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Abstract

Nonlinear systems of equations arise across engineering, physics, and biological modeling;
however, classical Newton-type methods may fail when the initial approximation lies out-
side the convergence region of the NJN local solver. This work proposes a two-stage hybrid
framework that couples Particle Swarm Optimization (PSO) for global exploration with
the fifth-order Newton—Jarratt (NJN) iterative method for local refinement. The fifth-order
convergence of the NJN phase, established through a complete Fréchet-derivative Taylor
expansion with explicitly computed error constants, guarantees rapid local convergence
once PSO delivers a sufficiently close starting point. The framework is validated on four
test problems with increasing numbers of dimensions (n = 2,5, 20,40): a two-dimensional
benchmark algebraic system, a five-dimensional metabolic network model for ethanol
production in Saccharomyces cerevisiae, and two large-scale Hammerstein integral equation
systems. Over 30 independent runs per method and under the tested conditions, PSO-NJN
achieves 100% convergence with mean final residuals of order 10~14-10~1¢, while pure PSO
fails completely on the high-dimensional Hammerstein cases (n = 20,40) and achieves only
10% success on the metabolic model. These results confirm that combining global meta-
heuristic search with high-order local refinement yields a robust, scalable solver for complex
biological and engineering nonlinear systems, though performance on problems with dense
high-dimensional Jacobians may require further adaptation.

Keywords: nonlinear systems; particle swarm optimization; Newton-Jarratt method;
hybrid iterative methods; Hammerstein integral equation; biological modeling

MSC: 65H10; 65K05; 45G10; 92C42

1. Introduction

Nonlinear systems of equations of the form
F:R" — R", (1)

are used in a wide variety of scientific and engineering applications, including chemical
equilibrium, biological network modeling, discretization of boundary value problems, and
parameter estimation. Because analytical solutions are rarely available, efficient and robust
numerical methods are essential.
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1.1. Classical Numerical Methods for Nonlinear Systems

Newton’s method and its variants are the most widely used iterative schemes for
solving (1), due to their fast local quadratic convergence [1]. However, their performance
depends critically on the quality of the initial guess; a poor starting point can lead to
slow convergence, divergence, or convergence to an undesirable solution. To overcome
these limitations, higher-order modifications have been extensively proposed in recent
years, including fifth- and sixth-order schemes [2-6], which achieve much faster local
convergence at the cost of additional Jacobian evaluations per iteration. More recently,
seventh- and eighth-order methods as well as parametric families achieving convergence of
an order up to ten have been proposed for systems of nonlinear equations [7-10]. Rigorous
convergence analyses under weak conditions, requiring only first-order derivatives, have
been developed for sixth- and higher-order methods [11-13], establishing precise error
estimates and convergence radii that extend the applicability of these schemes beyond
the classical Taylor-series-based analyses. The Hammerstein nonlinear integral equation
is one of the most widely used benchmarks for evaluating such schemes on large-scale
problems [1,3,6].

1.2. Swarm Intelligence and Hybrid Approaches

Particle Swarm Optimization (PSO), introduced by Kennedy and Eberhart [14,15], is
a population-based metaheuristic that performs effective global exploration of the search
space without requiring a good initial guess. However, pure PSO converges slowly for
high-precision problems and often fails to reach machine-precision residuals, particularly
for high-dimensional systems [16]. To combine the advantages of both paradigms, hybrid
strategies have been developed in which a metaheuristic provides a reliable starting point
and a deterministic high-order method performs rapid local refinement [16-18].

Among the most recent contributions in this line, Sihwail et al. [19] proposed a hybrid
Jarratt-Butterfly Optimization algorithm (JBOA) pairing a fourth-order Jarratt solver with
the Butterfly Optimization metaheuristic for solving nonlinear systems. Solaiman et al. [17]
subsequently proposed a hybrid Newton-sperm swarm optimization algorithm, coupling
a bio-inspired swarm stage with a second-order Newton local refinement. Ribeiro and
Lopes [18] combined PSO with a fireworks algorithm as the local refinement stage. While
all three works demonstrate the value of metaheuristic-deterministic hybridization, they
rely on local solvers of the order of two to four, which require significantly more Jacobian
evaluations to reach machine-precision residuals than a fifth-order method. When classical
Newton-type methods fail due to poor initialization, alternative Newton-based strategies
have been proposed to improve robustness. In particular, Laadhari [20] demonstrated
that higher-order Newton variants with third-order convergence yield substantial com-
putational savings over the standard Newton method when applied to bubble dynamics
governed by the Navier-Stokes equations, illustrating the practical value of high-order
Newton methods in PDE-based nonlinear systems. Building on all of these works, the
present paper proposes a qualitatively different hybrid—pairing PSO global search with
a fifth-order Newton-Jarratt local solver. To our knowledge, no prior study has com-
bined PSO with a fifth-order Newton—Jarratt composition nor evaluated such a hybrid on
moderate-dimensional Hammerstein systems of dimension n > 20.

Algorithmic Novelty of PSO-NJN

Three aspects distinguish the proposed framework from existing hybrids. (i) Choice
of local solver. The NJN method [6,21] achieves fifth-order convergence using only two
Jacobian evaluations per iteration—the same asymptotic cost as fourth-order methods, but
with a significantly higher convergence rate and the most favorable error constant structure
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among fifth-order two-Jacobian schemes [21]. (ii) Structural synergy. PSO provides a starting
point satisfying ||F(g*)|| < pso, sufficient to support entry into the convergence region of
the NJN method under the conditions of Proposition 1. This decouples global exploration
from local exploitation: PSO operates without derivative information, while NJN avoids
the initialization sensitivity that limits standalone Newton-type solvers. (iii) Differentiation
from existing hybrids. Prior hybrids pair metaheuristics with local solvers of the order of two
to four [17-19], requiring significantly more local iterations to reach machine precision. The
fifth-order NJN phase reduces the number of Jacobian factorizations relative to Newton-
based alternatives, a saving statistically confirmed by the Wilcoxon tests in Section 5.9.

1.3. Contributions

This work proposes and rigorously evaluates a hybrid PSO-NJN framework. The
specific contributions are:

1. A two-stage algorithm combining PSO global exploration with fifth-order NJN local
refinement for solving nonlinear systems.

2. A comparative statistical study over 30 independent runs against three reference
methods on four problems of increasing dimension (1 = 2,5, 20, 40), including two
large-scale systems from a Hammerstein integral equation.

3. Demonstration that pure PSO achieves 0% success on the n = 20 n = 40 Hammerstein
problems, while PSO-NJN achieves 100% with residuals of the order 10~14-10~16.

2. Materials and Methods
2.1. Particle Swarm Optimization
(k)

In PSO, a swarm of N, particles explores the search space. The position x; and
velocity vfk) of a particle 7 at iteration k are updated as [14,15]
k k k k k
vl( ) _ wvlg )y c1r1 (pl( ) xi( )) + cory (g(k) — xl( )), )
KUFD) o0 4 er) 3)

where w is the inertia weight, c1, ¢, are cognitive and social constants, 1,7 € [0, 1] are
uniform random numbers, p; is the personal best position of particle 7, and g is the global
best. Applied to (1), the fitness function is J(x) = ||F(x)||. The PSO phase terminates when
IIF(g)|l < tpso the global best g* is passed as an initial point to Stage 2.

2.2. Fifth-Order N|N Iterative Method

The NJN method [6,21] is a three-step Newton—Jarratt composition achieving fifth-
order convergence. Starting from x(¥) as follows:

20 = 20— 2 [p(x00)] LR (), @)
y® = x® = [141(GW — 1)+ §(GW — 12| [P (z9)] 'R ), (5)
) =y — [P )] W), ©®)

where G = [F/(x())]=1F/(2()) and I is the identity matrix. Under standard smoothness
conditions, the method achieves fifth-order convergence [2,21], meaning the number of
correct digits roughly quintuples at each step once the iterates are close to the solution.
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2.3. Hybrid PSO-N]N Algorithm

The complete procedure is described in Algorithm 1. All stopping criteria are consol-
idated there; the PSO phase stops when ||F(g)|| < Tpso or after Kpsg iterations; the NJN
phase stops when ||[F(x(®)) || < oy or after Ky iterations.

Algorithm 1 Hybrid PSO-N]JN for F(x) =0, F : R” — R".
Require: F, domain V, M]n, Np, KPSO/ Tpso, W, €1, C2, KN]N/ TN]N
Ensure: x(¥) with ||[F(x))|| < mn
— Stage 1: PSO Global Search —
1: Initialise: x; ~ U[l, u], v; < 0, p; <= x;,i=1,...,Np
2: g < argmin; [|[F(x;)||
3: for k =1 to Kpspo do

4 fori=1to Ny do
5: v; < wo; + c1r1(p; — x;) + cara(g — x;), 11,72 ~ U0, 1]
6: x; < clip(x; +v;, 4, u)
7 E|F()l < [F(pi)]l then p; < x;
8 end if
o if|F(x)] < |F(g)| theng « x,
10: end if
11: end for
122 if |F(g)|| < tpso then break
13: end if
14: end for
— Stage 2: NJN Local Refinement —
150 x(0) ¢

16: fork = 0 to Kyjny — 1 do
17. if |F(x®))|| < Tnjn then break

18: end if

19: (k) (k) _ [ ( (K))]~1F (xk > Step 1
2 GM o [(x®) 1P (W

2. WO 1+ 1(GW 1)+ 2(GW —1)?

2 y® — x0 —WwE[F (z()]1F(x ) > Step 2
23 xkFD) O _ [F (xR 71E(y(R) > Step 3
24: end for

25: return x(k)

Stage 1 provides a starting point within the convergence region of the target so-
lution, enabling the fifth-order NJN to converge in very few iterations regardless of
problem dimension.

3. Theoretical Analysis

This section establishes the theoretical foundations of the proposed hybrid framework
through three complementary analyses: local convergence order, consistency of the PSO-
NJN transition, and computational complexity.

3.1. Local Convergence Order of the N[N Method

Theorem 1 (Fifth-order convergence of NJN [6,21]). Let it x* € R" be a solution of F(x) = 0,
where F : Q) C R" — R" is sufficiently differentiable in an open convex set Q. Assume that F' (x*)
is nonsingular. Then the N]N iterative sequence {x(X)} defined by Equations (4)—(6) satisfies

ek = (B¢} - 20,0505 + 30y ) e+ O [V ), @)
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where e®) = x() — x*, G = %[P’(x*)]’ll-"(f) (x*) for j = 2,3,4, and tensor products follow
standard multilinear notation. Consequently, the method is of the fifth order.

Proof. The complete proof is established in [6,21] via a full Fréchet-derivative Taylor
expansion. Setting C; = }T[F’(x*)]’lF(j)(x*) and e®) = x(K) — x*, Step 1 produces an
intermediate error of order O(||e¥)||), Step 2 raises this to O(||e(¥)||*), and Step 3 completes
the composition to yield the fifth-order relation (7). O

Numerical Verification

Table 1 reports the empirical convergence ratios [le®*1)||/[le®)||5 and the esti-
mated convergence order pemp = log([le® D /11e®]) / log(|[e® ||/ [le®* =) for the NJN
method applied to the benchmark system of Case 1, starting from x(©) = (1.20, 2.20)7 (true

solution x* = (1.1771, 2.1771)7).

Table 1. Empirical convergence verification of the NJN method.

k )] [|ee+D)17]| e |5 Pemp
0 3.24 x 102 — —
1 9.19 x 10710 2.59 x 102 —
2 <1071 — ~5.0

The residual drops from 10~2 to machine precision in just two NJN iterations, and
the estimated order pemp ~ 5 confirms Theorem 1. This is consistent with the behavior
observed in the numerical experiments of Section 5, where the NJN phase always converges
within 2-3 iterations after PSO delivers an initial approximation with ||F(¢*)| < 1072

3.2. Consistency of the PSO-N]JN Transition

A fundamental question in the design of hybrid algorithms is whether the global-
search phase reliably delivers an approximation that lies within the basin of attraction of
the NJN method. The following result provides a sufficient condition.

Proposition 1 (Sufficient condition for NJN convergence). Let x* be an isolated solution
of, F(x) = 0 and let F'(x*) be nonsingular with ||[F'(x*)]~|| < B. If the PSO phase returns
g satisfyingly

IF(g*) Il < mso, (8)

and if it Tpso is sufficiently small relative to the Lipschitz constant F' in a neighbourhood of x*,
then the NJN sequence starting from g* converges to x* with a fifth-order rate.

Proof. By the Kantorovich-type convergence theorem for Newton-like methods (see [1,4]),
convergence is guaranteed whenever the starting point x(0) satisfies 7 || F(x(?))| < 1,
where 1 is the Lipschitz constant of F/. Setting Tpso = 2}%7 ensures this condition. In the
experiments we use Tpso = 102, which satisfies the condition for all four test problems

since the empirical success rate of the NJN phase is 100% across 30 independent runs. [

This result formalizes the design choice Tpso = 10~2: the PSO phase is stopped as
soon as the global best particle is close enough to the solution that the fifth-order local
refinement converges in all 30 independent runs. The 30-run statistical results of Section 5
confirm this empirically: once PSO achieves ||F(g*)|| < 1072, the NJN phase succeeds in
100% of cases.
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3.3. Computational Complexity
Proposition 2 (Per-iteration cost of PSO-NJN). For a nonlinear system of dimension n:

1. PSO phase (per iteration): Each of the N, particles requires one evaluation of Fcost O(Ny n)
operations per PSO iteration.

2. NJN phase (per iteration): The dominant cost is two LU factorizations of the n x n Jacobian
F'(x®)) and F' (%)), giving a per-iteration cost of O(n®).

3. Total hybrid cost: If PSO converges in Kpsg iterations and NN converges in KnyN iterations,

Ciotal = O(Kpso Ny 1) + O (KN 11°). 9)

Table 2 compares the per-iteration asymptotic cost of the NJN method against classical
alternatives.

Table 2. Per-iteration computational complexity comparison.

Method Order p #F #F’ Cost Per Iter.
Newton [1] 2 1 1 O(n?)
Traub [22] 3 2 1 O(n?)
Jarratt [23] 4 2 2 O(n®)
Cordero et al. [6] 5 2 2 O(n?)
Singh & Sharma [3] 5 3 2 O(n?)
NJN (proposed) [21] 5 2 2 O(n?)
Behl & Martinez [5] 6 3 2 O(n®)

Three observations follow from Proposition 2 and Table 2.

Asymptotic equivalence. All methods in Table 2 share the same O (1) per-iteration
cost, dominated by the LU factorization of the Jacobian. The NJN method does not in-
crease the asymptotic complexity relative to Newton’s method despite achieving fifth-
order convergence.

Iteration count reduction. Because NJN converges with order 5 versus order 2 for
Newton, it requires significantly fewer iterations to reach a given accuracy. Specifically, to
reduce the error from ¢ to &), Newton requires Ky = log, (log(€o/¢€to1)) iterations, while
NJN requires only Knjn ~ logs (log(eo/€t01)). This translates directly into fewer Jacobian
evaluations in practice, as confirmed by the experimental results of Section 5.

PSO overhead. The PSO phase contributes O(Kpso Ny 1) operations. For the pa-
rameters used in this work (Kpso < 50, N, = 30), this is negligible compared to the
NIJN cost O(KN]N n3) for n > 10. The robustness therefore justifies the PSO overhead gain;
100% convergence versus failure rates of up to 93% for standalone PSO and 30% for Newton
with random initialization (see the numerical results in Section 5).

4. Test Problems
4.1. Case 1: Benchmark Algebraic System (n = 2)
The benchmark system of [24] (Equations (48) and (49)):

IXi+3X — &Xi—£X3-1=0, (10)
LX3+ LX3+1-3X - 3X, =0. (11)

Search domain: 1 < X; < 3. Reference solution [24]: (X{, X3) = (1.1770, 2.1770).

4.2. Case 2: Saccharomyces cerevisiae Metabolic Network (n = 5)

The S-system model for steady-state ethanol production from [24]. The flux rates are
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Vin = 0.8122 X, 24X, Vhk = 2.8632 X{ 7464 x0028 %,
Vppk = 0.5232 X37318 X 03941 X, Vpol = 0.0009 X517,
Vearp = 0.011 Xg'6159Xg'1308 Xo X%’f’OSS, Vol = 0.04725 Xg'05X2'533X5_0'0822X12,

Vb = 0.0945 X300 X3 P X 002X, Varpase = X5X13,

with constant parameters (Xg, ..., X13) = (19.7, 68.5, 31.7, 49.9, 3440, 14.31, 203, 25.1) and
X4 = 0.042 [24]. The search domain X; € [0.01,0.1], X, € [0.5,2], X3 € [5,15], X4 €
[0.001,0.05], X5 € [0.5,2] is consistent with the physiologically feasible steady-state ranges
reported in [24,25].

fi=Vin—Vuk =0, (12)
f2 = Vux — Verk — Vpol = 0, (13)
f3 = Vprk — Vaarp — 3Veol =0, (14)
fa=2Vgarp — Vpk =0, (15)
f5 =2Vgaprp + Vek — VK — VPrk — VPol — VaATPase = 0. (16)

The steady-state mass balances yield.

4.3. Cases 3—4: Hammerstein Integral Equation (n = 20 and n = 40)

The Hammerstein nonlinear integral equation

x(s) =1+ % /01 G(s, ) x(52dt,  se (0], (17)

with Green’s function kernel

G(s,t) = (18)

is a standard benchmark for high-order iterative methods [1,3,4,6]. Applying the composite
trapezoidal rule with 7 nodes t; = j/n gives the following nonlinear system:

1 n—1
fi(x) =x—-1- 5 Z ZUjG(ti,tj) X?/z =0, i=0,...,n—1, (19)
j=0

where w; = h/2 for j € {0,n — 1} and w; = h otherwise (h = 1/n). This system has
no closed-form solution. Cases 3 and 4 use n = 20 and n = 40, with search domain
x; € [0.8,1.5] for all components.

5. Analysis and Results
5.1. Experimental Setup

All simulations were implemented in Python 3.10 (Python Software Foundation, Wilm-
ington, DE, USA) with the following libraries: NumPy 1.24, SciPy 1.10, and Matplotlib 3.7,
with double-precision. Four methods were compared: Newton with random seeds, pure
PSO, PSO + Newton (order 2), and PSO + N]JN (order 5, proposed). Each stochastic method
was executed over 30 independent runs with fixed seeds for reproducibility. A run was
declared successful when ||F(x*)|| < 10~8. Table 3 summarizes the algorithm parameters
common to all experiments; the only difference between PSO + Newton and PSO+N]JN lies
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in the refinement order (2 vs. 5) and the corresponding maximum iteration budget (100
vs. 15). For each refinement method, one iteration corresponds to one full application of
the local solver; PSO + Newton requires one Jacobian evaluation and 1 LU factorization
per iteration, while PSO + NJN requires two Jacobian evaluations and 2 LU factorizations.
CPU time £(s) reported in all comparison tables was measured with time.perf_counter ()
over 30 runs and covers both the PSO and refinement phases.

Table 3. Algorithm parameters used in all experiments.

Parameter PSO + Newton PSO + NJN
Swarm size Ny, 30 30
PSO max iterations Kpgo 50 50
TPSO 102 1072
Inertia w 0.5 0.5

€1, C2 1.5,1.5 1.5,1.5
Refinement max iterations 100 15
TNJN 10712 10~12
Refinement order 2 5
Independent runs 30 30

5.2. Case 1: Benchmark System (n = 2)

The benchmark algebraic system of [24] has two isolated solutions in the domain
[1,3]?; the target is (X}, X}) = (1.1770,2.1770). Table 4 compares the PSO+NJN solution
against the reference value of [24], showing agreement to four decimal places with a final
residual ||F(x*)| = 2.48 x 1071, well below machine precision.

Table 4. Numerical solution—benchmark (n = 2).

Variable Reference [24] PSO + NJN
X1 1.1770 1.1771
X 2.1770 2.1771

Table 5 reports the statistical comparison over 30 independent runs. All four methods
achieve 100% convergence on this low-dimensional problem, confirming that its n = 2 lies
well within the convergence region of all methods. The key differentiator is computational
efficiency; PSO + NJN requires a mean of only k = 4.6 total iterations, compared to
6.7 for PSO + Newton and 91.3 for pure PSO. The 20 times reduction relative to pure PSO
demonstrates that the fifth-order local refinement dramatically accelerates convergence
once PSO delivers a sufficiently close starting point. The residual magnitudes of all four
methods are comparable (10~13-10714), so the advantage of PSO + NJN in this case lies
exclusively in iteration efficiency.

Table 5. Statistical comparison over 30 runs—benchmark (n = 2).

Method Success | F|| a(||F|) k t(s)
Newton (random) 30/30 3.318x107* 1.132x10"1 6.4 0.0002
PSO (pure) 30/30 6.109 x 10713 2,690 x 10713 91.3 0.0187

PSO + Newton (order2) 30/30 1.743x1071* 9.012x10° 6.7 0.0010
PSO + NJN (proposed) 30/30 4535 x 107 1462 %107 4.6 0.0010

5.3. Case 2: S. cerevisiae Metabolic Network (n = 5)

The five-dimensional S-system model of anaerobic fermentation in S. cerevisiae [24]
presents highly nonlinear power-law kinetics with a narrow basin of attraction, making it
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the most discriminating test among the four cases. Table 6 shows that PSO + NJN recovers
the reference steady-state concentrations of [24] to five significant figures across all five
metabolites, with a final residual ||F(x*)|| = 2.04 x 10~!*. The computed values carry direct
biological meaning within the S-system power-law framework [24,25]: X; ~ 0.0346 mM
is intracellular glucose, X; ~ 1.012 mM is glucose-6-phosphate (G6P), X3 ~ 9.137 mM is
fructose-1,6-bisphosphate (F16P), X4 ~ 0.0095 mM is phosphoenolpyruvate (PEP), and
X5 ~ 1.130 mM is ATP. These concentrations are consistent with the physiologically feasible
ranges for anaerobic fermentation in S. cerevisiae [25]. The ATP steady state is of particular
practical relevance; the ATPase flux Varpase = X5X13 ~ 1.130 x 25.1 ~ 28.4 mM/h provides
a direct estimate of the ethanol production rate, in close agreement with the reference value
of [24].

Table 6. Steady-state concentrations, S. cerevisiae.

Variable Reference [24] PSO + NJN
X1 0.0346 0.03455
X5 1.0120 1.01197
X3 9.1364 9.13676
Xy 0.0095 0.00952
X5 1.1304 1.13037

The statistical results over 30 runs are reported in Table 7. This case clearly exposes the
limitations of standalone methods; Newton with random initialization fails in 3 of 30 runs
(90% success) because random starting points frequently fall outside the narrow basin of
attraction, while pure PSO achieves only 10% success (3/30 runs) as the swarm cannot reach
machine-precision residuals without a high-order local refinement step. In contrast, both
hybrid methods achieve 100% convergence. Among these, PSO+N]N yields a mean residual
of 9.356 x 10~ 15, approximately 8.4 times lower than PSO + Newton (7.894 x 10~!4), and
with substantially lower variance (¢ = 6.496 x 107> vs. 1.702 x 10~ !3), confirming that
the fifth-order refinement provides both higher accuracy and greater consistency on this
biologically challenging problem.

Table 7. Statistical comparison over 30 runs—S. cerevisiae (n = 5).

Method Success | F|] a(||F||) k (s)
Newton (random) 27/30  4.242 x 10° 1.273 x 10! 6.0  0.0003
PSO (pure) 3/30  3.831x107%2 1.151x10"! 300.0 0.0811

PSO + Newton (order2)  30/30 7.894x1071* 1.702x10"1 543 0.0140
PSO + NJN (proposed) ~ 30/30  9.356 x 1071°  6.496 x 10715 52,0 0.0146

5.4. Cases 3—4: Hammerstein Integral Equation (n = 20 and n = 40)

The discretized Hammerstein integral equation (Section 4) provides two moderate-
dimensional benchmark systems (n = 20 and n = 40) with no analytical solution, widely
used to evaluate the scalability of high-order iterative methods [1,3,6]. Tables 8 and 9 report
the results over 30 independent runs for each case.

The most important finding is the complete failure of pure PSO in both cases; pure PSO
achieves 0 successful runs out of 30 for both n = 20 and n = 40, exhausting the 300 iteration
budget without reaching the convergence threshold. This confirms that metaheuristic
exploration alone is insufficient for high-precision solutions of moderate-dimensional
nonlinear systems and that a high-order local refinement step is essential.
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Table 8. Statistical comparison over 30 runs—Hammerstein (n = 20).
Method Success IIF|| a(|IF]D k (s)
Newton (random) 30/30 1939 x1071* 3488x10" 4.0  0.0006
PSO (pure) 0/30  1.098 x 10! 8951 x 1072 300.0 0.0771

PSO + Newton (order2)  30/30 9.989 x 10~ 2599 x 10713 538 0.0144
PSO + NJN (proposed) 30/30 3.019x107% 8643 x107¥ 514 0.0142

For n = 20 (Table 8), PSO + NJN achieves 100% convergence with a mean residual
of 3.019 x 10~ !4, which is 3.3 times lower than PSO + Newton (9.989 x 10~14). Newton
with random initialization also converges in all 30 runs (k = 4.0) due to the wide basin of
attraction of this integral equation. However, this fast convergence is a property specific to
the Hammerstein problem and cannot be guaranteed a priori for an arbitrary nonlinear
system. The metabolic model (Case 2) demonstrates precisely this: Newton with a random
seed fails in 10% of runs because its narrow convergence region cannot be detected without
prior knowledge of the problem geometry. PSO + NJN is designed to be robust regardless
of convergence region size, achieving 100% convergence across both problem types without
requiring any structural assumption about the target solution.

For n = 40 (Table 9), all hybrid methods maintain 100% convergence as the dimension
doubles from n = 20, confirming the scalability of the PSO + NJN framework. The mean
iteration count increases only modestly from 51.4 to 52.0, indicating that the additional
computational cost of scaling to higher dimensions is marginal. Both PSO + NJN and
PSO+Newton converge to machine precision in this case; the statistical significance of the
iteration count advantage is confirmed by the Wilcoxon test reported in Section 5.9.

Table 9. Statistical comparison over 30 runs—Hammerstein (n = 40).

Method Success || F|| a(||F||) k t(s)
Newton (random) 30/30 1.670x 107 1351x107 40 0.0017
PSO (pure) 0/30 3849 x 107!  8.665x 1072 300.0 0.1020

PSO + Newton (order2)  30/30  4.006 x 1071 7.057 x 10718 540 0.0177
PSO + NJN (proposed) ~ 30/30 8.828 x 1071° 4541 x 10~ 520 0.0190

5.5. Comparison with Competing Fifth- and Sixth-Order Methods

To contextualize the performance of PSO + NJN within the current state of the art,
we compare it against two additional local refinement schemes of comparable order:
PSO+Singh-Sharma (fifth order, [3]) and PSO + Kansal (sixth order, [4]). All three hy-
brids use an identical PSO stage (same parameters and seeds), so differences in the lo-
cal phase are isolated. For reproducibility, the implementation details of the competing
methods are as follows. PSO + Singh-Sharma the three-step fifth-order scheme of [3]
(Equations (2.1)—(2.3) therein) was implemented in Python 3.10 using the same double-
precision arithmetic, Jacobian evaluation strategy (numerical finite differences with step
h = 10_7), and LU factorisation as PSO + NJN; maximum 15 refinement iterations.
PSO + Kansal: the sixth-order scheme of [4] (Equations (3.1)—(3.3) therein) was imple-
mented identically; maximum 15 refinement iterations. Both competing implementations
are included in the public repository. Table 10 reports the results over 30 independent runs
per method per case.

Three observations emerge. First, all three methods achieve 100% convergence on all
cases, confirming that the PSO global search phase is the key driver of robustness and that
any high-order local solver benefits equally from it. Second, residual differences among
the three methods are within one order of magnitude, and all reach machine precision; no

https://doi.org/10.3390/math14152775


https://doi.org/10.3390/math14152775

Mathematics 2026, 14, 2775

11 0f 17

method is uniformly superior in accuracy. Third, iteration counts are nearly identical across
methods, reflecting the fact that the NJN, Singh-Sharma, and Kansal schemes all require
two Jacobian evaluations per step and achieve similar convergence rates on these problems.
The advantage of NJN lies in its simpler implementation structure and formally established
convergence coefficients [6,21], which facilitate rigorous theoretical analysis (Section 3).

Table 10. Comparison of PSO + NJN against fifth- and sixth-order competing local refinement
methods over 30 independent runs. All methods use the same PSO stage.

Case Method (Order) Success [IF|| k

PSO + NJN (p = 5, proposed) 30/30 4535 x 1071 46
Casel(n=2) PSO +Singh-Sharma (p =5)[3] 30/30 2486 x 10~* 57
PSO + Kansal (p = 6) [4] 30/30 1508 x 10716 57

PSO + NJN (p = 5, proposed) 30/30  9.356 x 1071 520
Case2(n=5) PSO +Singh-Sharma (p =5)[3] 30/30  1.047 x 1074 53.0
PSO + Kansal (p = 6) [4] 30/30 1.305x 1074 53,0

PSO + NJN (p = 5, proposed) 30/30 3.019 x 10~* 514
Case 3 (n =20) PSO + Singh-Sharma (p =5)[3] 30/30 4.345x 1074 529
PSO + Kansal (p = 6) [4] 30/30 4.383x 10715 53,0

PSO + NJN (p = 5, proposed) 30/30 8.828 x 107> 52,0
Case 4 (n =40) PSO + Singh-Sharma (p =5)[3]  30/30  3.961 x 1071 53.0
PSO + Kansal (p = 6) [4] 30/30  3.961 x 10716 530

5.6. Convergence Region Analysis

Figure 1 illustrates the convergence regions of the NJN local solver applied to Case 1
(n = 2), comparing standalone NJN (left panel) with PSO+N]N (right panel). Each pixel
represents a starting point (Xio), Xéo)) in the search domain [0.5,3.5]%; color indicates
whether the method converges to a solution x% = (1.1771,2.1771)7 (blue), converges to a
solution x} = (2.1771,1.1771)7 (green), or fails to converge (red). Standalone NJN shows
fragmented convergence regions with significant red regions where the NJN method fails
to converge from random starts. PSO+N]JN eliminates the red region almost entirely: the
PSO phase delivers a starting point within the convergence region regardless of the true
problem geometry, confirming Proposition 1.

Convergence Regions --- Benchmark System (n=2)

NJN only (random start) PSO+NJN (proposed)

3.5 3.5

x4 =(1.18,2.18) x5 =(1.18,2.18)

X5 x5

3.0 3.0

25 25

15 15

1.0 1.0

0.5 0.5

0.5 1.0 15 2.0 2.5 3.0 3.5 0.5 1.0 1.5 2.0 2.5 3.0 3.5
X1 X1

EEE No convergence Hmm Converges to X, mmm Converges to x,

Figure 1. Convergence regions for the benchmark system (n = 2). (Left) NJN with random initial-
ization. (Right) PSO + NJN (proposed). Blue: convergence to x% ; green: convergence to xj; red: no
convergence. PSO global search eliminates failure regions.
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5.7. Global Performance Summary

Table 11 consolidates the results across all four test cases and four methods, enabling a
cross-case comparison of robustness, accuracy, and efficiency.

Table 11. Global performance summary over 30 runs.

Case Method Success || F|| k (s)
Newton (random)  30/30 3.318 x 1074 6.4  0.0002
PSO (pure) 30/30 6.109 x 10713 913  0.0187
Benchmark (n = 2
enchmark (n = 2) PSO + Newton 30/30 1743x 1074 67  0.0010
PSO + NJN 30/30 4.535x107% 46  0.0010
Newton (random)  27/30 4.242 % 10° 6.0 0.0003
. cerevisiae (n = 5) PSO (pure) 3/30  3.831x 1072 300.0 0.0811
‘ PSO + Newton 30/30 7.894x 10" 543 0.0140
PSO + NJN 30/30 9.356 x 1071  52.0 0.0146
Newton (random)  30/30 1.939 x 10~* 4.0  0.0006
. PSO (pure) 0/30  1.098 x 10~!  300.0 0.0771
H t =2
ammerstein (1 =20)  pq "Newton 30/30 9989 x 104 538 0.0144
PSO + NJN 30/30 3.019x10° 514 0.0142
Newton (random)  30/30 1.670 x 10~* 4.0  0.0017
: PSO (pure) 0/30  3.849 x 10! 300.0 0.1020
H t =4
ammerstein (1 =40)  pg "Newton 30/30  4.006 x 10716 540 0.0177
PSO + NJN 30/30 8.828x 107> 520 0.0190

Three conclusions emerge from Table 11:

Robustness. PSO + NJN achieves 100% convergence across all four test problems.
In contrast, pure PSO fails completely on both Hammerstein cases (0%) and achieves only
10% on the metabolic model. Newton with random seed fails on 10% of runs for the
metabolic model, confirming that a random initial guess is inadequate when the basin of
attraction is narrow.

Accuracy. PSO + NJN consistently achieves lower mean residuals than PSO+Newton
on the most challenging cases: 8.4 x lower on the metabolic model (n = 5) and 3.3x lower
on the Hammerstein system (1 = 20). These gains are a direct consequence of the fifth-order
convergence of the NJN refinement [2,21].

Scalability. PSO + NJN maintains 100% convergence and near machine-precision
accuracy as dimension grows from n = 2 to n = 40, with total iterations increasing only
from 4.6 to 52.0. The PSO+Newton baseline shows identical scalability in convergence
rate but with consistently higher residuals on the intermediate cases, confirming that the
accuracy advantage of PSO+N]JN is preserved as problem dimension increases.

5.8. Parameter Sensitivity Analysis

To assess the robustness of the proposed method with respect to its PSO hyperparame-
ters, we repeated the 30-run study on Case 2 (S. cerevisiae, n = 5)—the most discriminating
test—while varying one parameter at a time around the baseline configuration (tpsp = 1072,
w = 0.5,¢1 = ¢ = 1.5, N, = 30). Table 12 summarizes the results.

The results show that the method is robust to moderate variations in all four PSO
parameters. The 100% success rate and the mean residual are maintained across all tested
configurations, confirming that the baseline parametrization is not a finely tuned setting but
rather a representative choice within a wide region of reliable performance. The iteration
count k varies slightly with 1pgo (tighter thresholds require more PSO iterations before
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transition), but the total count remains in the range of 50-55. These values are updated
automatically from the companion Python script.

Table 12. Parameter sensitivity analysis—PSO + NJN on S. cerevisiae (n = 5), 30 runs per configuration.
Baseline marked with e.

Configuration Success || F|| k

e Baseline (t = 1072, w = 0.5,c = 15,N, =30)  30/30  9.356 x 10~ 1° 52.0
Tpso = 1071 30/30  9.502 x 10~1° 50.0
Tpso = 1073 30/30  9.356 x 10~ 1° 52.0
w =03 30/30 4342 x 1071 52.0
w = 0.7 30/30 9.281 x 1071 52.0
c1=c =10 30/30 1.156 x 10714 52.0
c1=c =20 30/30  2.509 x 10714 52.0
N, =15 30/30 1157 x 107 521
N, =50 30/30 1.019x10°* 518

5.9. Statistical Hypothesis Testing

To rigorously assess whether the observed differences between PSO + NJN and PSO +
Newton are statistically significant, we applied two complementary nonparametric tests.
First, a two-sided Wilcoxon rank-sum test (Mann-Whitney U) on the distributions of
final residuals ||F(x*)|| over 30 runs. Second, a one-sided Wilcoxon rank-sum test on the
iteration counts k, with an alternative hypothesis l_cN]N < kNewton- Both tests were chosen
over parametric alternatives because residual and iteration-count distributions at machine
precision are generally non-normal, as confirmed by the Shapiro-Wilk test (p < 0.01 in
all cases). To complement the significance tests, we report the rank-biserial correlation
r =1—2U/(n1ny) as an effect size measure [1], where |r| < 0.3 is small, 0.3 < |r| < 0.5
medium, and |r| > 0.5 large. Table 13 reports the p-values, significance decisions at
a = 0.05, and effect sizes.

Table 13. Wilcoxon rank-sum test and effect size (rank-biserial 7): PSO + NJN vs. PSO + Newton.
Residuals: two-sided test on ||F(x*)||. Iterations: one-sided test (knyn < KNewton)- Effect size: [r| < 0.3
small, 0.3-0.5 medium, >0.5 large. Significance level & = 0.05.

Residuals ||F(x*)|| Iterations k
Case - -
p-Value Sig. r p-Value Sig.? r
Benchmark (n = 2) 0.098 No 0.24 <1074 Yes 0.67
S. cerevisiae (n = 5) <107*  Yes 067 <107*  Yes 1.00
Hammerstein (n = 20) 0.100 No —-025 <10°* Yes 1.00
Hammerstein (n = 40) 0.001 Yes 0.35 <1074 Yes 1.00

Table 13 reveals two complementary patterns. For residual accuracy, the advantage of
PSO+N]JN is statistically significant in the cases where it matters most: the metabolic model
n=57p< 1074, large effect r = 0.62), where the narrow basin of attraction amplifies
the benefit of the fifth-order refinement, and the large-scale Hammerstein system (1 = 40,
p = 0.001, medium effect r = 0.35). For n = 2 and n = 20, both methods converge to
near-identical machine-precision residuals (~107!4), so no statistically significant differ-
ence in accuracy is detectable (small effects r = 0.24 and r = 0.29). For iteration count,
PSO + NJN uses significantly fewer total iterations than PSO + Newton in all four cases
(p < 107%), with large-to-maximal effect sizes (r = 0.67-1.00, all large), confirming that
the fifth-order convergence rate translates directly into faster performance regardless of
problem dimension.
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5.10. Convergence Analysis

Figure 2 shows the convergence history of PSO+N]N for one representative run per
case. In all four panels, the PSO phase (circles, solid line) reduces the residual from the
initial random state to approximately 10~2-~10~2 within 50 iterations, at which point the
NJN phase (squares, dashed line) takes over. The NJN phase then drops the residual
to machine precision in just 2-3 iterations, demonstrating the characteristic fifth-order

convergence: each NJN step roughly quintuples the number of correct digits. The vertical
dotted line marks the PSO-NJN transition in each panel.

Convergence History of the Hybrid PSO-NJN Method
(4 case studies, representative run)

Case 1: Benchmark (n=2)

Case 2: S. cerevisiae (n=5)

107!
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3 \ - NJN phase -~ NJN phase
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N 1
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Figure 2. Convergence history of PSO + N]N for all four case studies. Circles (solid line): PSO phase.
Squares (dashed): NJN refinement. Vertical dotted line: transition between stages.

Figure 3 presents box plots of the final residuals ||F(x*)|| over 30 independent runs
for all four methods and all four cases. Three observations stand out: (i) PSO + NJN
and PSO + Newton produce compact boxes at machine-precision level in all cases where
they converge; (ii) pure PSO fails entirely for n = 20 and n = 40 (boxes far above the
1078 threshold, shown as dashed line); and (iii) Newton with random seed shows high

variance on the metabolic model (n = 5), reflecting the sensitivity of Newton’s method to
the choice of initial guess.
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Final Residual Distribution over 30 Independent Runs
(4 case studies)

Case 1: Benchmark (n=2) Case 2: S. cerevisiae (n=5) Case 3: Hammerstein (n=20) Case 4: Hammerstein (n=40)
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Figure 3. Box plots of final residuals ||F(x*)|| over 30 runs. Dashed horizontal line: convergence
threshold 10~8.

6. Conclusions

This work proposed and evaluated a hybrid PSO-NJN algorithm that combines PSO
global exploration with fifth-order NJN local refinement to solve nonlinear systems robustly
and efficiently. The method was validated on four test problems of increasing dimension
(n =2,5,20,40), including a five-dimensional metabolic network model for ethanol produc-
tion in Saccharomyces cerevisiae and two large-scale Hammerstein integral equation systems
with no analytical solution. The main findings, obtained over 30 independent runs per
method, are summarized below.

6.1. Summary of Results

PSO + NJN achieved 100% convergence on all four test problems (n = 2,5,20,40)
over 30 independent runs, while pure PSO failed completely on both Hammerstein cases
and achieved only 10% success on the metabolic model. The fifth-order NJN refinement
produced mean residuals 8.4 times lower than the second-order Newton baseline on the
metabolic model and confirmed machine precision accuracy on the n = 40 system. PSO
+ NJN requires significantly fewer total iterations than PSO + Newton in all four cases
(p < 10~*, Wilcoxon one-sided test, effect sizes r = 0.67—1.00), with CPU times between
0.0009 s (n = 2) and 0.0193 s (n = 40). The comparison with PSO + Singh—Sharma (order 5)
and PSO+Kansal (order 6) confirmed that convergence robustness stems from the PSO
hybridization rather than from any particular high-order local solver.

6.2. Limitations

The following limitations should be considered when applying the method to new
problems. First, the current implementation uses a dense numerical Jacobian with O (1)
cost per NJN step, validated here up to n = 40. For nonlinear systems arising from PDE
discretizations — such as nonlinear reaction-diffusion or heat conduction problems studied
in [9,10] — the Jacobian is tridiagonal or banded; exploiting sparse structure reduces the
per-step cost to O(n), making the method scalable to n > 100. Extending the present
hybrid framework to PDE-based systems using sparse Jacobians is a natural direction for
future work. Second, the transition tolerance Tpso = 1072 was fixed experimentally based
on the four test cases; problems with very different scaling or conditioning may require
a different value, and an adaptive strategy would generalize the method more robustly.
Third, all experiments used a fixed PSO parametrisation (w = 0.5, c; = ¢ = 1.5); a formal
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sensitivity analysis was not performed and the optimal parameters may differ for problems
with highly non-uniform variable scaling.

6.3. Future Work

The most immediate extensions are (i) adaptation of the hybrid framework to sparse
PDE systems using banded Jacobian solvers, which would reduce the per-step cost from
O(n®) to O(n) and enable application to systems with 7 >> 100; and (ii) replacement of the
fixed transition tolerance Tpgo = 1072 by a geometry-aware adaptive rule that estimates
the local Lipschitz constant on-the-fly.
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