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Abstract

The reciprocal mean square (RMS) index of a graph G with edge set E(G) is defined
by RMS(G) = ZuveE(G)[(d(u))Z + (d(v))?]~!, where d(u) and d(v) are the degrees of
vertices u and v, respectively. We first establish several bounds for the RMS index in
terms of standard graph parameters (including the size, minimum degree, and maximum
degree) and related degree-based indices, such as the forgotten index, the Sombor index,
the reciprocal hyper-Zagreb index, the inverse degree index, and the harmonic index. We
then determine the extremal values of the RMS index over the classes of n-order trees
and unicyclic graphs for n > 3. For n-order trees, the path P, and the star S, are the
extremal graphs for the considered index, as expected. However, for unicyclic graphs of
sufficiently large order, the graph minimizing the RMS index is, rather surprisingly, not the
one containing a universal vertex. This indicates that the extremal behavior of the RMS
index may differ from that of many existing degree-based indices.

Keywords: reciprocal mean square index; topological index; unicyclic graph; tree;
extremal graph

MSC: 05C05; 05C92; 05C09; 05C35; 05C07

1. Introduction

All graphs considered in this paper are finite, simple, undirected, and connected unless
stated otherwise. Graph-theoretic terminology used but not defined in this paper can be
found in standard graph theory books, such as [1-3].

The vertex set and edge set of a graph G are denoted by V(G) and E(G), respectively.
The graph G is said to be an n-order graph if |V(G)| = n. A connected graph of the
same size and order is known as an unicyclic graph. The degree of a vertex u € V(G)
is denoted by d(u), or by dg(u) when context requires. Also, we write d(u)" in place of
(d(u))". A vertex of degree one is called a pendant vertex. An edge incident to a pendant
vertex is known as a pendant edge. The set {x € V(G) : ux € E(G)} is denoted by Ng(u)
and its elements are called neighbors of u. In chemical graph theory, a numerical quantity
that remains unchanged under graph isomorphism is often called a topological index.

Topological indices are often employed in chemical graph theory [4,5] (a branch of
mathematical chemistry [6]) to quantify structural features of molecular graphs. Clas-
sic examples include the Zagreb indices (for example, see [7-9]), the Randi¢ index
(for example, see [10-12]) and the atom-bond connectivity (ABC) index (for example,
see [11,13,14]). A particularly active research direction in topological indices concerns bond
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incident degree (BID) indices (for example, see [15-17]). Examples of BID indices include

the aforementioned indices (Randi¢, ABC, and Zagreb indices), the sum-connectivity in-

dex [18,19], the general sum-connectivity index [20,21], and the harmonic index [22,23].

In this paper, we study the following member of this family, namely the reciprocal mean

square index [24,25], abbreviated RMS index. The RMS index for a graph G is defined by
1

RMS©) = b Gy dor

Existing properties of the RMS index can be found in [24,25], or may be obtained from
general results gathered in [26].

The Sombor index, introduced by Gutman [27], has quickly generated a large body of
research (see, for example, [28-30]). One of its natural extensions is the general Sombor
index [31], defined by

SO.(G) =Y (d(u)*+d(v)?)", )
uveE(G)

where « is a real parameter. This one-parameter family includes the classical Sombor index
when a = 1/2, and it coincides with the forgotten topological index [32] when & = 1.
In recent years, several authors have studied the mathematical properties of SO,, including
bounds, Nordhaus-Gaddum-type results, extremal problems for trees and unicyclic graphs
with prescribed graph parameters; see, for example, Refs. [31,33-40]. These studies show
that the extremal behavior of SO, depends essentially on the range of &, and that the
corresponding extremal graphs may change when one passes from positive powers to
negative powers. The RMS index considered in the present paper is naturally situated
within this framework. Particularly, by taking « = —1 in the definition of SO,(G), we
obtain precisely the RMS index. Thus, the RMS index may be viewed as an edgewise
reciprocal analog of the forgotten topological index or a negative-one-power version of
the general Sombor index. This observation provides a motivation for studying the RMS
index separately.

The remainder of the paper is organized as follows. In the next section, we estab-
lish general bounds on the RMS index involving size, maximum and minimum degree,
and some related degree-based indices. In Section 3, we determine the maximum and
minimum values of the RMS index among all n-order trees for n > 3. Section 4 is devoted
to n-order unicyclic graphs for n > 3, where we show that the cycle C;, is the unique graph
maximizing the RMS index in the class of all n-order unicyclic graphs; the minimum prob-
lem concerning unicyclic graphs is more delicate: the extremal graph changes at n = 20.
More precisely, the graph minimizing the RMS index among n-order unicyclic graphs has
maximum degree n — 1 for 3 < n < 19, whereas for n > 20 it is obtained from a triangle by
attaching pendant vertices as evenly as possible to two of its vertices.

2. Bounds for the RMS Index

In this section, we establish several inequalities for the RMS index. Particularly, many
elementary bounds are obtained by comparing d(u)? + d(v)? and uv € E(G) with expres-
sions involving standard graph parameters.

Proposition 1. Let G be a connected graph of maximum degree A, minimum degree 5, and size

m > 1. Then,
m m
< < —
oAz S RMS(G) < 52’

where equality in either inequality holds iff (if and only if) G is regular.
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Proof. For every edge uv € E(G), we have
1 1 1
LI L 2
287 = A+ d(o)? = 282 @

where the left (right, respectively) equality holds iff d(u) = A = d(v) (d(u) = 6 = d(v),
respectively). Now, summing over all edges of G in (2) yields the desired conclusion. O

The next result follows from Proposition 1.

Corollary 1. Let G be a connected graph with size m and minimum degree larger than one. Then,

RMS(G) <

00\3

where equality holds iff G is a cycle of size m.

Proposition 2. Let G be a connected graph of size m > 2. Then, RMS(G) < &, where equality
holds iff G = P;.

Proof. Since G is connected and m > 2, no edge joins two pendant vertices, and hence,
the right inequality in (2) can be improved as follows:

1 1
A2+ = 5 ®)

where the equality in (3) holds iff min(d(u),d(v)) = 1 and max(d(u),d(v)) = 2. Now,

summing over all edges of G in (3) gives the required conclusion. [

Proposition 3. Let

FG) = ¥ (dw?+d()?)

uveE(G)

be the forgotten topological index and let G be a connected graph of size m > 1. Then,

RMS(G) >

F(G)’
where equality holds iff the quantity d(u)? + d(v)? is constant over all edges uv € E(G).

Proof. By the Cauchy-Schwarz inequality,

L Mz Uz m2
(WEZE;G)d( A ) (w;’(c)(d( )2 +d(v) )) > m?,

where the equality holds iff there exists a positive integer £ such that d(u)? + d(v)? = ¢ for
every uv € E(G). O

Proposition 4. Let

be the Sombor index and let G be a connected graph of size m > 1. Then

m3

RMS(G) > SO

where equality holds iff d(u)? + d(v)? is constant over all edges uv € E(G).
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Proof. Jensen’s inequality gives

2
Ly d(u)2_1|_ d(U)ZZ(; ) d(”)2+d(”>2) /

M eE(G) weE(G)

where the equality holds iff there exists a positive integer £ such that d(u)? + d(v)? = ¢ for
every uv € E(G). O

Proposition 5. Let G be a connected graph of sizem > 1. Let ay, = d(u)? +d(v)? for uv € E(G),
and take

o= min ay,,, B = max ayp.
uveE(G) uveE(G)

Then,
m(a+ B) — F(G)‘

ap
If & < B, then equality in (4) holds iff ay, € {«, B} for every uv € E(G). Also, equality in (4)
holds for every G satisfying a« = B.

RMS(G) < )

Proof. If « = j3, then we note that both sides of (4) are the same. In the rest of the proof, we
assume that « < . Since & < a,, < B, we have

(awo — &) (B — auo) >0, (5)
which gives
1 &+ B —ay
— < 2P uw 6
P B (6)

where the equality in (5), and hence in (6), holds iff a,, € {a, B}. Now, in (6), summing
over all edges of G yields the desired conclusion. []

Corollary 2. Let G be a connected graph of size m > 1, maximum degree A, and minimum degree
0. Then,
2m (6% + A?) — F(G)

RMS(G) < Ty

)
where equality holds iff G is regular.

Proof. Since 20> < ay, = d(u)? +d(v)? < 2A? for every edge uv, applying (6) with a = 262
and B = 2A? yields the required inequality.

Now, we discuss equality in (7). If G is regular, then we note that both sides of (7) are
the same. Conversely, suppose that equality in (7) holds. If § < A, then from Proposition 5,
it follows that d(u)? + d(v)? € {26%,2A%} for every uv € E(G). Thus, every edge joins
either two vertices of degree J or two vertices of degree A, which is a contradiction because
G is connected and § < A. Therefore, 6 = A. [

Proposition 6. Let G be a connected graph of maximum degree A > 1 and minimum degree . Let

1 1
D(G) = Zg)(wwv)z)

uveE(

be the inverse degree index (for example, see [41,42]). Then,

PN hG) < RMS(G) < L 1p(6)
(52+A2)2 — — 4 4
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where the right equality holds iff G is regular. The left equality holds iff either G is reqular or G is a
(6, N)-semiregular bipartite graph.

Proof. For every uv € E(G), we have
(d(u) —d(0))* > 0, ®)

and hence,

1 1 1 1
- <= -
T < 4 e o7 o
where the equality in (9) holds iff d(1) = d(v). Summing over all edges in (9) gives the

required upper bound.
Also, for every uv € E(G), we have

1 ~ d(u)?d(v)? < 1 . 1 >
d)> +d(v)*  (d(u)2 +d(v)2)> \d(w)? * d(0)?
52A? 1 1
> 5 w7 (e + aon ) 1o

where equality throughout in (10) holds iff min(d(u),d(v)) = é and max(d(u),d(v)) = A.
Summing over all edges of G in (10) gives the desired lower bound. [

Proposition 7. Let G be a connected graph of maximum degree A > 1 and minimum degree §. Let

X _ 1
MEC) = b )

uveE(G d
be the modified second Zagreb index [43,44]. Then,

%8 M5(G) < RMS(G) <

0% + A2 M;(G),

where the right equality holds iff G is reqular. The left equality holds iff either G is regular, or G is a
(6, N)-semiregular bipartite graph.

Proof. The upper bound follows from (8). Now, for every uv € E(G), we have

1 _dw)d(v) 1 S AS 1
du)2+d(0)2  du)2+d(v)? du)d(v) = 62+ A2d(u)d(v)’

(11)

where equality throughout in (11) holds iff min(d(u),d(v)) = é and max(d(u),d(v)) = A.
Summing over all edges of G in (11) gives the desired lower bound. O

Proposition 8. Let G be a connected graph of maximum degree A > 1 and minimum degree 5. Let

2

H(G) = Z —_—
uveE(G) d(u) + d(v)
be the harmonic index. Then,
H(G) H(G
— < <
2N RMS(G) < 20

where either equality holds iff G is reqular.
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Proof. For every uv € E(G), we have

1 1 1

A +d()) = duR 1 d@) = 5(d(w) + @)’ (12)

where the left (right, respectively) equality holds iff d(u) = A = d(v) (d(u) = 6 = d(v),
respectively). Summing over all edges of G in (12) gives the desired conclusion. [

Proposition 9. Let G be a connected graph. Let

1

RHZ(G) = ). dw) +d@)

uveE(G

be the reciprocal hyper-Zagreb index [45]. Then, RMS(G) < 2- RHZ(G), where equality holds
iff G is reqular.
Proof. For any uv € E(G), (8) gives

1 _ 2
d(u)? +d(0)> ~ (d(u) +d(v))*

(13)

where equality in (13) holds iff d(u) = d(v). Summing over all edges of G in (13) yields the
desired conclusion. [

3. Extremal Trees for the RMS Index

In the current section, we determine the extremal values of the RMS index of n-order
trees for n > 3.

A non-trivial path wyw;...ws in a graph G is said to be a pendant path if
min(dg(wy),dg(ws)) = 1, max(dg(wy),dg(ws)) > 3,and dg(w;) =2when2 <i<s—1.

Lemma 1. Let G be an n-order graph containing at least two distinct pendant paths having a
common vertex, namely P : vx1xp---xp and Q : vy1ys - - -y, where min(p,q) > 1 and the
vertices xp and yq are pendant. If G' is the graph constructed from G by deleting the edge vy, and
adding the edge x,y1, then RMS(G) < RMS(G').

Proof. Without loss of generality, we assume that p < g. Let dg(v) = r. Then, r > 3.
Clearly, dg/(v) = r—1,dg(xp) = 2, and all other vertex degrees remain unchanged.
In the rest of the proof, we take f(a,b) = (a® +b*)~1. If ayay € E(G), then we say that
f(dg(a1),dg(az)) is the contribution of the edge a1a; in G. Since

[fds(@),r =1) = f(dc(), )] >0,

v'€Ng (v)\{x1.y1}

every edge incident with v other than vx; and vy; has larger contribution in G’ than in G.
Hence, it is enough to compare the contributions of the edges lying on the paths P and Q.
We distinguish three cases.

Casel. p=g=1.
In this case, we have

(r —2)(r® +r+20)

52T )((r=12+4)

RMS(G') —= RMS(G) > f(r—1,2) + f(2,1) — 2f(r,1) =

because r > 3.

Case 2. Exactly one of p or g is equal to one.

https://doi.org/10.3390 /math14152830
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Since p < g, we have g > p = 1. Hence, we obtain

RMS(G') = RMS(G) > f(r—1,2) + £(2,2) — f(r,1) — f(r,2)

(r=2)(rP +2r3 +26r2 + 1+ 74) 0
B CER R T I

because r > 3.

Case3.q>p > 2.
In this case, we have

RMS(G') —RMS(G) > f(r—1,2) +2f(2,2) —2f(r,2) — f(2,1).

_ (r=2)(r* —11r +50) 0
T 202+ A ((r—1)E 4

because > — 11r + 50 > 0 for all » > 3.

In every case, we obtained RMS(G') > RMS(G), as desired. O

Theorem 1. Let T be an n-order tree with n > 3. Then

n—1 5n+1
— < < .
(n—1)2+1 < RMS(T) < 40

The left equality holds iff T = S,,, and the right equality holds iff T = P,.

Proof. We consider an arbitrary edge uv € E(T). Without loss of generality, we may
assume that d(u) > d(v). Since T is a tree, we have d(u) + d(v) < n, which gives

d(u)> +d(v)? < (n—d(v)?+d(v)* < (n—1)%+1, (14)

where the equality d(u)? + d(v)? = (n — 1)2 + 1 holds iff (d(u),d(v)) = (n—1,1). Now,
the required lower bound follows from (14).

Now, we prove the upper bound. For n = 3, we have T = P, and hence, the desired
bound holds. In the following, we assume that n > 4. Let T* be a tree maximizing the RMS
index among all n-order trees. Then,

RMS(T) < RMS(T*). (15)

We claim that T* = P,. If T* 2 P,, then T* contains at least two pendant paths
having a common vertex, and hence, by Lemma 1, there exists a tree T’ satisfying
RMS(T") > RMS(T*), which contradicts the definition of T*. Thus, we deduce that
T* = Py,. Since RMS(P,) = (51 + 1) /40, the required conclusion follows from (15). [

We remark here that the lower bound in Theorem 1 follows from several existing
results; for instance, it can be obtained from Theorem 1 of [44] and Proposition 7.

4. The RMS Index of Unicyclic Graphs

We recall that a connected graph is unicyclic if its order and size are equal. Compared
with trees, unicyclic graphs contain one additional edge, and this creates new possibilities
for the distribution of vertex degrees. As Theorem 3 (at the end of this section) shows,
the behavior of the graph minimizing the RMS index over the class of n-order unicyclic
graphs is more subtle.

Let U, denote the class of all n-order unicyclic graphs. We first determine the maxi-
mum value of RMS over U,.

https://doi.org/10.3390 /math14152830
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Theorem 2. Let G € U,,, where n > 3. Then

RMS(G) <

x| I

Equality holds iff G = C,.

Proof. If n = 3, then G = C,,, and hence, the required bound holds. In the rest of the proof,
we assume that n > 4. Let G* € U, be a graph maximizing the RMS index among all
graphs in Uf,. Then,

RMS(G) £ RMS(GY). (16)

If G* contains at least two pendant paths having a common vertex, then by Lemma 1,
there exists a graph G’ € U, satisfying RMS(G’) > RMS(G*), which contradicts the
definition of G*. Thus, G* contains no pendant paths having a common vertex.

We claim that G* = C,,. Contrarily, we suppose that G* 2 C,. Then, the maximum
degree of G* is three, and it contains at least one pendant path, say ux;x; - - - xp, where
p > 1 and the vertex u lies on the unique cycle of G*. Let y and z be the two neighbors of
u on the cycle of G*. Let dg«(y) = r1 and dg+(z) = rp. We construct a new graph G” by
deleting the edge uy and adding the edge x,y. Then, G” € U,. If p = 1, then we have

RMS(G”)RMS(G*)—i(l1>+11>11>0
\Zya P219) "8 1078 10

a contradiction to the definition of G*. If p > 2, then

RMS(G") - RMS(G) =Y — ) & (1 _ 1) n (1 _ 1)
S E\r7+4 249 8 13 8 5

1

Lol 1y, (1o1y, (1 1y
- 3244 3249 8§ 13 8 5 !

a contradiction again. In both cases, we arrive at a contradiction. Hence, G* = Cj,. Since
RMS(Cy,) = §, the desired conclusion now follows from (16). [

Lemma 2. Let uv be a non-pendant edge of a graph G such that the sets Ng (1) and Ng(v) are
disjoint. Let Ng(v) \ {u} = {x1,x2,...,xs}. If G' is the graph obtained from G by deleting the
edges vx1,vxy, . .., vXs and adding the edges uxy, uxy, ..., uxs, then RMS(G') < RMS(G).

Proof. Leta = dg(u) and Ng(u) \ {v} = {y1,vy2,...,y:}. We note thata > 2 and s > 1.
Since dg(v) =s+1,dg(u) =a+s,and dg/(v) = 1, we have

t
RMS(G) - RMS(G) = }_
j=1

1
a2+dG ) (ﬂ+5)2+dc(]/j)2‘|

1 1
+ [a2+(s+1)2 (a+s)2+1}

s 1 1
sz STI2 +dc<xi>2‘<a+s>2+dc<xi>2]' {17

We note that each term in the first and third sums of (17) is positive because the function
f defined as f(x,y) = (x> +y?)~!, with x > 1 and y > 1, strictly decreases in each of its
variables. Hence, the right-hand side of (17) is positive because

>+ (s+1)2—[(a+s)*+1] = —2s(a—1) <0.

https://doi.org/10.3390 /math14152830
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Consequently, (17) yields the desired inequality. [

The next result follows from Lemma 2.

Corollary 3. For n > 4, let G € Uy, be a graph with minimum RMS index. Then, every vertex
outside the unique cycle C of G is pendant, and the length of C is three.

Proof. If either of the two conclusions is false, then G contains a non-pendant edge uv such
that the sets Ng(u) and Ng(v) are disjoint, and hence by Lemma 2, there exists a graph
G' € Uy satisfying RMS(G') < RMS(G), which contradicts the definition of G. [

Let C3(a, b, c) be the graph obtained from the three-order cycle graph C; by attaching
a — 2 pendant vertex/vertices to v1, b — 2 pendant vertex/vertices to v, and ¢ — 2 pendant
vertex/vertices to v3, where V(C3) = {v1,v2,v3} and min(a,b,c) > 2.

For integers x,y > 1, put

1 x—2
flxy) = 25 h(x) = 21 (18)
Lemma 3. Ifa > b > ¢ > 3, then
RMS(Cz(a+c—2,b,2)) < RMS(Cz(a,b,c)).
Proof. Here, we have
RMS(Cs(a,b,c)) —RMS(Cs(a+c—2,b,2)) =h(a)+h(c) —h(a+c—2)

+ f(a,b) — f(a4+c—2,b)
+ f(c,a) — f(2,a+c—2)
+ f(b,c) — f(b,2), (19)

where f and h are defined via (18). Since a + ¢ — 2 > a, we have f(a,b) > f(a+c—2,b).
Also, f(c,a) > f(2,a+c—2)because (a+c—2)>+4—a?> -2 =2(a—2)(c—

f(b,c) — f(b,2) increases in b for b > ¢ > 3, we have f(b,c) — f(b,2) > f(c,c) — f(c,2).
Consequently, (19) yields

RMS(Cs(a,b,c)) — RMS(Cs(a+c—2,b,2)) > h(a)+h(c)—h(a+c—2)
+ f(c,c) = f(c,2). (20)

On the right-hand side of (20), weputc =Y +3and a = ¢ + X (thatis,a = X + Y + 3),
where X,Y > 0, and write it as a single rational fraction and then expand its numerator,
whichis (Y +1)Q(X,Y), where

Q(X,Y) = 2X*v* + 23X*Y® +105X*Y? + 224 X*Y + 184X* + 12X°Y°
+166X3Y* 4+ 952X3Y3 4 2814X3Y? + 4240X3Y + 2576X°
+28X2Y0 + 459X2Y5 + 3221 X2Y* + 12347 X%Y3 + 27133X%Y?
+32252X%Y + 16140X? + 30X Y7 + 566X Y® + 4668XY°
+ 21746 XY* + 61530X Y3 + 105200X Y2 4 100032XY + 40508 X
+12Y8 +252Y7 4 2344Y° 4 12551Y° + 42043Y* + 89452Y>
+116612Y? + 83516Y + 24260 > 0,

because X > 0 and Y > 0. Therefore,

h(a) +h(c) —h(a+c—2)+ f(c,c) — f(c,2) >0,

https://doi.org/10.3390 /math14152830
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and hence (20) gives
RMS(Cs(a+c—2,0,2)) < RMS(Cs(a,b,c)),
as required. O
Lemmad4. Ifb>3anda > b+ 2witha+b > 21, then
RMS(C3(a—1,b+1,2)) < RMS(Cs(a,b,2)).
Proof. Here, we have

RMS(Cs(a,b,2)) — RMS(Cs(a—1,b+1,2))
=h(a)—h(a—1)+h(b) —h(b+1)+ f(a,b) — f(a—1,b+1)
+f(a,2)—f(a—1,2)+ f(b,2) — f(b+1,2), (21)

where f and / are defined via (18). For x > 3, we define
Ay =h(x) —h(x+1)+ f(x,2) — f(x+1,2).
Then, (21) gives

RMSE(C3(a,b,2)) — RMS(Cs(a—1,b+1,2))
:Ab—Aa,l—(f(a—l,b—}—l)—f(a,b)). (22)
Sincea > b+ 2,by takingt =a—b —1 > 1, we have

2t

fla=1b+1) = flab) = (b+t+1)2+62) ((b+1)>+ (b+1)7)

We claim that f(a —1,b+1) — f(a,b) < which is equivalent to

1
10037
2+ 4bt3 + 23 + 8212 + 8bt? + 212 — 12b°t + 12b%t + 8bt + 2t + 4b* + 8% +8b> +4b+1 > 0,

which follows from
t* + 4bt® + 821 — 1263t + 4b* > 0. (23)

But, (23) holds because it is equivalent to
(Y L t) ws(t) —1oft
b l(b) +4 b +8 2 12 b +4
2 2 2
sl ((f ty_3 N (B L7
(G 2(5)-3) +a) -o(1) +3| o

which certainly holds because 7(%)2 —6(4) + 4 > 0. Hence,

>0,

or

fla=1b41) = f(a,b) < o5 (24)
Next, for every integer x > 5, a direct simplification gives
Ay — A o blx) (25)

79068 T Q)
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where

P(x) = 19(x — 5)'2 4 1248(x — 5)!1 +37573(x — 5)10 + 684500(x — 5)7 + 8388597 (x — 5)%
+ 72692344 (x — 5)7 + 455449639 (x — 5)° + 2071109140(x — 5)°
+ 6748574784 (x — 5)* + 15244919008 (x — 5)° + 22367272188 (x — 5)2
+ 18676508960 (x — 5) -+ 6354562000,

and
Q(x) = 10x3(x% + 1) (x® + 4) (x? 4+ 2x +2) (22 + 2x + 5) (x® + 4x + 5) (x® + 4x + 8),

which are both positive for x > 5. Hence, from (25), it follows that

1
Ax - Ax+1 > W > O, (26)

for every x > 5. Thus, Ay strictly decreases for x > 5. We now consider two cases.
Casel.b > 5.
Since Ay strictly decreases for x > 5and a — 1 > b + 1, using (24) and (26), we have

1
Ap—Ap1 2 Ap — Apyp1 > 1003 > f(a—1,b+1)— f(ab),

which gives
Ap— A1 — (fla—1,b+1)— f(a,b)) >0,
which together with (22) implies the desired inequality in the considered case.

Case 2. b € {3,4}.
The inequality a + b > 21 gives a —1 > 20 — b. Since A, strictly decreases for x > 5,
we have

98833147 S 1 b3
15398263400 = 270 o
Ap— A1 > Ay —Ayp = (27)
35220279 o 1 b —a
2413020545 ~ 640 -
On the other hand, (24) gives
1 .
W lf b = 3,
fla—1,b+1) - f(a,b) < (28)
1 ifb=4
0.4 "0TF

From (27) and (28), we conclude that the right-hand side of (22) is positive, in the case
under consideration, as desired. [

Lemma 5. Let n > 20. Then

RMS (Cs(n—1,2,2)) > RMS(Cg, < ["gﬂ +2, V > 3J +2,2)>. (29)

Proof. First, we suppose that n is odd. Let n = 2r — 1, where r > 11. Then, we have

R e A
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Thus, we have to prove RMS(C3(2r —2,2,2)) > RMS(Cs(r,1,2)). Letr =t + 11, where
t > 0. Then, we have

RMS(Cs(2r —2,2,2)) — RMS(Cs(r,1,2))

(t+9)°P(t)
8(t+11)2(#2 + 20t + 101) (#2 + 22t + 122)(+2 + 22t + 125) (42 + 80t 4 401)”

where

P(t) = 4% + 304t” 4-9953t° + 182284+° + 2023764t* + 137255024 + 53795753t
+ 102920002t + 52886618,

which is positive for every t > 0. Thus, RMS(C3(2r —2,2,2)) — RMS(Cs(r,1,2)) >0,
in the considered case.
In the rest of the proof, we assume that # is even. Let n = 2r, where r > 10. Then,

[n_ﬂ +2=r+1 and V_?’J +2=r.

2 2

Thus, we now have to prove that RMS(C5(2r — 1,2,2)) > RMS(Cs(r +1,7,2)). Let
r =t +10, where t > 0. Then, we have

RMS(C3(2r —1,2,2)) — RMS(Cs(r+1,7,2))
(t+8)(t+9)Q(t)
8(t2 4 20t + 101)(#2 + 20t + 104) (#2 + 22t + 122)(+2 + 22t + 125)
1
% (2t2 + 38t + 181) (212 + 42t + 221) (42 + 76t + 365)”

where

Q(t) = 16t1% + 1824+ + 94708+10 4- 2956812¢° + 61683264t + 903088420t
+ 9473247769t + 71262433947+° + 377411132825¢* + 1345690135261+
+2941808477028¢% + 3152004311106t + 603428119320 > 0,

which is positive for each t > 0. Thus, RMS(C3(2r —1,2,2)) = RMS(Cs(r+1,1,2)) >0,
as required. O

Theorem 3. Let G € Uy,. If 3 < n <19, then

n—3 n 2
(mn—12+1 (n—1)2+4

RMS(G) > + é (30)

where the equality in (30) holds iff G = C3(n —1,2,2). If n > 20, then

RMS(G) > 7] + "7")

(31)
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where equality in (31) holds if and only if

(S S

Proof. If n = 3, then G = C3(2,2,2), and hence, the result holds. If n = 4, then either
G=CyorG=C3(n—1,2,2), and hence, the required conclusion follows from Theorem 2.

In what follows, we assume that n > 5. Let G* be a graph minimizing the RMS index over
the class Uy,. Then RMS(G) > RMS(G*). By Corollary 3, G* has n — 3 pendant vertices,
and hence, it is of the form Cs(a,b,c), wherea > b > ¢ > 2anda+b+c = n+3. By
Lemma 3, we have ¢ = 2 and hence G* = C3(a,b,2), wherea > b >2anda+b=n+1.
By using the definition of G* (that is, C3(a,b,2)) and the fact that b = n — a + 1, we have

RMS(G*) — RMS(Cs(n —1,2,2))

_a—2+ n—a—1 n 1
S a2+1 (n+1-a)2+1 a2+ (n+1-a)?
1 1 n—3 2 1
- - — . 2
T i T irioafid (1241 (n-1214 8 (32)

First, we suppose that 5 < n < 19 and denote by Dy (a) the right-hand side of (32).
For the non-trivial case b = n +1 — a > 3, the admissible values of 2 must satisfy

V—'—ll <a<n-—2.

2

Direct calculation shows that Dy, (a) > 0 for every admissible pair (n,a) with5 <n < 19.
The corresponding approximate values of D, (a), rounded to three decimal places, are
givenin Table 1. (The dashes in this table indicate that the corresponding values of 2 are not

admissible.) Therefore, for these values of n, we have RMS(G) > RMS(Cz(n —1,2,2)),
where equality holds iff G = C3(n — 1,2,2).

Table 1. Approximate values of Dy, (a) for 5 < n < 19.

n\a 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

5 0.067 - - - - - - - - - - - _ _ _
6 - 0075 - - - - - - - - _ - - — _
7 - 0.083 0073 - - - - - - - _ - - _ —
8 - - 0079 0070 - - - - - - - - - — -
9 - - 0.073 0.073 0.066 - - - - - - - - - -
10 - - - 0.065 0.068 0.064 - - - - - - - - -

11 - - - 0.057 0.059 0.064 0.062 - - - - - - - -

12 - - - - 0.049 0.053 0.060 0.060 - - - - - - -
13 - - - — 0.040 0.043 0.049 0.058 0.059 - - - - - -
14 - - - - - 0.033 0.038 0.045 0.055 0.058 - - - - -
15 - - - - - 0.026 0.028 0.033 0.043 0.054 0.057 - - - -
16 - - - - - - 0.020 0.023 0.030 0.040 0.052 0.056 - - -
17 - - - - - - 0.013 0.015 0.019 0.027 0.038 0.051 0.056 - -
18 - - - - - - - 0.008 0.011 0.016 0.025 0.037 0.050 0.055 -
19 - - - - - - - 0.002 0.004 0.007 0.014 0.023 0.035 0.049 0.055

In the rest of the proof, we suppose that n > 20. Let
n—3 n—3
B, = 2 2,2).
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If b =2, thena = n — 1, and hence, G* = C3(n — 1,2,2). But, from Lemma 5, it follows that
RMSE(C3(n—1,2,2)) > RMS(By),

which contradicts the definition of G*. Therefore, b > 3.
If a > b+ 2, then by keeping in mind the fact that a +b = n+1 > 21 and using
Lemma 4, we have

RMS(C3(a—1,b+1,2)) < RMS(Cs(a,b,2)),

which again contradicts the definition of G*. Hence, we must have a < b+ 1. Sincea > b,
it follows that a — b € {0,1}, which together with a +b = n + 1 gives

n—23 n—23
a—{ > —‘+2 and b—{ > J+2.

o[22 2|2 29)

Consequently, for n > 20, we have

Therefore,

RMS(G) > RMS(QG”;ﬂ 12, V;BJ +2,2>>, (33)

where equality in (33) holds iff

e e e

This completes the proof. [

5. Conclusions

In this paper, we investigated the RMS index of graphs, which corresponds to the case
« = —1 of the general Sombor index (1). Several bounds were obtained in terms of classical
graph parameters (including the size, minimum degree, and maximum degree) and related
degree-based indices, such as the forgotten index, the Sombor index, the reciprocal hyper-
Zagreb index, the inverse degree index, and the harmonic index. We also determined the
extremal values of the RMS index among all n-order trees and unicyclic graphs, where
n > 3. For n-order trees with n > 4, the extremal graphs are the expected ones: the
star S, uniquely minimizes the RMS index, while the path P, uniquely maximizes it.
For n-order unicyclic graphs with n > 4, the cycle C,, uniquely maximizes the RMS index.
The minimum problem for n-order unicyclic graphs, however, has a more delicate behavior:
for 3 < n < 19, the unique minimizer is the graph of maximum degree n — 1, and for
n > 20, the unique minimizer is obtained from a triangle by attaching pendant vertices
to two vertices of the triangle in numbers differing by at most one. The change in the
structure of the minimizing n-order unicyclic graph at n = 20 indicates that the RMS index
has extremal features that are not always parallel to those of many familiar degree-based
indices. This suggests several natural problems for future work, including the study of the
RMS index over n-order bicyclic graphs, or n-order trees/unicyclic graphs with prescribed
graph parameters (such as maximum degree, diameter, and matching number); some
propositions concerning the RMS index for fixed-order trees and unicyclic graphs of a given
diameter can be found in [24,25].
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