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Abstract

This paper investigates a class of generalized nonlinear variable-coefficient beam-type
evolution equations motivated by the modeling of nonhomogeneous elastic structures
with nonlinear effects. The invariant subspace method is employed to construct exact
solutions by identifying appropriate finite-dimensional invariant subspaces associated with
the nonlinear operators. This approach reduces the original partial differential equations
to systems of nonlinear ordinary differential equations. Several representative nonlinear
beam-type equations are studied, leading to polynomial, trigonometric, hyperbolic, and
negative-power invariant subspaces together with their corresponding exact solutions. The
results demonstrate the effectiveness of the invariant subspace method for constructing
explicit exact solutions of nonlinear variable-coefficient fourth-order beam-type equations
and highlight its applicability to a broad class of nonlinear beam models.
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1. Introduction
Nonlinear fourth-order evolution equations constitute an important class of partial

differential equations arising in applied mathematics, mechanics, and engineering. Among
these equations, nonlinear beam-type models have attracted considerable attention because
they combine important physical applications with challenging mathematical problems
involving higher-order differential operators, variable coefficients, and nonlinear effects.
Such equations arise naturally in the study of elastic structures, vibration theory, suspension
bridges, composite materials, and other systems in which bending plays a dominant
role [1–4].

A classical example is the Euler–Bernoulli beam equation, whose variable-coefficient
form is

ρ(x)utt + (EI(x)uxx)xx = q(x, t), (1)

where u(x, t) denotes the transverse displacement of the beam, ρ(x) is the mass density,
and EI(x) is the flexural rigidity. This equation describes the transverse vibration of
nonhomogeneous elastic beams and illustrates how the fourth-order operator naturally
arises from the bending stiffness of the material. Motivated by this classical model, we
consider the generalized nonlinear variable-coefficient beam-type equation

utt = (a(x)uxx)xx + f (x, u, ux, uxx), (2)
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where a(x) is a spatially varying coefficient and f (x, u, ux, uxx) is a nonlinear term depend-
ing on the displacement and its lower-order spatial derivatives. Equation (2) serves as a
unified mathematical framework for studying nonlinear beam equations with variable
coefficients. The fourth-order operator models the effect of variable bending stiffness,
whereas the nonlinear term allows a broad range of nonlinear interactions involving the
displacement and its lower-order derivatives to be incorporated into the model.

Because of their mathematical and engineering significance, nonlinear beam equations
have been extensively investigated using analytical, asymptotic, numerical, and symmetry-
based methods. These models arise in the study of beams on nonlinear elastic foundations,
suspension bridges, composite structures, and other flexible systems that exhibit resonance,
bifurcation, instability, and large-amplitude oscillations. Representative contributions
include [5–8]. More recently, Huang, Li, and Yu [9] applied Lie symmetry analysis to a class
of generalized nonlinear beam equations and obtained several exact invariant solutions,
demonstrating that analytical reduction methods remain effective tools for investigating
nonlinear fourth-order beam equations.

From a mathematical point of view, nonlinear variable-coefficient beam equations are
considerably more difficult to analyze than their second-order counterparts. The higher-
order spatial operator, together with variable coefficients and nonlinear lower-order terms,
creates substantial analytical challenges in the study of existence, uniqueness, regular-
ity, stability, and exact solutions. General results on higher-order elliptic and evolution
equations can be found in [10,11].

In recent years, several important analytical results have been established for nonlinear
Euler–Bernoulli beam equations with variable coefficients. Wei and Ji [12] investigated
periodic solutions using functional analytic methods. Wei [13] proved the existence of
infinitely many periodic solutions for related beam models. Chen, Gao, and Li [14] studied
periodic solutions using the Lyapunov–Schmidt reduction together with a differentiable
Nash–Moser iteration. More recently, Deng, Zheng, and Zhu [15] investigated the well-
posedness and stability of nonlinear Euler–Bernoulli beam equations. These works have
significantly advanced the theoretical understanding of nonlinear beam equations with
variable coefficients. Nevertheless, they mainly focus on the existence, multiplicity, period-
icity, stability, and qualitative behavior of solutions, whereas comparatively fewer studies
are devoted to the construction of explicit exact solutions.

Exact solutions remain valuable because they provide insight into the qualitative
behavior of nonlinear models, serve as benchmark solutions for validating numerical algo-
rithms, and reveal the influence of variable coefficients and nonlinear terms. Consequently,
the development of analytical methods capable of constructing explicit exact solutions
continues to be an important research direction.

Among the available analytical techniques, the invariant subspace method has proved
to be particularly effective for constructing exact solutions of nonlinear evolution equations.
The method was introduced by Galaktionov [16,17] and systematically developed by
Galaktionov and Svirshchevskii in their monograph [18]. Since then, it has been refined and
applied to various classes of nonlinear evolution equations by several authors, including
King [19] and Ma [20]. More recently, the invariant subspace method has been extended
to higher-dimensional and nonlinear evolution equations, demonstrating its effectiveness
for constructing finite-dimensional invariant subspaces and explicit exact solutions [21,22].
These recent developments indicate that the invariant subspace method remains an active
and evolving analytical tool.

For Equation (2), we define the nonlinear operator

F[u] = (a(x)uxx)xx + f (x, u, ux, uxx),
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acting on sufficiently smooth functions, and seek a finite-dimensional linear space,

Wn = span{ϕ1(x), ϕ2(x), . . . , ϕn(x)},

that satisfies the invariance condition

F(Wn) ⊆ Wn.

Whenever this condition is satisfied, solutions of Equation (2) may be sought in the form

u(x, t) =
n

∑
j=1

yj(t)ϕj(x),

where the unknown coefficients yj(t) satisfy a finite system of ordinary differential equa-
tions. Consequently, the original nonlinear partial differential equation is reduced to a
finite-dimensional dynamical system while preserving its nonlinear structure. This reduc-
tion frequently makes it possible to construct explicit exact solutions.

Although the invariant subspace method has been successfully applied to many
nonlinear evolution equations, its application to nonlinear variable-coefficient beam-type
equations remains relatively limited. Existing studies on nonlinear beam equations mainly
emphasize existence theory, periodic solutions, stability analysis, numerical approximation,
or symmetry methods. In contrast, the systematic construction of finite-dimensional
invariant subspaces leading to explicit exact solutions for nonlinear variable-coefficient
beam-type equations has received comparatively less attention. This observation motivates
the present work.

The purpose of this paper is not to classify all nonlinear beam equations admitting
invariant subspaces but to develop a general analytical framework and demonstrate its
applicability through several representative classes of nonlinear variable-coefficient beam
equations. Specifically, we identify suitable finite-dimensional invariant subspaces for
representative classes of nonlinear variable-coefficient beam equations, reduce the gov-
erning partial differential equations to systems of ordinary differential equations, and
construct explicit exact solutions. The examples considered in this paper were selected
because the corresponding variable coefficients and nonlinear terms satisfy compatibility
conditions that permit invariant subspaces to be constructed explicitly. They illustrate
different invariant structures and demonstrate the flexibility of the proposed framework
rather than provide a complete classification of nonlinear beam equations.

The remainder of this paper is organized as follows. In Section 2, we review the invari-
ant subspace method and establish the general framework used throughout the paper. In
Section 3, we construct invariant subspaces for several nonlinear variable-coefficient beam
equations, derive the corresponding reduced systems of ordinary differential equations,
and obtain explicit exact solutions. Finally, Section 4 concludes the paper and discusses
possible directions for future research.

2. The Invariant Subspace Method
This section briefly reviews the invariant subspace method that will be used through-

out the paper. The method provides an effective analytical technique for constructing exact
solutions of nonlinear evolution equations by reducing partial differential equations to
finite-dimensional systems of ordinary differential equations. Since its introduction by
Galaktionov [16,17] and its systematic development by Galaktionov and Svirshchevskii [18],
the invariant subspace method has been successfully applied to a wide variety of nonlinear
evolution equations; see also [19,20].
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Consider the general nonlinear evolution equation

utt = F[u], (3)

where
F[u] = F

(
x, u, ux, uxx, . . . , uxk

)
, k ∈ N0,

is a nonlinear differential operator acting on sufficiently smooth functions and depending
on the spatial variable, the unknown function, and its spatial derivatives.

The main idea of the invariant subspace method is to identify a finite-dimensional
linear space that is invariant under the nonlinear operator F. Once such a space has been
identified, the original partial differential equation can be reduced to a finite-dimensional
system of ordinary differential equations governing the unknown time-dependent coeffi-
cients. This reduction frequently makes it possible to construct explicit exact solutions.

Definition 1. Let f1, f2, . . . , fn be linearly independent functions and define

Wn = span{ f1, f2, . . . , fn}.

The space Wn is said to be invariant under the nonlinear operator F if

F[u] ∈ Wn, for every u ∈ Wn.

Proposition 1 ([18]). Let f1, . . . , fn be a fundamental system of solutions of the linear ordinary
differential equation

L[y] := y(n) + an−1(x)y(n−1) + · · ·+ a1(x)y = 0.

Let
F[y] = F(x, y, y′, . . . , y(k))

be a differential operator of order k ≤ n − 1. Then the subspace

Wn = span{ f1, . . . , fn}

is invariant under F if and only if
L[F[y]] = 0

for every function satisfying
L[y] = 0.

Proposition 2 (Reduction Principle). Assume that the finite-dimensional subspace

Wn = span{ f1, f2, . . . , fn}

is invariant under the nonlinear operator F. Then a function of the form

u(t, x) =
n

∑
i=1

ui(t) fi(x)

is a solution of Equation (3) if and only if the coefficient functions

u1(t), u2(t), . . . , un(t)
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satisfy the finite-dimensional system of ordinary differential equations

u′′
1 = F1(u1, . . . , un),

u′′
2 = F2(u1, . . . , un),

...

u′′
n = Fn(u1, . . . , un),

where the functions Fi are determined by the representation

F

(
n

∑
i=1

ci fi(x)

)
=

n

∑
i=1

Fi(c1, . . . , cn) fi(x).

Conversely, every solution of the reduced system generates an exact solution of Equation (3).

3. Applications
In this section, we apply the invariant subspace method developed in Section 2 to

several representative nonlinear variable-coefficient beam-type equations. The selected
examples were chosen because their variable coefficients and nonlinear terms satisfy com-
patibility conditions that allow finite-dimensional invariant subspaces to be constructed
explicitly. They illustrate different invariant structures, including polynomial, trigono-
metric, hyperbolic, and negative-power invariant spaces, and demonstrate the flexibility
of the proposed approach. The purpose of these examples is not to provide a complete
classification of nonlinear beam-type equations but to show how the invariant subspace
method can be systematically applied to construct explicit exact solutions.

For each example, we verify the invariance of the associated nonlinear operator, derive
the corresponding reduced system of ordinary differential equations, and obtain explicit
exact invariant solutions.

Example 1. Consider the nonlinear fourth-order evolution equation

utt = (xuxx)xx + u2 − 1
2

x2u uxx, (t, x) ∈ (0, ∞)×R. (4)

Define the associated nonlinear operator

F[u] = (xuxx)xx + u2 − 1
2

x2u uxx.

We verify that the finite-dimensional space

W = span{1, x2}

is invariant under the nonlinear operator F.
Verification of invariance.

Let
u(t, x) = y0(t) + y1(t)x2.

Direct substitution into the operator F gives

F[u] = y2
0 + y0y1x2.

Therefore,
F[u] ∈ W,
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and hence, W is invariant under the nonlinear operator F.
Reduced dynamical system.

Applying Proposition 2, Equation (4) admits invariant solutions of the form

u(t, x) = y0(t) + y1(t)x2,

where the coefficient functions satisfy

y′′0 = y2
0, y′′1 = y0y1. (5)

Construction of an exact solution.
A particular solution of the first equation in (5) is

y0(t) =
6

(t − c)2 ,

where c is an arbitrary constant.
Substituting this expression into the second equation gives

y′′1 =
6

(t − c)2 y1.

Introducing the change of variable

z = t − c,

we obtain
d2y1

dz2 =
6
z2 y1, z ̸= 0.

Assuming a solution of the form
y1 = zm,

leads to the characteristic equation
m(m − 1) = 6,

whose roots are
m = 3, m = −2.

Therefore,
y1(t) = C1(t − c)3 + C2(t − c)−2,

where C1 and C2 are arbitrary constants.
Exact invariant solution.

Consequently,

u(t, x) =
6

(t − c)2 +
(

C1(t − c)3 + C2(t − c)−2
)

x2, t ̸= c. (6)

A direct substitution verifies that the exact solution (6) satisfies Equation (4).
Figure 1 presents the exact invariant solution (6) for the parameter values c = 0, C1 = 0.02,

and C2 = 1. The figure illustrates the temporal evolution of the polynomial invariant solution
obtained through the invariant subspace reduction.
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Figure 1. Three-dimensional surface corresponding to the exact invariant solution (6) of Equation (4)
for c = 0, C1 = 0.02, and C2 = 1.

Example 2. Consider the nonlinear beam-type equation

utt = (x2uxx)xx + u − xux +
1
4

u2
x, (t, x) ∈ (0, ∞)×R. (7)

Define the associated nonlinear operator

F[u] = (x2uxx)xx + u − xux +
1
4

u2
x.

We verify that the finite-dimensional space

W = span{1, x, x2}

is invariant under the nonlinear operator F.
Verification of invariance.

Let
u(t, x) = y0(t) + y1(t)x + y2(t)x2.

Direct substitution into the operator F gives

F[u] =
(

4y2 + y0 +
1
4

y2
1

)
+ y1y2x +

(
−y2 + y2

2

)
x2.

Since F[u] ∈ W, the space W is invariant under the nonlinear operator F.
Reduced dynamical system.

Applying Proposition 2, Equation (7) admits invariant solutions of the form

u(t, x) = y0(t) + y1(t)x + y2(t)x2,
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where the coefficient functions satisfy
y′′0 = 4y2 + y0 +

1
4

y2
1,

y′′1 = y1y2,

y′′2 = −y2 + y2
2.

(8)

The reduced system admits several families of exact solutions. Three representative cases are
presented below.
Case 1. Constant solution (y2 = 0).

Then
y1(t) = A1t + A2,

and
y′′0 − y0 =

1
4
(A1t + A2)

2.

Solving the above equation yields

y0(t) = B1et + B2e−t −
A2

1
4

t2 − A1 A2

2
t −

A2
1

2
−

A2
2

4
.

Hence,

u(t, x) = B1et + B2e−t −
A2

1
4

t2 − A1 A2

2
t −

A2
1

2
−

A2
2

4
+ (A1t + A2)x.

(9)

Case 2. Constant solution (y2 = 1).
Then

y1(t) = A1et + A2e−t,

and
y′′0 − y0 = 4 +

1
4
(A1et + A2e−t)2.

Solving this equation gives

y0(t) = B1et + B2e−t − 4 − A1 A2

2
+

A2
1

12
e2t +

A2
2

12
e−2t.

Hence,

u(t, x) = B1et + B2e−t − 4 − A1 A2

2
+

A2
1

12
e2t +

A2
2

12
e−2t

+
(

A1et + A2e−t)x + x2.
(10)

Case 3. Nonconstant solution.
The third equation in (8) admits the nonconstant solution

y2(t) = 1 − 3
2

sech2
(

t − C
2

)
.

The corresponding solution of the second equation is

y1(t) = A sech2
(

t − C
2

)
.
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Consequently, the first equation becomes

y′′0 − y0 = 4 − 6 sech2
(

t − C
2

)
+

A2

4
sech4

(
t − C

2

)
.

Setting
E = et−C,

a particular solution is given by

Φ(E) :=
2

3E(1 + E)2

[
2A2E + A2 − 18E4 ln E + 18E4 ln(1 + E)

− 36E3 ln E + 36E3 ln(1 + E)− 24E3

− 18E2 ln E + 36E2 ln(1 + E)− 30E2

+ 36E ln(1 + E) + 12E + 18 ln(1 + E) + 18
]
.

The expression for Φ(E) was obtained by symbolic computation and verified by direct substi-
tution into the reduced ordinary differential equation.

Therefore,
y0(t) = B1et + B2e−t + Φ(et−C).

Hence,
u(t, x) = B1et + B2e−t + Φ(et−C)

+ A sech2
(

t − C
2

)
x

+

(
1 − 3

2
sech2

(
t − C

2

))
x2.

(11)

A direct substitution verifies that the exact solutions (9), (10), and (11) satisfy Equation (7).
Figure 2 presents the three families of exact invariant solutions corresponding to Cases 1–3.

Panels (a), (b), and (c) illustrate the different qualitative behaviors generated by distinct solutions of the
reduced dynamical system while preserving the same polynomial invariant space.

Figure 2. Surface plots of the exact invariant solutions corresponding to Cases 1–3 of Equation (7).

Example 3. Consider the nonlinear fourth-order equation

utt = (uxx)xx + u + σuxx +
(
u + σuxx

)2, (t, x) ∈ (0, ∞)×R, (12)

where σ ∈ {−1, 1}.
Define the associated nonlinear operator

F[u] = (uxx)xx + u + σuxx +
(
u + σuxx

)2.

https://doi.org/10.3390/math14162868
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Verification of invariance.
For the case σ = 1, consider the finite-dimensional space

W1 = span{1, sin x, cos x}.

Let
u(t, x) = y0(t) + y1(t) sin x + y2(t) cos x.

Direct substitution into the operator F gives

F[u] = y0 + y2
0 + y1 sin x + y2 cos x.

Therefore,
F[u] ∈ W1,

and hence, W1 is invariant under the nonlinear operator F.
Proceeding in the same manner, for the case σ = −1, consider

W2 = span{1, sinh x, cosh x}.

Let
u(t, x) = y0(t) + y1(t) sinh x + y2(t) cosh x.

Then
F[u] = y0 + y2

0 + y1 sinh x + y2 cosh x,

which implies that
F[u] ∈ W2.

Hence, W2 is also invariant under the nonlinear operator F.
Reduced dynamical system.

Applying Proposition 2, the corresponding invariant solutions satisfy
y′′0 = y0 + y2

0,

y′′1 = y1,

y′′2 = y2.

(13)

The last two equations have the general solutions

y1(t) = C1et + C2e−t, y2(t) = C3et + C4e−t,

whereas the first equation admits the explicit solutions

y0(t) = 0, y0(t) = −1,

and

y0(t) = −3
2

sech2
(

t − C
2

)
.

Exact invariant solutions.
Combining the above results, for σ = 1 we obtain

u(t, x) = y0(t) +
(
C1et + C2e−t) sin x +

(
C3et + C4e−t) cos x, (14)
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where

y0(t) ∈
{

0, −1, −3
2

sech2
(

t − C
2

)}
.

Similarly, for σ = −1,

u(t, x) = y0(t) +
(
C1et + C2e−t) sinh x +

(
C3et + C4e−t) cosh x, (15)

where y0(t) belongs to the same family of solutions.
A direct substitution confirms that the exact solutions (14) and (15) satisfy Equation (12).
Figure 3 presents representative exact invariant solutions corresponding to the trigonometric

and hyperbolic invariant spaces. Panel (a) illustrates the solution associated with σ = 1, whereas
panel (b) corresponds to σ = −1, demonstrating that the same nonlinear beam equation admits two
different invariant structures.

Figure 3. Surface plots of the exact invariant solutions of (12). (a) Trigonometric invariant solution
corresponding to σ = 1. (b) Hyperbolic invariant solution corresponding to σ = −1.

Example 4. Consider the nonlinear fourth-order evolution equation

utt =
(

x4uxx

)
xx

+ xu2 − 1
4

x3u2
x, (t, x) ∈ (0, ∞)× (R \ {0}). (16)

Define the associated nonlinear operator

F[u] =
(

x4uxx

)
xx

+ xu2 − 1
4

x3u2
x.

We verify that the finite-dimensional space

W = span
{

1
x

,
1
x2

}
is invariant under the nonlinear operator F.
Verification of invariance.

Let

u(t, x) =
y1(t)

x
+

y2(t)
x2 ,

where y1 and y2 are sufficiently smooth functions of t. Then

ux = − y1

x2 − 2y2

x3 , uxx =
2y1

x3 +
6y2

x4 .

Therefore,
x4uxx = 2y1x + 6y2,

(
x4uxx

)
xx

= 0.

https://doi.org/10.3390/math14162868
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Furthermore,

xu2 =
y2

1
x

+
2y1y2

x2 +
y2

2
x3 ,

and
1
4

x3u2
x =

1
4

y2
1

x
+

y1y2

x2 +
y2

2
x3 .

Hence,

F[u] =
3
4

y2
1

x
+

y1y2

x2 ,

which belongs to W. Therefore, W is invariant under the nonlinear operator F.
Reduced dynamical system.

Applying Proposition 2, Equation (16) admits invariant solutions of the form

u(t, x) =
y1(t)

x
+

y2(t)
x2 ,

where the coefficient functions satisfy 
y′′1 =

3
4

y2
1,

y′′2 = y1y2.
(17)

Construction of an exact solution.
A particular solution of the first equation in (17) is

y1(t) =
8

(t − C)2 , t ̸= C,

since
y′′1 =

48
(t − C)4 =

3
4

y2
1.

Substituting this expression into the second equation gives

y′′2 =
8

(t − C)2 y2.

Introducing the change of variable z = t − C, we obtain

d2y2

dz2 =
8
z2 y2, z ̸= 0.

Assuming a solution of the form
y2 = zm

leads to the characteristic equation
m(m − 1) = 8.

Its roots are

m1 =
1 +

√
33

2
, m2 =

1 −
√

33
2

.

Therefore,

y2(t) = C1(t − C)
1+

√
33

2 + C2(t − C)
1−

√
33

2 ,

where C1 and C2 are arbitrary constants.
Exact invariant solution.
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Consequently, Equation (16) possesses the exact invariant solution

u(t, x) =
8

x(t − C)2 +
C1(t − C)

1+
√

33
2 + C2(t − C)

1−
√

33
2

x2 , x ̸= 0, t ̸= C. (18)

A direct substitution confirms that the exact solution (18) satisfies Equation (16).
Figure 4 presents the exact invariant solution (18). The solution exhibits a spatial singularity

at x = 0, which is consistent with the negative-power basis functions defining the invariant space.

Figure 4. Surface plot of the exact invariant solution (18) of Equation (16).

Example 5. Consider the nonlinear fourth-order equation

utt = (x2uxx)xx + u + uxuxx, (t, x) ∈ (0, ∞)×R. (19)

Define the associated nonlinear operator

F[u] = (x2uxx)xx + u + uxuxx.

We verify that the finite-dimensional space

W = span{1, x, x2}

is invariant under the nonlinear operator F.
Verification of invariance.

Let
u(t, x) = y0(t) + y1(t)x + y2(t)x2.

Direct substitution into the operator F gives

F[u] = (4y2 + y0 + 2y1y2) + (y1 + 4y2
2)x + y2x2,

https://doi.org/10.3390/math14162868
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which belongs to the invariant space W. Therefore,

F[u] ∈ W,

and hence W is invariant under the nonlinear operator F.
Reduced dynamical system.

Applying Proposition 2, Equation (19) admits invariant solutions of the form

u(t, x) = y0(t) + y1(t)x + y2(t)x2,

where the coefficient functions satisfy
y′′0 = 4y2 + y0 + 2y1y2,

y′′1 = y1 + 4y2
2,

y′′2 = y2.

(20)

Construction of an exact solution.
The third equation has the general solution

y2(t) = Aet + Be−t.

Substituting this expression into the second equation gives

y′′1 − y1 = 4(Aet + Be−t)2,

whose solution is
y1(t) = Cet + De−t +

4
3

A2e2t − 8AB +
4
3

B2e−2t.

The first equation becomes

y′′0 − y0 = 4y2 + 2y1y2.

A particular solution is

y(p)
0 (t) =

2
3

ACe2t +
2
3

BDe−2t − (2AD + 2BC)

+
1
3

A3e3t +
1
3

B3e−3t

+

(
2A − 20

3
A2B

)
tet −

(
2B − 20

3
AB2

)
te−t.

Hence,
y0(t) = Eet + Fe−t + y(p)

0 (t).

Exact invariant solution.
Consequently,

u(t, x) = y0(t) + y1(t)x + y2(t)x2, (21)

where
y2(t) = Aet + Be−t,

y1(t) = Cet + De−t +
4
3

A2e2t − 8AB +
4
3

B2e−2t,
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and
y0(t) = Eet + Fe−t + y(p)

0 (t).

A direct substitution confirms that the exact solution (21) satisfies Equation (19).
Figure 5 presents the exact invariant solution (21). The figure illustrates the interaction

between the polynomial invariant structure and the derivative-dependent nonlinear term, demon-
strating that the invariant subspace method remains effective for nonlinear beam-type equations
involving derivative interactions.

Figure 5. Surface plot of the exact invariant solution (21).

4. Conclusions
In this paper, we applied the invariant subspace method to study a class of nonlinear

variable-coefficient beam-type equations. By constructing suitable finite-dimensional in-
variant spaces for the associated nonlinear operators, we reduced the original fourth-order
nonlinear partial differential equations to finite systems of ordinary differential equations
and obtained several families of explicit exact solutions.

The examples presented in this work demonstrate that the invariant subspace method
is an effective tool for constructing exact solutions of nonlinear beam-type equations with
different nonlinear structures. In particular, polynomial, trigonometric, hyperbolic, and
negative-power invariant spaces were identified, leading to a variety of exact invariant
solutions. These results show that the method remains applicable to beam equations with
variable coefficients as well as derivative-dependent nonlinearities.

The explicit solutions obtained in this paper provide additional analytical results for
nonlinear beam-type equations and may serve as useful benchmark solutions for future
theoretical and numerical investigations. More generally, the present work illustrates the
versatility of the invariant subspace method for studying higher-order nonlinear evolu-
tion equations.

Future work will focus on extending the present approach to broader classes of
nonlinear beam models, including fractional and coupled systems, as well as investigating
more general invariant spaces for higher-order nonlinear evolution equations.
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