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Abstract 

This paper aims to present efficient alternative mixed-integer non-linear programming 

models and a customized hybrid metaheuristic, the Genetic-Based Algorithm (GBA), for 

a resource-constrained project-scheduling problem with a flexible network structure 

(RCPSP-FNS). We also consider the cost–time trade-off in the problem with a flexible net-

work by using activity-duration compression. We present three approaches to solve the 

problem, including a mixed-integer non-linear program (MINLP) using binary variables 

representing activity completion times (MINLP1), an alternative mixed-integer non-linear 

program using integer variables representing activity-completion times (MINLP2) that 

has not presented before in RCPSP-FNS modeling, and the GBA. A total of 35 different 

problems are solved to examine the computational efficiency of the solution approaches. 

The MINLP1 and MINLP2 models are both solved by the GEKKO solver. The results in-

dicate that solving the MINLP2 model can reach the optimal objective value obtained by 

solving the MINLP1 model in significantly less time. In addition, the proposed genetic-

based algorithm can solve some large problems in a more efficient way in comparison to 

solving MINLP1 by using GEKKO. However, solving the MINLP2 model using GEKKO 

is the most efficient solution approach in comparison to both MINLP1 and the proposed 

genetic-based algorithm. MINLP2 can be solved to proven optimality (in much less time) 

for problems in which the MINLP1 model can, at most, reach near-optimal solutions. 

Keywords: resource-constrained project-scheduling problem (RCPSP); flexible network; 

mixed-integer non-linear programming (MINLP); genetic algorithm; metaheuristic 
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1. Introduction 

One of the most important aspects of project management is scheduling, which en-

tails determining the best sequence and duration for each project activity [1,2]. An efficient 
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schedule is required to optimize resource utilization, reduce project duration, and avoid 

delays [3]. When it comes to managing various tasks with limited resources, specific pro-

ject delivery periods, and changing project settings, project managers frequently face com-

plex challenges. As a result, it is necessary to use efficient scheduling approaches that can 

account for the complex nature of projects and thereby optimize resource allocation. The 

present study addresses the resource-constrained project-scheduling problem with flexi-

ble network structures (RCPSP-FNS), a scenario in which project activities can take mul-

tiple paths while resources are limited. 

This paper introduces an advanced model, and the goal is to increase the computa-

tional efficiency to complete these scheduling tasks in terms of both cost and time units. 

Subsequently, it strengthens project managers’ abilities to distribute resources optimally, 

shorten project durations, and adapt to altering project requirements, all at once. In this 

paper, we address schedule flexibility in project management by developing a Mixed-In-

teger Non-Linear Programming (MINLP) model for the Resource-Constrained Project 

Scheduling Problem with a flexible network structure (RCPSP-FNS) based on the model 

proposed by Tao and Dong [4], incorporating schedule flexibility. We introduce the 

MINLP1 model to consider both the cost–time trade-off and schedule flexibility in RCPSP-

FNS. Given the NP-hard nature of RCPSPs, we propose a customized Genetic-Based Al-

gorithm (GBA) for solving large problems. Additionally, we contribute to the mathemat-

ical formulation by presenting an alternative MINLP2 model, which uses integer variables 

instead of binary ones, improving efficiency when solved with the GEKKO solver. All 

models account for both renewable and non-renewable resource constraints and cost–time 

trade-offs through activity-duration compression. 

Following this Introduction, the remainder of this paper is organized as follows: Sec-

tion 2 reviews the literature to gain a general understanding of how to achieve the research 

objective; it also compares this research to previous efforts. Section 3 presents the problem 

description and alternative model formulations. An illustrative example solved by all 

three solution approaches is presented in Section 4, along with evaluation of the compu-

tational efficiency of the alternative solution approaches. Finally, Section 5 presents con-

clusions and future research directions. 

2. Literature Review 

In project-scheduling problems, it is necessary to successfully complete a project un-

der different project constraints [5,6]. The resources needed to implement a project are 

among the most important constraints. In practice, two types of resources can be consid-

ered in projects—renewable and non-renewable resources, both of which can be limited 

[7]. One way to solve the problem of constrained renewable resources is to schedule the 

project so that the activities have the least overlap with each other to reduce the need for 

the simultaneous use of resources, which increases the completion time of the project and 

costs such as tardiness costs [8]. Therefore, it is necessary to use optimization techniques 

to minimize project duration and costs while maintaining project resource constraints. A 

large volume of recent research has been conducted on the achievement of the best activity 

schedule to minimize project completion time (or cost) by considering resource con-

straints. For example, Li and Zhang [9] presented a model for a Multi-Mode Resource-

Constrained Project-Scheduling Problem (MRCPSP) considering renewable and non-re-

newable resources and solved the model by using the ant colony algorithm. Kyriakidis et 

al. [10] attempted to construct a new integer formulation for the MRCPSP and Resource-

Constrained Project-Scheduling Problem (RCPSP) using renewable and non-renewable 

sources. They evaluated their formulation by solving several sample problems. Wang and 

Feng [11] used the Estimation of Distribution Algorithm (EDA) to solve the MRCPSP and 

used experimental design to select the algorithm parameters. Zamani [12] used a genetic 
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algorithm to solve the project-scheduling problem with resource constraints and com-

pared the results with other RCPSP solution methods. Naber and Kolisch [13] proposed 

several integer programming models for the project-scheduling problem with resource 

constraints considering non-constant resource consumption. Wang and Feng [14] solved 

the project-planning problem with resource constraints using a hybrid EDA and com-

pared the results with the results of other algorithms. 

Paraskevopoulos et al. [15] introduced an innovative event-list-based method to 

solve the RCPSP and reported much more efficient results compared to other similar 

methods. 

In order to solve the RCPSP, Xiao et al. [16] combined the electromagnetic method 

with three multi-objective metaheuristic optimization methods including Non-Domi-

nated Sorting Genetic Algorithm-II (NSGA-II), Strength Pareto Evolutionary Algorithm 2 

(SPEA2), and Multi-objective Evolutionary Algorithm/Based on Decomposition 

(MOEA/D). By evaluating their results, they revealed the efficiency of combining the elec-

tromagnetic method with the three methods NSGAII, SPEA2 and MOEA/D in improving 

the efficiency of these methods. Kreter et al. [17] extended the RCPSP by adding a calendar 

holiday to the model. 

In the classic RCPSP model, it is assumed that the project network structure and re-

sources are already known and all activities must be performed, with no flexibility or 

change in project network structure. In practice, project activities can sometimes be alter-

natives to each other, meaning that more than one project completion path may be avail-

able [4]. Several researchers have studied the RCPSP with a Flexible Network Structure 

(RCPSP-FNS). For example, Kellenbrink and Helber [18] argue that some airline projects 

include flexible network structures. Tao and Dong [4] stated that construction projects can 

normally be executed in different ways, among which just one method is selected in prac-

tice. For example, in a bridge construction project, a pier shaft can be constructed in two 

ways: by casting on site or precasting. Each of these methods includes specific activities 

and a precedence relationship [19]. The existence of alternative project execution paths is 

normally modeled using logical concepts like AND/OR. Stochastic project networks were 

presented by Neumann [20], who showed that activities could only be selected to be im-

plemented while the project was progress. A conditional planning approach was pro-

posed by Tsamardinos et al. [21], in which the selection of an activity in the optimal solu-

tion depends on the situation. Tsamardinos et al. [21] also used the temporal constraint 

satisfaction problem and did not consider all existing project networks. A new concept 

called the probability of existence (PEX) was proposed by Beck and Fox [22] to model a 

flexible project structure. The value of PEX was used as a measure for the probability of 

the existence of an activity in the final solution. Ranjbar and Davari [23] proposed a model 

to deal with the project-scheduling problem with alternative technologies. They consid-

ered research and development projects where the final product may be produced using 

alternative technologies, at which point just one of the alternative technologies is selected 

in practice. Several other researches have considered logical constraints for certain classes 

of projects with flexible network structures. For example, Belhe and Kusiak [24] suggested 

that design operations may include different logical relationships, like AND, OR and ex-

clusive OR between activities. Gillies and Liu [25] assessed the complexity of RCPSPs with 

AND/OR project networks and tried to solve the model using heuristic procedures. Čapek 

et al. [26] considered the resource-constrained project-scheduling problem with different 

project plans corresponding to different activities, relationships and resource usage. 

Tao and Dong [4] proposed a mathematical optimization model (a Mixed-Integer 

Program (MIP)) to deal with the multi-mode resource-constrained project-scheduling 

problem (MRCPSP). They proposed a new network representation of project precedence 

relationships and called it the AND–OR network representation. They also used the 
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NSGAII and Tabu Search algorithms to solve the problem. One of the most important 

problems of organizations in project implementation is completing the project in a prede-

termined time. Due to the competitive conditions prevailing in the market, today the de-

mand for the implementation of projects in the shortest possible time is increasing. These 

conditions lead to a more critical situation of projects due to the simultaneous impact of 

resource constraints and uncertainty, which, in turn, plays an important role in the occur-

rence of delays and interruptions during the project. Activities may exceed the expected 

time or be completed in less time; resources may be temporarily unavailable, certain ac-

tivities may be added to the project; or the project may be suspended for a certain period 

of time, and the processes may change. These are just a few examples of the uncertainties 

surrounding project implementation. To deal with these uncertainties, the total slack (lat-

est start minus earliest start) of activities’ schedules can be increased, which is a preventive 

approach to project scheduling. By increasing the total slack in a project schedule and 

adding time buffers to deal with delays, a proper schedule can be created to reduce the 

likelihood of tardiness. 

2.1. Modeling and Solution Methods (Exact and Metaheuristic) for RCPSPs with Flexible  

Network Structures 

Exact solutions to MINLP models of RCPSPs with flexible network structures have 

been addressed in few studies. For example, Birjandi et al. [27] presented a weighted 

mixed-integer non-linear model for the RCPSP-FNS (which they call RCPSP with multi-

route work packages), where the weights are used to convert the original multiple-objec-

tive model to a single-objective MINLP. They just considered the Finish-to-Start (FS) prec-

edence relation in their model. They also used continuous decision variables for activity 

finish and start times. In addition, they did not consider project-schedule flexibility. They 

also just considered the cost–time trade-off by using activity execution mode selection (not 

activity compression). However, due to the computational complexity of the problem, 

they also used a four-part non-distinct (FPND) solution approach, as well as binary PSO 

and the GA to solve large problems. 

Cajzek and Klanšek [28] presented a novel model for optimizing project schedules 

considering resource constraints and Alternative Production Processes (APPs). They uti-

lized mixed-integer non-linear programming and offered precise project management 

outputs. The model’s uniqueness lies in its ability to simultaneously optimize production 

processes and resource-constrained project scheduling within a unified framework. They 

used continuous variables for activity finish and start times and considered four types of 

precedence relations (FS as well as Start to Start (SS), Start to Finish (SF), and Finish to 

Finish (FF)). Like Birjandi et al. [27], Cajzek and Klanšek [28] directly considered neither 

the cost–time trade-off using activity compression nor project schedule flexibility. 

Van der Beeka et al. [29] introduced a method for solving the RCPSP with resource 

consumption and production while allowing for a flexible network. Recognizing the chal-

lenge in selecting an optimal set of activities, the authors proposed a solution based on the 

concept of “group graphs”, specifically targeting projects with non-circular dependency 

graphs. They presented a hybrid differential evolution algorithm designed to efficiently 

select and schedule activities, demonstrating its superior performance over traditional al-

gorithms that do not account for resource dynamics. Additionally, they explored the ef-

fectiveness of an ant colony optimization algorithm for specific cases, ultimately showing 

that the hybrid algorithm offers the best solution for a broad range of scenarios. They also 

used binary variables as activity-scheduling decision variables. However, Van der Beeka 

et al. [29] considered neither the cost–time trade-off nor schedule flexibility. In addition, 

they used binary decision variables for activity selection and scheduling. Finally, they 

considered only FS precedence relations. 
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Servranckx et al. [30] explored a GA-SAT approach to solve the RCPSP with a flexible 

network structure. The proposed algorithm was applied to an RCPSP with binary decision 

variables for scheduling. The model they considered does not include the cost–time trade-

off, scheduling flexibility or precedence relations, except FS precedence. 

2.2. Modeling and Solution Methods (Exact and Metaheuristic) for Other Variants of the RCPSP 

Despite the limited availability of exact solution methods proposed in the literature 

for the RCPSP with a flexible network, numerous exact solution methods have been sug-

gested for different variants of RCPSPs. For example, the primary focus of Erenguc et al. 

[31] was addressing the non-preemptive resource-constrained project-scheduling prob-

lem with multiple modes. They proposed a branch-and-bound procedure to solve this 

problem, and their findings are substantiated by computational results involving 160 

problems. Their method demonstrates effectiveness in minimizing total project cost, 

showcasing the practical applicability of their approach. The problem is formulated as an 

MINLP model without considering a flexible project network or project schedule flexibil-

ity. The FS precedence relation is the only type of precedence considered in this paper. In 

addition, no activity compression (as a method of cost–time trade-off) is modeled. How-

ever, they used continuous variables for activity start times. 

Atli [32] took on resource-constrained project scheduling problems with determinis-

tic activity durations. The study explored the potential synergy of combining the Tabu 

Search Algorithm with the CPLEX exact algorithm for management of medium-scale 

RCPSPs. Atli [32] considered neither the cost–time trade-off, project network flexibility, 

nor project schedule flexibility. In addition, they considered just FS precedence relations 

and binary variables for scheduling. 

The work by Bruni et al. [33] addresses the robust resource-constrained project sched-

uling problem, introducing interval uncertainty. They proposed two exact decomposition 

approaches to tackle this problem, conducting extensive computational experiments to 

evaluate and compare their methods against state-of-the-art exact solution approaches. 

They modeled the problem as a two-stage optimization in which the first-stage problem 

is used for resource allocation and the second-stage problem models project scheduling. 

In the second-stage problem, there is no consideration of the cost–time trade-off, schedule 

flexibility, flexible network structure, or precedence relations other than the FS-type rela-

tion. In addition, they used continuous variables for activity scheduling. 

De Azevedo et al. [34] introduced an exact method to solve the resource-constrained 

project-scheduling problem with generalized precedence constraints (RCPSP/Max) by 

transforming a relaxed version into a satisfiability problem. They presented various satis-

fiability problem formulations and workload-based procedures to narrow down decision-

variable domains. They considered neither flexible network structure nor the cost–time 

trade-off. In addition, schedule flexibility was not considered by De Azevedo et al. [34]. 

However, different types of precedence relations are supported in their model. They used 

continuous variables for project scheduling. 

Ramos et al. [35] introduced a multi-start iterated local search (MS-ILS) algorithm as 

a novel solution to the multi-mode resource-constrained project-scheduling problem 

(MRCPSP), achieving superior outcomes on large instances (100 activities) and competi-

tive results on smaller ones against existing benchmarks. The MRCPSPs studied by Ramos 

et al. [35] consider neither flexibility in project structure and scheduling nor the cost–time 

trade-off through activity time compression. They used binary variables for project sched-

uling. 

Shuvo et al. [36] proposed a hybrid metaheuristic approach, integrating Chemical 

Reaction Optimization (CRO) and the Genetic Algorithm (GA) to solve the RCPSP, show-

ing superior performance and efficiency in comparison to existing algorithms like 
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adaptive particle swarm optimization (A-PSO), the multi-agent optimization algorithm 

(MAOA), artificial bee colony (ABC), and the GA. The RCPSP was considered in its sim-

plest form without flexibility in project scheduling and structure and with no cost–time 

trade-off. They just considered FS precedence and used continuous variables for schedul-

ing. 

A critical synthesis of the foregoing literature reveals several persistent and intercon-

nected gaps that collectively limit both the theoretical richness and practical relevance of 

existing RCPSP-FNS models. First, despite the recognized importance of renewable re-

sources in real-world projects—where labor, equipment, and workspace constraints fun-

damentally drive scheduling complexity—the vast majority of flexible-network studies 

[28–30] restrict their attention to non-renewable resources, effectively sidestepping the 

very constraints that make project scheduling difficult in practice. Second, almost all ex-

isting formulations treat schedule flexibility as an afterthought or ignore it entirely, leav-

ing projects vulnerable to inevitable disruptions and offering no mechanism to build ro-

bustness into the baseline schedule. Third, cost–time trade-offs are almost exclusively 

modeled through discrete execution modes rather than continuous duration compression, 

which oversimplifies managerial decisions and fails to capture the gradation of real-world 

crashing options. Fourth, the field remains fragmented in its choice of decision variables—

binary in some studies [4,29,30] and continuous in others [27,28]—with little critical ex-

amination of how this choice affects computational performance, solution quality, or prac-

tical interpretability. Finally, exact solution methods are frequently abandoned for large 

instances without a principled understanding of where the computational bottlenecks lie, 

while metaheuristics are often applied as generic black-box optimizers rather than being 

structurally tailored to the unique features of flexible-network problems. These limitations 

are not merely technical; they reflect a broader tendency in the literature toward descrip-

tive modeling of isolated features rather than integrative, application-driven problem for-

mulation. Our work directly confronts each of these shortcomings—introducing a unified 

MINLP framework with integer variables that reduces computational burden, incorporat-

ing both renewable and non-renewable resources, embedding schedule flexibility directly 

into the objective, modeling continuous activity compression for realistic cost–time trade-

offs, and developing a structure-aware hybrid metaheuristic that scales effectively to large 

instances—thereby advancing the field from fragmented description toward integrated, 

practically grounded optimization. 

The primary contribution of this paper is a novel Mixed-Integer Non-Linear Pro-

gramming (MINLP) formulation for the RCPSP-FNS that performs much better than the 

prior version [4,29,30]. This transformation yields substantial computational advantages, 

resulting in fewer decision variables and solution times that are significantly lower than 

equivalent binary formulations when solved with the GEKKO solver. Beyond this core 

methodological advance, we extend the state of the art in three dimensions previously 

unexplored in RCPSP-FNS: (i) we introduce schedule flexibility by maximizing the total 

float in the objective function, creating robust schedules that absorb delays without com-

promising project completion; (ii) we model cost–time trade-offs through continuous ac-

tivity duration compression rather than discrete execution modes, providing greater flex-

ibility and realism in representing managerial decisions; and (iii) we address the compu-

tational challenge of large-scale instances through a customized hybrid Genetic-Based Al-

gorithm (GBA) that leverages the problem structure via specialized local search operators, 

achieving superior performance on large problems compared to the exact solution method. 

Our model further distinguishes itself by incorporating both renewable and non-re-

newable resource constraints, extending the flexible-network RCPSP literature, which has 

predominantly focused on non-renewable resources [28–30]. Renewable resource con-

straints—such as labor, equipment, and workspace—are particularly critical in practice, 
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as they limit simultaneous activity execution and represent a primary driver of scheduling 

complexity in real-world projects. We formulate two MINLP variants (MINLP1 and 

MINLP2) to directly compare the performance of our integer formulation against the basic 

formulation, providing empirical evidence for its superiority. Table 1 systematically posi-

tions these contributions against prior works. Collectively, these contributions advance 

both the theoretical modeling of the RCPSP-FNS and its practical applicability through 

more efficient exact solution methods and effective metaheuristic approaches for large in-

stances. 
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Table 1. Contributions of this paper compared to similar publications. 
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Tao and dong [4] Flexible Binary FS 
Renewable and 

Non-Renewable 
Using activity modes Inflexible 

Branch and bound 

(CPLEX) 

Tabu Search and 

NSGA-II 
- 

Birjandi et al. [27] Flexible Continuous FS 
Renewable and 

Non-Renewable 
Using activity modes Inflexible - 

Four-part non-distinct 

(FPND), BPSO, GA 

Considering Continuous 

variables in RCPSP-FNS 

Erenguc et al. [31] Inflexible Continuous FS Non-Renewable Using activity modes Inflexible 
Branch and bound 

(CPLEX) 
- - 

Atli [32] Inflexible Continuous FS Non-Renewable - Inflexible 
Branch and bound 

(CPLEX) 
Tabu Search - 

Bruni et al. [33] Inflexible Binary FS Non-Renewable - Inflexible Decomposition - - 

Van der beeka et 

al. [29] 
Flexible Binary FS Non-Renewable - Inflexible - 

Hybrid differential evo-

lution (based on Tabu 

Search) 

- 

Servranckx et al. 

[30] 
Flexible Binary FS Non-Renewable - Inflexible SAT GA-SAT 

Conversion to satisfiabil-

ity problem 

Cajzek and 

klanšek [28] 
Flexible Continuous 
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SF 
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Branch and 
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 Generalized Precedence 
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SF 
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Ramos et al. [35] Inflexible Binary FS 
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Using activity modes Inflexible - 

Multi-start iterated local 

search (MS-ILS) 
- 

Shuvo et al. [36] Inflexible Continuous FS Non-Renewable - Inflexible - CRO-GA - 

This paper Flexible Integer FS 
Renewable and 

Non-Renewable 

Using activity duration 

compression 
Flexible GEKKO GBA 

Novel MINLP model 

using integer variables 
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3. Problem Description and Model Formulation 

Consider a project with an activity set (N) that must be executed by utilizing renew-

able and non-renewable resources (R and U, respectively). If there are precedence rela-

tions between project activities, then they must be scheduled according to both prece-

dence and resource constraints. Activity durations are considered to be deterministic, but 

they can be compressed to be implemented in less time and with more execution cost. The 

project network structure is flexible, meaning that there is more than one path to complete 

the project. In other words, project activities must be selected such that they respect prec-

edence and resource constraints while meeting the project objective. The project objective 

is minimizing total project cost, including fixed costs and compression costs of activities, 

renewable and non-renewable resource cost, and project-delay cost. We consider an ac-

tivity-on-node (AON) representation of the project network in which the nodes represent 

the project activities and the arcs represent precedence relations. We consider the nodes 

to be of two different types: AND nodes and OR nodes. All of the successors of AND nodes 

must be selected (as in the traditional RCPSP), whereas just one of the successors of the 

OR nodes needs to be selected). As a strategy to face uncertainties, we model the total float 

of activities and use it to build a scheduling buffer so that the total float of each activity 

must be greater than a proportion of the activity duration. We propose the following 

mixed-integer non-linear program (called MINLP1) for the problem described above. 

3.1. MINLP1 Formulation 

Sets: 

N: Set of activities indexed with 𝑗 and 𝑖; 

R: Set of renewable sources indexed by 𝑟; 

U: Set of non-renewable sources indexed by 𝑢; 

T: Set of time periods indexed by 𝑡 and 𝜏. 

Parameters: 

𝐴𝑖𝑗: Adjacency matrix, where 𝐴𝑖𝑗 = 1 it means that node 𝑖 is a direct predecessor for 

node 𝑗 and node j and 𝐴𝑖𝑗 = 0 otherwise; 

𝑃𝑡: Parameter defining the time period; 

ℎ𝑖: Node type—for 𝑖 ∈  𝑁⧹{𝑛 +  1}, if ℎ𝑖 = 1, 𝑖 is an 𝐴𝑁𝐷 node and ℎ𝑖 = 0 oth-

erwise; 

𝐷𝑖: The duration of activity 𝑖; 

𝑇𝑚𝑎𝑥
𝑖: Maximum compression time for activity 𝑖; 

𝐶𝑖: The operating cost of activity 𝑖 (excluding the cost of resources); 

𝑅𝑒𝑖𝑟: The amount of renewable resources (𝑟) required when activity 𝑖 is executed; 

𝑁𝑅𝑒𝑖𝑢: The amount of non-renewable resources (𝑢) required when activity 𝑖 is exe-

cuted; 

𝑅𝑟: The total amount of renewable resources (𝑟) allocated to the project; 

𝑈𝑢: The total amount of non-renewable resources (𝑢) allocated to the project; 

𝑇𝑑𝑒𝑎𝑑𝑙𝑖𝑛𝑒: The latest time allowed for project completion; 

CP: The penalty cost per unit of time in case of delay; 

𝑐𝑟𝑖: The cost of reducing one unit of duration of activity 𝑖; 

𝑅𝑐𝑟: Unit cost of renewable resource 𝑟; 

𝑈𝑐𝑢: Unit cost of non-renewable resource 𝑢; 

𝛿: Minimum fraction of duration of each activity to be considered as the total float; 

𝑀: A sufficiently large number. 

Decision Variables 
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𝑇𝑑𝑒𝑙𝑎𝑦: The project completion delay; 

𝑥𝑖: 𝑥𝑖 = 1 if node 𝑖 is selected and 𝑥𝑖 = 0 otherwise; 

𝑦𝑖𝑡: 𝑦𝑖𝑡 = 1 if activity 𝑖 is completed at the end of time period t and 𝑦𝑖𝑡 = 0 other-

wise; 

𝛼𝑖𝑡: 𝛼𝑖𝑡 = 1 if activity 𝑖 is compressed by 𝑡 units of time and 𝛼𝑖𝑡 = 0 otherwise; 

𝑇𝑆𝑖: Total float of activity 𝑖; 

𝑒𝑠𝑖: The earliest start time for activity 𝑖; 

𝑙𝑠𝑖: The latest start time of activity 𝑖; 

𝑄𝑒𝑠𝑖𝑗: Slack variable defining the relationship between the earliest starts time for ac-

tivities 𝑖 and 𝑗; 

𝑄𝑙𝑠𝑖𝑗: Slack variable defining the relationship between the latest start times of activi-

ties 𝑖 and 𝑗. 

Mathematical Model 

𝑚𝑖𝑛 𝑧 = ∑ 𝑥𝑖 ∗ [𝑐𝑖

𝑖∈𝑁

+ ∑ 𝑐𝑟𝑖 ∗ 𝑃𝑡 ∗ 𝛼𝑖𝑡

𝑡∈𝑇

+ ∑ 𝑅𝑐𝑟  𝑅𝑒𝑖𝑟

𝑟∈𝑅

+ ∑ 𝑈𝑐𝑢 𝑁𝑅𝑒𝑖𝑢

𝑢∈𝑈

] + 𝐶𝑃 ∗ 𝑇𝑑𝑒𝑙𝑎𝑦 (1) 

S.t:      

𝑥1 = 1 (2) 

𝐴𝑖𝑗 ∗ 𝑥𝑖 ≥ 𝑥𝑗               ∀𝑖. 𝑗 ∈ 𝛮 | ℎ𝑖 = 1 (3) 

∑ 𝐴𝑖𝑗 ∗ 𝑥𝑗

𝑗

≤ 𝑥𝑖              ∀𝑖 ∈ 𝛮 | ℎ𝑖 = 0 (4) 

∑ 𝑃𝑡 ∗ 𝑦𝑖𝑡

𝑡∊T

− (2 − (𝑥𝑖 + 𝑥𝑗)) ∗ 𝑀 ≤ ∑ 𝑃𝑡 ∗ 𝑦𝑗𝑡 − 𝐷𝑗 + ∑ 𝑃𝑡 ∗ 𝛼𝑖𝑡

𝑇𝑖
𝑚𝑎𝑥

𝑡=1𝑡∊T

     ∀𝑖. 𝑗 ∈ 𝛮 | 𝐴𝑖𝑗 = 1 (5) 

∑ 𝑦𝑖𝑡 = 𝑥𝑖                   ∀ 𝑖 ∈ 𝑁

𝑡∊𝑇

 (6) 

∑( ∑ (𝑅𝑒𝑖𝑟 ∗ 𝑦𝑖𝑡)

𝑃𝑡+(𝐷𝑖−𝑃𝑡∗𝛼𝑖𝑡)−1

𝜏=𝑃𝑡

)

𝑖∈𝑁

≤ 𝑅𝑟             ∀ 𝑟 ∈ 𝑅. 𝑡 ∈ 𝑇 (7) 

∑ 𝑁𝑅𝑒𝑖𝑢 ∗ 𝑦𝑖𝑡 ≤ 𝑈𝑢        ∀𝑢 ∈ 𝑈

𝑖∈𝑁.𝑡∈𝑇

 (8) 

𝑇𝑑𝑒𝑙𝑎𝑦 ≥ ∑ 𝑃𝑡 ∗ 𝑦|𝑁|𝑡

𝑡∈𝑇

− 𝑇𝑑𝑒𝑎𝑑𝑙𝑖𝑛𝑒 (9) 

𝑇𝑑𝑒𝑙𝑎𝑦 ≥ 0 (10) 

𝑒𝑠𝑗 = ∑ 𝑄𝑒𝑠𝑖𝑗 ∗ 𝑥𝑖 ∗ (𝑒𝑠𝑖 + 𝐷𝑖 − ∑ 𝑃𝑡 ∗ 𝛼𝑖𝑡

𝑇𝑖
𝑚𝑎𝑥

𝑡=1

)          ∀𝑗 ∈ 𝛮     

𝑖|𝐴𝑖𝑗=1

 (11) 

𝑒𝑠1 = 0 (12) 

∑ 𝑄𝑒𝑠𝑖𝑗

𝑖

≤ 1         ∀𝑗 ∈ 𝛮 (13) 
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𝑙𝑠𝑗 = ∑ 𝑄𝑙𝑠𝑗𝑖 ∗ 𝑥𝑖 ∗ (𝑙𝑠𝑖 − 𝐷𝑗 + ∑ 𝑃𝑡 ∗ 𝛼𝑗𝑡

𝑇𝑖
𝑚𝑎𝑥

𝑡=1

)          ∀𝑗 ∈ 𝛮     

𝑖|𝐴𝑗𝑖=1

 (14) 

𝑙𝑠|𝑁| ≤ |𝑇| (15) 

∑ 𝑄𝑙𝑠𝑗𝑖

𝑖

≤ 1         ∀𝑗 ∈ 𝛮 (16) 

𝑇𝑆𝑗 = 𝑙𝑠𝑗 − 𝑒𝑠𝑗                              ∀𝑗 ∈ 𝛮 (17) 

𝑇𝑆𝑗 ≥ 𝛿 ∗ 𝐷𝑗 ∗ 𝑥𝑗        ∀𝑗 ∈ 𝛮 (18) 

∑ 𝛼𝑗𝑡

𝑡∈𝑇

≤ 𝑥𝑗                       ∀𝑗 ∈ 𝛮 (19) 

𝑥𝑖 . 𝑦𝑖𝑡 . 𝛼𝑖𝑡 , 𝑄𝑙𝑠𝑗𝑖 , 𝑄𝑒𝑠𝑗𝑖 ∈ {0,1}, ∀𝑖, 𝑗, 𝑡 (20) 

𝑙𝑠𝑗 , 𝑒𝑠𝑗 , 𝑇𝑆𝑗  ∈ 𝐼𝑛𝑡 (21) 

Equation (1) is the objective function including the total project cost, including the 

fixed cost and compression cost of activities, renewable and non-renewable resource costs, 

and project-delay cost. 

Equation (2) sets the value for activity number 1 (dummy activity for project start). 

Constraints (3) and (4) deal with activity selection for AND nodes and OR nodes, 

respectively. Note that these inequalities are always valid if there is no precedence relation 

between two activities. 

Precedence relations are considered in Constraint (5). Again, this inequality is effec-

tive only when there is a precedence relation between two activities. The left-hand side of 

this constraint is equal to the finish time of the predecessor activity (𝑖; if activities 𝑖 and 

𝑗 are both selected for execution) or a big number (𝑀) (if either activity 𝑖 or 𝑗 is not se-

lected for execution). The right-hand side is also equal to the start time of successor activ-

ity 𝑗, considering nominal duration (𝐷) and duration compression. 

Constraint (6) ensures that the activity completion time (𝑦) can take a non-zero value 

only if the activity is selected for implementation. Constraints (7) and (8) represent re-

source constraints for renewable and non-renewable resources respectively. Note that re-

newable resources are engaged only during the execution of related activities assigned to 

them. 

Constraints (9) and (10) model the project delay. According to Constraint (9), the 

value of project delay must be greater than the length of the time interval between the 

finish time of the last project activity (which is a dummy activity of project completion) 

and the project deadline. If 𝑇𝑑𝑒𝑙𝑎𝑦 is greater than 0, the objective function selects the min-

imal value of this variable in the optimal solution. If the project completes before the dead-

line, the value of 𝑇𝑑𝑒𝑙𝑎𝑦 equals 0. 

Constraints (11) to (13) model the earliest start times for project activities. The earliest 

start time of each successor activity (𝑗) is calculated as the maximum of the earliest start 

times of its predecessors (Constraints (11) and (12)) with the initial condition of 𝑒𝑠1 = 0 

(Constraint (13)). 

Constraints (14) to (16) represent the latest start times for project activities. The latest 

start time of each predecessor activity (𝑖) is calculated as the minimum of the latest start 

times of its successors (Constraints (14) and (15)) with the initial condition of 𝑙𝑠|𝑁| ≤ |𝑇| 

(Constraint (16)). 
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The total float is modelled in Equations (17) and (18). Constraint (17) defines the total 

slack of each activity as the difference between its latest and earliest start times. Constraint 

(18) forces the model to set a total slack greater than or equal to a certain fraction (𝛿) of the 

activity duration. 

Allowable activity compression times are modelled in Constraint (20), meaning that 

activity compression can only be applied to the activities selected for execution. Finally, 

Constraints (21) and (22) represent the domains of the decision variables. The MINLP1 

model includes Constraints (11)–(19) more than the model presented by Tao and Dong [4] 

This is because MINLP1 considers activity compression and schedule flexibility in addi-

tion to what was modelled by Tao and Dong [4]. 

3.2. Proposed Customized Hybrid Genetic-Based Algorithm (GBA) 

In this section, we propose a customized hybrid genetic-based algorithm (GBA) to 

solve the RCPSP with a Flexible Network Structure (RCPSP-FNS). Our proposed algo-

rithm uses heuristics to generate initial solutions (instead of random solutions (as occurs 

in the Genetic Algorithm)). The heuristics are also used in the improvement phase, along 

with traditional genetic operators (e.g., crossover and mutation). In addition, we do not 

use matrix representation as solution representation approach (like what occurs in the 

traditional Genetic Algorithm (GA)). Instead, we use the dictionary data type in our com-

puter programming in Python 3.13. 

The GBA differs from the basic Genetic Algorithm from several perspectives: 

• The primary uniqueness of the GBA lies in the initial population generation process. 

The GBA uses a problem-specific construction procedure that guarantees network-

structure feasibility, unlike basic genetic algorithms, which typically generate com-

pletely random solutions. While conventional GAs initialize populations using 

purely random binary vectors or permutation-based encodings, our Algorithm 1 em-

ploys a topologically aware node-selection process that respects the logical AND/OR 

relationships in the flexible network. Specifically, the algorithm traverses nodes se-

quentially and enforces feasibility rules: AND nodes require all predecessors to be 

selected, while OR nodes select exactly one predecessor via uniform random selec-

tion. This ensures that every generated solution represents a valid execution path 

through the network, dramatically reducing the infeasible solution space that basic 

GAs would waste time exploring. Additionally, Algorithms 2–4 complement this by 

generating structured starting times, duration compression and float values that are 

problem-aware: activities are assigned start times uniformly across the feasible hori-

zon, and compression levels are randomly initialized within individual activity 

bounds, creating a diverse initial population that already satisfies temporal and re-

source constraints. 

• The crossover operator in the GBA differs fundamentally from standard GA crosso-

ver in its multi-component, feasibility-preserving design that operates simultane-

ously on three heterogeneous decision vectors (network selection (x), start times (S), 

and compression levels (α)), whereas basic GAs typically crossover a single chromo-

some encoding. Our single-point crossover (Algorithm 5) performs coordinated re-

combination at identical cut points across all three parent components, producing 

offspring that inherit coherent subsets of parental schedules while maintaining the 

feasibility of the network structure. More critically, the crossover operator incorpo-

rates an integrated repair mechanism through post-crossover recalculation: after 

combining parental vectors, the algorithm recomputes all dependent variables, in-

cluding durations, finish times, delays, earliest/latest start times, and total slacks us-

ing dedicated subroutines (Algorithms 3 and 4). This ensures that every offspring has 
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consistent and feasible activity timings, unlike basic GAs that typically require sepa-

rate repair operators or penalty functions for constraint handling. 

• The GBA’s mutation operator distinguishes itself through its targeted, structure-pre-

serving perturbation strategy compared to the random bit-flipping or Gaussian mu-

tation common in basic GAs. Rather than mutating multiple genes arbitrarily, Algo-

rithm 6 selects a single random activity and applies coordinated mutations across its 

start time, compression level, and resulting finish time simultaneously, ensuring that 

the temporal consistency of the entire schedule is maintained. This focused pertur-

bation is fundamentally different from basic GA mutation, which typically modifies 

individual genes independently without considering the propagation of changes 

through the schedule network. More importantly, the GBA mutation incorporates 

immediate feasibility restoration by recalculating all schedule-dependent metrics—

including the total project delay and activity total slack (TS)—immediately after mu-

tation, ensuring that the offspring remains a valid schedule. This is a significant de-

parture from basic GAs that rely on iterative repair heuristics or expensive constraint 

validation. Additionally, the mutation maintains upper-bound awareness by con-

straining compression mutations within activity-specific maximum limits (0 to 𝑇𝑘
max) 

and start times within the project horizon, preventing the generation of unrealistic 

schedules, whereas basic GAs often generate infeasible solutions that are either dis-

carded or penalized, reducing search efficiency. 

The pseudocodes for all the parts of our proposed algorithm are presented below: 

GA Overall Pseudocode 

Step 1: Define GA parameters (including npop (number of solutions in the popula-

tion), nCross (number of crossover operations in each iteration), nMut (number of 

mutation operations in each iteration), and the algorithm termination condition). 

Step 2: Generate initial solutions (initial population) and evaluate the fitness for each 

solution. 

Step 3: If the specified termination condition is not reached, complete the following 

sub-steps: 

Step 3-1: Perform the crossover operation, generate nCross new solutions, cal-

culate their fitness, and add them to the initial population. 

Step 3-2: Perform the mutation operation, generate nMut new solutions, calcu-

late their fitness, and add them to the population in Step 3-1. 

Step 3-3: Sort the population in ascending order, and keep the top npop solu-

tions as the new population. 

Generating initial solutions 

In this subsection, we present the algorithms used to generate initial solutions. In this 

step, Algorithm 1 is used for node selection, as presented and explained below: 

1. Set the initial node selection as 𝑥1 = 1. 

2. Initialize the set of candidate nodes to be considered as 𝐴𝑐𝑡𝑠𝑒𝑡 = {2,3, … , |𝑁|}, where 

|N| is the total number of nodes in the network. 

3. While there are still nodes in the 𝐴𝑐𝑡𝑠𝑒𝑡: 

a. Select the first node from 𝐴𝑐𝑡𝑠𝑒𝑡 as j. 

b. Find all nodes (𝑖 ) such that there is a connection between node 𝑖  and node 

𝑗 (𝐴𝑖𝑗 =  1) and name it set 𝑓. 

c. If the sum of selected nodes (𝑖) from the connections is less than the total number 

of connections (|f|), set 𝑥𝑗 =  0 and remove node 𝑗 from 𝐴𝑐𝑡𝑠𝑒𝑡. 

d. If condition (c) is not met and node 𝑗 is an AND node (ℎ𝑗 =  1), select all nodes 

(i) connected to node j and set 𝑥𝑗 =  1 and 𝑥𝑖 =  1. Remove node j from 𝐴𝑐𝑡𝑠𝑒𝑡. 
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e. If node j is an OR node and does not meet condition (c), select the node (r) in set 

𝑓 with the U(f) function, which is the uniform selection of one element in f. Set 

𝑥𝑗 =  1  and 𝑥𝑟 =  1, and remove set 𝑓 from 𝐴𝑐𝑡𝑠𝑒𝑡, adding nodes 𝑗 and 𝑟 to 

the 𝐴𝑐𝑡𝑠𝑒𝑡. 

4. Once all nodes have been considered, set the last node in the network as selected 

(𝑥𝑗|𝑗=|𝑁| = 1). 

Algorithm 1: Node selection 

𝑥1 = 1 
𝐴𝑐𝑡𝑠𝑒𝑡 = {2,3, … , |𝑁|}  
While |𝐴𝑐𝑡𝑠𝑒𝑡| > 0 

      j = 𝐴𝑐𝑡𝑠𝑒𝑡(1)  

      f = {𝑖|𝐴𝑖𝑗 = 1} 

      if    ∑ 𝑥𝑖𝑖∈𝑓 < |𝑓| 

           𝑥𝑗 = 0  

           𝐴𝑐𝑡𝑠𝑒𝑡 ← 𝐴𝑐𝑡𝑠𝑒𝑡\𝑗 
      else 

           if      ℎ𝑗 = 1 

             f = {𝑖|𝐴𝑗𝑖 = 1} 

             𝑥𝑗 = 1 

             𝑥𝑖|𝑖∈𝑓 = 1 

             𝐴𝑐𝑡𝑠𝑒𝑡 ← 𝐴𝑐𝑡𝑠𝑒𝑡\𝑗 

          else 

             f = {𝑖|𝐴𝑗𝑖 = 1} 

             𝑟 = 𝑈(𝑓) 
             𝑥𝑗 = 1 

             𝑥𝑟 = 1 
             𝐴𝑐𝑡𝑠𝑒𝑡 ← 𝐴𝑐𝑡𝑠𝑒𝑡\{𝑓\𝑟 ∪ 𝑗} 
          𝑒𝑛𝑑 𝑖𝑓 
      end if 

end while 
𝑥𝑗|𝑗=|𝑁| = 1  

Algorithm 2 is used for activity duration compression and is explained below: 

1. For each node (𝑗) from 1 to the total number of nodes in the network: 

2. If node 𝑗 is the first node or the last node in the network (𝑗 = 1 𝑜𝑟 𝑗 = |𝑁|), set the 𝛼𝑗 

parameter to 0. 

3. If node 𝑗 is not the first or last node in the network, generate a random value for 𝛼𝑗 

using a uniform distribution between 0 and the maximum compression of node 𝑗 

(𝑇𝑚𝑎𝑥
𝑗). 

Algorithm 2: Activity duration compression 

for j = 1:|N| 

   if    j = 1 or j = |N| 
        𝛼𝑗 = 0  

   else 
        𝛼𝑗 = 𝑢𝑛𝑖𝑓𝑜𝑟𝑚(0, 𝑇𝑚𝑎𝑥

𝑗)  

   end if 

end for 

Algorithm 3 is used for activity scheduling and works as follows: 

1. Identify the nodes where 𝑥𝑗 is equal to 0 and store them in set f. 

2. Set the starting times (S) and finishing times (F) for the nodes in set f to be 0. 
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3. Initialize the starting time and finishing time for the first node to be 1. 

4. Adjust the active set (𝐴𝑐𝑡𝑠𝑒𝑡) to exclude the nodes in set f. 

5. Calculate the duration for each node in the active set based on 𝐷𝑗 − 𝛼𝑗. 

6. Assign starting times for the nodes in the 𝐴𝑐𝑡𝑠𝑒𝑡 using a uniform distribution be-

tween 1 and 𝑇𝑑𝑒𝑎𝑑𝑙𝑖𝑛𝑒. 

7. Calculate the finishing times for the nodes in the active set based on their starting 

times and durations. 

8. Determine the latest finishing time among the nodes and calculate any delay beyond 

the deadline. 

Algorithm 3: Activity scheduling  

f = {𝑗|𝑥𝑗 = 0} 

𝑆𝑗|𝑗∈𝑓 = 0 

𝐹𝑗|𝑗∈𝑓 = 0 

𝑆1 = 1 
𝐹1 = 1 
𝐴𝑐𝑡𝑠𝑒𝑡 = 𝑁\𝑓 
for 𝑗 ∈ 𝐴𝑐𝑡𝑠𝑒𝑡 

      𝐷𝑢𝑟𝑎𝑡𝑖𝑜𝑛𝑗 = 𝐷𝑗 − 𝛼𝑗 

      𝑆𝑗 = 𝑢𝑛𝑖𝑓𝑜𝑟𝑚(1, 𝑇𝑑𝑒𝑎𝑑𝑙𝑖𝑛𝑒) 

      𝐹𝑗 = 𝑆𝑗 + 𝐷𝑢𝑟𝑎𝑡𝑖𝑜𝑛𝑗 

end for 

𝐹|𝑁| = 𝑚𝑎𝑥𝑗(𝐹𝑗|𝑗<|𝑁|)  

𝑇𝑑𝑒𝑙𝑎𝑦 = 𝑚𝑎𝑥(0, 𝐹|𝑁| − 𝑇𝑑𝑒𝑎𝑑𝑙𝑖𝑛𝑒)  

Algorithm 4 is used to calculate the earliest start time (𝑒𝑠) and latest start time (𝑙𝑠) for 

each activity in a project schedule. Briefly, the algorithm works as follows: 

1. Initialize the earliest start time for all nodes to 0, except for the first node, which starts 

at time 1. 

2. Calculate the earliest start times for activities in the project schedule based on their 

dependencies and durations. 

3. Initialize the latest start time for all nodes to 0, except for the last node, which ends 

at time T (total project duration). 

4. Calculate the latest start time for activities in the project schedule based on their de-

pendencies and durations. 

5. Calculate the total slack time (𝑇𝑆) for each activity by subtracting the earliest start 

time from the latest start time. 

Algorithm 4: Activity float calculation 

𝑒𝑠𝑗|𝑗∈𝑁 = 0 

𝑒𝑠1 = 1 
𝐴𝑐𝑡𝑠𝑒𝑡 = 𝑁\{1} 
While |𝐴𝑐𝑡𝑠𝑒𝑡| > 0 

      j = 𝐴𝑐𝑡𝑠𝑒𝑡1 

      if    𝑥𝑗 = 0 

           𝑒𝑠𝑗 = 1  

           𝐴𝑐𝑡𝑠𝑒𝑡 ← 𝐴𝑐𝑡𝑠𝑒𝑡\𝑗 
      else 

           f = {𝑖|𝐴𝑖𝑗 = 1}\{𝑖|𝑥𝑖 = 0} 

           if     {𝑖|𝑖 ∈ 𝑓, 𝑒𝑠𝑖 = 0} = ∅ 
                 𝑒𝑠𝑗 = max𝑖∈𝑓{𝑒𝑠𝑖 + 𝐷𝑢𝑟𝑎𝑡𝑖𝑜𝑛𝑖} 

                 𝐴𝑐𝑡𝑠𝑒𝑡 ← 𝐴𝑐𝑡𝑠𝑒𝑡\𝑗 
          end if 
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      end if 

end while 

 
𝑙𝑠𝑗|𝑗∈𝑁 = 0 

𝑙𝑠|𝑁| = |𝑇| 

𝐴𝑐𝑡𝑠𝑒𝑡 = 𝑁\{|𝑁|} 
While |𝐴𝑐𝑡𝑠𝑒𝑡| > 0 

      j = 𝐴𝑐𝑡𝑠𝑒𝑡|𝐴𝑐𝑡𝑠𝑒𝑡| 

      if      𝑥𝑗 = 0 

           𝑙𝑠𝑗 = |𝑇|  

           𝐴𝑐𝑡𝑠𝑒𝑡 ← 𝐴𝑐𝑡𝑠𝑒𝑡\𝑗 
      else 

           f = {𝑖|𝐴𝑗𝑖 = 1}\{𝑖|𝑥𝑖 = 0} 

           if     {𝑖|𝑖 ∈ 𝑓, 𝑙𝑠𝑖 = |𝑇|} = ∅ 
                 𝑙𝑠𝑗 = min𝑖∈𝑓{𝑙𝑠𝑖 − 𝐷𝑢𝑟𝑎𝑡𝑖𝑜𝑛𝑖} 

                 𝐴𝑐𝑡𝑠𝑒𝑡 ← 𝐴𝑐𝑡𝑠𝑒𝑡\𝑗 
           end if 

      end if 

end while 

 

for 𝑗 = 1: |𝑁| 
      𝑇𝑆𝑗 = 𝑙𝑠𝑗 − 𝑒𝑠𝑗 

end for 

In brief, Algorithm 5 is used for crossover in the Genetic Algorithm-based approach 

to solving the RCPSP with a flexible network structure. The crossover operation on a sam-

ple binary vector like x is illustrated in Figure 1 (as well as the mutation operator on an 

integer vector like S). The crossover operator involves the following main steps: 

1. Select two parent solutions randomly from the population (i1 and i2). 

2. Generate two new solutions by combining parts of the selected parent solutions 

based on a random crossover point (𝑁𝑒𝑤𝑠𝑜𝑙1 and 𝑁𝑒𝑤𝑠𝑜𝑙2). 

3. Calculate the start and finish times, durations, and delays for the two new solutions. 

4. Determine the maximum finishing time and calculate any delay beyond the deadline 

for each new solution. 

5. Calculate additional variables such as the earliest start time (𝑒𝑠), latest start time (𝑙𝑠), 

and total slack time (𝑇𝑆) for the new solutions using Algorithm 4. 

Algorithm 5: Crossover 

i1 = uniform(1,npop) 

i2 = uniform(1,npop) 

Generate 𝑥𝑖1 and 𝑥𝑖2 using Algorithm 1 

𝑁𝑒𝑤𝑠𝑜𝑙1.x = 𝑥𝑖1 

𝑁𝑒𝑤𝑠𝑜𝑙2.x = 𝑥𝑖2 

k = uniform(2,|N| − 1) 

𝑁𝑒𝑤𝑠𝑜𝑙1.S = 𝑁𝑒𝑤𝑠𝑜𝑙1.x∗ [sol(i1).S [1:k],sol(i2).S[k + 1:|N|]] 

𝑁𝑒𝑤𝑠𝑜𝑙2.S = 𝑁𝑒𝑤𝑠𝑜𝑙2.x∗ [sol(i2).S [1:k],sol(i1).S[k + 1:|N|]] 

𝑁𝑒𝑤𝑠𝑜𝑙1.𝛼 = [sol(i1).𝛼[1:k],sol(i2).𝛼[k + 1:|N|]] 

𝑁𝑒𝑤𝑠𝑜𝑙2.𝛼 = [sol(i2).𝛼[1:k],sol(i1).𝛼[k + 1:|N|]] 

𝐷𝑢𝑟𝑎𝑡𝑖𝑜𝑛1 = 𝐷 − 𝑁𝑒𝑤𝑠𝑜𝑙1.α 

𝐷𝑢𝑟𝑎𝑡𝑖𝑜𝑛2 = 𝐷 − 𝑁𝑒𝑤𝑠𝑜𝑙2.α 

𝑁𝑒𝑤𝑠𝑜𝑙1.F = 𝑁𝑒𝑤𝑠𝑜𝑙1.S+𝐷𝑢𝑟𝑎𝑡𝑖𝑜𝑛1 

𝑁𝑒𝑤𝑠𝑜𝑙2.F = 𝑁𝑒𝑤𝑠𝑜𝑙2.S +𝐷𝑢𝑟𝑎𝑡𝑖𝑜𝑛2 

𝑁𝑒𝑤𝑠𝑜𝑙1.𝐹|𝑁| = 𝑚𝑎𝑥𝑗(𝑁𝑒𝑤𝑠𝑜𝑙1. 𝐹𝑗|𝑗<|𝑁|) 
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𝑁𝑒𝑤𝑠𝑜𝑙2.𝐹|𝑁| = 𝑚𝑎𝑥𝑗(𝑁𝑒𝑤𝑠𝑜𝑙2. 𝐹𝑗|𝑗<|𝑁|) 

𝑁𝑒𝑤𝑠𝑜𝑙1.𝑇𝑑𝑒𝑙𝑎𝑦 = 𝑚𝑎𝑥(0, 𝑁𝑒𝑤𝑠𝑜𝑙1. 𝐹|𝑁| − 𝑇𝑑𝑒𝑎𝑑𝑙𝑖𝑛𝑒) 

𝑁𝑒𝑤𝑠𝑜𝑙2.𝑇𝑑𝑒𝑙𝑎𝑦 = 𝑚𝑎𝑥(0, 𝑁𝑒𝑤𝑠𝑜𝑙2. 𝐹|𝑁| − 𝑇𝑑𝑒𝑎𝑑𝑙𝑖𝑛𝑒) 

Calculate the variables es, ls and TS for the solutions 𝑁𝑒𝑤𝑠𝑜𝑙1 and 𝑁𝑒𝑤𝑠𝑜𝑙2 using the Algo-

rithm 4 

Algorithm 6 is used for mutation and involves the following steps: 

1. Select a solution from the population randomly. 

2. Create a new solution by copying the selected solution’s parameters. 

3. Introduce a random mutation in the start time, duration, and finishing time of a ran-

domly selected activity within the solution. 

4. Calculate the necessary variables for the mutated solution, such as finish times, de-

lays, earliest start time (𝑒𝑠), latest start time (𝑙𝑠), and total slack time (𝑇𝑆), using Al-

gorithm 4. 

Algorithm 6: Mutation 

i = uniform(1,npop) 

𝑁𝑒𝑤𝑠𝑜𝑙.x = 𝑥𝑖 

𝑁𝑒𝑤𝑠𝑜𝑙.α = 𝑠𝑜𝑙(𝑖).α 

𝑁𝑒𝑤𝑠𝑜𝑙.S = 𝑠𝑜𝑙(𝑖).S 

𝑁𝑒𝑤𝑠𝑜𝑙.F = 𝑠𝑜𝑙(𝑖).F 

k = uniform(2,|N| − 1) 

𝑁𝑒𝑤𝑠𝑜𝑙.𝑆𝑘 = uniform(1,|T|) 

𝑁𝑒𝑤𝑠𝑜𝑙.𝛼𝑘 = 𝑢𝑛𝑖𝑓𝑜𝑟𝑚(0, 𝑇𝑚𝑎𝑥
𝑘) 

𝐷𝑢𝑟𝑎𝑡𝑖𝑜𝑛 = 𝐷 − 𝑁𝑒𝑤𝑠𝑜𝑙.α 

𝑁𝑒𝑤𝑠𝑜𝑙.𝐹𝑘 = 𝑁𝑒𝑤𝑠𝑜𝑙.𝑆𝑘+𝐷𝑢𝑟𝑎𝑡𝑖𝑜𝑛𝑘 

𝑁𝑒𝑤𝑠𝑜𝑙.𝐹|𝑁| = 𝑚𝑎𝑥𝑗(𝑁𝑒𝑤𝑠𝑜𝑙. 𝐹𝑗|𝑗<|𝑁|) 

𝑁𝑒𝑤𝑠𝑜𝑙.𝑇𝑑𝑒𝑙𝑎𝑦 = 𝑚𝑎𝑥(0, 𝑁𝑒𝑤𝑠𝑜𝑙. 𝐹|𝑁| − 𝑇𝑑𝑒𝑎𝑑𝑙𝑖𝑛𝑒) 

Calculate the variables es, ls and TS for the solution 𝑁𝑒𝑤𝑠𝑜𝑙 using the Algorithm 4 

 

Figure 1. Crossover and mutation operators. 

3.3. Alternative Mixed-Integer Non-Linear Program (MINLP2) 

In this sub-section, we propose a different mathematical model for the resource-con-

strained project-scheduling problem with a flexible network structure. The proposed 

model uses binary slack variables to measure the overlap between the project activities, 

then uses integer variables for sequencing the activities. This model (hereafter referred to 

as MINLP2) is presented below: 

Sets: 

N: Set of activities indexed with 𝑗 and 𝑖; 

R: Set of renewable sources indexed by 𝑟; 

U: Set of non-renewable sources indexed by 𝑢. 

Parameters: 

𝐴𝑖𝑗: Adjacency matrix, where 𝐴𝑖𝑗 = 1 means that node 𝑖 is a predecessor for node 𝑗 

and node j and 𝐴𝑖𝑗 = 0 otherwise; 

Sol1 0 1 0 0 1 1 0 NewSol1 1 0 0 1 1 1 0

Sol2 1 0 0 1 1 0 0 NewSol2 0 1 0 0 1 0 0

Sol 1 3 5 2 5 4 5 Mutation, K=3 New Sol 1 3 3 2 5 4 5

Crossover, K=4
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ℎ𝑖: Node type, where, for 𝑖 ∈  𝑁⧹{𝑛 +  1}, if ℎ𝑖 = 1, 𝑖 is an 𝐴𝑁𝐷 node; and ℎ𝑖 = 0 

otherwise; 

𝐷𝑖: The duration of activity 𝑖; 

𝑇𝑚𝑎𝑥
𝑖: Maximum compression time for activity 𝑖; 

𝐶𝑖: The operating cost of activity 𝑖 (excluding the cost of resources); 

𝑅𝑒𝑖𝑟: The amount of renewable resources (𝑟) required when activity 𝑖 is executed; 

𝑁𝑅𝑒𝑖𝑢: The amount of non-renewable resources (𝑢) required when activity 𝑖 is exe-

cuted; 

𝑅𝑟: The total amount of renewable resources (𝑟) allocated to the project; 

𝑈𝑢: The total amount of non-renewable resources (𝑢) allocated to the project; 

𝑇𝑑𝑒𝑎𝑑𝑙𝑖𝑛𝑒: The latest time allowed for project completion; 

CP: The penalty cost per unit of time in case of delay; 

𝑐𝑟𝑖: The cost of reducing one unit of duration of activity 𝑖; 

𝑅𝑐𝑟: Unit cost of renewable resource 𝑟; 

𝑈𝑐𝑢: Unit cost of non-renewable resource 𝑢; 

𝛿: Minimum fraction of duration of each activity to be considered as the total float; 

𝑀: A sufficiently large number; 

H = Planning horizon; 

𝐴2
𝑖𝑗: Indirect adjacency matrix, where 𝐴2

𝑖𝑗 = 1 means that node 𝑖 is a direct or indi-

rect predecessor for node 𝑗 and 𝐴2
𝑖𝑗 = 0 otherwise; 

𝐴3
𝑖𝑗: Symmetric indirect adjacency matrix, where 𝐴3

𝑖𝑗 = 1 means that node 𝑖 is a 

direct or indirect predecessor for node 𝑗 or vice-versa and 𝐴3
𝑖𝑗 = 0 otherwise; 

𝑏𝑖𝑗: Common resource matrix, where 𝑏𝑖𝑗 = 1 means that nodes 𝑖 and 𝑗 need com-

mon resources and 𝑏𝑖𝑗 = 0 otherwise; 

𝑔𝑖𝑗: Common resource exceeding matrix, where 𝑔𝑖𝑗 = 1 means that nodes 𝑖 and 𝑗 

need at least one common resource ® more than available resource 𝑅𝑟 in case of an over-

lapped schedule, and 𝑔𝑖𝑗 = 0 otherwise; 

𝑠𝑠𝑖𝑗: 𝑠𝑠𝑖𝑗 = 1 means that nodes 𝑖 and 𝑗 need at least one common resource ® more 

than available resource 𝑅𝑟 in case of an overlapped schedule while 𝐴3
𝑖𝑗 = 0 and 𝑠𝑠𝑖𝑗 =

0 otherwise. 

𝑝𝑠𝑖𝑗: 𝑝𝑠𝑖𝑗 = 1 means that nodes 𝑖 and 𝑗 need at least one common resource while 

𝐴3
𝑖𝑗 = 0 and 𝑔𝑖𝑗 = 0 and 𝑝𝑠𝑖𝑗 = 0 otherwise. 

Decision Variables 

Binary variables 

𝑥𝑖: 𝑥𝑖 = 1 if node 𝑖 is selected and 𝑥𝑖 = 0 otherwise. 

𝑣1
𝑖𝑗: 𝑣1

𝑖𝑗 = 1 if activity 𝑖 starts before activity 𝑗 and 𝑣1
𝑖𝑗 = 0 otherwise. 

𝑣2
𝑖𝑗: 𝑣2

𝑖𝑗 = 1 if activity 𝑖 finishes after the start of activity 𝑗 and 𝑣2
𝑖𝑗 = 0 other-

wise. 

Integer variables 

𝑆𝑖: Start time of activity 𝑖; 

𝐹𝑖: Finish time of activity 𝑖; 

𝛼′𝑖: Compression time for activity 𝑖; 

𝑇𝑑𝑒𝑙𝑎𝑦: The project completion delay; 

𝑇𝑆𝑖: Total float of activity 𝑖; 

𝑒𝑠𝑖: The earliest start time for activity 𝑖; 

𝑙𝑠𝑖: The latest start time of activity 𝑖; 

𝑙𝑓𝑖: The latest finish time of activity 𝑖; 

𝑄𝑒𝑠𝑖𝑗: Slack variable defining the relationship between the earliest start times for ac-

tivities 𝑖 and 𝑗; 
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𝑄𝑙𝑠𝑖𝑗: Slack variable defining the relationship between the latest start times of activi-

ties 𝑖 and 𝑗; 

Mathematical Model 

𝑚𝑖𝑛 𝑧 = ∑ 𝑥𝑖 ∗ [𝑐𝑖

𝑖∈𝑁

+ 𝑐𝑟𝑖 ∗ 𝛼′𝑖 + ∑ 𝑅𝑐𝑟  𝑅𝑒𝑖𝑟

𝑟∈𝑅

+ ∑ 𝑈𝑐𝑢 𝑁𝑅𝑒𝑖𝑢

𝑢∈𝑈

] + 𝐶𝑃 ∗ 𝑇𝑑𝑒𝑙𝑎𝑦 (22) 

S.t:      

𝑥1 = 1 (23) 

𝐴𝑖𝑗 ∗ 𝑥𝑖 ≤ 𝑥𝑗               ∀𝑖. 𝑗 ∈ 𝛮 | ℎ𝑖 = 1 (24) 

∑ 𝐴𝑖𝑗 ∗ 𝑥𝑗

𝑗

≥ 𝑥𝑖              ∀𝑖 ∈ 𝛮 | ℎ𝑖 = 0 (25) 

𝑥𝑖 ∗ 𝑥𝑗 ∗ 𝐹𝑖 ≤ 𝑆𝑗 + (𝑙𝑓𝑖 − 𝑒𝑠𝑗) ∗ 𝑣1
𝑗𝑖     ∀𝑖. 𝑗 ∈ 𝛮| 𝑠𝑠𝑖𝑗 = 1, 𝑖 ≠ 𝑗 (26) 

𝑥𝑖 ∗ 𝑥𝑗 ∗ 𝐹𝑖 ≤ 𝑆𝑗        ∀𝑖. 𝑗 ∈ 𝛮| 𝐴2
𝑖𝑗 = 1 (27) 

𝑣1
𝑖𝑗 + 𝑣1

𝑗𝑖 ≤ 𝑥𝑖 ∗ 𝑥𝑗           ∀𝑖. 𝑗 ∈ 𝛮| 𝐴3
𝑖𝑗 = 1 𝑜𝑟 , 𝑠𝑠𝑖𝑗 = 1. 𝑖 ≠ 𝑗 (28) 

𝑥𝑖 ∗ 𝑥𝑗 ∗ 𝑆𝑗 ≤  𝑆𝑖 + (𝑙𝑠𝑗 − 𝑒𝑠𝑖) ∗ 𝑣1
𝑖𝑗     ∀𝑖. 𝑗 ∈ 𝛮| 𝑝𝑠𝑖𝑗 = 1, 𝑖 > 𝑗 (29) 

𝑥𝑖 ∗ 𝑥𝑗 ∗ (𝐹𝑗 − 𝑆𝑖) ≤  (𝑙𝑓𝑗 − 𝑒𝑠𝑖) ∗ 𝑣2
𝑗𝑖     ∀𝑖. 𝑗 ∈ 𝛮| 𝑝𝑠𝑖𝑗 = 1, 𝑖 ≠ 𝑗 (30) 

𝑣1
𝑖𝑗 ≤ 𝑣2

𝑗𝑖             ∀𝑖. 𝑗 ∈ 𝛮 (31) 

𝐹𝑗 = 𝑥𝑗 ∗ (𝑆𝑖 + 𝐷𝑖 − 𝛼′
𝑖)         ∀𝑗 ∈ 𝛮 (32) 

𝑆𝑗 ≤ 𝑥𝑗 ∗ 𝑀        ∀𝑗 ∈ 𝛮 (33) 

𝐹𝑗 ≤ 𝐻        ∀𝑗 ∈ 𝛮 (34) 

𝑥𝑗 ∗ (𝑅𝑒𝑗𝑟 + ∑ 𝑥𝑖 ∗

𝑖|𝑖≠𝑗,𝑝𝑠𝑗𝑖=1

𝑅𝑒𝑖𝑟 ∗ (𝑣2
𝑖𝑗 − 𝑣1

𝑗𝑖)) ≤ 𝑅𝑟       ∀𝑟 ∈ 𝑅, 𝑗 ∈ 𝛮 (35) 

∑ 𝑁𝑅𝑒𝑗𝑢 ∗ 𝑥𝑗 ≤ 𝑈𝑢        ∀𝑢 ∈ 𝑈

𝑗∈𝑁

 (36) 

𝑇𝑑𝑒𝑙𝑎𝑦 ≥ 𝑆|𝑁| − 𝑇𝑑𝑒𝑎𝑑𝑙𝑖𝑛𝑒 (37) 

𝑇𝑑𝑒𝑙𝑎𝑦 ≥ 0 (38) 

𝑒𝑠𝑗 = ∑ 𝑄𝑒𝑠𝑖𝑗 ∗ 𝑥𝑖 ∗ (𝑒𝑠𝑖 + 𝐷𝑖 − 𝛼′
𝑖)          ∀𝑗 ∈ 𝛮     

𝑖|𝐴𝑖𝑗=1

 (39) 

𝑒𝑠1 = 0 (40) 

∑ 𝑄𝑒𝑠𝑖𝑗

𝑖

≤ 1         ∀𝑗 ∈ 𝛮 (41) 

𝑙𝑠𝑗 = ∑ 𝑄𝑙𝑠𝑗𝑖 ∗ 𝑥𝑖 ∗ (𝑙𝑠𝑗 − 𝐷𝑗 + 𝛼′
𝑗)          ∀𝑗 ∈ 𝛮     

𝑖|𝐴𝑗𝑖=1

 (42) 
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𝑙𝑠|𝑁| = 𝐻 (43) 

∑ 𝑄𝑙𝑠𝑗𝑖

𝑖

≤ 1         ∀𝑗 ∈ 𝛮 (44) 

𝑙𝑓𝑗 = 𝑥𝑗 ∗ (𝑙𝑠𝑗 + 𝐷𝑗 − 𝛼′
𝑗)        ∀𝑗 ∈ 𝛮 (45) 

𝑇𝑆𝑗 = 𝑙𝑠𝑗 − 𝑒𝑠𝑗                                                        ∀𝑗 ∈ 𝛮 (46) 

𝑇𝑆𝑗 ≥ 𝛿 ∗ 𝐷𝑗 ∗ 𝑥𝑗      ∀𝑗 ∈ 𝛮 (47) 

𝛼′
𝑗 ≤ 𝑥𝑗 ∗ 𝑇𝑚𝑎𝑥

𝑗                      ∀𝑗 ∈ 𝛮 (48) 

𝑥𝑖 , 𝑄𝑙𝑠𝑗𝑖, 𝑄𝑒𝑠𝑗𝑖 ∈ {0,1}, ∀𝑖, 𝑗, 𝑡 (49) 

𝑙𝑠𝑗 , 𝑒𝑠𝑗 , 𝑇𝑆𝑗 , 𝑆𝑗 , 𝐹𝑗 , 𝛼′
𝑗 ∈ 𝐼𝑛𝑡         ∀𝑗 ∈ 𝛮  (50) 

Equation (22) presents the objective function (same as that of MINLP1, the only dif-

ference being the definition of activity compression as an integer variable). Equation (23) 

sets the dummy activity for the project start. Constraints (24) and (25) addresses activity 

selection. Equations (23)–(25) are identical for MINLP1 and MINLP2. Constraints (26)–(30) 

represent precedence relations. Constraint (26) ensures that if two activities (𝑖 𝑎𝑛𝑑 𝑗) re-

quire more common resources than the available total renewable resources (𝑠𝑠𝑖𝑗 = 1 ), 

these activities are scheduled sequentially. 

Constraint (27) ensures that if two activities ( 𝑖 𝑎𝑛𝑑 𝑗 ) have precedence relations 

(𝐴2
𝑖𝑗 = 1), these activities are scheduled sequentially. Constraint (28) states that if 𝐴3

𝑖𝑗 =

1 𝑜𝑟 𝑠𝑠𝑖𝑗 = 1, (at most) one of variables 𝑣1
𝑖𝑗 𝑎𝑛𝑑 𝑣1

𝑗𝑖 can be equal to one. Equations (29)–

(31) model the schedule of the pairs of activities, which can overlap (in terms of both prec-

edence and resource constraints). Note here that two activities (𝑖 𝑎𝑛𝑑 𝑗) can overlap only 

if 𝑣2
𝑖𝑗 = 1 and 𝑣1

𝑗𝑖 = 0. 

Constraint (34) assigns the activity finish times. Constraints (33) and (34) represent 

boundary limits of start and finish times. Constraint (35) represents a renewable resource 

constraint. Note that each activity’s renewable resource usage plus the renewable re-

sources used by its overlapping activities (for which we have 𝑣2
𝑖𝑗 − 𝑣1

𝑗𝑖 ≤ 1) cannot ex-

ceed the amount of total available renewable resources of each type. Constraint (36) rep-

resents a non-renewable resource constraint. 

Constraints (37) and (38) represent the project delay. Constraints (39) to (47) the ac-

tivity float times similarly to MINLP1. Constraint (48) modes the allowable activity com-

pression times. Finally, variable domains are presented in Constraints (49) and (50). 

4. Computational Experiments 

After presenting two alternative mixed-integer non-linear programming models and 

the GBA for the resource-constrained project-scheduling problem with a flexible network 

structure, in this section, we will examine the computational results obtained by solving 

several sample problems in different dimensions using each of the presented solution ap-

proaches. In addition to the GEKKO and GBA, we also used the Pymoo standard Genetic 

Algorithm (GA) and Particle Swarm Optimization (PSO) for comparison and validation 

of the GBA. In this section, an illustrative problem is fully explained in order to validate 

the model. In addition, twenty problems in different dimensions are solved and reported 

in order to evaluate the computational efficiency of the presented solution approaches in 

larger dimensions. The exact solutions for the problems are provided by using GEKKO 

solver in Python (for MINLP and MINLP2). In addition, the proposed GBA is 
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implemented in Python. All the calculations are performed on a computer with a Corei5 

2.67 GHz CPU and 4 gigabytes of RAM. 

The GBA nCross (number of crossover operations in each iteration) and nMut (num-

ber of mutation operations in each iteration) parameters are set to be 0.3 and 0.7, respec-

tively, by using the Taguchi method [37]. The npop parameter (number of solutions in the 

population) is set to 100 for all the metaheuristics. 

4.1. Illustrative Example 

In order to validate the presented models, a problem with a small size and its optimal 

solution are described in this sub-section. The sample problem has 12 real activities (ac-

tivities 2 to 13) and two dummy activities for the source and sink nodes (nodes 1 and 14). 

The deadline of the project is also considered to be at the end of the 18th period, while the 

planning horizon is assumed to occur after 25 periods of time. 

Project specifications 

Figure 2 shows the Activity-n-Node (AoN) presentation of the sample project. This 

figure shows that the project has 14 nodes. Among these, node numbers 1 and 14 represent 

dummy nodes for source and sink, respectively. In addition, the yellow nodes (nodes 4, 7 

and 10) are OR nodes, while all the other nodes are AND nodes. The parameters of the 

sample problem are presented in Tables 2 and 3. 

 

Figure 2. Sample project network. 

Table 2. Parameters in the sample problem. 

 
ACTIVITY 

2 3 4 5 6 7 8 9 10 11 12 13 

𝒄𝒊 20 20 25 30 30 25 15 20 20 25 30 30 

𝒄𝒓𝒊 21 20 34 39 33 27 17 25 27 32 33 37 

𝑻𝒎𝒂𝒙
𝒋 1 2 2 1 1 1 1 2 1 2 2 2 

𝑫𝒋 2 5 4 3 3 3 3 5 2 4 5 4 
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Table 3. Resource usage parameters in sample problem. 

J 
𝑹𝒆𝒋𝒓 𝑼𝒋𝒖 

1 2 3 1 2 3 

2 6 6 6 1 1 1 

3 15 15 15 2.5 2.5 2.5 

4 12 12 12 2 2 2 

5 9 9 9 1.5 1.5 1.5 

6 9 9 9 1.5 1.5 1.5 

7 9 9 9 1.5 1.5 1.5 

8 9 9 9 1.5 1.5 1.5 

9 15 15 15 2.5 2.5 2.5 

10 6 6 6 1 1 1 

11 12 12 12 2 2 2 

12 15 15 15 2.5 2.5 2.5 

13 12 12 12 2 2 2 

Optimal Solution 

In the first step, we present the optimal solution obtained by solving the MINLP1 

model. In the optimal solution, nodes 1, 2, 3, 4, 5, 7, 8, 9 and 14 are selected for implemen-

tation. In addition, nodes 6, 10, 11, 12 and 13 are removed from the network. Figure 3 

shows the project network with optimally selected activities. In addition, Figure 4 illus-

trates optimal scheduling for the sample problem. The value of the objective function in 

this case is 417.5, and the project is finished in 18 periods of time (just at deadline). Note 

that no activity is compressed in time because the project could be completed before the 

deadline and without any tardiness penalty. It is worth noting that there is idleness in the 

1st and 7th time periods because the model does not consider any reward for project ear-

liness; thus, there is no motivation for the model to execute the activities without idleness. 

 

Figure 3. The project network with optimally selected activities. 

The sample problem is also solved by using the MINLP2 formulation. The result of 

activity selection (variable 𝑥𝑗) is the same as that of the MINLP1 model. Figure 5 shows 

the Gantt chart of the optimal schedule obtained by solving the sample problem using 

MINLP2. It can be seen in this figure that the finish time of the project equals 16. However, 

the objective value is 417.5 again. That is because, in the solution obtained by the MINLP1 

formulation (as of MINLP2), there is no delay in project delivery. In addition, no activity 

time compression is needed to complete the project in 16 periods of time (obtained by 

solving MINLP2) instead of 18 periods of time (obtained by solving MINLP1); hence, the 

objective value for solving both the models is the same. In other words, the problem has 

multiple optimal solutions. 

 1 

 2 

 3 

1 

2 

3 5 

8 

9 

14 

7 

4 

  

https://doi.org/10.3390/math14152826


Mathematics 2026, 14, 2826 24 of 32 
 

https://doi.org/10.3390/math14152826 

 

Figure 4. Optimal scheduling for the sample problem (MINLP1). 

 

Figure 5. Optimal scheduling for the sample problem (MINLP2). 

In addition to MINLP1 and MINLP2, we used a customized GBA to solve the sample 

problem. In this case, the activity selection decisions (variable 𝑥𝑗), again, result in selection 

of the same activities as MINLP1 and MINLP2. However, this algorithm yields an objec-

tive value of 437.5 (greater than that of MINLP1 and MINLP2). Figure 6 illustrates the 

schedule obtained by the proposed GBA. This figure shows that the project is completed 

in 18 periods of time (i.e., with no delay). However, the duration of activity 3 is period-

compressed relative to the normal duration (5); hence, the duration of activity 3 in this 

schedule is 4 periods of time. Activity duration compression results in an increase of 20 

units (equal to 𝑐𝑟3) in project cost. Note that this activity compression is not an optimal 

decision because the project can be completed with no delay penalty with normal activity 

durations (as scheduled by solving the MINLP1 and MINLP2 models). Although the pro-

posed GBA could not achieve the performance obtained by solving the mixed-integer non-

linear programming models (MINLP1 and MINLP2) in solving the sample problem, it 

may help in solving problems of larger sizes in a more efficient way. Therefore, we exam-

ine the computational efficiency of all three solution approaches (MINLP1, MINLP2, and 

the GBA) in the next section by solving problems with different specifications. 
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Figure 6. Optimal scheduling for the sample problem (GBA). 

4.2. Computational Efficiency 

4.2.1. GEKKO vs. Metaheuristic Algorithms 

Based on the comprehensive results across 35 PSPLIB instances ranging from 10 to 

30 activities (Table 4), the performance comparison between GEKKO, standard GA, PSO, 

and GBA for solving MINLP1 reveals distinct trade-offs between solution quality, com-

putational efficiency, and scalability. For smaller problems (10–20 activities; instances 

j102_2 through j207_3), GEKKO demonstrates exceptional performance, consistently find-

ing optimal solutions for all 30 instances, with remarkably low CPU times (averaging 42.8 

s, compared to 242.5 s for GA and 241.2 s for GBA), making it consistently faster. For the 

metaheuristic algorithms, the best solution for each instance is displayed in bold. The GBA 

proves highly effective, matching GEKKO’s optimal solutions for 27 out of 30 problems 

(90%), with only three instances (j146_6, j141_8, and j181_1) where it fails to achieve opti-

mality, whereas the standard GA achieves optimality for only 17 problems and PSO for 

none. Notably, for the 12 problems where both the GBA and standard GA attain optimal 

solutions (highlighted in gray), the GBA demonstrates better CPU efficiency in 9 instances, 

indicating the repair mechanism not only improves solution quality but also reduces com-

putational overhead. 

For larger problems (30 activities; instances j301_1 through j301_5), the scalability 

limitations of GEKKO become evident, as it successfully solves only j301_2 within the 

300 s time limit, while the GBA and standard GA find feasible solutions for all five in-

stances. More importantly, the GBA outperforms the standard GA in 4 out of 5 problems 

(j301_1, j301_3, j301_4, and j301_5), producing substantially better objectives—for instance, 

reducing the objective from 641 to 572 for j301_4 (12% improvement) and from 635 to 428 

for j301_3 (32.6% improvement)—while the CPU times remain comparable (approxi-

mately 300 s for both). This demonstrates that as the problem size increases, the repair 

mechanism’s ability to guide the search toward feasible, high-quality solutions becomes 

critical, since the standard GA often gets trapped in local optima. The results consistently 

show that the GBA provides the best overall trade-off: it achieves near-optimal solutions 

for small problems with competitive computational cost and delivers superior solutions 

for large problems where exact methods fail, making it the most robust algorithm for prac-

tical RCPSP-FNS applications across varying instance sizes 
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Table 4. Results of evaluation of computational efficiency. 
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j102_2 10 4 169.00 176.00 170.00 169.00 14.34 159.73 197.28 173.81 

j102_4 10 4 138.00 161.00 144.00 138.00 14.82 154.62 157.09 163.70 

j102_5 10 4 111.00 111.00 113.00 111.00 12.40 165.46 157.61 161.87 

j102_6 10 4 119.00 119.00 123.00 119.00 7.69 138.34 127.64 124.55 

j102_7 10 4 129.00 129.00 131.00 129.00 24.37 206.92 190.63 215.19 

j122_8 12 4 135.00 135.00 153.00 135.00 14.13 187.09 184.47 179.39 

j125_9 12 4 153.00 153.00 160.00 153.00 25.06 248.04 223.57 224.46 

j128_5 12 4 153.00 192.00 200.00 192.00 20.51 214.48 210.43 208.60 

j129_1 12 4 137.00 137.00 160.00 137.00 23.66 207.10 216.49 214.29 

j129_2 12 4 129.00 129.00 171.00 129.00 32.91 268.10 262.82 262.65 

j141_8 14 4 275.00 301.00 322.00 315.00 29.73 245.57 245.89 249.87 

j143_10 14 4 266.00 276.00 381.00 276.00 44.87 270.68 278.08 264.79 

j144_10 14 4 236.00 237.00 243.00 236.00 24.73 232.75 248.20 235.23 

j146_3 14 4 358.00 358.00 458.00 358.00 28.70 225.44 235.95 226.79 

j146_6  14 4 330.00 330.00 891.00 389.00 22.15 199.45 210.06 211.54 

j162_3 16 4 385.50 470.00 539.00 470.00 38.65 298.37 298.47 296.78 

j162_9 16 4 294.00 416.00 763.00 335.00 37.51 300.01 270.43 276.30 

j166_2 16 4 528.00 533.00 801.00 528.00 66.00 300.01 300.04 300.01 

j169_1 16 4 330.67 355.00 425.00 355.00 39.16 300.01 292.34 284.17 

j169_2 16 4 229.00 419.00 306.00 229.00 46.55 300.01 300.04 300.01 

j181_1 18 4 226.50 253.00 431.00 271.00 60.29 300.01 300.04 300.01 

j184_6 18 4 213.50 312.00 393.00 260.00 41.45 297.39 300.03 286.63 

j188_5 18 4 453.67 688.00 2332.00 579.00 72.78 300.01 300.00 300.01 

j189_1 18 4 415.83 530.00 535.00 530.00 67.90 300.01 300.04 300.01 

j189_2 18 4 237.00 342.00 333.00 242.00 90.62 300.01 300.04 300.01 

j203_2 20 4 300.50 428.00 423.00 332.00 89.61 300.01 300.02 300.01 

j203_5 20 4 304.00 430.00 614.00 376.00 40.76 281.86 300.04 277.78 

j205_7 20 4 465.00 687.00 588.00 574.00 92.12 300.01 300.04 300.01 

j206_3 20 4 482.50 620.00 810.00 612.00 74.28 300.01 300.04 300.01 

j207_3 20 4 554.67 605.00 824.00 605.00 182.82 300.01 300.04 300.01 

j301_1 30 4 - 428.00 3833.00 428.00 - 300.01 300.05 300.02 

j301_2 30 4 416.67 634.00 2178.00 634.00 298.08 300.01 300.05 300.01 

j301_3 30 4 - 635.00 1053.00 428.00 - 300.01 300.06 300.01 

j301_4 30 4 - 641.00 2099.00 572.00 - 300.01 300.06 300.01 

j301_5 30 4 - 492.00 3959.00 519.00 - 300.01 300.06 300.01 

The best solution for each instance is displayed in bold. For the 12 problems where both the GBA 

and standard GA attain optimal solutions, the cells are highlighted in gray. 

4.2.2. Comparing MINLP1 and MINLP2 

Table 5 compares the results of solving the MINLP1 and MINLP2 models using 

GEKKO across 35 PSPLIB instances. For the 30 smaller instances (10–20 activities), 

MINLP2 consistently achieves substantially improved computational efficiency while 
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maintaining identical objective values in all of 30 instances, with CPU-time improvements 

ranging from 32% (j102_6) to 88% (j207_3) and averaging approximately 66% faster than 

MINLP1 (CPU times are visually compared in Figure 7). For example, the solution time 

of j129_2 improves from 33 s to 7 s (80% reduction), that of j207_3 drops from 183 s to 22 s 

(88% reduction), and that of j189_2 reduces from 91 s to 15 s (83% reduction). 

The most dramatic improvements occur in the 30-activity instances: MINLP1 fails to 

find any solution within the time limit for four of the five problems (j301_1, j301_3, j301_4, 

and j301_5) and requires 298 s for j301_2, whereas MINLP2 successfully solves all five 

instances in just 45–47 s, achieving a complete improvement for the previously unsolvable 

cases. Statistically compared, the result of a t-test reveals a 0.000 p-value for comparison 

of the solution times of MINLP1 and MINLP2, which shows that the difference is statisti-

cally significant. Overall, the results demonstrate that the MINLP2 formulation dramati-

cally improves both solution speed and reliability, making exact optimization feasible for 

larger problem instances that were previously intractable. 

 

Figure 7. MINLP1 vs. MINLP2 (CPU time). 

Table 5. The results of solving the MINLP1 and MINLP2 models using GEKKO. 
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j102_2 14 169 6 169 61 

j102_4 15 138 5 138 66 

j102_5 12 111 6 111 53 

j102_6 8 119 5 119 32 

j102_7 24 129 5 129 79 

j122_8 14 135 7 135 52 

j125_9 25 153 8 153 68 

j128_5 21 153 8 153 59 

j129_1 24 137 7 137 72 

j129_2 33 129 7 129 80 

j141_8 30 275 9 275 70 

j143_10 45 266 10 266 79 
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j144_10 25 236 10 236 61 

j146_3 29 358 11 358 60 

j146_6 22 330 12 330 47 

j162_3 39 386 15 386 60 

j162_9 38 294 12 294 69 

j166_2 66 528 15 528 78 

j169_1 39 331 15 331 62 

j169_2 47 229 12 229 75 

j181_1 60 226 34 226 44 

j184_6 41 213 17 213 59 

j188_5 73 454 41 454 44 

j189_1 68 416 13 416 81 

j189_2 91 237 15 237 83 

j203_2 90 300 18 300 80 

j203_5 41 304 20 304 52 

j205_7 92 465 20 465 78 

j206_3 74 483 21 483 71 

j207_3 183 555 22 555 88 

j301_1 - - 45 343 - 

j301_2 298 417 47 417 84 

j301_3 - - 46 352 - 

j301_4 - - 46 354 - 

j301_5 - - 47 357 - 

Based on the comparison of the number of variables between MINLP1 and MINLP2 

across all 35 PSPLIB instances (Figure 8), the improved MINLP2 formulation achieves 

dramatically better CPU performance through substantial reductions in model size and 

complexity. MINLP2 consistently reduces the number of variables by approximately 15–

40% across all instances—for example, from 793 to 673 (15% reduction) for j102_2; from 

1681 to 897 (47% reduction) for j129_2; from 2949 to 2113 (28% reduction) for j207_3; and, 

most notably, from 6913 to 4353 (37% reduction) for problem j301_1. This reduction stems 

from MINLP2 employing more efficient problem representation techniques, such as re-

ducing the number of time-indexed binary variables (𝑦𝑖𝑡) through better scheduling rep-

resentation. The smaller variable count directly translates to faster solver performance be-

cause each iteration of the branch-and-bound or branch-and-cut algorithm requires less 

memory, fewer floating-point operations, and reduced computational overhead for ma-

trix factorization and linear programming relaxations. This is particularly evident in the 

30 activity instances where MINLP1 becomes intractable, with 5761–6977 variables, while 

MINLP2’s streamlined formulation with 4353 variables allows the solver to find solutions 

within just 45–47 s. The reduced variable count also leads to a smaller search space for the 

branch-and-bound algorithm, fewer integer combinations to explore, and faster conver-

gence to optimality, ultimately making exact optimization feasible for larger problem in-

stances that were previously unsolvable within practical time limits. 
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Figure 8. Comparison of the number of decision variables in the MINLP1 vs. MINLP2 formula-

tion. 

4.2.3. Sensitivity Analysis on δ 

Sensitivity analysis of project cost on δ is examined in this subsection. Based on the 

sensitivity analysis results across four delta levels (0.05, 0.25, 0.5, and 0.75) in instance 

102_2 as an example, increasing the minimum float requirement—which mandates 

greater schedule flexibility by enforcing larger slack margins for each activity (Figure 9)— 

drives project costs, jumping sharply from 169 at δ = 0.05 to 228 at δ = 0.75, representing a 

35% cost increase when the float requirement becomes too restrictive. The flat cost profile 

from δ = 0.05 through δ = 0.5 indicates that the schedule naturally provides up to 50% float 

flexibility without requiring additional resources or compression, meaning the project in-

herently has sufficient slack to absorb moderate delays at no extra cost. However, the 

sharp escalation at δ = 0.75 reveals a critical threshold where the system’s inherent flexi-

bility is exhausted, forcing the model to adopt more expensive resource allocations, addi-

tional activity compression, or extended project durations to maintain the required slack. 

This demonstrates that while larger delta values provide greater schedule robustness and 

flexibility to absorb uncertainties and delays, this flexibility comes at a substantial cost 

penalty only when pushed beyond the natural slack available in the network. 

 

Figure 9. Sensitivity analysis on 𝛿. 
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4.2.4. Convergence Analysis 

Figure 10 illustrates the convergence behavior of the proposed Genetic-Based Algo-

rithm (GBA) across different problems. The figure shows the objective function decreasing 

from an initial value to a final stabilized value for all the problems. The convergence pat-

tern exhibits a characteristic rapid improvement phase during the first iterations, where 

the objective function drops sharply, indicating that the algorithm efficiently explores the 

solution space and quickly identifies promising regions early in the search process. Fol-

lowing this initial phase, the convergence rate gradually decreases, with the objective 

function declining more slowly, refining the solutions within the identified promising re-

gions. At the last iterations, the GBA achieves near-complete convergence, demonstrating 

that the algorithm has successfully converged to a high-quality solution with minimal de-

viation from the optimal solution. This convergence profile confirms the effectiveness of 

the GBA’s hybrid design—combining the global search capability of genetic operators 

with the local refinement of problem-specific heuristics—in efficiently navigating the com-

plex solution space of the RCPSP-FNS. 

 

Figure 10. Convergence of the proposed GBA. 

5. Conclusions 

In this paper, we presented efficient alternative mixed-integer non-linear program-

ming models and a customized hybrid genetic-based algorithm for the resource-con-

strained project-scheduling problem with a flexible network structure (RCPSP-FNS) with 

a cost–time trade-off by considering activity duration compression. We used the modeling 

approach presented by Tao and Dong [4] and presented a mixed-integer non-linear pro-

gram using binary variables representing activity completion times (called MINLP1) and 

the GEKKO solver to solve the problem. We also presented a novel alternative mixed-
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integer non-linear program using integer variables representing activity completion times 

(called MINLP2) that has not been presented before in RCPSP-FNS modeling literature. 

In addition, we proposed a customized hybrid metaheuristic genetic-based algorithm to 

solve the problems of large size. We evaluated the computational efficiency of the three 

proposed approaches by solving twenty different problems. The MINLP1 and MINLP2 

models were both solved by the GEKKO solver. The results showed that the MINLP2 

model strongly outperforms both the MINLP1 model and the proposed genetic algorithm 

in solving all the examined problems. MINLP2 can be solved by the GEKKO solver to 

proven optimality in much less time than MINLP1 and the GBA, even for the problem 

that cannot be solved optimally in a maximum allowable time by MINLP1. The results 

also showed that the proposed GBA converges very fast towards optimality in first itera-

tions, but it stops at near-optimal solutions. This means that one can use the proposed 

GBA when a near-optimal solution in a limited time is satisfactory. Future research can 

focus on solving the problem in uncertain conditions using stochastic modeling. Multi-

objective analysis of the problem using modern algorithms like BxR and MO-BxR [38] can 

also be an attractive research direction. In addition, one of the limitations of this paper is 

considering only FS precedence relations, which can be improved by modeling general-

ized precedence relations in future works. 

Last but not least, the findings of this study have significant managerial implications 

for decision-makers and practitioners in RCPSP optimization fields. The analysis and 

comparison of MINLP1, MINLP2, and the proposed genetic algorithm (GBA) yield valu-

able insights into their respective performance characteristics. 
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    F  j =   x  j ∗  (   S  i +   D  i −     𝛼 ′  i )                   ∀ j ∈ 𝛮


    S  j ≤   x  j ∗ M                 ∀ j ∈ 𝛮


    F  j ≤ H                 ∀ j ∈ 𝛮


    x  j ∗ (   R e  j r +   ∑  i | i ≠ j ,   p s  j i = 1    x  i ∗   R e  i r ∗ (     v 2  i j −     v 1  j i ) ) ≤     R ¯  r               ∀ r ∈ R , j ∈ 𝛮


    ∑  j ∈ N    N R e  j u ∗   x  j ≤     U  u ¯                 ∀ u ∈ U


    T  d e l a y ≥   S  | N | −   T  d e a d l i n e


    T  d e l a y ≥ 0


    e s  j =   ∑  i |   A  i j = 1      Q e s  i j ∗ x  i ∗  (   e s  i +   D  i −     𝛼 ′  i )                     ∀ j ∈ 𝛮          


    e s 1 = 0


    ∑  i    Q e s  i j ≤ 1                   ∀ j ∈ 𝛮


    l s  j =   ∑  i |   A  j i = 1      Q l s  j i ∗ x  i ∗  (   l s  j −   D  j +     𝛼 ′  j )                     ∀ j ∈ 𝛮          


    l s  | N | = H


    ∑  i    Q l s  j i ≤ 1                   ∀ j ∈ 𝛮


      l f  j =   x  j ∗ ( l s  j +   D  j −     𝛼 ′  j )                 ∀ j ∈ 𝛮


    T S  j =   l s  j −   e s  j


  ∀ j ∈ 𝛮


    T S  j ≥ 𝛿 ∗   D  j ∗   x  j


            ∀ j ∈ 𝛮


      𝛼 ′  j ≤   x  j ∗     T  m a x  j                                           ∀ j ∈ 𝛮


    x  i ,   Q l s  j i ,   Q e s  j i ∈  { 0 , 1 } ,   ∀ i , j , t


    l s  j ,   e s  j ,   T S  j ,   S  j ,   F  j ,     𝛼 ′  j ∈ I n t                   ∀ j ∈ 𝛮


  i   a n d   j


    s s  i j = 1


  i   a n d   j


      A 2  i j = 1


      A 3  i j = 1   o r     s s  i j = 1


      v 1  i j   a n d       v 1  j i


  i   a n d   j


      v 2  i j = 1  


        v 1  j i = 0


      v 2  i j −     v 1  j i ≤ 1


    𝒄  𝒊


    𝒄 𝒓  𝒊


      𝑻  𝒎 𝒂 𝒙  𝒋


    𝑫  𝒋


    𝑹 𝒆  𝒋 𝒓


    𝑼  𝒋 𝒖


    y  i t


  𝛿 .

