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Abstract

In order to improve the bird strike avoidance management at airports, and to realize
the linkage of bird detection radar and a variety of bird repellent equipment, intelligent
bird repellent decision methods have attracted widespread attention. In this paper, we
are committed to exploring bird target recognition approaches, so as to prepare for the
subsequent bird repellent decision methods. Kernel methods are well known to be effective
in dealing with nonlinear machine learning problems. However, the performance of kernel
methods heavily relies on the choice of kernel parameters. To mitigate this problem, we add
the ideas of multiple kernels and randomized techniques to kernel discriminant analysis
(KDA), and propose a randomized and fast multiple kernel discriminant analysis (RM-
KDA) method with applications to bird recognition. The main contributions of our work are
two-fold. First, we propose an innovative multiple kernel discriminant analysis (M-KDA)
framework to effectively solve recognition tasks with nonlinear data structures. Second,
we develop a fast and efficient randomized algorithm to solve the M-KDA model without
explicitly forming and storing the base kernel matrices and the ensemble kernel matrix in
advance, which greatly reduces the computation and storage requirements. The extensive
experiments on benchmark recognition databases demonstrate the effectiveness of the
proposed algorithm.

Keywords: multiple kernel; randomized algorithm; linear discriminant analysis; feature
extraction; bird recognition

MSC: 68T10; 68W20; 62H30; 46E22

1. Introduction
Birdstrike is an accident that affects flight safety when an aircraft is struck by a bird

during takeoff, climb, cruise or landing. As aircraft continue to grow in number, size
and speed, these increase the likelihood of bird strikes in the air [1–3]. According to the
International Civil Aviation Organization, there are more than 20,000 bird strikes each year.
It is estimated that the global annual cost of bird collisions is more than 10 billion dollars,
and bird strikes have become one of the most dangerous factors threatening aviation
safety [4,5].

Bird detection and tracking are fundamental components of airport bird-strike pre-
vention systems [3,5]. Bird detection aims to determine the presence of bird targets, while
tracking focuses on estimating their locations, trajectories, and movement patterns. How-
ever, these approaches generally cannot identify the species or categories of the observed
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birds. In practice, different bird species may pose substantially different levels of risk to
aircraft due to differences in body size, flocking behavior, flight altitude, and activity charac-
teristics. Therefore, bird recognition serves as a complementary and essential step beyond
detection and tracking, providing critical information for bird-strike risk assessment, eco-
logical management, and intelligent bird-repellent decision making [6,7]. Furthermore, the
research of bird recognition technology also plays an important role in ecological protection,
scientific research and nature education [6,8].

Recently, deep learning methods have achieved remarkable success in bird recognition
tasks [7]. However, these methods often require many labeled training data, substantial
computational resources, and extensive parameter tuning [9]. In contrast, kernel-based
discriminative learning methods provide a mathematically interpretable framework and
can be trained with relatively lower computational cost [10–12]. Furthermore, random-
ized matrix approximation techniques make large-scale kernel learning computationally
feasible [13–15]. Motivated by these observations, we develop a fast and randomized
multiple kernel discriminant analysis (RM-KDA) method that focuses on efficient nonlinear
discriminative learning through multiple kernels and randomized matrix approximation.
It is worth noting that RM-KDA should be regarded as complementary to deep learning
rather than a replacement for it [12], since it can be directly applied to deep feature repre-
sentations extracted by modern neural networks. Therefore, the proposed method provides
a computationally efficient and mathematically interpretable framework for large-scale
discriminative learning and classification.

The main contributions of our work are two-fold.

1. First, many classification tasks involve complex, nonlinear patterns that cannot be
fully captured by standard linear discriminant analysis (LDA). By integrating multiple
kernel learning (MKL) into the LDA, the framework effectively combines multiple
feature representations to enhance discriminative power while preserving the theoreti-
cal foundation of LDA. This approach is particularly valuable for applications such
as fine-grained recognition, where subtle inter-class variations and nonlinear feature
interactions are prevalent.
Building on this idea, we propose a multiple kernel discriminant analysis (M-KDA)
framework to effectively address recognition tasks with nonlinear data structures.
The M-KDA model leverages multiple kernels to capture complementary informa-
tion across features, enabling more robust and accurate classification compared to
standard LDA.

2. Second, despite the success of multiple kernel methods in various applications [10–12],
to the best of our knowledge, most of the existing approaches are only suitable for
small-sample problems. This is because these methods typically require explicitly
constructing and storing all base kernel matrices and the ensemble kernel matrix in
advance [11,16–22], resulting in substantial computational and memory demands. For
large-scale datasets, this requirement can become a critical limitation, making such
approaches computationally prohibitive or even infeasible. Therefore, it is essential to
develop new insights into multiple kernel learning and to substantially improve its
numerical efficiency.
To address the challenges, we propose a fast and efficient randomized algorithm for
solving the M-KDA model using a generalizedNyström approximation. The algorithm
avoids explicitly constructing and storing individual base kernel matrices as well as the
ensemble kernel matrix in advance, thereby significantly reducing both computational
complexity and memory consumption. Extensive experiments on benchmark datasets
demonstrate that the proposed randomized M-KDA (RM-KDA) achieves competitive
recognition performance while offering substantial improvements in efficiency.
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The structure of this paper is as follows. In Section 2, we briefly review the original lin-
ear discriminant analysis (LDA) algorithm and some extensions. In Section 3, to reduce the
computational overhead, a fast and randomized algorithm for multiple kernel discriminant
analysis (RM-KDA) is proposed. Finally, in Section 4, we perform numerical experiments
on benchmark recognition databases to demonstrate the superior performance of our RM-
KDA algorithm. Some conclusions are drawn in Section 5. We list some notations used in
this paper in Table 1.

Table 1. Some notations used in this paper.

Notations Description

d, n The data dimension, and the number of training samples
k The number of classes that the samples belong to
s The discriminant space dimensionality, i.e., the reduced dimension
N The number of total samples, including training and test samples
X X = [x1, x2, . . . , xn] ∈ Rd×n is the training data matrix

m, {Ki}m
i=1 The number of base kernel matrices, and base kernel matrices

β
β = [β1, β2, . . . , βm]T ∈ Rm stands for combination coefficients of

base kernel matrices
K The ensemble kernel K =

m
∑

i=1
βiKi

Ii The identity matrix of dimension i
GT , G† Transpose of the matrix G and Moore–Penrose pseudoinverse of G

rank(G), tr(G) Rank of the matrix G and trace of G
∥ · ∥2, ∥ · ∥F 2-norm and Frobenius norm

2. Preliminaries
Recently, with the development of technology, bird recognition technology is playing

an increasingly important role in airport bird repellent work [6,7]. In this paper, we
are committed to exploring bird target recognition approaches, so as to prepare for the
subsequent bird repellent decision methods. It is well known that dimensionality reduction
has been a key problem in many fields of information processing, such as information
retrieval, data mining and pattern recognition. In essence, dimensionality reduction is
a method which projects high-dimensional data into a low-dimensional data space, and
the optimization problem involved is a trace-ratio problem. However, many traditional
methods can only handle small dimensionality. The effectiveness and efficiency of these
traditional methods drop exponentially as the dimensionality increases, which is commonly
referred to as the “curse of dimensionality” [23].

The most typical method of dimensionality reduction is linear discriminant analysis
(LDA) [24–26], and its main idea is to search an orthogonal matrix maximizing between-
class scatter while minimizing within-class scatter. Next, let us introduce LDA in detail.
Denote by X = [ x1, x2, . . . , xn] ∈ Rd×n a set of d-dimensional training data, assuming
that the data set is partitioned into k classes as X = [X1, X2, . . . , Xk], where Xj is the j-th
class with nj samples. Let cj and c be the centroid vector of the j-th class data Xj and the
global centroid vector of all training data, respectively. Set 1nj = [1, 1, . . . , 1]T ∈ Rnj and
HW = [X1 − c11T

n1
, X2 − c21T

n2
, . . . , Xk − ck1T

nk
] ∈ Rd×n, and then the within-class scatter

matrix is

SW =
k

∑
j=1

∑
xi∈Xj

(xi − cj)(xi − cj)
T = HW HT

W .

Then, let HB = [
√

n1(c1 − c),
√

n2(c2 − c), . . . ,
√

nk(ck − c)] ∈ Rd×k, so the between-class
scatter matrix is defined as
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SB =
k

∑
j=1

nj(cj − c)(cj − c)T = HB HT
B .

Finally, the total scatter matrix is as follows:

ST =
n

∑
j=1

(xj − c)(xj − c)T = HT HT
T ,

where HT = [x1 − c, x2 − c, . . . , xn − c] ∈ Rd×n.
Let A ∈ Rd×s denote the projection matrix consisting of s discriminant projection

vectors; then, the fundamental problem with the LDA method reduces to the trace-
ratio problem

max
A∈Rd×s
AT A=Is

tr(ATSB A)

tr(ATSW A)
, (1)

where s ≪ d represents the dimension of projection subspace. Using the projection matrix
A, an input sample xi ∈ Rd can be projected from the original high-dimensional space into
a s-dimensional subspace according to

yi = ATxi,

where yi ∈ Rs denotes the low-dimensional representation of xi.
For the sake of simplification, the original trace-ratio problem (1) is often replaced by

a ratio-trace problem [27–29]

max
A∈Rd×s
AT A=Is

tr
(
(ATSW A)−1(ATSB A)

)
, (2)

whose solution can be obtained by the generalized eigenvalue problem

SBa = λSW a. (3)

Obviously, SW , SB, ST are symmetric positive semidefinite matrices; hence, the “singu-
larity problem” may occur. Fortunately, exponential discriminant analysis [30,31], regular-
ized linear discriminant analysis (RLDA) [32], LDA/QR [33], generalizing discriminant
analysis using generalized singular value decomposition (LDA/GSVD) [25,34], and linear
algorithms based on principal component analysis (PCA) [35–38] have been proposed to
overcome this defect. Further, relatively mature research exists on the ratio-trace problem
with high-dimensional large samples. But there is no good scheme for the trace-ratio prob-
lem with high-dimensional large samples. In fact, the ratio-trace problem is not equivalent
to the trace-ratio problem. Moreover, some results have been shown that the recognition
rate of the algorithms based on trace-ratio models is better than that of ratio-trace mod-
els [39,40], which has caused a large number of scholars to turn to the trace-ratio problem.

The well-known LDA method is a classical linear method and fails for nonlinear
problems. To deal with this limitation, a nonlinear extension through the “kernel trick” of
LDA, known as kernel discriminant analysis (KDA), has been proposed [23,41,42]. The
main idea of the kernel method is to map the input data to a feature space via a nonlinear
mapping, where the inner products in the feature space can be computed by a kernel
function without knowing the nonlinear mapping explicitly. When the data are highly
nonlinearly distributed, KDA can achieve better numerical performance than LDA [23].

The mathematical framework of KDA is as follows. For a chosen nonlinear mapping ϕ,
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ϕ : Rd → F ,

an inner product in the feature space F can be obtained in the following way:

⟨ϕ(xi), ϕ(xj)⟩ = κ(xi, xj)

where κ(·, ·) is a positive semi-definite kernel function. Let Sϕ
W , Sϕ

B and Sϕ
T denote the

between-class, within-class and total scatter matrices in the feature space F , respectively.
We have

Sϕ
W =

k

∑
j=1

∑
xi∈Xj

(ϕ(xi)− c(j)
ϕ )(ϕ(xi)− c(j)

ϕ )T ∈ R|F |×|F|,

Sϕ
B =

k

∑
j=1

nj(c
(j)
ϕ − cϕ)(c

(j)
ϕ − cϕ)

T ∈ R|F |×|F|,

Sϕ
T =

n

∑
j=1

(ϕ(xj)− cϕ)(ϕ(xj)− cϕ)
T ∈ R|F |×|F|,

where c(j)
ϕ and cϕ are the centroids of the j-th class and the global centroid in the feature

space F , respectively. Denote by V = [v1, v2, . . . , vs] ∈ R|F |×s the projection matrix in the
feature space; then, the corresponding objective function (1) is

Vopt = argmax
V∈R|F |×s

VTV=Is

tr(VTSϕ
BV)

tr(VTSϕ
WV)

, (4)

which can be solved by the eigenproblem

Sϕ
Bv = λSϕ

Wv. (5)

However, solving (5) directly is impractical since |F | is very large or even infinite
in practice.

Fortunately, according to Representer Theorem [43–45], there exist coefficients {αi}n
i=1

such that vj = ∑n
i=1 αijϕ(xi), i.e.,

V = ΦA,

where A =
[
α1, α2, . . . , αs

]
∈ Rn×s with αj = [α1j, α2j, . . . , αnj]

T , j = 1, 2, . . . , s, and
Φ = [ϕ(x1), ϕ(x2), . . . , ϕ(xn)] ∈ R|F |×n. Moreover, denote by W = [wij] ∈ Rn×n the
affinity matrix whose entry wij measures the similarity between the i-th and j-th training
samples [11], and define each wij as a function of the label vector g in the following manner:

wij =

{
1

ngi
, i f gi = gj,

0, otherwise,

where gi is the label of the i-th sample, and ngi is the number of samples in the gi-th
class [11,18,20]. Then, it follows from [43] that (4) is equivalent to

A = argmax
A∈Rn×s
AT A=Is

tr(ATKWKA)

tr(ATKKA)
, (6)

and the corresponding eigenproblem is

KWKαj = λjKKαj, (7)

where K ∈ Rn×n is the kernel matrix with the ij-th element Kij = κ(xi, xj).
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Most kernel approaches, such as KDA, are computationally very expensive. It is
because kernel versions need to compute the kernel matrix K ∈ Rn×n explicitly, where n
is the training set cardinality. However, since the computational complexities and the
storage requirements are O(n3) and O(n2) [15,46,47], respectively, KDA as mentioned
above will become computationally intractable as n is large. On the other hand, it
is well known that numerical performance of the kernel-based methods closely relies
on the choice of kernel parameters [48–50]. However, for a particular machine learning
task, the most suitable kernel is generally not so easy to determine in advance [22,49].
Hence, choosing the proper kernel is a challenging task that requires careful consideration.
Fortunately, multiple kernel learning (MKL) can address this shortcoming to some extent.
Its purpose is to learn a new kernel function K = ∑m

i=1 βiKi from a family of given kernels
K1, K2, . . . , Km with kernel weight coefficients β = [β1, β2, . . . , βm]T ∈ Rm [10,51,52].

However, to the best of our knowledge, there are few algorithms that provide the
version of multiple kernels for KDA. To fill this gap, on the one hand, we propose the
idea of multiple kernels for LDA, i.e., the multiple kernel discriminant analysis (M-KDA)
model. On the other hand, most multiple kernel approaches need to explicitly form and
store all the base kernel matrices and an ensemble kernel matrix in advance [11,16–22],
which requires a huge amount of computation and storage. For large-scale datasets, this
problem will become a fatal flaw for multiple kernel approaches. Thus, we propose a fast
and randomized multiple kernel discriminant analysis algorithm (RM-KDA) that avoids
explicitly forming and storing the base kernel matrices.

3. A Fast and Randomized Multiple Kernel Discriminant
Analysis Algorithm

Multiple-kernelization in LDA is accomplished in a similar way to that in KDA,
but with the key difference of using multiple kernels {Kp}m

p=1. Next, we propose the
randomized multiple kernel discriminant analysis (RM-KDA) algorithm in more detail.

3.1. The RM-KDA Algorithm

Denote by X = [x1, x2, . . . , xn] ∈ Rd×n a set of d-dimensional training data, and let
W = [wij] ∈ Rn×n be the corresponding affinity matrix. Suppose we have a set of base
kernel functions {κp}m

p=1 or base kernel matrices {Kp}m
p=1, where Kp(i, j) = κp(xi, xj); then,

an ensemble kernel function κ or an ensemble kernel matrix K is defined by

κ(xi, xj) =
m

∑
p=1

βpκp(xi, xj), where
m

∑
p=1

βp = 1, βp ≥ 0, (8)

and

K =
m

∑
p=1

βpKp, where
m

∑
p=1

βp = 1, βp ≥ 0, (9)

respectively.
For simplicity and computational efficiency, the ensemble kernel K in this paper is

constructed as a linear combination of equal-weighted base kernels. Instead of learning the
kernel weights adaptively, equal weights are adopted to avoid the additional optimization
procedure required for kernel weight estimation, thereby reducing the computational
cost. Therefore, this paper focuses on the integration of Nyström-based randomized
approximation into the multiple kernel discriminant analysis framework, while leaving
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adaptive kernel weight optimization as a topic for future investigation. Finally, M-KDA is
defined as follows:

A = argmax
A∈Rn×s
ATA=Is

tr(ATKWKA)
tr(ATKKA)

, (10)

Notice that the optimization problem (10) is a trace-ratio problem. However, the trace-ratio
problem is difficult to solve [27,53], and one often solves the ratio-trace problem instead,
which reduces to a generalized eigenproblem. Consequently, the columns of the optimal
A = [α̃1, α̃2, . . . , α̃s] ∈ Rn×s are the eigenvectors corresponding to the first s largest eigenvalues
in the generalized eigenproblem

KWKα̃ = λKKα̃. (11)

Remark 1. It should be noted that the generalized eigenvalue problem in (11) is obtained through the
conventional ratio-trace relaxation of the original trace-ratio objective rather than an exact equivalent
transformation. This relaxation has been widely adopted in KDA-based methods [23,41,42,54,55] due
to its computational efficiency and favorable empirical performance. Furthermore, since the ensemble
kernel matrix K ∈ Rn×n may be rank-deficient when n ≫ d, the proposed method will perform
discriminant analysis using Nyström low-rank approximation and employ the Moore–Penrose
pseudoinverse whenever necessary, thereby improving numerical stability while preserving most of
the discriminative information.

Next, we adopt two steps to efficiently solve {α̃i}s
i=1:

1. Solve the generalized eigenproblem

Wy = λy (12)

to obtain the eigenvectors {yi}s
i=1 corresponding to the largest s eigenvalues. Cai et al. in [41]

showed how this eigenproblem (12) is trivial and the eigenvectors can be directly obtained with
a graph matrix W. Follow the strategy in [41], and denote Y = [y1, y2, . . . , ys] ∈ Rn×s.

2. With the matrix Y ∈ Rn×s at hand, we find A = [α̃1, α̃2, . . . , α̃s] which satisfies Kα̃i = yi,
i = 1, 2, . . . , s. In other words, we solve the following equation:

KA = Y. (13)

Since the kernel matrix may be rank-deficient when n ≫ d, the linear system is solved by
using the Moore–Penrose pseudoinverse, yielding the unique minimum-norm solution. This
choice, i.e., A = K†Y, is widely adopted in kernel learning methods and improves numerical
stability by avoiding the ambiguity associated with infinite feasible solutions.
In order to avoid forming these base kernel matrices {Kp}m

p=1 and the ensemble kernel
K = ∑m

p=1 βpKp directly, we use the low-rank approximation technique, i.e., Nyström
algorithm, to solve (13) quickly. In detail, given the target rank k, the standard Nyström
method [13,14] constructs a rank-k approximation to an arbitrary symmetric positive semidef-
inite (SPSD) kernel matrix by using only a few columns (or rows) of the matrix. Due to
K = ∑m

p=1 βpKp in (13), we can achieve the columns of the ensemble kernel matrix K by
selecting the columns of the base kernel matrices, thereby effectively avoiding the explicit
formation of all the base kernel matrices and the ensemble kernel matrix. More precisely, let q
be the oversampling number, and we denote Cp ∈ Rn×q(n ≫ q > k), p = 1, 2, . . . , m; the
matrices consist of q columns sampled from all the base kernel matrices Kp, p = 1, 2, . . . , m.
In this work, these columns are selected by uniform random sampling without replacement,
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so that each column has an equal probability of being chosen. Specifically, a common index
set I ⊂ {1, 2, . . . , n} containing q sampled indices is first generated, and these matrices
Cp are constructed as Cp = Kp(:, I), p = 1, 2, . . . , m. Therefore, all base kernel matrices
share the same sampling indices, ensuring sample correspondence across different kernels
when forming the ensemble sampled matrix. This randomized sampling strategy introduces
negligible preprocessing cost while providing an efficient low-rank approximation. Then, the
columns of the ensemble kernel matrix K can be represented as C = ∑m

p=1 βpCp. With the
matrix C at hand, the intersection matrix W ∈ Rq×q can be formed by the intersection of these
q columns and the corresponding q rows. Finally, The rank-q Nyström approximation is

K ≃ CW†CT . (14)

Notice that if the {Cp}s share the same sampling indices in {Kp}s, then (14) reduces to a
standard Nyström approximation to K, and we call (14) a generalized Nyström approximation.
For given matrices C ∈ Rn×q and W ∈ Rq×q, an efficient method to compute the best rank-k
approximation of (14) is presented in [13]. To be specific, let the economized QR decomposition
of C ∈ Rn×q be C = QR with Q ∈ Rn×q, R ∈ Rq×q, and the eigenvalue decomposition of the
q × q matrix RW†RT be RW†RT = VΛ̃VT , so one considers the best rank-k approximation
of CW†CT in any unitarily invariant norm,

Kopt
(k) = argmin

K̃:rank(K̃)≤k

∥CW†CT − K̃∥

= argmin
K̃:rank(K̃)≤k

∥Q(RW†RT)QT − K̃∥

= argmin
K̃:rank(K̃)≤k

∥(QV)Λ̃(QV)T − K̃∥

= (QV(:, 1 : k))Λ̃(1 : k, 1 : k)(QV(:, 1 : k))T (15)

Denote U = QV(:, 1 : k) ∈ Rn×k; we note that the columns of matrix U are orthonormal
because Q and V both have orthonormal columns. Thus, let Λ = Λ̃(1 : k, 1 : k) ∈ Rk×k;
we get matrices U ∈ Rn×k and Λ ∈ Rk×k with the eigenvalue decomposition K ≈ UΛUT .
Finally, the matrix A to be solved takes the approximate form

A ≈ U(Λ†(UTY)). (16)

It is worth mentioning that we do not need to form the matrix Kopt
(k) in (15) explicitly, and only

U and Λ are sufficient for the approximation (16).

See Algorithm 1 for our randomized multiple kernel discriminant analysis algorithm
(RM-KDA).

Algorithm 1 A fast and randomized multiple kernel discriminant analysis algorithm (RM-KDA)

Require: The data matrix X = [x1, x2, . . . , xn] ∈ Rd×n, the number of base kernel matrices
m, the number of oversampling q, a target rank k = q − 10 and the reducing dimension s;

Ensure: The projection matrix A = [α̃1, α̃2, . . . , α̃s] ∈ Rn×s.
1. Let β = ones(m, 1)/m;
2. Compute the affinity matrix W ∈ Rn×n;
3. Obtain directly the largest s eigenvectors {yi}s

i=1 of eigenproblem (12) according
to [41], and denote by Y = [y1, y2, . . . , ys] ∈ Rn×s;
4. Compute U ∈ Rn×k and Λ ∈ Rk×k with the approximate eigenvalue decomposition
K ≈ UΛUT using Nyström approximation (15);
5. Use U(Λ†(UTY)) in (16) to approximate the matrix A.
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Remark 2. Unlike conventional MKL-based discriminant analysis methods which solve the discrim-
inant problem directly on the entire ensemble kernel matrix K [11,16–22], the proposed RM-KDA
incorporates a generalized Nyström randomized approximation (14) and performs discriminant
learning in the resulting reduced kernel subspace. The proposed method does not modify the ker-
nel combination mechanism; instead, it reformulates the discriminant learning process through
randomized low-rank kernel approximation (16). As a result, RM-KDA preserves most of the dis-
criminative information while substantially reducing the computational burden. This mathematical
reformulation distinguishes RM-KDA from existing MKL-based discriminant analysis approaches
and provides improved scalability for multiple kernel classification tasks.

3.2. Complexity Analysis

To better demonstrate the computational advantage of the proposed RM-KDA, we
analyze the asymptotic time and memory complexities of its major computational stages.
Throughout the analysis, let n denote the number of training samples, d the feature di-
mension, m the number of base kernels, q the oversampling parameter in the Nyström
approximation (q ≪ n), k the number of classes (k ≪ n), s the discriminant space dimen-
sionality, and ni the number of samples in the i-th class, consistent with the notations used
in Table 1.

(I) Construction of the affinity matrix W ∈ Rn×n:
The affinity matrix W is constructed using the constructW routine with the LDA

option (bLDA = 1). Since nonzero entries only exist between samples belonging to the
same class, W is a sparse block-diagonal matrix. Assuming balanced classes, the number
of nonzero entries is ∑k

i=1 n2
i ≈ n2/c, where ni denotes the number of samples in the i-th

class. Consequently, both the construction time and memory complexities are O(∑k
i=1 n2

i ).
(II) Solution Y = [y1, y2, . . . , ys] ∈ Rn×s of the eigenproblem (12):
The cost of the step is mainly the cost of the Gram–Schmidt method. The computational

complexity is O(nk2 + k3), while the memory complexity is O(ns).
(III) The approximate eigenvalue decomposition in (15) using the generalized Nyström

approximation:
The core of our approach lies in this stage, which comprises several crucial computa-

tional components, namely, randomized column sampling, the construction of the matrix
C = ∑m

p=1 βpCp, the economized QR decomposition, the construction and eigenvalue
decomposition of the reduced matrix RW†RT , and the associated matrix multiplications.
Specific details are as follows:
(1) Randomized column sampling and construction of matrix C = ∑m

p=1 βpCp: For each
base kernel matrix Kp, p = 1, 2, . . . , m, q columns are selected uniformly at random
without replacement to form Cp ∈ Rn×q. Since q sampled columns are computed
for each of the m base kernels, the computational cost is O(nmq). Moreover, the
sampled matrices are then linearly combined to obtain C = ∑m

p=1 βpCp. This requires
adding m matrices of size n × q, whose complexity is likewise O(nmq). Only the sam-
pled matrices are stored during the computation, resulting in a memory complexity
of O(nq).

(2) The economized QR decomposition: For the ensemble sampled matrix C ∈ Rn×q we
perform the economized QR decomposition C = QR, where Q ∈ Rn×q, R ∈ Rq×q.
For a tall matrix (n ≫ q), the economized QR decomposition requires O(nq2) floating-
point operations. The matrices Q and R occupy nq + q2 entries, giving a memory
complexity of O(nq).

(3) Construction and eigenvalue decomposition of the reduced matrix RW†RT : First, us-
ing the intersection matrix W ∈ Rq×q, the reduced matrix RW†RT is constructed. The
computation consists of Moore–Penrose pseudoinverse of W, matrix multiplication
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RW†, and the multiplication by RT . Since every matrix involved is q × q, each oper-
ation requires O(q3) operations. Therefore, the computational complexity is O(q3),
while the memory complexity is O(q2). Second, the eigenvalue decomposition of the
q × q matrix RW†RT is performed, i.e., RW†RT = VΛ̃VT . Hence, the computational
complexity is O(q3), while the memory complexity is O(q2). Finally, the overall
computational complexity of the step is O(q3), and memory complexity is O(q2).

(4) Construction of the approximate eigenvalue decomposition in (15): The approxi-
mate eigendecomposition of the ensemble kernel matrix K is obtained as K ≈
(QV(:, 1 : k))Λ̃(1 : k, 1 : k) (QV(:, 1 : k))T .

= UΛUT , where U = QV(:, 1 : k) ∈ Rn×k,
Λ = Λ̃(1 : k, 1 : k) ∈ Rk×k. The multiplication of an n × q matrix with a q × k matrix
requires O(nqk) operations. The resulting eigenvector matrix U ∈ Rn×k occupies
memory O(nk).

Combining all four steps, the generalized Nyström approximation has O(n(mq+ q2 + qk)+ q3)

floating-point operations and the memory complexity is O(n(q + k)).
(IV) Computation of the final projection matrix A using (16):
Finally, the projection matrix A is approximated by matrix multiplication U(Λ†(UTY))

in (16), whose computational complexity is O(nks + k3), and memory complexity is O(ns).
Based on this analysis, we derive the overall computational complexity of RM-

KDA as O((k2 + qk + q2 + ks)n + ∑k
i=1 n2

i ), and the corresponding memory complexity is
O((s + q + k)n + ∑k

i=1 n2
i ). In the proposed RM-KDA, only low-rank matrices of size n × q

are stored during the computation. In contrast, conventional kernel discriminant analysis
requires constructing and storing the full n × n kernel matrix with memory complexity
O(n2), together with solving an n × n eigenvalue problem whose computational com-
plexity is typically O(n3). Therefore, the proposed RM-KDA substantially reduces both
computational and memory costs while preserving competitive recognition performance.
Finally, we summarize our complexity analysis results in Table 2.

Table 2. Theoretical time and memory complexities of different methods.

Methods Time Complexity Memory Complexity

LDA [24] O(nd2 + d3) O(nd + d2)
KDA [41] O(n3 + dn2) O(n2)
RSKDA [41] O(n3 + dn2) O(n2)
RM-KDA O((k2 + qk + q2 + ks)n + ∑k

i=1 n2
i ) O((s + q + k)n + ∑k

i=1 n2
i )

4. Numerical Experiments
In this section, to illustrate the numerical behavior of our proposed randomized

multiple kernel discriminant analysis algorithm (RM-KDA, see Algorithm 1), we perform
numerical experiments on the benchmark databases. First, in Section 4.1, we describe
the databases and some kernel function design used in the experiments, as well as some
compared algorithms. Then, numerical experiments for our randomized multiple kernel
discriminant analysis algorithm (RM-KDA) with applications to recognition are shown in
Section 4.2. Finally, sensitivity analysis of the oversampling parameter q is performed in
Section 4.3.

All the numerical experiments are carried on an Intel(R) Core(TM) i9-14900KF proces-
sor, and with CPU 3.20 GHz and RAM 64 GB. The operation system is 64-bit Windows 10,
and the numerical results are obtained from running the MATLAB R2023b software. All
experiments are performed using a CPU without GPU acceleration. Memory consumption
is monitored through MATLAB memory statistics, and the algorithms that exceeded the
available physical memory are marked as O.M. (out of memory) in the experimental tables.
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4.1. Databases, Kernel Functions Design and Compared Algorithms

To comprehensively evaluate both the application performance in bird recognition
and the generalization ability of the proposed algorithm, experiments are conducted on
two bird recognition datasets, Caltech-UCSD Birds-200-2011 (CUB-200-2011) [8] and North
America Birds (NABirds), as well as the character image dataset FounderType-20 [56].

Let us summarize some basic information of these databases.

• The Caltech-UCSD Birds-200-2011 (CUB-200-2011 (https://www.vision.caltech.edu/
datasets/cub_200_2011/, accessed on 17 April 2026)) database is an extended version
of CUB-200, a challenging dataset of k = 200 bird species [8]. The dataset is one
of the most widely used benchmarks for fine-grained visual classification tasks. In
this experiment, the original images are represented as 32 × 32-pixel-sized grayscale
images. Making use of “appearance-based pattern recognition”, we interpret each
pixel as a feature, resulting in d = 1024-dimensional feature vectors.

• The NABirds (https://dl.allaboutbirds.org/nabirds, accessed on 17 April 2026) dataset
is designed for fine-grained image recognition, particularly focused on bird species
identification. It contains a total of 48,562 images spanning 555 bird categories, captur-
ing birds in various states. This dataset serves as a valuable resource for advancing
research in computer vision, especially in the area of avian species recognition. For
the NABirds dataset, which is a fine-grained bird classification dataset, direct classifi-
cation using raw pixel values or traditional handcrafted features generally leads to
unsatisfactory performance. Therefore, we employ a pre-trained residual network-50
(ResNet-50) model to extract d = 2048-dimensional deep feature representations. In
addition, categories with fewer than 50 images are removed, resulting in a total of
N = 45,476 samples with k = 487 categories.

• FounderType-200 (https://www.wict.pku.edu.cn/zlian/representa/ijc015/index.htm,
accessed on 17 April 2026) consists of 200 different fonts produced by a company
named FounderType with each font containing 6763 Chinese character images. In
this experiment, we randomly pick k = 15 fonts; namely, N = 101,445 samples
are used for training and testing. Moreover, the original images are vectorized to
d = 4096-dimensional vectors.

One refers to Figures 1–3 for some samples from the three data sets.

Figure 1. Some samples of CUB-200-2011database.

Figure 2. Some samples of NABirds database.
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Figure 3. Somesamples of Chinese character image database FounderType-200.

Next, we introduce the base kernel matrices utilized in our experiment. Following the
strategy utilized in most multiple kernel learning methods [22,57], three well-known kernel
functions (with different kernel parameters resulting in 14 kernels) are utilized to construct
the base kernel matrices, including seven Gaussian kernels, six polynomial kernels and one
linear kernel, and the specific settings are shown below.

(1) Gaussian kernels: The (i, j)-th element of the kernel matrix is taken as

κ(xi, xj) = exp
(
−

∥xi − xj∥2
2

2τσ2

)
, i, j = 1, 2, . . . , n,

where τ ∈ {0.01, 0.05, 0.1, 1, 10, 50, 100}. So there are seven Gaussian kernels altogether.
(2) Polynomial kernels: The (i, j)-th element of the kernel matrix is taken as

κ(xi, xj) = (α + xT
i xj)

ς, i, j = 1, 2, . . . , n,

where α ∈ {0, 1} and ς ∈ {2, 4, 6}, and there are six polynomial kernels altogether.
(3) Linear kernel: The (i, j)-th element of the kernel matrix is taken as

κ(xi, xj) =
xT

i xj

∥xi∥2∥xj∥2
, i, j = 1, 2, . . . , n.

Finally, let us briefly introduce the compared algorithms.

1. Linear Discriminant Analysis (LDA) [24]: It is a well-known linear algorithm that
provides benchmark performance.

2. Kernel Discriminant Analysis (KDA) [42]: The regularization parameter is chosen by
five-fold cross-validation on the training set.

3. Spectral Regression Kernel Discriminant Analysis (SRKDA) [23,41,42]: The selection
of regularization parameters is similar to the selection of the KDA method.

4. Randomized Multiple Kernel Discriminant Analysis (RM-KDA): It is our approach
proposed in this paper. The method uses multiple kernel matrices instead of a single
simple kernel.

4.2. Numerical Experiments for Randomized Multiple Kernel Discriminant Analysis Algorithm
with Applications to Recognition

In this subsection, we try to show the superiority of Algorithm 1 (RM-KDA) over
many state-of-the-art dimensionality reduction methods on the benchmark datasets.
Tables 3 and 4 list the numerical results of mean recognition accuracy, mean CPU time (in
seconds), and corresponding standard deviations (Std-Dev) from the compared methods
over 10 independent runs on the bird databases CUB-200-2011 and NABirds. For a fair
comparison, the reported CPU times only measure the execution time of the discriminative
learning algorithms after the input features have been prepared. Specifically, the reported
CPU times include kernel construction (or Nyström approximation for RM-KDA), discrim-
inant analysis, and classification, but exclude image preprocessing (e.g., image resizing,
vectorization, and ResNet-50 deep feature extraction). These preprocessing steps are identi-
cal for all competing methods and are performed only once before the classification stage.
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To provide a more comprehensive statistical evaluation, besides the mean recognition
accuracy and standard deviation, we additionally report the 95% confidence intervals (95%
CIs) of the recognition accuracies in Table 4. Moreover, paired t-tests are performed to
evaluate the statistical significance of the performance differences between the proposed
RM-KDA and the competing methods. Since several baseline methods failed to complete
the experiments because of memory overflow on CUB-200-2011 and FounderType-200
datasets, statistical significance tests are only performed on the NABirds dataset, and one
refers to Table 5 for more details. Three remarks are in order.

Table 3. Numerical performance of the compared methods on bird database CUB-200-2011. Here “
O.M.” indicates that the algorithm is “out of memory”.

CUB-200-2011

Algorithms Recognition Rate ± Std-Dev

(Methods) n = 40% N n = 60% N n = 80% N

LDA 99.58 ± 0.0727% 99.88 ± 0.0246% 99.90 ± 0.0281%
KDA 99.58 ± 0.0977% O.M. O.M.

SRKDA 99.59 ± 0.0937% 99.89 ± 0.0245% O.M.
RM-KDA 99.55 ± 0.0877% 99.87 ± 0.0267% 99.87 ± 0.0197%

Algorithms CPU Time/s ± Std-Dev

(Methods) n = 40% N n = 60% N n = 80% N

LDA 0.3220 ± 0.0521 0.3752 ± 0.0116 0.4381 ± 0.0177
KDA 1295.6357 ± 15.9674 O.M. O.M.

SRKDA 64.4217 ± 0.2583 592.2034 ± 28.0281 O.M.
RM-KDA 3.5656 ± 0.0761 8.9091 ± 0.1459 12.7663 ± 1.8181

Here N represents the total number of samples.

Table 4. Numerical performance of the compared methods on bird database NABirds. Here “O.M.”
indicates that the algorithm is “out of memory”.

NABirds

Algorithms Recognition Rate ± Std-Dev

(Methods) n = 40% N n = 60% N n = 80% N

LDA 41.91 ± 0.2447% 44.85 ± 0.4078% 46.59 ± 0.2647%
KDA 48.99 ± 5.6116% 49.83 ± 6.0683% 52.89 ± 4.7372%

SRKDA 50.46 ± 4.2077% 51.84 ± 4.8761% 55.17 ± 3.8175%
RM-KDA 52.06 ± 0.5416% 53.25 ± 0.2657% 55.13 ± 0.0527%

Algorithms 95% Confidence Intervals (CI)

(Methods) n = 40% N n = 60% N n = 80% N

LDA [41.73%, 42.08%] [44.56%, 45.14%] [46.40%, 46.78%]
KDA [44.98%, 53.01%] [45.49%, 54.17%] [49.50%, 56.28%]

SRKDA [47.45%, 53.47%] [48.35%, 55.33%] [52.44%, 57.90%]
RM-KDA [51.67%, 52.45%] [53.06%, 53.44%] [55.09%, 55.17%]

Algorithms CPU Time/s ± Std-Dev

(Methods) n = 40% N n = 60% N n = 80% N

LDA 0.6577 ± 0.0343 0.8569 ± 0.0084 1.0566 ± 0.0033
KDA 115.9037 ± 0.1966 366.5554 ± 0.1052 834.7591 ± 1.6618

SRKDA 9.1170 ± 0.0634 23.5240 ± 0.0246 47.9783 ± 0.2360
RM-KDA 8.0029 ± 0.0378 18.7819 ± 0.1781 36.1642 ± 0.0609

Here N represents the total number of samples.
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First, in terms of recognition accuracy, the experimental results on both CUB-200-2011
and NABirds demonstrate that the proposed RM-KDA achieves competitive or superior
classification performance compared with existing methods. On the CUB-200-2011 dataset,
all approaches yield very high recognition rates, and LDA slightly outperforms RM-KDA,
indicating that the data are close to linearly separable. In contrast, on the more challeng-
ing NABirds dataset, RM-KDA consistently outperforms LDA, confirming the advantage
of incorporating nonlinear discriminative information through multiple kernels. Com-
pared with KDA and SRKDA, RM-KDA also achieves comparable or better accuracy on
both datasets.

It is worth noting that the recognition rates on CUB-200-2011 are significantly higher
than those on NABirds. In particular, LDA achieves recognition rates close to 100% on
CUB-200-2011, indicating that the adopted feature representation exhibits a high degree of
linear separability. This phenomenon can be attributed to the smaller number of classes
(200 in CUB-200-2011 versus 487 in NABirds) and the generally larger inter-class variations
in CUB-200-2011. In contrast, NABirds contains many closely related bird species with
subtle visual differences, making the classification task substantially more challenging.
Consequently, the performance gains achieved by nonlinear kernel methods on CUB-200-
2011 are naturally limited, whereas their advantages become more evident on the more
challenging NABirds database.

Second, in terms of CPU time, the results on both CUB-200-2011 and NABirds
databases clearly demonstrate the computational advantage of the proposed RM-KDA. As
shown from Table 3, RM-KDA runs significantly faster than classical KDA and SRKDA,
achieving speedups of approximately 20 to 100 times on the CUB-200-2011 dataset. While
RM-KDA is slightly slower than LDA, this is because RM-KDA is a multiple kernel method
that involves additional kernel-related computations, whereas LDA is a purely linear ap-
proach. More importantly, as the size of the training data increases, KDA and SRKDA suffer
from prohibitive computational and memory costs and fail to run due to out-of-memory
issues. In contrast, RM-KDA consistently completes all experimental settings on both
datasets and requires substantially less CPU time than other kernel-based methods, while
maintaining high recognition accuracy. These results indicate that RM-KDA achieves a
favorable trade-off between accuracy and efficiency, making it particularly suitable for the
fine-grained recognition tasks.

Third, to further assess the reliability of the experimental results, we additionally
report the 95% confidence intervals in Table 4, and conduct paired t-tests based on ten
independent runs in Table 5. As shown in Table 4, the proposed RM-KDA consistently
achieves the highest or most competitive mean recognition accuracy while exhibiting rela-
tively narrow confidence intervals, indicating good robustness over repeated experiments.
Moreover, the paired t-test results in Table 5 further show that RM-KDA significantly
outperforms LDA under all training ratios (p < 0.05). Compared with KDA and SRKDA,
RM-KDA achieves competitive recognition performance, although the corresponding dif-
ferences are not statistically significant (p > 0.05). These statistical analyses indicate that
the proposed method provides competitive classification performance together with good
experimental stability.

Although the primary application considered in this paper is bird recognition, RM-
KDA is a general multiple kernel discriminant learning algorithm. Therefore, in addition to
two bird recognition datasets ( CUB-200-2011 and NABirds), the Chinese character image
dataset FounderType-200 (with N = 101,445) is included to evaluate the generalization
capability and computational scalability of the proposed method on another visual recogni-
tion task. Since FounderType-200 is characterized by high-dimensional features, numerous
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categories, and substantial inter-class similarity, it provides a complementary benchmark
for assessing the robustness and effectiveness of RM-KDA beyond bird recognition.

Table 5. Statistical significance tests (paired t-test) on bird database NABirds.

Training Ratio Comparison p-Value Significant?

40%
RM-KDA vs. LDA 0.0018 Yes
RM-KDA vs. KDA 0.4727 No

RM-KDA vs. SRKDA 0.6143 No

60%
RM-KDA vs. LDA 0.0013 Yes
RM-KDA vs. KDA 0.4449 No

RM-KDA vs. SRKDA 0.6767 No

80%
RM-KDA vs. LDA 0.0004 Yes
RM-KDA vs. KDA 0.4951 No

RM-KDA vs. SRKDA 0.9871 No

On one hand, as shown in Table 6, kernel-based methods consistently outperform
linear LDA in terms of recognition accuracy, indicating the presence of strong nonlinear
structures in Chinese character images. Among all methods, RM-KDA achieves competitive
or superior recognition performance and attains the highest accuracy when 80% of the
samples are trained. On the other hand, in terms of computational efficiency, classical KDA
suffers from prohibitive memory and time costs and becomes infeasible for large training
sizes, and SRKDA also fails under large data size. In contrast, RM-KDA successfully
completes all experimental settings with substantially lower CPU time than other kernel-
based approaches.

Table 6. Numerical performance of the compared methods on FounderType-200 database. Here
“O.M.” indicates that the algorithm is “out of memory”.

Algorithms Recognition Rate ± Std-Dev

(Methods) n = 40% N n = 60% N n = 80% N

LDA 69.69 ± 0.1386% 71.00 ± 0.1623% 71.70 ± 0.2993%
KDA 88.03 ± 0.8491% O.M. O.M.

SRKDA 89.18 ± 0.6255% 89.90 ± 0.6470% O.M.
RM-KDA 87.87 ± 0.0460% 89.89 ± 0.2512% 90.63 ± 0.0456%

Algorithms CPU Time/s ± Std-Dev

(Methods) n = 40% N n = 60% N n = 80% N

LDA 2.4770 ± 0.0553 3.3384 ± 0.0643 4.1704 ± 0.0816
KDA 1155.8240 ± 10.2655 O.M. O.M.

SRKDA 60.2605 ± 1.1230 690.9324 ± 84.4988 O.M.
RM-KDA 64.2525 ± 0.0742 157.3210 ± 1.1527 298.7151 ± 5.2532

Here N represents the total number of samples.

These results indicate that the proposed randomized algorithm effectively balances
recognition accuracy and computational efficiency and exhibits strong generalization be-
yond bird recognition tasks.

Finally, to provide an intuitive illustration of the discriminative representation learned
by RM-KDA, we randomly selected four representative categories (Classes 1, 36, 108, and
145) from the CUB-200-2011 dataset. Twenty training samples are randomly chosen from
each category and projected onto two representative discriminant coordinates learned
by RM-KDA. The corresponding visualization is shown in Figure 4. As illustrated in
Figure 4, samples from different categories exhibit a certain degree of overlap in the
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two-dimensional projection, and no completely separated clusters are observed. This
phenomenon is expected because RM-KDA learns a discriminative embedding in a (k − 1)-
dimensional kernel subspace, where k denotes the number of classes. For visualization
purposes, only two representative discriminant coordinates are displayed. Such a two-
dimensional projection inevitably discards a substantial portion of the discriminative
information preserved in the original high-dimensional embedding. Therefore, overlap
among classes in the visualization does not necessarily imply poor discriminative capability
of the learned representation.

Moreover, it should be noted that the primary objective of RM-KDA is to learn a
discriminative projection for classification rather than to optimize visual separability in a
two-dimensional plane. Accordingly, the effectiveness of the proposed method is mainly
reflected by the quantitative recognition results, whereas Figure 4 serves only as an intuitive
visualization of the learned embedding.
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Figure 4. 2D Visualization of the Learned Discriminative Subspace by MR-KDA on CUB-200-2011.

4.3. Sensitivity Analysis of the Oversampling Parameter q

The parameter q is the oversampling size used in the generalized Nyström approxi-
mation. In general, a larger value of q provides a more accurate low-rank approximation
of the ensemble kernel matrix K, while simultaneously increasing the computational cost.
Therefore, the selection of q represents a trade-off between approximation accuracy and
computational efficiency rather than a theoretically unique optimal choice.

To investigate its influence, we conducted a sensitivity analysis on the NABirds dataset.
The number of training samples is fixed at n = 40% N, and the oversampling parameter is
varied over q = {10, 20, 40, 50, 60, 80, 100, 150, 200, 300, 400, 600, 800, 1000, 1200, 1500, 2000}.
For each value of q, RM-KDA is independently repeated ten times. Figure 5 reports the
mean recognition accuracy and CPU time together with corresponding standard deviations,
where the solid curves represent the mean values, while the shaded regions indicate one
standard deviation.

Figure 5. The recognition accuracy and CPU time versus the oversampling parameter q on NABirds.

As shown in Figure 5, as the oversampling parameter increases, the recognition
accuracy first improves rapidly and then gradually stabilizes after q reaches a moderate
size. In contrast, the computational time increases monotonically. Moreover, the relatively
narrow shaded regions demonstrate that the proposed RM-KDA is robust with respect to
random sampling. These results indicate that the oversampling parameter is not overly
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sensitive within a reasonable range and that a moderate value achieves a favorable balance
between approximation and computational efficiency.

5. Conclusions
The importance of bird recognition is that birds are not only an important part of

the ecosystem, but also key indicators of biodiversity. By identifying birds, we can better
understand the health of the ecosystem, monitor environmental changes, and protect
wildlife and their habitats. In addition, bird recognition is also the basis of airport bird
strike prevention work, which plays an important role in improving the flight safety
of aircraft.

In this paper, we proposed a fast and randomized multiple kernel discriminant anal-
ysis (RM-KDA) method with applications to bird recognition, so as to prepare for the
subsequent bird repellent decision methods. By incorporating a generalized Nyström
approximation into the multiple kernel discriminant analysis framework, the proposed
method avoids constructing and decomposing the full ensemble kernel matrix directly,
thereby substantially reducing both computational complexity and memory consumption
while preserving the discriminative capability of multiple kernels.

Extensive experiments on the CUB-200-2011, NABirds, and FounderType-200 datasets
demonstrate that RM-KDA achieves competitive or superior classification accuracy while
requiring significantly less computational time than conventional kernel discriminant
analysis methods. In addition, the statistical analysis based on 95% confidence intervals
and statistical significance tests (paired t-tests) further confirms the effectiveness and
robustness of the proposed method.

Although RM-KDA significantly reduces the computational complexity and memory
requirement through the Nyström-based randomized approximation, its performance
still depends on the quality of the low-rank approximation. When the sampling rank
is insufficient or the underlying kernel matrix is not well approximated by a low-rank
structure (e.g., when its singular values decay slowly), the approximation error may increase
and slightly degrade the classification performance. Therefore, RM-KDA involves a trade-
off between computational efficiency and approximation accuracy. In addition, fixed equal
kernel weights are adopted in this paper for simplicity and computational efficiency, since
learning adaptive kernel weights would require solving an additional optimization problem
jointly over the discriminant projection and the kernel coefficients, thereby increasing the
computational cost. Future works will focus on adaptive sampling strategies, adaptive
rank selection, more accurate randomized kernel approximation techniques, and adaptive
kernel weight learning to further improve the efficiency, robustness, and classification
performance of multiple kernel learning.
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