20];
they correspond to the Cartan classes EIIl and E Il respectively in the classification of [25].

Proposition 3. With the notation of Proposition 2:

(a) The Cartan involution of Eéfm) commutes with o and restricts to 01 on F4(C), with
fixed-point subgroup Ky = Spin(9, C).
(b) The Cartan involution of Eg commutes with o and restricts to 0 on Fy(C), with fixed-point
subgroup K.
Proof. Part (a): The maximal compact subgroup of Eé_m) is locally isomorphic to
Spin(10) x U(1) [20]. Using the decomposition (5) and the embedding F4(C) C E¢(C),
the intersection of F4(C) with the complexification of this maximal compact subgroup is
computed as follows: Spin(9, C) embeds into Spin(10, C) as the stabiliser of a nonzero
vector in the standard 10-dimensional representation, and this embedding is compatible
with the inclusion
Spin(9, C) =K1 C F4((C) - E6((C).

Hence the Cartan involution of Eé_m), acting as +id on the complexification of its maximal

compact subalgebra and as —id on its complement, restricts to +id on ¢;; = s0(9,C) and
to —id on my;, which is exactly 6y [25].

Part (b): The maximal compact subgroup of E2 is locally isomorphic to SU(6) x
SU(2) [20]. The intersection of f; with the corresponding real form of su(6) & su(2) inside
¢2 equals sp(3) @ su(2) = €F, which is the compact real form of € [20,25]. Hence the Cartan
involution of E2 restricts to +id on £; = sp(6,C) & s(2,C) and to —id on m;, which is
6. O

Remark 3. Proposition 3 establishes the algebraic counterpart of the geometric results of [18]: both
involution types of F4(C) arise as restrictions of Cartan involutions of non-compact real forms of
E¢(C) that commute with the outer involution o. This provides the direct connection between the
specialised results of Section 6 and the geometry of M(E4(C))7: a Kg-restricted Galois triple for
F4(C) produces, via extension of the structure group to E¢(C), a bundle in M(E(C))” whose
decomposition reflects the involution type 0.

3. The Moduli Space and Polystability

This section lays the algebraic foundations for the main theorems. We introduce the
two types of Galois triple—general and Ky-restricted—that appear in the paper, and we
clarify their relationship. We then establish the connection between Galois F;(C)-bundles
and the geometry of M(E4(C))? via the inclusion

L: F4(C) — Eé(@)

The moduli space M (F;(C)) of polystable principal F;(C)-bundles over X is a complex
algebraic variety constructed by Ramanathan [1-3]. For ox € Aut(X), which is an involu-
tion, pull-back by ox defines an algebraic automorphism of the moduli space M (F;(C)).
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Since Out(F4(C)) = {1}, every automorphism of F;(C) is inner, so twisting a principal
F;(C)-bundle by any automorphism of the structure group produces an isomorphic bun-
dle [28]. This means that for every involution 6 of F;(C), 6(E) = E canonically, and the
fixed-point condition §(E) = o E reduces simply to E = ¢y E. The subvariety

M(F4(C))™ = {[E] € M(Fy(C)) : E = 0xE}

is closed algebraic by [29], and is the ambient space within which all Galois F4(C)-
bundles live.

Definition 1. A Galois Fy(C)-bundle is a pair (E, f) where E is a principal Fy(C)-bundle over X
and f: E = 0% E is an isomorphism of principal bundles satisfying the cocycle condition

(oxf)o f=idE. (6)

Here 0 f denotes the isomorphism o,E — (0% )?E = E obtained by applying o to f and using
0% = idy, so the cocycle condition is an equality of automorphisms of E.

A Galois triple is a triple (E, f,w) where (E, f) is a Galois Fy(C)-bundle, w: E — E isa
nontrivial automorphism of E of finite order, and w commutes with the Galois structure in the
sense that

oxwo f = fow asisomorphisms E — oxE. (7)

For 6 € {6y, 0} with a fixed-point subgroup Ky € {Ky, Ky}, a Galois triple (E, f,w) is called
Kg-restricted if the semisimple element g, € F4(C) determined by w (see Proposition 12) has its
conjugacy class intersecting Ky.

Remark 4. Definition 1 admits a cohomological reformulation that clarifies the role of f4 in the
theory. Write T = (ox) = Z/2Z, which acts on X and, by pull-back, on the moduli stack
of principal Fy(C)-bundles on X. Suppose E = oE and fix one isomorphism fo: E = 0%E
satisfying (6), i.e., o (fo) = fo . Every other isomorphism f: E = o%E is of the form f = fyoa
for a unique a € Aut(E), and f satisfies (6) if and only if a - T(a) = idg, where

is the order-two group automorphism of Aut(E) induced by T via fo (that > = id follows from
o5 (fo) = fo ', ok (fy V) = fo, and 0% (0% (a)) = a). This is precisely the defining equation
of a non-abelian 1 cocycle for T with values in Aut(E) [30] (Chapter I). If b € Aut(E) carries
(E, fooa)to (E, food’), in the sense that (fgoa') ob = c%(b) o (fooa), thena' = t(b)oaob™;
substituting ¢ = T(b) (a bijective reparametrisation, since T is an involution) recovers the standard
twisted-conjugation equivalence a’ = c - a - t(c)~! for non-abelian 1 cocycles. Isomorphism classes
of Galois structures on E are therefore classified by the pointed set H' (T, Aut(E)). Infinitesimally,
the tangent space to the space of such cocycles at (E, fy) is controlled by the hypercohomology of
the complex governing T-equivariant deformations of E, whose degree-one term is H' (X, E(fy)),
since f4 = Lie(F4(C)) is the coefficient sheaf ad(E) = E(f4); this is the equivariant deformation-
theoretic framework of [15]. In this sense 4 enters the Galois cocycle not as data of the cocycle
itself, but as the coefficient Lie algebra governing its infinitesimal deformations. The additional
datum w of a Galois triple is a further, independent piece of the structure on top of a fixed Galois
structure (E, f); Corollary 2 shows that the eigenbundle decomposition it induces depends only on
the conjugacy class [ge|, not on further choices of representatives.

Remark 5. The two levels of the paper correspond to the two types of Galois triple. The general
theory of Section 5 treats arbitrary Galois triples, with no restriction on g,. The involution-
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specialised theory of Section 6 treats Kg-restricted Galois triples, where the additional constraint
Qe € Ky refines the eigenvalue pattern of g, in Vo and yields a decomposition of E(Vae) whose
structure reflects the geometry of the involution type. Every Kg-restricted Galois triple is in
particular a Galois triple, so the general theorem of Section 5 applies to all of them; the specialised
theorems of Section 6 provide additional information about the ranks and eigenvalue types of
the summands.

The inclusion ¢: F4(C) < E4(C) as the connected fixed-point subgroup of ¢ induces a
morphism of moduli spaces ¢, : M(F;(C)) — M(E¢(C)). The following proposition shows
that Galois F4(C)-bundles map naturally into the doubly fixed subvariety M(E4(C))77x,
and that the Galois structure is preserved under this map. This connects the paper to the
geometry of M(Eg(C))” established in [18].

Proposition 4. Let (E, f,w) be a Galois triple. Then:

(@)  The push-forward 1. (E) lies in M(E¢(C))7X, the closed subvariety of principal E¢(C)-
bundles fixed by both o and o.
(b)  The isomorphism f induces a Galois structure

t(f): 1e(E) = 0% (1(E))
satisfying the cocycle condition, making (1. (E), t(f)) a Galois E¢(C)-bundle.

Proof. Part (a): The cocycle condition (6) implies that f is an isomorphism E = 0%E, so
E = g}E, and hence [E] € M(F4(C))%%. Applying ,:

L(E) 2 1 (0%E) = 0 (1 (E)),

where the first isomorphism is ,(f) and the second is the naturality isomorphism
1+ (0% E) = 0% (1+(E)) of [28], which holds because o acts on the base X and 1, acts on the
fibres. This gives

[1(E)] € M(Es(C))*.

The inclusion
[t (E)] € M(E6(C))”
holds because F;(C) = Fix(¢)?, so every F4(C)-bundle admits a canonical reduction to
Fix(c)? and hence satisfies (1 (E)) = . (E); this is the content of [14,18].
Part (b): The naturality of ¢, with respect to isomorphisms of principal bundles gives a

commutative diagram relating f and i, (f), and the naturality isomorphism of [28], from
which the isomorphism

L(f): 12(E) 5 0 (1. (E))
is obtained by composition. The cocycle condition for ¢, (f):
(0 (1:(f))) 0 1:(f) = (o f) © f) = 1 (idp) = id, (),

using the functoriality of 1. and o and the cocycle condition (6) for f. [

Remark 6. Proposition 4 holds for all Galois triples, regardless of the eigenvalue pattern of g,.
The additional datum w distinguishes the various Galois triples within M(F4(C))?X; it is the
semisimple element g, and its eigenvalue pattern in Ve that produce the decomposition of E(Vag)
in the main theorems.
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4. Semisimple Elements and Eigenvalue Decompositions

This section carries out the eigenvalue analysis that governs all the decompositions
in the paper. We proceed in three stages. The first subsection treats arbitrary semisimple
elements of F;(C), establishing the weight system of V¢ and classifying the possible
eigenvalue patterns; the results here underpin the general theorem of Section 5. The
second and third subsections specialise in discussing elements in Kj; and Ky respectively,
establishing the restrictions of V4 to these subgroups and the resulting finer eigenvalue
descriptions; the results here underpin the specialised theorems of Section 6. Throughout,
we work with the root system of F;(C) in the coordinates of [31]: the simple roots (that is, a
minimal generating subset of the roots from which every other root is obtained as a sum of
simple roots with coefficients all of the same sign) are

W =e—e3, ay=c3—cy, az3=es 0g=3(c;—er—e3—es), 8)
where a1, ay are long and a3, a4 are short, and a torus element
(t1, to, t3, t4) € (C*)*
(coordinates, relative to a fixed maximal torus
T = (C*)* C K(0),

of an element of T; every semisimple element of F4(C) is conjugate to such an element)
acts on a weight space of weight ) ; n;e; (the subspace of a representation on which T acts
through the character [; t?i ; the multiset of such weights, with multiplicities, determines
the representation up to isomorphism) with eigenvalue [, £:". Section 4.1 concludes with
Lemma 2, which derives the strict polystability of any Galois triple from Proposition 7 and
Ramanathan’s criterion.

4.1. Weights of Vye and Eigenvalues for Arbitrary Semisimple Elements

We begin with the complete description of the weight system of V56, which is the
foundation for all the eigenvalue computations that follow. The key structural fact is that
the nonzero weights are precisely the short roots of F4, a consequence of the transitivity
of the Weyl group on the set of short roots and the fact that the highest weight is itself a
short root.

Proposition 5. The irreducible F,(C) module Ve of highest weight wy = eq has the following
weight system:

(@)  The weights te; for i =1,2,3,4, each of multiplicity 1 (eight weights in total).

(b) The weights %(elel + €260 + €363 + €4e4) for all (e1,€2,€3,€4) € {+1,—1}*, each of
multiplicity 1 (sixteen weights in total).

(c) The zero weight 0, of multiplicity 2.

The total dimension is 8 + 16 + 2 = 26.

Proof. The root system of F; consists of 24 long roots +e; £ ¢; (i # ) and 24 short roots: the
eight te; (i = 1,2,3,4) and the sixteen

1
E(:I:el :|:€2 :|:€3 :|:€4).

The highest weight wy = e is a short root, and the Weyl group W(F;) acts transitively on
the set of all short roots [31], so the W(Fy) orbit of wy is the complete set of 24 short roots.

https:/ /doi.org/10.3390/math14152691
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In an irreducible representation, the weight multiset is invariant under W, and the nonzero
weights in Vg are exactly the 24 short roots, each of multiplicity 1, since the representation
is minuscule with respect to the short roots (recall that a representation is minuscule if the
Weyl group acts transitively on its set of weights, which forces every nonzero weight to
have multiplicity 1); see [19,31] for the computation. The zero weight has multiplicity 2,
giving the total dimension 24 +2 = 26. [

Proposition 6. Let ¢ € F4(C) be semisimple, conjugate to the torus element (t1,ts,t3,t1) €
(C*)*. The eigenvalues of g in Vag, with their multiplicities, are:

(a) t;“ fori=1,2,3,4, each of multiplicity 1 (eight eigenvalues).

(b) tilmt;z/zt?/zt?mfor all (;) € {+1, —1}*, each of multiplicity 1 (sixteen eigenvalues).
(c) 1, of multiplicity 2.

The total count with multiplicity is 8 + 16 + 2 = 26.

Proof. The eigenvalue of the torus element (t1,ty, f3,t4) on the weight space of weight
YinieiisTT; t?i. Evaluating this on each weight in groups (a), (b), and (c) of Proposition 5

gives, respectively, the three families of eigenvalues listed. For the weights te; in group (a):
weight e; gives t;, and —e; gives tlfl. For the weights

1
E(elel + -+ €seq)

in group (b): the eigenvalue is
t€1/2t€2/2t€3/2t€4/2
1 2t o

For the zero weight in group (c): the eigenvalue is []; £ = 1, with multiplicity 2. [
The following lemma is a standard fact valid in the algebraic group setting and can be

found in [32] and in [25] (Chapter 3). We include the proof for completeness.

Lemma 1. Let G be a group and let g, g’ € G be elements satisfying ¢’ = hgh™! for some h € G.
Then

Z(§') =hZg(g)h™".
In particular, for semisimple elements g, g, € Fy(C) with g, = hg.h™?, the centralisers Z, (g.)
and Zr,(g.) are conjugate subgroups of F4(C).
Proof. Let x € Zg(g), so xg = gx. Multiplying on the left by & and on the right by h~!:
(™) (hgh™) = (hgh™") (hxh™1),
thatis,
(hxh™ 1) g = ¢/ (hxh™1).

Hence hxh = € Z(g'), and
hZg(g)h™" € Zs(g).

Applying the same argument to 1~ and ¢ = h~'¢'h gives the reverse inclusion, so
Zc(g') = hZg(g)h™'. O

Proposition 7. Let ¢ € Fy(C) be a nontrivial semisimple element with torus representative
(t1,t2,t3,tg). Then:

(@) The centraliser Zr,(g) is a connected reductive subgroup of F4(C) of rank 4, equal to the
Levi factor of a parabolic subgroup of F4(C).
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(b)  Zg,(g) is a proper subgroup of F;(C).
(c) The root system of Zr,(g) is ¥(g) = {a € ®(Fy) : «(g) = 1}, and the semisimple rank of
Zr,(g) equals the rank of the root subsystem ¥ (g).

Proof. Part (a): Since F;(C) is simply connected, Steinberg’s theorem [33] guarantees that
the centraliser of every semisimple element is connected. That Z, (g) is reductive follows
from the general theory of algebraic groups [34]: the centraliser of a semisimple element in
a reductive group is reductive. It has rank 4 = rk(F;) because it contains the full maximal
torus T (as ¢ € T and T is abelian). The Levi factor description: The Lie algebra of Zf, (g) is

Lie(Zr,(g)) =t @ 1,
a(g)=1

which is precisely the Levi subalgebra of the parabolic subalgebra corresponding to the
root system ¥ (g) [25,34].

Part (b): Since ¢ # 1 and Z(F;(C)) = {1}, the element g is not central, so there exists
aroot o € ®(F;) such that a(g) # 1. (Explicitly, if a(g) = 1 for all &« € ®(F,), then g
acts trivially on every root space, hence trivially on all of f4 by the adjoint representation;
hence ¢ € Z(F4(C)) = {1}, contradicting ¢ # 1.) For any such g, the root space f} is not
contained in Lie(ZF, (g)), so Zr,(g) S F4(C).

Part (c) follows directly from the Lie algebra description in part (a): f; C Lie(Zr,(g))
ifand onlyifa(g) =1. O

Definition 2. Let ¢ € F;(C) be nontrivial semisimple with a torus representative (11, tp, t3, ta).
The eigenvalue pattern of g in Ve is the list of distinct eigenvalues of g in Voe (from Proposition 6)
together with their multiplicities, with k = k(g) denoting the number of distinct eigenvalues. Three
qualitative cases are distinguished:

D Generic pattern (k = 25): The 26 eigenvalues are pairwise distinct except for the two copies
of 1 from group (c), which have multiplicity 2; all eigenvalues in groups (a) and (b) are
distinct from each other and from 1.

(II)  Intermediate pattern (2 < k < 25): Further coincidences occur among the eigenvalues in
groups (a) and (b), or between those groups and eigenvalue 1, due to special relations among
tq, to, t3, t4.

(II)  Involutory pattern (k = 2): g% = 1, which forces p(g)? = id for every representation p, so
all eigenvalues of g in Vo lie in {+1, —1}.

Remark 7. The eigenvalue pattern of g in Vye is directly related to the structure of Zp, (g) via the
root system ¥ (g). In particular, by Lemma 1, these properties depend only on the conjugacy class of
g. Specifically, two distinct eigenvalues A = p(g) and A" = v(g) of g (corresponding to weights
and v of Vo) coincide if and only if (u — v)(g) = 1. When the weight difference y — v is a root
w € D(Fy), this is exactly the condition a € ¥(g), i.e., « belongs to the root system of Zr,(g).
Thus the number k of distinct eigenvalues of ¢ in Vog decreases precisely as the root system ¥ (g) of
Zr,(g) grows. In the generic case ¥ (g) = @ (so Zg,(g) = T) and k = 25; in the involutory case
Y(g) islarge and k = 2.

The following lemma applies Proposition 7 to derive the polystability consequence
that underpins all the main theorems of the paper. The key point is that this argument
is completely uniform; it does not depend on which subgroup of F4(C) the element g,
belongs to, only on its nontriviality.
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Lemma 2. Let E be a polystable principal F4(C)-bundle over X. If E admits a reduction of
the structure group to Zr,(g.) for some nontrivial semisimple element g, € F4(C), then E is
strictly polystable.

Proof. By Proposition 7(a), the centraliser Zp, (g.) is connected reductive and is the Levi
factor of a parabolic subgroup of F4(C). By Proposition 7(b), since g, is nontrivial and
Z(F4(C)) = {1}, there exists a root « € ®(F;) with a(g.) # 1, so Zr,(g.) does not contain
the full root space f§ and is therefore a proper subgroup of F;(C). Consequently, the
corresponding parabolic subgroup is proper. Ramanathan’s polystability criterion [1,5]
states that a polystable principal G-bundle admitting a reduction to the Levi factor of a
proper parabolic subgroup is strictly polystable (not stable). Applied here, this gives the
strict polystability of E. [

Remark 8. Lemma 2 applies to all nontrivial semisimple elements g, € F4(C), whether g, € Kj,
ge € Kjp, or ge belongs to no particular named subgroup. The uniformity of the argument reflects the
fact that the key property—properness of Zr, (g.)—depends only on g, # 1 and Z(F4(C)) = {1},
and not on any finer structure of ge.

4.2. Restrictions of Ve and Eigenvalues for Ky

We now specialise in semisimple elements 1 € Kj; = Spin(9,C). The first step is
to identify the Spin(9, C) module structure of V54 by decomposing the restriction, which
reveals that the three weight families of Proposition 5 correspond exactly to the three sum-
mands in the decomposition of Vo |k, This identification is the representation-theoretic
basis for the specialised results of Section 6.2.

Proposition 8. The restriction of Va4 to Kij = Spin(9, C) decomposes as
Va6 lspin(o,c) =9 D16 D1, )

where 9 is the standard representation of SO(9, C) lifted to Spin(9, C), 16 is the unique spinorial
representation of Spin(9, C) of highest weight wf‘* and dimension 2* = 16, and 1 is the trivial
representation.

Proof. This follows from the identification of V¢ with the trace-zero part of the exceptional
Jordan algebra J3(O) of 3 x 3 Hermitian matrices over the octonions O, on which F;(C)
acts as the group of automorphisms [19,27]. Under the subgroup Spin(9, C) C F4(C), the
three summands correspond to the three weight families of Proposition 5: the weights
0, xe; of groups (a) and (c) form the weight system of 9 (the standard representation of
SO(9, C) has weights 0, £e;, i = 1,2, 3,4); the weights

1
E(iel +eptestey)

of group (b) form the weight system of the spinorial representation 16 (which has all
2% = 16 sign combinations); and the remaining copy of the zero weight in group (c)
contributes 1. [

A semisimple element & € Spin(9,C) is conjugate in Spin(9,C) to an element of
the maximal torus of Spin(9, C), which we parametrise by (1, t, t3,t4) € (C*)* so that h
projects to
diag(t1, 17, 12,15, 13,157, b4, 177,1) € SO(9,C)

under the covering Spin(9) — SO(9).
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Proposition 9. Let h € Kj; = Spin(9, C) be nontrivial semisimple with parameters (t1, ta, t3, ts).
The eigenvalues of h in V4 are as given in Proposition 6. The number of distinct eigenvalues satisfies
2 < k < 25, with k = 2 when h*> = 1 (involutory pattern) and k = 25 for generic h.

Proof. Since Spin(9,C) C F4(C) and the torus of Spin(9, C) maps to the torus of F;(C)
via the same coordinates (1, f3,t3,t4), the eigenvalues of I in Vp4 are given directly by
Proposition 6. The decomposition V4|, = 9 @ 16 © 1 (Proposition 8) makes the corre-
tiil; on 16 they are tilmt;z/zt?/zti“m; and
on 1 the eigenvalue is 1. In the involutory case h? = 1, since pp(h)? = pp6(h?) = id, all

spondence explicit: on 9 the eigenvalues are 1,

eigenvalues of pyq(h) are roots of unity of order dividing two, and hence are in {+1, -1},
givingk =2. O

Remark 9. The necessity of working with K;; = Spin(9, C) rather than SO(9, C) is reflected
in the spinorial eigenvalues tiﬂ/ 2 of group (b): these are eigenvalues of h in the spinorial repre-
sentation 16, which is defined on Spin(9, C) but not on SO(9, C). Indeed, the central element
—1 € ker(Spin(9) — SO(9)) = uy acts as —id on 16 (since 16 is a spinorial representation),
which means that 16 is not a well-defined representation of SO(9, C). Geometrically, this reflects the
structure of the symmetric space F4(_20) /Spin(9), whose tangent space is isomorphic to Ag = 16

(Remark 1).

4.3. Restrictions of Vye and Eigenvalues for Ky

We now specialise in elements
e € Ki = (Sp(6,C) x SL(2,C))/ pa.

The product structure of K; is reflected in the decomposition of V|, into a tensor-product
piece and an exterior-power piece, and the eigenvalues of g, factor accordingly as products
of the symplectic eigenvalues ],tl.il and the SL(2) eigenvalues v*!. This contrasts with the

+1/2

type (II) case, where the spinorial eigenvalues ¢;

do not factor in this way.
Proposition 10. The restriction of Vye to Ki = (Sp(6,C) x SL(2,C))/up decomposes as
Vaslk, = AG(C®) @ (C° & CY), (10)

where A3(C®) is the 14-dimensional symplectic trace-free second exterior power of the standard
representation of Sp(6,C), and C® @ C? is the 12-dimensional tensor product of the standard
representations of Sp(6, C) and SL(2, C). The central element (—Is, —Ip) € yp acts as +1 on both
summands, confirming that the decomposition descends to K.

Proof. The decomposition follows from the branching rule for the restriction F; D K;
applied to Va4 [19,25]. That (—Is, —I2) acts trivially on both summands is verified directly:
on A3(C®), the element —I acts on A?(C®) by (—1)2 = +1 (since it scales all vectors by
—1, and the wedge product picks up two signs); on C® @ C?, the element (—1Is) @ (—1I)
acts by (—1)(—1) = +1. Hence both representations factor through the quotient K; and
the decomposition is well defined. O

A semisimple element g, = [(A, B)] € K] is conjugate in K; to an element of the
maximal torus of Kj, which we parametrise by (y1, y2, 3, v) € (C*)* with

A = diag(p1, 1yt m2, iy s 3 ') €Sp(6,C), B = diag(v,v ") € SL(2,C).
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Proposition 11. Let g, = [(A, B)| € K| be nontrivial semisimple with parameters (p1, o, i3, V).
The eigenvalues of g, in Vg = A3(C®) & (C° ® C2) are:

(@)  On A3(C®) (dimension 14):

V&, gy <), w7 <), G # ), (11)

giving 2 + 3 + 3 + 6 = 14 eigenvalues counted with multiplicity.
(b) On C® ® C? (dimension 12):

plv, v, i=1,23, (12)

giving 12 eigenvalues counted with multiplicity.

The number of distinct eigenvalues satisfies 2 < k < 25, with k = 2 when g2 = 1 and k = 25
generically.

Proof. Label the standard basis of C® as vy, ..., vg so that A acts with eigenvalue y; on
Up;_1 and y;l onvy; fori =1,2,3.

Part (a): The eigenvalue of A on the basis vector v, A v; € A?(C®) is the product
of the eigenvalues on v, and v;. For p = 2i —1, g = 2i: eigenvalue y; - y;l = 1 for
eachi = 1,2, 3, giving three basis vectors with eigenvalue 1 in Az(Cé). The symplectic
direction is w; = v1 A v2 + v3 A v4 + U5 A vg, which is a fixed vector with eigenvalue 1.
In A3(C®) = ker(A?(C?) N C) (where (] is the symplectic trace), eigenvalue 1 appears
with multiplicity 3 — 1 = 2. The remaining eigenvalues are products (eigenvalue on v;) -
(eigenvalue on vy) for {p, g} not of the form {2i — 1, 2i}; these are:

*  ppjfori < j(from vy 1 Avpj_q): three values;
. l‘i_l?‘j_l for i < j (from vy; A v)): three values;
. ﬂiﬂj_l fori # j (from vy; 1 A vy with i # j): six values.

Part (b): The eigenvalues of A on C° are yl.il (i =1,2,3), and those of B on C? are v*1.
The eigenvalues on the tensor product C® @ C? are all products y;ﬂ vl fori = 1,2,3,
giving 6 x 2 = 12 eigenvalues.

For the involutory case, g2 = 1 forces p2¢(ge)? = id, so all eigenvalues lie in {+1,—1},
givingk =2. O

5. The General Decomposition Theorem

This section proves the main theorem of the paper in full generality. The proof follows
the following four steps: extraction of the semisimple element g, from w, reduction of
the structure group to the centraliser Zr, (g.), application of the polystability lemma, and
decomposition of E(V,4) into eigenspace sub-bundles using the commutation condition (7).

5.1. Main Results

We begin with the proposition that extracts the semisimple element and the centraliser
reduction, which serves both this section and Section 6.

Proposition 12. Let E be a principal Fy(C)-bundle over X and w: E — E a nontrivial automor-

phism of finite order. Then:

(@)  wacts on each fibre Ey by right multiplication by a semisimple element g, € F;y(C), well
defined up to conjugation in Fy(C) and independent of x € X by connectedness.

(b) The element g, is nontrivial.

(c)  Thesub-bundle E3: = {e € E : w(e) = e- ge} is a reduction of the structure group of E to

ZF4 (ge)'
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Proof. Part (a): Since w is a G-equivariant automorphism of the principal F4(C)-bundle
E of finite order #, it acts on each fibre Ex = F;(C) by conjugation, which in the right-
multiplication convention gives w(e) = e - g, for some g, € F4(C). Since w" = idg, we
have g =1, so g, is semisimple. Constancy over X: The function x — g.(x) (defined up
to conjugation) is continuous on the connected space X and takes values in the discrete set
of conjugacy classes of elements of order dividing # in F4(C), so it is constant [1].

Part (b): If g, = 1, then w(e) = e-1 = eforall e € E, so w = idg, contradicting the
assumption that w is nontrivial.

Part (c): We verify that ES¢ is invariant under the right action of Zr, (g.). Lete € ES¢
(sow(e) =e-ge)and h € Zr,(g.) (so gh = hge). Then:

w(e-h)=w(e)-h=(e-g) -h=e-gh=e-hg.=(e-h)-g,

where the first equality uses the F4(C) equivariance of w (which commutes with right
multiplication), and the fourth uses g.h = hg.. Hence e - h € E8¢, so E8 is a principal
Zr,(ge)-bundle and defines a reduction of structure group of E to Zr, (g.) [1,5]. O

Theorem 1. Let X be a compact Riemann surface of genus ¢ > 2, ox € Aut(X) an involution,
and (E, f,w) a Galois triple. Then:

(a) E is strictly polystable.
(b)  The associated bundle E(Va) admits a decomposition

E(Vae) =E1B--- D&, 2<k<25 (13)

into holomorphic sub-bundles with 05,&; = &; forall j =1,... k.

(o) The sub-bundle &; is the eigenspace sub-bundle of E(Va6) corresponding to the eigenvalue
Aj of ge in Vo, with tk&; equal to the multiplicity of Aj. The number k and the ranks tk¢&;
are determined by the eigenvalue pattern of g, (Definition 2): k = 25 in the generic case,
k = 2 in the involutory case, and 2 < k < 25 in intermediate cases.

Proof. By Proposition 12(a)-(b), the automorphism w determines a nontrivial semisimple
element g, € F4(C), well defined up to conjugation (Lemma 1 ensures that Zr, (g.), and
hence the entire subsequent construction depends only on this conjugacy class); we fix a
representative in the conjugacy class.

By Proposition 12(c), the sub-bundle ES¢ is a reduction of the structure group of E
from F4(C) to the centraliser Zr, (g)-

The element g, is nontrivial and semisimple, so by Lemma 2, E is strictly polystable.

Since g, is semisimple, p24(g.) acts diagonalisably on Vo4. Let Ay, ..., A be the distinct
eigenvalues with corresponding eigenspaces Uy, . .., U, so that

V26:U1®"'@uk-

Each U; is preserved by Zp,(g.): for any h € Zp,(g.) and v € Uj, the commutativity
hge = geh gives

026(8e) (26(h)0) = p26 () (p26(8e)v) = pa6(h) (Ajv) = A;p2(h)o,

so pae(h)v € U;. The reduction of structure group E$¢ (Proposition 12(c)) is a principal
ZF,(ge)-bundle, and each U; is a Z, (g¢) module via the restriction of py6. The eigenspace
sub-bundle is defined as the associated bundle

& = E& x 27 (8e) u;.
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Since E = ES¢ x 25 (&) F4(C), the associativity of the associated bundle construction gives

k
E(V26) =E XF4((C) V26 = Ege XZF4(36) V26 — @Egg XZF4(86) U] — @g
j=1 j=1

with rk 5] = dim U]

The lower bound k > 2: The representation pys: F4(C) — GL(Va) is faithful, because
F4(C) is simple and Vy is a nontrivial irreducible module, so ker pp¢ C Z(F4(C)) = {1}.
Hence p26(ge) # idy,,, which means g, has at least two distinct eigenvalues in Vo, giving
k > 2. The upper bound k < 25 and the description of k in each case follow from
Proposition 6 and Definition 2.

For the o5, invariance, let

fub: E(Vag) = 0% (E(Vag))

be the isomorphism of associated vector bundles induced by the Galois isomorphism
f: E = 0%E. In terms of the associated bundle construction, f,([e,v]) = [f(e), 0] in local
notation, so fy;, commutes with the action of F4(C): for any g € F4(C),

fun(le-g0]) = [f(e-g),0] = [f(e) -8, 7]

using the F;(C) equivariance of f.
Let v be a local section of £;, so that in the associated bundle description, the p26(ge)
eigenvalue of vis Aj, i.e., p26(ge) (v) = Ajv. Using the commutation condition (7),

P26(0xW) (fub(0)) = fup(P26(w) () = fip(Aj0) = Ajfip(0),

where the first equality holds because f}, intertwines p¢(w) and py(cyw) (a consequence
of (7) and the equivariance of f), and the second holds because

p26(w) (Z)) = P26(ge)(v) = Ajv.

Thus f,,(v) is a A; eigenvector for pag (05 w) in 0% (E(V2s)). The A; eigenspace of pag(0yw)
in
ox(E(Vas)) = 0xE X, (c) Vas

is precisely 0% E X, () Uj = 0%&;. Hence fyy, restricts to an isomorphism &; = oy & for
eachj. O

Corollary 1. Let (E, f,w) be a Galois triple and let E(Va) = EB;-‘:l &; be the decomposition of
Theorem 1. The automorphism

w: E(V26) — E(V26)
induced by w satisfies

‘:’|5j:)\jidgj foreachj=1,...,k,

where A; € C* is the eigenvalue of pys(ge) on Uj. In particular, & is semisimple as an automorphism
of E(Vag), and the decomposition of Theorem 1 is precisely the eigenspace decomposition of E(Vag)
with respect to .

Proof. The automorphism w: E — E acts fibrewise by right multiplication by g.
(Proposition 12(a)), so the induced endomorphism @ of the associated vector bundle
E(Va) = E x4(C) V6 acts on a local section [e,v] by @([e,v]) = [e, p26(ge)v]. Since
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5]- — ESe x%ri(8e) U; by definition, every local section of E]- is of the form [e,v] with v € uj,
50 p26(8e)v = Ajv. Therefore w(le, v]) = [e, Ajv] = Ajle, v, giving w|g; = Ajidg,. The final
statement follows because g. is semisimple, 50 p26(ge) is diagonalisable and Va6 = ®; U;
is its eigenspace decomposition; passing to associated bundles gives the stated identifica-
tion. [

Lemma 3. Let (E, f,w) be a Galois triple over (X, o). For every fixed point xg € XX = {x €
X : ox(x) = x}, the isomorphism f induces a self-map f,: Ex, — Ex, on the fibre over xo, and

2 .
fxO = ldExO .

Consequently, the cocycle condition (6) is the effective descent condition for the principal bundle E
along the double covering t: X — Y = X /(o).

Proof. The isomorphism f: E =+ oE has the fibre map
frt Ex — (0XE)x = Eqy (v
at each point x € X. Applying the functor oy to f yields an isomorphism
0% f: 0%E = 0% (0%E) = (0%)*E = E,
whose fibre map at x is

(0%F)x: (OXE)x = Egy(r) — ((0%)"E)x =Ex,  (0%f)x = foy(x)s

where the equality (0% f)x = f,(x) holds under the canonical identifications (0% E)x =

Eoy(x)
therefore reads

and (U%)*E = E (using 0)2( = idx). The cocycle condition (6) at the fibre over x

foy(x) © fx = idEg,. (14)

At a fixed point xg € XX, we have ox(xg) = xo, s0 fy,: Ex, = Ey, is a self-map and (14)
specialises to fx, o fx, = idg, ,ie., ffo =idg, .

For the descent statement, the effective descent condition for a principal F;(C)-bundle
along the Galois covering 7r: X — Y with Galois group Z/(2) = (ox) is the existence of
an isomorphism f: E = o}E satisfying the cocycle condition (¢ f) o f = idg [29]. This is
precisely (6), which holds by the hypothesis. O

Remark 10. The condition f,%o = idg,  at fixed points is not an additional hypothesis beyond the
cocycle condition (6); it is an automatic consequence of (6) evaluated at fixed points, as the proof of
Lemma 3 makes explicit. In particular, Definition 1 already incorporates all the data necessary for
descent, with no further condition required at the ramification locus.

Proposition 13. Let (E, f,w) be a Galois triple over (X,0x) and let m: X — Y = X/ (0x) be
the quotient map, a double covering branched over the image of X“X. Then:

(a) There exists a principal Fy(C)-bundle Ey over Y, unique up to isomorphism, such that
*Ey = E. The bundle Ey is polystable.

(b) The automorphism w descends to a nontrivial automorphism wy : Ey — Ey of finite order,
with m*wy = w.

(c) The semisimple element g¥ € F;(C) determined by wy lies in the same conjugacy class
of F4(C) as ge. In particular, g is nontrivial, and Ey(Vas) decomposes into k polystable

https:/ /doi.org/10.3390/math14152691


https://doi.org/10.3390/math14152691

Mathematics 2026, 14, 2691

19 of 29

sub-bundles over Y, where k is the number of distinct eigenvalues of g, in Vog as determined
by Theorem 1.

Proof. Part (a): By Lemma 3, the cocycle condition (6) constitutes an effective descent
datum for E along 7. By Grothendieck’s descent theory for principal bundles [29], this
yields a unique principal F4;(C)-bundle Ey over Y with 7*Ey = E.

For polystability of Ey, we first verify semistability directly. Suppose oy: Y — Ey/Pis
a reduction to a proper parabolic subgroup P C F;(C) with dominant character x. Pulling
back along 7t yields a reduction

oy X — n*(Ey/P) 2 E/P,

where the isomorphism uses the commutativity of 77* with the associated bundle construc-
tion [1]. By the standard formula for degrees under a finite covering of degree deg(m) = 2,

degy ((7t"0y)"E(Ly)) = 2 degy (oyEy(Ly)). (15)

If degy (05 Ey(Ly)) > 0, then degy ((7t*0y)*E(Ly)) > 0, contradicting the semistability of
E. Hence degy (05 Ey(Ly)) < 0 for every such reduction, and Ey is semistable. Full polysta-
bility of Ey follows from the general result that for a finite covering of smooth projective
curves, a principal G-bundle is polystable if and only if its pull-back is polystable [35].
Since m*Ey = E is polystable by Theorem 1(a), Ey is polystable.

Part (b): The commutativity condition (7), namely cyw o f = f o w, states precisely
that w is a morphism of pairs with the descent datum, i.e., that the diagram

f

E——oxE

wi \L(rg‘(w
f

E——o0%E

commutes. By the functoriality of Grothendieck descent [29], w therefore descends to an
automorphism wy: Ey — Ey satisfying m*wy = w. Since w" = idg for some positive
integer n, applying 7t* gives

m(wy) = (Mwy)" = " = idg = 7*(idg, ).

The functor 7r* is faithful on morphisms of principal bundles over Y: for any morphism
«: Ey — Ey, the pull-back 7t*x determines a uniquely because 77 is surjective and the fibre
of *Ey at x € 71 !(y) is canonically identified with the fibre of Ey at y. Hence w} = idp,
and wy has finite order dividing n. If wy = idg,, then w = 71*wy = idE, contradicting the
nontriviality of w.

Part (c): For any y € Y and any x € 7~ !(y), the isomorphism 7*Ey 2 E identifies the
fibre (Ey), with Ey, and under this identification, (wy), corresponds to wy. By Proposi-
tion 12(a), wy acts on Ey by right multiplication by g, (up to conjugation in F4(C)), so (wy)y
acts on (Ey)y by right multiplication by an element conjugate to g; hence ¢! and g, lie in
the same conjugacy class. (For a non-ramified point y with two preimages x and ox(x),
the two identifications of (Ey), with fibres of E differ by the isomorphism fy: Ex — E, (x),
giving conjugation by fy; the conjugacy class of g} is independent of the choice of preimage
since conjugation preserves conjugacy classes.) In particular, g} # 1, and the eigenvalue
pattern of ¢ in Vo coincides with that of g, so Ey(Va6) decomposes into k sub-bundles by
the same argument as Theorem 1. [
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Remark 11. The descended pair (Ey, wy ) is a polystable principal F;(C)-bundle over Y equipped
with a nontrivial finite-order automorphism, but it does not in general carry a Galois structure
in the sense of Definition 1: the isomorphism f serves as the descent datum and, once descent is
performed, it is no longer available as an additional structure on Ey. A Galois structure on Ey
would require a separate involution oy of Y and a compatible isomorphism Ey < oy Ey satisfying
the cocycle condition. Such a situation arises naturally when X is a cyclic cover of a curve already
equipped with an involution, and is related to the study of automorphisms of Fy(C) of order r > 4
via the Kac diagram of 4, which we indicate as a direction for further investigation in Section 8.

Remark 12. The quotient map w: X — Y = X/T of Proposition 13 is unramified away from XX
and simply branched at each point of X’X, so Y is again a smooth compact Riemann surface, but the
branch locus T(XX) C Y carries a natural orbifold structure with local isotropy group T = 7./ 27
near yoy = 1(xg) the local model of 1t is the standard Z/2-quotient of a disc, and Y is naturally
an orbifold curve Y with isotropy 7Z./27 at the branch points. Lemma 3 shows that ffo = idg,
at every xog € XX; equivalently, fy, defines an order-dividing-two automorphism of the fibre Ey,,,
which is exactly the local monodromy datum of the orbifold principal bundle Ey over Y associated
with Ey under the standard dictionary between I'-equivariant bundles on X and orbifold bundles on
Y [29]. When fy, # idExO’ this local monodromy is nontrivial and Ey, viewed as an orbifold bundle,
is twisted at yo; this is the precise sense in which the branch locus of 7t introduces local twisting into
Ey, complementing the global descent statement of Proposition 13 with a local, orbifold-theoretic
description at the ramification points.

5.2. Canonicality, Stratification, and the Adjoint Bundle

The three results of this subsection draw out the structural properties of the eigenbun-
dle decomposition of Theorem 1 that clarify the geometric role of the decomposition within
M(Es(C))7.

Corollary 2 (Canonicality of the decomposition). The eigenbundle decomposition
E(Va) = €D &
j=1

of Theorem 1 depends only on the conjugacy class [g.] € F1(C) of the semisimple element determined
by w, up to relabelling of the summands.

Proof. Let g, = hg.h~! for some h € F;(C). By Lemma 1,

ZF4 (gé‘) = hZF4 (ge)hil'

Applying the representation pys gives

026(8%) = P26 (1) p26(ge) P26 () ",

s0 p26(ge) and p4(g,) are conjugate endomorphisms of Vys and therefore have identical
spectra and eigenspace dimensions. The A; eigenspace of p2(g;) is U]{ = p26(h)(U;), and

the map py4(h): U; = U/ is an isomorphism of Zr,(g,) modules (via the conjugation
pp j i p 1 \&e Jug
isomorphism of Lemma 1). The associated eigenspace sub-bundles E$¢ x 2k (8) U; and

E8e x 7R (&) LI]’ are therefore naturally isomorphic for each j. Hence the decomposition
depends only on the conjugacy class [g.|; different choices of representative merely permute
the labels of the summands with equal eigenvalues. [
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Corollary 3 (Stratification by semisimple conjugacy classes). Let G denote the set of iso-
morphism classes of Galois triples over (X, 0x). The assignment (E, f,w) > [g.] gives a well-
defined map

®: G — {nontrivial semisimple conjugacy classes of F4(C)}

whose fibres Giq,) = ®~1([ge]) give a decomposition into pairwise disjoint strata:

G =119
[86]

The stratum G, consists precisely of those Galois triples for which the eigenbundle decomposition
of Theorem 1 has the eigenvalue pattern determined by [g.] in Vae (Definition 2).

Proof. By Proposition 12(a), the element g, is well defined up to conjugation in F;(C), so
@ is well defined. By Corollary 2, the eigenvalue pattern depends only on the conjugacy
class, so the stratum Gy, ) is characterised by the eigenvalue pattern as stated. The fibres are
pairwise disjoint since distinct conjugacy classes are disjoint. [

Remark 13. The stratification of Corollary 3 refines the description of the distinguished sublocus of
M(E¢(C))7x given in Proposition 4. The generic stratum (k = 25, corresponding to elements
with Zr,(ge) = T, the maximal torus) is open and dense in G (Proposition 7(c) and Remark 7).
The most degenerate stratum (k = 2, involutory pattern) consists of those Galois triples whose
automorphism w has order 2; this is the closed stratum. The intermediate strata are labelled by
specific Levi subgroups Zr,(8.), each with their own eigenvalue pattern, and they interpolate
between the open and closed extremes.

Remark 14. The stratification of Corollary 3 also has a natural interpretation in terms of the local
structure of M(F4(C))%% itself. Since Fy(C) is centreless, a generic stable bundle has a trivial
automorphism group; for |E] underlying a Galois triple (E, f, w) with w being nontrivial, Aut(E)
contains the nontrivial element w, so [E] is a point at which the automorphism group of the bundle
is strictly larger than that of a generic stable bundle. By the general theory underlying the GIT
construction of M(F4(C)) [2,3], points with a larger automorphism group are the points at which
the moduli space is most likely to fail to be smooth. The stratification

G =119
[ge]

therefore sits inside, and is compatible with a stratification of M(F4(C) )X by automorphism-group
type: the generic stratum (k = 25) corresponds to the smallest centraliser Zr,(g.) = T compatible
with a nontrivial w, while the involutory stratum (k = 2) corresponds to comparatively large
centralisers Zp, (g.) among nontrivial semisimple elements. A precise identification of the local ring,
or tangent cone, of M(Fs(C))?X at points of Gjg,) would require a full deformation-theoretic analysis
via the hypercohomology of the deformation complex of (E, f), along the lines of [15,16]. Although
we do not pursue this here, Corollary 3 already identifies the discrete combinatorial data—the
conjugacy class [g.|—indexing the strata of this expected singular stratification, and Proposition 7
identifies the corresponding Levi subgroups explicitly.

Corollary 4 (Adjoint bundle splitting). Let (E, f,w) be a Galois triple. The adjoint bundle of
the induced E¢(C)-bundle 1.(E) decomposes as

k

Ad(1(E)) = E(fa) ® E(Vas) = E(ia) @ P & (16)
j=1
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Each summand is preserved by the Galois action induced by f: E = o%E:
E(f4) = 0%E(fs), & = ox& forallj.
In particular, E(f4) is the do-fixed part and E(Va) = @ £; is the do-anti-fixed part of Ad (1 (E)).

Proof. By the Lie algebra decomposition es = f4 @ Vo6 as F4(C) modules (see Equation (5)
and [19,20]), and since 1, (E) = E xf(C) E¢(C), the F4(C) equivariance of the adjoint
action gives

Ad(1,(E)) = E xB(©) ¢ = (E x Fa(C) f4> @ (E < Fa(C) V26) = E(f4) @ E(Vag),

using the fact that the associated bundle functor commutes with direct sums. Substituting
the decomposition E(V26) = @; &; of Theorem 1(b) gives the second equality in (16).
For the 0% invariance, applying the associated bundle functor to the Galois isomorphism

f:E= o%E
with respect to the F4(C) module f4 yields an isomorphism
E(fa) = 0XE(fa).

The isomorphisms &; = ox&; are the content of Theorem 1(b).

The identification of E(f;) as the do-fixed part and E(Vy4) as the do-anti-fixed part
follows from the fact that Vy is the (—1) eigenspace of the outer involution do on ¢4, as
recorded in Section 2 (see also [19,20]). O

6. Specialised Results for the Two Involution Types

This section refines Theorem 1 for Ky-restricted Galois triples. The specialised theorems
are direct applications of the general theorem, with the additional input of the eigenvalue
descriptions from Propositions 9 and 11. In each case, the new content is the precise
description of the ranks and eigenvalue types of the summands in the decomposition,
and the interpretation of this data in terms of the corresponding involution type and its
relationship to the geometry of M(Eq(C))”.

6.1. Type (I): The Subgroup Ki

When g, € K; = (Sp(6,C) x SL(2,C))/ iy, the eigenvalue pattern of g in Ve is gov-
erned by Proposition 11. The eigenvalues are products of the symplectic eigenvalues ylil
of the Sp(6, C) component and the eigenvalues v*! of the SL(2, C) component, reflecting
the product structure of K;. The decomposition

Vaslk, = A3(C8) & (C® @ C?),

given in Proposition 10, organises the summands into two geometrically natural fami-
lies, corresponding to the two summands in the Cartan complement m; = A%((C6) ® C?
(Remark 1).

Theorem 2. Let (E, f,w) be a Kj-restricted Galois triple. Then E is strictly polystable and E(Vae)
decomposes as in (13), where:

*  Eigenvalue 1 has multiplicity > 2, equal to 2 when none of the values yl-y]il, ],tiﬂy]ﬂ (with

i#j), or yiﬂvil coincide with 1.
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*  The remaining eigenvalues are among p;j;, y;ly]fl, yi‘u;l (from A3(C®)) and yiﬂvﬂ (from
C® ® C?), as given by Proposition 11.
o The number k satisfies k = 2 in the involutory case (g = 1) and k = 25 in the generic case.

Proof. Every Kj-restricted Galois triple is a Galois triple, so Theorem 1 applies and gives
strict polystability and decomposition (13) with 05 &; = &;. The description of the eigen-
values and multiplicities is Proposition 11, which computes the eigenvalues of g, € K;
explicitly from decomposition (10). [

Remark 15. By Proposition 3(b), the involution 01 arises as the restriction of the Cartan involution
of E2 to F4(C) C E¢(C). A Kj-restricted Galois triple (E, f,w) therefore produces, via the push-
forward 1., a Galois E¢(C)-bundle (1. (E), 1+(f)) in M(E(C))77X, whose decomposition reflects
the action of the Cartan involution of E2 on the f4 component of the adjoint bundle via the embedding
fa Ceg Of (5).

6.2. Type (II): The Subgroup Ki;

When g, € Kj; = Spin(9,C), the eigenvalue pattern of g, in Vy4 is governed by
Proposition 9. The key feature distinguishing this case from type (I) is the presence of the

spinorial eigenvalues
pE1/2441/2441/2,41/2
1 2t h

which arise from summand 16 in (9) and which only make sense in Spin(9, C) rather than
SO(9, C). These spinorial eigenvalues reflect the non-product geometry of Kjj, in contrast
to the factored structure of the type (I) eigenvalues.

Theorem 3. Let (E, f,w) be a Ky-restricted Galois triple. Then E is strictly polystable and E(Vae)
decomposes as in (13), where:

*  Eigenvalue 1 has multiplicity > 2, arising from both 9 (weight 0) and 1 in (9).

®  The vector eigenvalues tlil arise from summand 9.

*  The spinorial eigenvalues tfl/ztfl/ztfl/ztf/z

o The number k satisfies k = 2 in the involutory case (g = 1) and k = 25 generically.

arise from summand 16.

Proof. Every Kjj-restricted Galois triple is a Galois triple, so Theorem 1 applies. The
description of eigenvalues, multiplicities, and their geometric origins in the summands 9,
16, and 1 of (9) follows from Propositions 8 and 9. O

Remark 16. By Proposition 3(a), 011 arises as the restriction of the Cartan involution of Eé_m), A
Kjj-restricted Galois triple (E, f, w) therefore produces a Galois E¢(C)-bundle in M(Eq(C) )77
whose decomposition of 1. (E) (Vag) reflects the structure of the Cartan involution of Eé_M) restricted
to the Vae component of e = f4 © Vag. The spinorial sub-bundles E; corresponding to eigenvalues

+£1/2,£1/2,+1/2,+1/2
Bty
have no counterpart in the type (1) decomposition.

Remark 17. Theorems 2 and 3 are both specialisations of Theorem 1, and in both cases the same
bounds 2 < k < 25 hold. The distinction lies entirely in the structure of the eigenvalues: in type (I),
all eigenvalues are products of the parameters y; and v, reflecting the product structure of

K; = (Sp(6) x SL(2))/2;
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in type (1), the spinorial eigenvalues tl.il arise from the non-product geometry of Kjp =

Spin(9, C) and the symmetric space P4(720) /Spin(9).

6.3. Reduction to the Involution Case for Restricted Triples

The reduction argument of Proposition 13 extends to the restricted setting in the form
established in the following result.

Proposition 14. Let 0 € {6,611} and let (E, f,w) be a Kg-restricted Galois triple over (X, o).
Let Ey, wy, and g) be as in Proposition 13. Then the conjugacy class of g¥ in F4(C) intersects Ky,
and the decomposition of Ey(Vag) is of the type described in Theorem 2 (if & = 61) or Theorem 3 (if
0 = 05p).

Proof. By Proposition 13(c), g is conjugate to g, in F4(C), so they determine the same con-
jugacy class. Since (E, f, w) is Kg-restricted, this conjugacy class intersects Ky (Definition 1),
and hence so does the conjugacy class of g¥. The decomposition of Ey(Vy4) into k sub-
bundles then follows from the eigenvalue analysis of Propositions 11 and 9 applied to g
by the same argument as in the proofs of Theorems 2 and 3. O

7. Examples and Applications

In order to illustrate the theory developed above, this section collects examples and
connections between the representation-theoretic data of the paper—the pair (F4(C), Vo)
and its eigenvalue decompositions—and several areas in which this same data appears: the
classical geometry of the octonionic projective and hyperbolic planes, the physics of magic
supergravity theories, and the geometric Langlands programme via Hitchin systems.

7.1. The Exceptional Jordan Algebra and the Cayley Planes

Recall from the proof of Proposition 8 that Vy¢ is identified with the trace-zero part
of the exceptional Jordan algebra J3(Q) of 3 x 3 Hermitian octonionic matrices, on which
F4(C) = Aut(J3(0)¢) acts [19,27]. This identification connects the eigenvalue decom-
positions of the present paper directly to the geometry of the two Cayley planes: the
compact plane OP? = F,/Spin(9) and its non-compact dual Fi—zo) /Spin(9), the octonionic
hyperbolic plane, which are both rank-one symmetric spaces [20,26].

Proposition 15. Under the identification
Va6spin(o,c) =90 16 & 1

of Proposition 8, summand 16 is isomorphic, as a Spin(9, C) module, to A, i.e., to the complexified
isotropy representation of the symmetric pair (szo), Spin(9)) recorded in Remark 1. Consequently,
for every Kjj-restricted Galois triple (E, f,w), the sub-bundle of E(Vae) carrying the spinorial
eigenvalues tl.il/ 2 (Theorem 3) is, fibrewise, a copy of the complexified tangent representation of the

octonionic hyperbolic plane Fi_zo) /Spin(9) at the corresponding fixed point.

Proof. Since Spin(9,C) is of type By, it has, up to isomorphism, a unique nontrivial ir-
reducible representation of highest weight wf4, the 16-dimensional spin representation;
any two spinorial (as opposed to tensorial) 16-dimensional Spin(9, C) modules are there-
fore isomorphic [31,34]. Summand 16 of Proposition 8 is spinorial by Remark 9, and Ag
is by definition the 16-dimensional spin representation of Spin(9, C); both are therefore
isomorphic to the unique irreducible module of highest weight wf“. The final statement
follows because the spinorial eigenvalues tiil/ 2 are, by the proof of Proposition 9, exactly
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the eigenvalues of g, occurring on summand 16 of Va4 |k,,; by Corollary 1 the corresponding
sub-bundle of E(Vy) is therefore, fibrewise, a copy of 16 = Ag. [

Remark 18. No analogous statement holds for type (1): the isotropy representation m; = A3(C°) @ C2
of (F4(4),K1) has dimension 14 x 2 = 28 = dim¢ F; — dimg¢ K; (Remark 1), whereas
Vaelk, = A3(C®) @ (C° ® C?) (Proposition 10) has dimension 14 + 12 = 26. The two share
the constituent A3(C®) but are not isomorphic, one being a direct sum and the other a tensor
product of, in part, different constituents. The coincidence of Proposition 15 is thus special to the
spinorial nature of the 16-dimensional Spin(9, C) representations, and does not extend to type (I).

7.2. The Magic Square and V¢ in Supergravity

In the physics literature on N = 2 Maxwell-Einstein supergravity in five spacetime
dimensions, the exceptional (or octonionic) magic supergravity of Giinaydin, Sierra, and
Townsend [36,37] is the theory whose 26 vector-multiplet scalar fields parametrise the real
)

form of V5 underlying J3(Q)o, with global symmetry group Eé_% and the scalar manifold

rank-two symmetric space Eé_%) / F4, and the isotropy group F; (compact form) acting on
the tangent space at the origin through the fundamental 26-dimensional representation.
This is the same representation V,4 indexing the eigenspace decomposition of Theorem 1,
and the eigenvalue pattern of g, € F4(C) used throughout the paper coincides with the
branching of this isotropy representation under Zp, (g.). This observation does not yield a
new physical statement, but it identifies the pair (F4(C), Vo) studied here as the same pair
governing the geometry of the exceptional magic supergravity, offering a further context

for Theorems 1-3.

7.3. Hitchin Systems and the Langlands Programme

The root system of Fy is, together with that of Gy, self-dual among the non-simply laced
types: exchanging long and short roots carries the F; root system to itself (up to rescaling),
so the Langlands dual group of F4(C) is again F4(C) [31,32]. Donagi and Pantev proved
that, for a simple complex group G, the Hitchin system attached to G and the Hitchin
system attached to its Langlands dual group -G are dual to one another, in the sense of a
fibrewise duality between the associated families of abelian varieties (the Hitchin fibres),
extending to a duality of gerbes over the singular fibres [38]. For G = F;(C), self-duality
of the root system means the F;(C)-Hitchin system is, in this sense, self-dual. The Higgs
bundle analogue of the present theory, already indicated as a direction for further research
in Section 8, would consist of Galois triples (E, f,w,®) with ® € H°(X,E(fs) ® Kx)
compatible with (6) and (7); the associated spectral data, and its behaviour under the
eigenspace decomposition of E (V) established here, would be a natural starting point for
relating Theorem 1 to the self-duality of the F;(C)-Hitchin system, connecting the present
results to the geometric Langlands programme [38] and to the orthogonal Higgs bundle
correspondences of [23].

8. Conclusions

This paper has established a two-level decomposition theory for Galois F4(C)-bundles
over a compact Riemann surface, unifying in a single framework the general and involution-
specialised aspects of the theory.

At the general level, Theorem 1 proves that any Galois triple (E, f,w) is strictly
polystable and that the associated bundle E(Vys) decomposes into k eigenspace sub-bundles
fixed by 0%, where 2 < k < 25 is determined by the eigenvalue pattern of the semisimple
element g, € F;(C) (Definition 2). The weight system of V,s—the 24 short roots of F(C)
together with the zero weight of multiplicity 2 (Proposition 5)—is the foundation of the
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entire eigenvalue analysis. For a torus representative (1, t, t3, t1), the eigenvalues fall into
three families: the vector eigenvalues tiﬂ, the spinorial eigenvalues tlﬂ/ 2t§d/ 2t3ﬂ/ 2t4i1/ 2,
and eigenvalue 1 of multiplicity 2 (Proposition 6). The strict polystability is a consequence
of the reduction of the structure group to the centraliser Zr, (g.), which is always the Levi
factor of a proper parabolic subgroup of F;(C) when g, is nontrivial (Proposition 7), and of
Ramanathan’s polystability criterion [1,5] (Lemma 2).

The geometric analysis is completed by the structural corollaries of Section 5. Specifi-
cally, Corollary 1 makes explicit that cw acts on each summand ¢&; as scalar multiplication by
Aj, so the decomposition of Theorem 1 is precisely the eigenspace decomposition of E(V2)
with respect to the induced automorphism. Corollary 2 establishes that the decomposition
depends only on the conjugacy class [g.|, not on the choice of representative, confirming
that the eigenbundle structure is an intrinsic invariant of the Galois triple. These two facts
combine in Corollary 3 to yield a formal decomposition G = [ |jg,) U|,] of the set of Galois
triples into pairwise disjoint strata indexed by nontrivial semisimple conjugacy classes of
F,(C).

At the involution-specialised level, the two involution types of F;(C)—arising from
the split real form F4(4) with fixed-point subgroup K; = (Sp(6,C) x SL(2,C))/py and
the form Fifzo) with fixed-point subgroup K;; = Spin(9,C) (Proposition 2)—give rise
to specialised decompositions that reflect the algebraic structure of the respective fixed-
point subgroups (Theorems 2 and 3). Type (I) eigenvalues are products of symplectic
and SL(2) eigenvalues (Proposition 11), reflecting the product structure of K; and the
decomposition Vs |k, = AF(C®) & (C® @ C?) (Proposition 10); type (II) eigenvalues include
the spinorial values tlﬁﬂ/ 2 (Proposition 9), reflecting the non-product geometry of K;; and
the decomposition V4|, = 9 ® 16 © 1 (Proposition 8). Both involution types arise as
restrictions of Cartan involutions of E¢(C) (Proposition 3), type (I) from Eg and type (II)
from Eé_ 14), connecting the specialised results to the geometry of the fixed-point subvariety
of M(E¢(C)) under the outer involution.

The descent result of Proposition 13 clarifies the geometric role of the cocycle con-
dition (6): it is precisely the effectivity condition for Grothendieck descent of E along
m: X =Y = X/(0x), and Lemma 3 establishes that it implies ffa = idg, at every rami-
fication point xg € XX as an automatic consequence, with no additional hypothesis on
the Galois structure at the branch locus. The descended bundle Ey is polystable, inher-
its a nontrivial finite-order automorphism wy with semisimple element conjugate to g,
and—when (E, f, w) is Ky restricted—satisfies the conclusions of the specialised theorems
over Y (Proposition 14). As clarified in Remark 11, the descended pair (Ey, wy) does not
carry a Galois structure over Y in general, since the isomorphism f is consumed by the
descent process.

The results of this paper shed light on the internal geometry of the F4(C) stratum
of M(E4(C))?. Since the morphism ,: M(F4(C)) — M(E¢(C)) is a closed embedding
whose image is precisely this stratum [14], the Galois triples studied here correspond,
via 1, to a geometrically distinguished locus within M(Es(C))?“% (Proposition 4): the
subvariety of E¢(C)-bundles that lie in the F4(C) stratum are fixed by ¢y and admit a finite-
order automorphism compatible with the Galois structure. Within this locus, the formal
stratification G = | |4, §|,,] of Corollary 3 specialises to a stratification of the distinguished
sublocus of M(E4(C))7“X by the eigenvalue pattern of g, (Definition 2): the generic stratum
(k = 25, with Zr, (g.) equal to the maximal torus) is open and dense, the involutory stratum
(k = 2) is the most degenerate, and the intermediate strata are indexed by specific Levi
subgroups Zr, (g¢) (Proposition 7).

The strict polystability of every bundle in this locus (Theorem 1(a)) shows that these
bundles lie entirely outside the stable locus of M(E¢(C))?, providing a concrete description
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of part of the boundary of the F;(C) stratum. At the involution-specialised level, the two
subloci corresponding to g, € K; and g, € Kjj are further distinguished by the algebraic
structure of their decompositions (Theorems 2 and 3): the K; sublocus carries decomposi-
tions of E(V4) governed by the restriction Vae|, = A3(C®) & (C® @ C?) (Proposition 10),
while the Kjj sublocus carries decompositions involving spinorial eigenvalues that reflect
the geometry of the symmetric space Fifzo) /Spin(9) (Remark 1), embedded in the F;(C)
stratum via the restriction of the Cartan involution of Eé714) (Proposition 3(a)).

Finally, Corollary 4 gives a geometric realisation of the decomposition within E¢(C).
Specifically, the adjoint bundle of the induced bundle ¢, (E) splits as

Ad(i.(E)) = E(f4) @ EB &,
]

where E(fy) is the do-fixed part and ), &; is the do-anti-fixed part of Ad(i«(E)), with each
summand preserved by . This makes explicit how the E¢(C)-adjoint bundle of a Galois
triple in the F4(C) stratum splits under the combined action of o and 0.

Several natural directions for further investigation arise from this work.

The first is the extension of the programme to the other stratum of the fixed-point
subvariety of M(E¢(C)) under the outer involution ¢, which consists of principal PSp(8, C)-
bundles [18]. A parallel treatment of Galois triples for PSp(8, C) would complete the
two-strata description and provide the full analogue, in the E¢(C)-setting, of the combined
G2(C) and PSL(3, C) theory.

A second direction is the study of finite-order automorphisms of F4(C) of order r > 3,
classified by the Kac diagram of §4 [25]. The Kac classification provides the fixed-point sub-
groups and their representations in Vy¢ for each order, and the resulting eigenvalue patterns
would give rise to a richer family of decompositions than those treated in Theorems 1-3.

A third direction is the Higgs bundle analogue. For principal F;(C)-Higgs bundles [12],
a Galois triple would include a Higgs field ® € H°(X, E(f4) ® Kx) compatible with the
Galois structure (6) and the commutativity condition (7). The resulting constraints on ®
and on the associated spectral data in V6 would connect the present work to the geometry
of the Hitchin fibration for Fy(C).

Finally, when o is an antiholomorphic involution of X, extending the definition of a
Galois triple by replacing o E with the conjugate bundle 0% E in the cocycle condition (6)
yields real and pseudo-real principal F;(C)-bundles in the sense of Biswas, Garcia-Prada,
and Hurtubise [24]. Making precise the relationship between the decompositions of E (V)
established in Theorems 1-3 and the real structures in this sense would clarify the geometric
role of the spinorial eigenvalues in the context of real algebraic curves.
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