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Abstract

The paper proposes a modification of the standard k-means algorithm that removes
low-probability tail points of Gaussian components using the p-quantile of the chi-squared
distribution as a trimming threshold based on the squared Mahalanobis distance. The
procedure is evaluated on synthetic noisy datasets and compared with well-known
state-of-the-art clustering methods. Applications in circular image pattern recognition
demonstrate effective detection of spherical patterns in highly noisy environments. Pattern
detection is driven by an optimization using a constructed spherical clustering-validity in-
dex, and the method’s practical potential is confirmed by comparisons with state-of-the-art
circular detection techniques.
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1. Introduction

It is well established that iterative methods find extensive application across a wide
range of disciplines—such as cluster analysis, pattern recognition, and image processing—
and thus contribute to many aspects of interdisciplinary research [1-4]. Consequently,
well-known iterative algorithms are often used and modified to identify clusters in datasets,
for example the standard k-means algorithm and the Expectation-Maximization (EM) algo-
rithm [5-19]. These methods and their modifications are widely employed to achieve more
reliable data modelling and to address domain-specific problems. Furthermore, the most
state-of-the-art deep-learning methods—particularly convolutional neural networks (CNN)
and long short-term memory networks (LSTM)—together with modern optimizers provide
useful approaches for task-specific feature extraction and model tuning [20]. For unsupervised
clustering in vision, methods that jointly learn embeddings and cluster assignments have
proven effective, either by optimizing deep embeddings [21] or by alternating k-means on
deep features with supervised training on the resulting pseudo-labels [22].

For this purpose, the k-means clustering method is modified in this work by incorporat-
ing the Mahalanobis distance; this modification and related Mahalanobis-based variants are
commonly used to explore and evaluate different data models and research areas [6,8,9,16-19].
The proposed method was studied and tested on artificial generated dataset with Gaussian
distributed clusters which are contained in high level noisy environment. Thus, the pro-
posed method is based on a procedure that excludes data points that are located in the
low-probability tails of the Gaussian components, leveraging the well-known fact that the
Mahalanobis distance follows a chi-squared distribution [23]. It has been shown that the
proposed method presents an effective clustering method in noisy environments where out-
liers constitute a large proportion of the data or where the data structure is inherently prone to
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contamination [24,25]. The presented method was compared with well-known state-of-the-art
clustering methods [1,3-5,11], where the performance is evaluated by repeated Monte Carlo
simulations driven by various measurement metrics [1,5,11].

The paper concludes with an application of the proposed method to image processing
pattern recognition, a scientific field that considers width range of central-based modifi-
cations and their applications [6,12,14,26]. Specifically, the proposed method is applied
to detect spherical patterns in different scene test images. The task is performed on pre-
processed, segmented images, which are divided into subregions—advancing area in
image processing [16,18,27,28]. Results are obtained by optimizing the p-quantile of the
chi-squared distribution, which regulates the trimming procedure. The optimization is
performed by observing the spherical clustering validity index, which provides a measure
for evaluating final clustering results [1,4,10,17]. The proposed method is evaluated on
well-known state-of-the-art circle detection models [7,15,29,30], which are evaluated by
the proposed spherical cluster validity measure in order to emphasize the effect of highly
noisy image structures. Finally, the paper ends with a discussion that considers further
possibilities and directions for research on the proposed method, followed by a conclusion.

2. Mahalanobis-Constrained Hard-Clustering Algorithm

This section presents the development of the proposed method, obtained by modifying
the k-means procedure with center-based constraints that exploit the fact that the squared
Mahalanobis distance follows a chi-square distribution [10,24,31], where numerous related
Mahalanobis-based developments have been investigated in recent years across various
application domains [6,8-10,16-19]. At the end of the section, numerical experiments are
presented to evaluate the proposed method: specifically, clustering performance is assessed
on artificial datasets generated under various noisy conditions.

2.1. The Proposed Method

To develop a center-based trimming constraint for the iterative procedure, the (squared)
Mahalanobis distance

du(Gu L) = (x—p) 27 (x—p),

is considered, where u € R" denotes the mean vector and £ € R"*" is the covariance
matrix. Assuming that the cluster data are Gaussian, the squared Mahalanobis distance is
known to follow a chi-squared distribution with n degrees of freedom. Hence, for p € [0,1]
the following constraint is imposed:

du(x; 1, 2) < xa(p), (1)

where x2(p) denotes the p-quantile value of the chi-squared distribution with n degrees
of freedom. Thus, at the current iteration, the trimming is performed by rejecting the
(1 — p)100% of observations lying in the low-probability tails.

In order to demonstrate the performance of the proposed method and present the
corresponding algorithm, an illustrative example is presented in Figure 1, where an artificial
dataset X = {x; € R":i = 1,...,m} is shown together with the contour lines of the
iterative step. So, each step is generated by k centroids { ygt),. ey y]((t)} and covariances
{Z(t), e, Z,gﬂ }, which eventually define clusters {n%t), e, 7'(,9) }. The black marked dotted

line denotes the borderlines ||x — y](t) |l = |lx — ‘ul(t) ll2, j # 1, suggesting the performance of

the standard k-means algorithm. By the blue marked dashed lines the contours of the ellipsoid

dm(x; ;4]@, Z](t)

each corresponding cluster centroid and covariance. In that sense, the trimming procedure

) = X2(p) is denoted, which includes the constraint (1) that is generated by the

is performed, which involves all the data contained in an ellipsoid region that is generated
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by some predefined value p € [0,1], and excludes all observations that exceed the p-quantile

value. This performance is conducted by defining the trimming indicator as
1) s (t

50 { 1, du(x; y](- ),Z](- ) <) @)

Y 0, otherwise,

which considers whether the observations are excluded from the calculation of the current
iteration step or not, where it denoted by the red dashed lines that the observation x; is

(t)

o

Consequently, the clusters can be defined as
( ()

t t . t .
) = {xi: [lxi — ||2:513>-1r§1£k||xi—y§>||2}, i=1,...,m

not associated with any cluster, i.e., 6;;” = 0, Vj, and thus it can be declared as an outlier.

Eventually, the next iteration step can be performed by generating new centroids and
covariances, i.e.,

(t+1) 1 .
‘ll] - (t) Z Xi;

|7Tj Ixien](t)
t+1 1 PN T t+1
g g B ) ),
|7'L'j I_lxien]@

where the entire procedure is repeated until convergence of the centroids and covariances.
This performance is evaluated by considering the iteration error step A(*) with a small
predefined stoppage criterion € > 0, where the centroid errors are measured using the
Ly-norm (Euclidean norm), and the covariances using the Frobenius matrix norm, i.e.,

1

k 2

1 1

A = (Dnu}” UG R LR H%)) .
j=1

Finally, the proposed method can be summarized by Algorithm 1.

Remark 1. By considering the trimming indicator (2), it can be that if p — 1, every observation
will be included in the modeling process because x2(p) — co. In that case, all data will be included,
and the proposed method will behave identically to the standard k-means algorithm.

Remark 2. The computational complexity of Algorithm 1 is
kO(m+ mn® + n3),

since the proposed method involves computations of k components with corresponding expectations
(O(m)), covariance matrices of size n X n (O(mn?)), and their inverses (O(n>)).

2.2. Numerical Experiments

In this subsection, the proposed method is examined. First, it is tested and evaluated
on an artificial dataset containing an outlier (i.e., in a noisy environment) to demonstrate
its capabilities. Afterwards, it is compared with the well-known state-of-the-art cluster-
ing methods.

https:/ /doi.org/10.3390/math14152701


https://doi.org/10.3390/math14152701

Mathematics 2026, 14, 2701 40f17

Algorithm 1 The Proposed Method

Input: X = {x; e R":i =1,...,m}, {ygo),...,y,(co)}, {Z(O),...,ZI((O)}, pelol],t=0,
e>0;

1. loop:
2 Caleulates(f), Vi e {1,...,m},Vj € {1,... k}:

PION du (e, =) < 23 (p);
g 0, otherwise;

3: Determinate clusters 7'(]@, Vied{l,... k}:
(G0 OV DURNN (3 RTURIN () B B L :
T = {x;: [|x; K |l = 51.]. élllgk ;i — 1 2}, i=1,...,m;
4 Calculate Vj € {1,...,k} new centroid and covariance matrix:
(t+1) _ 1 .
Hi o X
j Xieﬂ/(r)
t+1 1 HNT HH1)
s = Ly (gl (- Y,
] ‘7‘[. ‘—1 (t ] ]
] Xi€T;
5: Calculate error iteration step:

k 2
A = (,zluwﬁ” -1V ) —z}”%%)) ;
]:

t=t+1;

6: iterate until A1) < ¢
Output: {ygt), : ..,‘u,((t)}, {th), . .,Z,((t)};
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Figure 1. Schematic of the Proposed Method.

2.2.1. Evaluation on Noisy Data

To evaluate the proposed method, artificial datasets that include outliers are consid-
ered. Outliers (noisy data) are atypical observations that can distort fitted models and
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undermine statistical inference. They may arise from different generating mechanisms,
measurement or data-entry errors, or inherent noisy structure, and can therefore exert dis-
proportionate influence and lead to misleading conclusions. Detecting and assessing such
observations prior to model building allows analysts to decide whether to accommodate,
downweight, or exclude them, and to choose modeling strategies that limit or reduce their
impact [10,17,24,25,31,32].

The following Figure 2 illustrates the proposed method on datasets whose clusters
7Tj* follow Gaussian distributions N ( y]*, Z]*) and are embedded in an artificially generated
high-level noisy structured environment. In the presented figure, the black dashed ellipses
dm(x; O ]*) = x2%(0.95) denote the contours of the original Gaussian-distributed clusters,
](o)’ 5 ](o)
dm(x; ]/t](-t), Z](t)) = Xx%(0.95) denotes the final output of the Algorithm 1. The results in
Figure 2a,b demonstrate the performance of Algorithm 1 for p = 0.95, which achieves good

the blue ellipse dp(x; ) = x%(0.95) denotes the input settings, and the red ellipse

results, while the results in Figure 2c,d (p = 0.90) show degraded performance, as the
trimming removes too much data from the low-probability tails and can therefore produce
poorer outcomes.

In Figure 3, the performance of the final Algorithm 1 output is presented via the Sum
of Squared Errors (SSE) loss function

1
k 2
SSE = (Dnu;” — w3+ —z;||%>> : 3)

j=1

Results reveal that the p-quantile value depends on the input settings and data struc-
ture what can cause sensitivity near the minimum value of the observed SSE loss function.
The situation corresponding to the example in Figure 2, when the noise level reaches approx-
imately 80%, reveals sensitivity around the minimum value and causes a significant jump
in the SSE. In another case, when the noise level reaches approximately 30%, the p-quantile
demonstrates some robustness around the minimal value for the corresponding input
setting, despite different noise density structures and input locations.

In Figure 4a,b, the iteration errors for the examples shown in Figure 2 are presented,
which show the convergence properties of Algorithm 1 for each case. Furthermore, the it-
eration error of Algorithm 1 for p = 0.65 is presented for both examples, since excessive
trimming leads to degenerate conditional covariance matrices and consequently causes the
immediate stoppage of Algorithm 1.

2.2.2. Comparison with State-of-the-Art Clustering Methods

This section presents a comparison of the proposed method with well-known
state-of-the-art clustering techniques and some of their robust modifications. To that
end, several established methods are evaluated: standard k-means, EM algorithm, and DB-
SCAN [1,3,4]. Robust adaptations are also examined, including trimmed k-means [5] and a
robust EM that models clusters with the Student #-distribution; the t-distribution’s heavy
tails increase resistance to outliers [11]. Given the complexity of datasets that exhibit specific
structure or contain outliers, this comparison is conducted to demonstrate the advantage of
the proposed method over techniques that perform similarly on well-grouped, structureless
datasets with low noise.
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() (b)

Figure 4. Iteration error: (a) Noise level = 80%. (b) Noisy level ~ 30%.

Figure 5 presents the final results of the presented clustering methods for the
case of Gaussian-distributed clusters N (]/t;f, Z]*) that are located in an artificial noisy
structured environment with noise level~ 60%. The black dashed ellipses denote
dm(x; ],t]’-”,Z]*) = x2(0.95), while the red dashed ellipses dp;(x; y](.t),Z](-t)) = x2(0.95) de-
note the final output of the corresponding method. In this case, the means and covariance

matrix are generated by the final output cluster 71]@ , such that y](.t) = Mean(n](t)) and

Z](-t) = Cov(n](t)). Each method’s input parameters (e.g., cluster centres and covariances)
are initialized close to the true cluster parameters to enable a fair comparison of final results
and to facilitate the SSE loss function (3). In this scenario, Figure 5a,b present results of the
standard and the trimmed k-means versions, respectively. The inputs are set near the cen-
troids {3, ..., ui} for both methods, while the trimming parameter that minimizes A* for
the trimmed version is set to 63%. Obviously, the results show that the trimmed k-means
greatly outperform the standard version. Figure 5c,d present the standard and robust
variation of the EM method, which both considered centroids input near {y7, ..., y;} and
covariances { Z‘l*, e, Z;}, where equal a priori probabilities for each cluster are considered.
Due to the high noise level, both methods were shown to perform poorly. Figure 5e presents
the results of the DBSCAN clustering method, which has shown very good performance for
a minimum distance of 1.8 and a minimum number of points of 5, demonstrating that the
target clusters can be tracked (DBSCAN also detects a larger number of smaller clusters in
this situation). Finally, Figure 5f presents the proposed method, which has been run for the
input near the original means and covariances, where results are obtained by considering
p = 0.98 (see Figure 3).

Optimal results for the proposed method are obtained by running repeated Monte
Carlo simulations in which random initializations are generated across the search region
and cluster-validation indices are used to select the best solution [1,3,4]. Figure 6 shows sim-
ulations performed on various clustering criteria for p = 0.98, which has demonstrated the
good performance discussed in the previous section (see Figure 3). Each run is performed
with k = 3, with starting centroids ]/t(o)

j
and covariances Z(O) = oyl, taken as predefined scaled identity matrices with scaling

€ X randomly generated over the observed dataset,

randomly drawn from o, € [5,10], and also including good separabillity of the centroids
such that ||u; — pj|l2 > 0; + 0. Under these conditions, starting positions were chosen to
avoid empty-case initializations and bead configurations that produce an ill-conditioned
bead matrix, which would otherwise cause immediate termination of Algorithm 1.
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Figure 5. Clustering results: (a) k-means. (b) Trimmed k-means. (c¢) EM algorithm. (d) Robust EM
algorithm. (e) DBSCAN. (f) The proposed method.

So, Figure 6a considers the performance of Algorithm 1 by evaluating the outlier
precision (OutPrec), which measures the correctness of detected outliers as the number
of correctly detected outliers divided by all detected outliers. Figure 6b evaluates the
performance by considering outlier recall (OutRec), which measures the proportion of
actual outliers that were detected, defined as the number of correctly detected outliers
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divided by all true outliers. Figure 6¢c shows the Adjusted Rand Index (ARI), which
measures similarity between two clusterings and ranges from —1 to 1:1 indicates perfect
agreement, 0 indicates agreement comparable to random, and negative values indicate less
agreement than expected by chance [33]. Figure 6d shows the average Normalized Mutual
Information (NMI), which quantifies agreement between two clusterings by normalizing
their mutual information by the label entropies [34]. Figure 6e presents the Root Mean
Squared Error (RMSE) simulation, which measures the square root of the average squared
differences between predicted and actual values:

1/2
I G SR W O R S Ry
RMSE = (k(n+nz) L (" = willa + %7 = Z51F) | -

]

Figure 6f shows performance measured by the Covariance Error (CovErr), defined as the
difference between the estimated covariance matrix and the true covariance:

k
t
CovErr = 21 = — =l
]:

Figure 6g shows simulations using the Sum of Squared Errors (SSE) (3), which serves as
the primary optimization metric in the evaluation. Finally, Figure 6h reports running-
time performance; runtimes were recorded in the Wolfram Cloud (Wolfram Research,
Champaign, IL, USA).

The final results for the methods in Figure 5 are listed in Table 1, with comparative
methods obtained by fine-tuning parameters and selecting the solution with the minimal
SSE and the proposed method obtained via the repeated Monte Carlo simulations shown
in Figure 6. OutPrec is computed only for methods that handle outliers, with Algorithm 1
achieving the best performance at 97% precision and trimmed k-means at 96%. OutRec
shows the best performance in DBSCAN, achieving 99% (though DBSCAN lacks OutPrec),
while Algorithm 1 and trimmed k-means perform slightly worse. All methods show good
ARI results, with DBSCAN and Algorithm 1 achieving the highest ARI of 0.97. Also, all
methods perform well for NMI, with DBSCAN and Algorithm 1 achieving the highest NMI
of 0.96. In RMSE, CovErr, and SSE cases, the proposed method has achieved the best results.
The proposed And finally, the running-time performance shows that standard k-means and
its trimmed variant slightly outperform Algorithm 1, while EM and its robust modification
converge more slowly.

Table 1. Final results.

Method k-Means Trimmed k-Means EM Robust EM DBSCAN Algorithm 1

Measure

OutPrec - 96% - - 91% 97%
OutRec - 97% - - 99% 98%
ARI 0.95 0.94 0.86 0.93 0.97 0.97
NMI 0.93 0.93 0.86 0.92 0.96 0.96
RMSE 8.04 1.08 9.05 11.74 1.05 0.31
CovErr 144.47 19.42 162.12 211.30 18.92 5.49
SSE 144.78 19.46 162.38 211.41 18.97 5.66
Runtime (sec) 0.15 0.17 31.48 36.17 2.20 0.46
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Figure 6. Repeated Monte Carlo simulations for Algorithm 1 (k = 3, p = 0.98): (a) OutPrec.
(b) OutRec. (c) ARI. (d) NML (e) RMSE. (f) CovErr. (g) SSE. (h) Runtime.
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3. Application: Recognition of Circular Patterns in Images

This section discusses the application of the proposed method to image processing, par-
ticularly pattern recognition [2]. So, Figure 7 presents an image of size M x N represented
in matrix form as X = [xij]i<i<m1<j<n, Where each component x;; denotes the color
intensity of the corresponding pixel. One of the best-known representations of pixel color
intensities is the RGB color space: a color image is treated as a vector-valued image signal
in which each pixel is a three-component vector (Red, Green, Blue). In this scenario the
color intensities are defined by x;j = (Rij, Gij, Bij), with Rij, Gij, Bij € {0,1,...,255}.

1,1 j X
(1,1) J‘ N 2
|
|
|

xﬂ

Figure 7. Image representation.

The proposed method is illustrated for spherical pattern detection in a variety of
industrial-scene RGB images, showing different types of holes and circular objects such as

bearings and rivets. Figure 8 presents some of these image types, which are tested to detect
those patterns.

(a) (b)

(d)

Figure 8. Test images : (a) Hole (150 x 220). (b) Bearing (150 x 220). (c) Bearing and hole (150 x 230).
(d) Bearing and holes (150 x 220).

The experiments were conducted on RGB color-segmented images obtained by using the
standard k-means algorithm [2,27,28]. The application of a cluster partitioning scenario by
the k-means at the RGB color intensities set RGB = {x35 [i =1,...,.M & j=1,...,N},

https://doi.org/10.3390 /math14152701
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divides the observed RGB into the k disjoint set {I1y, ..., IIx} such that RGB = Ui‘zll—[t. Con-
sequently, each partition IT; generates a corresponding subregion Ry = {(i,j) | xij € Il}
of the spatial region of the observed image X, and thus can be observed and tested in order
to detect a specific pattern which they posses. In Figure 9, the image subregion sets R* = R,
t € {1,...,k}, are shown in the image spatial domain for the corresponding examples
presented in Figure 8. The subregions R* are obtained by applying k-means with k = 2,
where it is assumed, without the loss of generality, that R* contains observed spherical
patterns. Finally, the proposed method is presented by applying the Algorithm 1 on the

set X = R*, where the starting initial Mahalanobis contours d(x; ym), Z](.O)) = x3(p) are

) 50
i

j
denoted by blue, while the final contours dp;(x; ) = x%(p) are colored red (for each

example p = 0.88 is observed).

(b)

(d)

Figure 9. Image segmentation and pattern recognition results: (a) Hole (150 x 220). (b) Bearing
(150 x 220). (c) Bearing and hole (150 x 230). (d) Bearing and holes (150 x 220).

To choose the appropriate p-quantile and thus optimize the rejection procedure while
avoiding unnecessary gaps, the cluster validity index Ind; is developed for each final
cluster n]@. It is modeled to incorporate the condition number «; of the corresponding
covariance matrix 2\ and a measure of how well the data support that component. So,
the spherical detection index is defined as

1 7"
(=) #{(1,3) | dm((5,5) 1", =) < 3 (p))

Indj(p) =

where Kz(Zj(t)) presents the condition number of a covariance matrix in the sense of L,-
norm, i.e.,
/\max
t
KZ(Z](' )=

- Amin’
]
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where )\;“i“, )\}“ax are minimal and maximal singular values of Z](t). Finally, the index that
includes the minimum of the overall component indices is defined as

Ind(p) = min Ind;(p), 4)
j=1,...k
where the goal is to achieve the maximal value that indicates the most spherical and
supported components. In Figure 10, the measurements via p-quantile value are conducted
for each corresponding specification that is presented in Figure 9, where it is established
that the most appropriate p-quantile value reaches its maximum for the observed index
Ind around p ~ 0.88.

Ind

Figure 10. Index via p-quantile value.

Comparison with State-of-the-Art Circle Detectors

In this subsection, the evaluation is presented using the proposed method (Algorithm 1,
p = 0.88) and well-known state-of-the-art circle detection methods. The proposed method
is compared with the robust version of the Center-Based Circle Detection method [7,15],
the Hough Circle Detection method [30], and the modified RANSAC Circle Detection
method [29]. Each method was tested on the image examples shown in Figure 8 and
evaluated using the defined spherical validity index Ind (4) for each corresponding image.
Each compared method was assessed on the image edge-detector domain [2], and the final
output was taken as the maximal value of Ind in order to detect spherical objects which
are located within highly noisy structures. For that purpose, the RANSAC Circle Detector
is modified to find circles that maximize Ind. In this situation, the circles are randomly
generated along the edge domain until the best performance of Ind is established.

The overall results are presented in the following figures, where Figure 11 illustrates
the effectiveness of the observed method for the test image Figure 8a. Each method
achieved good performance, where RANSAC slightly outperforms Hough Circle Detector
and the Proposed Method, except the robust variation of the Center-Based Circle Detector,
which failed due to high noise contamination. Similar results are obtained for the test
image Figure 8a, which are presented in Figure 12. Figure 13c shows that the Hough
Circle Detector fails to detect an isolated spherical object, while the Proposed Method
and RANSAC modification establish good performance of detection, as is presented in
Figures 13a and 13d, respectively. Finally, Figure 14 presents similar results as the previous
case, where the Hough Circle Detector has shown a lack of detection of a skew isolated
circle, and the best performance of the modified RANSAC method. In this situation,
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the visual performance of RANSAC (Figure 14d) does not match the high cluster validity
index Ind = 0.92 due to the lack of proper initialization, which leads to overlapping.

Figure 11. Final results for test image Hole (150 x 220): (a) Proposed Method (Ind = 0.86). (b) Center-
Based Circle Detection (Ind = 0.58). (c¢) Hough Circle Detection (Ind = 0.98). (d) RANSAC Circle
Detection (Ind = 1).

Figure 12. Final results for test image Bearing (150 x 220): (a) Proposed Method (Ind = 0.86).
(b) Center-Based Circle Detection (Ind = 0.52). (c¢) Hough Circle Detection (Ind = 0.93). (d) RANSAC
Circle Detection (Ind = 1).
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(b)

(d)

Figure 13. Final results for test image Bearing and hole (150 x 230): (a) Proposed Method (Ind = 0.86).
(b) Center-Based Circle Detection (Ind = 0.13). (¢) Hough Circle Detection (Ind = 0.94). (d) RANSAC
Circle Detection (Ind = 0.94).

(d)

Figure 14. Final results for test image Bearing and holes (150 x 220): (a) Proposed Method (Ind = 0.71).
(b) Center-Based Circle Detection (Ind = 0.21). (¢) Hough Circle Detection (Ind = 0.94). (d) RANSAC
Circle Detection (Ind = 0.92).

4. Discussion

This paper presents a modification of the standard iterative k-means clustering method.
The Mahalanobis-Constrained Hard-Clustering Algorithm is constructed to omit data from
the tails of the Gaussian low probability that is achieved by the fact that Mahalanobis
distance follows a chi-squared distribution; adjusting the p-quantile controls exclusion
of points in the component tails. In this respect, the proposed approach departs from
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common alternatives that rely on robust estimators for parameter estimation within the
iterative procedure, enabling effective performance in highly noisy data or noisy-structure
scenarios where other methods may fail. Further development is possible by incorporating
robust estimators and designing alternative models and constraints, which would expand
the range of applications and research directions [21,22,24,25,31]. Additionally, modeling
various types of indices supports further study of issues such as determining the optimal
number of components or clusters, which presents a particularly challenging problem in
noisy data [3,10].

5. Conclusions

Building on the well-known k-means algorithm and Mahalanobis-distance-based vari-
ants, we developed and examined a center-based iterative method constrained by the Maha-
lanobis distance. Numerical experiments show that the proposed Mahalanobis-Constrained
Hard-Clustering Algorithm effectively handles highly noisy data and a range of noisy data-
structure models. Its application to detecting spherical patterns in multi-scene test images
confirmed the method’s effectiveness at identifying circular patterns under severe noise.
This work used the Wolfram Cloud (Wolfram Research, Champaign, IL, USA). Available at:
https:/ /www.wolframcloud.com/.
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