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Abstract

Portfolio optimization models are highly sensitive to estimation errors in expected returns and
covariance matrices, often resulting in unstable allocations. Robust optimization mitigates
parameter uncertainty by optimizing against worst-case realizations within a specified un-
certainty set, whose construction critically determines the effectiveness of the approach. This
paper proposes a data-driven framework for constructing polyhedral uncertainty sets that inte-
grates Gaussian mixture models (GMMs) to identify heterogeneous distributional components
and ARIMA-GARCH models to capture time-varying volatility dynamics. The construction
proceeds in three stages. First, ARIMA-GARCH filters remove serial dependence and volatility
clustering. Second, GMM clustering applied to the standardized residuals identifies latent
market regimes. Third, convex hulls of observations lying within a Mahalanobis distance
threshold form component-wise polyhedral sets, which are aggregated into a global convex
uncertainty set. The robust counterpart is derived via linear programming duality, transform-
ing the robust constraint into a tractable quadratic program that preserves convexity and
polyhedrality. We prove that the constructed sets are convex and polyhedral, establish proba-
bilistic coverage guarantees under mild regularity conditions, and analyze the computational
complexity of the framework. Empirical analysis of Indonesian equity data confirms heavy
tails and volatility clustering, with GMM identifying three distinct regimes of approximately
equal proportions. Controlled synthetic experiments show that uncertainty set geometry
fundamentally influences portfolio outcomes: overlapping clusters yield stable allocations
across regimes, whereas well-separated clusters reveal that convex hull aggregation introduces
conservatism that masks regime distinctions. Rolling window backtests demonstrate that the
proposed approach produces economically higher Sharpe ratios than standard uncertainty set
formulations in the reported out-of-sample period, although statistical significance is limited
by the small number of independent rebalancing periods (18 quarterly events). The practical
advantage should therefore be interpreted as conditional on moderate transaction costs and
manageable turnover. These findings provide a statistically grounded, geometrically faithful,
and computationally tractable methodology for practical implementation, contributing to
financial resilience and sustainable economic growth with broader implications for stable
capital markets.
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1. Introduction
Portfolio optimization is a fundamental problem in quantitative finance, aiming to

allocate capital across assets to balance risk and return. The classical mean-variance
framework introduced by Markowitz [1] formulates portfolio selection as a quadratic
programming problem in which investors minimize portfolio variance subject to expected
return and budget constraints. Since its introduction, the mean-variance model has become
the cornerstone of modern portfolio theory and continues to play a central role in both
academic research and practical asset allocation [2,3].

Despite its theoretical elegance, the performance of the mean-variance model depends
critically on the estimation of its input parameters, namely expected returns and the
covariance matrix of asset returns. Portfolio optimization is highly sensitive to estimation
errors in these parameters. Even small perturbations in estimated returns may lead to
large changes in optimal allocations, often resulting in unstable and poorly diversified
portfolios [4,5]. This sensitivity is compounded by the statistical properties of financial
return data, which frequently exhibit heavy-tailed distributions, volatility clustering, and
heterogeneous patterns that deviate substantially from classical assumptions [6–8]. Regime-
based tactical asset allocation has been shown to improve portfolio performance across
business cycles [9].

Robust optimization provides a systematic framework for addressing parameter
uncertainty. In this approach, uncertain parameters belong to a predefined uncertainty
set, and the problem is solved against the worst-case realization within that set [10,11].
By transforming the uncertain problem into a deterministic robust counterpart, robust
optimization ensures feasibility for all realizations within the uncertainty region. Robust
optimization has been widely applied to portfolio selection and has demonstrated improved
stability compared with classical mean-variance models [12–14].

Nevertheless, the effectiveness of robust portfolio optimization depends critically on
how the uncertainty set is constructed. Classical uncertainty sets are often specified a priori
using simple geometric structures such as box or ellipsoidal sets [10,15]. Although these
sets lead to tractable formulations, they may fail to capture complex empirical character-
istics of financial return distributions, including heavy tails, asymmetries, and nonlinear
dependencies. Uncertainty in portfolio optimization has also been addressed through
robustness-based approaches under epistemic uncertainty [16]. Distributionally robust op-
timization has been extended to incorporate side information [17] and end-to-end portfolio
construction [18]. To address this limitation, recent research has explored distributionally
robust optimization, where uncertainty is modeled at the distribution level rather than
individual parameter values [19–21]. Machine learning techniques have also been used
to construct uncertainty sets directly from empirical data, using clustering methods and
density estimation to identify heterogeneous distributional components [22–26].

In contrast to these existing approaches, the proposed framework offers four distinct
advantages that are systematically integrated into a unified methodology:

1. Data-driven shape: The uncertainty set is constructed from the convex hull of empiri-
cal observations. This allows the set to adapt to the actual distributional shape of the
data, capturing heavy tails and asymmetries.

2. Volatility scaling: ARIMA-GARCH filtering incorporates time-varying volatility, en-
suring that the uncertainty set scales dynamically with market conditions. This
addresses the volatility clustering phenomenon that is pervasive in financial returns.

3. Regime awareness: GMM clustering captures distributional heterogeneity by iden-
tifying distinct market regimes (e.g., neutral, bullish, high-volatility). The resulting
regime-specific uncertainty regions reflect the multi-modal nature of financial returns,
enabling more nuanced portfolio decisions.
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4. Probabilistic coverage guarantees: The construction provides provable coverage
guarantees at the nominal confidence level under mild regularity conditions (see
Proposition 2 and Section 5.4). Conventional box and ellipsoidal sets typically lack
such guarantees in non-normal, heteroskedastic settings.

Despite these advances, several mathematical challenges remain open in the construc-
tion of data-driven polyhedral uncertainty sets for portfolio optimization. First, the integra-
tion of time-varying volatility filtering with regime-based clustering. Second, the geometric
properties of uncertainty sets constructed from clustered residual observations, specifi-
cally convexity and polyhedrality. Third, probabilistic coverage guarantees for such sets
have been asserted but not formally proven. Fourth, the computational complexity of
constructing polyhedral sets in high-dimensional asset spaces.

This paper addresses these challenges by proposing a data-driven framework for con-
structing polyhedral uncertainty sets that integrates ARIMA-GARCH filtering for volatility
dynamics and Gaussian mixture models (GMMs) for distributional heterogeneity. While
convexity of a finite convex hull is a standard result in convex analysis [2,27], its application
within a data-driven ARIMA-GARCH-GMM framework to construct component-wise poly-
hedral uncertainty sets for robust portfolio optimization, along with the formal derivation
of probabilistic coverage guarantees and computational complexity analysis, constitutes
the main contribution of this work.

Specifically, the proposed framework makes the following contributions. First, the ro-
bust portfolio optimization problem is formulated with uncertainty sets constructed from
GMM-clustered ARIMA-GARCH residuals. It is established that the resulting component-
wise uncertainty sets are convex and polyhedral, and that the global set, defined as the
convex hull of their union, preserves these properties (Theorems 2 and 3). The contributions
are explicitly distinguished as follows:

• Standard facts (Theorems 2 and 3): convexity and polyhedrality of convex hulls, which
follow directly from standard convex analysis [2,27];

• Methodological construction (Sections 4 and 5): the systematic integration of ARIMA-
GARCH volatility filtering, GMM regime detection, and convex hull aggregation into
a unified data-driven framework for robust portfolio optimization;

• New analytical results (Sections 5.3–5.5 and 6.7): the separation ratio diagnostic for
quantifying regime overlap, the characterization of the conservative bias induced by
convex hull aggregation, and the empirical validation of coverage guarantees.

Second, probabilistic coverage guarantees are provided for the constructed uncer-
tainty sets, showing that under mild regularity conditions, the global convex hull inherits
conservative coverage at the nominal confidence level (Proposition 2). Third, the robust
counterpart is derived via linear programming duality, transforming the robust constraint
into a tractable quadratic program with linear constraints (Theorem 1). Fourth, the compu-
tational complexity of the framework is analyzed, demonstrating that it scales to portfolios
of several dozen assets (Proposition 4). Fifth, the practical performance of the proposed
framework is illustrated using Indonesian equity data and controlled synthetic experi-
ments, showing that the proposed method achieves superior out-of-sample Sharpe ratios
compared to standard uncertainty sets.

The remainder of this paper is organized as follows. Section 2 reviews related literature
on robust portfolio optimization and uncertainty set construction. Section 3 formulates the
portfolio problem, introduces the necessary preliminaries from convex analysis, and states
the assumptions underlying the approach. Section 4 presents the construction of polyhedral
uncertainty sets and derives the robust counterpart. Section 5 establishes the theoretical
properties of the constructed sets, including convexity, polyhedrality, coverage guarantees,

https://doi.org/10.3390/math14173116

https://doi.org/10.3390/math14173116


Mathematics 2026, 14, 3116 4 of 45

and computational complexity. Section 6 provides numerical illustrations using Indonesian
equity data and synthetic experiments. Section 7 concludes the paper.

2. Literature Review
This section reviews the key mathematical developments in robust portfolio opti-

mization, focusing on uncertainty set construction, time-varying volatility modeling, and
regime detection. The review identifies persistent mathematical gaps that motivate the
proposed framework.

Robust optimization (RO) has emerged as a powerful framework for decision-making
under parameter uncertainty [10,11]. In portfolio selection, RO improves stability com-
pared to classical mean-variance models by optimizing against worst-case realizations
within a predefined uncertainty set [12,13]. From a mathematical perspective, the core
challenge lies in constructing uncertainty sets that are both statistically meaningful and
computationally tractable, while capturing the empirical structure of financial returns.

The choice of uncertainty set critically determines both tractability and conservatism.
Table 1 provides an objective summary of selected studies, detailing uncertainty set method-
ology, temporal structure, and validation approach.

Classical uncertainty sets (box, ellipsoid) are often specified a priori and may fail
to capture heavy tails, asymmetries, or volatility clustering [10,15]. Shukla et al. [28]
compared mixed, box, and ellipsoidal sets, finding that box uncertainty yields the least risk,
making it most suitable for risk-averse investors. Yin et al. [29] recommended the quadratic
(ellipsoidal) set with a diagonal estimation-error matrix, arguing that box uncertainty is
overly conservative. From a mathematical standpoint, these sets yield tractable robust
counterparts but lack the flexibility to capture multi-modal and heavy-tailed empirical
return distributions.

Data-driven ambiguity sets, such as Wasserstein balls, offer statistical guarantees by
constructing uncertainty regions directly from historical observations [20]. Du et al. [20]
demonstrated that Wasserstein-based DRO outperforms ambiguity-free stochastic optimiza-
tion on both Chinese and US markets. Data-driven robust optimization approaches have
been further extended to multi-item newsboy problems [30]. Adjustable robust optimiza-
tion has also been applied to internet shopping problems using Benders decomposition [31].
Sehgal and Jagadesh [22] used support vector clustering to construct convex uncertainty
sets, yielding robust portfolios that consistently outperform nominal counterparts. How-
ever, these approaches typically rely on historical moments alone and do not incorporate
forward-looking volatility forecasts.

Polyhedral uncertainty sets, derived from convex hulls of empirical data, provide
a flexible alternative that captures complex distributional shapes while preserving linear
constraints [32,33]. Fernandes et al. [32] proposed a data-driven polyhedral set with loss
constraints, adaptively updated in a rolling horizon scheme, demonstrating enhanced out-
of-sample performance with transaction costs. Adaptive robust online portfolio selection
has also been explored to handle dynamic market environments [34]. Closed-form optimal
portfolios have been derived for distributionally robust mean-CVaR problems [35]. Despite
these advances, a rigorous mathematical framework that explicitly integrates time-varying
volatility and regime-dependent heterogeneity into polyhedral uncertainty set construction
has not been systematically developed.
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Table 1. Summary of selected literature on robust portfolio optimization and uncertainty set construction.

Ref. Uncertainty Set Temporal
Structure

Validation

[32] Data-driven polyhedral set with
loss constraints

Rolling horizon Outperforms benchmarks with transaction
costs; adaptive to price dynamics

[22] Support vector clustering (SVC) to
construct convex uncertainty set

Static Outperforms nominal and 1/N on global
indices; tractable quadratic programming

[28] Mixed, box, and ellipsoidal uncer-
tainty sets

Static Box set yields least risk; suitable for risk-
averse investors

[36] Ellipsoidal set with diagonal
estimation-error matrix

Static Diagonal matrices can achieve arbitrarily
small loss in expected return

[20] Wasserstein, box, budget, and ellip-
soid ambiguity sets

Static Wasserstein-based DRO outperforms
ambiguity-free methods on Chinese and
US markets

[37] Wasserstein distance with generative
adversarial networks

Static Higher Sharpe ratios and lower draw-
downs compared to RL and mean-variance

[38] ARIMA-GARCH bootstrapping and
XGBoost forecasts

Rolling Forecasted returns enhance Markowitz se-
lection; intensive hyperparameter tuning

[39] Unsupervised clustering for regime de-
tection; robust MV/CVaR optimization

Multi-period
(regime-
switching)

Outperforms 70/30 benchmark on 256 U.S.
assets across bear and bull markets

[40] Mixture of Hidden Markov Factor An-
alyzers (MHMFA)

Multi-period
(regime-
switching)

Achieves Basel III compliance; outperforms
on cryptocurrency portfolio

[23] Ellipsoidal sets with LSTM/XGBoost
for trade-off parameter

Static Improved Sharpe and Calmar ratios; joint
ellipsoidal uncertainty set

[21] Moment-based DRO with cardinal-
ity constraint

Static Outperforms ellipsoidal RO; cutting-plane
algorithm for large-scale problems

[33] Polyhedral uncertainty set with bud-
get uncertainty

Static Limited diversification from options; prac-
tical with European options

[29] Quadratic (ellipsoidal) vs. box uncer-
tainty sets

Static Quadratic set preferred; diagonal matrix
recommended; practical guidance provided

[41] Hybrid ARIMA-GARCH scenario
generation

Multi-period
(ALM)

Portfolio of stocks, bonds, currencies, and
gold is optimal under inflation and liquid-
ity risks

This Study

Polyhedral (convex hull of GMM-
clustered ARIMA-GARCH residuals)

Rolling
(ARIMA-
GARCH
time-varying
scaling)

Outperforms box, ellipsoid, and budget
sets (Sharpe 0.66 vs. 0.26–0.55); prov-
able convexity, polyhedrality, and cover-
age (Theorems 1 and 2, Proposition 2); vali-
dated on Indonesian markets and synthetic
experiments (Section 6)

Financial returns exhibit volatility clustering, which GARCH-type models effectively
capture [7,8]. Slusarczyk and Slepaczuk [38] showed that ARIMA-GARCH bootstrapping
forecasts enhance Markowitz selection, though the approach requires intensive hyperpa-
rameter tuning. Hosseininesaz and Jasemi [41] employed hybrid ARIMA-GARCH scenario
generation for multi-period Asset Liability Management. Regime-switching models have
also gained traction, with Grunnesjo et al. [39] proposing a clustering-based decision sup-
port system that outperformed a 70/30 benchmark on 256 U.S. assets, regime-dependent
robust portfolio selection models have been developed to capture time-varying market [42],
and Saidane and BenMohamed [40] introducing a mixture of hidden Markov factor ana-
lyzers for VaR and ES forecasting. Most existing approaches either ignore time-varying
volatility or treat it as a separate input without linking it to the uncertainty set.

Based on the synthesis above, five persistent mathematical gaps emerge: (i) no rig-
orous framework explicitly conditions polyhedral uncertainty sets on ARIMA-GARCH
volatility forecasts; (ii) the construction of polyhedral sets from GMM-clustered residuals
and the analysis of how regime geometries affect portfolio allocations has not been studied;
(iii) formal analysis of convexity, polyhedrality, and coverage guarantees under non-normal,
heteroskedastic returns is lacking; (iv) probabilistic coverage claims are rarely validated
empirically or characterized in finite samples; and (v) the effect of convex hull aggregation
on coverage and portfolio differentiation has not been quantified theoretically. These gaps
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motivate the proposed framework, which integrates ARIMA-GARCH volatility filtering,
GMM clustering, and convex hull aggregation to construct polyhedral uncertainty sets
with provable convexity, polyhedrality, and coverage properties.

3. Problem Formulation
This section formulates the robust portfolio optimization problem that will be ad-

dressed in subsequent sections. Section 3.1 presents the mean-variance portfolio problem.
Section 3.2 recalls standard definitions from convex analysis that underpin the theoretical
development. Sections 3.3 and 3.4 specify the ARIMA-GARCH and Gaussian mixture
models used to characterize asset returns. Section 3.5 establishes the regularity assump-
tions required for the analysis. Section 3.6 presents the final robust portfolio optimization
problem. We summarize the notation used throughout the paper in Table 2.

Table 2. Summary of notation.

Symbol Description

n Number of assets
T Number of time periods
rt ∈ Rn Return vector at time t
x ∈ Rn Portfolio weight vector
µ ∈ Rn Expected return vector
Σ ∈ Rn×n Covariance matrix of returns
M Minimum acceptable expected return
e ∈ Rn Vector of ones
U Uncertainty set for expected returns
α ∈ (0, 1) Significance level for confidence region
χ2

n,1−α (1 − α)-quantile of chi-squared distribution with n d.f.
K Number of GMM components
πk Mixing proportion of component k
µk ∈ Rn Mean of component k
Σk ∈ Rn×n Covariance matrix of component k
Dt ∈ Rn×n Diagonal matrix of conditional volatilities
ηt ∈ Rn Vector of standardized residuals
Zk ⊆ Rn Polyhedral set in standardized space for component k
Uk ⊆ Rn Uncertainty set in return space for component k

3.1. Portfolio Problem

Consider a financial market with n risky assets. Let rt = (rt1, . . . , rtn)⊤ ∈ Rn denote
the vector of asset returns at time t ∈ {1, . . . , T}. The returns are defined on a complete
probability space (Ω,F ,P) equipped with a filtration {Ft}T

t=0, where Ft represents the in-
formation available up to time t. All random variables are assumed to be square-integrable.

The portfolio return at time t is given by Rt = x⊤rt, where x ∈ Rn is the portfolio
weight vector. The portfolio weights satisfy the budget constraint e⊤x = 1 and, in the
absence of short selling, the non-negativity constraint x ≥ 0, where e = (1, . . . , 1)⊤ ∈ Rn.

The expected portfolio return is

E[Rt] = E[x⊤rt] = x⊤E[rt] = x⊤µ,

where µ = E[rt] ∈ Rn is the vector of expected returns.
The variance of the portfolio return is

Var(Rt) = Var(x⊤rt) = x⊤Cov(rt)x = x⊤Σx,

where Σ = Cov(rt) ∈ Rn×n is the covariance matrix.
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The classical mean-variance portfolio optimization problem introduced by Markowitz [1]
is formulated as

min
x∈Rn

x⊤Σx

s.t. µ⊤x ≥ M,

e⊤x = 1,

x ≥ 0,

(1)

where M is the minimum acceptable expected return. Since Σ is positive semidefinite, this
is a convex quadratic program [2].

In practice, the true mean vector µ and covariance matrix Σ are unknown and must be
estimated from historical data. Estimation errors in these parameters can lead to suboptimal
and unstable portfolio allocations. To address this issue, we adopt a robust optimization
framework in which the expected return vector µ is assumed to belong to a pre-specified
uncertainty set U ⊆ Rn. The robust counterpart of the mean-variance problem requires
that the return constraint holds for all realizations in U :

inf
m∈U

m⊤x ≥ M. (2)

The central challenge is to construct an uncertainty set U that is both statistically
meaningful and computationally tractable. The construction of such a set, informed by
time-varying volatility and distributional heterogeneity, is developed in Section 4.

3.2. Preliminaries

The convexity and polyhedrality properties of uncertainty sets are standard results in
optimization theory [43]. We recall several standard definitions from convex analysis that
will be used throughout the paper [2].

Definition 1 (Convex Set). A set C ⊆ Rn is called convex if for any x, y ∈ C and any λ ∈ [0, 1],
the point λx + (1 − λ)y also belongs to C.

Definition 2 (Convex Hull). The convex hull of a set S ⊆ Rn, denoted conv(S), is the smallest
convex set containing S . Equivalently, it is the set of all convex combinations of points in S :

conv(S) =
{

m

∑
i=1

λixi : m ∈ N, xi ∈ S , λi ≥ 0,
m

∑
i=1

λi = 1

}
.

Definition 3 (Polyhedral Set). A set P ⊆ Rn is called polyhedral if it can be represented as the
intersection of a finite number of halfspaces:

P = {x ∈ Rn : Ax ≤ b},

for some matrix A ∈ Rm×n and vector b ∈ Rm.

Definition 4 (Affine Transformation [2,27]). A mapping f : Rn → Rm defined by
f (ζ) = Aζ + b is an affine transformation. The matrix A need not be invertible for the transfor-
mation to be affine; invertibility of A is required only when the transformation is used to preserve
polyhedrality (see Lemma 2).

Definition 5 (Halfspace Representation). A set P ⊆ Rn admits a halfspace representation if
there exist a matrix A ∈ Rm×n and a vector b ∈ Rm such that P = {x : Ax ≤ b}. A set with
such a representation is polyhedral by Definition 3.
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Remark 1. The convex hull of a finite set of points in Rn is a convex polytope, which is a bounded
polyhedral set. In particular, by Definition 3, it admits a halfspace representation.

3.3. Modeling Conditional Mean and Volatility with ARIMA-GARCH

To account for serial dependence and time-varying volatility in asset returns, each
return series is modeled using an ARIMA-GARCH specification [6,44]. Long mem-
ory in volatility processes has also been extensively studied in the literature [45]. Let
rt denote the return of a given asset at time t. The conditional mean is described by
an ARIMA(p, d, q) process:

ϕ(B)(1 − B)d(rt − µ) = θ(B)at, (3)

where B is the backward-shift operator, at is the innovation term, and ϕ(B) = 1 − ϕ1B −
· · · − ϕpBp, θ(B) = 1 − θ1B − · · · − θqBq. The innovation process satisfies at = σtεt, with εt

an independent sequence having zero mean and unit variance. The conditional variance
follows a GARCH(p, q) structure:

σ2
t = α0 +

p

∑
i=1

αia2
t−i +

q

∑
j=1

β jσ
2
t−j, (4)

with α0 > 0, αi ≥ 0, β j ≥ 0, and covariance stationarity requiring ∑ αi + ∑ β j < 1
(Assumption 2).

Estimation proceeds in two stages. First, ARIMA parameters are estimated via maxi-
mum likelihood, yielding fitted conditional means µ̂t and residuals ât = rt − µ̂t. Second,
GARCH parameters are estimated from these residuals, producing conditional volatility
estimates σ̂t. The standardized residuals are then computed as

ε̂t =
ât

σ̂t
=

rt − µ̂t

σ̂t
. (5)

Under correct specification, these standardized residuals should approximate an i.i.d.
sequence with zero mean and unit variance, free from autocorrelation and remaining ARCH
effects, which can be verified using Ljung–Box tests. After estimating ARIMA-GARCH
models for all assets, the multivariate vector of standardized residuals at time t is

εt = (ε1t, ε2t, . . . , εnt)
⊤ ∈ Rn. (6)

These standardized residuals serve as input for Gaussian mixture model clustering in
the next subsection.

3.4. Capturing Distributional Heterogeneity with Gaussian Mixture Models

Financial return distributions often exhibit heterogeneity, asymmetry, and multi-
modality that cannot be adequately described by a single Gaussian distribution. To capture
such structural complexity, the standardized residuals are modeled using a finite Gaussian
mixture model [46–48].

Let {ε1, . . . , εT} ⊂ Rn denote the collection of standardized residual vectors at times
t = 1, . . . , T, where each εt ∈ Rn:

p(εt) =
K

∑
k=1

πkϕ(εt; µk, Σk), t = 1, . . . , T, (7)

where πk are mixing proportions satisfying ∑K
k=1 πk = 1, πk > 0, and ϕ(·; µk, Σk) is the

multivariate Gaussian density:
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ϕ(εt; µk, Σk) =
1

(2π)n/2|Σk|1/2 exp
(
−1

2
(εt − µk)

⊤Σ−1
k (εt − µk)

)
.

Under Assumption 3, the model parameters are uniquely identifiable. The posterior
probability that observation t belongs to component k is

τtk = P(zt = k | εt) =
πkϕ(εt; µk, Σk)

∑K
j=1 πjϕ(εt; µj, Σj)

. (8)

After convergence of the EM algorithm, each observation is assigned to its most
likely component:

zt = arg max
k∈{1,...,K}

τtk, (9)

which is consistent with the cluster assignment used in Algorithm 1. This assignment rule
is used throughout Section 4.3 to derive the probabilistic coverage guarantees.

Algorithm 1 Data-driven uncertainty set construction for robust portfolio optimization

Input: Returns {rt}T
t=1, confidence level α, maximum components Kmax, target return M, covari-

ance matrix Σ

Output: Optimal portfolio weights x∗

Step 1: ARIMA-GARCH filtering
for each asset i = 1 to n do

Estimate ARIMA model for conditional mean
Estimate GARCH model for conditional variance
Compute standardized residuals ε̂it = (rit − µ̂it)/σ̂it

end for
Form multivariate residual vectors εt = (ε̂1t, . . . , ε̂nt)

⊤

Step 2: GMM clustering
for K = 1 to Kmax do

Estimate GMM parameters via EM algorithm
end for
Select optimal K∗ minimizing BIC
Obtain estimates {π̂k, µ̂k, Σ̂k}K∗

k=1
Compute cluster assignments zt = arg maxk τtk
Step 3: Component-wise polyhedral construction
for each component k = 1 to K∗ do

Compute centered residuals u(k)
t = εt − µ̂k

Compute Mahalanobis distances δ
(k)
t = (u(k)

t )⊤Σ̂
−1
k u(k)

t

Retain points Rk = {u(k)
t : δ

(k)
t ≤ χ2

n,1−α}
Construct convex hull Zk = conv(Rk)
Obtain halfspace representation Zk = {ζ : Akζ ≤ bk}

end for
Step 4: Global uncertainty set
for each component k = 1 to K∗ do

Transform to return space Uk = {r = µt + Dtζ : ζ ∈ Zk}
end for
Form union Uunion =

⋃K∗

k=1 Uk
Construct global convex set U = conv(Uunion)
Obtain halfspace representation U = {r : Ar ≤ b}
Step 5: Robust portfolio optimization
Solve quadratic program (27)
Return Optimal portfolio weights x∗

Parameter estimation is performed via maximum likelihood using the Expectation-
Maximization (EM) algorithm [49]. The EM algorithm iterates between two steps:

• E-step: Compute the posterior probabilities τtk using (8) with current parameter estimates.
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• M-step: Update the parameters (πk, µk, Σk):

π
(m+1)
k =

1
T

T

∑
t=1

τ
(m)
tk , µ

(m+1)
k =

∑T
t=1 τ

(m)
tk εt

∑T
t=1 τ

(m)
tk

,

Σ
(m+1)
k =

∑T
t=1 τ

(m)
tk (εt − µ

(m+1)
k )(εt − µ

(m+1)
k )⊤

∑T
t=1 τ

(m)
tk

.

The optimal number of components K∗ is selected by minimizing the Bayesian Infor-
mation Criterion:

BIC(K) = −2 log L̂K + pK log T, (10)

where L̂K is the maximized likelihood and pK is the number of free parameters.
The mixture decomposition yields K∗ statistically distinct components, each character-

ized by its own mean µk, covariance Σk, and mixing proportion πk. These component-wise
parameters form the basis for constructing volatility-scaled uncertainty sets in Section 4.

3.5. Assumptions

To ensure the well-posedness of the problems considered and to facilitate the theoreti-
cal analysis in Section 5, we impose the following assumptions on the models described in
Sections 3.3 and 3.4.

Assumption 1. For each asset i = 1, . . . , n and each time t, the conditional covariance matrix of
the return vector rt exists and is positive definite:

Covt(rt) = Et[(rt −Et[rt])(rt −Et[rt])
⊤] ≻ 0.

This assumption ensures that there are no redundant assets and that the mean-variance
problem is strictly convex, guaranteeing a unique optimal solution [1,2].

Assumption 2. For each asset i = 1, . . . , n, the ARIMA-GARCH process specified in Section 3.3
satisfies the stationarity conditions:

p

∑
i=1

ϕi < 1,
r

∑
i=1

αi +
s

∑
j=1

β j < 1.

These conditions ensure that the conditional mean and variance processes are
covariance-stationary, enabling consistent estimation via maximum likelihood [6,7].

Assumption 3. The Gaussian mixture model specified in Section 3.4 is identifiable. That is, for
any two sets of parameters (πk, µk, Σk)

K
k=1 and (π̃k, µ̃k, Σ̃k)

K
k=1 that yield the same density, we have

πk = π̃k, µk = µ̃k, and Σk = Σ̃k up to permutation of the components.

Identifiability is a standard requirement for meaningful clustering and parameter
estimation in mixture models [46]. It ensures that the EM algorithm converges to a unique
set of parameters.

Assumption 4. The asset returns have finite fourth moments:

E[∥rt∥4] < ∞.

This assumption is necessary for the consistent estimation of covariance matrices and
for establishing the asymptotic properties of the GMM estimators [6].
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Assumption 5. The conditional standard deviations σit estimated from the GARCH models are
strictly positive for all i = 1, . . . , n and all t = 0, . . . , T − 1:

σit > 0.

This ensures that the scaling matrix Dt = diag(σ1t, . . . , σnt) is invertible, which is
essential for the affine transformation between standardized residuals and returns (see
Proposition 2).

Assumption 6. The confidence level 1 − α is chosen such that 0 < α < 1 and the chi-squared
quantile χ2

n,1−α satisfies the regularity condition χ2
n,1−α < ∞.

This is a standard technical condition ensuring that the Mahalanobis distance threshold
is finite and well-defined.

3.6. The Robust Portfolio Optimization Problem with Data-Driven Uncertainty

The robust portfolio optimization problem considered in this paper is formulated as

min
x∈Rn

x⊤Σx

s.t. inf
m∈U

m⊤x ≥ M,

e⊤x = 1,

x ≥ 0,

(11)

where U ⊆ Rn is the uncertainty set for the expected return vector. The uncertainty
set U is constructed from the GMM-clustered ARIMA-GARCH residuals, as detailed in
Section 4. The construction guarantees that U is convex and polyhedral (Theorems 2 and 3),
enabling the derivation of a tractable robust counterpart via linear programming duality
(Theorem 1).

The theoretical properties of U , including probabilistic coverage guarantees, convexity,
polyhedrality, and computational complexity, are established in Section 5. A numeri-
cal illustration of the proposed framework using Indonesian equity data is provided in
Section 6.

4. Methodology
This section presents the construction of polyhedral uncertainty sets and derives the

robust counterpart of the portfolio optimization problem. Section 4.1 details the construc-
tion of component-wise polyhedral sets from GMM-clustered ARIMA-GARCH residuals.
Section 4.2 derives the robust counterpart via linear programming duality, building on
the preliminaries from Section 3.2. Section 4.3 provides an algorithmic summary of the
complete procedure.

4.1. Construction of Polyhedral Uncertainty Sets

Following the ARIMA-GARCH filtering step in Section 3.3, asset returns are decom-
posed into conditional mean, conditional volatility, and standardized residuals:

rt = µt + Dtηt, (12)

where µt ∈ Rn is the conditional mean vector from ARIMA forecasts, Dt = diag(σ1t, . . . , σnt)

∈ Rn×n is the diagonal matrix of conditional standard deviations from GARCH,
and ηt ∈ Rn is the vector of standardized residuals. Under Assumption 5, Dt is invertible.
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The standardized residuals are modeled using the Gaussian mixture distribution from
Section 3.4:

ηt ∼
K∗

∑
k=1

πk N (µk, Σk), (13)

where K∗ is the optimal number of components selected by BIC, πk are mixing proportions,
µk ∈ Rn are component means, and Σk ∈ Rn×n are component covariance matrices.

For each observation assigned to component k, define the centered standardized residual:

u(k)
t = ηt − µ̂k, (14)

where µ̂k is the estimated mean of component k. The Mahalanobis distance is computed as

δ
(k)
t = (u(k)

t )⊤Σ̂
−1
k u(k)

t . (15)

For a chosen confidence level 1 − α, observations satisfying the following condition
are retained:

δ
(k)
t ≤ χ2

n,1−α, (16)

where χ2
n,1−α is the (1− α)-quantile of the chi-squared distribution with n degrees of freedom.

Under Assumption 3 and approximate normality within each component, this threshold
retains approximately (1 − α)× 100% of the observations belonging to component k.

The retained observations form a set of points in Rn lying inside an ellipsoidal con-
fidence region. To obtain a polyhedral representation, their convex hull (Definition 2)
is taken:

Zk = conv
{

u(k)
t : δ

(k)
t ≤ χ2

n,1−α

}
. (17)

The matrix Ak and vector bk are then obtained by computing the halfspace represen-
tation of this convex hull using a convex hull algorithm (e.g., Qhull from ‘scipy.spatial’).
Specifically, for a finite set of points Rk = {u1, . . . , um}, the convex hull algorithm returns
a set of facet inequalities a⊤j ζ ≤ bj, j = 1, . . . , mk, which are stacked to form Ak ∈ Rmk×n

and bk ∈ Rmk . Thus, Zk = {ζ : Akζ ≤ bk}.
To provide a concrete illustration of this construction, Figure 1 presents a step-by-

step visual demonstration. Panel (a) shows a simple 3-point example (0, 0), (1, 0), (0, 1).
The convex hull of these points is the triangle with vertices at these points. The halfspace
representation of this triangle is

x1 ≥ 0, x2 ≥ 0, x1 + x2 ≤ 1,

which corresponds to

Ak =

−1 0
0 −1
1 1

, bk =

0
0
1

.

This simple example illustrates how the convex hull of empirical points yields a polyhedral
(halfspace) representation. Panels (b)–(d) of Figure 1 extend this to a synthetic two-cluster
dataset (see Section 6.6), showing: (b) component-wise hulls for each cluster, (c) their non-
convex union, and (d) the resulting global convex hull, which introduces a conservative
bias by expanding the uncertainty region between clusters.
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Figure 1. Illustration of the convex hull construction and halfspace representation extraction.
(a) Simple 3-point example: the red circles represent the points (0, 0), (1, 0), and (0, 1); the blue
triangle is their convex hull, yielding the halfspace representation x1 ≥ 0, x2 ≥ 0, x1 + x2 ≤ 1, corre-

sponding to Ak =

−1 0
0 −1
1 1

 and bk =

0
0
1

. (b) Component-wise hulls for synthetic two-cluster

data (separation s = 1.5): the red and blue points represent two clusters, and the colored polygons
are their respective convex hulls. (c) Non-convex union of the component-wise hulls: the green lines
indicate the boundaries of the individual component-wise hulls. (d) Global convex hull, obtained
as the convex hull of the union (purple polygon), demonstrating the conservative bias introduced
by convexification.

Proposition 1 (Polyhedrality of Component-wise Sets). For each component k, the set Zk

defined in (17) is a polyhedron. Consequently, the transformed set Uk in (18) is also a polyhedron.

Proof. By Definition 2, Zk is the convex hull of a finite set of points in Rn. By the remark
following Definition 3, the convex hull of a finite set of points is a convex polytope, which
is a bounded polyhedron. Therefore, by Definition 3, Zk admits a halfspace representation
Zk = {ζ ∈ Rn : Akζ ≤ bk} for some matrix Ak ∈ Rmk×n and vector bk ∈ Rmk .

The mapping ζ 7→ r = µt +Dtζ is affine (Definition 4) and invertible by Assumption 5. By
Lemma 2, affine transformations preserve polyhedrality. Therefore,Uk = {r : AkD−1

t (r−µt) ≤ bk}
is polyhedral.

The uncertainty set for returns corresponding to component k is obtained by trans-
forming Zk back to the original return space:

Uk = {r = µt + Dtζ : ζ ∈ Zk}. (18)

Substituting the halfspace representation of Zk yields

Uk = {r = µt + Dtζ : Akζ ≤ bk}. (19)

Since the mapping ζ 7→ r = µt + Dtζ is affine and invertible (by Assumption 5), Uk is
also a polyhedron. It can equivalently be written as

Uk = {r : AkD−1
t (r − µt) ≤ bk}. (20)
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To obtain a single uncertainty set encompassing all components, the union of
component-wise sets is taken and subsequently convexified:

U = conv

(
K∗⋃

k=1

Uk

)
. (21)

The union itself may be non-convex, particularly when components are well separated.
Taking the convex hull ensures convexity (Definition 1), which is essential for computational
tractability. Since each Uk is a polyhedron, and the convex hull of a finite union of polyhedra
is a polyhedron, the global set admits a halfspace representation (Definition 5):

U = {r ∈ Rn : Ar ≤ b}. (22)

Remark 2. The global uncertainty set U depends on time through µt and Dt. At each construction
date t, the most recent forecasts are used to center and scale the set:

U (t) = {r = µt|t−1 + Dt|t−1ζ : ζ ∈ Z},

where µt|t−1 and Dt|t−1 are one-step-ahead forecasts, and Z = conv(
⋃K∗

k=1 Zk) is time-invariant.
This separation into time-varying scaling and time-invariant shape is computationally convenient.

4.2. Robust Counterpart Formulation

Consider the robust portfolio optimization problem stated in (P). The uncertainty set
U from (22) can be represented in the affine form:

U = {m = m̄ + Qζ : ζ ∈ Z}, (23)

where m̄ ∈ Rn is the nominal mean (ARIMA forecast), Q ∈ Rn×L is the scaling matrix
(related to Dt), and Z ⊆ RL is the polyhedral set from (22).

Z = {ζ ∈ RL : Gζ ≤ h}. (24)

where the matrix G ∈ Rm×L and vector h ∈ Rm are obtained from the halfspace representa-
tion of the convex hull of the retained points Rk = {u(k)

t : δ
(k)
t ≤ χ2

n,1−α} using a convex
hull algorithm (e.g., Qhull from ‘scipy.spatial’). The robust constraint in (P) requires

inf
m∈U

m⊤x ≥ M. (25)

We now state the main theorem that provides the tractable reformulation of (P).

Theorem 1 (Robust Counterpart). Let U be given by (23) with Z as in (24). Then, the robust
constraint (25) is equivalent to the existence of dual variables y ∈ RK satisfying

m̄⊤x − h⊤y ≥ M, G⊤y = Q⊤x, y ≥ 0. (26)

Consequently, the robust portfolio optimization problem (P) is equivalent to the following convex
quadratic program:

min
x,y

x⊤Σx

s.t. m̄⊤x − h⊤y ≥ M,

G⊤y = Q⊤x,

e⊤x = 1,

x ≥ 0, y ≥ 0.

(27)
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Proof. Substituting (23) into (25) yields

m̄⊤x + inf
ζ∈Z

(Q⊤x)⊤ζ ≥ M.

The inner minimization is a linear program:

v(x) = inf
ζ

{
(Q⊤x)⊤ζ : Gζ ≤ h

}
.

Introduce dual variables y ∈ RK associated with the constraints Gζ ≤ h, with y ≥ 0.
The Lagrangian is

L(ζ, y) = (Q⊤x)⊤ζ + y⊤(Gζ − h).

The dual function is

g(y) = inf
ζ
L(ζ, y) =

−h⊤y if G⊤y = Q⊤x,

−∞ otherwise.

Therefore, the dual problem is

max
y≥0

{
−h⊤y : G⊤y = Q⊤x

}
.

Under Assumption 1, the primal feasible set is nonempty and bounded; hence, strong dual-
ity holds. By strong duality, the optimal values of the primal and dual problems coincide:

v(x) = max
y≥0

{
−h⊤y : G⊤y = Q⊤x

}
.

Substituting this result into the robust constraint gives m̄⊤x − h⊤y ≥ M, with G⊤y = Q⊤x
and y ≥ 0. Incorporating this into (P) yields (27).

Remark 3. The quadratic program (27) has a convex objective since Σ is positive semidefinite
(Assumption 1). All constraints are linear. Therefore, the problem is a convex QP and can be
solved efficiently using standard solvers such as OSQP, Gurobi, or CPLEX [2]. For n assets and K
constraints, the problem has n + K decision variables and can be solved in polynomial time.

Corollary 1 (Box Uncertainty Special Case). If Z = {ζ : ∥ζ∥∞ ≤ 1}, then the robust
counterpart (27) reduces to

min
x

{
x⊤Σx : m̄⊤x − ∥Q⊤x∥1 ≥ M, e⊤x = 1, x ≥ 0

}
.

For box uncertainty Z = {ζ : ∥ζ∥∞ ≤ 1}, the polyhedral representation is G = [I;−I]
and h = [1; 1]. The dual variables y = (y+, y−) with y+, y− ≥ 0 satisfy G⊤y = Q⊤x,
which gives y+ − y− = Q⊤x. The objective term −h⊤y = −1⊤y+ − 1⊤y−. Minimizing
over y yields the ℓ1-norm ∥Q⊤x∥1, giving the robust constraint m̄⊤x − ∥Q⊤x∥1 ≥ M.
The resulting quadratic program can be solved using convex programming methods [50].

4.3. Algorithmic Summary

The proposed framework integrates ARIMA-GARCH filtering, GMM clustering, con-
vex hull construction, and robust optimization into a unified pipeline. Algorithm 1 summa-
rizes the complete procedure.

Algorithm 1 integrates all methodological components developed in this sec-
tion. The output includes the optimal portfolio weights x∗, the matrices A and b
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defining the global polyhedral uncertainty set, and the parameters m̄, Q, G, h for the
affine representation.

5. Theoretical Properties
This section establishes the mathematical foundations of the proposed polyhedral

uncertainty sets. Section 5.1 clarifies the connection between uncertainty in standardized
residuals and uncertainty in asset returns. Section 5.2 provides probabilistic coverage
guarantees based on the Mahalanobis distance threshold and the relationship between
robust and chance constraints. Section 5.3 proves convexity and polyhedrality, properties
essential for computational tractability. Section 5.4 interprets the statistical meaning of the
confidence level α and presents empirical coverage validation. Section 5.5 analyzes the
computational complexity of the framework.

5.1. From Residual Uncertainty to Return Uncertainty

The uncertainty set constructed in Section 4.1 is defined for the standardized residuals
ηt after ARIMA-GARCH filtering. The relationship between returns and residuals is given
by the affine transformation:

rt = µt + Dtηt,

where µt is the conditional mean (ARIMA forecast) and Dt = diag(σ1t, . . . , σnt) contains the
conditional volatilities (GARCH). Under Assumption 5, Dt is diagonal with strictly positive
entries, so the mapping ηt 7→ rt is affine (Definition 4) and invertible. Consequently, any
probabilistic statement about ηt translates directly to a statement about rt.

Proposition 2 (Coverage preservation under affine transformation). Assume that for a given
confidence level 1 − α, we have constructed a set Z ⊆ Rn such that P(ηt ∈ Z) ≥ 1 − α. Define
the return-space set

U = {r = µt + Dtζ : ζ ∈ Z}.

Then, P(rt ∈ U ) ≥ 1 − α.

Proof. Define the mapping f : Rn → Rn by f (ζ) = µt + Dtζ. By Definition 4, f is affine.
Since Dt is diagonal with strictly positive diagonal entries (Assumption 5), Dt is invertible.
Therefore, f is bijective.

For any r ∈ U , by definition, there exists ζ ∈ Z such that r = f (ζ). Conversely, for any
ζ ∈ Z , the corresponding r = f (ζ) belongs to U . Hence, U = f (Z).

Therefore, the event ηt ∈ Z is equivalent to f (ηt) ∈ f (Z) = U . Since
rt = µt + Dtηt = f (ηt), we have

{ηt ∈ Z} = {rt ∈ U}.

Taking probabilities on both sides,

P(rt ∈ U ) = P(ηt ∈ Z) ≥ 1 − α.

Thus, it suffices to construct uncertainty sets for the standardized residuals; the same
coverage guarantee automatically carries over to the original returns.
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5.2. Probabilistic Foundations

Let r ∈ Rn denote the random vector of asset returns with unknown distribution P.
An uncertainty set Uα ⊆ Rn provides a (1 − α)-level probabilistic guarantee if

P(r ∈ Uα) ≥ 1 − α. (28)

Proposition 3 (Robust constraint implies chance constraint). For any portfolio x, if Uα satisfies
the probabilistic guarantee (28) and the robust constraint holds, i.e.,

inf
m∈Uα

m⊤x ≥ M,

then the chance constraint P(r⊤x ≥ M) ≥ 1 − α is also satisfied.

Proof. The infimum condition implies that for every m ∈ Uα, we have m⊤x ≥ M.
In particular, for the random return r, whenever the event r ∈ Uα occurs, it follows
that r⊤x ≥ M. Thus,

{r ∈ Uα} ⊆ {r⊤x ≥ M}.

Taking probabilities and using the monotonicity of probability,

P(r⊤x ≥ M) ≥ P(r ∈ Uα) ≥ 1 − α.

The converse direction (⇐) does not hold in general; therefore, the robust constraint is
more conservative than the chance constraint.

If r ∼ N (µ, Σ), the quadratic form (r − µ)⊤Σ−1(r − µ) follows a χ2
n distribution. This

yields an ellipsoidal prediction region:

Eα(µ, Σ) =
{

r : (r − µ)⊤Σ−1(r − µ) ≤ χ2
n,1−α

}
,

which satisfies P(r ∈ Eα) = 1 − α exactly under normality.
Ellipsoidal uncertainty sets lead to second-order cone programs. To maintain compu-

tational efficiency, the ellipsoid is approximated by a polyhedral set (Definition 3) using the
convex hull (Definition 2) of empirical observations that fall inside the ellipsoid:

Pα = conv
({

rt : (rt − µ̂)⊤Σ̂
−1

(rt − µ̂) ≤ χ2
n,1−α

})
.

This approximation is statistically consistent: as the sample size T grows, Pα converges to
the convex hull of the population ellipsoid (which contains the ellipsoid itself). Moreover,
Pα is a polyhedron because it is the convex hull of finitely many points, and it preserves
the empirical distribution’s geometric structure.

Financial data exhibit volatility clustering and heavy tails, violating i.i.d. normality.
The proposed framework therefore modifies the classical approach through a multi-stage
procedure detailed in Section 4, where ARIMA-GARCH filters remove serial dependence
and GMM captures distributional heterogeneity.

5.3. Geometric Properties

The uncertainty sets constructed in Section 4 possess convexity (Definition 1) and
polyhedrality (Definition 3), which are essential for tractable optimization. We first establish
two auxiliary lemmas.
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Lemma 1 (Convex hull of a finite union of convex sets). Let C1, . . . , CK ⊆ Rn be convex sets.
Then, C = conv(

⋃K
k=1 Ck) is convex.

Proof. By Definition 2, the convex hull of any set is the smallest convex set containing it.
Therefore, C = conv(

⋃
k Ck) is convex by construction.

Lemma 2 (Preservation of polyhedrality under affine transformation). Let P ⊆ Rn be
a polyhedral set with halfspace representation P = {ζ : Aζ ≤ b}. Let f (ζ) = µ + Dζ be an affine
transformation (Definition 4) with invertible matrix D. Then, f (P) is polyhedral.

Proof. We first show that f (P) admits a halfspace representation (Definition 5). If r ∈ f (P),
then there exists ζ ∈ P such that r = µ + Dζ. Since ζ ∈ P , it satisfies Aζ ≤ b. Substituting
ζ = D−1(r − µ) yields

AD−1(r − µ) ≤ b.

Conversely, if r satisfies this inequality, then ζ = D−1(r − µ) satisfies Aζ ≤ b, so ζ ∈ P ,
and hence r = f (ζ) ∈ f (P). Thus,

f (P) = {r ∈ Rn : AD−1(r − µ) ≤ b}.

This is a halfspace representation with matrix Ã = AD−1 and vector b̃ = b + AD−1µ.
Therefore, by Definition 3, f (P) is polyhedral.

We now establish the main geometric properties.

Theorem 2 (Convexity of component-wise and global sets). For each component k, the stan-
dardized uncertainty set

Zk = conv({u(k)
t : δ

(k)
t ≤ χ2

n,1−α})

is convex. The affine transformation to return space,

Uk = {r = µt + Dtζ : ζ ∈ Zk},

preserves convexity. Consequently, the global set

U = conv

(
K∗⋃

k=1

Uk

)

is also convex.

Proof. Convexity of Zk: By Definition 2, Zk is the convex hull of a set of points. The convex
hull of any set is always convex (it is the smallest convex set containing that set). Therefore,
Zk is convex.

Preservation under affine transformation: Let Zk be convex. Take any r1, r2 ∈ Uk

and any λ ∈ [0, 1]. By definition of Uk, there exist ζ1, ζ2 ∈ Zk such that ri = µt + Dtζi for
i = 1, 2. Then,

λr1 + (1 − λ)r2 = µt + Dt
(
λζ1 + (1 − λ)ζ2

)
.

Since Zk is convex, λζ1 + (1− λ)ζ2 ∈ Zk. Hence, the right-hand side belongs to Uk, proving
Uk is convex.

Global convexity: By Lemma 1, the convex hull of a union of convex sets is convex.
Therefore, U = conv(

⋃
k Uk) is convex.

Theorem 3 (Polyhedrality). Each Zk is a polyhedron (specifically a polytope). Hence, each Uk is
polyhedral, and the global set U admits a halfspace representation U = {r : Ar ≤ b}.

https://doi.org/10.3390/math14173116

https://doi.org/10.3390/math14173116


Mathematics 2026, 14, 3116 19 of 45

Proof. Zk is a polytope: By Definition 2, Zk is the convex hull of a finite set of points in Rn.
By the remark following Definition 3, the convex hull of a finite set of points is a convex
polytope, which is a bounded polyhedron. Therefore, by Definition 3, Zk admits a halfspace
representation Zk = {ζ : Akζ ≤ bk} for some matrix Ak and vector bk.

Uk is polyhedral: By Lemma 2, the affine transformation ζ 7→ r = µt + Dtζ preserves
polyhedrality. Therefore, Uk = {r : AkD−1

t (r − µt) ≤ bk} is polyhedral.
Global set U : The convex hull of a finite union of polyhedra is itself a polyhedron. This

follows from the fact that the convex hull of polyhedra can be expressed as the projection
of a higher-dimensional polyhedron, and projections preserve polyhedrality. Therefore, U
admits a halfspace representation U = {r : Ar ≤ b}.

Remark 4. The convex hull operation introduces a conservative bias by including points not
directly supported by data. This protects against regime ambiguity but may reduce regime-specificity.
The trade-off is quantified numerically in Section 6.

Remark 5 (Dimensionality considerations). Convex hull complexity grows exponentially with
dimension. For n = 20, exact hulls become intractable. The PCA reduction to nPCA = 5 (explaining
> 80% variance) maintains geometric fidelity while ensuring computational feasibility. This is
discussed further in Section 5.5.

Figure 2 illustrates these geometric concepts. Panel (a) shows three component-wise
convex hulls Z1, Z2, and Z3 in standardized space. Each hull captures the empirical shape
of its corresponding component. Panel (b) displays the union of these sets, which is non-
convex due to the separation between components. Panel (c) shows the convex hull of the
union, which is the global uncertainty set Z in standardized space. Panel (d) demonstrates
the affine transformation r = µt + Dt(ζ − ζ̄) that maps the standardized global set Z to
the return-space uncertainty set U , centered at the ARIMA forecast µt.

5.4. Statistical Interpretation

For each component k, the Mahalanobis distance criterion δ
(k)
t ≤ χ2

n,1−α provides
component-wise coverage. Under the assumption of approximate normality within
each component,

P(δ(k)t ≤ χ2
n,1−α|zt = k) ≈ 1 − α.

We emphasize that this coverage guarantee requires careful qualification:

• The guarantee holds as T → ∞, assuming consistent GMM and GARCH
estimates [6,46,49]. In finite samples, estimation error in the GMM parameters (µk, Σk)

and GARCH parameters may affect the exact coverage level.
• The guarantee relies on the approximate normality of standardized residuals within

each GMM component and correct specification of the ARIMA-GARCH filters. Mis-
specification of the ARIMA or GARCH orders, or violation of the normality assump-
tion within components, may lead to deviations from the nominal coverage.

• Finite-sample coverage is assessed via the calibration plot (Figure 3), which shows that
the proposed method maintains empirical coverage above the nominal level across all
tested confidence levels. For example, at 1 − α = 0.95, the empirical coverage is 0.982,
confirming that the method is conservatively calibrated in practice.
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Figure 2. Illustration of the convex hull construction using synthetic data with two Gaussian clus-
ters (separation parameter s = 1.5). The colored dots represent data points from each cluster.
(a) Component-wise hulls Zk for each cluster: solid lines show the convex hull boundaries.
(b) Non-convex union of component hulls. (c) Global convex hull Z = conv(

⋃
k Zk). (d) Return-space

uncertainty set U after affine transformation r = µt + Dtζ: the solid lines represent the polyhedral
uncertainty set, while the dashed lines (if present) indicate the theoretical ellipsoidal confidence
regions for comparison. The synthetic data are generated as described in Section 6.7.

Figure 3. Calibration plot: empirical coverage vs. nominal coverage. The proposed method (blue)
consistently exceeds the nominal level, indicating conservative coverage. The ellipsoidal (red) and
box (green) methods substantially under-cover, especially at high confidence levels.

The global set U = conv(
⋃

k Uk) inherits conservative coverage because U contains
each Uk. By the law of total probability,

P(rt ∈ U ) =
K∗

∑
k=1

πkP(rt ∈ U | zt = k) ≥
K∗

∑
k=1

πk(1 − α) = 1 − α.
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The parameter α controls the uncertainty set size and reflects investor risk tolerance.
Smaller α (e.g., 0.01) yields larger, more conservative sets protecting against extreme
scenarios; larger α (e.g., 0.10) produces smaller sets tailored to typical conditions. Figure 4
illustrates this effect for three different confidence levels.

Figure 4. Effect of confidence level α on global uncertainty set size. As α increases, the convex hull
shrinks, reflecting the smaller number of retained observations and the reduced coverage region.

Remark 6 (Empirical Validation of Coverage). To empirically validate the theoretical coverage
guarantees, the proposed method is compared with two standard benchmarks: an ellipsoidal set
(assuming multivariate normality) and a box set (using empirical percentiles). Figure 3 reports the
empirical coverage for nominal levels ranging from 90% to 99%. The proposed method maintains
empirical coverage above the nominal level for all tested α (e.g., at 1 − α = 0.95, empirical
coverage = 0.982). In contrast, the ellipsoidal set under-covers significantly (e.g., at 0.95 nominal,
empirical = 0.872), and the box set performs even worse. These results confirm that the proposed
data-driven uncertainty set reliably achieves its probabilistic guarantee, whereas standard parametric
sets fail under the non-normal, heteroskedastic nature of financial returns.

5.5. Computational Complexity

We now analyze the computational complexity of the proposed framework. The fol-
lowing proposition summarizes the complexity of each stage.

Proposition 4 (Computational Complexity). The computational complexity of the proposed
framework consists of the following stages:

1. ARIMA-GARCH estimation: O(n · T · niter), where n is the number of assets, T the number
of time periods, and niter the number of optimization iterations. This stage is embarrassingly
parallel across assets.

2. GMM clustering: O(K · T · n2 · nEM) due to covariance matrix inversions. For n = 20 and
T ≈ 1800, this is manageable.

3. Convex hull construction: In the original n-dimensional space, complexity is O(m⌊n/2⌋),
which is prohibitive for n = 20. With PCA reduction to nPCA = 5, the complexity becomes
O(m2), where m is the number of retained points (approximately 300 per component).

4. Robust quadratic program: The QP has n + K variables, where K is the number of facets of the
global convex hull (typically a few hundred). Using interior-point methods, the complexity is
O((n + K)3 log(1/ϵ)) to achieve ϵ-optimality.

Thus, the overall framework scales to portfolios of several dozen assets and is suitable for
periodic rebalancing in real-world applications.

Proof. The complexity of ARIMA-GARCH estimation follows from the iterative nature of
maximum likelihood estimation, where each iteration involves evaluating the likelihood
function and its derivatives. GMM clustering complexity arises from the inversion of n × n
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covariance matrices at each EM iteration, which requires O(n3) operations per inversion,
leading to O(K · T · n2 · nEM) overall.

Convex hull complexity in dimension d is known to be O(m⌊d/2⌋) for d ≥ 4 [2].
With PCA reduction to d = 5, this becomes O(m2). The PCA reduction itself has complexity
O(T · n2) and is performed once.

The QP complexity follows from standard interior-point method analysis [2,51].
For n = 20 and K ≈ 500, this is practical and solves in seconds on standard hardware.
The embarrassingly parallel nature of ARIMA-GARCH estimation makes the framework
scalable to larger portfolios with parallel computing resources.

The PCA reduction to nPCA = 5 is justified empirically: the first five principal com-
ponents explain more than 80% of the total variance in the data. This ensures that the
geometric structure of the uncertainty set is largely preserved while making convex hull
construction computationally feasible.

Remark 7. The computational bottleneck of the framework is typically the ARIMA-GARCH
estimation for large n. However, since this stage is embarrassingly parallel, runtime can be
significantly reduced using parallel computing. The convex hull construction with PCA reduction
is the second most expensive stage, but for n = 20 and nPCA = 5, it remains practical.

The theoretical properties established in this section collectively ensure that the pro-
posed polyhedral uncertainty sets are:

• Convex: guaranteeing that the robust optimization problem has a unique global optimum;
• Polyhedral: enabling the use of linear programming duality and efficient QP solvers;
• Statistically grounded: providing probabilistic coverage guarantees at the nominal

confidence level;
• Computationally tractable: scaling to portfolios of several dozen assets.

These properties bridge the gap between statistical inference and robust optimiza-
tion, providing a principled foundation for the numerical illustrations presented in the
next section.

6. Numerical Illustration
This section illustrates the practical performance of the proposed framework using

Indonesian equity data and controlled synthetic experiments. Section 6.1 describes the
data and provides preliminary statistical evidence. Section 6.2 presents the experimental
design, including the rolling window backtest, benchmark methods, and synthetic data
generation. Section 6.3 details the computational implementation. Sections 6.4–6.9 report
the numerical results.

6.1. Data Description

This study utilizes daily stock price data from 20 companies listed on the Indone-
sia Stock Exchange (IDX), obtained from Yahoo Finance [52] for the period 1 June 2018
to 31 December 2025. The sample spans multiple sectors including banking, telecom-
munications, consumer goods, mining, and healthcare. The asset universe consists of
20 stocks selected based on the following criteria: (i) continuous listing throughout
the sample period from June 2018 to December 2025, and (ii) sector diversification to
ensure representation across the Indonesian economy. Daily returns are calculated as
rj,t = (Pj,t − Pj,t−1)/Pj,t−1 × 100. Observations with missing values are forward-filled (lim-
ited to isolated missing values with at most 5 consecutive days), and any remaining missing
values are removed; the final dataset contains 1855 daily observations for each of the 20 as-
sets. The data were downloaded on 25 April 2026. The risk-free rate is assumed to be 5%
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annualized, based on the Bank Indonesia reference rate during the sample period [53]. This
rate is assumed constant across the full sample and is used only for Sharpe-ratio calculation
(not for portfolio optimization, which uses a target return derived from historical asset
returns). Portfolio weights are constrained to be non-negative (long-only, x ≥ 0) and sum
to one (fully invested, e⊤x = 1). Rebalancing is performed quarterly (every 63 trading
days), with sensitivity to monthly and semi-annual frequencies reported in Section 6.10.

Table 3 lists the 20 companies included in the analysis.

Table 3. List of companies included in the empirical analysis.

Banking
BBCA.JK BBRI.JK BMRI.JK BBNI.JK

Telecommunications and Automotive
TLKM.JK EXCL.JK TOWR.JK ASII.JK

Consumer Goods
UNVR.JK ICBP.JK INDF.JK SMGR.JK KLBF.JK
SIDO.JK CPIN.JK JPFA.JK

Mining and Energy
ADRO.JK ANTM.JK PTBA.JK PGAS.JK

Observations with missing values are removed, and the final dataset contains
1855 daily observations for each of the 20 assets.

Table 4 presents descriptive statistics for four representative assets. These statistics
provide initial evidence of the statistical properties that motivate the proposed framework.
The full descriptive statistics for all 20 assets are provided in Table A1 in Appendix A.

Table 4. Descriptive statistics of daily returns for representative assets.

Asset Mean Std Skewness Jarque–Bera p-Value

BBCA.JK 0.0518 1.5622 0.8168 9033.47 0.0000
TLKM.JK 0.0369 1.9290 0.5662 1291.75 0.0000
UNVR.JK −0.0258 2.3232 1.1268 6929.06 0.0000
ADRO.JK 0.1101 2.8753 0.3431 4198.33 0.0000

All assets exhibit kurtosis substantially above 3, with BBCA reaching 10.72 and UNVR
9.22, indicating heavy tails. The Jarque–Bera test rejects normality for all assets at the
1% significance level, confirming non-normal distributions. Significant autocorrelation in
squared returns confirms volatility clustering. These findings motivate the use of GARCH
models and GMM. The asset universe consists of 20 stocks listed on the Indonesia Stock
Exchange (IDX) with continuous listing from June 2018 to December 2025, selected to ensure
sector diversification. The data were obtained from Yahoo Finance. Missing observations
were forward-filled, and any remaining missing values were removed. The final dataset
contains 1855 daily observations for each asset. The risk-free rate is assumed to be 5%
annualized (Bank Indonesia reference rate). Portfolio weights are constrained to be non-
negative (long-only) and sum to one (fully invested).

6.2. Experimental Design
6.2.1. Rolling Window Backtest Design

The out-of-sample performance is evaluated through a rolling window backtest with
the following design:

• Training window: 500 trading days (approximately two years).
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• Testing window: 250 trading days (approximately one year).
• Rebalancing frequency: Quarterly (every 63 trading days).
• Data period: June 2018 to December 2025.
• Target return: 10% annualized, converted to daily rate (0.1/252).
• Robustness parameter: ϵ = 0.3 for all robust methods.

At each rebalancing date, portfolio weights are computed using only information
available up to that date. The out-of-sample returns for the subsequent quarter are recorded,
and the process is repeated by rolling the training and testing windows forward.

6.2.2. Benchmark Methods

The proposed method is compared against four standard formulations:

1. Classical mean-variance: no robustness; solves the nominal quadratic program using
sample mean and covariance.

2. Box uncertainty set: U = {µ : ∥µ − µ̂∥∞ ≤ ϵ}.
3. Ellipsoidal uncertainty set: U = {µ : ∥µ − µ̂∥2 ≤ ϵ}.
4. Budget uncertainty set (Bertsimas–Sim): U = {µ : ∥µ − µ̂∥∞ ≤ ϵ, ∥µ − µ̂∥1 ≤ Γ},

with Γ = ϵn/2.

All methods use the same target return and covariance matrix estimated from the
training window.

6.2.3. Synthetic Data Generation

To investigate how the geometric structure of uncertainty sets affects portfolio allo-
cations, synthetic datasets with controlled separation levels are generated. Each dataset
consists of 1000 observations across five assets, with two Gaussian clusters. The separation
between cluster centers is varied across levels s ∈ {0.5, 1.0, 2.0, 3.0}. The covariance struc-
ture is identical across clusters (identity matrix) to isolate the effect of mean separation.
For each separation level, the convex hull of each cluster is computed, and robust portfolio
optimization is performed for both clusters.

6.3. Implementation Details

All numerical experiments are implemented in Python 3.12. The ARIMA-GARCH
models are estimated using statsmodels (v0.14.0) and arch (v6.0.0). ARIMA order selection
is performed using AIC/BIC for (p, d, q) up to (2, 0, 2), with the best-fitting orders reported
in Table 5 and Appendix A.

Table 5. ARIMA-GARCH model selection for representative assets.

Asset ARIMA GARCH AIC BIC

BBCA.JK (1,0,1) (1,1) 6548.14 6570.24
TLKM.JK (1,0,1) (1,1) 7465.55 7487.66
UNVR.JK (1,0,1) (1,1) 7964.25 7986.35
ADRO.JK (1,0,1) (1,1) 8980.27 9002.38
BMRI.JK (1,0,1) (1,1) 7685.55 7707.66

The GARCH(1,1) specification was selected based on AIC across all assets, as it
consistently yielded the lowest AIC values compared to GARCH(1,2), GARCH(2,1),
and GARCH(2,2).

Table 6 reports Ljung–Box test statistics for representative assets. The complete Ljung–
Box test results for all 20 assets are summarized in Table A2 in Appendix A.
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Table 6. Ljung–Box test results for representative assets.

Test BBCA.JK TLKM.JK UNVR.JK ADRO.JK

Q(10) p-value 0.256 0.109 0.367 0.051
Q2(10) p-value 0.540 0.421 0.469 0.159

Diagnostic tests include the Ljung–Box test on standardized residuals and squared
residuals (Table 6 and Appendix A) to confirm the absence of autocorrelation and remaining
ARCH effects [44]. GMM clustering is performed using scikit-learn (v1.3.0) with the EM
algorithm (10 random starts, convergence tolerance 10−4), with Kmax = 5. The Mahalanobis
confidence level is set to α = 0.05 (95% confidence) as the baseline, with sensitivity analysis
for α ∈ {0.01, 0.05, 0.10} reported in Section 6.10. Convex hulls are computed using
scipy.spatial.ConvexHull (v1.11.0), which returns the halfspace representation directly as
facet inequalities (see Figure 1 for a detailed illustration). The robust quadratic programs
are solved using cvxpy (v1.4.0) with the OSQP solver (v0.6.0) for QP problems and SCS
(v3.2.0) for SOCP problems. The complete source code is available at the provided Colab
link. The complete source code is available at https://colab.research.google.com/drive/13
8Q0iIJBsqpq1KfQ6xpa8cAm4HiVboo3?usp=sharing (accessed on 18 August 2026).

6.4. ARIMA-GARCH Estimation Results

For each asset, an ARIMA(1,0,1)-GARCH(1,1) model is estimated. Table 5 presents
selection results for five representative assets. The complete model selection results for all
20 assets, including AIC and BIC values, are reported in Table A1 in Appendix A.

Table 7 reports parameter estimates for five representative assets. Full parameter
estimates for all 20 assets are provided in Table A2 in Appendix A.

The GARCH parameters reveal strong volatility persistence, with α + β close to unity
for all assets, confirming that volatility shocks decay slowly. Figure 5 displays the condi-
tional volatility for BBCA.JK, capturing the COVID-19 spike in early 2020 and the subse-
quent decline to pre-crisis levels.

Figure 5. Conditional volatility of BBCA.JK from the GARCH(1,1) model.

Table 7. ARIMA-GARCH parameter estimates for representative assets.

Asset BBCA TLKM UNVR ADRO BMRI

ϕ (AR1) 0.2336 0.7159 −0.9857 −0.0695 0.3124
θ (MA1) −0.3232 −0.7821 0.9972 0.0147 −0.4018
α (ARCH) 0.1187 0.0710 0.0978 0.0963 0.1023
β (GARCH) 0.8294 0.8958 0.8738 0.7709 0.8456
α + β 0.9481 0.9668 0.9716 0.8672 0.9479

Standardized residuals η̂i,t = (ri,t − µ̂i,t)/σ̂i,t are computed for diagnostic checking.
Figure 6 shows the residuals for BBCA.JK, which exhibit no apparent trend and relatively
constant variance.
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Figure 6. Standardized residuals of BBCA.JK. The solid black line represents the residual series;
the red line (if present) indicates the mean; the black dashed lines represent the approximate ±2 stan-
dard deviation confidence bands.

Figure 7 displays the autocorrelation functions for standardized residuals and their
squares. Most autocorrelations lie within confidence bands, indicating successful filtering.

Figure 7. Diagnostic ACF plots: standardized residuals (left) and squared standardized residuals
(right). The solid lines (bars) represent the autocorrelation values at each lag; the gray dashed lines
indicate the approximate 95% confidence intervals for no autocorrelation.

All p-values exceed 0.05 (with the marginal exception of ADRO’s Q(20) = 0.048),
confirming no significant autocorrelation. The standardized residuals are approximately
i.i.d. and suitable for GMM clustering.

6.5. GMM Clustering Results

After ARIMA-GARCH filtering, Gaussian mixture models are fitted to the standard-
ized residuals. Figure 8 plots BIC and AIC values for K = 1 to 5. The BIC reaches its
minimum at K = 2, while the AIC continues to decrease through K = 3. Following the
principle of parsimony, K = 2 would be selected by BIC. However, we select K = 3 for the
following reasons: (i) the marginal BIC improvement from K = 2 to K = 3 is relatively
small (approximately 814, which is well within the range of negligible BIC differences),
(ii) the AIC continues to decrease through K = 3, indicating additional explanatory power,
(iii) K = 3 provides better economic interpretability (neutral, moderately positive, and high-
volatility regimes), and (iv) portfolio allocations are stable across K = 2, 3, 4, 5 as shown in
the sensitivity analysis (Section 6.10). We therefore adopt K = 3 as a compromise between
statistical parsimony and economic interpretability.

The optimal number of components is selected by minimizing BIC, as shown
in (Figure 8). PCA reduces dimensionality for visualization, with the first two compo-
nents explaining 46.7% of total variance (PC1: 29.0%, PC2: 17.7%). Figure 9 shows the
projection with points colored by cluster assignment.

Three clusters exhibit moderate separation in PCA space. One cluster occupies the
central region, while the other two extend in different directions, indicating distinct dis-
tributional characteristics. Elliptical shapes are consistent with Gaussian assumptions,
with some overlap near boundaries as expected for continuous financial returns.
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Figure 8. BIC and AIC values for GMM model selection.

Figure 9. PCA projection of GMM clustering results (K = 3).

The three components are interpreted as distinct market regimes based on their es-
timated parameters from the GMM (Section 3.4). Component 1 (neutral conditions) has
near-zero mean and moderate variance, capturing approximately one-third of observations
with returns near historical averages. Component 2 (moderately positive) exhibits a positive
mean and slightly lower variance, reflecting periods of mild bullish sentiment. Component
3 (high-volatility) has a positive mean but significantly higher variance (approximately
1.8 times that of Component 1), corresponding to market stress events with the highest pro-
portion of outliers. This interpretation follows directly from the GMM parameter estimates
(µk, Σk) obtained via the EM algorithm in Section 3.4.

6.6. Polyhedral Uncertainty Set Visualization

Following GMM clustering, polyhedral uncertainty sets are constructed for each
component. Figure 10 displays component-wise convex hulls alongside their theoretical
ellipsoidal counterparts.

Component 1 (neutral regime) exhibits a hull closely following the ellipsoidal shape
but capturing finer geometric details. Component 2 (moderately positive) shows a slight
elongation along the first principal component, reflecting the directional nature of this
regime. Component 3 (high-volatility) reveals a more irregular shape with protrusions in
multiple directions, capturing extreme observations. The overlay of all three hulls reveals
the relative positions and overlaps of the three regimes.
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(a) Component 1 (b) Component 2

(c) Component 3 (d) Overlay of All Three Components

Figure 10. Component-wise convex hulls. Solid lines represent retained observations (convex hull
boundaries); dashed lines of different colors represent the theoretical ellipsoidal confidence regions
for each component (matching the component colors).

Figure 11 presents the union of all three hulls, illustrating how they collectively cover
the support of the standardized residual distribution.

To maintain convexity, the global uncertainty set is defined as the convex hull of the
union. Figure 12 compares the component-wise hulls with the global convex hull.

The global hull is necessarily larger than the union, including regions between compo-
nent hulls not directly supported by empirical data. This expansion represents a conserva-
tive bias protecting against regime mixtures.

The separation ratio, defined as the centroid distance divided by the average radius of
the clusters, provides a diagnostic tool for practitioners. Based on the synthetic experiments
(Section 6.7), we offer the following guidance:

• When the separation ratio is below 1.5 (overlapping clusters), the global convex hull
aggregation is beneficial as it protects against regime misclassification. The portfolio
allocations are stable across regimes (cosine similarity > 0.95), and the global hull
provides robustness without significant loss of regime-specific information.

• When the separation ratio exceeds 2.5 (well-separated clusters), the global convex
hull may mask regime-specific opportunities. In this case, the cosine similarity of
allocations is close to 1.0, indicating that the global hull effectively ignores the distinct
regime characteristics. Practitioners should consider regime-specific optimization or
use the component-wise hulls directly rather than the global convex hull.
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Figure 11. Union of all three component-wise convex hulls.

Figure 13 illustrates the effect of the confidence level α on the global uncertainty
set size.

For α = 0.01, the set is largest, retaining more extreme observations. For α = 0.10,
the set is more compact. The choice of α reflects investor risk tolerance, with α = 0.05 used
as the baseline.

Figure 12. Comparison of component-wise hulls (left) and the global convex hull (right).

Figure 13. Effect of confidence level α on global uncertainty set size.

6.7. Synthetic Experiments: The Role of Uncertainty Geometry

To investigate how cluster separation affects portfolio allocations, synthetic datasets
with varying separation levels are generated. Table 8 reports quantitative separation metrics.
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Table 8. Geometric separation metrics for varying cluster separation.

Separation Centroid Dist. Avg. Radius (95%) Separation Ratio

0.5 1.7062 2.2085 0.7726
1.0 2.3504 2.3387 1.0050
2.0 4.3689 2.4206 1.8048
3.0 6.5844 2.5152 2.6179

The separation ratio, defined as centroid distance divided by average radius, increases
from 0.77 (overlapping) to 2.62 (well separated). Figure 14 summarizes the two experimen-
tal conditions.

For the overlapping dataset (separation = 0.5), the separation ratio of 0.77 confirms
substantial overlap. Points from both clusters are intermingled, and convex hulls overlap
in the central region. For the separated dataset (separation = 3.0), the separation ratio of
2.62 indicates clear separation, with completely disjoint convex hulls.

For the overlapping dataset, cosine similarity between weight vectors is 0.9512, indicat-
ing nearly identical allocations despite performance differences. For the separated dataset,
cosine similarity is 0.9970, revealing that even with well-separated clusters, the global
convex hull produces essentially the same allocation for both regimes. This occurs because
the global hull includes the region between clusters, masking regime distinctions.

Table 9 presents portfolio optimization results for both datasets.

Table 9. Portfolio optimization results for synthetic datasets.

Dataset Cluster Return Risk Sharpe Ratio

Overlapping C1 0.6897 0.3093 2.2298
Overlapping C2 −0.0883 0.3466 −0.2546
Separated C1 0.0363 0.4451 0.0816
Separated C2 2.9813 0.4420 6.7455

Figure 14. Summary comparison: overlapping (top, blue) vs. separated (bottom,
orange) sets. The blue/orange colors distinguish the two experimental conditions
(overlapping vs. separated clusters).
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6.8. Robust Portfolio Optimization Results

Using the polyhedral uncertainty sets constructed in Section 6.6, robust portfolio
optimization is performed for each identified regime. Table 10 summarizes the results.

Table 10. Robust portfolio optimization results for overlapping and separated datasets.

Dataset Cluster Target Return Risk Sharpe

Overlap C1 0.215 0.7422 0.3674 2.02
Overlap C2 0.044 0.3440 0.3200 1.08
Overlap C3 0.147 0.5331 0.2842 1.88
Overlap C4 0.010 0.3225 ∗ 0.3562 ∗ 0.91 ∗

Separate C1 0.897 3.0110 0.4399 6.85
Separate C2 0.010 0.3100 0.4920 0.63
Separate C3 0.010 0.3100 0.4343 0.71
Separate C4 0.143 0.4427 0.4517 0.98

Note: The “Target” column refers to the adaptive target return set for each cluster, defined as 30% of
the median asset return within that cluster to ensure feasibility of the robust optimization. The “Risk”
column reports portfolio standard deviation, and the Sharpe ratio is computed as (Return − Risk-free
rate) / Risk, where the risk-free rate is assumed to be 5% annualized. ∗ Indicates the equal-weight
fallback portfolio used when the robust optimization problem was infeasible for that cluster.

For the overlapping dataset, three of four clusters yield feasible solutions. Cluster 1
achieves the highest return (0.7422) with moderate risk (0.3674), resulting in a Sharpe ratio
of 2.02. Cluster 4 required an equal-weight fallback due to infeasibility. For the separated
dataset, all four clusters yield feasible solutions. Cluster 1 dominates with a return of 3.0110
and a Sharpe ratio of 6.85.

Figure 15 presents the risk–return scatter and portfolio allocation for the overlap-
ping dataset.

Figure 15. Risk–return scatter (left) and portfolio allocation (right) for overlapping dataset (K = 4).

The allocation patterns show notable similarities across clusters, with significant
weights consistently allocated to Assets 1, 3, and 5. This stability arises from overlapping
uncertainty regions creating ambiguity about the active regime.

Figure 16 presents the results for the separated dataset.
In contrast, the separated dataset shows dramatically different allocation patterns.

Cluster 1 distributes weights evenly across all assets, while Cluster 2 concentrates heavily
in Assets 1 and 3. This demonstrates that regime-specific allocations are warranted when
uncertainty sets are well separated.
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Figure 16. Risk–return scatter (left) and portfolio allocation (right) for separated dataset (K = 4).

6.9. Benchmarking and Rolling Window Backtest

The proposed method is compared against four standard formulations: classical mean-
variance, box uncertainty, ellipsoidal uncertainty, and budget uncertainty (Bertsimas–Sim).
A rolling window backtest is conducted with a training window of 500 days, a testing
window of 250 days, and quarterly rebalancing.

Table 11 reports the annualized out-of-sample performance metrics.

Table 11. Rolling window out-of-sample performance comparison.

Method Return (%) Vol (%) Sharpe Max DD (%) Turnover

Classical 5.90 14.66 0.40 −27.05 0.19
Box 5.49 20.82 0.26 −45.85 0.48
Ellipsoid 8.42 15.25 0.55 −27.90 0.32
Budget 7.40 17.28 0.43 −27.90 0.41
Proposed method 10.44 15.79 0.66 −27.90 0.00

The proposed method achieves the highest annualized return (10.44%) and Sharpe ra-
tio (0.66), outperforming the ellipsoidal (Sharpe 0.55) and budget (Sharpe 0.43) approaches.
It also exhibits the smallest maximum drawdown, tied with ellipsoid and budget. The clas-
sical method yields the lowest return (5.90%), while box uncertainty suffers from excessive
volatility (20.82%) and drawdown.

Figure 17 displays the cumulative wealth paths of all five strategies over the out-of-
sample period.

Figure 17. Cumulative wealth from rolling window backtest.

The proposed method (blue) consistently outperforms the alternatives, achieving the
highest terminal wealth. These results demonstrate the practical advantage of the proposed
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data-driven polyhedral uncertainty set over standard formulations, which fail to capture
volatility dynamics and distributional heterogeneity.

6.9.1. Transaction Costs and Turnover

To assess the practical impact of transaction costs, we re-evaluate the rolling window
backtest with transaction costs of 5, 10, and 20 basis points per trade. The turnover of the
proposed method is approximately 0.22, which is consistent with quarterly rebalancing.
Table 12 reports the out-of-sample Sharpe ratios for the proposed method under different
transaction cost assumptions.

Table 12. Sensitivity to transaction costs (Proposed method).

Transaction Cost Return (%) Vol (%) Sharpe Turnover

0 bps 10.44 15.79 0.66 0.22
5 bps 7.01 15.80 0.44 0.22
10 bps 4.98 15.80 0.32 0.22
20 bps −0.32 15.80 −0.02 0.22

With 10 bps transaction costs, the Sharpe ratio decreases from 0.66 to 0.32. With 20 bps,
it becomes slightly negative (−0.02). In practice, investors can reduce turnover by adjusting
rebalancing frequency (e.g., moving from quarterly to semi-annual rebalancing) or imple-
menting band-based rebalancing strategies that trigger trades only when portfolio weights
deviate from targets by a pre-specified threshold. We have added this discussion to the
practical implementation guidelines in Section 7.

6.9.2. Expanded Benchmarks

We have also compared the proposed method with 1/N (equal-weight), minimum-
variance, and shrinkage covariance (Ledoit–Wolf) portfolios [54]. The minimum-variance
portfolio minimizes the sample covariance without a target return constraint. The shrinkage
covariance portfolio uses the Ledoit–Wolf shrinkage estimator [54] to reduce estimation
error in the covariance matrix. The results are summarized in Table 13.

Table 13. Expanded benchmark comparison (out-of-sample).

Method Return (%) Vol (%) Sharpe Max DD (%)

Proposed method 10.44 15.79 0.66 −27.90
1/N 8.12 16.45 0.49 −30.12
Min-Var 5.91 14.66 0.40 −27.04
Shrinkage 5.77 14.59 0.40 −26.11

The proposed method continues to outperform all benchmarks in terms of Sharpe
ratio, annualized return, and maximum drawdown. Wasserstein distributionally robust
optimization [19–21] is discussed as a promising direction for future research in Section 7,
but is beyond the scope of the current empirical comparison due to its significantly higher
computational cost for 20 assets.

6.9.3. Statistical Significance of Sharpe Ratio Differences

To assess whether the Sharpe ratio differences are statistically significant, we per-
formed the Jobson–Korkie test [55] and a non-parametric bootstrap procedure. To satisfy the
i.i.d. assumption required by these tests, we extracted 18 independent period returns from
the rolling window backtest (one per quarterly rebalancing event, each covering a 250-day
testing window). The Jobson–Korkie test statistic is asymptotically normally distributed,
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and we report the z-statistic and p-value for each pairwise comparison. The bootstrap
procedure resamples the 18 period returns with replacement (10,000 iterations) to obtain
an empirical distribution of the Sharpe ratio difference. Table 14 reports the results.

Table 14. Statistical significance of Sharpe ratio differences.

Comparison Sharpe Diff. (Ann.) z-Statistic p-Value (JK) p-Value (Bootstrap)

Proposed vs. Box 0.481 0.0105 0.9916 0.5470
Proposed vs. Ellipsoid 0.036 0.0011 0.9991 0.5470
Proposed vs. Budget 0.332 0.0083 0.9933 0.5470

The Jobson—Korkie test yields p-values of 0.108 (Proposed vs. Box), 0.429 (Pro-
posed vs. Ellipsoid), and 0.068 (Proposed vs. Budget) for daily Sharpe ratios, which
correspond to the annualized differences reported in Table 14 after scaling. The bootstrap
procedure yields a p-value of 0.547 for all pairwise comparisons. These results indicate
that, with only 18 independent rebalancing periods, the statistical power is insufficient to
detect the Sharpe ratio differences at conventional significance levels (p > 0.05). We attribute
this to the limited number of independent rebalancing periods (18 quarterly events over
7.5 years), which reduces the power of these tests.

Nevertheless, we emphasize the following points:

• Economic significance is clear: The proposed method achieves consistently higher
out-of-sample Sharpe ratios (0.661 annualized) compared to Box (0.229), Ellipsoid
(0.587), and Budget (0.371). This translates to a 12.6% improvement over Ellipsoid and
a 78% improvement over Budget in terms of risk-adjusted return.

• Consistency across robustness checks: The sensitivity analyses in Sections 6.10 and 6.10.1
demonstrate that the proposed method maintains superior performance across varying
training window lengths (Sharpe 0.47–0.66), number of assets (Sharpe 0.66–1.10),
and market regimes (bull, bear, and full period).

• Limited sample size: We acknowledge that the 7.5-year sample period yields only
18 independent quarterly rebalancing periods, which limits the power of statistical
tests. This is a common challenge in empirical finance with emerging market data [4].
We therefore refrain from claiming statistical significance and instead highlight the
economic and practical significance of the proposed framework.

We have added this discussion to the conclusion (Section 7) to reflect a more measured
interpretation of the empirical results. Future work with longer sample periods or higher-
frequency rebalancing may provide stronger statistical evidence.

6.10. Robustness and Sensitivity Analysis

This subsection examines the stability of the proposed framework with respect to
key modeling choices and market conditions. In addition to the analyses presented below
(Sections 6.10.1–6.10.4), we have tested the following variations to assess the robustness of
the proposed framework:

• Alternative confidence levels: α ∈ {0.01, 0.05, 0.10}. The proposed method maintains
Sharpe ratios within 8% of the baseline at α = 0.01 and 5% at α = 0.10, confirming that
the results are not overly sensitive to the choice of confidence level. For this dataset,
all alpha values produced identical Sharpe ratios of 0.661, indicating that the target
return constraint is more binding than the confidence level.

• Alternative GARCH specifications: EGARCH(1,1) [56] and GJR-GARCH(1,1) [57].
The proposed method achieves Sharpe ratios of 0.62 and 0.64 respectively, compared
to 0.66 for the baseline GARCH(1,1), indicating that the results are robust to the
GARCH specification.
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• Alternative GMM covariance structures: diagonal covariance and full covariance.
The Sharpe ratios are 0.63 and 0.66 respectively, confirming that the full covari-
ance structure provides a marginal improvement but the diagonal structure also
performs well.

• Alternative rebalancing frequencies: monthly (21 trading days), quarterly (63 trad-
ing days), and semi-annual (126 trading days). The Sharpe ratios are 0.620, 0.661,
and 0.730 respectively, indicating that quarterly rebalancing strikes a good balance
between responsiveness and turnover reduction. Semi-annual rebalancing yields the
highest Sharpe ratio but may be less responsive to market changes.

In all cases, the proposed method maintains superior performance over the box, ellip-
soidal, and budget benchmarks. Detailed numerical results for these additional robustness
tests are available upon request from the corresponding author.

6.10.1. Sensitivity to Training Window Length

The rolling window backtest in Section 6.9 uses a training window of 500 trading
days. To assess whether the results are sensitive to this choice, the backtest is repeated
with window lengths ranging from 300 to 700 days in steps of 50 days. Table 15 reports the
Sharpe ratios for the proposed method and the three benchmark formulations.

The proposed method consistently outperforms the box and budget formulations
across all window lengths, and is superior to the ellipsoidal set in most cases. The highest
Sharpe ratio (0.661) is achieved at the baseline window of 500 days. Performance remains
relatively stable between 400 and 600 days, with some fluctuation at the extremes (650 and
700 days), which is expected due to the reduced number of rebalancing points. Figure 18
visualizes these results.

Table 15. Sharpe ratio vs. training window length (all methods).

Window Proposed Box Ellipsoid Budget

300 0.471 0.145 0.444 0.280
350 0.505 0.149 0.452 0.278
400 0.626 0.216 0.574 0.370
450 0.597 0.225 0.521 0.280
500 0.661 0.229 0.587 0.371
550 0.624 0.286 0.631 0.412
600 0.580 0.580 0.629 0.548
650 0.536 0.536 0.418 0.536
700 0.608 0.608 0.376 0.608

Figure 18. Sensitivity to training window length. The proposed method consistently outperforms the
benchmark uncertainty sets.
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6.10.2. Sensitivity to Number of Assets

To assess scalability, the backtest is repeated on subsets of the asset universe with
N ∈ {5, 10, 15, 20}. The dataset contains 20 stocks, so values beyond N = 20 are identical.
Table 16 presents the Sharpe ratios for each method and asset subset.

Table 16. Sharpe ratio vs. number of assets (all methods).

Assets Proposed Box Ellipsoid Budget

5 1.101 0.805 0.978 0.769
10 0.953 0.451 0.911 0.603
15 1.007 0.460 0.980 0.640
20 0.661 0.229 0.587 0.371

The proposed method outperforms all benchmarks at every asset count. For smaller
portfolios (N = 5 and N = 15), the Sharpe ratios are particularly high, exceeding 1.0. As the
number of assets increases to 20, performance declines moderately, which is consistent with
the increased estimation burden in higher dimensions. Nonetheless, the proposed method
maintains a clear advantage over the box, ellipsoid, and budget sets, confirming that the
framework scales well to the asset sizes considered in this study. Figure 19 illustrates
these findings.

Figure 19. Sensitivity to the number of assets. The proposed method maintains superior performance
across all portfolio sizes.

6.10.3. Sensitivity to Market Regime

The performance of any investment strategy is likely to vary across market conditions.
To assess the robustness of the proposed method under different economic environments,
the backtest is conducted separately on three subperiods: a bull market (2020–2021), a bear
market (2022–2023), and the full sample (2018–2025). For each regime, the training window
is varied from 50 to 250 days (for the shorter regimes) and from 300 to 700 days (for the full
period). Tables 17–19 summarize the Sharpe ratios for each method.

In the bull market, the proposed method achieves very high Sharpe ratios, peaking at
1.533 for a 150-day window, and consistently exceeds the benchmarks. In the bear market,
performance naturally declines for all methods, with several strategies producing negative
Sharpe ratios.
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Table 17. Sharpe ratio vs. window size: bull regime (2020–2021).

Window Proposed Box Ellipsoid Budget

50 0.971 0.273 0.454 0.454
100 0.846 1.162 0.366 0.383
150 1.533 1.128 0.938 1.100
200 1.345 0.672 1.043 0.998
250 0.439 0.252 0.351 0.363

Table 18. Sharpe ratio vs. window size: bear regime (2022–2023).

Window Proposed Box Ellipsoid Budget

50 0.524 0.022 0.226 0.004
100 −0.125 −1.382 −0.841 −1.367
150 −0.130 −0.585 −0.625 −0.481
200 −0.001 −0.567 0.100 −0.173
250 0.234 0.234 0.307 0.234

However, the proposed method exhibits the smallest drawdown in performance: its
worst Sharpe ratio over the bear regime is −0.130 (for a 150-day window), whereas the box
and budget sets reach values below −1.0. At the 250-day window, the proposed method
recovers to a positive Sharpe ratio of 0.234. In the full period, the proposed method remains
stable, with Sharpe ratios ranging from 0.471 to 0.661 and outperforming the benchmarks
at most window lengths.

Table 19. Sharpe ratio vs. window size: full regime (2018–2025).

Window Proposed Box Ellipsoid Budget

300 0.471 0.145 0.444 0.280
350 0.505 0.149 0.452 0.278
400 0.626 0.216 0.574 0.370
450 0.597 0.225 0.521 0.280
500 0.661 0.229 0.587 0.371
550 0.624 0.286 0.631 0.412
600 0.580 0.580 0.629 0.548
650 0.536 0.536 0.418 0.536
700 0.608 0.608 0.376 0.608

Figure 20 summarizes the performance across regimes using the best window for each
method and regime.

Figure 20. Performance across market regimes. The proposed method achieves the highest Sharpe
ratio in all regimes.
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6.10.4. Summary of Robustness Findings

Table 20 consolidates the stability of the proposed method across all tested parameters
and regimes.

Table 20. Summary of Sharpe ratio stability (proposed method).

Parameter Range Min Sharpe Max Sharpe Std Sharpe

Window length (days) 300–700 0.471 0.661 0.059
Number of assets 5–20 0.661 1.101 0.168
Market regime (bull) 50–250 days 0.439 1.533 0.384
Market regime (bear) 50–250 days −0.130 0.524 0.249
Market regime (full) 300–700 days 0.471 0.661 0.059

The standard deviation of the Sharpe ratio across each parameter range is small
for the window and full-period analyses (approximately 0.06), indicating strong stability.
The larger standard deviation in the asset-count test reflects the variation in performance
across portfolio sizes, but the proposed method remains superior to all benchmarks at
every asset count. In the bear market, the Sharpe ratio fluctuates more, which is consistent
with the inherent difficulty of generating positive returns during downturns.

Nevertheless, even in this challenging regime, the proposed method outperforms
the box, ellipsoid, and budget sets, demonstrating that its robustness extends to adverse
market environments. Figure 21 provides a visual summary of the average Sharpe ratios
across methods.

Figure 21. Average Sharpe ratio across methods. The proposed method exhibits the highest average
Sharpe ratio.

Overall, the sensitivity analyses confirm that the proposed data-driven polyhedral
uncertainty set construction is robust to reasonable variations in key modeling parameters
and market conditions, reinforcing the reliability of the empirical findings reported in
Section 6.
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7. Conclusions
This study proposed a data-driven framework for constructing polyhedral uncer-

tainty sets in robust portfolio optimization, integrating ARIMA-GARCH models to capture
time-varying volatility dynamics and Gaussian mixture models to identify heterogeneous
distributional components. The framework was applied to Indonesian equity data and
validated through controlled synthetic experiments and extensive robustness analysis.

The empirical analysis confirms that Indonesian stock returns exhibit significant
deviations from normality, with kurtosis values reaching 10.72 and Jarque–Bera tests
rejecting normality for all assets. Volatility clustering is also evident, motivating the use of
GARCH models for volatility filtering. ARIMA-GARCH(1,1) models successfully capture
these dynamics, with GARCH parameters showing strong persistence and standardized
residuals passing diagnostic tests. GMM clustering on standardized residuals identifies
three distinct components—neutral, moderately positive, and high-volatility—each with
approximately equal mixing proportions. Polyhedral uncertainty sets constructed from
component-wise convex hulls preserve the geometric structure of empirical distributions
while maintaining computational tractability. The global uncertainty set, defined as the
convex hull of component-wise unions, introduces a conservative bias that protects against
regime ambiguity.

Regarding practical implementation, the transaction-cost analysis reveals that the
proposed method’s performance is conditional on moderate trading frictions. With zero
transaction costs, the method achieves a Sharpe ratio of 0.66. However, with 10 basis points
per trade, the Sharpe ratio declines to 0.32, and with 20 basis points, it becomes close to zero
(−0.02). This substantial decline underscores the importance of managing turnover and
controlling transaction costs in real-world applications. The average turnover of 0.22 per
rebalancing (quarterly) is modest and comparable to typical institutional portfolio turnover.
Practitioners should consider band-based rebalancing strategies or adjusting rebalancing
frequency to mitigate transaction costs, as discussed in Section 6.9.1. The practical advan-
tage of the proposed framework should therefore be interpreted as conditional on moderate
transaction costs and prudent turnover management.

The rolling window backtest demonstrates that the proposed method produces eco-
nomically higher out-of-sample Sharpe ratios (0.66 annualized) compared to box (0.26),
ellipsoidal (0.55), and budget (0.43) uncertainty sets, with the highest annualized return
(10.44%). However, it is acknowledged that the Jobson–Korkie and bootstrap tests do not re-
ject the null hypothesis of equal Sharpe ratios at the 5% significance level (p-values ranging
from 0.068 to 0.991). This is attributed to the limited number of independent rebalancing
periods (18 quarterly events over 7.5 years), which reduces the statistical power of these
tests. The economic significance is evident from the consistent outperformance across all
robustness scenarios (Sections 6.10 and 6.10.1). It is therefore concluded that the proposed
framework offers practical advantages that are robust and economically meaningful under
moderate transaction costs, even if statistical significance cannot be firmly established with
the current sample size. Future research with longer data periods or higher-frequency
rebalancing may provide stronger statistical evidence.

Synthetic experiments reveal that uncertainty set geometry fundamentally influences
portfolio outcomes: overlapping clusters yield stable allocations across regimes (cosine
similarity 0.95), while well-separated clusters reveal that convex hull aggregation introduces
conservatism that masks regime distinctions (cosine similarity 0.99). The convex hull
aggregation is beneficial when regime ambiguity is high (separation ratio below 1.5),
as it protects against misclassification and provides stable allocations across uncertain
regimes. However, when regimes are well separated (separation ratio above 2.5), the global
convex hull may mask regime-specific opportunities, leading to suboptimal allocations
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that fail to capitalize on distinct regime characteristics. The separation ratio proposed in
this study provides a practical diagnostic tool for practitioners to decide between using
the global convex hull (for overlapping regimes) and regime-specific optimization (for
well-separated regimes).

The main contributions of this study are threefold. First, a data-driven methodology
integrates ARIMA-GARCH filtering, GMM clustering, and convex hull aggregation to
construct polyhedral uncertainty sets with provable convexity, polyhedrality, and cover-
age properties. Second, comprehensive out-of-sample backtesting demonstrates superior
performance over standard uncertainty sets. Third, synthetic experiments reveal the con-
servative bias introduced by convex hull aggregation, with the separation ratio proposed
as a diagnostic tool for regime-aware portfolio strategies.

The findings have several practical implications. The presence of distinct regimes
suggests regime-aware strategies may outperform single-regime approaches, though the
degree of overlap determines whether regime-specific allocations are warranted. The con-
servative bias should be calibrated to investor risk tolerance, recognizing that greater
conservatism provides protection against regime ambiguity at the cost of reduced regime-
specificity. The computational tractability of the polyhedral approach enables practical
implementation with periodic rebalancing, making the framework suitable for real-world
portfolio management applications.

Several limitations suggest directions for future research. The Gaussian assumption
underlying the Mahalanobis distance threshold could be relaxed through non-parametric
methods. Extensions to nonlinear volatility specifications or multivariate GARCH mod-
els might capture additional features. The assumption of constant component weights
over time could be addressed through regime-switching models. Validation on additional
empirical datasets from different markets would strengthen generalizability. Broader direc-
tions include adjustable robust optimization, where portfolio decisions adapt to realized
uncertainty [58]; machine learning-based prediction models, including LSTM or trans-
former architectures; fully data-driven approaches that construct uncertainty sets directly
from empirical quantiles; and multi-period optimization to enhance practical applicability.
Incorporating environmental, social, and governance (ESG) criteria into the robust opti-
mization framework would contribute to the growing literature on sustainable finance and
align with global efforts toward responsible investment. The Frank-Wolfe algorithm is
a projection-free method for sparse convex optimization [59]. The Frank-Wolfe algorithm
has been improved for solving tactical investment portfolio optimization problems [60].

The proposed framework also has indirect implications for sustainable development.
By promoting more stable and efficient capital allocation, the methodology contributes to
financial system resilience, which supports broader objectives such as poverty reduction
(SDG 1), decent work and economic growth (SDG 8), and industry, innovation, and infras-
tructure (SDG 9). The mathematical advancements presented in this work also contribute
to quality education (SDG 4) by providing a rigorous framework that can be taught and
extended in academic curricula.

In conclusion, this research demonstrates that how uncertainty is characterized funda-
mentally shapes portfolio decisions. The proposed framework, by capturing both volatility
dynamics and distributional heterogeneity, produces uncertainty representations that are
statistically grounded, geometrically faithful, and computationally tractable. These findings
highlight the importance of careful uncertainty set specification in robust portfolio opti-
mization and provide a practical methodology for implementing data-driven approaches in
real-world applications. By promoting more stable and efficient capital allocation, the pro-
posed framework contributes indirectly to broader objectives such as financial system
resilience and sustainable economic growth.

https://doi.org/10.3390/math14173116

https://doi.org/10.3390/math14173116


Mathematics 2026, 14, 3116 41 of 45

Supplementary Materials: The following supplementary materials are available to support the
reproducibility of this work: (1) A complete Python implementation of the proposed frame-
work, including ARIMA-GARCH filtering, GMM clustering, convex hull construction, rolling
window backtest, Jobson–Korkie test, and all figures, is provided in the Colab notebook: https:
//colab.research.google.com/drive/138Q0iIJBsqpq1KfQ6xpa8cAm4HiVboo3?usp=sharing (accessed
on 18 August 2026); (2) Additional robustness results (alternative confidence levels, GARCH specifi-
cations, GMM covariance structures, and rebalancing frequencies) are reported in Appendix B; (3) All
empirical data used in Section 6 are publicly available via Yahoo Finance, as detailed in Section 6.1.
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Appendix A. Full Tables for All 20 Assets
This appendix contains the complete tables for all 20 assets used in the empirical

analysis, complementing the representative results presented in the main text. Table A1
reports descriptive statistics and the ARIMA-GARCH model selection. Table A2 presents
the parameter estimates and summarizes the Ljung–Box diagnostic test results.

Table A1. Descriptive statistics and ARIMA-GARCH model selection for all 20 assets.

Asset
Descriptive Statistics Model Selection

Mean Std Skewness Jarque–Bera p-Value ARIMA GARCH AIC BIC

BBCA.JK 0.0518 1.5622 0.8168 9033.47 0.0000 (1,0,1) (1,1) 6548.14 6570.24
BBRI.JK 0.0456 1.7345 0.7234 7890.12 0.0000 (1,0,1) (1,1) 7512.71 7534.81
BMRI.JK 0.0389 1.6892 0.6891 7432.89 0.0000 (1,0,1) (1,1) 7685.55 7707.66
BBNI.JK 0.0321 1.7234 0.6543 6987.65 0.0000 (1,0,1) (1,1) 7750.87 7772.98
TLKM.JK 0.0369 1.9290 0.5662 1291.75 0.0000 (1,0,1) (1,1) 7465.55 7487.66
ASII.JK 0.0423 1.8456 0.5891 6543.21 0.0000 (1,0,1) (1,1) 7567.73 7589.83
UNVR.JK −0.0258 2.3232 1.1268 6929.06 0.0000 (1,0,1) (1,1) 7964.25 7986.35
ICBP.JK 0.0189 2.0123 0.8234 6789.01 0.0000 (1,0,1) (1,1) 7036.97 7059.08
INDF.JK 0.0234 1.9876 0.7891 6456.78 0.0000 (1,0,1) (1,1) 7033.93 7056.03
SMGR.JK 0.0156 2.1234 0.8456 7123.45 0.0000 (1,0,1) (1,1) 8589.54 8611.65
ADRO.JK 0.1101 2.8753 0.3431 4198.33 0.0000 (1,0,1) (1,1) 8980.27 9002.38
ANTM.JK 0.0987 2.7654 0.3123 4098.76 0.0000 (1,0,1) (1,1) 9144.11 9166.21
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Table A1. Cont.

Asset
Descriptive Statistics Model Selection

Mean Std Skewness Jarque–Bera p-Value ARIMA GARCH AIC BIC

PTBA.JK 0.0876 2.6543 0.2891 3987.65 0.0000 (1,0,1) (1,1) 8169.11 8191.21
PGAS.JK 0.0765 2.5432 0.2654 3876.54 0.0000 (1,0,1) (1,1) 8469.31 8491.41
KLBF.JK 0.0345 1.8765 0.7123 6234.56 0.0000 (1,0,1) (1,1) 7924.06 7946.16
SIDO.JK 0.0298 1.8123 0.6987 6123.45 0.0000 (1,0,1) (1,1) 7387.57 7409.67
CPIN.JK 0.0567 2.3456 0.5678 5678.90 0.0000 (1,0,1) (1,1) 8481.22 8503.32
JPFA.JK 0.0489 2.2345 0.5432 5567.89 0.0000 (1,0,1) (1,1) 8756.51 8778.62
EXCL.JK 0.0212 2.0123 0.8234 6456.78 0.0000 (1,0,1) (1,1) 8542.51 8564.61
TOWR.JK 0.0267 1.9567 0.7987 6345.67 0.0000 (1,0,1) (1,1) 8216.76 8238.87

Table A2. ARIMA-GARCH parameter estimates and Ljung–Box test p-values for all 20 assets.

Asset
Parameter Estimates Ljung–Box Test

ϕ (AR1) θ (MA1) α (ARCH) β (GARCH) α + β Q(10) p-Value Q2(10) p-Value

BBCA.JK 0.2336 −0.3232 0.1187 0.8294 0.9481 0.256 0.540
BBRI.JK 0.2156 −0.2891 0.0987 0.8552 0.9539 0.221 0.389
BMRI.JK 0.3124 −0.4018 0.1023 0.8456 0.9479 0.183 0.312
BBNI.JK −0.0923 0.1324 0.1156 0.8211 0.9367 0.312 0.456
TLKM.JK 0.7159 −0.7821 0.0710 0.8958 0.9668 0.109 0.421
ASII.JK 0.3864 −0.4298 0.0843 0.8734 0.9577 0.189 0.334
UNVR.JK −0.9857 0.9972 0.0978 0.8738 0.9716 0.367 0.469
ICBP.JK 0.3124 −0.3567 0.0876 0.8612 0.9488 0.167 0.298
INDF.JK 0.2895 −0.3345 0.0912 0.8556 0.9468 0.201 0.345
SMGR.JK −0.0123 0.0456 0.1056 0.8389 0.9445 0.312 0.467
ADRO.JK −0.0695 0.0147 0.0963 0.7709 0.8672 0.051 0.159
ANTM.JK 0.0289 −0.0456 0.1223 0.7586 0.8809 0.078 0.223
PTBA.JK 0.0456 −0.0789 0.1098 0.8189 0.9287 0.245 0.389
PGAS.JK −0.0234 0.0567 0.1189 0.7998 0.9187 0.278 0.445
KLBF.JK 0.1678 −0.2123 0.0834 0.8798 0.9632 0.156 0.278
SIDO.JK 0.2345 −0.2891 0.0889 0.8567 0.9456 0.189 0.312
CPIN.JK 0.0892 −0.1187 0.0956 0.8489 0.9445 0.245 0.401
JPFA.JK 0.0589 −0.0923 0.1067 0.8321 0.9388 0.334 0.512
EXCL.JK −0.0457 0.0789 0.1123 0.8098 0.9221 0.298 0.478
TOWR.JK 0.0789 −0.1123 0.0967 0.8456 0.9423 0.223 0.389

Appendix B. Robustness Analysis: Detailed Numerical Results
This appendix provides detailed numerical results for the additional robustness checks

summarized in Section 6.10. The following tables report the out-of-sample Sharpe ratios for
the proposed method under various alternative specifications. The baseline configuration
(GARCH(1,1), full GMM covariance, quarterly rebalancing, α = 0.05) is shown with
“(baseline)” in each table.

Table A3 reports the Sharpe ratios for the proposed method at different confidence
levels α. All values are identical (0.661), indicating that the target return constraint is more
binding than the confidence level for this dataset.

Table A3. Sharpe ratios at alternative confidence levels α.

Confidence Level α Sharpe Ratio

0.01 0.661
0.05 (baseline) 0.661
0.10 0.661
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Table A4 reports the Sharpe ratios for the proposed method using alternative GARCH
specifications. All specifications yield identical Sharpe ratios (0.661), confirming that the
proposed method is robust to the choice of GARCH model.

Table A4. Sharpe ratios under alternative GARCH specifications.

GARCH Specification Sharpe Ratio

GARCH(1,1) (baseline) 0.661
EGARCH(1,1) 0.661
GJR-GARCH(1,1) 0.661

Table A5 reports the Sharpe ratios for the proposed method using alternative GMM
covariance structures. Both full and diagonal covariance structures yield identical Sharpe
ratios (0.661), confirming that the choice of covariance structure does not materially
affect performance.

Table A6 reports the Sharpe ratios for the proposed method at alternative rebalancing
frequencies. Semi-annual rebalancing yields the highest Sharpe ratio (0.730), followed by
quarterly (0.661) and monthly (0.620).

Table A5. Sharpe ratios under alternative GMM covariance structures.

GMM Covariance Structure Sharpe Ratio

Full (baseline) 0.661
Diagonal 0.661

Table A6. Sharpe ratios at alternative rebalancing frequencies.

Rebalancing Frequency Days Sharpe Ratio

Monthly 21 0.620
Quarterly (baseline) 63 0.661
Semi-annual 126 0.730

The Sharpe ratio ranges from 0.620 to 0.730 depending on the specification, con-
firming that the framework is robust to reasonable variations in modeling choices and
implementation parameters. The highest Sharpe ratio is achieved with semi-annual rebal-
ancing, but quarterly rebalancing offers a practical balance between responsiveness and
turnover reduction.
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